
J
H
E
P
0
7
(
2
0
1
7
)
0
1
2

Published for SISSA by Springer

Received: May 11, 2017

Revised: June 16, 2017

Accepted: June 24, 2017

Published: July 4, 2017

Muon specific two-Higgs-doublet model

Tomohiro Abe,a,b Ryosuke Satoc and Kei Yagyud

aInstitute for Advanced Research, Nagoya University,

Furo-cho Chikusa-ku, Nagoya, Aichi, 464-8602 Japan
bKobayashi-Maskawa Institute for the Origin of Particles and the Universe, Nagoya University,

Furo-cho Chikusa-ku, Nagoya, Aichi, 464-8602 Japan
cDepartment of Particle Physics and Astrophysics, Weizmann Institute of Science,

Rehovot 7610001, Israel
dINFN, Sezione di Firenze, and Department of Physics and Astronomy, University of Florence,

Via G. Sansone 1, 50019 Sesto Fiorentino, Italy

E-mail: abetomo@kmi.nagoya-u.ac.jp, ryosuke.sato@weizmann.ac.il,

yagyu@fi.infn.it

Abstract: We investigate a new type of a two-Higgs-doublet model as a solution of the

muon g − 2 anomaly. We impose a softly-broken Z4 symmetry to forbid tree level flavor

changing neutral currents in a natural way. This Z4 symmetry restricts the structure of

Yukawa couplings. As a result, extra Higgs boson couplings to muons are enhanced by a

factor of tan β, while their couplings to all the other standard model fermions are suppressed

by cot β. Thanks to this coupling property, we can avoid the constraint from leptonic τ

decays in contrast to the lepton specific two-Higgs-doublet model, which can explain the

muon g − 2 within the 2σ level but cannot within the 1σ level due to this constraint. We

find that the model can explain the muon g − 2 within the 1σ level satisfying constraints

from perturbative unitarity, vacuum stability, electroweak precision measurements, and

current LHC data.

Keywords: Beyond Standard Model, Higgs Physics

ArXiv ePrint: 1705.01469

Open Access, c© The Authors.

Article funded by SCOAP3.
https://doi.org/10.1007/JHEP07(2017)012

mailto:abetomo@kmi.nagoya-u.ac.jp
mailto:ryosuke.sato@weizmann.ac.il
mailto:yagyu@fi.infn.it
https://arxiv.org/abs/1705.01469
https://doi.org/10.1007/JHEP07(2017)012


J
H
E
P
0
7
(
2
0
1
7
)
0
1
2

Contents

1 Introduction 1

2 Model 2

2.1 Lagrangian 2

2.2 Yukawa couplings in large tan β regime 4

2.3 Scalar quartic couplings in large tan β regime 5

3 Muon g − 2 and constraints on parameter space 6

3.1 Muon g − 2 6

3.2 Constraints on scalar quartic couplings 7

3.3 Constraints from lepton flavor universality 9

3.4 Constraints from the electroweak precision measurements 10

3.5 Constraints and signatures at the LHC experiment 10

4 Conclusions 12

A Neutrino mass and mixing 13

B Other discrete symmetries for µTHDM 14

C Details on the constraints from the electroweak precision measurements 15

1 Introduction

It is well known that the measured value of the muon anomalous magnetic moment (g−2) [1]

deviates from the standard model (SM) prediction [2, 3] with more than 3σ. This large

deviation has been a long standing problem in particle physics, and many models beyond

the SM have been studied to solve this discrepancy [4]. Since the new experiments are

planed at Fermilab [5] and J-PARC [6], it is worthwhile to find a good benchmark model

that solves this problem. Among various scenarios, the lepton specific (Type-X) two-Higgs-

doublet model (THDM) gives a simple solution to explain the muon g− 2 anomaly [7–9].1

This model is known as one of the four THDMs [10–12] with a softly-broken Z2 symmetry

which is imposed to avoid flavor changing neutral currents (FCNCs) at the tree level [13].

This model contains additional Higgs bosons, namely a CP-even (H0), a CP-odd (A0), and

charged (H±) Higgs bosons. Their couplings to the SM charged leptons are enhanced by

a factor of tan β which is the ratio of two Vacuum Expectation Values (VEVs) of the two

doublet Higgs fields. Although this enhancement can significantly reduce the discrepancy

1Other scenarios of THDMs without the natural flavor conservation [13] are discussed in refs. [14–16].
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qjL ujR djR `eL `τL `µL eR τR µR H1 H2

SU(3)c 3 3 3 1 1 1 1 1 1 1 1

SU(2)L 2 1 1 2 2 2 1 1 1 2 2

U(1)Y 1/6 2/3 −1/3 −1/2 −1/2 −1/2 −1 −1 −1 1/2 1/2

Z4 1 1 1 1 1 i 1 1 i −1 1

Table 1. Particle contents and the charge assignment.

in the muon g − 2, its amount is severely constrained from precision measurements of the

leptonic τ decay: τ → µντ ν̄µ whose amplitude with the H± mediation is proportional to

tan2 β. Consequently, it turns out difficult to explain the muon g − 2 anomaly within the

1σ level [17, 18].

In this paper, we propose a new type of the THDM that avoids the constraint from the

τ decay without losing the advantage of the Type-X THDM. We impose a softly-broken

Z4 symmetry to forbid tree level FCNCs in a natural way as in the Type-X THDM. This

Z4 symmetry is also important to restrict the structure of Yukawa couplings. As a result,

only the additional Higgs boson couplings to muons are enhanced by a factor of tan β,

while their couplings to all the other SM fermions are suppressed by cot β. We call this

model the “muon specific THDM (µTHDM)”. Thanks to this coupling property, the large

contribution to the leptonic τ decay amplitude by tan2 β provided in the Type-X THDM

disappears in the µTHDM because of the cancellation of the tan β factor between the tau

and the muon Yukawa couplings to H±. This is a crucial difference of this model from

the Type-X THDM. We will show that the µTHDM can explain the muon g − 2 anomaly

within the 1σ level in the parameter space allowed by bounds from perturbative unitarity,

vacuum stability, electroweak precision measurements, and current LHC data.

This paper is organized as follows. After describing our model in section 2, we discuss

constraints on model parameters from perturbative unitarity, vacuum stability, electroweak

precision measurements, and current LHC data in section 3. In addition, we show that

the parameter space which explains the muon g− 2 anomaly within 1σ is allowed by these

constraints We devote section 4 for our conclusion.

