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on a Calabi-Yau fourfold. We also determine the quasi-topological 6D theory governing
the 2D vacua of intersecting 7-branes in compactifications of F-theory on an elliptically
fibered Calabi-Yau fivefold, where matter fields and interaction terms localize on lower-
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1 Introduction

One of the celebrated facts of string theory is that it defines a consistent theory of quantum
gravity in ten target spacetime dimensions. At the perturbative level, this is a direct
consequence of the restrictions imposed by coupling a two-dimensional conformal field
theory (CFT) to worldsheet gravity. Dualities support this picture and also broaden it
in certain respects. For example, the long distance behavior of M-theory is formulated
in eleven dimensions, and in F-theory, there is still a ten-dimensional spacetime but one
which can be phrased in terms of an underlying twelve-dimensional geometry.

Of course, there are many two-dimensional CFTs with a conformal anomaly different
from that required for the critical superstring. The condition of conformal invariance means
that coupling to worldsheet gravity leads to spacetime profiles for some of the target space
fields of the theory, including non-trivial profiles for the dilaton and various fluxes [1, 2].
This is a theory of non-critical strings.

From the viewpoint of effective field theory, one actually expects that the long distance
physics of one-dimensional extended objects will always be governed by an effective theory
of long strings. That is to say, at energies far below that set by the tension, we expect to
have a consistent description in terms of a non-critical string theory. The theory of effective
long strings has developed over several years, see for example [3—6] and references therein.

Potential applications of non-critical string theory include the ambitious task of un-
derstanding string theory on time dependent backgrounds. Another aspect of working in
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Figure 1. Depiction of energy scales for 2D effective string theories derived from string compact-
ification. In the deep infrared, we have a 2D conformal fixed point coupled to gravity, leading
to an effective string theory. At somewhat higher energy scales, this description passes over to a
gauged linear sigma model coupled to extra sectors and gravity, and at even higher energy scales
this description also breaks down and is replaced by a 10D supergravity theory. This is in turn
replaced at even higher energies by a corresponding UV completion in string theory.

a super-critical string theory is that the exponential degeneracy in the ground state leads
to a large number of Ramond-Ramond fluxes, which in turn makes it possible to easily
engineer de Sitter vacua. For some examples along these lines, see e.g. [7—10].

But as a low energy effective theory, significant care must be taken in any such approach
because once we exit the regime of a perturbative o’ expansion, higher order effects in the
non-linear sigma model beta functions can make any reliable target space interpretation
difficult to maintain, except in special solvable cases such as linear dilaton backgrounds
and “quintessential” variants such as those pursued in e.g. [10]. Almost inevitably, there is
an energy scale on the worldsheet above which large gradients in the target space obscure
any conventional spacetime interpretation.

In this paper we provide a general proposal for how to ensure a UV complete starting
point for such 2D effective string theories. Moreover, the breakdown at high energies will be
understood as the regime in which the 2D effective theory grows into a higher-dimensional
theory of quantum gravity, which is in turn UV completed by the physical superstring!

The basic idea is that we will first begin with a well-known UV complete theory: string
theory in ten spacetime dimensions. We shall, however, then compactify to two dimen-
sions. When decoupled from gravity, this will provide the basic starting point for a two-
dimensional effective quantum field theory. At low energies, we either enter a gapped phase,
or a conformal field theory. Assuming we flow to a CFT in the IR, coupling to gravity leads
to a non-critical string theory. The important point is that the appearance of a singularity
in the high-momentum behavior of correlators simply tells us that we are exiting the purely
two-dimensional realm, and instead must pass back to the original worldsheet theory with
interpretation in ten spacetime dimensions. See figure 1 for a depiction of the energy scales
involved in the interpretation of our theory. See also reference [11] for an early discussion
of using the low energy limit of string theory to generate another worldsheet theory.

Aside from these general conceptual motivations to explore the UV consistency of non-
critical superstrings, there are additional reasons to be interested in compactifications of



string theory to two dimensions. First of all, in limits where gravity is decoupled — as
can happen in numerous F-theory constructions — we can expect to arrive at a large class
of novel two-dimensional quantum field theories. It is widely expected that general (0,2)
models will be of relevance in a worldsheet formulation of heterotic flux vacua, though
the explicit construction of such models has proven a remarkably durable obstacle to this
programme. Further, we will encounter particular classes of gauged linear sigma models
involving all of the possible simple gauge groups, including the entire exceptional series. If
nothing else, this provides a much broader arena for constructing candidate vacua.

Additionally, much as in higher dimensional quantum field theories, it is natural to
expect that the geometry of extra dimensions will provide insight into the strong coupling
dynamics of such systems. This has been explored to some extent in certain cases such as
references [12-15]. As a final motivation, there is also an intriguing connection between the
supersymmetric quantum mechanics of M-theory on a (non-singular) K3-fibered Calabi-Yau
fivefold and refined Gromov-Witten invariants of the base Calabi-Yau threefold [16] (see
also [17]). Owing to the close connection between M-theory on X and F-theory on S x X,
the effective two-dimensional theories studied here provide an even further refinement on
these general considerations. The case of M-theory compactified on a smooth Calabi-Yau
fivefold was studied in great detail in reference [18].

With these motivations in mind, our task in this paper will be to lay the groundwork
for all of these potential applications by setting up the general formalism of string compact-
ification to two dimensions. In particular, we will focus on the effects of having a non-trivial
gauge theory sector, and possibly additional extra sectors as well. Indeed, to the best of
our knowledge, most of the early literature on string compactification to two dimensions
has focussed on the comparatively simpler class of manifolds with no singularities and only
abelian gauge symmetry. For a guide to this earlier work, see e.g. [19-22].

Compared with these cases, here we expect to have a rich set of quantum field theories
with A/ = (0,2) supersymmetry coupled to a 2D AN = (0, 2) supergravity theory. Though
sharing some similarities with the structure of the heterotic N' = 2 string (see e.g. [23]),
there are a few important differences. For example, generically higher derivative corrections
will eliminate any gauged U(1) R-symmetry once we couple to gravity. Additionally, some
of the tight constraints typically found in the case of N/ = 2 strings will be significantly
weakened since we shall only demand that our worldsheet theory make sense as a low
energy effective theory.

Now, since part of our aim is to maintain an explicit UV completion of any proposed
2D non-critical string theory, we first treat in detail the cases of perturbative string theories
with a non-abelian gauge theory sector and at least (0, 2) supersymmetry in two dimensions.
This includes compactification on a Calabi-Yau fourfold of the type I superstring, and the
heterotic Spin(32)/Zs and Eg x Eg string theories.

For all of the perturbatively realized theories in which we compactify, we inherit a 2D
gauge theory from the dynamics of a spacetime filling 9-brane. Much as in the case of com-
pactifications in higher dimensions, the low energy dynamics of this 9-brane is governed by
a supersymmetric Yang-Mills theory wrapped over a Calabi-Yau space. As such, supersym-
metric vacua are described by solutions to an appropriate Hermitian Yang-Mills equation.



We determine the explicit zero mode content for a general supersymmetric background and
also determine the leading order interaction terms for this theory.

Once we proceed to the broader class of non-perturbatively realized vacua, it will
prove convenient to immediately pass to the F-theory formulation of 2D theories where we
compactify on an elliptically fibered Calabi-Yau fivefold. An important aspect of the latter
class of models is that there is typically a limit available where we decompactify the base
of the elliptic model, but some of the 7-branes still wrap compact divisors. This allows
us to decouple our (0,2) quantum field theory sectors from gravity, providing a systematic
way to build up the data of the conformal field theory defined by the intersecting 7-branes
of the compactification.

In our F-theory models there is some geometric localization of the corresponding zero
modes — They can either descend from bulk modes of a 7-brane or be localized at the inter-
section of pairwise intersections of 7-branes. Additionally, we find that there are interaction
terms localized on subspaces. These can localize on a Kéahler threefold, a Kahler surface,
a Riemann surface and a point. The last case is somewhat special to two-dimensional
theories and comes about from the intersection of four 7-branes in the compactification. It
defines a quartic interaction term in the two-dimensional effective theory.

In both the heterotic and F-theory constructions, the higher-dimensional theory admits
an action which is supersymmetric on-shell, that is to say, we must impose the equations
of motion for the supersymmetry algebra to fully close. Another aim of our work will
be to develop a manifestly off-shell formulation for these theories when treated as a 2D
theory with off-shell (0, 2) supersymmetry. In this 2D theory, we explicitly retain all of the
Kaluza-Klein modes. This has been successfully carried out for four-dimensional supersym-
metric theories, as in reference for 10D Super Yang-Mills theory [24] (see also [25]) and in
reference [26] for intersecting 7-branes, but as far as we are aware has not been attempted
for 2D theories. We find that in the case of the 9-brane action, the 10D Majorana-Weyl
spinor constraint can sometimes obstruct the construction of such an off-shell formalism
in two dimensions, but that assuming the presence of an additional Zs symmetry of the
geometry, there is indeed an off-shell formalism for the 9-brane. For intersecting 7-branes
in a local F-theory construction, this symmetry is automatically present, and allows us to
always construct an off-shell action. An additional benefit of this method of constructing
the higher-dimensional theory is that we can then easily read off the zero mode content
and leading order interaction terms of the resulting effective theory in two dimensions.

In addition to the “GLSM sector” there are generically other chiral degrees of freedom
in the 2D effective theory (see figure 2 for a depiction). The necessity of these sectors can be
argued for in a few different ways. First of all, we will see from a detailed calculation of the
zero modes inherited from just the GLSM sector that the spectrum is typically anomalous.
This is a sharp indication that additional modes must be present to define a consistent
gauge theory. One way that this shows up in a compactification is through the two-
dimensional Green-Schwarz mechanism, i.e. we have a two-dimensional two-form potential
which transforms non-trivially under gauge transformations. The presence of such a two-
form potential also means there is a tadpole in the effective theory, and this in turn means
additional spacetime filling branes must be included to cancel this tadpole. By construction,
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Figure 2. Depiction of the non-gravitational sector of the 2D model obtained from string com-
pactification. Generically, this consists of a 2D gauged linear sigma model (GLSM) coupled to
additional extra sectors. These extra sectors can sometimes be strongly coupled conformal field
theories in their own right, leading to a rich class of novel 2D theories.

the light degrees of freedom on these branes have gauge and gravitational anomalies that
are just right to cancel the anomalies from the GLSM sector. In most cases, this extra sector
is strongly coupled and does not admit a simple characterization as a GLSM. For example,
in a typical perturbative heterotic string compactification, we will need to introduce some
number of N additional spacetime filling fundamental strings. The limit where all of these
strings are coincident leads us to an additional sector which is expected to be well-described
by the N-fold symmetric orbifold of the usual first quantized heterotic string worldsheet.

For F-theory compactifications, we find that the analogue of these extra sectors for
the perturbative heterotic string are described by spacetime filling D3-branes wrapped on
cycles normal to the directions of the 7-branes. When the point of intersection of the
D3-brane and the 7-brane carries an exceptional gauge symmetry, we again generically get
a strongly coupled extra sector. In F-theory, we can also consider D3-branes wrapping
two-cycles which are also common to the 7-branes. The avatar of these contributions in
the type I and heterotic constructions are five-branes wrapped over four-cycles.

The rest of this paper is organized as follows. In section 2 we give a broader overview
of why we expect compactifications of string theory to two dimensions to give us non-
critical string theories. In section 3 we consider the special case of compactifications of
perturbative superstring theories, starting with the case of the type I and heterotic string
theories. This includes a general set of rules for extracting the zero mode content in the
presence of a non-trivial supersymmetric vector bundle. Next, in section 4 we turn to the
case of F-theory compactifications and intersecting 7-branes. Motivated by the success-
ful analyses of higher-dimensional cases, we shall primarily focus on the local picture of
intersecting 7-branes. In both the perturbative and F-theory constructions, we will gener-
ically encounter gauge theoretic anomalies, indicating that there are additional degrees of
freedom in our models. In section 5 we give a general discussion of tadpole cancellation,
and the prediction that there should be extra sectors coupled to our GLSM. We follow
this in section 6 with a preliminary analysis of the dynamics of these extra sectors. After
giving these general results, in section 7 we turn to some explicit examples illustrating
the overall thread of our analysis. For the 9-brane theories we focus on variants of the



“standard embedding” constructions. We find that for the Spin(32)/Zs heterotic theory,
the addition of spacetime filling fundamental strings (needed for anomaly cancellation) is
supersymmetric, while for the Eg x Eg theory, these spacetime filling strings break su-
persymmetry. For the F-theory models, we focus on some examples of “rigid GLSMs”
which are the two-dimensional analogue of non-Higgsable clusters encountered in higher-
dimensional F-theory vacua. Section 8 contains our conclusions. We defer a number of
technical elements, such as the explicit construction of the off-shell 2D effective action for
the 9-brane and intersecting 7-brane theories, to a set of appendices.

Note added. As we were preparing this work for publication, reference [27] appeared
which has some overlap with the discussion presented here on F-theory compactified on an
elliptically fibered Calabi-Yau fivefold. In some places the holomorphy conventions for the
resulting 2D effective theory for intersecting 7-branes are somewhat different. Nevertheless,
to the extent we have been able to compare our results with those found in [27], the broad
conclusions appear to be compatible.

2 Effective strings from string compactification

Consider a compactification of a perturbative string theory to R»~1 with d > 2 spacetime
dimensions. The low energy physics is described by an effective theory of d-dimensional
(super)gravity coupled to some general quantum field theory. The effective action, and the
vacuum of the effective theory depend on the vacuum expectation values of the moduli
fields that encode the choice of background geometry and fluxes. The presence of the
moduli is quite useful to the technically minded string theorist: it allows for controlled
approximations (e.g. string perturbation theory, or a large volume expansion, or both),
and the moduli dependence of various physical quantities can shed light on various strong
coupling limits. The resolution of the conifold singularity in type II compactifications to
four dimensions with eight supercharges is a beautiful example of the latter.

In the case of d = 2, the situation is quite different. We may obtain the dimensionally
reduced action as before, but we must be careful in the interpretation of this action because
we no longer have the freedom to work in a fixed vacuum specified by the expectation values
of the moduli: indeed, the ground state wave-function will now be obtained by integrating
the non-linear sigma model fields over the full moduli space. Since the moduli space is
typically non-compact and singular, this is a challenging enterprise! It may be that there
are d = 2 scalar potential terms that fix some (or maybe all) of the moduli and thereby
alleviate this particular problem, but based on experience in d = 4 we might guess that
proving this is the case in any particular compactification will not be simple. Alternatively,
we can take a suitable decoupling limit (in essence a decompactification limit) that will
allow us to fix moduli to particular values and focus on the gauge theory sector; F-theory
is particularly well-suited for such an approach.

