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1 Introduction

The study of finite-volume effects, besides a purely theoretical interest, is also motivated
by the need to correct results from lattice simulations. These are necessarily performed in
a volume of finite extent on which some form of boundary conditions are imposed. If one
chooses periodic boundary conditions, momenta are discretized and can not take continu-
ous values. To overcome such limitation twisted boundary conditions were proposed [1-4].
In this paper we study the effects of a finite cubic volume with twisted boundary condi-
tions on observables related to pseudoscalar mesons by applying chiral perturbation theory
(ChPT). As is well known ChPT is the low-energy effective field theory of QCD and can be
formulated in finite volume thereby providing a systematic tool to study finite-size effects
on observables calculated in lattice QCD.

The first analytical study of finite-volume effects with twisted boundary conditions
was published soon after the proposal to use these was made [4]. This relied on one-loop
ChPT. Further analytical calculations have been made also by other groups [5-8], and
more recent ones have appeared in the last few years [9, 10]. All these studies rely on
ChPT at one loop. In the case of periodic boundary conditions it has been shown that
the combined use of asymptotic formulae [11, 12] and ChPT is the most efficient way to
estimate higher orders in ChPT [13-15], with only tiny deviations from the results of a full
two-loop calculation [16].

Asymptotic formulae for twisted boundary conditions are not available in the literature
yet, so that all estimates of finite-volume effects have to rely on one-loop ChPT. The latter
estimates are known to suffer from large two-loop corrections [13, 14] (even though the
absolute size of finite-volume effects remains small). This paper fills this hole: its main
aim is the derivation and application of asymptotic formulae for finite-volume effects with
twisted boundary conditions for meson masses and decay constants. We also apply and
extend a suggestion by Héfeli [17] to use the Feynman-Hellmann theorem [18; 19] to derive
an asymptotic formula for the scalar form factor of the pion at zero momentum transfer.



While for mesons most quantities have already been calculated at one loop in ChPT, we
provide here for completeness also expressions for finite-volume effects for masses, decay
constants and form factors. This gives us also the chance to discuss issues like the very
definition of masses and decay constants in the presence of twisted boundary conditions
— since this is subject to a certain degree of arbitrariness — and the role of chiral Ward
identities in finite volume. We also clarify the meaning of the Ward-Takahashi identity for
the electromagnetic current in finite volume and discuss its violation due to the breaking
of Lorentz invariance.

With the help of these asymptotic formulae we make a numerical analysis of finite-
volume effects which goes beyond one-loop ChPT. As in the case of periodic boundary
conditions, also here two-loop effects can be very sizable, whereas the effect of the twist
tends to be, for small twisting angles, which is the most relevant case, small. We trust that
the results presented here will allow a more reliable correction of finite-volume effects in
all lattice calculations using twisted boundary conditions.

This work is structured as follows. In section 2 we present ChPT in finite volume: we
give an overview of periodic boundary conditions and introduce the twisted ones. Section 3
focuses on finite-volume corrections at next-to-leading order. The corrections for masses,
decay constants, pseudoscalar coupling constants are recalculated and new results for pion
form factors are presented. We show that the corrections of the pion scalar form factor
satisfy the Feynman-Hellman theorem [18, 19]. In section 4 we derive asymptotic formulae
a la Liischer for twisted boundary conditions. We sketch the steps necessary to generalize
the original derivation of Liischer [11] and present asymptotic formulae for masses, decay
constants and pseudoscalar coupling constants. These are related via chiral Ward identities
as we will show below. We also derive asymptotic formulae for the pion scalar form factor
at zero momentum transfer relying on the Feynman-Hellmann theorem. In section 5 we
apply the asymptotic formulae in combination with ChPT. We use the chiral representation
at one loop to express the amplitudes entering the formulae and present results beyond
next-to-leading order. Section 6 contains the numerical analysis. Appendices give further
details on analytical aspects. Appendix A provides a list of useful results for the evaluation
of loop diagrams in finite volume. Appendix B is devoted to the (electromagnetic) gauge
symmetry in finite volume. Therein, we construct an effective theory for charged pions
which is invariant under gauge transformations and which reproduces results of section 2.
As the gauge symmetry is preserved, we show that the Ward-Takahashi identity [20, 21]
holds in finite volume if the momentum transfer is discrete. Finally appendix C collects
some long expressions related to results presented in section 5.

2 Chiral perturbation theory in finite volume

2.1 Chiral perturbation theory

QCD is the fundamental theory of the strong interaction [22, 23]. It describes the dynamics
of the strong interaction in terms of gluons and quarks. The Lagrangian can be written as

. 1 v
EQCD - CY (le - M) q— 1 G,LLV,CL Gﬁ y (21)



where G%” is the strength field tensor of gluon fields, ¢ = ¢(z) represents the quark fields
arranged as a vector of flavor space and M is the matrix of the quark masses. If quark
masses are zero, Lqocp exhibits a global chiral symmetry. It is well known that chiral
symmetry spontaneously breaks down and gives rise to Goldstone bosons which can be
identified with the lightest pseudoscalar mesons. For Ny = 3 quark flavors, the fields of
Goldstone bosons can be parametrized by a 3 X 3 unitary matrix,

7T0+%77 V2Tt V2K*
U(z) = exp <z ¢éx)> with  ®(z)=| v2r~ —n'+ o V2KO | (22)

0
— 0 2
V2K V2K — 5

The parameter Fj is the decay constant in the limit of zero masses.
The effective chiral Lagrangian can be ordered as a series in powers of momenta and
quark masses
Leg=Lo+Ls+ ..., (2.3)

where each quark mass counts as a momentum square, i.e. O(my) ~ O(p?). At leading
order the effective Lagrangian consists of terms O(p?) and can be written as
_F

L= (D, UDMUT + U + UxT). (2.4)

The angular brackets (.) denote the trace in flavor space and
DFU = 0*U — i [o*, U] —i{a", U}, X = 2By(s +ip), (2.5)

with By a parameter of the effective Lagrangian. We have introduced external fields v*,
a*, s, p as sources for the chiral Noether currents and quark scalar and pseudoscalar
bilinears. They also allow one to include electromagnetism, semileptonic weak interactions,
as well as an explicit breaking of chiral symmetry via quark masses. In particular, we work
in the isospin limit (where m := m, = my) and include masses by setting s = M =
diag(m, 1, ms).

At next-to-leading order (NLO) the effective Lagrangian consists of terms O(p*) and

can be compactly written as
12
Ly=) L;P; (2.6)
j=1

The coupling constants L; contain the so-called low-energy constants (LECs) and the
monomials P; are contructed from U, v#, a#, s, p. Their explicit expressions are well

known and can be found, e.g. in [24].

2.2 Periodic boundary conditions

Numerical simulations of lattice QCD are by necessity performed in a volume of finite
extent. The volume is usually a spatial cubic box of the side length L on which boundary



conditions are imposed. Mostly employed are periodic boundary conditions (PBC) which
require the periodicity of fields within the cubic box,

q(x + Léj) = q(x), j=1,23. (2.7)

Here, éé.‘ are unit Lorentz vectors pointing in the j-th spatial direction. In momentum space,
the periodicity of the fields corresponds to a discretization of the momenta. The spatial
components of momenta are discrete and read p = 2mm/L, m € Z3. As a consequence,
Lorentz invariance is broken. Still, the subgroup of spatial rotations of 90° (the so-called
cubic invariance) remains intact.

The momentum discretization also introduces a new scale in the theory: 1/L. To apply
ChPT one must consider momenta smaller than A, = 47 F; — where F is the pion decay
constant — and this provides the following quantitative condition [25]:

2% L ArF, = L> 2;} ~ 1 fm. (2.8)

In refs. [26-28] Gasser and Leutwyler showed how to apply ChPT in finite volume.
They proved that for large enough volume the effective chiral Lagrangian and the values of
LECs remain the same as in infinite volume. The most relevant change concerns the count-
ing scheme to be applied to the effective Lagrangian and the propagators. The counting
scheme has to take into account also 1/L together with momenta and quark masses, more-
over propagators are modified by the discrete momenta. For what concerns the counting,

there are two possible ones corresponding to different regimes:

M,L <1 e-regime,
(2.9)
ML>1 p-regime.

Since here we will work in the p-regime we do not discuss the e-regime any further and
refer the reader to [27, 29-31] for more details about it.

In the p-regime, M, is larger than 1/L: a pion fits well inside the box and behaves
almost as if it were in infinite volume. Here, the counting scheme can be applied with
the additional rule 1/L ~ O(p), see ref. [28]. The expressions for propagators are similar
to the infinite-volume ones, but integrals over spatial components must be replaced by
sums over discrete values. This makes propagators periodic and dependent on L. Physical
observables can be then calculated as in infinite volume: tree graphs produce exactly the
same contributions and just the loop diagrams generate a finite-volume dependence.

2.3 Twisted boundary conditions

A serious limitation of PBC is the momentum discretization which makes it difficult to ac-
cess very small, finite momenta without using huge volumes. Twisted boundary conditions
(TBC), see refs. [1-4], have been introduced to overcome this difficulty. They require that
fields are periodic up to a global symmetry transformation,

qr(z + Léj) = Ujqr(z), j=123. (2.10)



Here, the subscript T indicates that fields satisfy TBC. The transformation ¢/; has to be a
symmetry of the action and as such depends on the form of the Lagrangian [4]. For QCD
with 3 light flavors one can consider

Uj = e eV ¢ SU(3)y, (2.11)

where v = diag (%, 195, V%) is a traceless matrix commuting with M. The Lorentz vectors,

0
9L = (—» >, f=u,d,s, (2.12)
! i

are called twisting angles and their spatial components can be arbitrarily chosen. It is
convenient to redefine quark fields as periodic ones by means of

gr(x) = V(@)g(z),  V(z)=e "7 (2.13)

The periodicity of ¢(z) follows from the condition (2.10). After this field redefinition the
twisting angles appear in the Lagrangian as a constant vector field,

1
[*QCD = (jT(:E) [UZ) - M] QT($) - 1 G,uzl,a GZW

) (2.14)
= 4(@)[i (D~ ) ~ M]a(e)  } Giua GL".

The momentum of the flavor f is shifted by the corresponding twisting angle 9%, which is a
free parameter and can therefore be varied continuously. Note that one can either impose
the condition (2.10) and work with the original form of the Lagrangian or redefine quark
fields as periodic and introduce the twisting angles through the constant vector field vf; in
Lqcp- The two approaches are equivalent.

Since they point in specific directions, twisting angles break various symmetries. In
particular cubic invariance in momentum space is broken. More generally, all symmetries
whose generators do not commute with v/ are broken. For three different twisting angles
these are: the vector symmetry SU(3)y and the isospin symmetry. Note that the third
isospin component I3, the strangeness S and the electric charge . are still conserved
quantities in this case. In addition, the symmetry {/; induces a new one: at each vertex the
sum of incoming and outgoing twisting angles is conserved and equal to zero, see ref. [4].

In the effective theory the condition (2.10) implies that the unitary matrix parametriz-
ing the fields of pseudoscalar mesons satisfies

Ur(z + Léj) = UUp(a)U],  j=1,2,3. (2.15)

Here, the repetition of j does not imply any sum and 1" specifies that fields satisfy TBC.
Through a field redefinition the unitary matrix can be made periodic,

U(z) = V(2)Up(z)V(z), V(z) = e W07, (2.16)

The twisting angles enter the effective Lagrangian as a constant vector field fug where each
derivative is replaced by o*. — O*. — i [vg ) } At leading order the Lagrangian reads

F?
Ly = TO (D,UDFUT + xUT + Ux'), (2.17)



with DHU := DHU — i[vly, U], and U(x) now satisfying periodic boundary conditions. The
commutator [vf, U] acts in different ways on the fields of pseudoscalar mesons. Pseudoscalar
mesons sitting in the diagonal of U commute with vf,f and their momenta are unshifted.
Pseudoscalar mesons off the diagonal do not commute with vs and their momenta are
shifted by the twisting angles,

9, = 9t — 9k U
Oh = 9 — 9t I (2.18)
Iy = ok — 9k, Iy = 0.

Note that twisting angles reflect the flavor content of the particles. A pseudoscalar meson

with the flavor content ¢y has the twisting angle 0% = (Jq; — 4, )" whereas its

quf/ qy!
antiparticle has a twisting angle of opposite sign.

As pointed out in ref. [4] twisting angles enter the expressions of external states and
modify internal propagators. As an example we consider charged pions (kaons have similar

expressions). The field redefinition (2.16) implies that the propagators read
—ikx

. 1 dk‘o e
Ags 1(7) = LE‘E;*/R ) i 92 i (2.19)
:Tm

mez3

The propagators are still periodic but obey modified Klein-Gordon equations:!
(0 — i) + M2] A s 1 (z) = 6 (). (2.20)

We observe that twisting angles shift the poles in the denominator of propagators. More-
over, the substitution kg — —ko and k +— —k reverses the propagation direction and the
sign of twisting angles. Since antiparticles have twisting angles of opposite sign, we con-
clude that the propagation of a positive pion with 19‘; + in the forward direction of space-time

is equivalent to a propagation of a negative pion with 195 in the backward direction.

To close this section, we remark that TBC are a generalization of PBC. Setting all
twisting angles to zero, the condition (2.10) reduces to eq. (2.7), which means that by
taking this limit in a TBC calculation and comparing the results with those for PBC, one
gets a non-trivial — albeit partial — check.

3 Finite-volume corrections at NLO

3.1 Masses, decay constants and pseudoscalar coupling constants

In general, we define the corrections of an observable X as

§X = =2 (3.1)

"Without the redefinition (2.16) propagators are expressed as in eq. (2.19) but twisting angles enter
the exponential function of the numerator. In that case, propagators are periodic up to a phase [e.g.
A+ p(x+ Léj) = e ke AL+ r(z) for j =1,2,3] and obey the usual Klein-Gordon equations.



where AX := X (L) — X is the difference among the observable evaluated in finite and
in infinite volume. The corrections of masses and decay constants of pseudoscalar mesons
were first calculated in ChPT with TBC in ref. [4]. For what concerns the masses, before
giving explicit expressions for the finite-volume corrections, we need to define what we
mean by “mass” in the presence of TBC. Having introduced twisting angles and with them
a breaking of Lorentz symmetry, when we calculate the self-energy of a particle we will get
Lorentz non-invariant contributions proportional to the twisting angles. In general, the
self-energy of a meson P will have the form:

Sp(L) = Ap + Bp(p+1Up)* + 2(p + 9p) AV, . (3.2)
The equation which determines the mass is:
Mg — (p+9p)* —Ep(L)=0. (3.3)

Since the solutions of the equation do not lie on a constant p? surface the mass would seem
to depend on the direction of the momentum p*. A possible solution for this non-invariance
of the pole position can be obtained by completing the square and interpreting Aﬂgp as a
renormalization of the twisting angle [7]:

MI% — [Ap — (1 + Bp)AQ?%P] — (1 + Bp)(p +9p + AI?EP)Q =0, (3.4)
where Aﬁ;P := A, /(14 Bp). The pole position is then given by:

M3 — Ap

3 2
(p+9p+Adsp)" = 75

+ A%, = Mp(L), (3.5)
which is the mass definition we adopt, in agreement with refs. [4, 7]. In contrast, the
authors of ref. [10] adopt a mass definition which is momentum-dependent and treat the
terms proportional to Aﬂgp as part of the finite-volume correction to the mass. We stress
that our choice of the mass definition is consistent with the idea to treat the twisting
angle as part of the momentum — which is the basic point of TBC. In general the mass is
defined as the energy of a particle at zero spatial momentum, which is what is measured
on the lattice. It appears therefore natural to take as definition of the mass the energy of a
particle at zero total momentum (kinetic + twisting angle). The interpretation of Aﬁ’gp is
of course somewhat arbitrary. As we will see below, the fact that at NLO exactly the same
contribution also appears as an additive correction to Fp(p + ¥p), in the matrix element
of the axial current strongly suggests its interpretation as a renormalization of the twist.
The definition of mass given in eq. (3.5) then naturally follows.

Indeed a similar situation occurs for the decay constants: the matrix element of the
axial current is not just proportional to momentum, but there is an extra shift, defined
as follows:

(0] A%(0) [P(p + 9p)) , = iFp(L)(p + 0 + Ay )" (3.6)

Here too we consider Aﬁfz‘{P as a twisting-angle renormalization and not as part of the
finite-volume correction to the decay constant (again in agreement with refs. [4, 7] and in
contrast to ref. [10]).



In our notation, the results at NLO read

STr 577

5M72r0 = ?[2 81(Ams Ut ) — 81(Ax)] — G 81(An),

M2 = S0~ D (0)
3

6M[2(i(K0) = gn g1(An),
Lo Ty
S = & "2y () + 281 O P )] 525 (14 72 g (s, D) + 81 O, o)
280 (1 _ T

—22 (1) g ), (3.7)

and
5F7r0 = —&x g1(>‘7r>197r+) - % [gl()‘fﬂﬁK*‘) +g1(/\K719K0)] )

51—7‘71‘i = _% [gl()‘ﬂ) + gl(ATraﬁﬂ'*)] - % [gl()‘KaﬁK‘*‘) + gl()‘KvﬁKo)} >

SFys — —%” (81 (M) + 281 (s Ot )]

5 (o, (e, Do) 51 (ks Do) — 26100, (33

0F o = —%r [g1(Ar) + 281 (Ar, Ut )]

3
_%{ [g1(Ar, Vgt ) + 281 ( Ak, Vgo)] — gfn g1(Ay),

3
6F77 = —ZgK [gl()\K,ﬁK+) +g1()\K779K0)] :

Here, ép= M3 /(47 Fy)?, 2pg = 1\41%/1\432 and \p = MpL for P,Q=m, K,n. The function
g1(Ap, 1) is defined in eq. (A.4) for a generic twisting angle 9" = (%). Setting ¥* =0 this
function reduces to g;(Ap):=g;(Ap,0) which is the tadpole function for PBC, see e.g. [26].