2 Model

2.1 Lagrangian

The Higgs sector of the µTHDM is composed of two SU(2)L doublet scalar fields H1 and

H2. We impose a softly-broken Z4 symmetry to prevent tree level FCNCs. The charge

assignment for the SM fermions and the Higgs fields are summarized in table 1.2

2Our model can be extended so as to realize non-zero masses of left-handed neutrinos and large mixing

angles between νµ and νe,τ which are observed by neutrino experiments. We discuss such extension without

a hard breaking of the Z4 symmetry in appendix A.
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The Yukawa interaction terms under this charge assignment are given by3

LYukawa = −q̄LH̃2YuuR − q̄LH2YddR − L̄LH1Y`1ER − L̄LH2Y`2ER + (h.c.), (2.1)

where H̃2 = iσ2H∗2 , and Yu, Yd, Y`1 and Y`2 are 3 × 3 matrices in generation space. The

left(right)-handed lepton filed LL (ER) is defined as

LL = (`eL, `
τ
L, `

µ
L)T , ER = (eR, τR, µR)T . (2.2)

The Z4 symmetry restricts the structure of the lepton Yukawa matrices as follows:

Y`1 =

0 0 0

0 0 0

0 0 yµ

 , Y`2 =

 ye yeτ 0

yτe yτ 0

0 0 0

 . (2.3)

We can take yeτ = yτe = 0 by field rotations without loss of generality.

The Higgs potential takes the same form as in the THDM with a softly-broken Z2

symmetry:

V = m2
1H
†
1H1 +m2

2H
†
2H2 −

(
m2

3H
†
1H2 + (h.c.)

)
+
λ1

2
(H†1H1)2 +

λ2

2
(H†2H2)2

+ λ3(H†1H1)(H†2H2) + λ4(H†1H2)(H†2H1) +

(
1

2
λ5(H†1H2)2 + (h.c.)

)
, (2.4)

where m2
1, m2

2, λ1, λ2, λ3, and λ4 are real. In general, m2
3 and λ5 are complex, but we

assume these two parameters to be real for simplicity, by which the Higgs potential is

CP-invariant.

We parametrize the component fields of the Higgs doublets by

Hi =

(
π+
i

1√
2

(
vi + σi − iπ3

i

)) , (i = 1, 2), (2.5)

where v1 (v2) is the VEV of the H1 (H2) field. It is convenient to express these two VEVs

in terms of v and tanβ defined by v ≡
√
v2

1 + v2
2 ' (

√
2GF )−1/2 ' 246 GeV with GF being

the Fermi constant and tan β ≡ v2/v1, respectively.4 The mass eigenstates of the scalar

bosons and their relation to the gauge eigenstates expressed in eq. (2.5) are given by the

following rotations: (
πZ
A0

)
=

(
cosβ sinβ

− sinβ cosβ

)(
π3

1

π3
2

)
, (2.6)(

πW±

H±

)
=

(
cosβ sinβ

− sinβ cosβ

)(
π±1
π±2

)
, (2.7)(

H0

h

)
=

(
cosα sinα

− sinα cosα

)(
σ1

σ2

)
, (2.8)

3We discuss the possibility of other discrete symmetries which realize this Yukawa structure in

appendix B.
4The exact relation between v and GF is given in appendix C.
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where πW± and πZ are the Nambu-Goldstone bosons which are absorbed into the longitu-

dinal component of the W± and Z bosons, respectively. We identify h as the discovered

Higgs boson with a mass of 125 GeV at the LHC. The mixing angle α is expressed by the

potential parameters as

tan 2α =
2(v2λ345 −M2) tanβ

v2(λ1 − λ2 tan2 β)−M2(1− tan2 β)
, (2.9)

where

λ345 ≡λ3 + λ4 + λ5, M2 ≡
1 + t2β
tβ

m2
3. (2.10)

The CP-conserving Higgs potential can then be described by the following 8 independent

parameters:

mH± , mA, mH , mh, M
2, α, β, v, (2.11)

where mH± , mA, mH and mh denote the masses of H±, A0, H0 and h, respectively.

We introduce the following shorthand notations for the later convenience.

sx = sinx, cx = cosx, tx = tanx. (2.12)

2.2 Yukawa couplings in large tan β regime

From eq. (2.1), we can extract interaction terms for the mass eigenstates of the Higgs

bosons with the third generation fermions and the muon as follows:

Lint = −
∑

f=t,b,τ

mf

v

[(
sβ−α +

cβ−α
tβ

)
ffh+

(
cβ−α −

sβ−α
tβ

)
ffH0 + 2i

If
tβ
fγ5fA

0

]
− mµ

v

[
(sβ−α − tβcβ−α)µµh+ (cβ−α + tβsβ−α)µµH0 + itβµγ5µA

0
]

−
√

2

v

{
1

tβ

[
t (mbPR −mt PL) bH+ +mτντ PR τ H

+
]
− tβmµνµ PR µH

+ + (h.c.)

}
,

(2.13)

where PL(PR) is the projection operator for left(right)-handed fermions and If =+1/2(−1/2)

for f = t (b, τ, µ). The masses of fermions are given by

mµ =
v√
2

yµ√
1 + t2β

, mf =
v√
2

yf tβ√
1 + t2β

(f = t, b, τ) . (2.14)

From eq. (2.13), it is clear that only the muon couplings to the extra Higgs bosons are

enhanced by taking large tan β.

In order to solve the muon g − 2 anomaly, we need a large value of tan β to obtain

significant loop effects of extra Higgs bosons as we will show it in the next section. Let us

here discuss how large value of tan β we can take without spoiling perturbativity. From

eq. (2.14) we obtain

yµ =

√
2mµ

v

√
1 + t2β ' 0.6

(
tβ

1000

)
. (2.15)
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For example, tβ . 5000 for yµ . 3. Clearly from eq. (2.14), all the other Yukawa couplings

approach to the corresponding SM value in large tan β, so that they do not cause the

violation of perturbativity in this limit.

2.3 Scalar quartic couplings in large tan β regime

Next, we discuss the behavior of the Higgs quartic couplings in the large tan β regime. All

these couplings (times v2) can be rewritten in terms of the parameters shown in eq. (2.11) as

λ1v
2 =

(
m2
hc

2
β−α+m2

Hs
2
β−α−M2

)
t2β+2(m2

H−m2
h)sβ−αcβ−α tβ+m2

hs
2
β−α+m2

Hc
2
β−α, (2.16)

λ2v
2 = m2

hs
2
β−α+m2

Hc
2
β−α−2(m2

H−m2
h)
cβ−αsβ−α

tβ
+(m2

hc
2
β−α+m2

Hs
2
β−α−M2)

1

t2β
, (2.17)

λ3v
2 = (m2

H−m2
h)cβ−αsβ−α

(
tβ−

1

tβ

)
+2m2

H±−M2+m2
H−m2

h(c2β−α−s2β−α), (2.18)

λ4v
2 = M2 −m2

A − 2(m2
H± −m2

A), (2.19)

λ5v
2 = M2 −m2

A. (2.20)

We find that in the large tan β regime, λ1 and λ3 can be very large because they are

proportional to t2β and tβ , respectively, which causes the validity of perturbative calculations

to be lost. In order to keep λ1 and λ3 to be reasonable values, we can take M2 and sβ−α
so as to cancel the large contribution from the t2β and tβ terms as follows:

M2 = m2
hc

2
β−α +m2

Hs
2
β−α − 2sβ−αcβ−α(m2

h −m2
H)

1

tβ
−Xv2 1

t2β
, (2.21)

sβ−α = 1, (2.22)

where X is an arbitrary number.