The gauge theory sector will have similar features. For instance, if there is a Higgs
branch in the theory, then we cannot choose a vacuum with some fixed perturbative gauge
group; we must integrate over the Higgs branch. Fortunately, there we are on more familiar



ground. If we focus on the gauge sector, we can describe it as a gauged linear sigma model
(GLSM), and in many cases (though by no means alll) we can argue that the resulting
path integral leads to a sensible unitary QFT with a normalizable ground state and low
energy behavior described by some compact and unitary CFT. In many GLSMs there is a
parameter regime where we can approximate the unitary CF'T by a non-linear sigma model
over some smooth compact manifold.

Before we can ascertain the low energy dynamics of the GLSM sector, we should be
careful to check that our d = 2 gauge theory is anomaly-free. This may strike the reader
as a pedantic sort of concern: of course it will be anomaly-free if we made a sensible com-
pactification in the first place. Here again low-dimensional compactifications provide some
(well-known) surprises. The basic origin of these is the ten-dimensional Green-Schwarz
coupling f By A Xg. It is indeed the case, that “if we made a sensible compactification,”
then any anomaly in the GLSM will be cancelled by the dimensional reduction of the GS
term, e.g. me By [ v X8, where M is our compactification manifold. However, precisely
when |’ v X8 # 0, or equivalently, there is a gauge anomaly in the GLSM sector, the reduced
term yields a tadpole for Bo. We must cancel this tadpole by introducing appropriate R1!-
filling strings or branes, which will then in turn carry extra chiral degrees of freedom, so
that the combined anomaly of the GLSM and this “extra” sector will vanish.!

Let us now explain the sense in which we expect our two-dimensional effective theory
to give an effective string theory. First of all, provided we have engineered a stable string
compactification, we have the important feature that at low energies, the gauge theory
sector will flow in the deep infrared to either a gapped phase or a conformal fixed point.
Since we typically can eliminate the former possibility, we are in some sense guaranteed that
the vast majority of our models flow to some sort of unitary CFT in the infrared. In the
most “trivial case” this will be some collection of free fields, but even this leads to a rather
non-trivial theory when coupled to worldsheet gravity: string theory in flat space! With
this in mind, we generically expect to have a rather rich physical theory on a target space.
In this discussion, it is also important to account for the fermionic degrees of freedom.
Much as in the case of the physical superstring, these lead to a degeneracy in the ground
state which has the spacetime interpretation of p-form potentials in the target space.

It is fairly clear that the resulting theory will be a supercritical string, simply because
the central charge of the complete matter CFT will typically be very large. Thus, the Weyl
mode ¢ of the two-dimensional metric g = >3, will be a dynamic field and will have the
“wrong sign” kinetic term, signaling a target-space of signature (1, Deg—1). Moreover, there
will be a non-trivial dilaton profile, giving an effective string coupling constant geg ~ e~ ¥,
so that we must worry about the strong-coupling dynamics for ¢ — —oo. Fortunately,
we have an interpretation for this limit: this is precisely the UV regime for our two-
dimensional theory that is acting as the worldsheet for the effective string, and we know
that the proper interpretation for that theory is in terms of the physics of our UV complete
higher-dimensional theory of gravity!

!Tadpole cancellation might come at the price of breaking spacetime supersymmetry. We will see
below that this is not an idle concern; for instance such breaking takes place for the standard embedding
compactification of the Fs x Eg heterotic string on an irreducible Calabi-Yau fourfold.



As we have already mentioned in the Introduction, one of the primary motivations for
studying compactifications of the physical superstring to two dimensions is that we then
get a non-critical string theory propagating on a more general class of target spaces. To
concretely describe the theory, we need to specify two ingredients: the complete matter
theory, including any “extra” sectors from space-filling strings or branes, as well as the
(0,2) supergravity theory.

The supergravity that perhaps springs most clearly to mind is the (2,2) supergrav-
ity used to construct N/ = 2 critical string theories (see e.g. [23, 28, 29]). However, that
cannot be the case in the situation at hand, simply because the latter involves gauging
R-symmetries of the matter theory, and our matter theory has no R-symmetries to gauge!
The resolution was already discussed in the context of IIA and IIB compactifications on
4-folds in [21]: there are dilaton supergravities with (2,2) and (0, 4) supersymmetry in two
dimensions that do not involve gauging R-symmetries, and the (0, 2) truncation of the latter
will be the appropriate supergravity for our compactifications. While we will not pursue the
details of this construction here, there is one important aspect of the story: the ghost mea-
sure for this supergravity has central charges ¢;, = —26 and cg = —26 + 23. The factors of
—26 are the familiar bec ghosts of diffeomorphisms, while 22 = 2 x 11 is the contribution from
two right-moving v ghosts of superdiffeomorphisms, but this is supplemented by a contri-
bution of +1 to cr from a right-moving Weyl fermion that also descends from the gravitino.
Finally, the ten-dimensional dilatino contributes another right-moving Weyl fermion. All
in all, the contribution to the gravitational anomaly from the dilaton supergravity sector is

Acr, —cp) = —24 . (2.1)

Just as our theory is free of gauge anomalies, it will also be free of the gravitational
anomaly: the sum of contributions to c;, — cg from the matter, “extra,” and supergravity
sectors will cancel. Once we have such a generally covariant theory, we can confidently
fix to superconformal gauge, where we will obtain a superconformal theory with the Weyl
mode, the dilaton, and the dilatinos combining in a (0,2) super-Liouville sector. This
will be the conformal field theory that will act as the worldsheet theory for our effective
super-critical string.

We expect that when a target space interpretation will be available for this theory, it
will have non-trivial time dependence (because of the time-like Weyl mode and geg ~ 7 %)
and may well be equipped with gauge degrees of freedom corresponding to a current algebra
in the CFT.

Another interesting feature of our effective string theory is that as we proceed up in
energy scale on the worldsheet, i.e. as we get closer to the string tension scale, the effective
dimension, which will be related to the central charge, will at first appear to grow before the
whole formalism breaks down and we instead replace the effective string theory by another
effective theory: that of a compactification of the physical superstring on a ten-dimensional
spacetime. At even higher energy scales, this in turn must be replaced by the worldsheet
description of the model (in the case of the perturbative type I and heterotic models).

This is certainly far from a complete solution to the dynamics of these effective strings.
To name just one of the issues, our understanding of the starting point theories is certainly



not complete in any sense. However, we believe it is valuable to recognize that many
super-critical string theories can be completed in this way at least in principle. It will
be very interesting to see which aspects of strong coupling we can understand based on
what we do know about M/F/string theory. In that sense, we can expect that examples
with supersymmetry should help the analysis. In this work, we take a very minimalist
point of view of preserving the smallest amount of two-dimensional supersymmetry where
holomorphy can play a powerful role. With that, we turn to a discussion of (0, 2) worldsheet
supersymmetry, focusing on the gauge sector.

2.1 Elements of N' = (0,2) theories

Let us briefly summarize some of the elements of N' = (0, 2) supersymmetric quantum field
theories in two dimensions which we will be using throughout this work. In appendix A we
also present the gauged linear sigma model (GLSM) for theories with non-abelian gauge
groups. Perhaps surprisingly, we have been unable to locate a convenient reference for this
seemingly basic result.

Our aim in this section will be to set our conventions, and in particular, to emphasize
the holomorphic structure we expect to be present in any candidate effective action. First
of all, in building a (0,2) GLSM, we have modes in a vector multiplet, Fermi multiplet,
and chiral multiplet.?

For the chiral multiplets and Fermi multiplets, we use conventions similar to those
in [30]:

CS: @ = ¢+ vV20T1p, — 00 0,0 (2.2)
F: A=\ —V207G —i0T0 0.\ — V20 E, (2.3)

where E(®) is a holomorphic function of the CS multiplets, and G is an auxiliary field.
Following standard terminology, we refer to the A_ as left-movers and 1. as right-movers.?

An F-term will be represented in terms of a Grassmann integral over half the super-
space, i.e. 0F, and a D-term is given by integrating over both 8 and 8. Minimal kinetic

terms for the chiral multiplets and Fermi multiplets are given by the D-terms:
cs: — % / 420 Bo_a (2.4)
1 _
F: — 2/d29 AA. (2.5)

In what follows, we shall often have occasion to work with fields transforming in non-trivial
representations and bundles. Then, we shall introduce a canonical pairing (-, -) to capture
this more general possibility. When we couple to gauge fields, the derivative J_ is promoted
to a gauge supercovariant derivative V_.

2The real “vector multiplet” is quite similar to that found in N = 1, d = 4 superspace. As there, the
field strength lives in a derived fermionic superfield with lowest component a gaugino.

3 Another delightful confusion involves the spin of these fields: A_ has spin +1/2 and %, has spin —1/2.
These recondite issues have to do with ancient preferences and holomorphy conventions.



An important point to emphasize is that as far as we are aware, there is no simple way
to impose a reality condition such as AT = A on Fermi multiplets and retain a non-trivial
kinetic term. We shall instead later show how to obtain a variant of this constraint in some
special cases.

One of the items we will be most interested in is the structure of possible F-terms.
These arise from the E*(®) terms just mentioned, as well as the interaction:

Ly = /d9+ W, (2.6)
where we have introduced a quantity W which we shall refer to as the “superpotential”:

1
W = —A*J, (D), 2.7
SAI(@) 2.7
where Ji(®) is a holomorphic function of the chiral multiplets.

By applying the supercovariant derivative D, (see appendix A for details) we also
obtain a necessary condition for off-shell supersymmetry of our action:

DyW =) EN®)Ji(®) =0. (2.8)
k
This condition needs to be satisfied for any choice of field configuration and therefore leads
to non-trivial constraints on the structure of any coupling constants in the theory, i.e.
background parameters.

By expanding out in terms of component fields (and including the kinetic terms for
the various fields), we find that the F-term couplings .J;, and E* lead to terms in the scalar
potential of schematic form >, [|E*|> +|Ji|?]. Thus, the F-term conditions for a d = 2
supersymmetric vacuum are:

Ji(®) =0 and E¥(®)=0 (2.9)

for all k. There will also be D-term potential terms from the gauge interactions.

There are a few additional comments we can now make with regards to the absence of
a Fermi multiplet with a Majorana-Weyl spinor. The essential difficulty we inevitably face
is that there is a clear clash between the requirements of holomorphy, and those of unitarity
(i.e. an appropriate reality condition). However, let us suppose that we have a collection of
Majorana-Weyl spinors, and with them, a corresponding Zs symmetry of the theory. With
this in mind, we can at first double the number of degrees of freedom for our fermionic
sector to a set of Fermi multiplets A©¥®) and A©dd) We do not, however, double any of
the other degrees of freedom, and simply decompose for example the term J(®) into an
even and odd piece. In this enlarged theory, we can now introduce a formal superpotential
term which enforces the holomorphic structure of the theory, and which we refer to as Wiqp:

Wtop _ Q(odd) (A(even)J(odd) + A(odd)J(even))7 (2‘10)

and where we take the E-fields for both sets of A’s to be trivial. Observe that the F-term
equations of motion are now enforced by independently varying the two A’s. We can be
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more economical, however, and simply work with the single Fermi multiplet Aleven) byt
with a modified FE-field. The choice of E-field is set by the condition that we reproduce
the correct holomorphic structure of the vacuum, so we set:

E(even) _ 1 aWtOp

Qodd) gAlodd) Jleven), (2.11)

Then, we are free to eliminate A9 altogether and just use the physical F-term:

1
W = ﬁQ(Odd)A(even) J(odd)‘ (212)

So in this sense, we still get to set J(€ =0, and this is protected by holomorphy.

For our present purposes, we will be interested in higher-dimensional brane systems
which we wish to represent in terms of an off shell two-dimensional effective field theory.
In other words, we will try to retain the full Kaluza-Klein tower of higher dimensional
modes, but assembled according to corresponding (0,2) supermultiplets. We will also
demand that higher-dimensional gauge symmetries are manifest in our formulation. Such
an off-shell formulation will allow us to succinctly state which of our interaction terms are
expected to be protected by supersymmetry (i.e. are holomorphic F-terms) and which are
expected to receive quantum corrections (i.e. the non-holomorphic D-terms).

Indeed, one of the important features of this formulation is that it provides us with a
way to characterize the quasi-topological (in the sense that it depends on complex structure
moduli) theory associated with the internal brane dynamics. From this perspective, the
supercharges of the 2D (0,2) theory can also be interpreted as the BRST charges of the
topological theory:

Q20 = QBRST- (2.13)

The condition that we have an off-shell supersymmetric action then corresponds to the
condition that we have indeed performed the twist correctly. Moreover, the physical states
of the theory, i.e. those in the BRST cohomology simply label possible ground states of the
2D effective theory.

3 GLSMs from perturbative string vacua

Motivated by the possibility of constructing UV complete non-critical strings, we now
turn to a particularly tractable class of examples obtained from compactifications to two
dimensions of perturbative string theories. Since we are interested in theories which also
admit a gauge theory sector, we shall primarily focus on compactifications of the type I, and
heterotic superstrings. An important feature of these models is the presence of a spacetime
filling 9-brane with respective gauge group Spin(32)/Zs, and Eg x Eg, so we can expect that
upon compactification this gauge theory sector will give rise to a large class of (0,2) GLSMs.

In this section we will focus on the 9-brane sector by itself. In later sections we turn to
the effects internal fluxes have on the presence of tadpoles and extra sectors. To this end,
we first recall that in flat space, this theory has gauge group G and N = 1 supersymmetry
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with a single Majorana-Weyl spinor transforming in the 16 of Spin(1,9). The action in
flat space has two leading order terms:

1

Liop = /dl% ( TeF! Fyry 4 2ixT' Drx) | (3.1)

g5 \r
where Dy is the covariant derivative, Fr; = [Dy, D ] is the non-abelian field strength for our
10D Yang-Mills theory, and the x are the 10D Majorana-Weyl gauginos which transform in
the adjoint representation of GG. As written, the theory is of course non-renormalizable, and
we should view this as just the leading order contribution to the full theory (with scattering
amplitudes controlled by the string worldsheet anyway). There is also the gravitational
sector of the theory, which includes the metric, the Neveu-Schwarz two form potential, and
the heterotic dilaton (which controls the gauge coupling of the Yang-Mills sector).

Suppose now that we compactify this 10D gauge theory to two dimensions. The
simplest way to retain NV = (0, 2) supersymmetry is to compactify on an irreducible Calabi-
Yau fourfold M equipped with a principal G-bundle P.* Indeed, doing this enables us to
retain a covariantly constant spinor so that we maintain low energy (0,2) supersymmetry
in the two uncompactified directions. Since we have a manifold of SU(4) holonomy, the
fundamental representation of SO(8) must decompose to the 4 ©4. This in turn forces the
following decomposition of eight-dimensional representations for SO(8):

SO(8) D SU(4) x U(1)
8 21,981 9@ 6
8 -4 1d4,
8 — 4,104 .

