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“Mille viae ducunt homines per saecula Romam

Qui Dominum toto quaerere corde volunt.”1

Alain de Lille, Liber Parabolarum (1175)

1 Introduction

Studying the spectrum of BPS states has led to many exact non-perturbative results about

four-dimensional gauge theories with N = 2 supersymmetry. BPS states are defined for a

theory on the Coulomb branch B of the moduli space of vacua, where the gauge symmetry

is spontaneously broken to a Cartan torus U(1)r. A BPS state of charge γ saturates the

bound M ≥ |Zγ |, with M its mass and Zγ its N = 2 central charge. The spectrum of BPS

states is piecewise constant on B but can jump across walls of marginal stability, when BPS

bound states appear from the interaction of two BPS states whose central charges have the

same phase, argZγ1 = argZγ2 . This wall-crossing phenomenon played an important role

in the development of Seiberg-Witten theory [1, 2].

Powerful frameworks for the study of BPS spectra in 4d N = 2 theories have been

developed in recent years. They split mainly into two categories: a geometric method based

on spectral networks [3–5], and an algebraic method based on BPS quivers [6–9]. In this

paper, we introduce the concept of a BPS graph, which bridges the gap between spectral

networks and BPS quivers.

More specifically, we consider 4d N = 2 theories of class S [3, 10] that are constructed

by compactifying the 6d (2, 0) superconformal field theory of type AN−1 on a Riemann

surface C with punctures. A spectral network on C consists of a collection of oriented paths,

called S-walls (or simply walls), associated with an N -fold branched covering Σ→ C. The

cover Σ is the spectral curve of the Hitchin system related to the theory and is identified

with the Seiberg-Witten curve, whose geometry varies over the Coulomb branch B. The

BPS spectrum in a generic vacuum u ∈ B can in principle be worked out by looking at

a family of spectral networks labeled by a phase ϑ. At critical values ϑγ , the topology

of the spectral network degenerates as some of its walls overlap entirely, forming double

walls. Such a double wall, which lifts to a closed one-cycle γ on Σ, signals the presence

1“A thousand roads lead forever to Rome the men who seek the Lord with all their heart.”
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Figure 1. BPS graphs on the 3-punctured sphere for the TN theories with N = 2, 3, 4.

of a stable BPS state with charge γ and central charge of phase argZγ = ϑγ . BPS states

indeed arise from calibrated M2-branes ending along one-cycles on an M5-brane that wraps

R1,3×Σ. However, for a generic point u ∈ B of the Coulomb branch, spectral networks are

too complicated to implement this procedure efficiently, especially for higher-rank theories

with N > 2.

While the conventional way to deal with wall-crossing phenomena is to avoid walls

of marginal stability in the Coulomb branch, we do the exact opposite and focus on the

maximal intersection R of walls of marginal stability, where the central charges of all BPS

states have the same phase ϑc. It is then very easy to keep track of all double walls in

the corresponding spectral network, since they all appear simultaneously. Of course, by

moving to R, we lose some information about the stability of BPS bound states, and the

BPS spectrum becomes somewhat ill-defined. As we will argue, this nevertheless gives us

a direct access to some essential wall-crossing invariant information about the associated

theory of class S.

More specifically, among all the double walls that appear in the maximally degenerate

spectral network at ϑc, there is a distinguished set that corresponds to elementary BPS

states, in the sense that they provide a positive basis for the charge lattice Γ = H1(Σ,Z).2

We define the BPS graph as this distinguished set of double walls. Some examples of BPS

graphs on the 3-punctured sphere associated with the TN theories [10] for N = 2, 3, 4 are

plotted in figure 1.

An important wall-crossing invariant of an N = 2 theory is the (mutation class of the)

BPS quiver, from which the BPS spectrum in any chamber of the Coulomb branch B can in

principle be computed by solving a quantum mechanics problem. The topology of the BPS

graph naturally encodes the BPS quiver: edges corresponds to nodes, and intersections on

the cover Σ to arrows. For A1 theories of class S, this relation between BPS graphs and

BPS quivers is clear from their common relation to ideal triangulations of the Riemann

surface C. For higher-rank AN−1 theories, we show that it passes non-trivial checks and

confirms the validity of conjectural BPS quivers [9, 11].

The existence of the maximal intersection R where BPS graphs are defined is guaran-

teed for “complete” A1 theories [7], but we do not have a general proof for all AN−1 theories

of class S. We will however present many explicit examples of AN−1 BPS graphs on spheres

2The notion of “positivity” is related to the half-plane centered on eiϑc in the complex plane of central

charges Zγ .

– 2 –



J
H
E
P
0
7
(
2
0
1
7
)
0
3
2

with three and four punctures. We are not limited to theories with full punctures, but can

also consider certain types of partial punctures.

Motivated by the pattern emerging from these examples, we make a conjecture about

the topological structure of BPS graphs for all AN−1 theories of class S with punctures

of type [k, 1, . . . , 1] for any integer k. For theories with full punctures (k = 1), certain

candidate BPS graphs are dual to the N -triangulations of C used by Fock and Goncharov to

study higher Teichmüller theory [12], which were shown to be related to spectral networks

in [5]. However, they are part of a much more general class of BPS graphs, related to

each other by sequences of elementary local transformations (flip and cootie moves). We

show that these BPS graphs are dual to the “ideal bipartite graphs” recently defined by

Goncharov [13]. In the presence of some partial punctures, BPS graphs provide a geometric

justification for the combinatorial patterns conjectured in [11].

The paper is organized as follows. After a short review of spectral networks in section 2,

we define BPS graphs in section 3, and discuss their existence and general properties.

We then present examples of BPS graphs in A1 theories (section 4), AN−1 theories with

full punctures (section 5), and AN−1 theories with certain partial punctures (section 6).

In all cases, we make conjectures about the topology of general BPS graphs, building

on a relation to N -triangulations. In section 7, we explain how to obtain BPS quivers

with superpotentials from BPS graphs. Finally, we mention some further stimulating

applications of BPS graphs in section 8.

2 Review of spectral networks

We first review some basic aspects of spectral networks and BPS states in 4d N = 2

theories of class S, in preparation for our definition of BPS graphs in the next section.

2.1 Spectral curves for theories of class S

Let C be an oriented real surface with genus g and n punctures (internal marked points),

potentially with a boundary, each connected component of which is a copy of S1 with

at least one marked point. The Seiberg-Witten curve Σ of an AN−1 theory of class S
associated with C is the spectral curve of an AN−1 Hitchin system [14]:

Σ = {det (λ− ϕ) = 0} ⊂ T ∗C . (2.1)

Here λ is the tautological one-form on T ∗C whose pull-back to Σ gives the Seiberg-Witten

differential, and the Higgs field ϕ is a one-form on C with values in the Lie algebra slN .

The determinant in (2.1) is taken in the fundamental (N -dimensional) representation of

AN−1, so that λ is multiplied by the unit matrix and ϕ is matrix-valued. Expanding (2.1)

in λ gives a presentation of Σ as an N -fold branched cover of C:

Σ =

{
λ : λN +

N∑
k=2

φkλ
N−k = 0

}
⊂ T ∗C , (2.2)

– 3 –
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where the φk are k-differentials corresponding to Casimir invariants of ϕ. The Coulomb

branch B of an AN−1 theory of class S is parameterized by tuples u = (φ2, . . . , φN ) of

k-differentials with prescribed singularities at the punctures.

The Seiberg-Witten curve Σ has the property that its homology one-cycles γ ∈
H1(Σ,Z) are naturally identified with electromagnetic and flavor charges γ ∈ Γ in the

IR effective abelian gauge theory defined at u ∈ B. Strictly speaking, the charge lattice Γ

is not quite H1(Σ,Z), but a certain sub-quotient of it [3]. The charge lattice is equipped

with an antisymmetric electromagnetic pairing 〈·, ·〉 : Γ× Γ→ Z given by the intersection

form on H1(Σ,Z). A 4d state with charge γ arises from a string on the corresponding

one-cycle, and its central charge is obtained by integrating the Seiberg-Witten one-form λ

along γ:

Zγ =
1

π

∮
γ
λ. (2.3)

The definition of a theory of class S requires a choice of boundary conditions for

Hitchin’s equations at the punctures of C [10, 15]. At a regular puncture, the Higgs field

has a simple pole

ϕ ∼ 1

z


m1

m2

. . .

mN

 dz + · · · , (2.4)

where ∼ denotes equivalence up to conjugation by an SL(N) matrix, and the omitted terms

are non-singular. The parameters mi are identified as the complex UV mass parameters

of the 4d N = 2 theory, and satisfy
∑N

i=1mi = 0, in order for ϕ to be an element of slN .3

The condition (2.4) on the Higgs field translates into conditions for the k-differentials:

φk ∼
Mk

zk
(dz)k + · · · , (2.5)

where Mk are symmetric polynomials of order k in the mass parameters mi, given by

Mk = (−1)k
N∑

i1<···<ik

mi1 · · ·mik . (2.6)

We can also consider irregular punctures, where the k-differentials have singularities of

order larger than k [3, 5, 16].

The singularity in (2.4) is known as a full singularity when mi 6= mj , and the associated

puncture as a full puncture. More generally, when some of the eigenvalues mi coincide,

the puncture is known as a partial puncture. In AN−1 theories, punctures are classified

by Young diagrams with N boxes: the height of each column of the diagram encodes

the number of identical eigenvalues (in particular, a full puncture corresponds to a Young

diagram with a single row of N boxes). The flavor symmetry associated with a generic

puncture is

S [U (n1)× · · · × U (nk)] , (2.7)

3The behavior of ϕ at a massless regular puncture is slightly different.
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where n1, . . . , nk count columns of the Young diagram with the same height. We can

therefore read off the rank of the flavor charge lattice to be

f =
∑

a∈punctures
(n

(a)
1 + · · ·+ n

(a)
k − 1) . (2.8)

Similarly, the rank of the gauge charge lattice is 2r, where r is the complex dimension of

the Coulomb branch B. It is given by

r = dimC B =
N∑
k=2

dk , (2.9)

where dk is the dimension of the moduli space of k-differentials with prescribed singularities

at the punctures of C,

dk = (2k − 1)(g − 1) +
∑

a∈punctures
(k − h(a)k ) , (2.10)

with h
(a)
k the height of the k-th box in the Young diagram associated with puncture a

(boxes are counted row-wise, beginning from the longest row, as in [17]). The rank of the

lattice Γ of gauge and flavor charges is then

rank Γ = 2r + f. (2.11)

As a simple example, let us consider the Riemann sphere with three full punctures at

za, zb, zc 6=∞. The k-differentials then take the form

φk =
Ma
k z

k−1
ab zk−1ac (z−zb)(z−zc) + cyclic + Pk−3(z) (z−za)(z−zb)(z−zc)

(z − za)k(z − zb)k(z − zc)k
(dz)k , (2.12)

where zab ≡ za − zb, and “cyclic” stands for the two additional terms obtained by cyclic

permutations of a, b, c. The polynomials Pk−3(z) are of order k − 3 and contain k − 2

Coulomb branch parameters (we have P−1 ≡ 0). This is determined by the requirement

that there be no singularity at z = ∞, which imposes that φk decays as z−2k or faster at

infinity. There is a total of f = 3(N − 1) mass parameters ma,b,c
i , and r =

∑N
k=2(k − 2) =

1
2(N − 1)(N − 2) Coulomb branch parameters, in agreement with (2.8) and (2.9), which

gives rank Γ = N2 − 1.