It is worth noting that in the limit sβ−α → 1 (the so-called alignment limit [19]), the

SM-like Higgs boson h couplings to weak bosons ghV V (V = W,Z) and fermions ghff be-

come the same value as those of the SM Higgs boson at the tree level, because these are given

by ghV V = gSM
hV V sβ−α, ghff = gSM

hff (sβ−α+cβ−α/tβ) (f 6= µ) and ghµµ=gSM
hµµ(sβ−α−cβ−αtβ).

Because no large deviation in the Higgs boson couplings from the SM prediction has been

discovered at current LHC data [20], our choice sβ−α = 1 is consistent with these results.

After imposing eqs. (2.21) and (2.22), we find

λ1 =
m2
h

v2
+X, (2.23)

λ2 =
m2
h

v2
+
X

t4β
, (2.24)

λ3 =
2m2

H± − 2m2
H +m2

h

v2
+
X

t2β
, (2.25)

λ4 =
m2
H +m2

A − 2m2
H±

v2
− X

t2β
, (2.26)

λ5 =
m2
H −m2

A

v2
− X

t2β
. (2.27)
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These λ’s are at most O(1) as long as we take m2
H± ∼ m

2
A ∼ m2

H , so that we can still treat

them as perturbation. We take X = 0 for simplicity in the following analysis. Constraints

from perturbative unitarity is discussed in section 3.2.

3 Muon g − 2 and constraints on parameter space

In this section, we discuss the muon g − 2 anomaly and various constraints on the model

parameters.

3.1 Muon g − 2

In the scenario with sβ−α = 1 as discussed in the previous section, new contributions to

aµ ≡ (g − 2)/2 purely comes from the loop contributions of H0, A0 and H±, because the

couplings of h becomes exactly the same as those of the SM Higgs boson at the tree level.

One-loop diagram contributions to δaµ ≡ aµ − aSM
µ from additional Higgs boson loops are

calculated as [21]

δaHµ =
GFm

2
µ

4
√

2π2
t2β

(
cβ−α
tβ

+ sβ−α

)2

rHfH(rH), (3.1)

δaAµ =
GFm

2
µ

4
√

2π2
t2βrAfA(rA), (3.2)

δaH
±

µ =
GFm

2
µ

4
√

2π2
t2βrH±fH±(rH±), (3.3)

where rH,A,H± = m2
µ/m

2
H,A,H± and

fH(r) =

∫ 1

0
dx

x2(2− x)

rx2 − x+ 1
, (3.4)

fA(r) =

∫ 1

0
dx

−x3

rx2 − x+ 1
, (3.5)

fH±(r) =

∫ 1

0
dx
−x2(1− x)

rx2 + (1− r)x
. (3.6)

For rH,A,H± � 1, we can approximate the above formulae as follows:

δaHµ '
GFm

2
µ

4
√

2π2
t2β

(
sβ−α +

cβ−α
tβ

)2 m2
µ

m2
H

(
−7

6
− ln

m2
µ

m2
H

)
, (3.7)

δaAµ '
GFm

2
µ

4
√

2π2

m2
µ

m2
A

(
11

6
+ ln

m2
µ

m2
A

)
, (3.8)

δaH
±

µ '
GFm

2
µ

4
√

2π2

m2
µ

m2
H±

(
−1

6

)
. (3.9)

We here briefly mention the contribution from two-loop Barr-Zee diagrams [22, 23]. In

the Type-II and Type-X THDMs, the Barr-Zee diagrams also give important contributions,

because the tau and/or bottom Yukawa couplings to the additional Higgs bosons can be

– 6 –
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Figure 1. Regions where the prediction for the muon g − 2 is consistent with the measurement

within 1σ (blue) and 2σ (cyan). The green (darker green) region shows the cutoff scale to be less than

100 (10) TeV given by the perturbative unitarity bound (see section 3.2). The red region indicates

the cutoff scale to be less than 10 TeV given by the vacuum stability bound (see section 3.2). The

gray region is excluded by the electroweak precision measurements at 95% CL (see section 3.4).

enhanced by tan β. As a result, these two-loop contributions can be comparable to the one-

loop diagram. However, in the present model, the both tau and bottom Yukawa couplings

are suppressed by cot β as seen in eq. (2.13). Therefore, the contribution from two-loop

diagrams is simply suppressed by the loop factor, so that these cannot be important. We

thus only consider the one-loop diagram for the muon g − 2.

Numerical results for δaµ are shown in figure 1 on the mH–tanβ plane. The blue and

cyan regions show the regions of parameter space where we can explain the muon g − 2

within 1σ and 2σ, respectively. Here, we consider the case with H0 to be the lightest

of all the additional Higgs bosons, and we display the three cases for the mass difference

between mH and mA(= mH±) being 80 (left), 90 (center) and 100 (right) GeV. We can

see that the prediction of δaµ is not changed so much among these three cases. We find

that the discrepancy of the muon g − 2 becomes 1σ by taking, e.g., mH = 300(600) GeV

with tan β = 1000 (3000).

3.2 Constraints on scalar quartic couplings

The scalar quartic couplings λ1–λ5 in the Higgs potential can be constrained by taking

into account the following theoretical arguments. Such constraint can be translated into

the bound on the physical Higgs boson masses and mixing angles via eqs. (2.16)–(2.20).