)
)
)
)

Ot = W N

3.
3.
3.
3.

~~ o~ o~

We now turn to the decomposition of the supercharges, as well as the mode content of
the 10D Super Yang-Mills theory. First of all, both the 10D gauginos and the supersym-
metry parameters transform in the 16 of SO(1,9). Additionally, we have the gauge field
which transforms in the 10 of SO(9,1). We begin with the decomposition expected from
compactification on a general eight-manifold:®

SO(9,1) D SO(1,1) x SO(8) (3.6)
16 — 8° @ 8¢ (3.7)
16" — 87 @ 8% (3.8)
10 > 14 ®1__ @ 8, (3.9)

where we use the subscripts + and — to indicate a right-moving or left-moving chiral spinor
of SO(1,1), and we double this to indicate the 2D vector field. Decomposing further into

1By “irreducible” we mean that the smooth compact manifold has a Kihler metric with holonomy
exactly SU(4).

5Using the triality automorphism, we can shift the role of the 16 and 16’. We choose the present chirality
convention to conform with our conventions for A/ = (0, 2) supersymmetry in two dimensions.
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irreducible representations of SU(4) x U(1), we have:

SO(1,9) D SO(1,1) x SU(4) x U(1) (3.10)
16 51_ o®1_ _oD6_oD4y 1 DAy 4 (3.11)
16" 214 201 2®60D4 104 1 (3.12)
105141 0®1__gD4g41 D41, (3.13)

so we indeed recognize that descending from the 16 there are two singlets under SU(4)
which specify the N' = (0, 2) supercharges of our system.

The decomposition we have given for the supercharges also holds for the 10D gaugino.
Doing so, we see that the 2D gauginos descend from the 1_ o @ 1_ _5 as left-movers
with (0,2) superpartners 1,4 o @ 1__ . Additionally, we see that there are right-movers
transforming in the 4, _; ®4, 41 with (0,2) superpartners 49 1 ®4o 1. A curious feature
of working in two dimensions is that we also recognize left-moving fermions in the 6_ g,
which have no bosonic partners.

An important subtlety with 10D Super Yang-Mills theory is that the 16 is actually a
Majorana-Weyl spinor. This issue is reflected in the fact that the 6_ ¢ is actually a real
representation of SU(4). Indeed, counting up the fermionic degrees of freedom, we therefore
expect the 6_ ¢ to descend to a Majorana fermion in two dimensions. This will have impor-
tant consequences when turn to the construction of supermultiplets and interaction terms.

In the heterotic models, we must impose a workaround to get everything fully off-shell.
One way to do this which is suggested by the related F-theory models is to assume the
presence of a geometric Zs symmetry for our Calabi-Yau and gauge bundles. Doing so
automatically leads to a split of the form content into an equal number of even and odd
modes. Turning to the decomposition of the 6, we can then take just the even modes, and
use these to assemble a Fermi multiplet. When we turn to the construction of the effective
action, we will revisit this point in great detail.

In order to respect the structure dictated by the higher-dimensional geometry, we shall
find it convenient to view our multiplets in terms of differential (p, q) forms, that is, forms
with p holomorphic indices and ¢ anti-holomorphic indices. More formally, we view them as
elements of P4(adP), that is, as (p, q) forms on M valued in the adjoint bundle associated
to P. Returning to our decomposition of representations of Spin(1,9) to SO(1,1) x SU(4),
we can now see how to assemble the various modes into superfields which transform as dif-
ferential forms on the internal space. First of all, we can see that there is the 2D non-abelian
vector multiplet. We also introduce a collection of chiral multiplets valued in Q%! (adP):

Do,y = 04 + V20T o1y + ... (3.14)

where we have used the shorthand 94 = &+ A. The top component is the (0, 1) component
of the gauge covariant derivative for the corresponding vector bundle. There is a related
chiral multiplet valued in Q%2(adP) that we can construct from D(o,1) corresponding to
the overall (0, 2) field strength:

F(O,Q) = F(072) + \/§9+5A1/1(0’1) + ... (315)
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Additionally, we see that there is a Fermi multiplet which transforms as a (0, 2) differ-
ential form on the Calabi-Yau fourfold which we refer to as A 2). Here, we face an issue
which leads to some tension in maintaining a purely off-shell formalism for the theory. The
point is that really, we must get out six real rather than six complex degrees of freedom
to maintain the 10D Majorana-Weyl spinor condition. This in turn shows up in our 2D
effective theory as the statement that we expect the Fermi multiplet to contain a Weyl
rather than Majorana-Weyl spinor. Nevertheless, there is a simple (seemingly somewhat
ad hoc) workaround for this issue which is actually automatically implemented in F-theory
constructions.

Along these lines, suppose that our geometry also admits a discrete Zo symmetry under
which the holomorphic four-form transforms as €2 — — and such that there are an equal
number of Zs even and odd (0, 2) differential forms.® Then, for example, we can introduce
a further splitting as:

(even) (odd)
F(O 2) — F(O 2) + ]F(O 2) (316)

in the obvious notation. By a similar token, we can then introduce a Zy even Fermi multi-
plet which transforms as a (0, 2) differential form with expansion in components given by:

Aggvze)n) _ )\(e\E%n;) \fe-f—g SV;)H Z~9+§+8+)\(e"en) f@ IE‘ESVQQH), (3.17)

Observe that here, we have also specialized the form of the contribution £ which is a func-
tion of chiral superfields to be that of the even field strength. Indeed, as we will shortly see,
to maintain a canonical notion of holomorphy for our 10D action, it will be necessary to
shuffle some of the holomorphic data into the E-field of the Fermi multiplet, and some into
the F-term interactions. To avoid overloading the notation, we shall sometimes suppress
the superscript of even and odd, leaving it implicit.

Let us make an additional comment about the situation where we do not have such a
Zs symmetry. In such situations, the resulting effective field theory will still retain (0, 2)
supersymmetry, but we do not expect a manifestly off-shell formalism in terms of weakly
coupled Fermi multiplets. We leave it to future work to develop an off-shell formalism for
this case as well.

Let us now turn to the structure of our 10D gauge theory. At the level of the F-terms,
we expect the superpotential to be invariant under complexified gauge transformations, i.e.
we introduce chiral multiplets g = exp C' in the complexification of the adjoint representa-
tion so that the overall effect of a gauge transformation is:

+C

D(O,l) — €_CD(071)6 and A(072) — C_CA(O’2)€+C. (3.18)

Supersymmetric vacua are parameterized by the F-terms modulo complexified gauge trans-
formations, or equivalently, by imposing F- and D-terms modulo unitary gauge transfor-
mations. In the latter case, the bosonic component of C' is taken to be pure imaginary.

5To give an explicit example where we expect to have such a Zo symmetry, consider the special case
of an elliptically fibered Calabi-Yau fourfold M — X with X the base. This has a Weierstrass model
y? = 23+ fx+g, where f and g are sections of Ox(—4Kx) and Ox(—6Kx), with Kx the canonical bundle
of X. We observe that the holomorphic four-form of M can be written as Qn = df A Qx with Qx the
(meromorphic) three-form of the base. Now, the defining equation of M enjoys the Z symmetry y — —y
under which Qu — —Qar.
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In appendix B we present a complete construction of the 2D off-shell effective action
such that its supersymmetric vacua reproduce the equations of motion of the 10D Super
Yang-Mills theory. One term which is not immediately apparent in this approach is a
non-local Wess-Zumino term involving the vector multiplet. It is required in order for our
superspace formulation to remain gauge invariant in arbitrary gauge (i.e. not just Wess-
Zumino gauge). As we shall present all results in Wess-Zumino gauge, we shall omit this
term. For further details on this point, as well as further discussion of the formulation of
10D Super Yang-Mills theory in 4D N = 1 superspace, see reference [24] (see also [25]).
Similar issues also occur for the superspace formulation of intersecting 7-branes.

Modulo these caveats, the superspace formulation provides a quite elegant way to for-
mulate the off-shell content of 10D Super Yang-Mills theory on a Calabi-Yau fourfold. We
begin with the on shell equations of motion, which we obtain by setting the supersymmetric
variation of the 10D gauginos to zero:

' Fry=o. (3.19)
Focusing on just the internal degrees of freedom, this becomes:
WAwWwAwWAN F(l,l) =0 and F(072) = F(Q,O) = 0, (320)

where we have introduced the Kéahler form w for the Calabi-Yau fourfold M, and decom-
posed the 2-form field-strength according to type. These are of course the Hermitian Yang-
Mills equations. When the principal bundle P is associated to some complex vector bundle
V, then the second condition is the statement that V' is a holomorphic vector bundle. The
DUY theorem [31] then implies that the first condition is satisfied if and only if V is stable
with respect to w. We show in appendix B that the first constraint arises from a D-term
of the 2D theory, while the second constraint is a holomorphic F-term constraint. Indeed,
while we expect the stability conditions for vector bundles to receive various quantum cor-
rections as we pass to small volume, the purely holomorphic terms are protected by (0, 2)
supersymmetry. This fact is neatly summarized by the corresponding F-term interaction:

Wy = — 1 / QA Tr(AL A FOD), (3.21)

V9 g2 (0,2) (0,2)
\[QYMM

where € is the holomorphic four-form of the Calabi-Yau fourfold. The F-term equations of

motion (obtained by varying with respect to A) then give the condition F; ((g (;)i) = 0, while

the condition F (even) _ 0 comes about from the condition that the E-field of the Fermi

(0,2)
multiplet vanishes.

We can also write the D-terms for our system. In this case, we must exercise some
caution since we can expect terms not protected by holomorphy to receive large quantum
corrections. However, at least at large volume we can deduce the form of these interaction

terms. Summarizing the contributions from appendix B, we have:

Siot = Sp + Sk (3.22)
1 2 52 1 = { ™. 1 even even
SD = 79%]% /d ’yd [% i Tr (g * TAT — 5 * D(O,l) A [Vf,]D)(o,l)] — 5 * AE(L?)) A AE(]‘Q) >) (323)
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].. 1 even O
Sr= /d2yd0+ /M T (QAAGS AFGS) + hec. (3.24)

Both the F- and D-term constraints directly follow from the bosonic potential obtained
from integrating out all auxiliary fields. This is given by:

Usionic = 13— | (1ol + [ IFoa|P) (3.25)
9y v J M

where the norm on the differential forms includes a Hodge star and complex conjugation

operation. So for a supersymmetric vacuum where Upgsonic = 0, we need both Flo2) and

wAwAwA Fy1 to vanish.

Here, we have clearly made use of the fact that we have a Zs symmetry (obtained by
tuning moduli of the fourfold) which allows us to split up the mode content and retain a
Fermi multiplet. If we suspend the conditions of unitarity, we do not need this additional
constraint, and we can also write the conditions arising from the holomorphic interactions
again in terms of a single overall superpotential, now involving a (0,2) differential form:

Wiop = — / QATr(A2) ANFo2))s (3.26)
CYs

and where we set the E-field of Fermi multiplet (0,2) differential form to zero. Again, this
generates the holomorphic equation F{g ) = 0. The price one pays for doing this, however,
is that the resulting theory should really be treated as a topological one, since the unitarity
condition imposed by the 10D Majorana-Weyl constraint is now absent.

Lastly, we can ask to what extent we expect our off-shell presentation of the 10D
theory to really remain decoupled from the gravitational degrees of freedom of the system.
Indeed, we observe that the off-shell variation of the superpotential term gives us:

1 1

DW= - L
+ VWM \/EQ%M

even odd
/ QA Te(F5Y AFSS), (3.27)

M

which does not vanish off-shell, a priori. Indeed, the condition Fip2) = 0 is an on-shell
constraint. Even so, the structure of this term is topological (essentially a holomorphic
analogue of an instanton density) of the type introduced by Donaldson and Thomas in
reference [32].

What this term tells us is that there must be geometric moduli coupled to our theory.
From the standpoint of string compactification, it is clear that this must be so, because
there will necessarily be moduli fields associated with the complex structure and Kéahler
deformations of the geometry. Indeed, from that perspective our present split into “gauge
theory + everything else” is somewhat artificial in a two-dimensional model. Including
these contributions from the moduli, we indeed expect our on-shell action to vanish. If we
view the complex structure moduli as parameters of our gauge theory, then the condition
D, Wgauge = 0 means that we must tune these parameters to be vanishing for any choice of
vector bundle (really an on-shell condition). The perhaps surprising point is that even for
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intersecting 7-branes in F-theory, a similar phenomenon will be encountered so there is no
complete decoupling limit: Some remnant of the geometric moduli must always be included.

Now, in practice, we of course would like to restrict our attention to the gauge theory
sector. To do so, it is convenient to introduce a Fermi multiplet which functions as a
Lagrange multiplier. Along these lines, we introduce a Fermi multiplet IT a (4,0) form on
the Calabi-Yau fourfold such that the complex structure moduli appears via:

D, II= Q. (3.28)

The superpotential is then of the form:

1 1

1 1 (even) (odd) (even) (odd)
W =Wt Woignd = — 7 79— / QTR g 5) N (o2 )+ 75 g2 — [ IATE (g A )
M

M
(3.29)

and then D W = 0 off-shell (by construction).

3.1 Zero mode spectrum

Suppose then, that we have succeeded in constructing a stable holomorphic vector bundle
on our Calabi-Yau fourfold. We would now like to determine the corresponding zero mode
spectrum for our system. We begin by assuming that we have a solution to the Hermitian
Yang-Mills equations, and with it, a corresponding vector bundle with structure group K
with commutant H inside of the parent gauge group G. Starting from the principal G
bundle adP, we decompose according to representations of H and bundles of K:

adP — @(Ti,gi), (330)

i.e. for each representation 7; of H, there is a corresponding bundle &;.

Expanding around this background, we now see that for a stable vector bundle, we get
precisely one vector multiplet and gaugino — as expected — in the adjoint representation of
H. Additionally, we have the fluctuations of the supermultiplets D(g 1) and A(g ). Consider
first the zero mode fluctuations for D(g ;). These are counted by appropriate bundle valued

cohomology groups, and they naturally pair up between the representation 7; and 7;*
Ti)

oD 0.1)

)
0,1)

0, € HY(CY, &) (3.31)
oD, € HYCY,, £Y) ~ HY(CYy, &), (3.32)

in the obvious notation.
Let us now turn to the zero modes for the Fermi multiplets. As we have already

mentioned, for the bulk 10D theory, the tension between the 10D Majorana-Weyl constraint

and holomorphy in the 2D N = (0,2) theory means that to get a truly off-shell action, we

(even)
Moz

we pass to the zero mode content, there is always a Zo symmetry present given by passing

need to assume an accidental Zo symmetry, and work in terms of . However, once

from the representation 7 to its dual 7*. With this in mind, we can either view the Fermi
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multiplets as transforming in the representation 7 or 7*. For ease of presentation, we shall
only write the modes in representation 7:

oAy € HA(CYa, &). (3.33)

Note that by Serre duality, we also have H%(CK;,&) = H%(Cn,giv)*, so we could have
alternatively counted the Fermi multiplets in terms of the representation ;. This prescrip-
tion is sufficient provided that 7 and 7* are distinct representations. However, when they
are not, we also see that the bundle £ is self-dual. Under the conjugation map: & — £V
defined by the canonical pairing on these representations, we can therefore restrict to the
Zo even sector of this map. We shall present an explicit example of this type when we count
the Fermi multiplets associated with vector bundle moduli, and also when we consider the
standard embedding for the Fg x Fg heterotic string.