2.2 Spectral networks

A spectral network on a punctured Riemann surface C is a geometric object associated with

an N -fold branched covering π : Σ→ C [4]. It consists of oriented paths, called S-walls (or

simply walls hereafter), that generically begin at branch points and end at punctures or at

marked points on the boundary of C. Although not strictly necessary, it is often useful to

choose a trivialization of the covering, that is a choice of branch cuts on C and a choice of

labels for the N sheets of Σ. Each wall of the network is then labeled by an ordered pair of

integers ij, corresponding to sheets i and j. A branch point where sheets i and j coincide4

4Branch points are assumed to be of square-root type, so that the monodromy around a branch point

exchanges two sheets of Σ.
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ij

ji

ji

Figure 2. Generic behavior of a spectral network near a branch point (orange cross): three walls

emerge, with labels ij or ji corresponding to sheets i and j in a trivialization of the branched

covering Σ→ C (the orange dashed line indicates a branch cut).

ij

kl

kl

ij

ij

jk

jk

ij

ik ik

Figure 3. Left : no new wall is created at the intersection of an ij-wall and a kl-wall with i, j, k, l

all different. Right : an ik-wall can start or end at the intersection of an ij-wall and a jk-wall.

sources three walls of types ij or ji, as shown in figure 2. In addition, for N > 2, a wall

of type ik can also start or end at the intersection of an ij-wall and a jk-wall, as shown in

figure 3.

The shape of an ij-wall is determined by the following differential equation:

(∂t, λi − λj) ∈ eiϑR+ , (2.13)

where t is a parameter along the wall, and λi, λj denote two solutions of the degree-N

polynomial equation (2.2) that defines Σ. A spectral network thus depends both on a

point u = (φ2, . . . , φN ) on the Coulomb branch B, and on a phase ϑ ∈ R/2πZ.

Each wall carries some combinatorial soliton data, which captures the degeneracies

of 2d-4d BPS states associated with a canonical surface defect Sz, labeled by a point

z ∈ C [18]. The 2d-4d coupled system has N massive vacua, in one-to-one correspondence

with the solutions λ1, . . . , λN of (2.2). The soliton data of an ij-wall passing through z

counts 2d-4d BPS solitons interpolating between vacua λi(z) and λj(z) with central charge

of phase ϑ.

2.3 BPS states

As the phase ϑ varies, the shape of a spectral network transforms according to (2.13). At

certain critical phases ϑc the topology of the network can be degenerate. This often signals

the existence of a stable 4d BPS state in the Coulomb vacuum u ∈ B.

The simplest instance of such a topological jump is when two walls running anti-

parallel to each other merge into a double wall connecting two branch points, as illustrated

in figure 4.5 More generally, double walls can have joints like those shown in figure 3,

resulting in a web with endpoints on branch points. We refer to all such double walls and

5This figure and many others in this paper were plotted using the Mathematica package swn-plotter [19].
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(a) ϑ . ϑc (b) ϑ = ϑc (c) ϑ & ϑc

Figure 4. Double wall (thick blue) appearing at the critical phase ϑ = ϑc.

(a) ϑ . ϑc (b) ϑ = ϑc (c) ϑ & ϑc

Figure 5. Y-web (thick blue) made out of three double walls meeting at a joint, appearing at the

critical phase ϑ = ϑc.

webs collectively as finite webs. Figure 5 shows an example of a finite web running between

three branch points and shaped like the letter Y, which we will call a Y-web. Each finite

web lifts to a closed one-cycle γ on Σ,6 on which there can be a string. The differential

condition (2.13) implies that the central charge given in (2.3) and the mass are related via

Zγ = eiϑcMγ , (2.14)

which saturates the BPS bound |Zγ | ≤ Mγ . This is the geometric description of 4d BPS

states of charge γ in theories of class S. The degeneracy Ω(γ, u) of this BPS state can be

computed from the combinatorial soliton data carried by the walls of the finite web, which

is entirely determined by its topology.

Because of CPT symmetry, a given BPS state at the phase ϑc is always accompanied

by its anti-particle, another BPS state at ϑc + π. So it is sufficient to vary ϑ in the region

[0, π) to gather information about the whole BPS spectrum, by studying all the finite webs

that appear at the critical phases ϑc,i where the topology of the network jumps. For a

sampling of finite webs of varying degrees of complexity see section 9 of [3], section 8 of [4],

and [20].

6A finite web may admit several lifts to closed cycles, see e.g. [20]. However, for a generic u ∈ B, all

these lifts are multiples of a common primitive cycle.
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(a) ϑ = 0

γ1

(b) ϑc,1 = 0.69

γ2

(c) ϑc,2 = 0.89

γ3

(d) ϑc,3 = 1.05

γ4

(e) ϑc,4 = 1.40 (f) ϑ = π

Figure 6. Spectral networks on a sphere with three punctures at z = ±1,∞, corresponding to the

T2 theory. The four expected BPS hypermultiplets (thick blue) appear at various critical phases

ϑc,i between 0 and π.

In figure 6, we apply this method to study the BPS spectrum of the so-called T2 theory,

that is the A1 theory associated with a sphere with three regular punctures [10]. This theory

describes a free hypermultiplet in the tri-fundamental of SU(2)3 (4 BPS particles and 4

BPS anti-particles), with a trivial Coulomb branch, and a charge lattice Γ of rank f = 3.

As we vary the phase ϑ between 0 and π, we observe four finite webs, corresponding to the

four expected BPS states, with charges γ1, γ2, γ3, γ4. Any choice of three BPS states form

an integral basis for Γ, but there is a unique choice that leads to a positive integral basis

for Γ. Taking the basis {γ1, γ2, γ4}, we can express the charge of the last BPS states as a

positive linear combination: γ3 = γ1 + γ2 + γ4.

An advantage of studying BPS states using spectral networks is that this method

is systematic and algorithmic. In principle, we can study the whole BPS spectrum for

any theory of class S, anywhere on the Coulomb branch, by numerically plotting spectral

networks at several phases (for example with the softwares [19] and [21, 22]). However, this

procedure becomes quickly impractical for Riemann surfaces C with high genus or many

punctures, and for higher-rank AN−1 theories with N > 2, because of the large number of

BPS states and the complexity of the spectral networks involved.

– 8 –
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u ∈ B: u ∈ R:

Zγ1

Zγ2

Z−γ1
Z−γ2

ϑc,1

ϑc,2
ϑc

Figure 7. Left : at a generic point of B, the central charges Zγi of the BPS (anti-)particles have

phases ϑc,i distributed between 0 and π (π and 2π). Right : on the Roman locus R, all the central

charges have the same phase (here ϑc = π/2).

3 BPS graphs

We define the concept of a BPS graph on a punctured Riemann surface C associated with

an AN−1 theory of class S. BPS graphs arise from maximally degenerate spectral networks

that appear on a very special locus of the Coulomb branch B. A key property of a BPS

graph is that it provides a positive integral basis for the lattice Γ of gauge and flavor

charges of BPS states. A given surface C admits many topologically inequivalent BPS

graphs, related by elementary moves.

3.1 Definition

A generic spectral network undergoes several distinct topological jumps as the phase ϑ

varies between 0 and π. At each critical phase ϑc,i, some part of the spectral network

degenerates into a finite web, which can swirl in complicated ways and involve many joints.

In view of the difficulty of identifying all these finite webs, it is desirable to get a handle

on the usually random distribution of the critical phases ϑc,i. Our approach is to focus on

a very special type of spectral network, for which there is only one topological jump at a

single critical phase ϑc.

In such a maximally degenerate spectral network, all the finite webs appear simulta-

neously, since the central charges Zγi of the corresponding BPS states all have the same

phase ϑc (figure 7).7 This implies that we are on a very special locus of the Coulomb branch

B that corresponds to a maximal intersection of walls of marginal stability.8 Because all

roads lead to Rome, we call this maximal intersection the Roman locus and denote it by R.

Since all the BPS bound states are marginally stable on R, the BPS spectrum is maxi-

mally ambiguous. We would have to move away from R into a well-defined chamber, which

amounts to choosing a side for each of the walls of marginal stability, in order to properly

study the stable BPS spectrum.

7This is reminiscent of the situation in [23], where the analysis was simplified by moving to the locus

where all the phases of central charges of the D2-D0 particles align.
8We are in fact considering the enlarged moduli space of Coulomb branch parameters and UV parameters

(masses and gauge couplings), to which we extend the notion of walls of marginal stability.
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Now comes the crucial point. Among the finite webs in a maximally degenerate spectral

network at ϑc, there is a unique set of 2r+f elementary webs which provides a positive

integral basis for the lattice Γ of gauge and flavor charges of BPS states. More precisely, the

elementary webs lift to closed one-cycles γi on the cover Σ, which form a positive integral

basis for the half-lattice

Γ+(u, ϑc) :=
{
γ ∈ Γ , Zγ(u) ∈ eiϑcR+

}
, (3.1)

with u ∈ R. We define the BPS graph G associated with the N -fold branched covering

Σ→ C as the set of these elementary webs.

From a purely topological perspective, a BPS graph G associated with Σ is a trivalent

undirected connected graph on C made of the following data:

• vertices are branch points of Σ,

• edges connect pairs of vertices,

• webs with joints connect three or more vertices (for N > 2).

Note that in the terminology introduced above, edges and webs are all elementary webs.

We showed an example of an edge between two branch points in figure 4, and a web with

one joint connecting three branch points in figure 5. Near a boundary component of C,

some vertices of G may have one or two “empty” adjacent edges but we still consider them

as trivalent. Joints in webs are also typically trivalent, although they can have valence up

to six in certain complicated situations (recall figure 3).

The intersection form 〈·, ·〉 on Γ+ = H1(Σ,Z) can easily be computed directly from the

BPS graph G.9 Given two edges (or webs) p1 and p2 in G that lift to one-cycles γ1 and γ2
on Σ, we can determine 〈γ1, γ2〉 by looking at their common branch points (for simplicity

we assume that p1 and p2 do not intersect on C). We define σ(b; γ1, γ2) = ±1 if p2 ends on

a branch point b on the slot immediately (counter-)clockwise of p1. The intersection form

is then obtained by summing over all the common branch points:

〈γ1, γ2〉 =
∑
b

σ(b; γ1, γ2) . (3.2)

There can be additional terms in cases where p1 and p2 have intersections on C.

3.2 Existence

One may worry that for a general theory of class S the walls of marginal stability on the

Coulomb branch B would not have a maximal intersection, so that the Roman locus R
would be empty. We do not have a full proof of the existence of a non-trivial R. It is

clear however that R exists for all “complete theories” [7], which include all A1 theories of

class S. Indeed, by definition, the central charges of the BPS states in complete theories can

be varied arbitrarily, and in particular we can choose them to all have the same phase ϑc.

9For theories of class S, Γ+ is in fact a certain sub-quotient of H1(Σ,Z), as mentioned in section 2.1. If

we considered glN instead of slN , we would literally have Γ+ = H1(Σ,Z).
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R(1)

R(2)

R

Figure 8. Schematic representations of the Roman locus R (red). Left : if there is a single wall

of marginal stability, it coincides with R. Singularities where some BPS state becomes massless

(black crosses) separate components. Right : more generally, R is the maximal intersection of walls

of marginal stability.

There is no such obvious proof for AN−1 theories with N > 2, but we have found explicit

examples of BPS graphs for the sphere with three or four punctures (sections 5.2 and 5.3).