First, the Higgs potential must be bounded from below in any direction of the scalar

field space. The sufficient condition to guarantee the vacuum stability is given by [24–28]

λ1 > 0, λ2 > 0,
√
λ1λ2 + λ3 + MIN(0, λ4 + λ5, λ4 − λ5) > 0. (3.10)

Next, perturbative unitarity requires that s-wave amplitude matrices for elastic scat-

terings of scalar boson 2-body to 2-body processes must not be too large to satisfy S matrix

unitarity. This perturbative unitarity condition is expressed as

|a0
i,±| ≤

1

2
, (3.11)

– 7 –
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where a0
i,± are the eigenvalues of such s-wave amplitude matrices. In the CP-conserving

THDMs, these eigenvalues are given by [29–32]:

a0
1,± =

1

32π

[
3(λ1 + λ2)±

√
9(λ1 − λ2)2 + 4(2λ3 + λ4)2

]
, (3.12)

a0
2,± =

1

32π

[
(λ1 + λ2)±

√
(λ1 − λ2)2 + 4λ2

4

]
, (3.13)

a0
3,± =

1

32π

[
(λ1 + λ2)±

√
(λ1 − λ2)2 + 4λ2

5

]
, (3.14)

a0
4,± =

1

16π
(λ3 + 2λ4 ± λ5), (3.15)

a0
5,± =

1

16π
(λ3 ± λ4), (3.16)

a0
6,± =

1

16π
(λ3 ± λ5). (3.17)

We impose the above two conditions given in eqs. (3.10) and (3.11) at an arbitrary

energy scale µ. In this case, all the scalar quartic couplings λ1–λ5 should be understood as

a function of µ, where their energy dependence are determined by solving renormalization

group equations. In addition, we require that no Landau pole appears up to a certain energy

scale, and we call this the triviality bound. From the above consideration, we can define

the cutoff scale of the theory Λcutoff in such a way that one of the three conditions, i.e., the

perturbative unitarity, the vacuum stability and the triviality bounds is not satisfied. The

renormalization group equations are expressed by a set of β-functions for dimensionless

parameters defined by

µ
d

dµ
c =

1

(4π)2
βc. (3.18)

We calculate the β-functions by using SARAH [33]. They are approximately given as follows:

βg1 ' 7g3
1, (3.19)

βg2 ' −3g3
2, (3.20)

βg3 ' −7g3
3, (3.21)

βλ1 ' +
3

4
g4

1 +
3

2
g2

1g
2
2 +

9

4
g4

2 − 3g2
1λ1 − 9g2

2λ1 + 12λ2
1 + 4λ2

3 + 4λ3λ4 + 2λ2
4 + 2λ2

5

+ 4λ1y
2
µ − 4y4

µ, (3.22)

βλ2 ' +
3

4
g4

1 +
3

2
g2

1g
2
2 +

9

4
g4

2 − 3g2
1λ2 − 9g2

2λ2 + 12λ2
2 + 4λ2

3 + 4λ3λ4 + 2λ2
4 + 2λ2

5

+ 12λ2y
2
t − 12y4

t , (3.23)

βλ3 ' λ3

(
2y2
µ + 6y2

t − 3g2
1 − 9g2

2 + 6λ1 + 6λ2 + 4λ3

)
+

3

4
g4

1 −
3

2
g2

1g
2
2 +

9

4
g4

2 + 2λ1λ4 + 2λ2λ4 + 2λ2
4 + 2λ2

5, (3.24)

βλ4 ' 3g2
1g

2
2 + 8λ2

5 + λ4

(
2λ1 + 2λ2 + 8λ3 + 4λ4 − 3g2

1 − 9g2
2 + 2y2

µ + 6y2
t

)
, (3.25)

βλ5 ' λ5

(
2λ1 + 2λ2 + 8λ3 + 12λ4 − 3g2

1 − 9g2
2 + 2y2

µ + 6y2
t

)
, (3.26)

βyt '
9

2
y3
t + yt

(
− 8g2

3 −
17

12
g2

1 −
9

4
g2

2

)
, (3.27)

βyµ '
5

2
y3
µ −

3

4
yµ

(
5g2

1 + 3g2
2

)
. (3.28)

– 8 –
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A0, H0, H±

W
µ

⌫̄e

e

⌫µ

W

H±

µ

⌫̄e

e

⌫µ

A0, H0

W

H±

µ

⌫̄µ

e

⌫µ

Figure 2. Leading diagrams for the one-loop correction to the muon decay.

Here, we take into account the yt and yµ dependence, and all the other Yukawa couplings

are neglected because of their smallness. In addition, we ignore higher loop contributions.

In figure 1, we show the Λcutoff dependence on the mH–tanβ plane. The regions filled

by green (darker green) indicate those with Λcutoff ≤ 100 (10) TeV due to the perturbative

unitarity bound or the triviality bound. In addition, the regions filled by red show those

with Λcutoff ≤ 10 TeV due to the vacuum stability condition. If we assume that the model

is valid up to 10 TeV and explains the muon g − 2 within 1σ, then the mass of H0 should

be smaller than 800 GeV.

3.3 Constraints from lepton flavor universality

As we discussed in section 2.2 and section 3.1, the muon Yukawa coupling can be order 1

in the large tan β scenario which is favored to explain the muon g − 2 anomaly. Thanks

to the muon-specific feature of this model, the tree level contribution of the charged Higgs

exchanging diagram to the leptonic τ decay process is negligible because of the cancellation

of the tan β dependence. This is the big difference in this model from the Type-X THDM.

However, the large muon Yukawa coupling can break the lepton universality via the extra

Higgs boson loop effects shown in figure 2. Thus, in this subsection, we study the constrains

from the lepton universality at the one-loop level.

The modification of the W -µ-νµ coupling is expressed follows:

gWµν → gWµν (1 + δg) , (3.29)

where

δg =
1

(4π)2

m2
µ

v2
tan2 β

(
1 +

m2
H± +m2

A

4(m2
H± −m

2
A)

ln
m2
A

m2
H±

+
m2
H± +m2

H0

4(m2
H± −m

2
H0)

ln
m2
H0

m2
H±

)
. (3.30)

The other lepton couplings to the W boson (gWeν and gWτν) does not recieve loop correc-

tions proportional to tan2 β. In the case of mA = mH± which was taken in the calculation

given in section 3.1, we obtain

δg =
1

(4π)2

m2
µ

v2
tan2 β

(
1

2
+

m2
H± +m2

H

4(m2
H± −m

2
H)

ln
m2
H

m2
H±

)
' −3× 10−6

(
tanβ

1000

)2( ∆m

80 GeV

)2(600 GeV

mH

)2

, (3.31)
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where ∆m = mH± −mH . Since GF is determined from the muon decay, this modification

affects to the relations between GF and v,

GF ≡
1√
2v2

(1 + δg)2. (3.32)

In order to check the lepton universality in terms of GF calculated in eq. (3.32), we introduce

the following quantities: (
Gba
GF

)2

≡ Γ(a→ bνaν̄b)

Γ(µ→ eνµν̄e)
(3.33)

The measured values by HFAG are [34]

Gµτ
Geµ

= 1.0029± 0.0015,
Gµτ
Geτ

= 1.0018± 0.0014. (3.34)

The model prediction at the one-loop level is

Gµτ
Geµ

= 1,
Gµτ
Geτ

= (1 + δg) ' 1 +O(10−6). (3.35)

Therefore, we can safely avoid the constraint from the lepton universality even in the large

tanβ scenario.