The corrections decay exponentially in Ap and depend on twisting angles through
phase factors. Note that twisting angles can change the overall sign. This is a consequence
of the breaking of the vector symmetry SU(3)y. For instance, mass corrections can turn
negative whereas corrections of decay constants can turn posistive depending on ﬂi 4 19’;( +
19’;{0. With an appropriate choice (or averaging over randomly chosen twisting angles) one
can even suppress the corrections as discussed e.g. for nucleons in ref. [9].

In addition, the evaluation of the corrections involves the terms which remormalize the
twisting angles. Such terms are not present for PBC and are generated by the breaking of
the cubic invariance, see ref. [7]. In our notation, they read

1974

805, = {0 00) + K [ O Dicr) ~ O Dsol]

§K gw
Aﬁ‘;}(i =4 {2 [2 fllL()\K,ﬁK+) + f?()\K,ﬂKo)] + o f‘Lf()\ﬂ,ﬁﬂJr)} , (3.9)
A
KOU 4 {fK [flf()\KﬂgK-F) + 2f/f()\K,19Ko)] — gl f‘Lf()\mﬁﬂJr)} .
Aﬁ%*o 2 2
K



The function f{'(Ap,?) is defined in eq. (A.4). Note that extra terms emerge only in
the evaluation of corrections of charged pions and kaons. They are non-vanishing in the

T
K+_19K0_

directions where twisting angles are non-vanishing and disappear for 9" =0
0. This intimately relates AJ%, , Avg, e Aﬁ“ , to twisting angles.
Expressions for A", Aﬁfiji , Aﬁ;fj}{ Would also be needed to complete the formulae
at NLO, but at this order they exactly coincide with the extra terms of eq. (3.9).
The corrections of the pseudoscalar coupling constants were first calculated in ref. [10].

At NLO the results read

0G0 = —% g1(Ax) — ZK[gl()\Ka Vi+) +81( Ak, Vgo)] — %gl()‘n)7
0G+ = —€2ﬂ 1( Ay Ot ) — gf [g1 (MK, I+ ) + 81(Ak, D go)] — %gl()‘ﬂ)ﬂ

5Gixs = — 11 () + 281 (om0

S g (e, ) 5 O, )] — Sy (),
5 (3.10)
0G o = _gﬂ—[gl(kﬂ') + 2g1(/\7T7 197r+)]

B g e D) + 281 Ok )] — 1 ().

(5G77 = —*[g1()\7r) +2g; ()\m ﬁﬂ*)]

Sy O, ) 5 O )] — 21 (),

Note that §Go (resp. dGy) correspond to AV Gro3/Gr (resp. AV Gys/Gyy) of ref. [10]. At
this order, no extra terms like eq. (3.9) appear. We show that these results can be obtained
with the mass definition [4, 7] relying on chiral Ward identities.

We just illustrate the case of charged pions. The relevant chiral Ward identities read

10 (0] Pii2(0) |75 (p 4+ 0,2)), = (0 — Wrt),, (0] A5 (0) |7 (p+ ), - (3.11)

Here, the subscript L indicates that the matrix elements are evaluated in finite volume. The
operators are linear combinations of the pseudoscalar densities resp. axialvector currents:
Piijo = (P +iP5)/V/2 resp. Al = (A1 £ iAg)“/ﬂ. The matrix elements on the left-
(resp. right-) hand side of the chiral Ward identities are proportional to the pseudoscalar
coupling (resp. decay) constants. Working out both sides and retaining terms up to
O(p®/F32) we have

MG+ (L) = (p+ 0yt )% Frs (L) + 2Fx (p + SN (3.12)
The mass definition [4, 7] implies that charged pions lie on the following mass shells,
(p+Vps + ATx ) = M2 (L). (3.13)
Hence, the momentum squares on the right-hand side of eq. (3.12) value

(D + Upz)? = M2 (L) =2 (p + Ort) AV, + O(0°/Fy), (3.14)

™



and — when multiplied with F,+ (L) — produce contributions that exactly cancel 2F(p+
O ) AVY, | as at NLO, A9/, | coincide with Ady, | . Dividing by mGr = M2F, we get

6G = SM?2L + 0F,+ + O(£2). (3.15)

Thus, the corrections of pseudoscalar coupling constants are given by the sum of the correc-
tions of masses and decay constants.? Inserting eqgs. (3.7), (3.8) one finds the results (3.10).
3.2 Pion form factors
In infinite volume the pion form factors are defined by the matrix elements,

(mo ()| So 170 (p)) = bap Fs(62),

(mo(p")| V4" [7a(p)) = i€ars(p’ + p)" Fy ().
They depend on the square of the momentum transfer, ¢> = (p’ — p)? and their expressions

are known in ChPT at NLO [32] and at NNLO [33]. At vanishing momentum transfer,
they satisfy the relations

(3.16)

OM?
Fs(0) = 877%7( and Fy(0)=1, (3.17)
which follow from the Feynman-Hellmann theorem [18, 19] and the Ward identity [34].
In finite volume the matrix elements of pion form factors receive additional corrections

that can be defined as

(| So |ma) 1, — (| So |7a)

(o] So |ma)g2—9 (3.18)
(AT = (mp| V3! [ma) = (ol Vi |ma) -

STY =

Here, L (resp. ¢ = 0) indicates that matrix elements are evaluated in finite volume (resp.
in infinite volume at vanishing momentum transfer). These corrections still depend on
the momentum transfer. The twisting angles shift the momenta of charged pions but not
necessarily induces a continuous momentum transfer. If the incoming and outgoing pions
are the same, the twisting angles cancel out from the spatial components of the momentum
transfer and B B o B
= (7' +70s) = (F+7,s) = II with Tez?. (3.19)
We use this fact to work out the matrix elements in finite volume and evaluate the correc-
tions. However, keep in mind that — depending on the kinematics chosen — the zeroth
component ¢” may contain twisting angles of external pions and hence, vary continuously.
To study the pion form factors in finite volume we consider only N; = 2 light flavors.
The corrections of masses, decay constants and pseudoscalar coupling constants can be
obtained from egs. (3.7), (3.8), (3.10) discarding the contributions of the virtual eta meson
and kaons. Note that in this case, the extra terms read

AGY = &t (Ar, Ut ). (3.20)

2For the eta meson, there is an additional term that must be considered as the relevant chiral Ward
identity involves a matrix element with the pseudoscalar density Pp.

~10 -



(a) Tadpole diagram. (b) Fish diagram.

Figure 1. Contributions to matrix elements of pion form factors at NLO. Single solid lines stand
for pions while double solid lines represent the scalar densities (or the vector currents). The spline
on the loop indicates that the propagator is in finite volume.

We first discuss the corrections of the matrix elements of the scalar form factor. At
NLO the corrections can be evaluated from the loop diagrams of figure 1. The tadpole dia-
gram generates corrections similar to those encountered before. The fish diagram generates
additional corrections which can be calculated with the Feynman parametrization (A.5).
Altogether, we find

1
5Fg0 = é.27r{2g1(>\7ﬁ’l97r"') - g1(>\ﬂ') +/OdZ[M72 g2()‘27q) + 2((]2 - MT?) gQ()‘ZaQ7Q97r+)] }7
1
oTF = ‘52{ g1(\r) + /0 dz](¢* = M2) g2(0ss0) + ¢ 82(Ne 0 Ut | } + PAGY,, (3.21)

with A\, = Ary/1+4 2(z — 1)¢2/M2. The functions gy(As,q,9), g2(Xz,q) == go(Az,q,0)
originate from the fish diagram and can be evaluated by means of the Poisson resummation
formula (A.2). Note that go(A;,¢,?) is even in the second and third argument. This is a
consequence of the fact that the spatial components of the momentum transfer are discrete.
The last term in eq. (3.21) consists of the product among

PH = (p’ + ﬁﬂi)“ + (p+ 94",
1 (3.22)
AOH, = ¢, / dz [0, g 950) + 0" (12 — 2) go(Ae 0,90 )]
0

The Lorentz vectors A@fr + have non-vanishing components in the directions where both
¥", and ¢" are non-vanishing. They disappear for ¥, = 0. The function f§ ()., q,?) is
defined in eq. (A.7) and originates from the fish diagram. Note that as ¢ is discrete, the
function f4(\;, ¢, 1) is even in the second argument and odd in the third one.

The corrections of the matrix elements of the scalar form factor decay exponentially
in A\ = ML and disappear for L. — oco. As a check we set 19‘7: + = 0 and find the result
for PBC [17, 35]. In that case, the corrections are negative. For small twisting angles,
the corrections stay also negative as the dependence on twisting angles is roughly a phase
factor. They may turn positive for large twisting angles. Note that PMA@Z + depend
linearly on zﬁﬁ .. This dependence increases (5F§i at large twisting angles. Thus, in order
to keep the corrections under control, it is important to employ small twisting angles, e.g.
1J,+| < 7/L.
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At vanishing momentum transfer, the corrections reduce to

7 &r
OT% | oo = % 128100, Dt) = 81(0n) + M7 [g2(Ar) — 285 (Ar 0 )]}

OTF | osg = % [81(Ar) = M7 go(An)] % 26x (4 D) , B (A, Ot

The functions go(Ar,Urt) = 82(Ary 0,9,+), 82(Ar) = €2(Ar,0,0) and f5(A\r,Vpt) =
5 (Ar,0,9,+) are defined in eq. (A.4). At vanishing momentum transfer the Feynman-

(3.23)

Hellman theorem [18, 19] relates the scalar form factor with the derivative of the pion
mass, see eq. (3.17). This relation can be extended to finite volume. However, one must
make some specification. As pointed out in ref. [32] the Feynman-Hellmann theorem states
that the expectation value (7| So [7a),2— is related to the derivative of the energy level
describing the pion eigenstate. In finite volume the energy levels are additionally shifted
by twisting angles and by the corrections of self-energies:

2 _ a2 o7\
Ewi(L)—M,r—i-(p—l-ﬁﬂi) AS, .. (3.24)

Here, AY + := X _+(L) — X+ just contain corrections in finite volume. Taking the deriva-
tive s, = (OM2/0m) Onz, and retaining only contributions in finite volume, we obtain
N % [—AY, 4] (3.25)
K

This relation extends the statement of the Feynman-Hellmann theorem in finite volume:
at ¢ = 0 the corrections of the matrix elements of the scalar form factor are related with
the derivative of the self-energies with the respect to the mass. One can show that deriving
the expressions of the self-energies at NLO one obtains the expressions (3.23).

The corrections of the matrix elements of the vector form factor can be similarly
evaluated from the loop diagrams of figure 1. In this case, some attention must be paid as
the evaluation involves tensors in finite volume. At NLO we find

1
(ATT ) = Qe /Odz {P! 81004, 050) = 810, 020)] + 2P B Az, 0,00 |
(3.26)

1
Q. {gw /Odz 0" (1 22) [Py B (e, . 0,0)] — 2008 + qQAegi} .

Here, Q. = +1 represents the electric charge of 7% in elementary units and the functions
g1(A\z,¢,79), hh¥(\;, q,9) are defined in eq. (A.7). At this order, Aﬂ’liﬂi exactly coincide
with the extra terms of eq. (3.20).

The corrections of the matrix elements of the vector form factor decay exponentially
in A, = M, L and disappear for L — oo. As a check we set ﬁﬁ + = 0 and find the result for
PBC obtained by Héfeli [17]. This result differs from the expression published in ref. [36]
by a term proportional to ¢*. We stress that such term contributes for PBC and only
disappears when the momentum transfer is zero, as well. In this sense, we disagree with

rot

ref. [7] where it is claimed that the contribution G, disappears for vanishing twisting
angles. Actually, such contribution disappears when both the momentum transfer and the
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twisting angles are zero. In ref. [10] the corrections were calculated in SU(3) ChPT with
TBC. Their results coincide with eq. (3.26) if contributions of the virtual eta meson and
kaons are discarded. In general, the corrections roughly depend on twisting angles through
a phase factor. For small twisting angles the corrections stay negative (resp. positive) for
positive (resp. negative) pions. Note that in (3.26) there are terms linear in ﬁi +. This
increases the absolute value of (AF’{,i)“ at large twisting angles.

At vanishing momentum transfer the corrections reduce to

+ v
(ATT Voly = Qe {46 (p + 0ns ) B O, V) + 2808 (3.27)

and disappear only for L — co. Here, h”(A\r, 9+) := h5"(Ar,0,9,+), see eq. (A.4). Set-
ting 9", = 0 the corrections (3.27) reduce to the result obtained for PBC [37]. In general,
the fact that (Al“’(/i)g »_, differ from zero indicates that the (electromagnetic) gauge sym-
metry or Lorentz invariance are broken. In infinite volume, the vector form factor equals
unity at vanishing momentum transfer, see eq. (3.17). This result follows from the Ward
identity [34] which relies on both the gauge symmetry as well as Lorentz invariance and can
be derived from the Ward-Takahashi identity [20, 21]. The derivation implies a continuous
limit on the momentum transfer which in finite volume can not be taken due to the dis-
cretization of spatial components. This invalidates the Ward identity in finite volume. It
turns out that the corrections (3.27) are consequences of the breaking of Lorentz invariance.
In ref. [37] these considerations were presented for PBC. The authors demonstrated that
at vanishing momentum transfer the corrections respect the gauge symmetry and that the
Ward-Takahashi identity holds for PBC. In appendix B we generalize their derivations for
TBC. In particular, we construct an effective theory invariant under gauge transformations
which reproduces eq. (3.27) and we show that the Ward-Takahashi identity holds for TBC
as long as the spatial components of the transfer momentum are discrete.

4 Asymptotic formulae for TBC

Asymptotic formulae represent another method to estimate finite-volume corrections. They
relate the corrections of a given physical quantity to an integral of a specific amplitude,
evaluated in infinite volume. The method was introduced by Liischer [38] and it has been
widely applied in combination with ChPT as it allows one to get a chiral order almost for
free at the price of neglecting exponentially suppressed contributions. Currently, there are
asymptotic formulae for pseudoscalar mesons [12-14, 39, 40], nucleons [15, 41-45] and heavy
mesons [15]. These formulae are valid in the p-regime and for PBC. Here, we generalize the
method to TBC and derive asymptotic formulae for small twisting angles estimating the
corrections for masses, decay constants, pseudoscalar coupling constants and scalar form
factors of pseudoscalar mesons.

4.1 Masses, decay constants and pseudoscalar coupling constants

4.1.1 Generalization of Liischer’s derivation

The derivation of the asymptotic formulae for TBC can be led back to the original derivation
of Liischer [11]. In the following we outline the necessary steps to generalize the Liischer’s
derivation to TBC and refer the reader to his paper for details.
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In the first part of the proof, Liischer showed by means of abstract graph theory
that, for a generic loop diagram contributing to the self-energy, the dominant corrections
are obtained if one takes all propagators in infinite volume but the ones of the lightest
particles (in this case, pions) are taken in finite volume.? For TBC the propagators depend
also on twisting angles. In that case, the twisting angles flowing along internal lines of
a generic loop diagram add up to match the total external twisting angles entering the
diagram. The situation can be illustrated by the graph in figure 2. This is a consequence
of the conservation law pointed out in ref. [4]: at each vertex the sum of twisting angles is
conserved and equal zero. In position space the contribution #(Z,L) of the diagram %
to the self-energy takes then the general form,

/(@’L) :Z/(@,H,L),
[n]

(2.0, L)=]] / d*z(v) V{ei(“ﬁ”)[‘”(b)x(a” [[G~(Az + Ln(z))eim“m}.
o JRA
vey’! e’
Here, z#(v) is the space-time coordinates of the vertex v € ¥/ := ¥ \ {b} and Az/ is
the difference among the final and initial vertex of the line £. The quantity V is a product

(4.1)

of differential operators and generates the vertex functions of the diagram &. The pion
propagators G, (Axg + Ln(ﬁ)) are in infinite volume and can be expressed, e.g., with the
heat kernel representation, see ref. [11]. For every line ¢ we have assigned an integer Lorentz
vector n* () = (ﬁ?@). Note that the summation over all possible sets of integers [n] for
all internal propagators is a well-defined operation also in the case of TBC. The term
[n] = [0] corresponds to the contribution in infinite volume with external momenta shifted
by 9. Discarding this term one finds that |_#(Z, L)| is exponentially bound so that the
self-energy decays as O(e*\/g“/ 2) at asymptotically large L. The dominant corrections of
the self-energy is then given by the contribution where for only one propagator |7i(£*)| =1
and all others |7(¢ # ¢*)| = 0. This is represented by the skeleton diagram of figure 3.