We can also assemble the count of zero modes into an overall holomorphic Euler char-
acteristic:

x (CY4, &) = h2(&) — WL (&) + K2 (&) — b3 (&) + h1(&E) (3.34)
= —hY(&) + hA(E) — B3 (&), (3.35)

where in the second line we used the fact that for a stable vector bundle, h°(&;) = h*(&;) =
0. So, more explicitly, we have:

X (CYa, &) = —#(0D))) + #(6AG ) — #(GD{) (3.36)
X (CY1,£Y) = —#(D()) + #(0AG)) — #(OD{F),). (337)

A helpful method for calculating such holomorphic Euler characteristics is in terms of the
Hirzebruch-Riemann-Roch index formula:

N (CY1E) = / h(€)TA(CY7), (3.38)
CYy

where ch(&;) is the Chern character class for & and Td(CYa) is the Todd class of the
tangent bundle for the Calabi-Yau fourfold. See appendix D for further details.

3.2 (Gauge anomalies

Having determined the zero mode content which descends from our 2D effective field theory,
it is natural to ask whether our 2D GLSM is free of anomalies. Actually, we expect that in
general the gauge theory will be anomalous. The reason is that in the effective action there
is a term of the form Bs A Xg(F, R) where Xg(F, R) depends on the characteristic classes of
the gauge bundle and tangent bundle. Since By transforms under gauge transformations,
and there is no a priori reason for | 1 X8 to vanish, we see that we should expect the GLSM
sector to have an equal and opposite anomaly. We will revisit these terms in section 5,
where we will discuss tadpole cancellation. For now we will derive the overall contribution
to the anomalies from the GLSM sector. In particular, our plan in this subsection will be
to repackage these contributions in terms of topological quantities.
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To this end, we study the contribution to the gauge anomalies from matter fields trans-
forming in a representation 7 of the unbroken gauge group G, as well as their “partners”
transforming in the dual representation 7*. The zero mode content is then controlled by
the Dolbeault cohomology for some holomorphic vector bundle £ and its dual £Y. Overall,
we have the contribution to the gauge anomaly from modes in the representations 7 and 7*:

Igauge(T and 7) = —Ind(7) x x(CY4, E). (3.39)

where here, Ind(7) refers to the index of a representation, which in the conventions of the
present paper are such that the fundamental representation of SU(N) has index one.

This counts anomaly contributions from Weyl fermions in the corresponding represen-
tations. By including both 7 and 7* from the decomposition we ensure that our counting
correctly takes into account the Weyl repackaging of the fermions corresponding to self-dual
bundles. Summing over all representations, we therefore obtain a manifestly topological
formula for the gauge theory anomaly.

A priori, there is no reason for these contributions to vanish, and we will see that in a
string compactification, this anomaly can either be viewed as being cancelled by a non-local
Green-Schwarz term or by the contributions from an extra sector.

3.3 Gravitational anomalies

Having discussed the gauge anomalies generated by the GLSM sector, we now turn to the

gravitational anomalies. First of all, there will be a contribution from the GLSM sector of

our theory. Its form is roughly similar to that already discussed for the gauge anomalies,

so we simply summarize with the relevant formula. With our normalization, where a Weyl

fermion contributes +1 to the central charge, this is given by:

dim(7)
12

[gravity(T and 7—*) = X X(CYZ;,E), (340)

with notation as in the previous subsection.
Consider next the “gauge singlet sectors.” The gauge singlets of the model consists of
possible moduli fields coming from integrating a two-form potential over an internal two-
cycle (counted by h'l), as well as from the complex structure moduli (counted by h3!)
and vector bundle moduli (counted by h'(EndV)). By (0,2) supersymmetry, all of these
contributions assemble into chiral multiplets with corresponding right-moving fermionic
superpartners. Additionally, we can expect there to be Fermi multiplets which must be
accounted for as well. To count these contributions, we now observe that if we interpret
gravity as a gauging of translations, then we can count the various superpartners of the
gravitino which assemble into Fermi multiplets in a way quite similar to the method used
in the context of the Yang-Mills sector. Doing so, we see that instead of modes descending
from bundle valued (0,1) gauge fields, we instead get fermions descending from bundle
valued (0,2)-forms. This is all to the good, because it means the net contribution will
again assemble into a set of topological indices. Summarizing, we get the full gauge neutral
contribution to the anomaly as:
1

1 3 9 )
Igravity(neutral) = _ﬁ (hlv —_pb + L ) _ 3

(hl(EndV) — ;hQ(EndV)) (3.41)
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1
= — —x (End . 42
12 <X1+2X( . V)> (3.42)
Again, the factor of 1/2 is taking into account the repackaging of the fermions into Weyl
representations.

3.4 Zero mode interactions

Now that we have arrived at a general formula for the zero modes in the presence of our
background vector bundle, it is natural to ask what are the resulting interactions. These
can be canonically split according to interactions which descend from 10D Super Yang-Mills
theory, stringy corrections, and those which arise from non-perturbative instanton effects
coming from 1-branes and 5-branes wrapping two-cycles and respectively six-cycles of the
internal geometry. At least at large volume and weak string coupling, these interaction
terms are expected to be a subleading effect, but they can be important in the IR phase
of the 2D theory. So, the best we can hope for is to deduce possible interaction terms
compatible with the symmetries of our effective field theory in two dimensions.

Along these lines, we shall focus on the dominant contributions coming from expanding
the F-term W) of equation (3.21) around our fixed background. At this point we encounter
an important subtlety in listing the F-term interactions. The key issue is that again, we
need to make sure our Fermi multiplets valued as (0, 2) differential forms are counted cor-
rectly, that is, we can just write the Fermi multiplets as transforming in a representation 7,
but not in the dual representation 7*. Rather, we absorb these would-be interaction terms
into the F-field for AgS?Q). The procedure for deducing these interaction terms is actually
quite conveniently summarized by first writing down the fluctuations around the topolog-
ical F-term Wi, of equation (3.26). Doing so, we clearly get cubic F-term interactions of
the form:

Wiop.cubic = /Q/\(faﬁ'y 5AE ))/\5DE§)1 /\5]1) /Q/\ far g a* 5]1))(3*1) A&D(g*))7

CYy CYy

(3.43)

where we have integrated the zero mode profiles over the internal Calabi-Yau fourfold
directions. Here, «, 8 and  are appropriate representations of the unbroken gauge group
H, and f,g, is a Clebsch-Gordan coefficient for the decomposition descending from the
adjoint of G. So for the physical theory, we instead just write the contribution from the
representation «, and not its dual, but where we have to adjust the value of the E-field for
),
Now, in a higher-dimensional setting, we would stop at this cubic interaction term

as per our discussion in section 2.

since higher order interactions define irrelevant interaction terms suppressed by the cutoff.
However, in a general 2D model, such power counting arguments do not apply since formally
speaking, a free scalar has scaling dimension zero. From this perspective, we must expect
that integrating out Kaluza-Klein modes of the higher-dimensional system will lead to
additional correction terms. Let us illustrate this point by focussing on quartic interactions.
. =\ . .
Using the propagator 1/(2A 04), i.e. where we omit the zero modes from the inverse, we
see that an exchange diagram involving Kaluza-Klein excitations generates the interaction
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term:

_ (@) 8) 1 ) (®)
Wiop,quartic = / hagys (XA GGy ASDGH) A ang A QASDG) A D), (3.44)

va A

i.e. we have a Massey product for the resulting cohomology groups. We can continue
iterating this process to include ever higher order Massey products. Indeed, we can continue
on to higher order intersection pairings by again contracting one of the Kaluza-Klein modes
from Do ;) with one of the fluctuations from A g 7). Doing so, we get the more general class
of interaction terms of the schematic form:

n—1
= ) A (QDSD). (3.45)

Wtop,(n) = /(Q5A(5D) A
A

<Q§]D>5]D)
CYy

As before, we can read off the physical F-term by starting with the topological F-term,
differentiating with respect to modes in the dual representation, and using that to set the
value for the E-field for the physical Fermi multiplets.

Based on this, one might naturally ask whether there is any suppression mechanism at
all for these higher order interaction terms. Indeed, there is: it is factors of ggiring for the
string theory. Each successive power of Q0DdéD/ 524 comes from exchange of a massive gauge
boson of the 10D theory, and since each such propagator comes with an additional factor
of gstring, We consequently find an additional power of gsiring S0 that W(n) ~ (gstrmg)”*?’
When we pass to the F-theory realization of these interactions, we will effectively resum
these contributions, resulting in a leading order quartic coupling.

4 GLSMs from intersecting 7-branes

One of the interesting features of the perturbative string vacua encountered earlier is that
the dynamics of the GLSM are inevitably tied up with those of the gravitational sector
of the 2D model. Additionally, we saw one awkward feature of the 10D Majorana-Weyl
condition and the constraints it imposes on assembling the mode content into Fermi multi-
plets. With lower-dimensional branes we expect that most of these issues can be bypassed.
Our plan in this setion will be to construct a 2D GLSM describing intersecting 7-branes
coming from F-theory compactified on a Calabi-Yau fivefold.

Recall that to reach a two-dimensional supersymmetric Minkowski vacuum, we consider
F-theory compactified on a Calabi-Yau fivefold Y — B with base B a Kahler fourfold. The
geometry is described in Minimal Weierstrass form by the equation:

V=234 fr4yg (4.1)

where f and g are respectively sections of Op(—4Kp) and Op(—6Kp). There are 7-branes
localized along components of the discriminant locus A = 0 where:

A =4f3 42797, (4.2)
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that is, these are 7-branes wrapped over Kahler threefolds. Additionally, there can be
intersections between these 7-branes along complex surfaces. At such intersections, we
expect additional localized matter, as well as interaction terms which couple the localized
matter to the bulk modes. Triple intersections of 7-branes occur along Riemann surfaces,
i.e. complex curves. Along these triple intersections, it is natural to expect additional
interaction terms to be localized. Four 7-branes can also form a quartic intersection at
points of the geometry, leading to additional interaction terms between our matter fields.

In addition to these geometric intersections, there can also be various gauge field fluxes
switched on along the worldvolume of the branes, which sometimes appear in combination
with “T-brane vacua” controlled by non-abelian intersections of 7-branes [33, 34] (see
also [35-39]).

So, compared with the case of the heterotic models just studied, there are necessarily a
few additional geometric ingredients to specify, such as where various fields and interaction
terms localize. An important benefit of this local approach, however, is that it is far more
straightforward to then evaluate possible wave function overlaps, i.e. to explicitly evaluate
possible interaction terms in the model.

With this in mind, our plan in this section will be to determine the low energy ef-
fective action for intersecting 7-branes wrapped on Kéhler threefolds. A decoupling limit
is available when the Kahler threefold X is Fano, i.e. —Kx > 0 and the normal bundle
has negative first Chern class. We organize our analysis according to the corresponding
codimension, proceeding first with the bulk theory, and then proceed to effects localized
on lower-dimensional subspaces.

4.1 Partial twist on a Kahler threefold

Since we are interested in models which preserve N = (0,2) supersymmetry, our first
task is to understand the partial twist necessary for our bulk 7-brane wrapped on X to
preserve supersymmetry in the uncompactified directions. In some sense, we have already
accomplished this task via our study of 9-branes wrapped on a Calabi-Yau fourfold. We
shall therefore pursue two routes to determine the twist. First, we explain how the heterotic
results already obtained dictate the structure of the twist and bulk interaction terms.
Second, we perform an “intrinsic” computation which makes no reference to a possible
heterotic dual. Our procedure will be similar to that used for N' = 4 Super Yang-Mills
theory on a Ké&hler surface [40], and for 7-branes wrapped on a Ké&hler surface [26] (see
also [41, 42]). For some discussion of 6D topological gauge theory on a Calabi-Yau threefold
see reference see reference [43].

Our primary goal is to make sure that all of the modes and interaction terms of the
eight-dimensional Yang-Mills theory can be organized according to two-dimensional (0, 2)
supersymmetry. As in the case of the 9-brane on a Calabi-Yau fourfold, there is one non-
local Wess-Zumino type term which must be included to really maintain supersymmetric
gauge invariance. This term is obtained by reduction of the term given in reference [24] (see
also [25]). We note, however, that in Wess-Zumino gauge (i.e. the gauge used throughout
this paper) this term vanishes.
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Having dispensed with this caveat, let us recall that in flat space, eight-dimensional
super Yang-Mills theory with gauge group G consists of an eight-dimensional vector boson,
a complex scalar, and fermions that transform in the 8%, ® 8¢, of SO(1,7) x U(1)r where
U(1)g is the symmetric group of rotations transverse to the location of the 7-brane. All of
these fields transform in the adjoint representation of G, and under the U(1)g the complex
scalar has charge +2.

Let us first use our results from the heterotic analysis to derive the bulk mode content
and the structure of the bulk interactions. The key point is that although our Kahler
threefold X may embed in a base B which is not Calabi-Yau, the partial twist operates by
essentially altering the spin content of the various fields so that they are effectively living
in the local space Ox(Kx) — X which is Calabi-Yau. With this in mind, suppose that
we specialize our discussion of the 9-brane action to this particular Calabi-Yau fourfold.
Reduction of the bulk heterotic modes, and contracting with the holomorphic four-form
and the metric in the directions normal to X, we see that our bulk 9-brane modes A g )
and Do 1) now decompose as:

9-brane — 7-brane (4.3)
A2y = A2 ® A
Do,1) = Do,1) © P(3,0)-

The 10D Majorana-Weyl constraint reduces to the constraint that Az and Az are
not actually independent degrees of freedom, but instead, are describing a single Fermi
multiplet’s worth of degrees of freedom. Observe that here, we naturally have achieved
the desired Zs symmetry used in the heterotic model to keep the bulk action off shell.
Here, this is reflected in the fact that the local holomorphic four-form on the total space
OKx)— M — X is:

Qyp =dz N Qx (4.6)
and the Zo symmetry acts as z — —z.