The best we can do is to show that the existence of R is at least not ruled out by dimension

counting: aligning all the BPS central charges imposes 2r+ f − 1 real constraints on r+ f

complex Coulomb and mass parameters, which would naively lead to a locus R of real

dimension f + 1 [24].10

We will see in examples that for a given theory of class S there is in general a whole

family of BPS graphs on C, parameterized by the multi-dimensional locus R. Moving

along R changes the shape of the corresponding BPS graph. Even the topology of the BPS

graph can change if we move from one component of R to another component through a

singular interface where a BPS state becomes massless. We will describe these topological

transformations in more detail in section 3.3.

We sketch some simple examples of walls of marginal stability on the Coulomb branch

in figure 8. The case with a single wall of marginal stability could correspond to SU(2)

super Yang-Mills theory, or to the Argyres-Douglas theory AD3 (see section 4.3). The

situation shown on the right could correspond to SU(2) gauge theory with Nf = 1 flavor

(see section 4.4).11 A detailed study of the Coulomb branches of SU(2) theories with Nf = 2

flavors was performed in [25], where it was found that multiple maximal intersections of

walls of marginal stability occur, when the two flavor masses are set to be equal.

3.3 Elementary moves

As mentioned above, when we vary the point u along the Roman locus R for a given theory

of class S, the corresponding BPS graph on the surface C alters its shape and sometimes

even its topology. We now illustrate two elementary local transformations which modify

the topology of the BPS graph.

10Note that this counting did not take into account the additional freedom of varying UV couplings,

whose number depends on the topology of C.
11This cartoon is inspired by a plot obtained in unpublished joint work of some of the authors with Daniel

S. Park, in a study of “K-walls” on the Coulomb branch.

– 11 –



J
H
E
P
0
7
(
2
0
1
7
)
0
3
2

γ1 γ4

γ0

γ2 γ3

γ′1 γ′4
γ′0

γ′2 γ′3

γ1

γ2

γ3

γ4

γ1

γ2

γ3

γ4

Figure 9. Top: flip move. Bottom: cootie move.

The first transformation is the flip move shown on the top of figure 9. It describes

the complete shrinking of an edge γ0 until its two branch points collide, followed by the

transverse expansion of a new edge γ′0 (beware that we label an edge on C by its lifted

one-cycle γ0 on Σ). Note that right at the degeneration we do not really have a well-

defined BPS graph because one generator of the charge lattice Γ is missing (that was also

the reason to disallow vertices of valence higher than three). We are thus moving from

one component of R to another. This requires passing through a complex codimension-one

singularity on the Coulomb branch B where the BPS state associated with the shrunken

edge becomes massless. There is a well-known monodromy of the charge lattice around

such singularities. In order to compare the lattice Γ before the flip with the lattice Γ′ after

the flip, we must therefore specify a choice of the path for the parallel transport in the

transverse space (which has complex dimension one). By convention, we choose the path

defined by the following relations between the homology cycles γ ∈ Γ and γ′ ∈ Γ′:

γ′0 = −γ0 , γ′1 = γ1 + γ0 , γ′2 = γ2 , γ′3 = γ3 + γ0 , γ′4 = γ4 . (3.3)

The second transformation is shown on the bottom of figure 9. We call it the cootie

move, in reference to the origami known as the “cootie catcher” (or also “fortune teller”).12

It again describes the collision and transverse separation of two branch points, but this time

without any edge shrinking. The net result is simply the exchange of the positions of the

two branch points with those of two nearby joints, which modifies the topologies of the

four elementary webs involved. Since no singularity is encountered, no ambiguity arises in

identifying the charge lattices before and after the cootie move. For practical purposes,

the charges of four elementary webs of the final BPS graph are simply identified with those

of the initial BPS graph in the obvious way. Note that the intersection form (3.2) of the

corresponding homology cycles is the same before and after the cootie move.

12“Circle, circle, dot, dot: Now you’ve got the cootie shot! Circle, circle, square, square: Now you have

it everywhere! Circle, circle, knife, knife: Now you’ve got it all your life! Circle, circle, line, line: Now

protected all the time!” [Anon.]
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4 BPS graphs for A1 theories

In this section we present several examples of BPS graphs on punctured Riemann surfaces C

associated with A1 theories of class S. The spectral curve Σ is just given by

λ2 + φ2 = 0 , (4.1)

so our task consists in finding quadratic differentials φ2 corresponding to the Roman locusR
on the Coulomb branch. Although possible for simple enough surfaces, it is too hard in

general. We will then rely on a relation to ideal triangulations to identify topological

representatives of BPS graphs for all A1 theories of class S.

4.1 T2 theory

The case where the surface C is a sphere with three regular punctures corresponds to the T2
theory, which describes a hypermultiplet in the tri-fundamental representation of SU(2)3

(recall section 2.3). The quadratic differential (2.12) is given by

φ2 =
Ma

2 zabzac(z − zb)(z − zc) + cyclic

(z − za)2(z − zb)2(z − zc)2
(dz)2 . (4.2)

Since the Coulomb branch is trivial, the central charges are linear combinations of the UV

mass parameters ma,b,c. Therefore, we simply have to choose Ma,b,c
2 = m2

a,b,c with the same

phase 2ϑc to guarantee that all the BPS states appear simultaneously at the single critical

phase ϑc. This leaves the three moduli |Ma,b,c
2 |, which together with the phase ϑc give a

locus R of dimension f + 1 = 4, as expected from the naive argument in section 3.2.

In figure 10, we choose Ma
2 = M b

2 = M c
2 = −1 and we see three double walls appear at

the same critical phase ϑc = π/2 (we obtained a puncture at infinity by first setting za = 0

in (4.2) and then inverting z). This gives a BPS graph with three edges connecting the

two branch points of the cover Σ. Note that these three elementary edges can be identified

with the three BPS states that appeared in figures 6(b), 6(c), 6(e). They provide a positive

integral basis for the charge lattice Γ+, as discussed at the end of section 2.3. In contrast,

the BPS bound state which zig-zags between the punctures in figure 6(d) does not appear

directly in the BPS graph, but would correspond to a combination of the three elementary

edges.

At a different point of R we can obtain a BPS graph with a different topology. For

example, with Ma
2 = −3, M b

2 = −1, M c
2 = −1/2 we obtain the BPS graph in figure 11.

These two topologies correspond to two components of R that are separated by a singular

interface on which two branch points collide and a BPS state becomes massless.

4.2 SU(2) gauge theory with four flavors

Our next example is the sphere with four regular punctures, which corresponds to SU(2)

super-QCD with Nf = 4 flavors. The quadratic differential is

φ2 =
Ma

2 zabzaczad(z−zb)(z−zc)(z−zd) + cyclic + u (z−za)(z−zb)(z−zc)(z−zd)
(z − za)2(z − zb)2(z − zc)2(z − zd)2

(dz)2 ,

(4.3)
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(a) ϑ = ϑc − π/2 (b) ϑ < ϑc (c) ϑ . ϑc

(d) ϑ = ϑc

Figure 10. Spectral networks on the 3-punctured sphere (with punctures at {∞, 1,−1}) for the

T2 theory. As the phase reaches its critical value ϑc, three double walls appear simultaneously and

form the BPS graph, shown in (d). Compare with figure 6.

Figure 11. Another topology for the BPS graph on the 3-punctured sphere.

with four mass parameters Ma,b,c,d
2 and one Coulomb branch parameter u. To obtain the

BPS graph, it is convenient to fix the complex structure of C by placing the punctures

at za = ∞ and zb,c,d = 1, e±2iπ/3. We can then find a sublocus of R by setting u = 0

and identifying the phases of the mass parameters. We must also set M b
2 = M c

2 = Md
2 in

order to get a connected graph. BPS graphs for the choices Ma,b,c,d
2 = −3, and Ma

2 = −10,

M b,c,d
2 = −1 are plotted in figure 12. Each one has six elementary edges connecting the

four branch points of Σ. This matches the rank 2r + f of the charge lattice Γ given that

r = 1 and f = 4.

4.3 Argyres-Douglas theories

A simple example involving an irregular puncture is provided by the series of A1 theories

known as Argyres-Douglas theories ADn (or (A1, An−1) theories) [3, 5, 16]. In this case, the
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Figure 12. Two BPS graphs on the 4-punctured sphere, with different topologies.

Figure 13. BPS graphs on the sphere with one irregular puncture at z = ∞ for the Argyres-

Douglas theories ADn with n = 3, 4, 5.

surface C is a sphere with one irregular puncture (say at z =∞), which we can represent

as a disk with n + 2 marked points on the boundary, and the Seiberg-Witten curve Σ at

the superconformal point is given by

λ2 = zn(dz)2. (4.4)

We can turn on some Coulomb branch and mass deformations, and the charge lattice Γ is

of rank

rank Γ = n− 1. (4.5)

To find the BPS graph we choose the following quadratic differential:

φ2 = −(z − z1)(z − z2) · · · (z − zn)(dz)2, (4.6)

where z1, z2, . . . , zn are the locations of the branch points of Σ. We place them at unit

intervals on the real axis and then adjust their positions on the imaginary axis in order

to have all double walls appear at the same phase ϑc. The prototypical double wall that

we showed in figure 4 in fact corresponds to the BPS graph for the AD2 theory. We show

BPS graphs for the ADn theories with n = 3, 4, 5 in figure 13. The maximally degenerate

spectral networks have n− 1 double walls between pairs of branch points, and n+ 2 single

walls that escape towards the irregular puncture at z = ∞. The BPS graphs are made

principally of the n − 1 double walls, but we also keep track of the one or two “empty”

edges at each trivalent vertex.
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Figure 14. BPS graph on the sphere with two irregular punctures for SU(2) gauge theory with

Nf = 1 flavor.

4.4 SU(2) gauge theory with one flavor

We can also consider SU(2) gauge theory with Nf = 1 flavor, corresponding to an annulus

with one and two marked points on the boundary components (or equivalently a sphere

with two irregular punctures at z = 0,∞). The Seiberg-Witten curve has the following

form [3]:

λ2 =

(
Λ2

z3
+

3u

z2
+

2Λm

z
+ Λ2

)
(dz)2. (4.7)

We find a BPS graph by setting for example Λ = 1, u = 3/5, and m = −1/2 (figure 14).

The Coulomb branch looks like the sketch shown on the right of figure 8.

4.5 Strebel differentials and Fenchel-Nielsen networks

BPS graphs for A1 theories of class S are closely related to Strebel differentials [26] and to

the “Fenchel-Nielsen networks” introduced in [27].

For an A1 theory, the spectral curve Σ given in (2.2) is determined by a meromorphic

quadratic differential of the form φ2 = φ(z)dz2 on the surface C. A curve ξ(t) on C is

called horizontal if it satisfies

φ (ξ(t))
(
ξ′(t)

)2 ∈ R+ . (4.8)

A Strebel differential is such that the set of its open horizontal curves is of measure zero [26].

For the case of a surface C with n punctures (without boundary), a Strebel differential

induces a metric that makes it look like n cylinders glued along a critical graph. Strebel’s

theorem guarantees the existence of such a differential, which is moreover unique if the

residues at the poles are in R+ (corresponding to the radii of the cylinders).

Comparing the horizontality condition (4.8) with the differential equation (2.13) that

characterizes the walls of a spectral network, we see that imposing that e−2iϑφ2 be a Strebel

differential implies that the resulting spectral network defines a foliation of C with only

compact leaves (in the absence of irregular punctures). For the 3-punctured sphere, the

differential (4.2) is indeed well-known to be Strebel when the parameters Ma,b,c
2 have the

same phase, and the corresponding critical graph is precisely the BPS graph.
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Figure 15. Ideal triangulations (dashed) dual to two BPS graphs for the T2 theory (the top and

bottom punctures represent the same puncture at ∞, and triangle sides are identified accordingly).