The second part of the derivation consists in showing that by modifying the integration
countour in the complex plane, the dominant corrections can be written as an integral of the
forward Pm-scattering amplitude evaluated in Minkowski space and analytically continued
to complex values of its arguments. For TBC the pion propagators as well as the vertex
functions depend on twisting angles. Through an integration shift one can express the
dependence on twisting angles of virtual particles as a phase factor multiplying the vertex
functions. The dependence on external twisting angles may be worked out expanding the
vertex functions around small twisting angles. This is hardly a limitation since the main
goal of the introduction of TBC is precisely to be able to access small momenta, which
requires the use of small twisting angles. The first term of the expansion contributes
to the dominant corrections of masses whereas a part of the second term provides the
dominant contribution to the extra terms of the self-energy. The results are asymptotic
formulae which, in the case of the neutral pion and the eta meson are valid for arbitrary
twisting angles, and in the case of charged pions and kaons are valid for small external
twisting angles only. Note that similar argumentations can be extended to the derivation
of asymptotic formulae for decay constants and pseudoscalar coupling constants.

3This concerns only propagators which are contained in at least one loop, cfr. ref. [11].
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Figure 2. Auxiliary graph for the sum of internal twisting angles. The endpoints of each line
correspond to vertices of the non-empty finite set ¥ of the abstract graph ¢. Along the internal
lines £1,...,¢n flow twisting angles 9} , ..., . Along external lines flows the twisting angle ¥/
of the particle P under consideration.

Figure 3. Skeleton diagram contributing to asymptotic formulae for masses. Solid lines stand for
a generic pseudoscalar meson P and dashed lines for virtual pions. The spline indicates that the
pion propagator is in finite volume and accounts for integer vectors 77 € Z® with |7i| = 1. The blob
corresponds to the vertex functions defined by the one-particle irreducible part of the amputated
four-point function, see ref. [11].

4.1.2 Analytical results

From the generalization of the Liischer’s derivation we obtain the following asymptotic
formulae for the masses of pseudoscalar mesons,

_ oMt/ 1+y? : -
My = - QAEZ/jm VT Fo iy, d51) + Oe™), (4.20)

\nlﬂ]
— dy e~ Arliily/1+4y? Dnig . -
My = iy 3 e (0 gy ) P o) £ 0
\n#o
_ dy o Aelitly/1F
5MK:E(KO) - (471' 2)\[( MK Z/R \n\
o
Dyt (ko) 0 . _5
1 R 2
(14 y P ) Fics ol d) + O,

__ -1 M Ay xilaly/iFs?
M = S, i, ; /R B Foliy, V) + O(e7). (4.2b)

[ £0
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Here, we display the resummed version of the formulae for which A\ = ML with M =

(vV3+1) M, /\/2, see refs. [14, 25]. Each symbol on the right-hand side refers to a quantity

in infinite volume. The amplitudes are all defined in similar way. For instance,
Fr+(0,0+) = Tr,0(0, —4AMEv)

e (4.3)
+ [Tgtr+(0, —AMgv) + Tr+.—(0, _4MKV)]ele9ﬂ+7

where v = (s — u)/(4Mk), v = v/M,; = iy and s, t, u are Mandelstam variables in
Minkowski space. The functions Ty+,0(t, u—s), Titr+(t,u—S5), Ti+,— (t,u—s) represent
the isospin components of the Km-scattering in the ¢-channel with zero isospin [14]:

Tt u — 5) = Tgmo(t,u — 8) + Tt (u — 8) + Tt n (t, 1 — ). (4.4)

In general, the asymptotic formulae depend on twisting angles through the phase factor
exp(iLﬁ1§W+) in the amplitudes. The formulae for M+, 6 Mg+, d Mo additionally depend
on external twisting angles through

Dy = \/M2+ |[0,=2 = My and  Dpes(go) = \/Mf( + [T gs g0y |2 — Mk (4.5)

We stress that the latter formulae are only valid for small external twisting angles. At

tree level the chiral representation of F+(7,9,+) = —M2/F2, Frt(k0)(7,9+) = 0 does
not depend on twisting angles and if inserted in the asymptotic formulae provides the
results (3.7) obtained with ChPT at NLO. The formulae for 6M 0, dM,, are valid for
arbitrary twisting angles. Inserting the chiral representation at tree level of Fo(7,9,+) =
M2(1-2 eiLﬁﬁer)/FE and F (0, 9,4 ) = MZ(1+ 21 LT 1+ )/ (3F2), one recovers the results
obtained with ChPT at NLO. While the asymptotic formulae are in principle valid up to
terms (’)(e_;‘), at this chiral order they give the full result. Note that setting all twisting
angles to zero, the asymptotic formulae reduce to the formulae valid for PBC [14].

Along with the formulae for mass corrections, we also derive asymptotic formulae for
the extra terms breaking the Lorentz invariance of the self-energies. These formulae read

_ M 7 o S
N p—L S Ay P IS S NS ) 4 O

o+ 2(47[_)2 =, ‘ﬁ‘/]‘g ye ygﬁi (Zy7 7r+) + (e )7

(A0 o)
_ 1 M2 @ N o=
= - 7 E - —Axl|il/1+y ; Y
AV et (0, = 2(47)* M =, il /Rdye ¥ G a0y (i V) + O,
ne

|73|#0
In that case, the amplitudes are given by differences of isospin components. For instance,
O+ (0,0,+) = [Tgtr+ (0, —AMgv) — Tt - (0, —4AMgv)] eingﬁ, (4.7)

and similarly for other pseudoscalar mesons. These asymptotic formulae are valid for
small external twisting angles and provide the results (3.9) obtained with ChPT at NLO
if one inserts the tree-level chiral representation of the amplitudes, namely G + (7,9,+) =
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FAM2 5Pt ) [ F2 and Gres 0y (7, 05+) = F(+)(2My My 76270+ ) /F2. Note that for
19‘; + = 0 the sums in eq. (4.6) are odd in 77 and hence, vanish — as they should for PBC.
The asymptotic formulae for decay constants are similar to those for masses,

1 MT( dy _)\
Fog—=— -7 7]/ 1+y2
= o g ZS /R VIFP N iy, 0t ) + O(e™),

2 fo T
|73]7£0
L My Ay anliily/ 1142
0F+ = — min Y
nt (47)2 A\, Fy ~€ZS/R 17| ]\47r ay N (iy, V) + O(e™ )
|7i]7£0
_ dy —>\ 72|/ 1+
OF g+ (ko) = 2)\K Fy _%S/R |73] (4.8)
|7i|#0
D= (ko) 0 ‘ 5
X <1+y]w;()ay>NKi(K0)(zy,19w+)+(’)(e A),
1 M dY TR A -
O0F, = @)y P, 2 / 7 Ny(iy, 0,+) + O(e™),
|7i[ 70

where D+, Dy oy are given in eq. (4.5). The amplitudes are defined from the matrix
elements of the axialvector decay after a pole subtraction described in refs. [12, 14]. For
instance, the amplitudes of charged kaons read

Nigz (0, 0r+) = —i{fixino(& —4Mv) »
+ [AKiﬂJr (0, —4Mgv) + Ag+.— (0, —4MK1/)] ez‘Lﬁﬁw+ }’ :

where v = (u —t)/(4Mg) and v = v/M, = iy. Here, Ags 0(s,t —u), Agz+(s,t —u),
Agzr—(s,t — u) are the isospin components of the matrix elements describing the kaon
decay into a two-pion state with zero isospin [14]:

A5t —u) = Agero(s,t —u) + Apspr (st —u) + Aps—(s,t — u). (4.10)

Inserting the chiral representation at tree level of the amplitudes, the asymptotic formulae
provide the results (3.8) obtained with ChPT at NLO and if all twisting angles are set to
zero, they reduce to the formulae valid for PBC [14].

We also derive asymptotic formulae for the extra terms arising in the matrix elements
of the axial vector current. These read

7 -1 M Anlfily/ T4 g2
Aﬁ?fwi (47T)2 F |/dye Y Hox (iy, 05+ ) + Oe” )
1 M2 i (4.11)
At 0, = S(An )2 Fy - |n|/dye AWIVIEY 3 pes o) (iy, Ot ) + O(e™).
i
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The amplitudes are given by differences of isospin components, e.g.
Hict (0, 004) = —i [Aget s (0, —4Mgv) — At (0, —4Mgv)] eI LTt (4.12)

For 19‘;+ = 0 the sums in eq. (4.11) are odd in 7i and hence vanish, as expected for PBC.
The asymptotic formulae for the pseudoscalar coupling constants are

dy 7)\Trn 1 . -
5G7ro: 2)\ e Z/R IV C o (iy, 0,4 ) + O(e™H),

7]
In#o
1 M2 dy A / 3
5 L ——— —Z e 7\'|n| 1+y 1 ,l9
Gﬂ'i (477)2)\ﬂ- G Z /R |n| + M a C i(Zy’ 7T+)+O( )
ne
o
1 M. MK dy _)\ﬂ_n
SCr(k%) = (T Cn Z/R E v (4.13)
Ao
D 0
X <1—|—yI;Zj(())ay>CKi(K0)(zy,z9ﬂ+)+0( )
1 MM, dy _y\ = 2 _x
6G, = il /_,e ATV iy 9,4 ) 4+ O(e™).
Ui (471.)2)\77 G77 ﬁ%zé R |n| ?7( +) ( )
|70

The amplitudes are all defined in similar way for the various pseudoscalar mesons. For
charged kaons, they are

Cr+(7,9,1) = Crtr0(0, —4Mgv)

S = = (4.14)
+ [Crtr+ (0, —4AMgv) + Cgsn— (0, —4AMgv)] eanﬂW+7

where the isospin components Cx+0(s,t — u), Cx++(s,t — u), can be determined from
the matrix elements,

Cgr0 —< (pl p2 |P4:Fz5 )‘Ki(p3)>v

(4.15)
Crtptr = (7" (p1)7 ™ (p2)| Pazis(0) }Ki(p:s)%
after the pole subtraction,
= Tytrpo(s,t—u)
OKiWO (S, t— ’U) = CKiWO — GK QQ ,
Tonrs (st — 1) (4.16)
Ceeoe (5.t =) = ey = Gz o),

Here, Q" = (ps —p1—p2)* and Tx+,0(s,t —u), T+t (s,t —u) are the isospin components
of the Km-scattering in the s-channel, see eq. (4.4). Note that the isospin component
Ci+n-(8,t — u) can be determined in a similar way from Cg+,+ by exchanging p} <> p.
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Furthermore, we derive asymptotic formulae for extra terms of the matrix elements

4.+ = (0] Pi3i2(0) ‘Wi(p + 197r:i:)>L ,
e = (0] Pazgis(0) |[K=(p+ Vge2)), (4.17)
Yo = (0] Ps—i7(0) |[K°(p + U0)), -
These formulae are valid for small external twisting angles and read
1 My
2(47)% G -
|73 £0 (4.18)

7 -1 Mz i Aeliily/ T2 : -5
Alg, s o0, = 2(47T)2GKMK§Z:3 m/RdZ/e Y Krct (500) (1Y, Ut ) + O(e77).

|70

Ay, = Igl/dy eIV Y I (iy, 0s) + O(e7),
73 R

The amplitudes are given by the difference of the isospin components, e.g.
K+ (0,97+) = [Crant (0, —4AMgv) — Cresrn— (0, —4Mv)] Lt (4.19)
Setting 19Z+ = 0 the sums in eq. (4.18) vanish, as expected for PBC.

4.1.3 Chiral Ward identities

In ref. [12] it was pointed out that the asymptotic formulae for masses, decay constants
and pseudoscalar coupling constants are related by means of chiral Ward identities. We
are now going to show that the relation can be generalized to TBC.

For convenience, we only illustrate the case of charged pions. We start from the relevant
chiral Ward identities which in momentum space read

—1 (Q + ﬁﬂi)u (A,riﬂc (ﬁﬂi))u =mCrtp (Vpt), (4.20)

where
(Aﬂifrc (ﬂwi))u = <7TC(p1)7TC(p2)| Alfq:zQ(O) ‘ﬂ-i (p3 + Q9ﬂ¢)> ’
Crtr,(972) = (me(p1)me(p2)| Pixi2(0) |75 (ps + 052)) .

The matrix elements (4.21) are in infinite volume though momenta are shifted by a twisting

(4.21)

angle. Note that (m.(p1)7m.(p2)| is a two-pion state with zero isospin. We can leave out the
twisting angles of that state as they will appear as phase factors after a shift of the loop
momentum, see eq. (4.27). This is why the twisting angle just appears in the initial states.

According to ref. [46] the matrix elements (A;+, (9,+))" have a pole that does not
enter the amplitudes in the asymptotic formulae. We subtract that pole expanding the
matrix elements around (Q + 9,=)? = M2,

L7 m . ~ Tfriﬂc (Sa t(ﬂﬂ'i) - u(ﬁﬂ'i))
(Aﬁi7rC (ﬁﬂi)) = (Aﬂ-iﬂ.c (ﬁﬂi)) +iFr(Q + O ) M2 (Q~ o) )

(4.22)

Here, T) =, (s, t(Vpx) —u(Vpx )) correspond to the isospin components of the wr-scattering
in the s-channel with zero isospin and

s = (Q _p3)2’ t(ﬂﬂi) = (Q + ,197Ti +p2)27 u(ﬁﬂ’i) = (Q + ﬁwi +p1)2a (423)
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are Mandelstam variables shifted by the twisting angles of ps and Q. Note that the
first variable does not depend on ﬁi‘r , as twisting angles exactly cancel out. The bar
of (Ap+,, (U,+))" indicates that the pole has been subtracted from the matrix elements.

Similarly, the pole in the matrix elements C, .+, _(¥,+) should also be removed, see [12].
We do this by expanding the matrix elements around (Q + 9,+)% = M2,

Trtn, (s, (V) — u(ﬁﬁi)) .

Crin (Vpx) = Crap (955) + Gy i
£re(0nk) = Ut (D) M2 = (Q+0,2)?

(4.24)

We insert (4.22), (4.24) in the identities (4.20) and divide by M. Using the relation
mGr = MEFW, we find

—

_ jo
i Crtr,(Upt) + —= Trtr (83, 51(05t) — $52(Upt)).

M
(4.25)
The last term can be brought on the left-hand side: we can set p}' = —ph = k* and rewrite

~ ~ D
the momenta (p3 + U+ )" = (p+ U,+)" with p = (]‘éﬂ) and 0", = ( &'WI ) We obtain

- - m
(Q + ﬁﬂi)M(Aﬂiﬂc(ﬁﬂi))u = E

- F m

-t ( p+ @ﬂi)u (/L,iwc (ﬂwi))u — — T, (O, —4M7|-I/i) =

7 YA Crtr, (ﬂﬂi ), (4.26)

where v4 = [u (@Wi) —t(ﬁwi)] /(4Mr) = u+ku1§gi /M. Now, we expand for small external
twisting angles (i.e. around 19‘; + =0 or vy =v) and multiply both sides by

e*iLﬁﬁﬁ for ¢c=1
1 &'k ar R iLitd
- ith Q. = e~ LAY~ =92. 4.27
Z 1 for ¢=3

[0

The integration over k can be performed to an accuracy of (’)(e‘j‘) and what remains is the
integral over y = —iko/M, appearing in the asymptotic formulae. This provides us with

§G e = 26M + + 6F 4+ + Oe ™),

1
M2

- 4.28
Ay (4.28)

(At — ATy L) +O(e),
where M+, 0F +, 6G + resp. Aﬁzﬂ_i, A@yﬂi, Aﬁgﬂi are given in terms of eqs. (4.2),
(4.8), (4.13) resp. egs. (4.6), (4.11), (4.18). These relations hold if the amplitudes entering
the asymptotic formulae satisfy

7 Fr N

o Cﬂi(ﬁaﬁﬂ""):/\/’ﬂ'i(ﬂvﬂﬂ'*‘)* ./—"ﬂ.i(l/,’ﬂﬂ.+),
M, M-

Iy F (4.29)
7Mﬂ- Kﬂi (ﬁ, 1971"") = %Wi(f), 197r+) — 7]\47; gﬂ.i(ﬁ, 197T+),

which they actually do in general. As a check one can insert the chiral representation of
these amplitudes provided below and explicitly verify that both relations hold.
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The relations for other pseudoscalar mesons can be proved in an analogous way and give
conditions on the amplitudes similar to eq. (4.29), see ref. [47]. From these conditions it is
possible to determine unknown amplitudes starting from the explicit representation of the
related amplitudes. For instance, one can determine N, o from the chiral representation of
Fro, Cro (see refs. [32, 48]) or one can determine Cg+ (resp. Kg+) from Fpes, N+ (resp.
Gr+, Hy=), see refs. [49, 50]. Later, we will use this fact to work out the asymptotic
formulae for the decay constant of the neutral pion and for the pseudoscalar coupling
constants of charged kaons.

4.2 Pion form factors

As proposed by Hifeli [17] one can rely on the Feynman-Hellmann theorem to derive
asymptotic formulae for the matrix elements of the scalar form factor. In finite volume the
Feynman-Hellmann theorem relates the corrections of the matrix elements of the scalar
form factor with the derivative of the self-energies, see eq. (3.25). Starting from such
relation we can derive asymptotic formulae valid at vanishing momentum transfer via

A0 = —2M2 Mo + Oe™?),

S . (4.30)
AY = —2M7 Mz — 20,2 Ady, 4 + Oe™?).

Taking the derivative of the asymptotic formulae M o0, IM, +, Aﬁgﬁ , one finds

70 dy A7
5FS ‘q2=0 = Z / |n’ Ar|fi]y/ 1+

7T—>Zg

[l £0
X (1 — Al YR+ 2M,%8M7g>}"7ro (iy, 0,1 ) + Oe™), (4.31a)

ot dy oAl 1442
S ‘,12:0: Z/ |n’ Ar ||

ﬂ' ez
|7l|7'f0
X [<1 — M1+ 2+ 2M7?8M72r>]:7ri (1y, 0 p+) (4.31b)
—yDﬂi Ar |7 L+y2+ ——— —2M320)2 OyFrt (1Y, O p+)
My My + D+ MR )T o

—I—yLﬁJﬂi( A7t \/1 + y? —|—2M28M2)g,ri(zy, +) —l—O(e_;‘).