By a similar token, we can read off the physical F-terms for the 7-brane theory using
the bulk topological F-term used for the heterotic theory, in which we absorb the interaction
terms involving A3 1) into the E-field for A(g ). The bulk topological interaction terms for
the heterotic model now descend to:

Wiop,x = _/Tr(A(O,Q) AD0,1)®3,0) — /TI"(A(S,l) AF0,2)) (4.7)
X X

so in the absence of any other interaction terms, we get the bulk F-term equations of
motion by varying with respect to the Fermi multiplets:

F(O,Q) = F(270) =0 and 5A¢ = 0. (48)

When we want to work with a manifestly off-shell formalism which also preserves unitarity,
we instead just have A g o) with E-field set by:

8I/Vto X
Ea) = ng) =TF(.9), (4.9)
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and the associated physical F-term is just:

1
Wx =—— [ Tr(A AD P . 4.10
X \/54 r( (0,2) (0,1) (3,0)) ( )

This also follows directly from the bosonic potential for the bulk modes, from whence we
get the BPS equations Fg ) = F(2,0) = 040 =0.

Let us now explain how to derive this same set of modes and interactions directly
using the partial topological twist intrinsic to the 7-brane theory itself. Recall that we are
interested in a 7-brane wrapping a Kéahler threefold X. The structure group of the tangent
bundle is U(3), so we need to further decompose our representations according to the
subgroup SO(1,1) xU(3) x U(1)g. Our task is to pick a homomorphism U(1)z — U(3) such
that the resulting spin content of the model organizes into manifest (0,2) supermultiplets.

With this discussion in mind, let us now turn to the explicit partial twist for the 7-brane
theory wrapped on a Kéahler threefold. We begin with the decomposition of Spin(1,7) x
U(1)g to Spin(1,1) x Spin(6) x U(1)x:

Spin(1,7) x U(1)g O Spin(1,1) x Spin(6) x U(1) (4.11)
8, =4y 1G4 (4.12)

8, »4, 1®4__, (4.13)

8 1__ @1y 0® 600 (4.14)

1o — 1o po. (4.15)

Decomposing further according to the subgroup SU(3)x x U(1)x/Zs C Spin(6), we have:

Spin(1,7) x U(1)g D Spin(1,1) x SU(3) x U(1)x x U(1)x (4.16)
81— Livznn®3, 1001 54, @g—,+§,+1 (4.17)

8L =1, s 1 ©3, 1 @1 s ®3 1 (4.18)

80— 1_—00® Li+,00D30,4+1,0 D 30,-1, (4.19)

1io — Log 2 (4.20)

15— 1g0_o. (4.21)

Our goal in specifying a twist is that the resulting U(1) charge for a spinor will then be a
scalar on the Kahler threefold. The twist is given by the generator:

3
Jop = Tx + 5 Tk. (4.22)

With respect to this choice, the charge assignments for the various modes are:

Spin(1,7) x U(1)r D Spin(1,1) x U(3)x x U(1)tep (4.23)
811 2 14303411 Bl B3 42 (4.24)

86_1 — 1+,73 D §+,71 D 17,0 b 3,’,2 (4.25)

85 =1 0@ 1440®3041D 301 (4.26)
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1o — 1o43 (4.27)
1,0 — 10,,3. (428)

At this point, we can begin to assemble our modes into appropriate vector, chiral and Fermi
multiplets. Along these lines, we observe that the fermions of the Fermi multiplets have
opposite chirality to those of the chiral multiplets. Additionally, for the fermions of the
chiral multiplets, we should expect that both the representation under U(3) x X U(1)op and
its dual both show up in the multiplet. Taking all of this into account, we therefore obtain:

Vo Voo i1 0@ 141081 081 (4.29)
CS @@30): 14+ +3® 1043 (4.30)
CS Pz : 143D 1o 3 (4.31)
CS D) : 341 ® 301 (4.32)
CS Doy : 3419301 (4.33)

F Awg) 32 (4.34)

F A :3- 49 (4.35)

Note that in the above, we have split up the contribution into the CS multiplets and their
complex conjugates. Additionally, the (3, 1) differential form is not an independent degree
of freedom separate from the (0, 2) differential form. The reason is that as we have already
remarked, the remnant of the 10D Majorana-Weyl constraint in the 7-brane theory means
these are not really independent degrees of freedom. Nevertheless, for the purposes of
writing out possible F-term interactions, it is helpful to keep it in mind, in particular for
determining the correct value of the E-field for A ).

Summarizing, we have the supermultiplets transforming as differential forms of the
internal space. Including the possibility of a non-trivial principal G bundle, these modes
are sections of the following bundles:

@(370) € OX (KX) & adP (436)

Dio,1) € QY © adP (4.37)

Moo € %7 @ adP (4.38)

Mgy € QY (Kx) @ adP. (4.39)

Consider next the bulk equations of motion. As explained in detail in appendix C, the

bulk BPS equations of motion for the internal fields are:”

D-terms: w Aw A Fy q) + [¢, 5] =0 (4.40)

F-terms: Fo 9y = Fla,0) = 04¢ = 0. (4.41)

"Readers familiar with the similar equations of motion for 7-branes on a Kihler surface found in refer-
ence [26] will note the absence of a factor of 1/2 in our commutator for [¢, #]. This pre-factor can be altered
by an overall rescaling of the metric in the directions normal to the 7-brane. This is due to our conventions

for normalization of all fields which follows the ones commonly used in N' = (0, 2) supersymmetric models.
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In appendix C we give the full off-shell 2D equation which reproduces these equations
of motion. In particular, the F-term equations of motion directly follow from the bulk
superpotential:

Wiop,x = _/Tr(A(O,Q) AD0,1)®3,0) — /TI"(A(S,l) AF(0,2))- (4.42)
X X

Observe that this is also compatible with the supersymmetric structure of the F-terms
obtained on the heterotic side. Indeed, by an appropriate reduction of 10D Super Yang-
Mills on Ox(Kx) — X, we realize precisely this structure. Again, to reach the physical
superpotential, we instead have a non-trivial value for the E-field in A g 5) given by F(g o) =
F(o,2) and simply have the superpotential:

WX == TT(A(O,Q) VAN D(O,l)(I)(?),O))' (443)

1
V2
X
4.1.1 Bulk zero modes

Much as in the case of compactifications of the heterotic string on a Calabi-Yau threefold,
we can consider the zero modes associated with a vacuum solution to the F- and D-terms
described above. For simplicity, we shall assume that the Higgs field is switched off. Then,
we simply need to solve the Hermitian Yang-Mills equations on a Kahler threefold X.
Assuming we have done so, we can consider a decomposition of the structure group for
adP as G D H x K where we assume the gauge field fluxes define a vector bundle with
structure group K, with commutant H. Decomposing the adjoint representation into
irreducible representations of H x K, we then have:

adP — @(Tz,&) (4.44)

Hence, for a zero mode fluctuation in a representation 7;, the total number are counted as:

00} € HY(X, Kx © &) (4.45)
oD € HE(X, &) (4.46)
Oy € HA(X, &), (4.47)

Additionally, the matter fields in the dual representation are:

60 () € HY(X, Kx © &) (4.48)
(Ti*) 1

0D oy € Hg(X, &) (4.49)
()

O g € H2(X,&). (4.50)

Observe that in the above, we have not included the contribution from the differential form
(3,1), since the physical degrees of freedom are already fully accounted for by the (0,2)
differential form.
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We can assemble these zero mode counts into a pair of indices, i.e. holomorphic Euler
characteristics for the bundle &; and its dual:

x(&:)
x(&")

where in the above, we have used the fact that for a stable vector bundle h°(&;) = 0. This
can in turn be written in terms of characteristic classes defined on X using the Hirzebruch-

—#(OD()) + #(OAGY) — #(3D(T) (4.51)
—#(D) + #AG) — #(32F), (4.52)

Riemann-Roch index formula. In the above, we implicitly assumed that £ # Ox. In
the special case where we have the trivial bundle, we have h°(£ = 1, which counts the
contributions from the gauginos.

4.2 Matter localized on a surface

Much as in the case of higher-dimensional F-theory vacua, there can be various lower
dimensional subspaces where the elliptic fibration becomes more singular. Our plan in
this section will be to deduce the matter content and interactions which localize along a
collision of two 7-branes, each localized on a K&ahler threefold, respectively X; and Xs.

First of all, we see that such an intersection takes place along a Kéahler surface, i.e. a
complex dimension two subspace:

S = XN Xs. (453)

We would like to understand what sort of matter fields localize at this intersection. The
structure is exactly the same as in six dimensional vacua, as well as four-dimensional vacua.
The modes will be charged under non-trivial representations of the bulk gauge groups G
and Go, and so we can view these modes as generalized bifundamentals. Additionally, we
can determine the geometric content of these localized modes, i.e. what sort of differential
forms we expect to have localized on S.

To accomplish this, we shall follow a procedure similar to the one spelled out in [26].
We can model the intersection in terms of a parent gauge group Gparent O Gi1 X Goa.
By activating a background for the adjoint valued (3,0) form ¢, we get modes which are
naturally trapped along a lower-dimensional subspace. Expanding around this background,
we also see that there will be interactions between the bulk modes and the modes trapped
at the intersection. Essentially, we just take Wx from the bulk and view two of the three
fields in the interaction terms as localized fluctuations. When we do so, however, we need
to ensure that our mode content and interactions respect all symmetries of the system.

To actually deduce the form content for the modes, we now observe that in flat space,
these modes need to fill out a four-dimensional N = 2 hypermultiplet [26]. This can in
turn be organized as two four-dimensional N' = 1 chiral multiplets, so upon decomposing
to (0,2) multiplets, we learn that we should expect two chiral multiplets Q & Q°, and two
Fermi multiplets ¥ ¢ ¥€¢, where the superscript “c” serves to remind us that these modes
transform in the conjugate (i.e. dual) representation of the gauge group G; x Gy. The
matter fields will transform as differential forms valued in the bundles R{ x Ro for ) and
¥, and in the dual bundle for Q¢ and ¥¢. An important point is that when we package the
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Fermi multiplets into differential forms, we must ensure that just as in the context of the
heterotic models, that we properly count the total number of dynamical degrees of freedom.
This is the remnant of the 10D Majorana-Weyl constraint, but now for localized modes.®
What sort of differential forms should we expect our localized modes to be? The
answer comes by tracking down the effects of a vev for the scalars in the Q) ® Q°. When we
do so, we trigger a modification in the BPS equations of motion for the bulk (3,0) form:

049 =65 N ((Q°,Q))aap, (4.54)

where we have introduced an outer product ({-,-))sqp with values in Kg® adP, and dg is a
(1,1)-form delta function distribution with support along our surface S. There is a related
source term equation of motion for the bulk gauge fields:

wAWAFq1)+[0,0] =wAwAds (1(Q, Q) — n(Q°,Q°)) (4.55)

with another outer product (i.e. moment map) p(-,-) specified by a choice of unitary struc-
ture on the bundle K}q/Q R R1 ® Ro.
By inspection, then, we see that @ & Q° transform as sections of bundles:

1/2

QeKoR @Ry and Qe K’oRY ®RY, (4.56)

where in the above, we have introduce a choice of square-root for the canonical bundle on
S. Strictly speaking, all we really need is a spinc structure on S, which can be twisted by
an overall line bundle contribution descending from the gauge bundles R; and Ry. Indeed,
sometimes such contributions are inevitable due to the presence of the Minasian-Moore-
Freed-Witten anomaly [44, 45]. Returning to equation (4.54), we see that this equation of
motion comes about provided we couple the pullback of the bulk mode A (g2 to the @’s:

Wg D / 0 Q)Q (4.57)

where (-, -) is a canonical pairing between Ky 1/2 %4 RV ® RV and K1/2 ® R1 ® Ra.

Consider next the Fermi multiplets which also localize on S. Just as for the bulk modes
encountered previously, in this case we expect there to be a reduction in the dynamical
degrees of freedom from the 10D Majorana-Weyl constraint. Indeed, in flat space we expect
to have a 4D hypermultiplet’s worth of degrees of freedom present. So, it will again be
necessary to introduce the device Wiop, in our discussion of the mode content as well as the
interaction terms. To deduce the F-term interactions for these modes, we observe that a

necessary equation of motion is:
04Q =0 and 04Q° =0, (4.58)

i.e. that the bulk gauge field from X can couple to these modes at all. For this to be so,
we must have F-term couplings of the form:

s [ @ 8+ 82) @)+ (@5 @+ a2 ), (450)
S

8We thank T. Weigand for alerting us to a previous misstatement on the mode counting.
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where A; corresponds to the pullback of the chiral multiplet which transforms as a (0,1)
gauge field on each bulk 7-brane.
This in turn fixes the form content of the modes. We must have:

Ve UK oR @Ry and ¥ € QOV(KY? @ RY @ RY). (4.60)

In this case, we also see that there is only one physically independent Fermi multiplet. In
what follows, we take it to be ¥ rather than W¢.

To summarize then, along each intersection, we have localized matter fields, and these
fields transform in the following representations:

QeK @R ®R,
Qe K’ @R} @ RY
v e VKV oR) ©Ry)
e e QU (KY2 o RY @ RY).

We also have interaction terms between one bulk mode (i.e. its pullback onto the surface
S) and two matter fields:

Wiop,s = /(QC,A(D72)Q> + (U (0+ A1+ A2) Q) +(Q% (0+ A1+ Ag) U) .  (4.65)
S

It is also of interest to work out the resulting contribution to the bosonic potential.
This leads to modified kinetic terms for the internal degrees of freedom, as reflected in the
bulk and surface localized contributions to the action. The energy density U localizes in
the internal directions as:

Z/[Bulk+Surface = HF(O,Q) Hi{ + H5A¢ —dg <<ch Q>>adPH§( (466)
+llwAw A Fay + 16,8 — wAwAbs (0(@,Q) — (@4, Q) |5 (4.67)
+ H5A1+A2QHE’ + H5A1+A2QCH§ (4.68)

let us also note that there are additional corrections to this structure once we include
interactions localized along Riemann surfaces and points.
4.2.1 Localized zero modes

We can also use the analysis presented above to determine the zero mode content of our
localized zero modes. These are counted by the following cohomology groups:

0Q € HYKY® © R1 @ Ry) (4.69)
6Q° € HY(K 1/2 ®RY O RY) (4.70)
0V € Hi(Kg 1/2 ®R1®Ra) (4.71)
00° € HYKY? @ RY @ RY). (4.72)
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Here, we note that much as in our heterotic models, the modes ¥ and ¥¢ are not indepen-
dent degrees of freedom.

We can in turn introduce an index formula which counts appropriate combinations of
these zero modes:

X(S, K§? @ R1 @ Ra) = #(6Q) — #(5W) + #(5Q°). (4.73)

Of course by Serre duality we could equivalently count the zero modes using the dual
representation.