However, for more general surfaces C, the critical graph of a Strebel differential typ-

ically consists of disconnected copies of critical graphs for the 3-punctured sphere, like

the ones in figures 10(d) and 11. This defines a pair-of-pants decomposition of C, and

the related spectral networks were used in [27] to construct complexified Fenchel-Nielsen

coordinates on the moduli space of flat SL(2,C)-connections on C.

In contrast, it follows from the definition of a BPS graph that it only has one connected

component (otherwise some BPS states would appear away from the critical phase ϑc, see

the example in figure 42). We thus conclude that A1 BPS graphs arise from a special type

of Strebel differentials whose critical graphs are connected. In the terminology of [27],

they agree with fully contracted Fenchel-Nielsen networks, which are obtained from generic

Fenchel-Nielsen networks by merging all pants graphs together. It leads to a decomposition

of C into punctured disks, at the intersection of many pants decompositions.

4.6 BPS graphs from ideal triangulations

Even though we know from section 3.2 that BPS graphs exist for all A1 theories of class S,

it is often hard to find the explicit form of the quadratic differentials φ2 that produce them.

Luckily, for most applications, we are only interested in the topology of a BPS graph, and

we can resort to a relation to ideal triangulations to obtain topological BPS graphs.

A BPS graph for an A1 theory is indeed naturally dual to an ideal triangulation

of the associated punctured surface C. Trivalent vertices (branch points) are dual to

triangles ending on punctures, and edges of the BPS graph are transverse to edges of the

triangulation.

For example, the BPS graphs for the T2 theory in figures 10(d) and 11 are dual to the

ideal triangulations shown in figure 15. We see that the topological transformation between

the two BPS graphs on different components of R corresponds to a flip between the dual

triangulations. Note that a vertex with a loop in the BPS graph is dual to a self-folded

triangle. In figure 16, we show the ideal triangulations dual to some of the other examples

that we have encountered so far.
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Figure 16. Ideal triangulations (dashed) dual to BPS graphs for various surfaces C. Left : 4-

punctured sphere, dual to SU(2) gauge theory with Nf = 4 (the three outer edges meet at the

puncture at infinity). Middle: annulus with one marked point on the inner boundary and two on

the outer, dual to SU(2) gauge theory with Nf = 1. Right : disk with five marked points on the

boundary, dual to the Argyres-Douglas AD3 theory.

Figure 17. Topological BPS graph on the torus with one puncture for the N = 2∗ SU(2) gauge

theory (opposite sides of the triangulation are identified).

As a remark, recall that the relation between spectral networks and “WKB triangu-

lations” described in [3] was such that the appearance of a double wall at ϑc signaled the

transition point between two well-defined triangulations. From this perspective, since BPS

graphs are entirely made of double walls, they wouldn’t seem to correspond to any specific

WKB triangulation. However, given a BPS graph at ϑc, we can find the associated WKB

triangulation by considering a related spectral network at any ϑ 6= ϑc, which by definition

does not contain any double wall. This is particularly easy to do at ϑ = ϑc ± π/2, as can

be seen for the T2 theory in figure 10(a).

Given the trivalent property of BPS graphs, we expect that their relation to ideal

triangulations extends to arbitrary Riemann surfaces C with any genus and any number

of punctures or boundary components. This provides us with a powerful method to find a

topological representative of a BPS graph for any A1 theory of class S: we simply choose an

ideal triangulation of C and take its dual graph. Different choices of triangulations should

correspond to different components of R. As an example, we show in figure 17 a BPS

graph on the torus with one puncture, associated with the N = 2∗ SU(2) gauge theory.
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5 BPS graphs for AN−1 theories

We now turn to BPS graphs for higher-rank AN−1 theories of class S (with full punctures).

We obtain several explicit examples of AN−1 BPS graphs by using the “level-N lift” tech-

nique introduced in [5]. We then formulate a general conjecture based on a relation to the

N -triangulations featured in Fock and Goncharov’s work on higher Teichmüller theory [12],

and to the “ideal bipartite graphs” recently introduced by Goncharov [13].

5.1 N-lifts

While general spectral networks of AN−1 theories with N > 2 can be very complicated, an

interesting family of tractable spectral networks was identified in [5]. Their advantage is

that they are closely related to A1 spectral networks. The idea is to start with the spectral

curve Σ for an A1 theory,

det(λ− ϕ) = λ2 + φ2 = 0 , (5.1)

where ϕ is valued in sl2, and apply to it a homomorphism ρ : SU(2) → SU(N) given by

the N -dimensional irreducible representation of SU(2) to obtain the level-N lift of Σ:

det (λ− ρ(ϕ)) = λN +
N∑
k=2

λN−kφk = 0 . (5.2)

The resulting curve is reducible, but can be made irreducible by turning on generic small

perturbations δφk. This has the effect of splitting each branch point of the 2-fold cover

into 1
2N(N − 1) nearby branch points of the N -fold cover. Similarly, the associated AN−1

spectral network first consists of 1
2N(N−1) superimposed copies of the original A1 spectral

network, which are then resolved by the perturbations. Far away from branch points, the

walls of the N -lifted spectral network align closely with the walls of the A1 spectral network.

For generic δφk, regular punctures in an A1 theory give full punctures in the N -lifted theory,

because the homomorphism ρ produces a residue matrix (2.4) with distinct eigenvalues.

For example, for N = 3, 4, this lifting procedure yields the following curves:

λ3 + (4φ2 + δφ2)λ+ δφ3 = 0 , (5.3)

λ4 + (10φ2 + δφ2)λ
2 + δφ3λ+ (9φ22 + δφ4) = 0 . (5.4)

Figure 18 shows the 4-lift of a single branch point, which results in six slightly separated

branch points.

We want to use this lifting procedure to obtain AN−1 BPS graphs from A1 BPS

graphs. For this purpose, it is crucial that the perturbations δφk that we turn on preserve

the alignment of the central charges of the BPS states. It is relatively easy to guess such

perturbations for symmetric configurations of punctures, but we do not have a general

method to identify them.

5.2 TN theories

We can obtain N -lifted BPS graphs on the sphere with three full punctures for the TN
theories starting from the BPS graphs for the T2 theory presented in section 4.1.
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(a) N = 2 (b) N = 4

Figure 18. The effect of a 4-lift on a branch point is to split it into six nearby branch points. The

walls of the lifted A3 spectral network asymptote to those of the A1 spectral network far away from

the branch points.

For N = 3, the curve can be taken as in (5.3) with φ2 and δφ3 as in (2.12). We found

the following alignment-preserving perturbations:

Ma,b,c
2 = 1 , δMa,b,c

3 = − i

10
. (5.5)

This produces a maximally degenerate spectral network that looks like three nearby copies

of the BPS graph for T2, plotted on the left of figure 19. It contains a total of 12 finite

webs: three triplets of edges, two Y-webs, and one web with two joints shaped like an

horizontal θ (see appendix A for a systematic identification of these finite webs). In order

to find the BPS graph, we need to identify the rank Γ = 8 elementary webs which provide

a positive integral basis for Γ+. Direct examination reveals that among all the finite webs

that go through the intersections, only the Y-webs are elementary. We conclude that the

BPS graph for the T3 theory is made of three pairs of edges and two Y-webs, as shown on

the right of figure 19.

For N = 4, we set Ma,b,c
2 = 1 and take the alignment-preserving perturbations

δMa,b,c
3 = −i in (5.4). After eliminating redundant edges and θ-webs, we find the BPS

graph shown in figure 20, with 9 edges and 6 Y-webs.

5.3 AN−1 theories with four full punctures

We can also study the N -lifts of A1 BPS graphs on the 4-punctured sphere obtained in

section 4.2, which correspond to non-Lagrangian AN−1 theories with four full punctures.

For N = 3, we set Ma,b,c,d
2 = 1 and u = 0 in the expression (4.3) for the quadratic

differential and turn on the following perturbations:

δφ3 =
δMa

3 z
2
abz

2
acz

2
ad(z−zb)(z−zc)(z−zd)+ cyclic+ δP2(z−za)(z−zb)(z−zc)(z−zd)

(z − za)3(z − zb)3(z − zc)3(z − zd)3
(dz)3,

(5.6)
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(a) (b)

Figure 19. Left : maximally degenerate 3-lifted spectral network on the 3-punctured sphere. Right :

A2 BPS graph for the T3 theory, with three pairs of edges and two Y-webs.

Figure 20. A3 BPS graph for the T4 theory, with 9 edges and 6 Y-webs.

with δMa,b,c,d
3 = i and δP2 = 8iz2. For N = 4, we also set Ma,b,c,d

2 = 1 and u = 0, and turn

on the perturbations δMa,b,c,d
3 = 2i and δP2 = 16iz2. The resulting A2 and A3 BPS graphs

are plotted in figure 21.

5.4 BPS graphs from N-triangulations

The examples of 3-lifted and 4-lifted BPS graphs in the previous sections present a clear

combinatorial pattern that can easily be extended to higher N . Moreover, in the spirit of

the relation between topological A1 BPS graphs and ideal triangulations of C discussed

in section 4.6, we can propose natural candidate AN−1 BPS graphs for all higher-rank

theories of class S with full punctures, without having to find suitable k-differentials φk
explicitly. We simply start with an A1 BPS graph and replace each branch point by a

triangular array of
(
N
2

)
branch points supporting

(
N−1
2

)
Y-webs, and each edge by (N − 1)

edges between different pairs of branch points (figure 22). In the case of a surface C with

genus g and n full punctures, the ideal triangulation has −2χ triangles and −3χ edges,

where χ = 2 − 2g − n is the Euler characteristic. The N -lifted BPS graph then contains
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Figure 21. A2 and A3 BPS graphs on the sphere with four full punctures.

Figure 22. Left : 4-lift of a branch point, with three Y-webs and three triplets of parallel edges.

Right : 4-triangulation of a triangle. Branch points correspond to black triangles, Y-webs to internal

vertices, and edges to peripheral vertices.

a total of −χ(N2 − 1) edges and Y-webs, which agrees with rank Γ = 2r + f using (2.8)

and (2.9). It was indeed already pointed out in section 4.3 of [5] that this set of cycles

forms a basis for Γ.

We conjecture that the Roman locus R exists for AN−1 theories associated with Rie-

mann surfaces with full punctures, and that it includes at least a point where the physical

BPS graph (as obtained from spectral networks) is topologically equivalent to the candidate

BPS graph obtained by this construction.

This method naturally produces topological AN−1 BPS graphs that are dual to the

N -triangulations used by Fock and Goncharov to define cluster coordinate systems on the

moduli space of flat connections in [12], and related to spectral networks in [5]. An N -

triangulation is obtained as a refinement of an ideal triangulation of C by further dividing

each ideal triangle into smaller triangles. For each original ideal triangle, there are
(
N+1
2

)
“upright” and

(
N
2

)
“upside-down” small triangles, as shown on the right of figure 22.

The branch points of the BPS graph are dual to small upside-down triangles of the N -

triangulation. Similarly, edges and Y-webs of the BPS graph are dual to vertices that are

respectively on the edges and faces of the N -triangulation. Examples of N -triangulations

dual to BPS graphs on spheres with three and four full punctures are shown in figure 23.
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Figure 23. BPS graph and dual 4-triangulation of the 3-punctured sphere and vice versa.