These asymptotic formulae depend on the amplitudes entering the expressions for d M .o,
oM., .+, Aﬁzﬂ .. Here, the dependence on the twist is threefold. The formulae depend on
the twisting angle of the virtual positive pion through the phase factor exp(iLﬁgﬁ) in
the amplitudes. Furthermore, they depend on the external twisting angles through the
parameter D + and through the product ﬁ@ri in the last line of eq. (4.31). Note that the
formulae for charged pions are only valid for small external twisting angles. The formula
for the neutral pion is valid for arbitrary twisting angles.
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We have checked the above asymptotic formulae in two ways. First, we have set all
twisting angles to zero and we have recovered the formula valid for PBC, originally proposed
by Hafeli [17]. Second, we have inserted the tree-level chiral representation of Fro, Fy=+,
G+ and we have obtained the results (3.23) found at NLO with SU(2) ChPT.

The general derivation of asymptotic formulae for form factors is complicated by the
presence of a non-zero momentum transfer. We anticipate that in this case we were not able
to derive asymptotic formulae. The first part of the derivation is similar to the one outlined
in section 4.1.1. In this case, there is an additional external line due to the insertion of the
pseudoscalar densities (resp. vector currents). Taking appropriate modifications one can
still show that the argumentation holds and the matrix elements of form factors decay as
(’)(e_‘/@‘"/ 2) at asymptotically large L. In the second part of the derivation, complications
arise due to the injected non-zero momentum transfer, which implies that the integration
over the loop momentum can not be performed as for the self-energy. Note that these
complications should not arise in matrix elements with two different external states, as
e.g. (KT|Sytis ‘7TO>. In such matrix elements, both external particles can be taken in the
rest frame and the momentum transfer remains non-zero. The vertex functions could be
then expanded around small external angles as outlined in section 4.1.1 and the integration
performed in a similar way as for the self-energy [51].

5 Application of asymptotic formulae

5.1 Amplitudes in ChPT

We apply the asymptotic formulae in combination with ChPT and estimate finite-volume
corrections beyond NLO. We use the chiral representation of the amplitudes at one loop
which is known for most of the amplitudes derived in this work. In table 1 we summarize
all quantities for which we have derived an asymptotic formula and the infinite-volume
amplitudes needed therein. If available we give the reference where the chiral representation
at one loop can be found. We also list the process from which the chiral representation can
be determined. Note that currently, N o, Cx+, K+ are unknown in ChPT but they can
be determined from F,o0,Cr0, Fr+, N+ and G+, H g+ relying on chiral Ward identities.

5.1.1 Chiral representation at one loop

Pions. The amplitudes Fro, Fr+, G+ are defined similarly to eqs. (4.3), (4.7). Their
chiral representation can be determined from the wr-scattering, 7(p1) + w(p2) — 7(ps3) +
7(p4), for forward kinematics:

s = (p14p2)?=2M;(Ms+v), t=(p1—p3)*=0, wu=(p1—ps)*=2M(M;—v). (5.1

All isospin components of the wr-scattering can be given in terms of the invariant amplitude
Asty := A(s,t,u) which is known up to NNLO in ChPT [48]. In terms of Ag,, the isospin
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Asymptotic formula Amplitude Process Ref.
SMyo, OMyx, Al | Fro, Fot, Grt rr-scattering  [48]
O Mg+ (goy, AgEKi(KO) Fr*(K0), Gr*(K0) Kr-scattering [49]
oM, Fn nm-scattering [52]
OF =+, Aﬁﬂﬂi Nyt Hops T-decay [46]
dF+, AﬁdKi N+, Hi+ Kyy-decay [50]
0Fq0, 6Fxo, Ay o, 6F,  Npo, Nio, Hyo, N

6G 0, 6G =+, Aggﬂi Cro, Crt, Kot P, — ma(meme)  [32]
0G g+ (K0, AﬁgKi(KO), 0Gy  Cg+(koy, Kg+koy, Cy

0T | 2—0, 01T |g2—0 Fro, Fut, Got rr-scattering  [48]

Table 1. We summarize the quantities for which asymptotic formulae have been derived in this
work, the corresponding infinite-volume amplitudes needed and the processes from which the chiral
representation can be determined. We also provide references where the results for the amplitudes
at one loop can be found. Here, P, — 7, (m.m.) denotes the pseudoscalar decay into three pions
in which two pions form a state with zero isospin.

components of F o, Fr+, G+ read

5) stu + Atus + Aust;
tau—38)=Trop—(t,u — 8) = Trpipo(t,u —8) = Tr—ro(t,u—s) = Apys,
7r+7r+(t U_S) *( U_S) :Atus+Austa
u fe—

T _
S) T7T 7T+( U — 3) = Astu + Atus-

o (t,u
+( (5.2)

7r+7r (

Inserting the expression of Ay, at NLO [32] and evaluating the isospin components in the
kinematics (5.1) one obtains the chiral representation of F o0, F .+, G+ at one loop.

The amplitudes N+, H, + have similar definitions as eqs. (4.9), (4.12). Their chiral
representation can be determined from the matrix elements of the 7-decay, 7(p;) —
7(p1) + 7(p2) + 7(ps) + v-(pr — Q), for forward kinematics:

s1= (p2+p3)? = 2Mr(Mz—v), s2= (p1+4p3)* = 2Mx(Mz+v), s3= (p1+p2)*=0. (5.3)
In ChPT the matrix elements of this 7-decay are known at NLO [46] and can be written as

(AT(_WO)'LL = <7T0(p1) 0(]?2) B p3 }Alf ig(o) ‘O> )

_ (5.4)
(ATr*ﬂ'*)u = <7T (pl (p2 p3 ‘ Al 12(0) |0> .
According to [46] these matrix elements can be decomposed as*
(Ar—70)" = Fra3p§ + G2z (p1 + p2)!* + Hiaz (11 — p2)*, (5.5)

(Ag-r ) = Floa ph + GLob(p1 + p2)¥ + High(p1 — p2).

4The factors Fias, G123, Hio3 are l/ﬂ times smaller than those of ref. [46].
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The scalar functions Flo3 = F(s1,82,53), G123 = G(s1,52,3), Hia3 = H(s1, S2,53) are
related to Fl[g?l = FH(sl, S92, 83), G[lgg = G[_](sl, S92, 53), HE% = HH(sl, S92, s3) through

Fl[;;i = Fia3 + G231 — Hosy,

_ 1
G[m% = G123 + §[F231 + Gaz1 + Hazl, (5.6)

_ 1
H{g;l, = Hyo3 + §[F231 — Gaz1 — Hasil.

As described in ref. [12] the matrix elements (5.5) have a pole that does not contribute
to the amplitudes of asymptotic formulae and must be subtracted. The subtraction occurs
expanding the matrix elements around Q% = (p; + p2 + p3)? = M2 and isolating the pole
appearing in Fio3, G123 resp. Fl[;;, G[ﬁg One gets

(Aﬂ.—ﬂ.o)u — (Aﬂ__ﬂ_o).u _ iFﬂQuTﬂ_ﬂo(SS’Sl — 52)

M2 — 02 ’
T. 7{5 22 S2) (5:7)
n . T T 3591 — 92
(AW*W*)# = (AN*W* ),u — Q" M2 _ QQ )

where T, - 0(s3,81 — S2), Tr—r— (3,51 — s2) are isospin components of the wm-scattering
amplitude in the ss-channel, see eq. (5.2). The bar indicates that the pole has been
subtracted from the matrix elements. The amplitudes can be obtained contracting with

B Mz

ph /M, and setting the momenta to py = —p{ resp. p§ = ( 5 ). For instance, the isospin

components of N -, H, - read
A 083,81 — 52) = ﬁ(Aﬂ_,ro) and A, . (s3,51 — 82) = ﬁ(AW_,T_) . (5.8)
M H M, H
The isospin component A, .+ (s3,51 — s2) can be obtained from (A,r—ﬂ—)“ exchanging
pi <> ph. Note that isospin symmetry relates the amplitudes of the negative pion to those
of the positive pion via

N7r+ (177 197r+) = N7T7 (ﬂv 7-97r+) and H7r+ (57 197r+) = _HW* (57 197r+)' (59)

The amplitudes C,o, Cr+, K+ are defined similarly to eqs. (4.14), (4.19). Their rep-
resentation can be determined from the point function containing four pseudoscalar den-
sities, where three of them serve as interpolating fields for pions. In ChPT such point
function can be calculated from eq. (16.2) of ref. [32]: one must take the off-shell ampli-
tude A(s, t, u;p%,p%,p%,pi) and set the momenta to p? = p3 = p% = M2 resp. p? = Q? with
Q" = (p3 — p1 — p2)*. Defining Cyp, := A(s, t, u; M2 M2 M2, Q?), the isospin components
of Cro, Crx, K+ can be expressed as

Gr
Cﬂ-Oﬂ-O (S, t— 'LL) = m[cstu + Ctus + C'U,St];
C t =C t =C t =C t _ _Gn C
7r07r+(87 - u) - 7r07r—(87 - u) = 7r+7r0(57 - u) = 7r—7r0(37 - u) = m stus
Gr
Cﬂ-+ﬂ-+ (S, t— ’LL) = Cﬂ.—ﬂ.— (S, t— u) = m[cstu + Ctus]a
Gr
C'7r+7r* (Sa t— u) = C7F7r+ (57 t— u) = m[cstu + Cust]y (510)
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after having subtracted the pole at Q2 = M?2. Tn section 4.1.2 we describe how to subtract
this pole and how to define the isospin components, see eq. (4.16). From that definition, one
obtains the chiral representation evaluating the isospin components in the forward kine-

matics:
s =0, t=2M;(M; —v), u=2M,(M; +v). (5.11)

In section 4.2 we have derived asymptotic formulae for the matrix elements of the scalar
form factor of pions at vanishing momentum transfer. The amplitudes entering those for-
mulae are Fro, Fr+, G.+. The chiral representation is given by the isospin components (5.2)
evaluated in the forward kinematics. In this case, the asymptotic formulae also contain
Oz Fro, Oppz Frt, Opp2Gq+, for which attention must be paid during their calculation.

Kaons. The amplitudes Fr+(xo), G+ (ko) can be determined from the K7-scattering,
7t (p1) + Kt (p2) — 7t (p3) + K1 (ps), in the case of forward kinematics:

s=Mpg +M>4+2Mgv, t=0, u=Mpr+ M?—2Mguv. (5.12)
In ChPT this scattering is given by the amplitude T’ Sgt{f := T3/2(s,t,u) which is known at

NLO from ref. [49].% In terms of Tif the isospin components of Fy+(goy, G+ (go) read

1
Tr+po(t,u—s) = Tg—ro(t,u —s) = Txopo(t,u—s) == [ B2 Tjt/f} ,

9 stu
T1K+7r+ (tv u— 5) = TK_ﬂ‘_ (tv U — 5) = TKOW* (tv U — 5) = ngt{f? (513)
Tt (t,u—5) =Tt (t,u—s) = Topt (t,u — s) = Tgt/f.

The chiral representation of Fg+ ko), G+ (ko) can be then obtained evaluating these ex-
pressions in the kinematics (5.12). Note that from eq. (5.13) it turns out that the isospin
components of the negative kaon are equal to those of the neutral and hence,

]:Ko(ﬁ,’ﬂﬂ-‘-):f[{—(ﬂ,ﬁﬂ,-q-) and gKO(D’ﬁﬂ*'):gK—(Daﬁﬂ“')' (514)

The amplitudes N+, H g+ are defined in egs. (4.9), (4.12). Their chiral representation
can be determined from the matrix elements of the Kyy-decay, K*(p3) — 7(p1) +7(p2) +
0 (pg) + 4(Q — pe), for forward kinematics:

s=0, t=Mr+M?—2Mygv, u=Mp+ M?+2Mguv. (5.15)
In ChPT the matrix elements of the Kyy-decay are known at NLO [50] and read
(Agcs o) = (7%(p1) 7 (p2)| AL_i5(0) | K (p3))

- (5.16)
(Agpe ) = (7 (p1)7 (p2)| AY_i5(0) [ K (p3)) -
According to [50] these matrix elements can be decomposed as®
—1 _ ~
(AK“'WO)/’L = 7. [Fs—i‘,—u (pl +p2)u + Gstu (pl - pZ)“ + R;u Q#:| )
A{f ) (5.17)
(AK+7r+)M = Mi [Fstu (pl +p2)“ + Gstu (pl - p2)“ + Rstu Ql{| ’
K

®As noted in [14] there are two misprints in eq. (3.16) of [49]. The prefactor of [M]x(u) + M, (u)]
should read (M% — M3?)? and the factor of 2Jk, (u) should read [u — 2(M7 + Mx)]”.
5The factors Faiy, Gstu, Rstu are 1/\/5 times smaller than those of ref. [50].
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where Q" = (p3 — p1 — p2)*. The scalar functions F, = Ft(s,t,u), G, = G~ (s,t,u),
R}, = R"(s,t,u) are related to Fs, = F(s,t,u), Gsty = G(s,t,u), Rey = R(s,t,u) via
1 _ 1 1
F;;u = §[Fstu + Fsut]a Gstu = i[Gstu - Gsut]a R;m = §[Rstu + Rsut]- (518)
As described in ref. [14] the matrix elements (5.17) have a pole that must be subtracted.

+
stu

Expanding around Q? = MIQ( the pole appears in R, resp. Rg, and can be expressed in

terms of the isospin components of the Km-scattering amplitude. One gets

_ ~ T t—
(Ag+r0)" = (Agtpo) —iFgQ" LSElC)

ME—-Q
T K(S?_ 2 (5.19)
(AK+7r+)# = (AK+7T+)H - IL-FKQ'u K;\;; ’QQ
2

The amplitudes of asymptotic formulae can be obtained contracting with p4 /My and
Mg

setting the momenta to p = —pl' resp. py = ( 5

). Thus, the isospin components of
N+, Hi+ read

_ pto _ pt,
Agcero(s,t —u) = FK(AK+WO)“’ Agcrrt (st —u) = E(AK+W+)ua (5.20)
and Ag+ - (s,t—u) can be obtained from (/_1 K+7r+)“ exchanging pi' <> ph. Note that isospin
symmetry relates the amplitudes of the positive kaon to those of the negative one as

NK— (7571971'4') :NK+(I;7"‘97T+) and M- (7;5 297r“') = _/HK+(7371971'+)‘ (521)

Eta meson. The amplitude F,, is defined similarly to eq. (4.3). Its chiral representation
can be determined from the nr-scattering, w(p1)+n(p2) — w(p3)+n(p4), for forward kine-
matics:

s=M?+M?+2Myy, t=0, u=DM +M;—2My. (5.22)

In ChPT the nm-scattering is given by the invariant amplitude Ty (s,t,u). In terms of
Trn(s,t,u) the isospin components of F,, are all the same,

Toro(t,u—s) =T (t,u—s) = T (t,u — 8) = Try (s, ,u). (5.23)

Inserting the expression of T, (s,t,u) at NLO [52] and evaluating the isospin components
for forward kinematics one obtains the chiral representation of F, at one loop.

5.1.2 Chiral expansion

We now apply the asymptotic formulae of section 4. The results are presented in
sections 5.2-5.4 with long expressions relegated to appendix C. To better organize these
results we follow ref. [14] and make use of the chiral expansion.

We first keep the discussion general and consider a pseudoscalar meson P with the
mass Mp and the twisting angle ¥%,. The amplitudes of table 1 can be expressed in the
generic forms,

XP<I;7 197r+) = ZPWO (07 _4MPV) + [ZPWJr (07 _4MPV) + ZP7T7 (07 _4MPV)]eiLﬁ5ﬂ+7

oz (5.24)
Vp(0,9,+) = [Zpp+ (0, —AMpv) — Zp— (0, =AM pv)]e L+ |
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where v = (s —u)/(4Mp) and U = v/M,. The functions Zpo(t,u — s), Zp.+(t,u — s),
Zpr—(t,u — s) are isospin components in infinite volume. Let us assume that Xp (7,9, +)
enters the asymptotic formula for the observable Xp and so, provides an estimate for the
corrections 6 Xp. The asymptotic formula has then the form

0Xp = R(Xp) +O(e™),

1 M, dy _, v/ 1152 Dp 0 .
R(Xp)= —— — / e M IVITYE (1 28 2 ) Xp iy, 0,4 ), (5.25)
(Xp) (4m)2\p Xpﬁgzg3 r |7 yMp oy Pliy, Ur)

|7]#0

where A\p = MpL and Dp = \/ M3 + |1§p[2 — Mp. Analogously, assume that the amplitude
Yp(7,9,+) enters the asymptotic formula for the extra term Aﬁ’uﬁgp which has the form

AV g, = R(04,) + Oe™),

- -1 M? it . 5
9o ) — ”Z duy e liV/1+y 0 ). (5.26)
f022) = Samp X 2, |ﬁ|/R v y Ve vnt)

|70

For convenience, we rewrite the amplitudes as
Xp(7,9,+) = Xp(Xp,7°) + Xp(Xp, 75) eLT0nt
yp(ﬁ, Q9ﬂ.+) = yP(ﬁ,%p) eiLﬁﬁﬂ—vL ,

where we collect the isospin components in

(5.27)

Xp(Xp,7°) := Zpo(0, —4Mpv),
Xp(Xp, %) = Zpp+ (0, —4Mpv) + Zpy— (0, —4Mpv), (5.28)
Yr(Va,) = Zpp+ (0, —4Mpv) — Zp,— (0, —4Mpv).
In ChPT the amplitudes Xp(7,9,+), Yp(P,9,+) can be developed according to the

chiral expansion in powers of ép = M3 /(4w Fy;)%. Expanding the amplitudes one gets

Xp(0,0,4) = X (0,0,4) + Ep XS (0, 0,4) + O(ED),

) @ - @, ) (5.29)
yp(l/, 197r+) = yp (V7 197r+) + gPyP (l/a 197T+) + O(&P)
At each order the terms can be written by means of the definitions (5.27) as
X (7,0,0) = X9 (Xp, 70) + X9 (X p, 7)ol 530

VO (0, 054) = VI (957, L 7w

with j = 2,4,... This allows one to factorize order by order the phase factor exp(iLﬁgﬂJr)
within the chiral expansion. The amplitudes become

Xp(7,0,+) = X5 (Xp,7°) + £p &) (Xp,7°) + O(¢3)

+ XD (Xp, %) + ep xS (Xp, %) + O(ED)| 77, (5.31)
Vp(i,0,4) = [yl(f) W) + PV (90,) + 0(51%)] LTt (5.31b)
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These expressions induce a similar expansion in the asymptotic formulae. The asymptotic
formula (5.25) exhibit four contributions which in general take the form

R(Xp) = R(Xp,n°) + R(Xp,n%) + Rp(Xp,7") + Rp(Xp,nF), (5.32)
with

R(Xp,a%) = 2 3~ L (1) (Xp, 7%) + £p1) (Xp, 7°) + O(ED)].