4.3 Interactions localized on a curve and a point

Geometrically, we can also see that three components of the discriminant locus can intersect
along a Riemann surface. Although this is a “non-generic” intersection inside of a Kahler
threefold, it is rather natural in the context of an F-theory compactification because we
reach such configurations by Higgsing a parent 7-brane gauge theory. That is to say, we
can locally expand ¢(3) around a non-zero value, and the breaking patterns will include
a cubic interaction between localized fluctuations trapped on pairwise intersections. This
follows the same analysis presented for example in references [26, 34, 46, 47]. Assuming,
therefore, that we have three Kahler surfaces S1, So and S3 inside of X, we would like to
determine what sorts of couplings will be present between three such fields at the common
locus of intersection, which we denote by X.

Owing to the structure of N/ = (0,2) F-term interactions, we must couple a Fermi
multiplet with some number of chiral multiplets. To set conventions, we suppose that
we are given three Kéhler surfaces with fields in the following bundle assignments on
corresponding surfaces S;:

v, e QYK o) (4.74)
Q2 € K)* @V (4.75)
Qs € Ké/z ® Vs. (4.76)

Since we are assuming we have a gauge invariant interaction anyway, we can also assume
that tensor product of the restrictions of the V; are trivial:

Vils ® Va|s ® V3]s = Ox. (4.77)
This leaves us with the task of studying the bundle:
B =0y (K )s© K% |s @ Ky |s. (4.78)
Now, by the adjunction formula, we can write:
Ky @ Ky Pls @ K%y = K2 @ (M @ Ny @ N3) ™Y/, (4.79)

where the A; denotes the normal bundle for ¥ in the surface S;. On the other hand, the
very fact that we have a triple intersection of Kéahler surfaces inside our threefold in the
first place means that N7 ® No @ N3 ~ Kx,. So, we therefore learn that:

B =0V (Ky), (4.80)
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i.e. the triple intersection defines a (1,1) volume form which can be integrated over the
Riemann surface.

As a brief aside, we note that such interaction terms should be expected: if we specialize
to the case of X = T2 x S, we have the dimensional reduction of a 4D N = 1 theory
on a T2, and it is well known that cubic Yukawa interactions localize at points of such
constructions [26].

Consider next the possibility of intersections localized at a point of the Kahler threefold
X. In the Calabi-Yau fivefold geometry, this originates from a quartic intersection of com-
ponents of the discriminant locus. The novelty with the present situation is that because of
the Higgsing patterns available in an intersecting 7-brane configuration, we can expect four
Kihler surfaces to intersect at a point.” Indeed, as we already mentioned in the context
of heterotic constructions, such interactions are expected to be present upon integrating
some Kaluza-Klein modes. The novelty in F-theory is that these interactions appear to be
geometrically localized at a point. For this reason, we can write the general form of such
interactions, assuming of course that a gauge invariant interaction term is possible at all:

Wiop.p = hapys (5\1;(60(;@(5)5@(7)5@(5)) - (4.81)
4.4 Summary of interaction terms

Compared with the relatively concise form of the interaction terms presented for the het-
erotic models, for the F-theory models we see that there are various matter fields and
interaction terms localized along subspaces of the K&hler threefold. We now collect the
relevant F-term interactions in one place. The full Wi, is given by:

Wiop = WiopX + > Wiaps + > Wiopz + Y Wiopp (4.82)
S b p
where
Wiop,x = —/TT(A(O,Q) AD0,1)®3,0) — /TI"(A(S,l) AF0,2) (4.83)
X X

Wiop,s = /<QC, Ao2)@) + (T°, (0+ A1 +A2) Q) +(Q°, (D + A1 +A2) T)  (4.84)

S
Wiops = /faﬁv 5\1;(a)5Q(/3)5Q(“/) (4.85)
b

Wiopp = hages (5\1,(a)5Q(5)5Q(v)5Q(6)) B (4.86)

Where in the above, we have omitted the implicit construction of W and the E-fields which
follows from Wiep.
Including the D-term interactions, we can assemble the full action:

Stotal = SD + SF (487)

9Strictly speaking, this will actually involve a branched cover of the original threefold X, and it is
the different sheets of the cover which are forming the quartic intersection. This is also true for cubic
intersections. This point has been explained in detail, for example, in references [34, 48].
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1 - 1 —
SD = /d2yd20/ <8 (T, T) — 5 (A(()’Q),A(O?Q)) (488)
X
1

. i
— 5 (®30), [V, Pu0)]) — 5 (Do,1), V-, Do,1y]) (4.89)

2
oA <_; @v-Q - @vq)-L@ m))) (4.90)
Sp = / d*yd*0"W + h.c. (4.91)

where the gauge coupling of the 2D GLSM is set by:

6—12 = Vol(X), (4.92)
in 10D Planck units.

Finally, much as in the case of the heterotic models encountered previously, we observe
that the condition for off-shell supersymmetry will be violated, i.e. D, W # 0, even though
on-shell we have satisfied all supersymmetric equations of motion. Just as in the heterotic
context, the condition here is the same: we must couple our model to the geometric moduli
of the system so that this off-shell condition is retained. From the perspective of our local
gauge theory construction, one way to ensure this is to introduce an appropriate Fermi
multiplet Lagrange multiplier. Concretely, these can be extracted by following through the
dimensional reduction of the 9-brane action with superpotential term (€2 — II)ATr(A g 2) A
F(,2)) and tracking the descent of II into the intersecting 7-brane action.

4.5 Anomalies

In our discussion above, we have focussed on elements which can be calculated in various
local patches of an F-theory model. It is also of interest to study the question of whether
our resulting spectrum of states is indeed anomaly free. To address this question, we
strictly speaking need a more global picture on the contribution to both gauge anomalies
and gravitational anomalies. For some global F-theory vacua, this can be addressed using
the spectral cover construction (see e.g. [48-50]), though in some cases even this tool is
unavailable (i.e. if all interaction terms do not descend from the unfolding of a single
globally defined FEg singularity). For this reason, in this section we shall focus on the
contribution to anomalies from the local model (see also [27]).

With this in mind, let us calculate the contribution to the gauge anomalies due to
the bulk zero modes and the zero modes localized on a Kahler surface. Adopting similar
notation to that used in our analysis of 9-brane actions, we assume we have a zero mode
transforming in a representation 7 and which transforms as a section of the bundle £. From
the bulk zero modes, we get the contribution:

Ix(r and 7*) = —Ind(7) x (x(X,&) + x(X,EY)) . (4.93)

Observe that in contrast to the 9-brane theory studied in the previous section, the counting
of bulk Fermi multiplets is slightly different. For matter fields localized on a Kéhler surface
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transforming in a non-trivial representation r and as a section of the bundle R, we also
find a contribution to the gauge anomaly, now given by:

Is(r and ) = —Ind(r) x x(S, K> @ R) . (4.94)

For the gravitational anomalies, we must include numerous fields in the reduction,
which will in turn require us to globally correlate the contributions from various fluxes.
We therefore defer a full treatment of such cases to particular examples, and also refer the
interested reader to reference [27].

5 Anomalies and tadpoles

In the previous sections we focussed on the GLSM sector generated by either a 9-brane or
a configuration of intersecting 7-branes. One of the interesting features of working in two
dimensions is that we have seen that a priori, there is no reason for the GLSM we have
so constructed to be anomaly free. Indeed, when we turn to explicit examples, we will
typically find that in isolation, the GLSM suffers from an anomaly.

From the perspective of a two-dimensional effective field theorist, there are two quite
related ways one might attempt to “repair” such an anomalous gauge theory. One way is
to simply introduce additional degrees of freedom. By 't Hooft anomaly matching, these
contributions can in turn be captured by simply adding a non-local two-form potential
which transforms under a gauge transformation with parameter ¢ as:

5.B ~ Tr(c - dA). (5.1)

Indeed, this is simply the dimensional reduction of the famous Green-Schwarz mechanism
to two dimensions.

Of course, these two ways of cancelling anomalies are actually quite closely related.
For example, in the context of the perturbative type I and heterotic theories, we have a
coupling in the ten-dimensional action of the form:

SGreen—Schwarz X /B2 A Xg(F, R)7 (52)

where Xg(F, R) depends on the 9-brane gauge field strengths as well as the background
curvatures of the model. When there is a non-zero background value for Xg, we can
integrate it over our eight-manifold on which we have compactified. Doing so, we generate
a term given by integrating Bs over our 2D spacetime.

Now, as has been appreciated in other contexts for some time (see e.g. [19, 51, 52]),
this in turn generates a tadpole for the two-form potential which must be cancelled by in-
troducing additional branes which couple to this potential. For the type I theory, these are
spacetime filling D1-branes, and for the perturbative heterotic theories these are fundamen-
tal strings. These brane theories each enjoy an effective flavor symmetry from the ambient
9-brane, and as such, we expect them to contribute matter fields to the GLSM sector. More
precisely, we expect there to be additional 2D currents which contribute to the gauge theory.
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Turning next to F-theory, we can also see that we should in general expect there to be
a tadpole which will now be cancelled by D3-branes wrapped on two-cycles. An interesting
feature of these models is that we can have a D3-brane wrapping a two-cycle which either
intersects a 7-brane at a point, or we can have D3-branes wrapped over a two-cycle which
is also common to the 7-brane. In the former case, we get the F-theory analogue of the
spacetime filling 1-branes seen in the type I and heterotic models. In the latter case, we
get the F-theory analogue of five-branes of these models. One can of course incorporate
such ingredients also in our theories based on 9-branes.

Our plan in this section will therefore be to give a general discussion of the contribution
from tadpoles in the perturbative string models encountered previously. We then consider
the analogous contribution in F-theory models.

5.1 Perturbative vacua

In this subsection we consider anomaly cancellation and induced tadpoles for perturbative
vacua with 9-branes, i.e. we assume we have compactified the perturbative type I, or
heterotic string. Since we shall assume a perturbative vacuum, we exclude the presence of
five-branes. As we explain, these can be incorporated in a straightforward manner.

To start, we recall that the choice of gauge group implies that the anomaly polynomial
for d = 10 heterotic supergravity factorizes as:

Lz = Y3 X3 (5.3)
where (see e.g. [53, 54]):
Yy = tr R - L mp (5.4)
T30 '
Xs = trR' 4 - (tr R?)® — Inperiline (Lo : (5.5)
4 30 3 30 ‘ '

The first trace, trg g, is in the fundamental representation of SO(d).!% Tr is defined as
follows: for a simple Lie algebra it is the trace in the adjoint representation normalized so
that the longest root has length squared 2; for any semi-simple Lie algebra like eg & eg it is
given by a sum of the traces in the simple pieces. When it is not likely to cause confusion,
we will drop the qualifications on the traces.

In a compactification to two dimensions, the anomaly polynomial is given by taking
11> and integrating over an eight-manifold. That is, we wind up with a formal four-form
(as appropriate for anomalies in two dimensions). In particular, we expect the structure
of the anomaly polynomial to be controlled by topological data of the internal manifold.
Along these lines, for a real vector bundle F, introduce the Pontryagin classes:

tr P2 = —202m)°py(E),  tr P =202m)" (p1(E) — 2p2(E)). (5.6)

OFor us d = 10 is the starting point, but we will also be interested in d = 8 when we compactify.
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We also introduce related Pontryagin classes for the tangent bundle, which we write as p;.
Then, the resulting form of Xg for the perturbative theories with gauge group Spin(32)/Z,

and EFg x Eg are:

1
@ X596 = 3p2 _ dpy — 4py x p1(E) + 16p1(E)? — 32p2(E) (5.7)

ﬁXSESXES = 317% —4dp2 — 4 (p1(E1) +p1(E2))p1 + 8 (pl(E1)2 +p1(E2)2 - p1(E1)p1(E2)) . (5.8)

These expressions can be simplified by using the solution to the Bianchi identity, which

requires (without 5-branes)
p1(Msg) = p1(E) (5.9)
in SO(32) theories and
p1(Ms) = p1(E1) + p1(Ea) (5.10)
in the Eg x Eg theory. Using these simplifications and specializing further to the case of
holomorphic vector bundles where E® C = £ @ &, so that

pi (B) = (=1)'exi(€), (5.11)
we write the eight-forms as:
1
(%ﬂ4xfowm::8(—XKN&)+3ch£QQ—8aM5n (5.12)
1
(27r)4X8ESXE8 =8 (—X(Mg) + 362(Mg)2 — 1202(51)02(52)) (5.13)
where in the above, x(Mg) = c4(Mg) is the Euler class on a complex manifold. For

additional details on Chern class manipulations see appendix D.
If Mg is an irreducible CY, then we can obtain the integrated versions of these classes:

1 SO(32) 1/
TAN/A N4 X = —
192(2m)% Jy, 60-3 /.4
_ BsxBs _ _1/
192(27)% /M8 Xs =60—-3 " c2(E1)c2(&2) (5.14)

Thus, for generic stable vector bundles on our eight manifold Xg will integrate to a non-
zero number. So, a two-form potential term is inevitable, and its participation in the
Green-Schwarz mechanism is also required. This also means there is a tadpole which must
be cancelled by some number of spacetime filling 1-branes. In a perturbative vacuum, we
determine the total number of such branes by integrating Xg over our eight manifold. In
appendix E we determine the precise normalization factor in the effective action, finding:

1
Ni. ranes — 1o o A X3g . 1
I-b 192(27)4 /MS 8 (5.15)

An important feature of this constraint is that in a supersymmetric vacuum, N1i_pranes = 0.
So in other words, we get a non-trivial restriction on the topology of the compactification
manifold and bundle. This is very much as in higher-dimensional models, except that here
it occurs in very standard constructions (like the standard embedding).

We might also wonder not only about signs but also integrality of N. As we will see
below, c4(£) will be divisible by six.!! Thus, in the SO(32) case there is no issue with

“This is familiar in the case of the tangent bundle from [52].
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integrality. On the other hand, in the case of the Eg x Eg string it is unclear to us whether
c2(&1)c2(&2) is necessarily an even class.

5.2 Non-perturbative vacua

Let us now turn to a similar analysis for non-perturbatively realized vacua. One mild way
to extend the above results is to consider non-perturbative vacua in which for the type
I and heterotic models, Y, is not cohomologically trivial. In these cases, we also have
spacetime five-branes wrapped over four-cycles, and our models are best viewed as some
limit of heterotic M-theory. Since we are then inevitably dealing with a non-perturbatively
realized vacuum, there seems little point in not simply passing directly to the F-theory
realizations of this and related models.