It was shown in [5] that N -triangulations are related to a particular class of spectral

networks, known as “minimal Yin-Yang” networks. Explicit examples could be found up to

N = 5, but there is no general proof of the existence of a Yin-Yang locus on the Coulomb

branch. We found evidence that the two conjectural Roman and Yin-Yang loci generically

intersect. More precisely, given a BPS graph dual to an N -triangulation, we expect to find

a Yin or Yang network at the phase ϑ = ϑc±π/2 (see for example figure 15 in [5]). However,

as we will discuss momentarily, in general BPS graphs are not dual to N -triangulations,

and hence not related to minimal Yin-Yang networks.

5.5 N-flips

An interesting consequence of the relation between BPS graphs and N -triangulations is that

it leads to a concrete geometric realization of the combinatorics of higher mutations studied

by Fock and Goncharov (see section 10 of [12]). The flip of an edge in the N -triangulation,

or N -flip, indeed corresponds to a sequence of the elementary local transformations of

BPS graphs described in section 3.3. More explicitly, an N -flip involves a total of
(
N+1
3

)
elementary flip moves (intertwined with cootie moves). Note that thinking about flipping

an edge in terms of gluing a tetrahedron, we see that the number of elementary flips matches

nicely the number of octahedra in the N -decomposition of a tetrahedron [28].

As an example, we plotted in figure 24 the sequence of elementary transformations of

the BPS graph for the T3 theory corresponding to a 3-flip. In the initial configuration,

there are two distinct sets of three branch points, located inside the faces of two triangles

separated by a horizontal edge. As we vary the mass parameter M2 for the puncture at

infinity, the two pairs of branch points closest to the edge collide pairwise vertically and

separate horizontally, in a synchronized pair of flip moves. This is followed by a cootie

move involving a pair of branch points. Finally, after another pair of synchronized flip

moves, we arrive at a BPS graph with two sets of three branch points, now separated by a

vertical edge.

We stress that the BPS graphs appearing at intermediate steps of an N -flip do not

correspond to any specific N -triangulation. Starting from an N -lifted BPS graph, we can

indeed apply arbitrary sequences of flip and cootie moves to it, and obtain BPS graphs that

are much more general than N -triangulations! This should be related to the conjecture
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Figure 24. The decomposition of a 3-flip in terms of elementary moves: two flips, one cootie, two

flips.

made in [5] that via the “nonabelianization map” spectral networks provide the cluster

altas, that is the set of all cluster coordinate systems on the moduli space of flat rank-N

connections over C.

5.6 Goncharov’s ideal bipartite graphs

Recently, Goncharov introduced in [13], the notion of an “ideal bipartite AN−1 graph”

on a Riemann surface C with marked points, and used it to construct cluster coordinate

systems on moduli spaces of local AN−1 systems over C. These cluster coordinate systems

contain those defined by Fock and Goncharov using N -triangulations of C [12], but also

generalizes them considerably. Given an ideal triangulation T of C, the corresponding ideal

bipartite AN−1 graph ΓAN−1
(T ) is defined by placing black vertices • in small upside-down

triangles of the related N -triangulation, and white vertices ◦ in small upright triangles (see

the example on the left of figure 25). More general ideal bipartite AN−1 graphs can then

be obtained by applying “two-by-two moves“ and “shrink-expand moves.”

The relation between ideal bipartite AN−1 graphs and AN−1 BPS graphs should now

be obvious. For a given N -triangulation of C, the ideal bipartite graph ΓAN−1
(T ) is simply

dual to the corresponding N -lifted BPS graph (constructed as in section 5.4): black ver-

tices • are dual to branch points, while square and hexagonal faces are dual to edges and

Y-webs, respectively (figure 25). Moreover, the “two-by-two move” and the “shrink-expand

move” on ideal bipartite graphs correspond precisely to the flip and cootie moves on BPS

graphs described in section 3.3. We summarize the relation between ideal bipartite graphs

and BPS graphs in the following table:

Ideal bipartite graph BPS graph

• vertex branch point

◦ vertex face

(4 + 2k)-gon face elementary web with k joints

two-by-two move flip move

shrink-expand move cootie move

(5.7)

Note that we have allowed for a generalization to faces with more than four or six sides,

which would correspond to elementary webs with k ≥ 2 joints. We will indeed see in

– 24 –



J
H
E
P
0
7
(
2
0
1
7
)
0
3
2

Figure 25. 4-triangulation of two glued ideal triangles. Left : ideal bipartite A3 graph. Center :

duality. Right : A3 BPS graph.

section 6 that such multi-joint webs do appear in BPS graphs on surfaces C with partial

punctures (decorated with partial flags).

Another point of contact between BPS graphs and ideal bipartite AN−1 graphs is their

relation to quivers (which we will discuss in section 7). For surfaces without boundaries,

the quiver associated with an ideal bipartite graph is defined by a set of nodes {eG}
and a bilinear skew-symmetric form 〈·, ·〉. The generators {eG} are identified with the

internal faces of the ideal bipartite graph. According to table 5.7, these correspond to

the elementary webs of BPS graphs, in agreement with our proposal to identify them with

quiver nodes (see section 7.2). The intersection form 〈·, ·〉 is given in Lemma 2.26 of [13] by a

combinatorial formula, which is easily seen to agree with our prescription (3.2) to compute

the intersection form of elementary webs. The quivers associated with ideal bipartite AN−1
graphs thus exactly coincide with the BPS quivers associated with BPS graphs.

6 Partial punctures

In this section we study BPS graphs for AN−1 theories with partial punctures (see for

example [11, 29–31]). We describe the topological transformation of the BPS graph as a

full puncture becomes a partial puncture. We restrict to the case of partial punctures of

type [k, 1, . . . , 1], leaving a more general analysis to future work.

6.1 Puncture degeneration and web fusion

At a partial puncture, some of the eigenvalues of the residue matrix (2.4) of the Higgs

field ϕ are degenerate:

ϕ(z) ∼ 1

z


m1Ik1

m2Ik2
. . .

m`Ik`

 dz + · · · , (6.1)

where [k1, k2, . . . , k`] is a partition of N , and
∑

α kαmα = 0.

In order to degenerate a full puncture [1, 1, . . . , 1] into a partial puncture [k1, k2, . . . , k`],

we need not only to take the limit where some of the eigenvalues coincide, but also to

– 25 –



J
H
E
P
0
7
(
2
0
1
7
)
0
3
2

select the correct SL(N)-orbit of the residue matrix [32].13 This is achieved by imposing

a condition on the order of the pole of the discriminant ∆ of the spectral curve Σ (2.2)

at the puncture [10]. Geometrically, this condition implies that some zeroes of ∆, which

correspond to branch points of the covering Σ → C, end up coinciding with the puncture

and lower the order of its pole. This amounts to the absorption of pairs of branch points

by the puncture, which changes the topology of the spectral curve Σ. As two eigenvalues

mi,mj are tuned to coincide, the homology cycle γf whose period is Zγf = mi−mj shrinks,

and eventually disappears when the two branch points supporting it are absorbed by the

puncture.

The corresponding BPS graph transforms in an interesting way. After a pair of branch

points is absorbed by the puncture, the elementary webs that were originally attached to

them are fused together. Starting with an N -lifted BPS graph with only edges and Y-

webs, we can thus obtain BPS graphs with new types of webs involving several joints on a

surface C decorated by partial punctures.

6.2 Puncture [2,1]

As a simple example, we consider the BPS graph on the sphere with three full punctures

for the T3 theory, discussed in section 5.2 (in this section we put the punctures at za = 0,

zb,c = ±1). The differentials φ2 and φ3 are taken as in (2.12), where P0 = u parameterizes

the Coulomb branch B.

In order to degenerate a full puncture [1, 1, 1] into a partial puncture [2, 1], we first

take the limit ma
1 → ma

2 ≡ m, which gives Ma
2 = −3m2 and Ma

3 = 2m3. In addition, we

must ensure that the order of the pole at z = za of the discriminant ∆ = −4φ32 − 27φ23
drops from 6 to 4. This fixes the value of the Coulomb branch parameter:

u = −2m(M b
2 −M c

2) + 4(M b
3 −M c

3) . (6.2)

Starting with the parameters Ma,b,c
2 = 3, Ma,b,c

3 = −i/4 for the case of a full puncture, we

vary Ma
3 → −2i along the imaginary axis until we satisfy ma

1 = ma
2 = i and u = 0 in (6.2).

We plotted the corresponding degeneration of the BPS graph in figure 26. We see that the

two closest branch points collide with the puncture, and the two connected edges shrink

completely. The resulting BPS graph involves an H-shaped elementary web, or H-web,

arising from the fusion of the two Y-webs originally connected to the absorbed branch

points. Note that the fact that the newly formed H-web passes through the puncture is

not an issue. Since the branch points have been absorbed, the distance between the two

sheets of Σ to which the H-web lifts remains finite along the fiber of T ∗C.14 This ensures

that the central charge of the H-web is in fact finite. We can moreover easily deform the

H-web away from the puncture.

In figure 27, we show the degeneration to a puncture [2, 1] for a BPS graph on the

4-punctured sphere. In this case, there are three triangles in the underlying ideal triangu-

13As a simple example, for N = 2 the matrices
(
m1 0
0 m2

)
and

(
m1 1
0 m2

)
are conjugate for m1 6= m2, but

not for m1 = m2.
14By studying the behavior of roots of (2.2) near a puncture at z0, we indeed find that limz→z0 λi − λj

is a finite constant.
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Figure 26. Degeneration from a full puncture [1, 1, 1] to a simple puncture [2, 1] on the 3-punctured

sphere. A pair of branch points is absorbed by the puncture, and two Y-webs fuse into an H-web.

Figure 27. Degeneration from a full puncture [1, 1, 1] to a simple puncture [2, 1] with three incident

triangles on the 4-punctured sphere.

lation that are incident at the degenerating puncture. Because of the Z3 symmetry of the

configuration, we see three branch points converging towards the puncture. However, only

two of them are absorbed by the puncture. The three edges originally connected to them

disappear, but the Y-webs connected to the third branch point remain distinct.

6.3 Puncture [3,1]

We can also consider the degeneration of a full puncture [1, 1, 1, 1] into a partial punc-

ture [3, 1] for the T4 theory. The k-differentials take the form (recall (5.4))

φ2 =
(10Ma

2 + δMa
2 )zabzac(z−zb)(z−zc) + cyclic

(z − za)2(z − zb)2(z − zc)2
(dz)2 ,

φ3 =
δMa

3 z
2
abz

2
ac(z−zb)(z−zc) + cyclic + P0 (z−za)(z−zb)(z−zc)

(z − za)3(z − zb)3(z − zc)3
(dz)3 ,

φ4 =
9 [Ma

2 zabzac(z−zb)(z−zc) + cyclic]2 + δMa
4 z

3
abz

3
ac(z−zb)(z−zc) + cyclic

(z − za)4(z − zb)4(z − zc)4
(dz)4

+
P1 (z−za)(z−zb)(z−zc)

(z − za)4(z − zb)4(z − zc)4
(dz)4 , (6.3)

with P0 = u0 and P1 = u1 + u2z. To obtain a [3, 1] puncture, we first take the limit

ma
1 → ma

2 → ma
3 ≡ m, which gives 10Ma

2 + δMa
2 = −6m2, δMa

3 = 8m3, and 9(Ma
2 )2 +
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Figure 28. Degeneration from a full puncture [1, 1, 1, 1] to a partial puncture of type [3, 1] on the

3-punctured sphere. Two pairs of Y-webs fuse into two H-webs.