)\ﬂ Xp nezs |n|
|7]#0
4 _ & X 119 + (4) + 2| iLAd_ o
R(vaﬂ- )_ Z -y I (XP>7T )+£PI (XP77T )+O(£P) € )
An XPﬁeZ3 i
GIE (5.33)
€7r Xz Dp 1 (2) 0 (4) 0 2
Rp(Xp,n¥)y =222 — I3 (X IN(X O
p(Xp,7°) AWXPMP%% 15/ (Xp. %)+ &p1) (Xp.7) + O(ER)|.
|72]#40
& Xx Dp 1 7.2 + (4) + o] 4LAd
Xp,rt)y=22r 22 — Y (X IS(X LAY
|7 #0

Each contribution is rescaled by X,/Xp where X, denotes the observable Xp in infinite
volume for P = 7. The integrals I0)(Xp, n°), ..., Ig) (Xp,nt) can be determined from the
terms Xl(j)(Xp,wO), XIQ)(XP,F) of eq. (5.30). Note that the contributions Rp(Xp, "),
Rp(X P,Wi) are proportional to the parameter Dp and are not present if the particle P
has no external twisting angle (as e.g. for the neutral pion and the eta meson).

The asymptotic formula (5.26) can be expanded in a similar way as

R(0a) = -5 20 5™ P [10(0,5,) + 6019 (95,) + O] (530
2 Xp ReZ? i
|7i]#0

The integrals 1U)(94,,) can be determined from the term yl(gj)(ﬁgg‘},) of eq. (5.30). Note
that R'(ﬂggfp) is not present if the particle P has no twisting angle (as e.g. for 7° and )
and disappears for 9%, = 0.

5.2 Pions

5.2.1 Masses

We start with the asymptotic formulae for pion masses. In the generic form of eq. (5.32)
the formula of the neutral pion exhibits two contributions: R(M o) = R(Myo,7") +
R(Mo,7%). At one loop, R(Mo,7°) and R(M, 0, 7*) are given by the first two expressions
of eq. (5.33) multiplied by (—1/2) and replacing Xp = X = Mp = M,. The integrals
I9 (Mo, 70) resp. IU)(Myo,7F) can be determined from the chiral representation of Fyo
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and read

I? (Mo, 7% = —%I(Q)(Mwo, 7+) = B,

9 4. 8- 3- - 8- 16 -
(4) 0:_07_7 2 e o 2 2 Y (4) 0
I (Mwo,’]T ) B [2 351 3624— 2£3 2€4j| + B [8 3£1 3 £2:| + 5 (Mﬁo,ﬂ' ),
1 — _ _ 4 16 -
IO ) = B 4 S~ - | 4 57| - | 4 5000 639)

The functions B?* = B2¥(\,|ii|) were defined in ref. [13] and can be evaluated analytically

vz Tk+1/2) [ 2 1F
BQk :/ d 2k —Ax |7/ 1+y2 _ K Ar — 5.36

where K,(x) are modified Bessel functions of the second kind. The constants ¢; were
originally introduced in ref. [32] and depend logarithmically on the pion mass,

phys

7. _ 7phys 7
b= +210g< AL ) (5.37)

Here, ME™S = 0.140 GeV and g?hys are listed in table 2. The terms S (M,o,7°),
S(4)(M7ro,7ri) contain integrals that can not be evaluated analytically but just numeri-
cally. Their explicit expressions are given in eq. (C.1).

The asymptotic formulae for masses of charged pions exhibit four contributions, namely
R(My+) = R(M+,7°) + R(M,+,7%) + Rp(M,+,7°) + Rp(M,=,7F). At one loop, these
contributions are given by the expressions of eq. (5.33) multiplied by (—1/2) and replacing
Xp =X, = Mp = M, as well as Dp = D, +, see eq. (4.5). The integrals I9)(M, +, n°)
resp. IU) (M, -, %) are related to to those of eq. (5.35) through

I (M,x,70) = %I(j)(Mwo,wi),
‘ ‘ 1 (5.38)
ID(Mys, 7)) = ID( M0, 7°) + 5 ID(Mo,7%),  j=24.

Such relations follow from the representation of isospin components in ChPT, see eq. (5.2).
The integrals I(DJ)(Mﬂ.i,ﬂ'D) resp. I(Dj)(Mﬂ.i,ﬂ'i) can be evaluated from the derivative of
the chiral representation dyF,=. For j = 2,4, we find

(4) oy _ p2|40 16 (4) 0
Iy (My+,m") = B [9 - 362 + S5 (M, m), (5.39)
Igl)(MTrj:ﬂri) — B2 |:1§4 _ ?Zl _ 1622:| + Sgl)(Mﬂi,Wi),

where Sgl)(Mﬂ.:t,ﬂ'O), Sg)(Mﬂ-:t,ﬂ’i) are given in eq. (C.2).
The asymptotic formulae for the extra terms A9 _ can be expressed in the form of
eq. (5.34) replacing ¥4, = Uy, , and Xp = X; = Mp = M;. The integrals of R(ﬁEwi)
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can be determined from the chiral representation of G, + and read
1@y ) =+{-4B%},

10s ) = +{8B2[1 - 1] + 5D (s _,)}, (5.40)

where S*) (Us_, ) is given in eq. (C.3).

5.2.2 Decay constants

The asymptotic formula for the decay constant of the neutral pion is given in eq. (4.8).

In section 4.1.3 we have mentioned that N o is related to F o, C,o by virtue chiral Ward

™
identities. We use this relation to determine the chiral representation of Ao at one loop.
Expanding the chiral representation according to eq. (5.31a) the asymptotic formula ex-
hibits two contributions: R(Fyo) = R(Fyo,7") + R(Fr0,m*). At one loop, R(Fyo,n°) and
R(Fyo, %) are given by the first two expressions of eq. (5.33) where Xp = X, = F; and
Mp = M,. The integrals I)(Fo,7%) resp. I1U)(F,o,n%) are related to those of the mass

and of the pseudoscalar coupling constant through

I (Fro, %) = 10 (M0, 7°) + IV (G0, 70),

I (Fro,7t) = T (Mo, 7%) + IV(Gro,7t),  j=2,4,
and can be explicitly evaluated from eqs. (5.35), (5.45).

(5.41)

The asymptotic formulae for the decay constants of charged pions exhibit four contribu-
tions: R(F,+) = R(Fyp+,m0)+R(F,+,7%)+Rp(F,+,7°)+Rp(F,+, 7). Their expressions
at one loop are given by eq. (5.33) where Xp = X = F;, Mp = M, and Dp = D_+. The
integrals 1) (F_ .+, 7%) resp. IU)(F,+,7%) can be evaluated from the chiral representation
of N+ and are related to the integrals Ig;z) resp. Igi of ref. [40] through

[9(Fpe,n%) = 1),

_ . (5.42)
T(Fe,nt) =19, j=24.

The integrals I(Dj)(Fﬂi,ﬂ'O) resp. Ig)(Fﬂi, 7%) can be determined from the derivative of
the chiral representation 9,N,+ and read

1D (Fre 7% = I (Fre, %) =0,

(4) oy _ p2|40 16 (4) 0
ID (Fﬂ’ivﬂ-)_B |:9_3£2 +SD (Fﬂ.i,ﬂ' ), (543)
184 16 - _
I (e n*) = B? {S _ gﬁzl - 1662} + SD(Fya, 1),

where Sg)(Fwi,ﬂ'o), Sg)(Fﬂi,ﬂ'i) are given in eq. (C.4).
The asymptotic formulae for the extra terms Aﬁ; L, can be expressed in the form of

eq. (5.34) replacing ¥ 4, = Ve s, Xp = Xz = Fr and Mp = M. The integrals of R'(ﬂﬂﬂi)
can be evaluated from the chiral representation of H, + and read

120y, ,) = £{ - 4B%},

190, ) = £{4B2[1 - 1] + 590, )}, (5.44)

where S (Jer_, ) is given in eq. (C.5).
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5.2.3 Pseudoscalar coupling constants

The asymptotic formula for the pseudoscalar coupling constant of the neutral pion exhibits
two contributions: R(Gro) = R(G0,7°) + R(Gro,7%). At one loop, R(Go,n°) and
R(G 0, 7F) are given by the first two expressions of eq. (5.33) where Xp = X, = G and
Mp = M. The integrals IU)(G o, 7°) resp. IU)(G 0, 7%) can be evaluated from the chiral
representation of Co and read

(2)(G7ro 7%) = —B°,
IP(G 0, 7%) =0,
IM(Gro,7°) = B [7 _ ggl - geg + 3e3 _ 354] + SW(G 0,70, (5.45)
11

IM(Gro, 7t = —BO[ 5

+ el — 03— 264} + SW(G o, 7).
The terms S® (G0, 70), SW (G0, 7F) are explicitly given in eq. (C.6).

The asymptotic formulae for pseudoscalar coupling constants of charged pions exhibit
four contributions: R(Gy+)=R(G +, ™) +R(G s, 75)+Rp(Grt, T +Rp(G =, 7). Their
expressions at one loop are given by eq. (5.33) where Xp = X; = G, Mp = M, and
Dp = D,+. The integrals 1) (G, +,n°) resp. I9)(G,+,7%) can be evaluated from the
chiral representation of C,+ and are related to those of eq. (5.45) by means of

I(j)(Gﬂ,i 7‘-0) (]) (Gﬂ'07 ﬂ-i)y

[\DM—A

, L (5.46)
109G e, ) = I(J)(Gﬂo,wo)+§I(])(Gﬂo,7ri)7 j=24.

These relations follow from eq. (5.10) once the pole has been subtracted. The integrals
I(DJ)(Gﬂ.i,ﬂ'O) resp. Ig)(G,,i,wi) can be determined from the derivative of the chiral rep-
resentation 0,C,+ and are related to those of masses and of decay constants through

I§) (G, 7°) = 1§ (P, 7°) = 15 (Mys, °),

4 . 4 (5.47)
19(Grs, 1) = ID(Frs %) — 19 (M2, n%), j=2,4.

Inserting egs. (5.39), (5.43) one can obtain the explicit expressions.

The asymptotic formulae for the extra terms Aﬁ%ﬂi can be expressed in the form
of eq. (5.34) replacing ¥4, = Uy, Xp = Xz = Gr and Mp = M. In this case, the
equation must be divided by M2. The integrals of R(ﬁgﬁ . ) can be evaluated from the
chiral representation of K, + and are related to those of egs. (5.40), (5.44) through

190y ) =1V, ) - TV ), =24 (5.48)

5.2.4 Scalar form factors at vanishing momentum transfer

In section 4.2 we have presented asymptotic formulae for the matrix elements of the scalar
form factor valid at vanishing momentum transfer. The formula for the neutral pion is
given in eq. (4.31). If we insert the chiral representation of F o and expand according to
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eq. (5.31a), the formula exhibits two contributions, R(Fgo) = R(Fgo, m0) + R(I‘go, 7). At
one loop, R(Fg«o,ﬂ'o) and R(Fgo,wi) are given by the first two expressions of eq. (5.33)
multiplied by (—1/2) and replacing Xp = X, = Fg(0) as well as Mp = M. The integrals
I (j)(Fgo,WO) resp. I0) (Fgo,wi) can be evaluated from the chiral representation of F 0.
The evaluation involves terms with /1 + y2F,0 and we make use of

/ dy y?F M |7i[\/1 + g2 e M AIVIHY? — (9 — 1)B?*=2 4 (2k + 1) B, (5.49)
R

where B?¥ are defined in eq. (5.36). The derivative OppzFro must be evaluated with care.
The operator dys2 acts on all quantities depending on the pion mass. In particular, it
acts on the decay constant F; and on the constants Zj of eq. (5.37). This leads to supple-
mentary terms which must be integrated and added according to their chiral order to the
corresponding integral. Altogether, we find

1
1OrY,n%) = S 1OTF,7*) = B +2B°,

9 4. 8- 3- — _ _ _ _
[(4)( 7550777-0) — _pB—2 [2 — §€1 — §€2 + 553 — 2£4:| - B |:31 — 801 — 1645 + 643 — 454:|,

16 32
+ B2 [32 -5h- 362} + 8T 79,

13 8. - 32 16 -
INTE 7%) = B2 [9 + 30—l - 4@] -B° [2 —Sh-Shtdl+ 844]
176 32
w2 = S| s (5.50)

where S(*) (Fgo, 70), S@ (Fgo,wi) are explicitly given in eq. (C.7).

The asymptotic formulae for the matrix elements of the scalar form factor of charged
pions are given in eq. (4.31). If we insert the chiral representation of F, .+, G, + and expand
according to eq. (5.31a) the formulae exhibit five contributions which can be written as
R(I%) = R(TT, 7% 4+ RIS, 7%) + Rp(T%, 7°) + Rp(T'% , 7%) + 20, R(©,+). At one
loop, the first four contributions are given by the expressions of eq. (5.33) multiplied by
(—1/2) where Xp = X; = Fg(0), Mp = M, and Dp = D, +. The integrals I(j)(ng,ﬂO)
resp. 1) (I‘gi,ﬁi) can be evaluated from the first group of terms in the square brackets
of eq. (4.31). Using the chiral representation of F + we find

9@y, 7% = -[B2+2B,
IOTT 74 =0,

13 4. 1. 6. 8.
IOTT" 7% = B2 [18 + gel — 563 — 2&] - B {1 — 361 — geg + 205 + 464]

4 — — — 40 - — —
](4)( gvi?ﬂ'i) — _RB2 |:39 — 261 — %fg + 2€3j| - B |:32 — 3051 — %EQ + 853:|

B2 [3;6 _ %621 - 16572] +8OrE, %),
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where S (ng,ﬂ'o), 8(4)(F§i,7ri) are given in eq. (C.8). The integrals I(Dj)(ng,WO) resp.
Ig)(l"gi, 7%) can be determined from the second group of terms in the square brackets of
eq. (4.31) after having taken the derivative of the chiral representation 9,F,+. We find

I(DQ)( S 77T0):Il(72)( S 77Ti)207

(40 16 - 39 40 16
Il(;l)( gi’ﬂ'o) — —BO ? _ 382:| +B2|:3 + (1 — Cﬂ.i)(g — 3€2>:| + Sgl)( gi’ﬂ'())’
19T 7% = —B° %4 — 1—??21 — 1662]

r128 184 16- _

where C .+ = M;/(Mz + D,+) with D, + defined by eq. (4.5). The terms Sg) (ng,wo),
Sg) (ng,ﬂ’i) are explicitly given in eq. (C.8).

The fifth contribution R(©,+) can be expressed in the form of eq. (5.34) replacing
Vo = Oq+, Xp =X, = Fg(0) and Mp = M. In this case, the equation must be divided
by 2M2. The integrals of ﬁ(@ﬁi) can be evaluated from the last group of terms in the
square brackets of eq. (4.31). Using the chiral representation of G+ we find

19(0,+) = £{4B"},

_ 5.53
IM(©,+) = i{ —8B°[1 —44] +16B% + 5(4)(®W+)}, (559

where S (0,+) can be found in eq. (C.8).

5.3 Kaons

5.3.1 Masses

The asymptotic formulae for the kaon masses are given in eq. (4.2). They differ in terms
of the parameters D+, Dro and in terms of the amplitudes Fr+, Fxo. In section 5.1.1
we have seen that the chiral representation of Fyo is equal to that of Fy—, see eq. (5.14).
Hence, we can just consider the asymptotic formulae of charged kaons as the results of the
neutral kaon can be obtained replacing D g+ with Dgo.