Along these lines, we can consider the issue of anomaly cancellation for these models
which is now accomplished through the presence of spacetime filling D3-branes. It is
straightforward to determine the homology class wrapped by the D3-branes. We simply
consider F-theory on the background S! x CYj3, and pass to the dual M-theory model on
a Calabi-Yau fivefold. There, the D3-branes are instead represented by spacetime filling
M2-branes. So, we can simply tally up the total homology class wrapped by these M2-
branes. This follows from the terms C3 A G4 A G4 and C5 A Xg(R). The end result is that
the two-cycle wrapped by the D3-branes is:

1[Gy Gy 1
[ZD3]_2(27r/\27T> 48

In general, we see that there can be D3-branes which wrap two-cycles also wrapped by

<p2(oY5> - ipl(cnf) | (5.16)

7-branes, and we can also have D3-branes which only intersect at a point. This gives rise

to different types of extra sectors.

6 Extra sectors

So far, our discussion has focussed on the physics associated with higher-dimensional 9-
branes (and for F-theory, 7-branes). We have also seen that an inevitable feature of these
models is the appearance of a tadpole for the two-form potential which is necessarily
cancelled by the presence of additional spacetime filling branes. By inspection, these branes
must couple to the relevant two-form potential, and as such, we can expect an additional
“extra sector” in addition to the 2D GLSM sector realized by the higher-dimensional branes.

In this section we switch perspective, and focus on the physics of the extra sector,
treating the higher-dimensional brane as a flavor symmetry for this sector. First, we
consider the special case of extra sectors in compactifications of type I string theory. Here,
the extra sectors are realized by probe D1-branes which fill the 2D spacetime and sit at
a point of the Calabi-Yau fourfold. We then turn to generalizations of these extra sectors
for both perturbative heterotic vacua and F-theory vacua. With these examples in mind,
we then make some general remarks about a curious tension between cancelling anomalies

and preserving supersymmetry.
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6.1 Perturbative type I models

Consider first the case of compactifications of perturbative type I strings on a Calabi-Yau
fourfold. In this case, there are no spacetime filling five-branes, but the tadpole for the
RR two-form indicates that there are N spacetime filling D1-branes. The spectrum of this
theory has been studied for example in [55], and in T-dual form has also been considered
in detail in [56].

Let us first recall the worldvolume theory for N D1-branes in flat space in type IIB
string theory. First, we observe that the worldvolume theory has N = (8,8) worldvolume
supersymmetry. Recall that in type IIB string theory, the bosonic mode content for N
D1-branes in flat space consists of a U(N) gauge theory, with eight real scalars X/ in the
adjoint of U(N) transforming in the 8" representation of SO(8). We also have sixteen
Majorana-Weyl fermions ¥4 & ¥4 transforming in the 8% @& 8¢ and the adjoint of U(N).

Consider next the worldvolume theory of the D1-brane in the type I theory. Owing
to the orientifold projection, the worldvolume theory now has (0,8) worldvolume super-
symmetry. In addition to the 1 — 1 strings, we also have 9 — 1 strings stretched from the
spacetime filling 9-branes with gauge group Spin(32)/Zsy to the stack of D1-branes. Addi-
tionally, the mode content of the D1-brane theory will be different due to the presence of
the orientifold projection. The 1 — 1 strings for the gauge fields will now organize accord-
ing to an O(N) gauge theory.'> Moreover, the X! and ¥4 transform in Sym2N, and the
U4 transform in the AZN = adjoint representation and are the (0,8) gauginos. Finally,
we also have the 9 — 1 strings . These are left-moving fermions which transform in the
bifundamental representation (F,IN), where here we have indicated the “flavor” 9-brane as
an SO(F) gauge group with fundamental representation of dimension F.

To proceed further, it will be helpful to organize the various multiplets according to
a holomorphy convention compatible with A/ = (0,2) supersymmetry. Along these lines,
we decompose the fields according to the subalgebra su(4) C so(8). By the same logic
applied to the bulk field theory, we can trace through the effects of the twisting operation
on these representations. Doing so, we find that the fields of our extra sector now combine
— as expected — into various (0, 2) supermultiplets. The real scalars X I and fermions ¥4
form a chiral multiplet X ;) which transforms in the 4 of SU(4) C SO(8) and the two-

index symmetric representation of O(N). We also have a Fermi multiplet A(S\:ch) which
transforms in the 6 of SU(4), and the adjoint representation of O(N). Again, here the 10D
Majorana-Weyl constraint effectively halves the degrees of freedom which would have been
present for a (0,2) differential form. The remaining light 1 — 1 strings are the gauge fields
and gauginos valued in the adjoint representation of O(N).

We also have the 9 — 1 strings which transform in the bifundamental representation
(F,N) of SO(F) x O(N). At first sight, it appears difficult to write an off-shell (0,2) action
for these Majorana-Weyl fermions. However, the key is that these are left-moving degrees
of freedom without any potential terms. Thus, for all intents and purposes we can treat

12The fact that the gauge group is O(N) rather than SO(N) is due to the presence of an overall global
Z2 Wilson line which can be activated in the type I theory. Indeed, this Z. discrete gauge symmetry
implements the type I analogue of the GSO projection for the heterotic fundamental string [55].
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them as a left-moving current algebra gauged by the SO(F') x O(N) gauge fields. Treated
in this form, we can write the requisite supersymmetric couplings. A WZW presentation of
this structure was explored in [57]. In what follows, we will not delve into such an off-shell
presentation. Instead, we will just discuss the free fermion presentation of this current
algebra, so that in this sector our supersymmetry will only close on-shell.

Let us now turn to interaction terms between the various modes of our extra sector.
We primarily focus on the F-terms, as they are protected by supersymmetry. To begin,
consider the interactions just involving the 1 — 1 strings. The bulk interaction terms
presented earlier allow us to write a corresponding F-term. For ease of exposition, we
present this using the topological version of the superpotential, and use the prescription
outlined in section 2 to read off the physical superpotential:

W(ltgpl) =—-QAtr (A(O,Q) A X(O,l) A X(O,l)) , (6.1)
in the obvious notation (in particular the tr is in the fundamental representation of O(N)).
Since the adjoint representation is just the two-index anti-symmetric representation, this
is gauge invariant.

Consider next the interactions which involve the 9 — 1 string . This is a Majorana-
Weyl spinor transforming in the bifundamental representation (F, N) of SO(F)xO(N). We
can clearly construct a bilinear y4y? with A and B indices in the fundamental of SO(F),
and with O(N) indices contracted. These currents can then be easily coupled to an SO(F')
gauge field while preserving on-shell (0,2) supersymmetry. In the compactified theory, the
vector multiplet arises from the pullback of the 9-brane gauge field to the two-dimensional
worldvolume of the D1-branes.

What sorts of interactions can the v have with the remaining D1 degrees of freedom?
Since the 7 are left-moving fermions, as are the A ), it is easy to see that there are no
direct Lorentz-invariant and gauge-invariant terms that couple the v to A2y or X(g 1) at
the two-derivative level.

An important feature is that even after compactifying the 9-brane theory, we should
still expect F' = 32 in compactifications of the type I theory. The reason is that the D1-
brane is a pointlike object in the compactified space and as such, does not experience the
effects of the flux in the same way that bulk 9-brane modes do. More concretely, we see
that the couplings to the bulk 9-brane modes do not induce a mass term for the 9 — 1
strings. The result of compactification is therefore to gauge a subgroup H C Spin(F'). The
residual flavor symmetry is then given by the commutant. More precisely, we realize a
coset space Spin(F')/H.

6.1.1 Anomalies

Having discussed some aspects of the zero mode spectrum as well as the interaction terms,
let us now turn to anomalies associated with this extra sector. To make the computation,
we tabulate the fermions of the D1-brane sector. All of these are Majorana-Weyl and fall
into the following representations
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fermion chirality rep. of SO(8) x SO(F) x O(N)

pA right-moving (8%, 1, Sym?N)
g left-moving (8¢, 1, A’N)
v left-moving  (1,F,N)

Recall that for O(N) ind(N) = 2, ind(A?N) = 2(N — 2), and ind(Sym?N) = 2(N + 2).
With that, we evaluate the anomalies.

First, we have the O(N) anomaly. Including an overall factor of 1/2 for the Majorana-
Weyl spinors, we obtain

ID1:%[—8><2(N+2)+8><2(N—2)+2F]:(F—32). (6.2)

Thus, as we expect, the only sensible choice is F' = 32. Fortunately, that is precisely the
choice we need for our application to type I theories.

Now we reconsider the anomaly of our full theory, including the D1-brane sector. Let
us denote the “old” D9-brane anomaly that we found from the analysis above by I,4q The
“new” anomaly, which includes the contribution from the 1-9 strings in the bifundamental
(32,N), is then given by

1
IneW:Iold_§><2><N: old_N~ (63)

This is a satisfying answer. Tracing through the logic which led us to consider an extra
sector in the first place, the term By A Xg leads to a tadpole which can be cancelled
by introducing spacetime filling D1-branes. From a gauge theory perspective, we can
alternatively cancel the anomaly by introducing “by hand” an extra set of weakly coupled
states, namely those of the D1-brane.
We also compute the gravitational anomaly on the D1-brane world-volume:
cp,—cr 1 1 N(N +1)

12 TR

S OES)

+32N|=N. (6.4)

This is just right to cancel the “old” gravitational anomaly.

6.2 Perturbative heterotic extra sectors

Consider next the extra sectors associated with perturbative heterotic compactifications.
Just as in the case of the type I theory, the presence of the term By A Xg indicates that
there will generically be spacetime filling fundamental strings in addition to the GLSM
sector generated by the original compactification.

Now, the worldvolume theory of a single fundamental string is extremely well-known.
It consists of a set of left-moving currents which couple to the pullback of the 9-brane gauge
field. Additionally, we have the standard embedding coordinates for the heterotic string
in the Calabi-Yau fourfold. This can also be given a rather explicit character using GLSM
techniques. Additionally, because multiple fundamental heterotic strings do not form a
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bound state, we can also determine the net contribution to the conformal anomalies for
multiple coincident heterotic strings:

(cp,cr) = (24N, 12N). (6.5)

In spite of this, the explicit microscopic characterization of multiple heterotic strings is
still somewhat subtle. Nevertheless, one can expect that at least in the large N limit, a
holographic dual description may emerge [58]. At any rate, we at least observe that the
gravitational anomaly matches that found for N D1-branes above.

6.3 F-theory extra sectors

Finally, we come to the case of F-theory extra sectors. As opposed to the constructions
encountered previously, in F-theory we should not expect a spacetime filling D1-brane or
F1-brane string to play the role of such an extra sector. One reason for this is that in
the corresponding tadpole cancellation conditions of F-theory, it is really the four-form
potential rather than a two-form potential which plays the key role in any analysis of
anomaly inflow. Additionally, the very notion of spacetime filling 1-branes in F-theory
is rather special and only holds for special configurations of the axio-dilaton. In general,
SL(2,Z) covariance obstructs the presence of such objects.

Based on this, we must seek the presence of such extra sectors in the form of D3-branes
wrapped on various cycles of an F-theory compactification. For two-cycles which are com-
mon to a 7-brane, the analogous contribution in heterotic and type I is a non-perturbative
five-brane. As such, the two-dimensional theories defined by these theories are expected to
be somewhat subtle. However, there are also two-cycles transverse to the 7-branes. These
are the F-theory analogues of the 1-branes encountered in other duality frames. Indeed,
these D3-branes have eight Neumann-Dirichlet mixed boundary conditions, and so will
contribute a comparable zero mode content to that of the probe D1-branes encountered in
compactifications of the type I string. Additionally, by considering the orientifold limit of
an F-theory compactification, we can see that a D3-brane wrapped in the normal direction
to a 7-brane becomes — after applying two T-dualities in the two directions transverse
to the 7-brane — a D1-brane, while the 7-brane becomes a 9-brane. So, we see that the
structure of this theory is actually quite close to that encountered in the type I construction.

There are also some important differences between these two constructions. Perhaps
the most significant is that in the limit where gravity is decoupled from the intersecting
7-brane configuration, the gauge theory dynamics of the D3-brane must also necessarily
decouple. This is simply because it is wrapping a non-compact curve of infinite volume,
so it instead behaves as a corresponding “flavor sector” for the 2D GLSM defined by the
7-branes. Nevertheless, at the point of intersection between the D3- and 7-branes, there
are additional localized currents. These are the analogue of the 9 — 1 strings encountered
in the type I construction.

Though more challenging to study, we can also consider the effects of moving the D3-
brane to special points of the intersecting 7-branes. For example, at various points of the
internal geometry, the elliptic fibration may become more singular, i.e. there is symmetry
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restoration along a subspace. When this occurs, there is a corresponding change in the
D3-brane sector. It would be interesting to determine further details of these models in
future work.

Now, in addition to these extra sectors, we can also in general expect D3-branes to
wrap two-cycles also common to a 7-brane. Even so, they may still be separated away from
the 7-brane, and so in this sense can be decoupled (the 3-7 strings being massive). When
these D3-branes are nearby a 7-brane, the 3-7 strings become light, and we get another
source of an extra sector. In the perturbative vacua studied previously, these are associated
with five-branes wrapped over a four-cycle (as such, they would not really be perturbative
vacua if we included them). In the flat space limit, these theories are given by a possibly
strongly coupled N = 2 supersymmetric system in four dimensions. What we are doing is
taking this strongly coupled system and wrapping it over a curve common to the 7-branes
and D3-branes. Again, this leads to a rather rich class of extra sectors which interact with
our GLSM sector. We defer a more complete analysis of these models to future work.

6.4 Anomalies versus supersymmetry

One of the general features of our 2D GLSMs is that in general, we do not expect the
gauge theory sector to be anomaly free by itself. Observe, however, that the gauginos and
Fermi multiplets contribute with one sign to the gauge anomaly, while the chiral multiplets
contribute with the opposite sign. This leads to a general question about whether the zero
mode sector can cancel anomalies supersymmetrically.

First of all, we can see that in perturbatively realized vacua, the contribution from
the extra sector currents contributes to the gauge anomaly with the same sign as Fermi
multiplets. That means that we can only use this sector to cancel an anomaly provided the
2D GLSM sector has a sufficient number of chiral multiplets. Otherwise, we would need
to add anti-branes instead, breaking supersymmetry.

Now, in non-perturbatively realized vacua, we can in principle get another contribution
to the anomaly. In heterotic M-theory, this would be given by Mb5-branes wrapped over a
four-cycle, and in F-theory it is given by D3-branes wrapped over a two-cycle common to
a 7-brane. In general, Consider the case of D3-brane modes which are also non-trivially
charged under a representation of the 7-brane gauge group. In general, these degrees of
freedom will be part of a strongly coupled extra sector, but we can nonetheless count them
via anomaly matching considerations.