δMa
4 = −3m4. We must then impose that the discriminant ∆ has a pole of order 6, which

fixes the Coulomb branch parameters:

u0 = −40m(M b
2 −M c

2)− 4m(δM b
2 − δM c

2) + 4(δM b
3 − δM c

3) ,

u1 = −4(5m2 − 9Ma
2 )(M b

2 −M c
2)− 2m2(δM b

2 − δM c
2) + 8(δM b

4 − δM c
4) ,

u2 = m4 − 9(Ma
2 )2 + (20m2 + 36Ma

2 )(M b
2 +M c

2) + 36(M b
2 −M c

2)2

+2m2(δM b
2 + δM c

2)− 4m(δM b
3 + δM c

3) + 8(δM b
4 + δM c

4) . (6.4)

We plotted the degeneration of the BPS graph in figure 28, with the following choice of

parameters: m = −i, Ma,b,c
2 = 3, δMa,b,c

3 = 8i, δMa
4 = −84, δMa

2 = −24, u2 = 384, and

the others vanishing. Three pairs of branch points are absorbed by the puncture, four

edges and two Y-webs shrink to zero size, while two pairs of Y-webs fuse into two H-webs

(deformed away from the puncture for clarity).

6.4 Punctures [k,1,. . . ,1]

The examples discussed in the two previous sections admit a natural generalization to

punctures of type [k, 1, . . . , 1]. When two ideal triangles are incident at the puncture (like

for the examples on the 3-punctured sphere), this degeneration involves the absorption of

k(k − 1) branch points by the puncture, the disappearance of 2(k − 1) edges and k(k − 1)

Y-webs, and the appearance of (k − 1) H-webs. The net change in the rank of the charge

lattice Γ is that k2− 1 generators are lost, which agrees with the change in the genus of Σ,

∆r = −1
2k(k − 1), and the shrinking of ∆f = (k − 1) flavor cycles at the puncture. The

transformation of the BPS graph is depicted schematically in figure 29 (for k = 5).

We can also produce topological BPS graphs when there are more than two triangles

incident at a partial puncture. The idea is to perform of incomplete N -flips (sequences of

flips and cooties) such that the set of branch points that the puncture should absorb are

in a configuration corresponding to two incident triangles. We can then apply the general

degeneration procedure just described.

For example, let us consider the degeneration from a full puncture to a partial puncture

[2, 1, . . . , 1] when there are three incident triangles (figure 30). In this case, we just need
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Figure 29. Schematic transformation of the BPS graph upon degeneration of a full puncture

[1, 1, . . . , 1] into a partial puncture [k, 1 . . . , 1] (the identical half of the BPS graph in the lower

triangle is left out).

Figure 30. The degeneration of a full puncture with three incident ideal triangles into a partial

puncture [2, 1, . . . , 1] can be decomposed into an elementary flip move followed by the absorption

of a pair of branch points by the puncture.

to perform an incomplete N -flip involving a single elementary flip move along the edge

between the two upper ideal triangles. The resulting BPS graph contains a pair of edges

surrounding the puncture, which we can then shrink as in figure 26. The final BPS graph

is Z3-symmetric and consistent with the degeneration on the 4-punctured sphere plotted

in figure 27.

The degeneration to a partial puncture [2, 1, . . . , 1] with four incident ideal triangles

is depicted in figure 31. Note that, once again, only two branch points are absorbed, as

expected from the order of the pole of the discriminant at a puncture [2, 1, . . . , 1]. If instead

of applying elementary flip moves on the two vertical edges of the triangulation we had

chosen the two horizontal ones, the resulting BPS graph would simply differ by a flip move

on the central edge.

6.5 N-flips with partial punctures

We now describe an approach to performing the analog of an N -flip on surfaces with partial

punctures of type [k, 1, . . . , 1], in terms of a sequence of elementary moves as in section 5.5.

As a first example, let us consider an A2 theory with a puncture [2, 1] with two incident

triangles, in which case the BPS graph looks locally like in figure 32. By performing a

sequence of moves, we can obtain the BPS graph dual to the flipped underlying ideal
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Figure 31. The degeneration of a full puncture with four incident ideal triangles into a partial

puncture [2, 1, . . . , 1], decomposed into two flip moves and the absorption of two branch points.

Figure 32. Sequence of elementary moves corresponding to the flip of an edge (red dashed) near

a puncture [2, 1] (top).

triangulation, where now the puncture [2, 1] has three incident triangles (compare with

figure 30). The sequence of moves is easily obtained as a subset of the N -flip sequence for

the case with a full puncture: first two flips on the edges crossing the horizontal edge of

the triangulation, then a cootie move in the center, and finally a single flip for the lower

edge. The result is consistent, in the sense that this is the same BPS graph we would have

obtained by first doing a 3-flip of the BPS graph with full punctures, and then degenerating

the upper puncture to [2, 1], as can be seen by comparing with figure 30. This process can

of course be reversed, by reading figure 32 from right to left, starting from a puncture [2, 1]

with three incident triangles.

Another interesting example involves an A2 theory with a puncture [2, 1] with four

incident ideal triangles (figure 33). We can flip an edge by performing a sequence of moves

and obtain a BPS graph dual to a triangulation where the puncture [2, 1] has three incident

triangles. The resulting BPS graph is again consistent, in the sense that this is the same

BPS graph we would have obtained by first doing a 3-flip of the BPS graph with full

punctures, and then degenerating the central puncture to [2, 1].
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Figure 33. Ideal triangulation around a puncture [2, 1] with four (left) or three (right) incident

triangles. The associated local BPS graphs are related by a sequence of elementary moves: two

flips, one cootie, two flips.

7 BPS quivers

In this section, we explain how to obtain a quiver from the topology of a BPS graph, and

identify it with the BPS quiver [6–9] of the corresponding AN−1 theory of class S. This

thus provides a bridge between spectral networks and BPS quivers. The mutations that

relate BPS quivers in the same equivalence class correspond to elementary transformations,

such as flip and cootie moves, that relate BPS graphs on different components of the

Roman locus R. We also propose an expression for the quiver superpotential and perform

several checks.

7.1 Review of BPS quivers

A BPS quiver consists of a set Q0 of nodes and a set Q1 of arrows, constructed as follows

(for more details see e.g. [8]). Given a generic point u on the Coulomb branch of a 4d

N = 2 gauge theory and an angle ϑ, a positive half-lattice Γ+ ⊂ Γ is defined as the set of

charges which get mapped to the positive half-plane Re(e−iϑZ) > 0 in the complex plane

of central charges, and it admits a unique positive integral basis. The generators {γi}
in this basis correspond to the nodes of the BPS quiver, and the electromagnetic pairing

determines the arrows: 〈γi, γj〉 = −k implies that there are k arrows from γi to γj .

The spectrum of BPS states can be determined by studying the representation theory

of the quiver: each charge γ =
∑

i niγi ∈ Γ corresponds to an N = 4 quiver quantum

mechanics theory. The cohomology of the moduli space of solutions of this quiver quan-

tum mechanics encodes the BPS index. The F-term equations are fixed by a choice of

superpotential W , which can be constructed as a formal sum of cycles in the quiver path

algebra.

An important notion in the context of BPS quiver is the mutation. This is the change

in (Q0, Q1,W ) induced by a rotation of the positive half-plane such that one of the central

charges exits. This operation is also known as crossing a “wall of the second kind” [33].

By construction, the BPS state which exits the positive half-plane is part of the positive

integral basis for Γ+, and therefore a mutation is associated with a node γ0 of the quiver.
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Figure 34. From BPS graph to BPS quiver for the T2 theory.

The new basis of elementary BPS states {γ′i} is given by

γ′0 = −γ0, γ′j =

{
γj + 〈γj , γ0〉γ0 if 〈γj , γ0〉 > 0,

γj if 〈γj , γ0〉 ≤ 0.
(7.1)

Mutations are “equivalence relations” in the sense that they leave the solutions of the

quiver quantum mechanics, and hence the BPS spectrum, unchanged. Physically, they are

a version of Seiberg duality.

7.2 From BPS graphs to BPS quivers

It is straightforward to construct a BPS quiver (Q0, Q1) from a BPS graph G. The set

of elementary webs of G, whose lifted one-cycles {γi} on Σ provide by definition a basis

for the charge lattice Γ, corresponds to the set Q0 of nodes. The set Q1 of arrows is then

determined by identifying the electromagnetic pairing with the intersection form (3.2).

Focusing on one branch point b at a time, we see that this means that two elementary

webs ordered clockwise around b correspond to two nodes with a negatively-oriented arrow

between them. More explicitly, σ(b; γ1, γ2) = +1 corresponds to one arrow from node γ2
to node γ1, and σ(b; γ1, γ2) = −1 to one arrow from γ1 to γ2.

For A1 theories, the correspondence between BPS graphs and BPS quivers is rather

obvious, given they are both related to ideal triangulations of C [3, 8]. For example, the

BPS graph and BPS quiver for the T2 theory are shown in figure 34. In this case, the

three edges of the BPS graph lift to one-cycles {γ1, γ2, γ3} on Σ that intersect twice with

each other, once positively and once negatively. This produces a quiver with three nodes

connected by pairs of oppositely-oriented arrows. We show the BPS graph and BPS quiver

for SU(2) gauge theory with Nf = 4 in figure 35. In appendix B, we comment on how the

method for gluing BPS quivers proposed in [9] can be interpreted in terms of BPS graphs.

The correspondence is much more interesting for higher-rank AN−1 theories, for which

not many BPS quivers are known. We show the BPS quiver constructed from the BPS

graph for the T3 theory in figure 36 (we omit pairs of cancelling arrows for clarity). It is

mutation-equivalent15 to the BPS quiver obtained in [9] based on the engineering of the TN
theories from M-theory on the Calabi-Yau three-fold C3/ZN×ZN [34] (see also section 7.3.1

in [35]). More generally, for AN−1 BPS graphs obtained as N -lifts of A1 BPS graphs, the

relation to N -triangulations described in section 5.4 implies that the corresponding BPS

15To match them exactly, we must perform a mutation at one of the two nodes corresponding to the

Y-webs.
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Figure 35. From BPS graph to BPS quiver for the 4-punctured sphere.

Figure 36. BPS graph, BPS quiver, and Fock-Goncharov Poisson tensor for the T3 theory.

quiver agrees with the Poisson structure on the moduli space of flat connections described

by Fock and Goncharov [12]. This Poisson structure can indeed be neatly represented by a

collection of arrows around the small black triangles of the N -triangulation. We show the

Poisson structure on the 3-triangulation of the 3-punctured sphere on the right of figure 36,

which can be seen to agree with the BPS quiver. The combinatorial relation between BPS

quivers and N -triangulations was already conjectured in [11, 36]. The geometric bridge

provided by BPS graphs confirms this conjecture.

We can go further and obtain BPS quivers from BPS graphs for theories of class S
with partial punctures. In figure 37, we show the local transformation of a BPS quiver

corresponding to the degeneration of a full puncture [1, 1, 1] to a simple puncture [2, 1]

as in figure 26. The central 4-cycle in the initial quiver collapses, and the four nodes

connected to it merge into a single node. The final quiver has three nodes connected by

pairs of oppositely-oriented arrows.