We insert the chiral representation of Fx+ and expand according to eq. (5.31a). The
asymptotic formulae of charged kaons exhibit four contributions which can be written as
R(Mpg+) = R(Myg+,7")+R(Mg+, ) +Rp(Mg+,7°)+Rp(Mg+, 7). At one loop, these
contributions are given by eq. (5.33) multiplied by (—1/2) where Xp = X; = Mp = My
and Dp = Dy+. The integrals IU)(Myx, %) resp. IU)(My+, n%) can be evaluated from
the chiral representation of Fy+ and are related to the integrals I](\Z{ of ref. [14] through

~1/2

I(j) M :I:,7T0 _ LrK I(]) ,
(M=, 7°) 72 5 it (5.54)
I Mz, 7%) = gx;ll{ﬂ Iy, j=24
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The integrals Ig)(M +, ) Tesp. I(Dj)(M K+, ) can be determined from the derivative of
the chiral representation 0y F+ and read

IO (M, 7% = I (Mpes, 7%) = 0,

1
Ig)(MKiaWO):ifg)(MKim )
STn 5.55
:$WKBQ|:—16N(4L5—|—L§)_£W'%K_i_énw (5.55)
1l — a7k Tpik — 1

+eK<1 _‘ZWK - Wl_ 1)] + S5 (Mg, 7).
Here, N = (47)2, {p = 2log(Mp/pn), xpg = MI%/ME2 for P,Q =m, K,n and Lj are the
renormalized LECs, see [24]. The expression of Sg)(M K+, ) is given in eq. (C.12).

The asymptotic formulae for the extra terms Aﬁ;;{i can be expressed in the form of
eq. (5.34) replacing ¥ g, = ﬁgKi and Xp = X; = Mp = Mg. The integrals of R(?ﬁ‘gKi)
can be evaluated from the chiral representation of Gr -+ and read

Do) - {2 7).

lx 522

21—z, 4

14 10 1+,
e e )]}

l—xﬂK mnK—l

where S®) (s, ) is given in eq. (C.13). Note that the asymptotic formula for Aﬁ%KO
differs from that for AﬁgK_ only in terms of Gyo, Gi—. As the chiral representation of
Gro coincides with that of Gi—, the asymptotic formulae are equal in this case, and we
can use R(¥s ) to estimate A9k .

K KO

5.3.2 Decay constants

The asymptotic formulae for the decay constants of charged kaons exhibit four contri-
butions: R(Fk+) = R(Fg+,7°) + R(Fg=,n%) + Rp(Fg+,7°) + Rp(Fg+,7F). Their
expressions at one loop are given by eq. (5.33) where Xp = Fg, X = F, Mp = Mg and
Dp = Dg=. The integrals IU)(Fp+,70) resp. IU)(Fy=,n) can be evaluated from the
chiral representation of N+ and are related to the integrals T F]; of ref. [14] by virtue of”

) 4

19 (Fpes,n%) = =K,

Fies. ) K (5.57)
IO (Fys, 7)) = 5[}22, j =2 4.

"In ref. [14] there are two missprints: in eq. (57) the term 2¢x(zx, — 2) should read 2(¢, — ¢» J) and in

eq. (79) the factor of SS’; should read 2 (1 + z~x)(5 — 2zxx — 3xyx) instead of 2 (5 — 3zyx)(1 — 22 k).
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The integrals Ig) (Fg+,7°) resp. I(Dj)(F '+, ™) can be determined from the derivative of
the chiral representation 9y N+ and read

I2) (Fye, %) = 1D (Fiex, 7) = 0,

4 1 4
19 (Frex, %) = 5 19 (Fres, 7%)

5Zx 5.58
= 2px B?| — 16N(AL5 + LY) — b ——mK 4y, TnE (5.58)
1 — TrK TnK — 1
e + 85 (Fiex, ),

where Sg)(FKi,ﬂ'o) is given in eq. (C.14).
The asymptotic formulae for the extra terms Aﬁngi can be expressed in the form of
eq. (5.34) replacing ¥4, = Vot sr Xp = Fi, Xp = Fr and Mp = Mg. The integrals of

—

R(Yy, . ) can be evaluated from the chiral representation of Hy=+ and read
190,,,) = +{ - 2222 B},

2
1MW, )=+ 32 B —8N:r7rKLg—£i PTrk g
K+ K 4 1 — a2, 8

Tnk (3 14 a:WK)
T — 1) (5.59)

eK 10 1+.'L'7rK (4)
8 <7 1—xﬂK+mnK—1>]+S (eres) (-

where S (Ve , ) 1s given in eq. (C.15).

5.3.3 Pseudoscalar coupling constants

The asymptotic formulae for the pseudoscalar coupling constants of charged kaons are given
in eq. (4.13). In section 4.1.3 we have mentioned that Cy+ is related to Fg+, N+ by virtue
of chiral Ward identities. We use that relation to determine the chiral representation of Cp -+
at one loop. Expanding the representation as in eq. (5.31a) the asymptotic formula exhibits
four contributions: R(Gg=+) = R(Gg+,m)+ R(Gg+,75) + Rp(Gg+,°) + Rp(G g+, 7F).
Their expressions at one loop are given by eq. (5.33) where Xp = G, X = G, Mp = Mg
and Dp = Dy+. The integrals can be evaluated from those of egs. (5.54), (5.57) by means of
I10(G s, 7°) = Zpga} {IU)(F 79) — F—Kl(j)(M WO)]
K=+, KL g K+ E. K% )

(5.60)
IO(Grex, 7%) = Spga [1<J‘>(FKi,wi) - ?{IU)(MKLW*)} :

where j = 2,4 and T,x = ]\047%/]\0412{ Here, similar relations hold also for Ig)(GK:t,WO),
I(Dj)(G KE, ﬂ'i). In the evaluation, some attention must be paid: because of the prefactors
(i.e. g%ﬂKa:;}( and Fx/Fy) the integrals with j = 2 on the right-hand side generate terms
that contribute to the integrals with j = 4 on the left-hand side.

The asymptotic formulae for the extra terms Aﬁé}Ki are presented in eq. (4.18). As
mentioned in section 4.1.3 the chiral representation of I+ is related to that of Gy,

— 35 —



Hy+ by means of chiral Ward identities. We use that relation to determine the chiral
representation of Kx+ at one loop. The asymptotic formulae for Aﬁé}(i can be then
expressed in the form of eq. (5.34) replacing Vg, = ¥g ., Xp = Gk, Xz = G and
Mp = Mg. In this case, the equation must be divided by MIQ( The integrals of R(ﬁg}{ )
can be evaluated from those of egs. (5.56), (5.59) by means of

19(0y, ) = tgcash 1D (W, L) §K1<j>szi>, j=24 (561)

Note that because of the prefactors (viz. :%ﬂKx;}( and Fg/Fy) the integrals I(?) (Us,.1)
and I®)(¥9,, ) generate terms that contribute to I (dg ).
K K

5.4 Eta meson

In the generic form of eq. (5.32) the asymptotic formula for the mass of the eta meson
exhibits two contributions, R(M,) = R(M,, 7°) + R(M,,7*). At one loop, R(M,,°) and
R(M,,, 7*) are given by the first two expressions of eq. (5.33) multiplied by (—1/2) and
replacing Xp = X, as well as Mp = M,,. The integrals I(j)<Mn,7TO) resp. I(j)(Mn,Wi)
can be evaluated from the chiral representation of /;, and are related to the integrals I](\Z
of ref. [14] by virtue of

—-1/2

[(J) M ,71'0 — Ly I(])
19(My,7%) = 3 ;;/2 Iy, =24

6 Numerical results

6.1 Numerical set-up

We adopt the numerical set-up of refs. [13, 14] and express the quantities in infinite volume
appearing in the formulae (i.e. Fy, Fg, Mg, M,) as functions of M. For F; we use the
expression at NNLO obtained with SU(2) ChPT while for Fr, Mg, M, we use expressions
at NLO of SU(3) ChPT. In any cases, the values of the relevant LECs are summarized
in table 2. If available, these values are taken from results of lattice simulations with
Ny =241 dynamical flavors. For LECs of SU(2) ChPT we take the averages of the FLAG
working group [54] which are obtained from refs. [57-60]. For LECs of SU(3) ChPT we
take the results of ref. [56] as recommended by FLAG [54]. The remaining values come
from phenomenology [53, 55] or have been determined evaluating the expressions of Fr,
Fy, Mg, M, at the physical point (see later).

6.1.1 Pion mass dependence in infinite volume

In infinite volume, the expression of the pion decay constant at NNLO reads

T 4 ly Uy 53 0 0 13
F.=F{1 2 =l —=—= Y/ . . . (6.1
{ +§€4+5{ i S <6€1+3€2+2 2+> 0y THE 192+TF(M)]} (6.1)
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J o Li(p)- 103 Ref.
1 0.88+0.09 [55]
j P Ref. 2 0.61+0.20 [55]
1 —036+£059 [53] 3 —3.04+043 [55]
2 4314011 [53] 4 0044014 [56]
3 3.05+099 [54] 5 0.84+0.38 [56]
4 4024028 [54] 6  0.07+£0.10 [56]
(a) SU(2) ChPT LECs. 7 —0.164+0.15
8  0.36+£0.09 [56]

(b) SU(3) ChPT LECs.

Table 2. Values of LECs used in the numerical analysis. Here, the renormalization scale is
= 0.770 GeV. The central value of L% has been determined evaluating the expression of M, at
the physical point (see text) whereas its uncertainty is taken from table 5 (column “All”) of ref. [55].

This expression is obtained with SU(2) ChPT, see ref. [33]. Here, £ = M2/(47F)? and
lx = 2log(My/p). The constants £; are given in eq. (5.37) and the values of E?hys are
in table 2. The parameter rp(u) is a combination of LECs at NNLO. In ref. [13] it was
estimated as rp(u) = 0+ 3.

We can determine F' numerically, evaluating eq. (6.1) at the physical point. Taking
M, = M}ﬁys and inverting the expression, we find F = (86.6 & 0.4) MeV. This value
agrees with the result of ref. [13] and provides the ratio F/F = (1.065 =+ 0.006) which in
turn agrees with the FLAG average obtained from simulations with Ny = 2 + 1 dynamical
flavors, see refs. [54, 56, 57, 59].

In figure 4 we represent the pion mass dependence of decay constants. We observe
that the dependence of F; is rather mild. As in ref. [13], we conclude that this dependence
is too mild to violate the condition of eq. (2.8). Thus, we can rely on ChPT and apply the
formulae of sections 2 and 5 to estimate finite-volume corrections.

At NLO the expressions of M, M,?, Fi obtained with SU(3) ChPT read [14]:

o, 1 1 /4, 40
2 _ 2 - 41 - (= . 2 o
M. = M+ 4 {MTr [4N ( . fﬂ) 2k1]—|—Bng(M7r + Bym,) [S(k:l + 2k2)+9N£77] }
(6.2a)
o, 1 16 1 o
2 _ 2 - 4 M _ _
Mn_Mn—i—Fg{Mﬂ[g( ky + 2ks) SN(%” Ik ]
4 4 (o 20
+ M2Bym [Z(kl + 3ko — 2k3) + 3( K= 5by ] (6.2b)
128 4 (o 8o
+ (B0m3)2 [g(k‘l + 3ko/2 + k3) + 3< K — 9 77)} }7
1 2 2\ 7T 1 5 2 1 2 3 2
Fie = Frt o [4(MK - MALE+ + <8M7r€7r L R (6.2¢)
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Figure 4. Pion mass dependence of F;, Fix in infinite volume.

In these expressions, k1 = 2Lg — LE, ko = 2Ly — L}, ks = 3LL 4+ L§ and {p = 210g(]\04p/u)
resp. {p = 2log(Mp/p) for P = m, K,n. The decay constant F; is expressed as in eq. (6.1).
Here, the circled masses are not just at leading order but are of hybrid nature,

o

1 os 1
M} = —(M?+2Byms)  and  M? = —(MZ? + 4Byms). (6.3)

2 T3
The part containing M2 is at NLO while the part containing Byms is at leading order.
This is unavoidable if we want to study the dependence on the pion mass of Mg, M,, Fk
in ChPT. In practice, we use the first two expressions (6.2a), (6.2b) to determine Bym,
LY and the third one (6.2c) to check the numerical results.

Taking the LECs from table 2 we evaluate eq. (6.2a) at M, = Mﬁys. Requiring
My = Mgfs we find Byms = 0.241 GeV2. The uncertainty on this value is of order
1075 GeV? and may be neglected. Then, we evaluate eq. (6.2b) at M, = M}:ilys and require
M, = MF™. We find Lt = —0.16-1073. This value agrees with the result presented in
table 5 (column “All”) of ref. [55]. As uncertainty estimated we take the one given in [55],
yielding Lt = (—0.16 0.15) - 1073, To check our numerical results on Boms, LL we insert
the expressions of M2, Mg in eq. (6.2¢) and evaluate Fx at M, = M:iys. We find Frr =
(0.106 + 0.004) GeV which agrees with the PDG result [61] and with the FLAG average
obtained from simulations with Ny = 2 4 1 dynamical flavors, see refs. [54, 58, 62, 63].

We stress that Fi is expressed here with SU(2) ChPT even in the SU(3) expressions
of M%, Mg , Frc. This choice was already made in ref. [14] and for mg = mEYS i exactly
reproduces what one would get in the SU(3) framework. As lattice simulations are usually
performed at mg ~ mghys we expect that such choice remains a valid approximation also
in our numerical analysis.

In figure 5 we show the pion mass dependence of Mg, M,. We observe that the
dependence on M, is mild. The same holds for Fix as one sees from figure 4. Note that for
M = 0.500 GeV we have Mg ~ 0.610 GeV and M,, =~ 0.640 GeV. In that case, the values
of My, Mg, M, are all similar. If we consider {p = M2 /(4nFy)? for P = 7, K, n we expect
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Figure 5. Pion mass dependence of My, M, and of the expansion parameter {p in infinite volume.

that the expansion parameter stays small for all pion masses in [0.1 GeV,0.5 GeV]. This
is confirmed by figure 5 where the pion mass dependence of {p is represented graphically.
In the numerical analysis we will use the expansion parameter as in figure 5 and consider
&p as exact, ignoring its uncertainty.

6.1.2 Twisting angles and multiplicity

To perform the numerical analysis we use the following configuration of twisting angles

resp. o = 0. (6.4)

oS O D

In principle, the angle € can be arbitrarily chosen. Since we rely on ChPT, we require
0/L < 4w F;. If we consider L > 1 fm — as requested by eq. (2.8) — such condition is
certainly satisfied for 6 € [0, 27].

The configuration (6.4) allows us to simplify a lot of calculations. As twisting angles
are aligned to one specific axis, we may use the formula,

Lvn)

S fi]) €8 =N f(Vn) Y mn,ng) €™, (6.5)
o

to rewrite the three sums over integer vectors as a nested sum over n € N. In general,
this speeds up the numerical evaluation by a factor 15. The notation |. | indicates the
floor function and m(n,n;) is the multiplicity (i.e. the number of possibilities to construct
a vector 71 € Z® with n = |ii|?, having previously fixed the value of the first component to
ny € Z). As an illustration, we list in table 3 the values of the multiplicity for n < 10.

In the following we present our numerical results. We plot the dependences of the
corrections on M, and 6. The pion mass dependence is plotted for different values of
L and 6#. Lines of different colors refer to different values of L whereas lines of different
hatchings refer to different values of . The dark (resp. light) yellow areas refer to the region

-39 —



m(n,n1) n1 |0 £1 £2 +£3
n
1 4 1 0 0
2 4 4 0 0
3 0 4 0 0
4 4 0 1 0
5 8 4 4 0
6 0 8 4 0
7 0 0 0 0
8 4 0 4 0
9 4 4 8 1
10 8 4 0 4

Table 3. Multiplicity of vectors @i € Z3 with n := |7i|? < 10.

ML < 2 for § =0 (resp. § = 7/3). The dependence on the angle 6 is plotted for different
values of M, at fixed L = 2 fm. Lines of different hatchings refer to different values of M.
For L = 2 fm, the region ML < 2 begins for masses smaller than M, = 0.197 GeV. We
remind the reader that in that region formulae obtained in the p-regime are not reliable
any more.

6.2 Finite-volume corrections at NLO

The corrections of masses, decay constants and vector form factors were numerically eval-
uated at NLO in refs. [7, 10]. As we have reproduced their plots we refrain from presenting
results for these quantities at this order. We just focus on pseudoscalar coupling constants
and scalar form factors for which no numerical analysis was published, yet.

We start with the pseudoscalar coupling constants. At NLO the corrections of the
pseudoscalar coupling constants exhibit all a dependence on twisting angles. In section 3.1
we have seen that the corrections of the pseudoscalar coupling constants are given by the
sum of the corrections of masses and decay constants, see eq. (3.15). As M+, 0 Mg+ and
OF, .+, 6 Fr+ were numerically evaluated in ref. [10] one can use those results to determine
0Gx, 0Gg+. Moreover, G o can be determined from dG g+ substituting ¥xo < g+,
cfr. eq. (3.10). Thus, we just study the dependence of 0G0, G, on the pion mass.

In figure 6a (resp. 6b) we represent the pion mass dependence of —6G 0 (resp. —0G)).
The logarithmic graphs illustrate the exponential decay O(e~*7) of the corrections. The line
slopes depend on L while the y-intercepts on 6. In figure 6a the lines are so close that they
overlap in the graph: 0G0 is practically insensitive to #. On the contrary, dG), is noticeably
sensitive to #. In general, the corrections are negative and for 0 € {0, n/8, w/4, 7/3}
their absolute values decrease with the angle. Note that 6G 0, dG), reach the percentage
level before entering yellow areas and are thus comparable with the statistical precision of
lattice simulations.