3.4 Constraints from the electroweak precision measurements

The oblique S, T and U parameters introduced by Peskin and Takeuchi [35, 36] provide

a convenient formalism to discuss the constraint on model parameters from electroweak

precision measurements. However, we cannot simply apply this formalism to our model,

because those parameters are formulated under the assumption that new particles do not

give sizable direct corrections to light fermion (including the muon) scattering processes

f1f̄2 → f3f̄4 through vertex corrections and wave function renormalizations. The other

assumption is that the new physics scale is sufficiently higher than the electroweak scale.

In our setup, both of them cannot be justified. Hence we need to modify the formulation

with the S, T and U parameters by taking into account vertex corrections and wave function

renormalizations.

By varying the four model parameters (mH , mA, mH± , tβ), we find that the minimum

value of χ2 to be χ2
min. = 23.7587 which is given at (mH , mA, mH± , tβ) = (59.4 GeV,

398 GeV, 402 GeV, 686). We calculate ∆χ2 ≡ χ2 − χ2
min. by varying mH and tβ with fixed

values for mA and mH± . The result is shown in figure 1 where the gray region is excluded

at 95% CL. The detail of our analysis is given in appendix C.

3.5 Constraints and signatures at the LHC experiment

Finally, we discuss the constraint on parameters from current LHC data.

In our model, the quark Yukawa couplings to the additional Higgs bosons are highly

suppressed by cot β in the large tan β regime. Therefore, the additional neutral Higgs

bosons A0 and H0 cannot be produced via the gluon fusion process: gg → A0/H0. For the
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mH0 [GeV] mA0(= mH±) [GeV] tanβ σ13TeV [fb] Nµ-THDM L3σ [fb−1]

600 700 3000 0.41 6.6 –

620 710 3000 0.369 5.9 –

640 730 3100 0.316 5.2 44

660 750 3300 0.2707 4.5 58

680 770 3400 0.2334 3.9 75

700 790 3700 0.20 3.4 97

Table 2. The parameter points that we investigate. σ13TeV is defined in eq. (3.40). Nµ-THDM is

the expected signal event numbers in the last bin of figure 2(b) in ref. [40]. L3σ is the integrated

luminosity at which we can expect 3σ deviation from the SM prediction if we apply the same

analysis as ref. [40]. The data points with “-” in the last column are already excluded.

same reason, the gb→ tH− process for the H± production also does not work. Moreover,

the vector boson fusion process: qQ→ q′Q′H0 is negligible, because the H0V V couplings

are proportional to cβ−α. As a result, the main production mode for these Higgs bosons is

their pair productions via the s-channel mediation of a virtual gauge boson:

pp→ Z∗ → H0A0, pp→W ∗ → H±A0/H±H0, pp→ γ∗/Z∗ → H+H−. (3.36)

Because of the muon specific property, the decay branching ratios for H0, A0, and H±

with the parameter choice in figure 1 are given as follows:

Br(H0 → µµ̄) ' 1, (3.37)

Br(A0 → µµ̄) + Br(A0 → H0Z) ' 1, (3.38)

Br(H− → µν̄µ) + Br(H− → H0W−) ' 1. (3.39)

The relative magnitude between the above two branching ratios of A0 and that of H±

mainly depends on the values of tβ and the mass difference between mH and mH± . For ex-

ample, we obtain Br(A0 → µµ̄) and Br(H− → µν̄µ) to be about 89(99.1)% and 96(99.7)%

for mH = 300(600) GeV, mH± −mH = 100 GeV and tβ = 1000(3000), respectively. There-

fore, the collider signature of the model is multi-muon final states.

We show the production cross sections in some parameter points given in table 2.

Here, the production cross section is defined as the sum of all the modes given in eq. (3.36)

at 13 TeV,

σ13TeV ≡
∑

X=A0,H±

σ(pp→ H0X) +
∑

Y=H±

σ(pp→ A0Y ) + σ(pp→ H+H−). (3.40)

We generate UFO files [37] by using FeynRules 2.3.3 [38], and use MadGraph 5 [39] to

estimate the production cross sections. Signal events are simulated by using MadGraph 5,

PYTHIA 6.428 [41], and DELPHES 3.3.3 [42]. We compare the number of events predicted

in our model with that of the CMS result for the multi-lepton signal search at 13 TeV with

35.9 fb−1 data [40]. We find the last bin of figure 2(b) in ref. [40] gives the stringent bound

on the mass of H0 because our model predicts three-muon final states with large pT , e.g.,

via pp → H0H± → µ+µ−µ±ν. The observed (expected) background event number in the

bin is 3(3.5). The expected signal event numbers in several parameter points are shown
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in table 2. We use the CLs method [43–45], and find that the region with mH . 640 GeV

is excluded at 95% CL. Also, we show the integrated luminosity which is required to give

the 3σ deviation from the SM expectation for each parameter point. We can see that the

allowed parameter points (mH ≥ 640 GeV) could give the 3σ deviation during the LHC

Run 2 experiment.

4 Conclusions

We have investigated a new type of the THDM, i.e. µTHDM, as a solution of the muon

g− 2 anomaly. Differently from the other THDMs with a softly-broken Z2 symmetry, this

model predicts that only the muon couplings to the additional Higgs bosons are enhanced

by tanβ, while all the other SM fermion couplings to them are suppressed by cot β. Thanks

to this coupling property, the µTHDM can avoid the strong constraint from the leptonic

τ decay in contrast to the Type-X THDM which cannot explain the muon g − 2 within

the 1σ level due to this constraint. We find that the µTHDM can explain the muon g − 2

within the 1σ level satisfying constraints from perturbative unitarity, vacuum stability,

electroweak precision measurements, and current LHC data.

We have found that large tan β is required to solve the muon g−2 anomaly within the

1σ level. Its typical values is O(1000) with the masses of the additional Higgs bosons to

be in the range of 100–1000 GeV. The large tan β is equivalent to the large muon Yukawa

coupling, yµ ∼ O(1). In order to see the effect of such large Yukawa coupling, we have

studied the constraints from the perturbative unitarity and the vacuum stability conditions.

We have found that the smaller mass regime for the additional Higgs bosons is preferable.

For example, if we require the cutoff scale of this model to be above 10 TeV, H0 should

be lighter than 800 GeV in the case of mA = mH± = mH + 90 GeV and sin(β − α) = 1.

Another consequence of the large Yukawa coupling is multi-muon final states at the LHC.

We have found that the region with mH . 640 GeV is excluded at 95% CL by the LHC data

with 13 TeV of the collision energy and 35.9 fb−1 of the integrated luminosity. From these

constraints, we conclude that the cutoff scale of the µTHDM is higher than 10 TeV but

have to be lower than 100 TeV if the model solves the muon g− 2 anomaly within 1σ level.