In general the map between BPS graphs and BPS quivers cannot be inverted, because

different BPS graphs can lead the same BPS quiver (see for example the situation shown in

figure 38). This is to be expected given that the topology of a BPS graph contains more in-

formation than the corresponding BPS quiver, such as which elementary webs are adjacent.

However, it may be that once the BPS quiver is equipped with a suitable superpotential

(see section 7.4), all ambiguities can be resolved. There would then be a one-to-one corre-

spondence between topological BPS graphs and BPS quivers with superpotentials (this is

analogous to the relation between brane tilings and quivers with potentials [37]).
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Figure 37. Local transformation of the BPS quiver as a full puncture [1, 1, 1] becomes a simple

puncture [2, 1]. Compare with figure 26.

Figure 38. Two different BPS graphs can give the same BPS quiver (thin lines in the BPS graph

on the right indicate empty edges).

a b

x

y v

w
a'

b'

x

y v

w

Figure 39. Left : the flip move corresponds to a mutation of the BPS quiver. Right : the cootie

move rotates a pair of oppositely-oriented arrows.

7.3 Elementary moves and mutations

We now comment on the quiver interpretation of the elementary local transformations of

BPS graphs discussed in section 3.3.

As reviewed above, a quiver mutation is induced by crossing a wall of the second kind,

when some central charge exits the positive half-plane. In the context of BPS graphs, since

the phases of all central charges are fixed, the only way this can happen is that the central

charge of a BPS state goes to zero. This is precisely what happens when two branch points

collide! Indeed, at a topological level, the flip move (figure 9) corresponds to a mutation of

the quiver, as shown on the left of figure 39. The change (3.3) in the charges of elementary

webs agrees perfectly with the change (7.1) in the charges associated with the nodes.

The second type of elementary transformations of BPS graphs is the cootie move, which

corresponds to the operation on quivers shown on the right of figure 39. As we will see in

section 7.4, the quiver superpotential encoded by a BPS graph is always strong enough to

cancel the two opposite arrows in the center, so that the cootie move is effectively trivial

at the level of the BPS quiver.
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7.4 Superpotentials from BPS graphs

Given a BPS graph with a set of branch points {b} and a set of faces {F}, we propose that

the quiver superpotential is given by

W =
∑
b

Cb −
∑
F

CF , (7.2)

where Cb and CF are cycles in the quiver path-algebra obtained by composing the arrows

which circle around the branch point b and around the face F .

For theories with full punctures, W is equivalent to the canonical quiver superpotential

proposed by Goncharov in equation (43) of [13] (recall the duality between BPS graphs and

ideal bipartite graphs discussed in section 5.6). It is also equivalent to previous definitions

of quiver superpotentials [8, 9, 38–40]. However, we conjecture that our proposal for W

also extends to the theories with partial punctures discussed in section 6.

Formula (7.2) for the superpotential passes some nontrivial consistency checks. First

of all, the superpotential behaves correctly under flips of the BPS graph. This follows

from the fact that a flip is dual to a mutation of the quiver, and that Goncharov’s formula

is consistent with mutations [13]. Moreover, the superpotential derived from BPS graphs

for theories with partial punctures behaves correctly under a flip. The reason is that the

change of the superpotential does not depend on the global topology of the BPS graph,

nor on the topology of the elementary webs which are attached to the edge. More details

are provided in appendix C.

The behavior of the superpotential under a cootie move can be studied by considering

the contribution from the branch points and faces depicted on the right of figure 39. Before

the cootie move, formula (7.2) gives the following superpotential:

W ⊃ ayx+ bwv − ab ∼ wvyx , (7.3)

where ∼ denotes equivalence upon integrating out b, which does not appear in any other

terms of W . After the cootie move, we have

W ′ ⊃ a′xw + b′vy − a′b′ ∼ xwvy , (7.4)

which is equivalent to (7.3) by cyclicity.

Another nontrivial check of (7.2) is to study its behavior under partial degeneration

of punctures. Let us consider the BPS graph of the T3 theory as one of its punctures goes

through a degeneration from [1, 1, 1] to [2, 1], as shown in figure 26. The change of the dual

BPS quiver is clear from what happens to the elementary webs: the two edges circling the

puncture disappear, hence we throw away their quiver nodes; on the other hand, the two

Y-webs merge together into an H-web, and so we collapse their dual quiver nodes into a

single node. This results in the BPS quiver dual to the graph shown in figure 40. The

final quiver is composed of five nodes (the two upper edges are identified with the two

lower ones), and all have vanishing intersection form (all arrows cancel each other). This

is consistent with the fact that the sphere with two full punctures and a simple puncture
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Figure 40. Transformation of the BPS quiver of the T3 theory as a full puncture [1, 1, 1] degenerates

to a simple puncture [2, 1].

should describe the theory of 9 free hypermultiplets. The rank of the charge lattice is equal

to f = 5, which is the rank of the flavor symmetry SU(3) × SU(3)×U(1).

In the quiver quantum mechanics, the identification of two nodes has a natural inter-

pretation. Each node corresponds to a gauge group, and each arrow to a bi-fundamental

field. Then the arrows connecting those nodes have been Higgsed, and only a diagonal sub-

group (the node remaining after mutual identification) is preserved. Let us check whether

this intuition is compatible with the construction of the superpotential. Before Higgsing,

the full superpotential of the T3 quiver is

W =
∑

α∈{x,y,z,u,v,w}

α1α3α2

− (x1u1 + y3v2 + z2w3 + y1x3u2v1 + z1w1u3x2 + v3w2z3y2) .

(7.5)

Then to identify the two nodes dual to the Y-webs, we must Higgs the arrows x2, x3, u2, u3,

which amounts so setting the vacuum expectation values of these fields equal to 1.

This gives

W ′ =
∑

α∈{y,z,v,w}

α1α3α2 + x1 + u1− (x1u1 + y3v2 + z2w3 + y1v1 + z1w1 + v3w2z3y2) . (7.6)

Noting that the fields x1, u1 are now decoupled from the rest (in fact, their arrows dis-

appeared from the final quiver), we ignore the terms involving them.16 What remains is

exactly the superpotential obtained from (7.2) for the BPS quiver dual to the BPS graph

after the degeneration of the puncture.

From a physical perspective, our proposal for the superpotential should admit an inter-

pretation in terms of brane instantons. Nodes of the quiver are identified with elementary

16One subtlety is that although keeping the terms with x1, u1 would not affect the cohomology of

moduli spaces of quiver quantum mechanics, integrating them out would appear to induce a shift of the

superpotential, possibly breaking supersymmetry.
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webs, which correspond to M2-branes ending on M5-branes [3, 41]. Likewise, arrows of the

quiver arise from bi-fundamental strings connecting nodes at their intersections, in par-

ticular at branch points of the BPS graph. The quiver quantum mechanics describes the

worldvolume dynamics of this system of branes. Each term a1 . . . ak ⊂W can be thought as

being generated by an instanton in the worldvolume theory, arising from a brane bounded

by the elementary webs touched by the arrows a1, . . . , ak. A more rigorous check of our

conjectural formula (7.2) would be to use it to compute BPS spectra, and match with the

results of other methods.

8 Future directions

We hope that this paper has conveyed an initial sense of the usefulness of BPS graphs in

the study of theories of class S. Here we list some open questions and interesting further

applications.

Roman locus. Our definition of BPS graphs relies on the existence of the Roman lo-

cus R, a maximal intersection of walls of marginal stability. Combining the proof of the

existence of R for (complete) A1 theories with the N -lifting procedure of section 5.1 leads

us to expect that R indeed exists for all theories of class S, at least for full punctures.

However, the N -lifting construction of Roman loci itself is conjectural for high value of N .

It would be important to find a general proof of the existence of R, perhaps based on some

physical arguments. We have also seen that R has an interesting topology, with several

components separated by singular domain walls. One open question is whether there can

be fully disconnected components of R.

BPS spectrum. Spectral networks and BPS quivers both provide methods of computing

the BPS spectrum in a given chamber on the Coulomb branch B. In contrast, BPS graphs

seem to only know about elementary BPS states, but not about BPS bound states.17 In

principle, it should be possible to move away from the Roman locus R in a controlled way

(maybe based on symmetries of BPS graphs) that could be matched, on one side, to the

dismantlement of the maximally degenerate spectral network into double walls appearing

at separated critical phases; and on the other side, to the analysis of stable quiver repre-

sentations. An interpretation of double walls corresponding to BPS bound states in terms

of quiver representations was recently proposed in [42].

Another approach to the derivation of the BPS spectrum from BPS graph could be

a version of the “mutation method” [9]. The geometric realization of higher mutations in

terms of flip and cootie moves could provide a better understanding of the phenomena at

play, for examples those discussed in [36].

Moreover, a description of BPS states in N -lifted theories was given in [5]. They fell

into three categories: “triangle states” (Y-webs), “lifted dyons” (edges, probably in some

combination with Y-webs), and “lifted flavor states” (edges starting and ending on the

17Note that in defining BPS graphs from maximally degenerate spectral networks, we discarded a number

of non-elementary webs. Based on the example of the T3 theory, we expect them to correspond to flavor

bound states.
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same triangular array of branch points). For the T3 theory, a chamber was found with 24

BPS states, in apparent agreement with the result of the quiver mutation method in [9].

We believe that BPS graphs will be helpful in clarifying this approach.

Tinkertoys. An approach to constructing an A1 BPS graph on a general Riemann sur-

face C is to glue together a collection of BPS graphs for T2 according to a pants decompo-

sition of C. This could be achieved from the contraction of Fenchel-Nielsen networks [27]

mentioned in section 4.5 (or alternatively as in appendix B). The generalization to higher

rank would open up the possibility of constructing general AN−1 BPS graphs from building-

block BPS graphs on the “tinkertoys” of [43]. The classification of allowed partial punctures

on tinkertoys should find an interpretation in terms of absorption patterns of pairs of branch

points described in section 6. This perspective can also be useful in understanding BPS

graphs in the presence of more general partial punctures than those of type [k, 1, . . . , 1].

BPS monodromies. BPS graphs capture wall-crossing invariant information about the-

ories of class S. The prototypical example of a wall-crossing invariant is the BPS mon-

odromy of Kontsevich and Soibelman [33], which is usually constructed from information

about the BPS spectrum in a given chamber on the Coulomb branch. In contrast, as

already shown in [24], BPS graphs can be used to obtain BPS monodromies in a mani-

festly wall-crossing invariant way. Finding a factorization into quantum dilogarithms then

provides yet another approach to deriving the BPS spectrum. This construction of BPS

monodromies should prove instrumental in exploring their conjectural relation to the Schur

limit of superconformal indices [6, 44–46]. The generalization of this relation in the pres-

ence of various defects [47, 48] should also find a nice interpretation in terms of BPS

graphs, given the relevance of spectral networks for the study of framed and 2d-4d BPS

states [18, 49]. Closely related questions have been explored recently in [50–52].

Cluster atlas. N -lifted BPS graphs provide cluster coordinate systems on the moduli

space of rank-N flat connections on C. More precisely, the elementary webs lift to closed

one-cycles on the N -fold cover Σ, whose Abelian holonomies agree with Fock-Goncharov

coordinates [12], as explained in detail in [4]. Applying flip and cootie moves on the BPS

graph will then generate additional cluster coordinate systems. This should be compared

with the conjecture in [4] that spectral networks provide coordinate systems in the “cluster

atlas.” While such cluster coordinates have been extensively studied for the case of surfaces

decorated with complete flags (full punctures), very little is known for the case with partial

flags (partial punctures). This leaves a lot of room for exploration. It is for example

interesting to ask whether the H-webs appearing around partial punctures can be related

to invariant ratios constructed from partial flags.