In figure 7a and 7b we represent the corrections of the matrix elements of the pion scalar
form factor at vanishing momentum transfer. The pion mass dependence is represented
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Figure 6. Corrections of pseudoscalar coupling constants at NLO.
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in linear graphs where yellow areas refer to the region ML < 2. The solid lines (6 = 0)
reach that region when — starting from the right-hand side of the figure — they first touch
the dark yellow area. The dotted lines (§ = 7/3) reach this region when they enter in the
light yellow area. We observe that the corrections decay exponentially as O(e™*7) and
are mainly negative. They may turn positive depending on the pion mass. In the region
where the p-regime is guaranteed, the corrections are less than the percentage level and
thus negligible.

To estimate the corrections at a non-zero momentum transfer we consider the incoming
pion at rest (i.e. p'= 6) and the outgoing pion moving along the first axis carrying the first
non-zero momentum (i.e. |[p” | = 27 /L). This kinematics provides the momentum transfer,

1
0 2

¢ = ({) with  g=="2[0]. (6.6)
q L 0

The zeroth component corresponds to the energy transfer among external pions,

¢" = Elo(L) — Myo(L) for external 7°,

6.7
¢ = ' +(L) — E+(L) for external . (6.7)
For the configuration (6.4) the pion energies take the following forms,
Elo(L) = \/ M2(L) + (27)2/ L2,
+(L) \/M2 +(0/L)? +20A9/L + O(&3), (6.8)

' (L) = \/M2L(L) + (27 + 0)2/L% + 2 (27 + ) AV/ L + O(€2).

Here, M, o(L), M + (L) are the pion masses in finite volume and for SU(2) ChPT, their
corrections are given from eq. (3.7) discarding the contributions of kaons and the eta meson.
The quantity,

0o . Lvn)
43 9
— ny
AY =& n Ko(Ar/1) g m(n,ni) nie (6.9)
n=1 ni=—|va]

corresponds to the first component of the extra term (3.20) in the configuration (6.4). We
refrain from presenting numerical results of the square radius as according to ref. [64] it is
more effective to correct the matrix elements of form factors and from those, extract the
square radii.

In figure 8a (resp. 8b) we represent the pion mass dependence of —(5Fg0 (resp. —5F§+)
at ¢° = ¢5i,- The logarithmic graphs illustrate the exponential decay O(e*)‘”) of the
corrections. The corrections are mainly negative. For 6 € {0, 7/8, /4, w/3 } the absolute
value of 5F§0 increases (resp. that of 5I"§+ decreases) with the angle. Note that the
corrections reach the percentage level before entering yellow areas and they should be

subtracted when the scalar form factor is extracted from lattice data.
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Figure 9. Mass corrections of pions beyond NLO.
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My [GeV] 6Mpo  R(Myo) My [GeV] 6Muo  R(Mgyo)
0.100  0.0240 0.0334(5) 0.100  0.0050 0.0119(4)
0.120  0.0163 0.0234(5) 0.120  0.0050 0.0102(4)
0.140  0.0113 0.0167(5) 0.140  0.0043 0.0082(4)
0.160  0.0079 0.0121(4) 0.160  0.0034 0.0065(4)
0.180  0.0057 0.0088(4) 0.180  0.0027 0.0050(3)
0.200  0.0040 0.0065(3) 0.200  0.0020 0.0039(3)
0.220  0.0029 0.0048(3) 0.220  0.0015 0.0030(3)
0.240  0.0021 0.0038(2) 0.240  0.0012 0.0023(2)
0.260  0.0015 0.0027(2) 0.260  0.0009 0.0017(2)
0.280  0.0011 0.0020(2) 0.280  0.0006 0.0013(2)
0.300  0.0008 0.0015(1) 0.300  0.0005 0.0010(1)

(1) (1)
(1) (1)
(1) (1)
(1) (1)
(0) (0)
(0) (0)
(0) (0)
(0) (0)
(0) (0)
(0) )

0.320 0.0006 0.0012(1 0.320 0.0004 0.0008(1
0.340 0.0004 0.0009(1 0.340 0.0003 0.0006(1
0.360 0.0003 0.0007(1 0.360 0.0002 0.0005(1
0.380 0.0002 0.0005(1 0.380 0.0001 0.0004(1
0.400 0.0002  0.0004(0 0.400 0.0001  0.0003(0
0.420 0.0001  0.0003(0 0.420 0.0001 0.0002(0
0.440 0.0001 0.0002(0 0.440 0.0001 0.0002(0
0.460 0.0001 0.0002(0 0.460 0.0000 0.0001(0
0.480 0.0001 0.0001(0 0.480 0.0000 0.0001(0
0.500 0.0000 0.0001 0.500 0.0000 0.0001(0

(a) Mass corrections for § = 0. (b) Mass corrections for § = /3.

Table 4. Comparison of corrections evaluated at NLO with ChPT and estimated beyond NLO
with asymptotic formulae. Here, we use L = 2.83 fm so that ML = 2 for M, = M::iys. The
uncertainties of R(M0) originate from the errors of LECs contained in the integrals 1) (Mo, 7°),
I (Mo, 7). Note that results with M, < 0.140 GeV should be taken with a grain of salt as they
are in the region where the p-regime is no more guaranteed.

6.3 Finite-volume corrections beyond NLO

6.3.1 Masses and extra terms of self-energies

In figure 9 and 10 we represent the mass corrections estimated with R(M o), R(M,+). The
pion mass dependences of R(M,0), R(M,+) are represented in logarithmic plots whereas
the angle dependences in linear ones. In these graphs the bands of the uncertainty are
displayed for solid lines (i.e. for § = 0 in figure 9 resp. for M, = 0.140 GeV in figure 10).
Bands of different colors refer to different values of L. The uncertainty bands are calculated
with the usual formula of the error propagation. As unique source of error, we have taken
the uncertainties on the LECs contained in the integrals I (Mo, 7°), ..., Ig)(Mwi,ﬂ'i).
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Figure 10. Mass corrections of pions beyond NLO.
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The logarithmic plots neatly illustrate the exponential decay O(e=*7) of the correc-
tions. In figure 9a the lines are almost straight and can be distinguished for different angles.
In figure 9b the lines are exactly straight and are so close that they overlap in the graph.
This indicates that for small angles, R(M, o) is more sensitive to §. The corrections are
significantly bigger than those at NLO. As illustration, we list in table 4a (resp. table 4b)
numerical values for 0M 0, R(M,0) at L = 2.83 fm for § = 0 (resp. for § = 7/3). In some
cases, R(M o) is of order 50% with respect to 0 M 0. Such significant subleading effects
were already observed in finite volume with PBC, see ref. [39]. However, the comparison of
numerical results obtained from asymptotic formulae with amplitudes at two loops [13, 14]
has showed that subsubleading effects are small and that the expansion does have a good
converging behaviour for ML > 2. We are confident that this is also true for TBC and
that our numerical estimates are reliable, at least for small angles (i.e. § < 7).

In figure 10 we display the angle dependences of R(M,0), R(M,+). We observe that
R(M,0) depends on 6 as a cosine function. The corrections oscillate with a period of
27 and have maxima (resp. minima) at even (resp. odd) integer multiples of 7. If we
consider M, = 0.197 GeV, the difference among maxima and minima is 5.4% at L = 2 fm.
This is a sizable effect and should be taken into account when physical observables are
extrapolated from lattice data. In figure 10b we observe that R(M,+) depends on 6 as
(a + cos)v/1+ 62 with a > 0. This dependence originates from contributions O(¢2) and
provides large corrections at large angles. However, one should here retain only results in
the interval 0 € [0, 7]. The reason is, R(M,+) is derived by means of an expansion which
is valid for small external twisting angles. Considering M, = 0.197 GeV, the difference
among the local maximum and the local minimum in 6 € [0, 7] is 0.2% at L = 2 fm. This
is a negligible effect. Note that the corrections estimated with R(Mg=+), R(M,) are less
than a percent for small angles and can be neglected.

In figure 11 we plot the extra term Aﬁgﬁ estimated by means of R¥(Jy ). We
represent the first spatial component as it is the only one which is non-zero for configura-
tion (6.4). The values on the y-axis are in GeV since R¥(Jy . ) is a dimensionful quantity.
Uncertainty bands are displayed for § = 7/8 in figure 11a and for M, = 0.140 GeV in
figure 11b. From the logarithmic graph of figure 11a we observe that the extra term decays
exponentially as O(e™*v). For § € {7/8, n/4, /3 } its absolute value increases with the
angle. This can also be seen in figure 11b where RF(¥y_, ) is represented as a function of
0. We observe that the extra term depends on 6 almost exactly as a (negative) sine func-
tion. The zeros correspond to integer multiples of m and extrema are close to half-integer
multiples of 7. In this graph, one should retain only results for 6 € [0, 7| as by derivation,
RH(Jx_, ) is valid for small external angles. Note that R¥(Jx, , ) has similar dependences
on My resp. 6 and its absolute value is in general smaller than that of RF(Jx ).

6.3.2 Decay constants and extra terms in axialvector matrix elements

In figure 12 we represent the corrections of decay constants estimated with R(F,+),
R(Fg=). The logarithmic graphs illustrate the exponential decay O(e~*r) of the cor-
rections. The corrections are negative and for 6 € {0, 7/8, /4, w/3 } their absolute val-
ues decrease with the angle. Note that the corrections may reach more than 10% before
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Figure 11. Extra term of positive pion beyond NLO. Note that in (a) the dark yellow area refers
to the region M, L < 2 for § = /8.

— 49 —



—R(F, 1)

_R(FKi)

0.1

0.01

0.001

| R | 1
0.5

0.0001
0.1 0.2 0.3
My [GeV]

(a) Pion mass dependence of —R(F,+).

0.5

0.4

0.1 0.2 0.3
M, [GeV]

(b) Pion mass dependence of —R(Fy+).

Figure 12. Corrections of decay constants beyond NLO.
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entering yellow areas and they should be subtracted before decay constants are extracted
from lattice data.

In figure 13 we represent the extra term Az?f;{ﬁ estimated with R¥ (v, , ). We represent
the first component as it is the only one which is non-zero for configuration (6.4). Also this
extra term decays exponentially with A\;. Comparing figure 13 with figure 11a we observe
that for a fixed angle —RF (¥ , ) is smaller than —RH(Jx_, ). This difference is O(£2) and
is proportional to the extra term R¥(dy , ). A similar observation can be made for charged
kaons where the difference among R¥(Jy,_, ) and R¥(Jx, ) is O(€2) and is proportional
to RH (79{4}{ n ).

6.3.3 Pseudoscalar coupling constants

In figure 14 we represent the pion mass dependence of —R(G o) which is as well exponential.
In general, the corrections are negative and for 0 € {0, 7/8, n/4, m/3} their absolute
value increases with the angle. In this case, the corrections are smaller than those at
NLO. This can be explained if we look at the contributions O(£2), see eq. (5.45). For
6 € {0, n/8, m/4, m/3} the contribution originating from integral I¥)(G o, 7°) is negative
but that from IY(G 0, 7F) is positive. As the negative contribution is smaller than the
positive one, the corrections estimated with —R(G0) are smaller than those evaluated
with —6G 0 at NLO.
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Figure 14. Pion mass dependence of —R(Go).

6.3.4 Pion form factors

We consider pions at rest and estimate the corrections of the matrix elements of the scalar
form factor with R(Fgo), R(Fgf). In figure 15a [resp. 15b] we represent the pion mass
dependence of R(FEO) [resp. R(FF)] at ¢> = 0. From the graphs we observe that the
corrections decay exponentially as O(e~*r). In general, they are negative but they may
turn positive depending on the pion mass. Note that the corrections reach percentage level
before entering yellow areas and they should be subtracted when the scalar form factor is
extracted from lattice data.

7 Conclusions

In this work we studied the effects of a finite cubic volume with twisted boundary con-
ditions on pseudoscalar mesons. We applied chiral perturbation theory (ChPT) in the
p-regime and introduced twisting angles by means of a constant vector field, see ref. [4].
The corrections for masses, decay constants, pseudoscalar coupling constants were recalcu-
lated at next-to-leading order (NLO) and new results for pion form factors were presented.
In the calculations we adopted the mass definition of refs. [4, 7] which treats new extra
terms as renormalization terms of twisting angles, and argued in some detail about the
reasons behind this choice. These extra terms originate from the breaking of the cubic
invariance and can be reabsorbed in the on-shell conditions modifying the mass definition
in finite volume. We found that the Feynman-Hellmann theorem [18, 19] as well as the
Ward-Takahashi identity [20, 21] are satisfied. To prove the Ward-Takahashi identity we
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constructed an effective field theory for charged pions invariant under gauge transforma-
tions which reproduces results obtained with ChPT.

We generalized the derivation of Liischer [11] and derived asymptotic formulae for
twisted boundary conditions. We showed that the asymptotic formulae for masses, decay
constants, pseudoscalar coupling constants are related by means of chiral Ward identities
where extra terms satisfy such relations in an independent way. Applying asymptotic
formulae in combination with ChPT, we estimated corrections beyond NLO and found
that, as in the case of PBC, NNLO corrections can be very significant, indeed almost as
large as NLO corrections. This underlines the importance of using asymptotic formulae
combined with NLO chiral calculations of the relevant infinite-volume amplitude to reliably
estimate finite-volume corrections. From our numerical analysis we see that the corrections
can be comparable (or even larger) than the statistical precision reached in simulations of
lattice QCD and hence, should be taken into account.
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A Sums in finite volume

We list some results which are useful in the evaluation of loop diagrams in finite volume.
For convenience, we define

5 ath ﬂz [t~ | (;‘:;Lg(kx (A1)

27r—‘

m€Z3

where g is a generic function in momentum space and L is the side length of the finite cubic
box. The right-hand side of the equation represents the difference among contributions in
finite and infinite volume. For loop diagrams encountered in this work, this difference is
finite and can be calculated by means of the Poisson resummation formula [29]:

i Z /R 4 d‘% ) iE, (A.2)

|n|7éo
The first group of results is

/ I'(r) M}
i Z[MI% — (]{5+19)2]r (4 )2 gr()‘Paﬂ)v

’ F(T‘) (k + 19)‘“ _ MI%
¥ - (v oy Gy O (4-3)

) r v 2 v
A e !
P
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for € N. Here, I'(r) is the gamma function, g"” is the metric of Minkowski space-time,
I = (%) is a twisting angle and Ap = MpL. The functions on the right-hand side can be
expressed in terms of modified Bessel functions of the second kind, K,(z). They read

Ap ) — 2 [L?i| T_QK S\ iLad
g-(Ap,V) = Z el r—2(Apli]) ™™,
P

2
REZ3 AP
|70
. 21 =177—3
m _ oL n L |’I’L| — iLig
fr ()\p,ﬁ) = Z M}Q) n 2\p KT—3()‘P|n|) e ) (A4)
A
|7i]#0
L? L2 -
nv _ KoV — 1LY
ht"(Ap,0) = Z 2Jw]%n n [2)\]3} K,_s(\pli|) e,
REZ3
|7i]#0
with n# = (2) Corrections of masses and decay constants were calculated using the

results (A.3) for r = 1.
To evaluate loop diagrams with two different propagators one can use the Feynman
parametrization,

1 ! d
- / : . (A.5)
AB 0 [z4+4 (1-2)B]
Here, we consider A = M3 — (k +9)? and B = M3 — (k + 9 + q)* where ¢* is an external
momentum. The second group of results we present, is

+ I(r
i [ 2_ /ngr zaQa

?f W T (4n)2 /dz (7 Az q,0) + (1= 2)¢" 8, (Az, 0, 9)],
y 1
iff(ﬂ (k;j;(;k +9)" _ (f:)g /Odz {(1=2) [ (Xer 0, 9)g” + F2(Ns, g, 0)gM ]} (A6)
2 1 v
2
+ (fr) /dz [(1—2)%¢"¢" g, (A, q,9)] ,

with A\, = MpL\/l + z(z — 1)¢?/M%. The functions on the right-hand side can be ex-
pressed as

2 L2 il — 1L I+ —z
g (A, 0) = Y [ |n|] K,_a(\ii]) eF [J+q0 )]7

g MI% 2\,
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For ¢*> = 0 the functions g, ()., q,9),f*()\., q,9),h*"(\,, q,9) reduce to the expressions of
eq. (A.4). Note that if ¢ = 2T’Tl_’vvith I'e Z3, the results (A.6) can be simplified by means
of substitutions z — (1 — 2z) and @ — —7i. This leads to the results of section 3.2 and
appendix B.2.

B Gauge symmetry in finite volume

To explain the results of section 3.2 we construct an an effective theory for charged pions
which is invariant under electromagnetic gauge transformations. The theory reproduces
the expression obtained at vanishing momentum transfer and indicates that the gauge
symmetry is preserved in this case. Relying on this observation, we show that the Ward-
Takahashi identity [20, 21] holds in finite volume as long as the momentum transfer is
discrete. Only the differential form of the identity — the Ward identity [34] — is violated
due to the discretization of the spatial components. These considerations were presented
for PBC in ref. [37] and are here generalized to TBC.

B.1 Construction of a gauge invariant effective theory

We consider a finite cubic box of side length L on which we impose TBC. In presence of
two light flavors, we can introduce the electromagnetic gauge field through the external
vector field,

v = —eAF(x) Q. (B.1)
Here, e is the elementary electric charge of the positron and Q = diag(2/3,—1/3). As long

as @ is diagonal we may redefine the fields so that they are periodic and introduce the
twisting angles by means of a constant vector field.