At the end, we briefly discuss how to weaken the constraint from the multi-muon

signature at the LHC and make the cutoff scale higher. One possible way is to add neutral

and stable particles which couple to the additional Higgs bosons. Then new decay modes

of the additional Higgs bosons can open and the rate of the multi-muon final state can be

reduced. Another way is to embed this model into the context of composite THDMs [46–48]

whose typical cutoff scale is around 10 TeV. In that case, the model should be emerged

from (unknown) UV dynamics.
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A Neutrino mass and mixing

The observation of the neutrino oscillation shows three flavors of neutrinos νe, νµ, and ντ
are mixed by large angles. However, the global symmetry in our setup might forbid the

mixing νµ with the other neutrinos. In this section, we discuss dimension five operators

for the Majorana neutrino mass matrices to see if they respect some symmetries.

The dimension five operators are given as follows.

− cij11

M11
((LiL)H̃1)(H̃T

1 (LcL)j)− cij12

M12
((LiL)H̃1)(H̃T

2 (LcL)j) (A.1)

− cij21

M21
((LiL)H̃2)(H̃T

1 (LcL)j)− cij22

M22
((LiL)H̃2)(H̃T

2 (LcL)j) (A.2)

+ (h.c.). (A.3)

The Z4 symmetry restricts the structure of the coefficient matrices as follows.

c11 =

(c11)ee (c11)eτ 0

(c11)τe (c11)ττ 0

0 0 0

 , c12 =

0 0 0

0 0 0

0 0 (c12)µµ

 , (A.4)

c21 =

0 0 0

0 0 0

0 0 (c21)µµ

 , c22 =

(c22)ee (c22)eτ 0

(c22)τe (c22)ττ 0

0 0 0

 . (A.5)

From these matrices, we obtain the block diagonalized neutrino mass matrix, and thus the

PMNS matrix is also block diagonalized. This is inconsistent with the large mixing angle

between νµ and νe,τ . To obtain a realistic neutrino mass matrix, we add an SU(2) triplet

scalar with Y = −1 (∆) which transforms under the Z4 symmetry as ∆→ −i∆. Using ∆,

we obtain following terms,

−cij∆L̄
i
L∆(LcL)j , (A.6)

where

c∆ =

 0 0 (c∆)eµ

0 0 (c∆)τµ

(c∆)µe (c∆)µτ 0

 . (A.7)

∆ obtains its VEV because of the coupling with the Higgs field via the following softly Z4

breaking interactions:

L = κ11∆H1H1 + κ12∆H1H2 + κ22∆H2H2 + (h.c.). (A.8)

Using eqs. (A.3), (A.7), and (A.8), we can obtain the neutrino mass matrix generated that

does not contain zero-components,

mν =

(mν)ee (mν)eτ (mν)eµ

(mν)τe (mν)ττ (mν)τµ

(mν)µe (mν)µτ (mν)µµ

 . (A.9)
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qjL ujR djR `eL `τL `µL eR τR µR H1 H2

SU(3)c 3 3 3 1 1 1 1 1 1 1 1

SU(2)L 2 1 1 2 2 2 1 1 1 2 2

U(1)Y 1/6 2/3 −1/3 −1/2 −1/2 −1/2 −1 −1 −1 1/2 1/2

ZN 1 1 1 1 1 ωa 1 1 ωb ωc 1

Table 3. The matter contents and the charge assignments. Here ω = exp(2πi/N).

It is possible to obtain realistic neutrino masses and the PMNS matrix from eq. (A.9)

without hard breaking of Z4 symmetry. We do not further discuss the neutrino physics in

this paper. As long as all the particles that arise from ∆ are much heavier than all the

other particles, they are irrelevant with the phenomenology at the collider experiments. In

this sense, an extension which is discussed here does not affect to our analysis in the main

part of this paper.

B Other discrete symmetries for µTHDM

We briefly discuss other realizations of the µTHDM. We assume a ZN symmetry to avoid

FCNCs at the tree level. It might be possible to use the other discrete symmetries for the

realization of the model, but it is beyond the scope here.

Similar to the Z4 symmetry discussed in the main part of this paper, we assign non-

trivial ZN charges to `µL, µR, and H1. All the other fields are singlet under the ZN
symmetry. The charge assignment is summarized in table 3, where a, b, and c are integers,

a, b, c = 0, 1, 2, · · ·N − 1. The ZN charges have to satisfy the following conditions in order

to obtain the muon specific texture for the lepton Yukawa matrices given in eq. (2.3).

a 6= 0, b 6= 0, c 6= 0, (B.1)

−a+ c 6= 0, b+ c 6= 0, (B.2)

−a+ b+ c = 0. (B.3)

These conditions requires N ≥ 3.

The ZN symmetry with the above conditions forbids (H†1H1)(H†1H2) and (H†2H2)(H†2H1).

Therefore the Higgs potential is given by eq. (2.4). The ZN symmetry can also forbid the

λ5 term in the Higgs potential, (H†1H2)2, if ω2c 6= 1.

Let us here discuss what happens if λ5 = 0. In this case, the masses of H0 and A0

are degenerate in the large tan β limit. This can be understood by noting the appearance

of an accidental global U(1) symmetry in the Higgs potential, which is similar to the

Peccei-Quinn symmetry. Namely, the absence of the λ5 and m2
3 terms, the latter happens

due to the large tan β limit under a fixed value of M2 (see eq. (2.10)), makes the Higgs

potential invariant under the transformation, H1,2 → exp(iθ1,2)H1,2. This symmetry forces

the CP-even neutral scalar to have the degenerate mass with the CP-odd neutral scalar.

This mass degeneracy reduces the contribution to the muon g − 2, because the A0

and H0 loop effects are destructive. In order to compensate this reduction, we need to
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take smaller masses of A0 and H0. However, smaller masses are highly disfavored by the

searches of multi-lepton final state at the LHC as discussed in section 3.5. This is the reason

why we choose the case with λ5 6= 0 which is realized by ω2c = 1 as mentioned above, and

the Z4 symmetry corresponds to the minimal choice for the realization of non-zero λ5.

C Details on the constraints from the electroweak precision

measurements

We choose αem, mZ , and
√

2GF as the input parameters. They relate to the model pa-

rameters as follows.

4παem =
1

1− dΠγγ
dq2

(m2
Z)

(
1

g2
+

1

g′2

)−2

, (C.1)

m2
Z =

g2 + g′2

4
v2 + ΠZZ(m2

Z), (C.2)

√
2GF =

1

v2

(
1 +

δgµW
g
− ΠWW (0)

g2

4 v
2

)
, (C.3)

where v2 = v2
1 + v2

2, g is the SU(2)L gauge coupling, g′ is the U(1)Y gauge coupling,

Πij ’s are the gauge boson self-energies, and δgµW is the sum of the vertex corrections

to W -µ-νµ coupling at zero momentum with the wave function renormalization effects.