Knot invariants. Our results has potential applications to knot invariants. Consider

for example a sphere with n regular punctures, and an action of the braid group element

permuting the punctures. This defines a knot inside the mapping torus for the n-punctured

sphere. We can then associate the cluster partition function of [31, 53], which gives partition

function for the complex Chern-Simons theory on the knot complement. When some of the
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punctures are partial, it should be possible to understand the braid group action in terms

of a sequence of the N -flips described in section 6.5. The resulting partition function would

likely be a new invariant of the knot (see [31] for a more complete discussion). Thanks

to the 3d/3d correspondence [54, 55], this Chern-Simons partition function can also be

regarded as the partition function of the associated 3d N = 2 theory.

Irregular punctures. It would be interesting to push the study of N -lifted BPS graphs

on surfaces with irregular punctures and to consider their degenerations, as we did in

section 6 for regular punctures. The resulting BPS quivers could then be compared to

those of generalized Argyres-Douglas theories studied in [16].

Exact WKB analysis. A spectral network essentially coincides with the concept of a

Stokes graph in the exact WKB analysis [56–58]. Since the connection between WKB

analysis and cluster algebra is known for the A1 case [59], it is natural to expect that for

AN−1 with N > 2, our BPS quivers and the associated cluster algebra structure should have

direct counterparts in the WKB analysis, for a differential equation of order N (see [60, 61]).

Dessins d’enfants. In [62], Strebel differentials were put in relation with Grothendieck’s

dessins d’enfants. As explained in [24] and in section 4.5, A1 BPS graphs are special

cases of critical graphs for Strebel differentials. It would thus be promising to explore the

relation between BPS graphs and dessins d’enfants, and to make contact with their recent

appearance in the study of theories of class S [63, 64] (see also the earlier works [65, 66]).

This would be particularly interesting for higher-rank AN−1 BPS graphs, which can be

viewed as generalizations of Strebel graphs, involving k-differentials φk with k = 2, . . . , N .

Legendrian surfaces. Cubic planar graphs closely related to A1 BPS graphs were re-

cently shown to determine Legendrian surfaces [67] (see also [68]). A better understanding

of this relation could lead to a physical interpretation in terms of calibrated M2-branes,

and perhaps shed some light on the interpretation of the quiver superpotential (7.2) in

terms of instantons.
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A Identifying elementary webs

In this appendix, we address in some detail the distinction between the maximally degen-

erate spectral network Wc that appears on the Roman locus (at the critical phase ϑc), and

the corresponding BPS graph G.

It may happen thatWc includes extra double walls, which should not be retained in G.

Let {pi} be the set of double walls appearing in Wc. There is a canonical construction

of certain formal sums of double walls L =
∑

i αipi with integer coefficients αi, which lift

to closed loops on Σ. Elementary webs are among these: for example a Y-web involves

three edges p1 + p2 + p3. The construction of closed loops {Lk} associated with Wc arises

naturally from combinatorial properties of spectral networks, and uses the data of 2d-4d

BPS states which is encoded by the walls. However, the set {Lk} constructed in this way

is typically overcomplete, in the sense that some loops can be expressed as sums of other

loops, with positive integer coefficients. Therefore, only some of the Lk need to be retained

to form a positive integral basis for Γ+ in (3.1). The BPS graph G is made of the edges pi
which appear in this minimal subset of Lk.

The only remaining point to clarify is how the Lk are constructed (details can be

found in [24], section 3). If we slightly resolve the critical phase to ϑc ± ε, the topology

of the spectral network uniquely determines certain combinatorial soliton data attached

to each edge [4]. Resolving the double walls by going to ϑc + ε determines a generating

function Q(p), encoding combinatorial 2d-4d BPS soliton data. An important fact is that

Q(p) is entirely determined by the topology of the spectral network, as first defined in [4].

Moreover, the functions Q(p) factorize into certain universal factors [24]:

Q(p) =
∏
i

Q
αi(p)
i . (A.1)

The Lk are then constructed by lifting to Σ specific formal linear combinations of the pi,

defined as follows:

Lk = π−1

(∑
i

αk(pi) pi

)
. (A.2)

For example, in the T3 theory, whose maximally degenerate spectral network is shown

in figure 41, the combinatorics works as follows. The double walls p7, . . . , p12 correspond to

a single factor each, respectively Q7, . . . , Q12. Other double walls, which terminate on either

joint of the BPS graph have more structure: there are six factors naturally associated with

each joint QJodd, Q
J
even, Q

J
all and QJi , i = 1, 2, 3, for each joint J = J1, J2. More precisely,
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Figure 41. BPS graphs for the T3 theory, with punctures at z = ±1,∞.

these six factors appear naturally on the six walls ending at a joint. At joint J1 we have:

Q(p1) =
QJ11 Q

J1
even

QJ1all
, Q(p2) =

QJ13 Q
J1
even

QJ1all
, Q(p3) =

QJ12 Q
J1
even

QJ1all
,

Q(p13) =
QJ11 Q

J1
odd

QJ1all
, Q(p14) =

QJ13 Q
J1
odd

QJ1all
, Q(p15) =

QJ12 Q
J1
odd

QJ1all
.

(A.3)

At joint J2 instead we have the following decomposition:

Q(p4) =
QJ21 Q

J2
even

QJ2all
, Q(p5) =

QJ23 Q
J2
even

QJ2all
, Q(p6) =

QJ22 Q
J2
even

QJ2all
,

Q(p13) =
QJ21 Q

J2
odd

QJ2all
, Q(p14) =

QJ22 Q
J2
odd

QJ2all
, Q(p15) =

QJ23 Q
J2
odd

QJ2all
.

(A.4)

After a somewhat lengthy computation, we find that QJ11 = QJ21 , QJ12 = QJ23 , and QJ13 =

QJ22 . The factors QJall can be dropped, since they correspond to 2d states.

The Lk are then given by

Li = π−1(pi) , i = 7, . . . , 12 , (A.5)

L1 = π−1(p1 ∪ p2 ∪ p3) , L2 = π−1(p4 ∪ p5 ∪ p6) , (A.6)

L13 = π−1(p1 ∪ p13 ∪ p4) , L14 = π−1(p2 ∪ p14 ∪ p6) , (A.7)

L15 = π−1(p3 ∪ p15 ∪ p5) , Lodd = π−1(p13 ∪ p14 ∪ p15) . (A.8)

Direct inspection shows that L13,14,15 and Lodd are positive integral combinations of the

remaining eight cycles. For instance, [L13] = [L1] + [L2] + [L11] + [L12], as homology cycles.

Therefore, the natural basis of elementary webs consists of the two Y-webs L1,2 together

with the six edges L7,...,12 that connect pairs of branch points without running through

joints, as shown on the right of figure 19.

– 41 –



J
H
E
P
0
7
(
2
0
1
7
)
0
3
2

(a) ϑ = 0 (b) ϑ = π/2

Figure 42. Pants graphs on a pants decomposition of the 4-punctured sphere (a). Additional BPS

states used for the gluing (b).

B Gluing and pants decomposition

A method for gluing BPS quivers together was given in section 4.9 (and 6.2) of [9]. A global

SU(2) symmetry is manifested in the BPS quiver as an S2 symmetry acting on a pair of

identical nodes, and gauging it can be described in two steps. The new gauge degrees of

freedom are first added in the form of an SU(2) quiver with two nodes. These two nodes

are then coupled to one of the two identical nodes in the S2 pair, while the other one is

delete since it can now be generated as a bound state. Gluing two BPS quivers together is

achieved by gauging the diagonal subgroup of the product of two global SU(2) groups.

We now describe an analogue procedure of “gluing” BPS graphs. The idea is to

construct a BPS graph from a pants decomposition of C. We first find a collection of

pants graphs just like the one we obtained for the T2 theory in figure 10(d) or 11, which

according to Strebel’s theorem can be arranged to appear at the same critical phase.

This clashes with our definition of BPS graphs because the pants graphs are mutually

disconnected. We are indeed not on the Roman locus R but rather on a “Strebel locus,”

where the maximally degenerate spectral network is the disconnected critical graph for a

Strebel differential. However, we expect that it should be possible to find a distinguished

complementary collection of BPS states that precisely connect all the pants graphs.

As an illustration, let us study the example for the 4-punctured sphere. In figure 42,

we show the two pants graphs that appear at ϑ = 0, and the additional two BPS states

that appear at ϑ = π/2 (we took Ma,b,c,d
2 = 2 and u = 20). Together they provide 8 edges,

but they are not all independent. Indeed, we can for example express the lower edge in the

left pair of pants and the upper edge in the right pair of pants as combinations of other

edges. We are then left with a combined BPS graph that looks like in figure 43. Flipping

the central edge produces the BPS graph shown in figure 35.

In conclusion, we see that the addition of two edges on the cylinder between pairs of

pants corresponds to the addition of an SU(2) quiver, and the removal of non-elementary

edges on the pants graphs to the removal of bound states.
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Figure 43. Glued BPS graph obtained by combining the BPS edges in figure 42 and deleting two

of them that are combinations of the others. Flipping the central edge produces the BPS graph in

figure 35.

x

y z

x'

y' z'

w w'

v v'

[y'y] [zz']

Figure 44. Flip of the BPS graph and mutation of the BPS quiver.

C Superpotential after a flip

We examine how the superpotential (7.2) changes under an elementary flip move of the

BPS graph. For N -lifted theories, the answer is expected to be consistent with usual

Seiberg duality (equivalently, the prescription of Derksen-Weyman-Zelevinsky [38, 40]), by

manifest duality of BPS graphs and Goncharov’s ideal bipartite graphs. One purpose of

this appendix is to show that this process is local on the BPS graph, and therefore the

superpotential behaves correctly also in theories with partial punctures.

Consider the flip shown in figure 44, understood as a local region of a larger BPS

graph. The superpotential before the flip includes the terms

W ⊃ xzy + x′y′z′ − (Ay′y +Bzz′ + Cx+Dx′) , (C.1)

where A,B,C,D stand for paths from the four faces bounded by this region of the BPS

graph. After the flip, the superpotential includes instead

W ′ ⊃ [y′y]wv + [zz′]v′w′ − (A[y′y] +B[zz′] + Cww′ +Dv′v) . (C.2)

Note that the change in the superpotential doesn’t depend in any way on the global topol-

ogy of the BPS graph, nor on the topology of the elementary webs ending on the mid-

dle edge.

We shall now show that this is compatible with the mutation of a quiver with potential.

We follow the conventions of [40] and identify

w = y∗ , v = y′∗ , w′ = z∗ , v′ = z′∗ , x = [ww′] , x′ = [v′v] . (C.3)
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The mutation for a quiver with potential involves a “pre-mutation,” which produces a

superpotential [W ] + ∆ with

[W ] = x[zy] + x′[y′z′]− (Ay′y +Bzz′ + Cx+Dx′)

= x[zy] + x′[y′z′]− (Ay′y +Bzz′ + C[ww′] +D[v′v])

∆ = y∗y′∗[y′y] + z′∗z∗[zz′]

= wv[y′y] + v′w′[zz′].

(C.4)

There is then a step to produce a reduced superpotential from this, which involves elim-

inating 2-cycles, in this case the two terms x[zy] + x′[y′z′]. After reduction we see that

([W ] + ∆)red coincides with (C.2), as desired.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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