Since A*(x) as well as other fields are periodic, we can proceed in a similar way as in
ref. [37] to construct the effective theory. The only difference is that the effective Lagrangian
contains additional terms due to the constant vector field proportional to the twisting
angles. At low energies, the relevant degrees of freedom are pions and for simplicity, we just
consider the charged ones in the following. In absence of the electromagnetic interaction
the Lagrangian of the effective theory reads

1

L=~ (D,®Dre)l — M2 (L) ®1®),  where <1>:< 0 ﬁﬁ), (B.2)

V2 0

and M, +(L) is the mass of charged pions in finite volume. The kinetic term contains the
derivative DH® = 9H® — [wh, ®] with

W

73
wh = (9 +avp )2 (B.3)

The constant vector field wg is proportional to the third Pauli matrix, 73 = diag(1, —1)
and introduces the twisting angle 19‘; + as well as the extra term Az?{fﬁ. Here, 19’; s Al?‘lfﬁ
break Lorentz invariance. For ﬁﬁ + — 0 the field wg disappears and the cubic invariance
is restored: in this case the theory respects PBC. Note that M +(L), Aﬁ’liﬁ implicitly
depend on parameters of the effective theory (like the LECs).
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To add the electromagnetic interaction we must include all possible operators which
are invariant under gauge transformations. This can be achieved using Wilson loops, see
ref. [37]. We limit ourselves to include operators containing the zero mode of the gauge field
AF(x) as these allow us to study the electromagnetic form factor at vanishing momentum
transfer. Proceeding in a similar way as ref. [37] we obtain the following effective Lagrangian
in presence of the electromagnetic interaction,

1
4

?

L= —(D,®[D'd]' — M2, (L) ®'®) 2Q(L)WWﬁ (QI(D*®)'® — dT(DV®)])+..., (B.4)
where DF® = 01'® + ieAl(z)[Q, ®] — i [w!, ®]. The operator W = (I/ig, ) is constructed
from Wilson loops, see ref. [37]. The expression (B.4) needs some explanations. The dots
at the end indicate that we have just written down the relevant terms of the effective
Lagrangian. The most general effective Lagrangian contains terms with arbitrary many
insertions of W*, which we are not writing explicitly. The expansion of W* starts with a
term linear in the zero mode which allows us to study the electromagnetic form factor at
vanishing momentum transfer. The tensor Q(L)*” breaks the Lorentz as well as the cubic
invariances and must be determined by matching. For 0ﬁ . = 0 we expect that Q(L)*”
reproduces the result for PBC [37] and that it disappears for L — co.

We match Q(L)* with the results (3.27) of section 3.2. From the Lagrangian (B.4) we
take the terms linear in the zero mode and evaluate them at the first order in e. We obtain

L
(T JH]7E) = 26 Qe | (p+ Vs + A L) + 5 (P4 022 )o QLY | + O(¢?),  (B.5)
where Q. = +1 is the electric charge of 7% in elementary units. Matching this expression
with eq. (3.27) we find

QU™ = 3 & 5" Orr, 0, (B.6)

where hh”(Ar, 9+ ) is defined in eq. (A.4). For 9", = 0 the tensor (B.6) coincides with the
result of eq. (33) of ref. [37].

The effective theory of eq. (B.4) reproduces the expression of the vector form factor
at vanishing momentum transfer. The presence of Wilson loops ensures that the theory
is invariant under gauge transformations. As long as A*(z) is periodic this invariance
is preserved. Starting from this observation, we show in appendix B.2 that the Ward-
Takahashi identity holds for TBC and that the corrections to the vector form factor are
related to inverse propagators.

B.2 Ward-Takahashi identity

In infinite volume gauge symmetry implies that the electromagnetic vertex function I'#
satisfies the Ward-Takahashi identity [20, 21]:

—igu " = iQ. [ATN(p) — AT (p)] . (B.7)

Here, ¢* = (p’ — p)* is the momentum transfer, A(p’) resp. A(p) are the propagators of
outgoing and incoming particles and Q. = @/e is the electric charge of external particles
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in units of the positron charge. In the limit g — 0, the identity tends to a differential
form, known as Ward identity [34]:

—iTH = iQ, aiA_l(p). (B.8)
i

For external charged pions, we can calculate the electromagnetic vertex function from the
matrix elements, iT* = (7(p')| VI |7%(p)). In ref. [32] these matrix elements are evaluated
in ChPT at NLO and amount to

" = Q. {(p’ +p) [1+ f(d*)] - %(p’2 —p°) f(qZ)} :
e (B.9)

2
f(@?) = 611,7% [(q2 —4MZ) J(¢*) + (4(;)2 <€6 - ;)] +0(q"),
where J(g?) is the finite part of the loop integral (C.11). Here, we display all terms, even
those that disappear as external momenta are on-shell. For on-shell momenta only the
term proportional to (p’ +p)* contributes and provides the vector form factor, see ref. [32].
One can show that the vertex function (B.9) satisfies the Ward-Takahashi identity by
contracting with g, and arranging the surviving terms in inverse propagators. Taking the
limit ¢* — 0, the same vertex function satisfies the Ward identity, indicating that the
electromagnetic current as well as the electric charge are conserved.
In finite volume the vertex function receives additional corrections: T'#(L) = T'* 4+ ATH.
The first term corresponds to eq. (B.9) with momenta shifted by 19‘; L,

o= Q. {Pﬂu 1= 5 () f(q2)} , (B.10)

where ¢#, P* are defined in egs. (3.19), (3.22). The second term includes corrections arising

from loop diagrams,

174 P Y
ATH = Q, {p# Gi+2HY" P, — ¢"F5 P, — ;3 [a" G1+2H5" gp — ¢ q,)]} (B.11)

Qo {280 |+ [2M2 = (o +0,2)" = (p+ 9,0) - P RO

The Lorentz vectors AL L AO", are given in egs. (3.20), (3.22) and the new functions
are defined as

1
Gl - §7r |:/d2 gl()\Z7Q7Q97T+) - gl()\7197T+):|7
0
1
B = & [dz (1= 298 00s0.070), (B.12)
0

1
HYY = ¢, /Odz hh” (A2, g, Ot ).
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In the case of on-shell momenta, the second term AI'* reduces to the corrections (3.26).
We note that

2
Fg = ? qv H§V7

1
AOY, = +&; /dz [£5(Nzy @, Ot ) + 6" (1/2 = 2) 8o (Azy ¢, Ut )] (B.13)
0

1 i
_ e, /0 a {f‘;(xz,q,mw Ll f5<Az,q,m+>]} ,

if ¢* is non-vanishing and if ¢ = %f with I € Z3\ {0}. These relations can be obtained
by partial integration and by using properties of the derivatives of the modified Bessel
functions of second kind.

We now show that in this case, the Ward-Takahashi identity holds in finite volume.
We contract the vertex function with g, and use the relations (B.13). The term qMA@ﬁ 4
disappears and many others mutually cancel. The surviving terms can be arranged to form
inverse propagators,

—iguI* (L) = ~iQe [quP" + 20,80} | =
, 2
= iQe|(p+ 0ps )2+ 2p+ 02 )y A = (¢ + 0,0)” = 2(0 + 0,2 A ]
=1iQe [A;i7L(p/) - A;illl(p)] : (B14)
In the last step of eq. (B.14) we added terms canceling each other and used the fact that

at NLO the extra terms A9%. . coincide with those of self-energies, AYE, .- This allows

us to form the propagators with self-energies AX¥_+ at NLO,

1
M2 — (p+09,+)2 — AX +

Ars p(p) = (B.15)

Eq. (B.14) shows that the Ward-Takahashi identity holds even for TBC. Necessary
conditions are: the discretization of ¢ and that Aﬁ#w . coincide with Aﬁ’éﬂ .- Note that
the limit ¢* — 0 can not be taken due to the discretization of ¢#. This invalidates the
differential form of the identity, i.e. the Ward identity (B.8). In this case, the Ward identity
is violated for the spatial components but it remains valid for the zeroth component.

C Terms S®

We list some explicit expressions of the terms S™ introduced in section 5 indicating the
equation where they appear. Other terms S™ can be found in appendix A of ref. [14].

C.1 Pions

We begin with the terms S (4) appearing in the asymptotic formulae for pions. Note that
the functions RE, (RE), (RE)", Qk, (Qk)" are defined in eq. (C.9).
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The terms appearing in eq. (5.35) are

SW (Mo, 7°) = 3R) — 8Ry —8R2 and  SW (Mo, nt) =

L W~

The terms appearing in eq. (5.39) are

4 4
Sp (M, n) = 5 (R — 4R5) — 5 [(RY) — 2(R{) — 4(R})',
SW(M, s, 7%) = g (5R) + 16R2) — g [11(RY) +20(R3) — 32(R3)] .

The term appearing in eq. (5.40) is
1
SWy ) = -3 (1LR} + 20R3 — 8R}) .

The terms appearing in eq. (5.43) are

S8 (Fps 1) = +5 (R — 4R8) — £ [3(RY) — (B3 — (RY)'
2 [(RY — 2R3~ A(RY)"]

SY) (Fps,w%) = 5 (RS + 8B3) + - [3(RE) + 8(RE) + 32(R3)]
+§ [11(R§)" + 20(RE)" — 32(R3)"] .

The term appearing in eq. (5.44) is

2 1
SW (i, ) = -3 (R} + 4R% — 4R3) + G [11(RY) +20(R2) — 8(RJ)'] -

The terms appearing in eq. (5.45) are

1
S (Gro, ) = =3R{ + 4R — 5 [3(RE) — 8(Rp)' — 8(R3)']

2
S (Gro, %) = =3 [(RY)' + 2(Rp)' — 4(RY)']
The terms appearing in eq. (5.50) are

S = 5 (3R( — 8Rj — 8Rj) — (3Q0 — 8Q5 — 8Q3),
S g“nri) 20 (R + 2R — 4R3) — £ (@8 + 20}~ 4Q).
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The terms appearing in egs. (5.51), (5.52), (5.53) are

+

10 2
SOrE",w%) = 5 (RS +2R) — 4R3) - £ (@B +2Q) - 4Q7),

5) 1
SWIg,«*) = 5 (1R — 201 — 3215) — 5 (1108 — 20Q3 — 3203)

3
ST n0) = +314— Cos] [RY — 4BE — (R + 2(R) + 4(R3)'
10— 103 (@Y +2(@3) + 4@ (©8)
SWrE x*) = —§[4 — Cp2] [10RS + 32R% + 11(RY) + 20(R3) — 32(R3)]
+2 [10Q) + 3203 + 11(QH) +20(Q3) — 323,
SW(O,+) = —g (11R} + 20R2 — 8R3) + é (11Q4 + 20Q3 — 8Q3) .

Here, Cyt = My /(My + Dy+) and Dyx = \/ M2 + |+ |2 — M.
The functions RE, (RE), (RE)", QF, (QF)' entering the above expressions are defined as

(RE)" = (RE)"" (Axlil])

R . k
:{ ¢ /R dy yFe M IAVIHY g (1) (9 4 940)) for{ o

Im k odd
(@) = (@) Ol (G9)
R ) k
i / dy yF Aeiily/T+ g2 MIVIFP (D (9 1 934y for {7 T
Im Jr k odd
where
—1
g(z) = olog (J+1> +2  with  o=+/1—4/z, (C.10)
o

and ¢'(x), ¢"(x) are the first and second derivative of g(x) with respect to z. Note that
g(z) = (4m)? J(zM2) with J(¢?) = J(¢*) — J(0) the loop-integral function evaluated in

d = 4 dimensions,
dk 1
2y — . 11
16 = [ e 0T g (C.11)

C.2 Kaons

We list the terms S®) appearing in the asymptotic formulae for kaons. Note that the
functions SII‘;ZQ are defined in eq. (C.16). In the next expressions, we denote the ratio of
mass squares as rpQ = ]\4123/M622 for P,Q ==, K,n.
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The term appearing in eq. (5.55) is

13

8(1

5 3
S (Mys, 7% = {_ S+ Tri) St — LR 2512 4

B wa)S[éﬂ-

1,3

3 19 5
+ (1= 27) S — o (Sgn — Sin) — 701+ 2ek) Sty
13

- B0 )82 4 B (s SiS - 52+ 835 - L1+ i) Sy

4
7(1 +2rk) 2S00 + =

8

3
(1 —2x,x + .’EnK)Sl 3 _ 1(1 + wﬂK)Ssig

48 8 n
1 3
+ g (L 271) (5 = 22 - B2yi) Sy — 1(53;; - S%)
3 —1/2

20 2+ ) 5%+ 3 (e SEE - S22+ 55) }xﬂg . (C.12)

The term appearing in eq. (5.56) is

4

3 3 5
S<4>wzm>:{ gL+ e Sy + 5 (1= w2k) Sgy — (14 i) Sy

2,1

13 3 1

o (U= i) S 7SR 3(amr S5+ 533) — (1 2e) Sy
1 13 1 2,1

+ g(l + @) (5 = 22k — 3ayK) Sy — Z(l +oni) Sy

w

4" nK

B

The term appearing in eq. (5.58) is

: 1
Sy (Fis, %) = {_ 16 (L nr) (Sgin = S5n) 5 (16—51) S 17—

30 g )2+ 350 +3(Ws;}§+sgg>}xﬂg. (C.13)

1
Z(4—7xﬂK)S}<’i

3 3
+ = (4 aqk) S ——(1-22 )s}{i+8(14 52k )SH

QQTWK—FQTWK)SQ 8

32 16

+ 1(16—5567FK)S?(’§+g(1+xﬂK)S§(’z—%(1—LTK)S?(’§T
g(gzﬂﬂs*mr Tar SEa+S7S — 830 ) - (2S§<;—2SKW+SKW)
(83— - 3(S§ei—S§’ei)—%(Hw@(%&—%ﬁ)
%(4 2xﬂK+3an)S;f;+i(2+2xﬂK—3an)S}]ﬁ
%6(1+x7r;<)(5 Qi — 3x77K)SnK+916(1+$7TK) S

+%(2 x,rK)snK+4(4 2+ 3mic) SZ — :(1
g( 727;—5771()—*(25727}%—2Sgﬁ+52}z)+%(1+$ﬂf()sg}z
g(xﬂKsK Tk Syie+ S —Sp) —3(Ske — S;’g)}x;;(/?. (C.14)
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The term appearing in eq. (5.59) is

3

Sy )= {+ %(1 + 20i) 212 — (1 = B5rag ) Sy 5 2

1,4
16 Kr — E(l - wa)SKﬂ

5 2,1 22y , 1 23 13 2,4

3 3 5 3 - a

+ 2500 - 2502 - 210 4 350 4 D (eSS — ankSYS — 532
1 1,2 1 1,3

+ %(1 + @i )2 Sy + — (11 + 225k — 92) S,

16
1 1
— —(1+ 221) (5 — 22rsc — 3TyK) S 7 — g+ vri) (St — Sop)

16 N
1 23 3 24 331 3432
+ 1(4 — 2z, + 3.%'7,]()5”[( — é(l —2x,K + an)SnK + ZSWK — gSnK

3 33 35 3 1,5 1,6 36\ | _—1
—§SUK+3SnK+§(x7TKSnK_xWKSnK_SnK) T (0.15)

The functions Sf’;’é? entering the above expressions are defined as

k.l k,l .
SPQ = SPQ(AW‘RD (C.16)
R _ k
= {7 NgkrD/2 / dy yFe VIR o) (V2 4 M2 2iM i Myy), for{
Im R k odd

Here, N = (47)2 and

gpo (@) = Kpq(w), gy () = M Kpg(x), (@) = Mk Kpo(z), (CAT)

5 v 6 v 9 v
Gro(@) = Mpo(@),  gpg(e) = Mi Mpg(a),  gpgle) = Mi Mpq(x).
The explicit forms of gg)Q(:c) were presented in ref. [50]. They can be expressed in terms
of the loop-integral function Jpg(q?) = Jpg(q?) — Jpg(0) evaluated in d = 4 dimensions,

d?k 1
Trq(e?) = / n)? 10— e+ P VB =R (C.18)

Using the abbreviations (t = ¢>, M = Mp, m = M),

J(t) = Jpq(t), K(t) = Kpq(t) M(t) = Mpq(t)
A= M?—m?, Y= M?+m?, p=(t+A)%—4tM?
the above functions take the forms
. 1 A m? Y. m? p, (t+p)?—A?
t)=—[2+—In— — —In— — Y]
) NPT T AT T n(t—\/p)2—A2]’
A _

K(t) = o J(t), (C.19)
_ 1 _ A2 _ 1 1 2M?m?  m?
M(t) = —][t—2% — — ) — .

O =gt = 22O + 35 O+ 58 ~ 5w [ A MQ}
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We conclude with a remark on the use of the loop-integral functions in the asymptotic
formulae. The loop functions (C.19) need to be evaluated for complex values of their
arguments. For J, PQ (Ml%—i-Mgz—i-QiM pMgqy) there is an ambiguity due to the negative value
of p = —4M123M22(1 + 2), which (C.19) does not resolve explicitly. An explicit analytic
continuation was provided in ref. [14] but unfortunately was not correct. The correct
prescription is as follows: take the positive value of the square root \/p = 2iMpMg /1 + y?
for which the logarithm in (C.19) becomes (t = M3 + Mg? +2iMpMgy)

N

" 2 _ A2 14+9y%)2 +
(P B Y e, (C.20)

(t—/p)?— A2 (1+42)
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