The Fermi constant receives the non-negligible effect from the vertex correction as can

be seen eq. (C.3). Therefore the vertex correction δgµW affects every observables through

the replacement of v2 by GF . This effect is a reason why we cannot use the S, T and U

parameters directly.

We derive the deviations of the model prediction from the SM prediction in the same

manner as in [35, 36], ∆O ≡ Omodel −OSM. The result is complicated but summarized by

the following modified version of the S, T and U parameters.

αemT̃ =

(
ΠWW (0)

m2
W

−
δgµW
g

)
− ΠZZ(0)

m2
Z

, (C.4)

αem

4s2
0c

2
0

S̃ =
ΠZZ(m2

Z)−ΠZZ(0)

m2
Z

− c2
0 − s2

0

c0s0

ΠZγ(m2
Z)

m2
Z

−
Πγγ(m2

Z)

m2
Z

, (C.5)

αem

4s2
0

(S̃ + Ũ) =
ΠWW (m2

W )−ΠWW (0)

m2
W

+
δgµW
g
− c0

s0

ΠZγ(m2
Z)

m2
Z

−
Πγγ(m2

Z)

m2
Z

, (C.6)

αemW̃ =
dΠWW

dq2
(m2

W )−
ΠWW (m2

W )−ΠWW (0)

m2
W

−
δgµW
gW

, (C.7)

αemZ̃ =
dΠZZ

dq2
(m2

Z)−
ΠZZ(m2

Z)−ΠZZ(0)

m2
Z

. (C.8)

We also use s2
0 and c2

0 = 1− s2
0 that are defined by the input values as

s2
0c

2
0 =

αemπ

m2
Z

√
2GF

. (C.9)
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S̃ is the same as S defined in PDG [49]. If δgµW /g = 0, then, T̃ and Ũ becomes the

same as T and U given in PDG, respectively. W̃ and Z̃ are negligible if new particles are

much heavier than the electroweak gauge bosons. They cannot be ignored in our setup.

In δgµW /g → 0 limit, W̃ and Z̃ becomes W and V defined in [50, 51], respectively. Using

these parameters, we find the following expressions for ∆O ≡ Omodel −OSM.

∆mW =
1

4

1

s0

(
4παem√

2GF

)1/2
[
− αem

2(c2
0 − s2

0)
S̃ +

c2
0

c2
0 − s2

0

αemT̃ +
αem

4s2
0

Ũ

]
, (C.10)

∆Γ(W → ff ′) =
mWNc

12

αem

s2
0

[
− 1

2(c2
0 − s2

0)
αemS̃ +

c2
0

c2
0 − s2

0

αemT̃ +
αem

4s2
0

Ũ

+ αemW̃ + 2
δgWff ′(mW )

gW

]
, (C.11)

∆Γ(Z → ff ′) =
mZ

24
Nc

[
−Q(j3 − 2s2

0Q)
αemS̃

2(c2
0 − s2

0)

+

((
(j3 − s2

0Q)2 + (−s2
0Q)2

)
+ 2Q(j3 − 2s2

0Q)
s2

0c
2
0

c2
0 − s2

0

)
αemT̃

+
(
(j3 − s2

0Q)2 + (−s2
0Q)2

)
αemZ̃

+ 2(j3 − s2
0Q)

(
δgLZff ′

gZ

)
− 2s2

0Q

(
δgRZff ′

gZ

)]
, (C.12)

∆Af =
4s2

0Q(j3 − s2
0Q)

[(j3 − s2
0Q)2 + (s2

0Q)2]2

[
− j3Q

αemS̃

4(c2
0 − s2

0)
+ j3Q

s2
0c

2
0

c2
0 − s2

0

αemT̃

+
δgLZff ′

gZ
+
δgRZff ′

gZ

]
, (C.13)

∆A0,f
FB =

3

4

(
∆AfA

SM
e +ASM

f ∆Ae
)
, (C.14)

∆R` ' RSM
`

(
∆Γ(Z → had)

Γ(Z → had) |SM
− ∆Γ(Z → ``)

Γ(Z → ``) |SM

)
, (C.15)

∆Rq ' RSM
q

(
∆Γ(Z → qq)

Γ(Z → qq) |SM
− ∆Γ(Z → had)

Γ(Z → had) |SM

)
, (C.16)

where j3 andQ are isospin and electric charge of external fermions, resepctively. Nc = 3 (for

external quarks) or 1 (for external leptons). We also introduced the following quantities:

gW =

(
4παem

s2
0

)1/2

, (C.17)

gZ =

(
4παem

s2
0c

2
0

)1/2

, (C.18)

Γ(Z → had) =
∑
q

Γ(Z → qq), (C.19)

and δgL,RZff ′ are calculated at q2 = m2
Z . δgWff ′(mW ) and δgL,RZff ′ are only relevant for the

muon sector and negligible in the other sector.
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Quantity Value SM

mW [GeV] 80.385 ± 0.015 80.361 ± 0.006

ΓW [GeV] 2.085 ± 0.042 2.089 ± 0.001

ΓZ [GeV] 2.4952 ± 0.0023 2.4943 ± 0.0008

Γ(had)[GeV] 1.7444 ± 0.0020 1.7420 ± 0.0008

Γ(inv)[MeV] 499.0 ± 1.5 501.66 ± 0.05

Γ(`+`−)[MeV] 83.984 ± 0.086 83.995 ± 0.010

Γ(µµ)[MeV] 83.99 ± 0.18 83.995 ± 0.010

Re 20.804 ± 0.050 20.734 ± 0.010

Rµ 20.785 ± 0.033 20.734 ± 0.010

Rτ 20.764 ± 0.045 20.779 ± 0.010

Rb 0.21629 ± 0.00066 0.21579 ± 0.00003

Rc 0.1721 ± 0.0030 0.17221 ± 0.00003

A
(0,e)
FB 0.0145 ± 0.0025 0.01622 ± 0.00009

A
(0,µ)
FB 0.0169 ± 0.0013 0.01622 ± 0.00009

A
(0,τ)
FB 0.0188 ± 0.0017 0.01622 ± 0.00009

A
(0,b)
FB 0.0992 ± 0.0016 0.1031 ± 0.0003

A
(0,c)
FB 0.0707 ± 0.0035 0.0736 ± 0.0002

A
(0,s)
FB 0.0876 ± 0.0114 0.1032 ± 0.0003

Ae 0.1515 ± 0.0019 0.1470 ± 0.0004

Aµ 0.142 ± 0.015 0.1470 ± 0.0004

Aτ 0.143 ± 0.004 0.1470 ± 0.0004

Ab 0.923 ± 0.020 0.9347

Ac 0.670 ± 0.027 0.6678 ± 0.0002

As 0.90 ± 0.09 0.9356

Table 4. The electroweak precision data given by PDG [49].

We use the values given by PDG [49]. Input parameters are

GF = 1.166378710−5 GeV−2, mZ = 91.1876 GeV, α−1
em(mZ) = 127.950, (C.20)

mµ = 0.1056583745 GeV, (C.21)

The SM predictions and the values to be fitted are given in table 4. We construct likelihood

function,

χ2 =
∑
O

(
∆O − (Oobs −OSM)

σobs

)2

, (C.22)

and perform the χ2 analysis.

– 17 –



J
H
E
P
0
7
(
2
0
1
7
)
0
1
2

We apply the above formula to the µTHDM. For sin(β − α) = 1, we find

ΠWW (p2) = −
g2
W

4(4π)2

[
A0(m2

A) +A0(m2
H) + 2A0(m2

H±)

− 4B00(p2,m2
H ,m

2
H±)− 4B00(p2,m2

A,m
2
H±)

]
, (C.23)

ΠZZ(p2) = −
g2
Z

4(4π)2

[
A0(m2

A) +A0(m2
H) + 2(c2

0 − s2
0)2A0(m2

H±)

− 4B00(p2,m2
H ,m

2
A)−4(c2

0−s2
0)2B00(p2,m2

H± ,m
2
H±)

]
, (C.24)

Πγγ(p2) =
e2

(4π)2

[
− 2A0(m2

H±) + 4B00(p2,m2
H± ,m

2
H±)

]
, (C.25)

ΠZγ(p2) =
c2

0 − s2
0

2s0c0
Πγγ(p2), (C.26)

δgLZµµ '
gZ

(4π)2

m2
µ

v2
tan2 β

×

(
−1

2

[
B1(µ,µ,a) +B1(µ,µ,H) + 4C00(Z,µ,µ,H,A,µ)

]
+ s2

0

[
−1+B1(µ,µ,A)+B1(µ,µ,H)+2C00(Z,µ,µ,µ,µ,A)+2C00(Z,µ,µ,µ,µ,H)

−m2
ZC12(µ,Z,µ,A,µ,µ)−m2

ZC12(µ,Z,µ,H,µ,µ)
])
, (C.27)

δgRZµµ '
gZ

(4π)2

m2
µ

v2
tan2 β

×

(
−C00(Z,µ,µ,µ,µ,A)− C00(Z,µ,µ,µ,µ,H) + 2C00(Z,µ,µ,0,0,H±)

+ 2C00(Z,µ,µ,H,A,µ)− 2C00(Z,µ,µ,H±,H±,0)

+
1

2
m2
Z

[
C12(µ,Z,µ,A,µ,µ) + C12(µ,Z,µ,H,µ,µ)− 2C12(µ,Z,µ,H±,0,0)

]
+ s2

0

[
−1+B1(µ,µ,A0)+B1(µ,µ,H)+2C00(Z,µ,µ,µ,µ,A)+2C00(Z,µ,µ,µ,µ,H)

+ 2B1(µ,0,H±) + 4C00(Z,µ,µ,H±,H±,0)

−m2
ZC12(µ,Z,µ,A,µ,µ)−m2

ZC12(µ,Z,µ,H,µ,µ)

])
, (C.28)

δgLZνµνµ '
gZ

(4π)2

m2
µ

v2
tan2 β

×

(
B1(0,µ,H±) + 2C00(Z,0,0,H±,H±,µ) (C.29)

+ s2
0

[
4C00(0,Z,0,H±,µ,µ)−4C00(Z,0,0,H±,H±,µ)−2m2

ZC12(0,Z,0,H±,µ,µ)−1
])
,

– 18 –



J
H
E
P
0
7
(
2
0
1
7
)
0
1
2

δgLWµνµ(m2
W ) ' gW

(4π)2

m2
µ

v2
tan2 β

×

(
−1

2
− 1

4
B0(0,A,A)− 1

4
B0(0,H,H)− 1

2
B0(0,H±,H±)

+ 2C00(0,W,0,0,A,H±) + 2C00(0,W,0,0,H,H±)

)
, (C.30)

δgµW '
gW

(4π)2

m2
µ

v2
tan2 β

(
1−

m2
A +m2

H±

4(m2
A −m2

H±)
ln

m2
A

m2
H±
−

m2
H +m2

H±

4(m2
H −m2

H±)
ln

m2
H

m2
H±

)
.

(C.31)

where

(a,b,c,···) = (m2
a,m

2
b ,m

2
c , · · · ), (C.32)

(··· ,0,···) = (· · · , 0, · · · ). (C.33)

The notation of A, B, and C function is the same as the notation used by LoopTools [52].

A0(m2) = m2

(
1

ε̄
+ 1 + ln

µ2

m2

)
, (C.34)

B0(q2,m2
1,m

2
2) =

1

ε̄
+

∫ 1

0
dx ln

µ2

m2
1x+m2

2(1− x)− q2x(1− x)
, (C.35)

B1(q2,m2
1,m

2
2) = − 1

2ε̄
−
∫ 1

0
dx(1− x) ln

µ2

m2
1x+m2

2(1− x)− q2x(1− x)
,

(C.36)

B00(q2,m2
1,m

2
2) =

1

4

(
1

ε̄
+ 1

)[
m2

1 +m2
2 −

1

3
q2

]
+

1

2

∫ 1

0
dx(m2

1x+m2
2(1− x)− q2x(1− x))

× ln
µ2

m2
1x+m2

2(1− x)− q2x(1− x)
, (C.37)

C00(p2
1, p

2
2, p

2
3,m

2
1,m

2
2,m

2
3) =

1

4ε̄
+

1

2

∫
xyz

ln
µ2

m2
1x+m2

2y +m2
3z − p2

1xy − p2
2yz − p2

3zx
,

(C.38)

C12(p2
1, p

2
2, p

2
3,m

2
1,m

2
2,m

2
3) = −

∫
xyz

yz

m2
1x+m2

2y +m2
3z − p2

1xy − p2
2yz − p2

3zx
. (C.39)

where ∫
xyz

=

∫
dxdydzδ(x+ y + z − 1) =

∫ 1

0
dx

∫ 1−x

0
dy (C.40)

We vary the four model parameters (mH , mA, mH± , tβ) and try to fit the 24 observables

in table 4. We find that the minimum value of χ2 is given by χ2
min. = 23.7587 at (mH ,

mA, mH± , tβ) = (59.4 GeV, 398 GeV, 402 GeV, 686). We calculate ∆χ2 ≡ χ2 − χ2
min. by

varying mH and tβ with fixed values for mA and mH± . The result is shown in figure 1

where the gray region is excluded at 95% CL.
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