In the special case where the 7-brane gauge group is perturbatively realized (i.e., it is of
SU, SO or Sp type) more can be determined. For example, in flat space, these modes must
organize according to 4D N = 2 hypermultiplets. Upon reduction to two dimensions, the
mode content will organize according to N/ = (0,4) hypermultiplets and Fermi multiplets
(see e.g. [59, 60] for some recent discussions). So when we wrap on a curve, we can count
the net contribution to the anomaly via the bundle valued cohomology groups:

Qe Qe HYZ,R), UaTteH (S R). (6.6)

for some bundle on the curve 3, and where the Q’s denote N' = (0,2) chiral multiplets
and the ¥’s denote A/ = (0, 2) Fermi multiplets. Observe that by an appropriate choice of
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bundle R, we can get more chiral multiplets than Fermi multiplets. So in principle, such
non-perturbative sectors can also participate in anomaly cancellation.

7 Examples

In the previous sections we introduced a general formalism for extracting two-dimensional
N = (0,2) quantum field theories from a string compactification. In particular, we expect
that in most cases, these theories will flow to a fixed point (though it may be one in which
all fields are free). Our aim in this section will be to give a few examples illustrating these
general ideas. We of course expect there to be a non-trivial target space interpretation of
the resulting theories since in many cases we will reach a super-critical string theory with
a large target space dimension.

With this aim in mind, we first begin with examples of (2,2) supersymmetry, and
explain how starting from such a locus we can reach a special class of (0,2) models. This
is a common strategy in the (0,2) literature. Next, we turn to examples constructed from
compactifications of perturbative strings on a Calabi-Yau fourfold. We focus on the case
of the “standard embedding” i.e. where we embed the spin connection of the Calabi-Yau
fourfold in the gauge group of the ten-dimensional Yang Mills theory. In particular, we
give a global count of the number of degrees of freedom and also verify that all gauge
and gravitational anomalies have indeed cancelled. Quite strikingly, we find that for the
FEg x Eg heterotic theory, anomaly cancellation with a rank four gauge bundle always leads
to supersymmetry breaking.

After this, we turn to some examples from F-theory. Using methods from the spectral
cover construction of vector bundles, we can of course produce very similar structures to
that already seen on the heterotic side (see e.g. [27] for some examples). We shall, however,
aim to focus on some cases which are more “unique” to F-theory in the sense that the results
are more transparent in that duality frame. To this end, we consider the 2D analogue of
“non-Higgsable clusters” encountered in previous work in six [61] and four [62] dimensions.
In two dimensions, such structures are better viewed as “rigid” clusters since the notion
of Higgsing a symmetry in two dimensions is more subtle. We mainly focus on examples,
deferring a full classification to future work.

7.1 N = (2,2) models

To give some examples, we begin with two-dimensional models with (2, 2) supersymmetry.
A straightforward way to engineer such examples is to start with a four-dimensional N' = 1
supersymmetric field theory. Compactifying on a further 72 then leads to (2,2) supersym-
metry. The structure of interactions is then inherited from four dimensions. However, the
IR dynamics can be somewhat different as there are now non-trivial solitonic excitations
which can wrap along the cycles of the T2

From the perspective of string compactification, we get such examples by specializing
to the case of T? x CY3 for type I and heterotic models, and to T2 x CY} for F-theory
models. In these cases, we also see that the Fermi multiplets and chiral multiplets combine
to give (2, 2) chiral multiplets. Some detailed analyses of this special case has appeared for
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example in [63] to which we refer the interested reader for additional discussion. Amusingly
enough, we can take well-known constructions of the Standard Model of particle physics
obtained in previous work and simply reduce to two dimensions.

One important feature of all these models is that now, the Green-Schwarz mechanism
plays a less prominent role. In field theory terms, this is because now, all of our left-movers
naturally pair up with right-movers owing to (2,2) supersymmetry. Indeed, returning to
our actual computation of the integrated Xg for perturbative type I and heterotic models,
we see that in the special case of perturbative models on T2 x C'Y3 the integral of Xg always
vanishes. For F-theory models, there is a related constraint, although now, we expect there
to still be spacetime filling D3-branes wrapped over two-cycles which are also common to
7-branes. That is, we expect there to typically be four (and not eight) Neumann-Dirichlet
boundary conditions for open strings stretched between D3-branes and 7-branes in models
with (2,2) supersymmetry.

Let us make few additional qualitative remarks. First of all, we can see that in the F-
theory constructions, the cubic Yukawa couplings localized at points are now localized over
the T2. This is as expected from our general considerations, where we saw that the triple
intersection of three Kéhler surfaces in the Kéhler threefold should lead to such localized
interactions. We also see, however, that there are generically no quartic intersections. If
we consider a mild tilting of the 7-branes (say by activating a flat Wilson line along the
T?), we can engineer such structures as well.

As a particularly simple class of models, we can also see how the (2, 2) supersymmetric
CPY model arises in these sorts of constructions. Recall that this is described by a U(1)
gauge theory with N + 1 chiral multiplets of charge 4+1. Additionally, there is a Fayet-
Iliopoulos parameter which controls the overall size of the manifold.

Now, a curious feature of this model is that from a four-dimensional perspective, it
would appear to define an anomalous gauge theory in four-dimensions. What is really going
on in a string theory construction is that if we attempt to engineer a U(1) gauge theory
with (N +1) chiral multiplets, there will inevitably be an axionic multiplet which functions
as an additional chiral multiplet of charge —(N + 1), and serves as a “field dependent FI
parameter.”

With this in mind, let us now engineer an example of this type. We start in F-
theory compactified to four dimensions with a pairwise intersection between an SU(2)
7-brane wrapped on a del Pezzo surface S, and a non-compact I factor of the discriminant
which intersects the SU(2) locus along a P!. As is well-known from earlier work on 4D
compactifications, we can activate a supersymmetric bulk flux which breaks SU(2) to U(1),
and which (for a suitable choice of del Pezzo surface and bulk fluxes) does not generate any
bulk zero modes. Restricting the flux to a matter curve will then give us our zero modes
for the GLSM.

At the intersection curve, we have an enhancement to an SU(3) locus, so we expect
to have a hypermultiplet’s worth of degrees of freedom transforming in the fundamental
representation of SU(2). Now, by a suitable choice of flux through the SU(2) factor, we
break to U(1), and have no zero modes from the bulk. Restricting the flux onto the curve,
and activating the flux from the I; flavor brane, we now see that the number of charge +1
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and —1 fields is given by a line bundle cohomology group:

charge + 1 chirals: H°(P!, O(+N — 1)) (7.1)
charge — 1 chirals: HO(P',O(-N — 1)). (7.2)

So provided N > 0, we just have charge 41 chiral multiplets localized. If this is all
the matter fields, we necessarily find that the U(1) gauge theory is anomalous. This is
acceptable in the present context, because we will have a coupling to the dynamical FI
parameter anyway. Compactifying to two dimensions, we therefore obtain our CPY model.
Similar constructions can of course be performed in heterotic models as well.

Even at the level of zero modes, the effective dimension of the target space depends
on the energy scale at which we analyze the effective string theory. Observe that at higher
energy scales, we cannot treat the FI parameter £ (and its axionic partner) as fixed. Doing
S0, we get a new geometric interpretation: a non-compact complexified cone over CPN.

Starting from this construction, we can also consider activating non-trivial tiltings /
fluxes on the T2 factor of the compactification. This corresponds in the ' = (2,2) model
to an operator deformation which moves us to a more general ' = (0, 2) model.

7.2 Perturbative models with rank four bundles

Consider next some examples from perturbative strings on a Calabi-Yau fourfold. Canon-
ical examples of this type are given by the “standard embedding,” i.e. where we embed
the spin connection in the gauge connection. More generally, a particularly simple class of
solutions are obtained by picking a stable holomorphic rank 4 bundle £ over our manifold
M. These of course include the standard embedding, where we take & = Th;. In this
section we will study some aspects of the resulting compactifications for both the type I
and heterotic string. As some aspects of the analysis are different, we split our discussion
up according to whether the 10D gauge group is Spin(32)/Zg or Eg x Eg.

However, before we get into that, we tabulate a few simple computations regarding
the topology of the bundle. We restrict attention to & with ¢;(€) = ¢;(Ta) for i = 1,2.
This leads to a significant simplification of various characteristic classes and results

B cs(€) 2¢4(€) (M) — 4cq(E)
X(€) =8-=3 3 7

7.2.1 Spin(32)/Z2 models

, X(A2E) =12+ L xEweY)=512+4

. (7.3)

To begin, we consider the type I string theory or heterotic Spin(32)/Zs string on a Calabi-
Yau fourfold equipped with a rank 4 stable holomorphic bundle £. In this case, we decom-
pose the adjoint representation according to the branching rule:

S0(32) S SO(24) x SO(8) (7.4)
adjso(sz) = (adjso(24), 1) @ (1, adjgos)) ® (24, 8") (7.5)

for compactification on a generic eight-manifold. Specializing to manifolds with SU(4)
holonomy for the metric, we have:

SO(32) D SO(24) x SU(4) x U(1) (7.6)
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adjsos2) = (adjso(2ay, 1) @ (1, adjguya)) (7.7)
@ (1,641) @ (1,6-1) & (1,10)
D (24,441)9) D (24,4_1)2).

Associating 4 to forms valued in £ and 6 to forms valued in A%2€, we find the following
massless spectrum. Note that all fermions are counted as Weyl.

1. Moduli.
e CS: hY(T) + RY(TV) + hHE® EY);
e Fermi: h?(T) + 1h*(€ ® V). This is an integer by the result above.
o cp—cp=x(T)+3[X(EREY)—2] =263 — 3c4(€).13
2. SO(24) x U(1)-charged fields: 141.
o CS: hY(A2E) + W3 (A2E);
e Fermi: h2(A%E).
o ¢ —cp=xX(N%E) =12+ 2¢4(€).
3. SO(24) x U(1)-charged fields: 24, 5.
o CS: (&) + h3(€);
e Fermi: h%().
o cp —cp=x(€) =8—tcul&).
4. left-moving gauginos: ¢, — cr = 277.

5. d = 2 gravity: ¢, — cp = —24. As we discussed above, this is the contribution from
the gravitational sector of the bulk theory.

We now use
Ind(adjgo(24)) = 44, Ind(24) =2, (7.10)

and find that the SO(24) x U(1) and gravitational anomalies are all proportional to each
other. Namely,

1¢
Iso(ee) = —44 — 2x(&) = —60 + 4;)7
1 cy(E
Iyay = —X(A*E) — 24 x ZX<5) = 4; ) :
Cl, — CR _ _ 04(8)
Lo =60 - S (7.11)

These vanish if and only if ¢4(E) = 180.
The non-vanishing anomaly indicates that there must be additional degrees of freedom
present in the model. These are readily accounted for in the type I picture by introducing

13The —2 factor in the square bracket subtracts off B°(E ® V) =h*(E®EY) =1
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a suitable number of D1-branes. Based on our local gauge theory analysis, we see that the
9 — 1 strings are Fermi multiplets in the fundamental representation of the gauge group
SO(24). So, given N Dl1-branes of type I string theory, we expect a contribution to the
gauge theory anomaly:

1
Tgauge(D1’s) = —Ind(24) x 5 X Np1 = —Np1. (7.12)
So, the net contribution to the gauge anomaly is:
1
Igauge(g‘brane) + Igauge(DPS) = —60 + gX(CY;;) — Nps. (7.13)

On the other hand, returning to equation (5.15), we have that:

1 1
Np1 = —192(%)4/)(8 = —60 + 504(5) . (7.14)
M

So we cancel the anomaly, as expected, and we will preserve supersymmetry if ¢4(€) > 180.
Though we have phrased the calculation in terms of type I string theory, it is clear
that there is a very similar calculation for the S-dual heterotic model. There, the additional
contribution to the gauge anomaly comes about from N spacetime filling fundamental
strings. This is again a chiral theory and its currents directly couple to the 9-brane.

7.2.2 FEg X Eg models

Let us now turn to the related calculation for a rank 4 bundle compactification of the
FEs x Eg heterotic string. Here, we shall encounter an interesting subtlety having to do
with tadpole cancellation: we will find that in these models, cancelling anomalies requires
us to add spacetime filling anti-fundamental strings. That is to say, these models will break
N = (0,2) supersymmetry. Exploring the target space interpretation of this case would
clearly be especially interesting.

Let us begin by analyzing the zero mode content of the theory. In this case, we embed
the structure group SU(4) of £ in one of the Eg factors. Since the other Eg is a spectator,
we will primarily focus on the “visible sector.” Of course, the net anomaly contribution
will depend on matter coming from both sectors, and if it is to be cancelled by the “extra
sector,” the anomalies in various symmetries must be proportional, just as we observed
above in the SO(32) example. The spectator Eg is the simplest anomaly to evaluate. Since
Ind(248) = 60, we simply have

Ip, = —60 . (7.15)

To examine the matter spectrum further consider the branching rules for the decom-
position of the adjoint representation:

Eg O SO(10) x SU(4) (7.16)

248 — (adjSO(lo)a 1) ©® (17adJSU(4)) ©® (16’ 4) ® (1671) ® (107 6) (717)

In this case, the relevant degrees of freedom transforming in a representation of the unbro-
ken SO(10) gauge group are counted by the Hodge numbers of the Calabi-Yau fourfold. In
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particular, we can count the number of CS multiplets and Fermi multiplets in the various
representations. In this case, there are some additional subtleties having to do with the
fact that we have Fermi multiplets which transform in self-dual bundles, i.e. £ = £V. This
fact means that there is an involution operation & — £V, and so we can split up the modes
according to whether they are even or odd. As in our previous discussions of packaging
2D Majorana-Weyl fermions in terms of Fermi multiplets, this means to properly count
these degrees of freedom, we only retain the even sector. In practice, this means we have
to divide by two in tallying up the contribution to a gauge anomaly. With this caveat
dispensed with, we have:

Multiplet\Representation | (adjsoig), 1) | (16,4) | (16,4) (10,6)
Fermi 0 h2(€) | dual count h%even) (A28) | (7.18)
Chiral Multiplet 0 RY(E) | RM(EY) Rt (A2E)

where in the above, the terminology “dual count” means the modes in the (16,4) have
already been accounted for by the modes in the (16,4).

We can also calculate the contribution to the various gauge and gravitational anomalies.
For purposes of exposition, we choose to focus on one particular case, i.e. that of the non-
abelian gauge anomalies for SO(10). Summing up the net contribution from the matter
charged in various representations, and using the formulae:

Ind(adjgo(10)) = 16, Ind(10) =2, Ind(16) =4 (7.19)
we get that the total gauge anomaly is:
1
Iso(10)(9-brane) = —16 — 4y () — 2 x 5X(A%’) = —60 . (7.20)

This matches the anomaly in the spectator Eg, as it had to do.

So, the Green-Schwarz term will certainly render the theory anomaly free, and we can
introduce spacetime-filling strings to solve the tadpole. However, there is also a crucial
difference from the SO(32) case. From the general formulas for Xg given above in (5.14),
we see that for any Fg x Eg compactification that leaves the second Eg factor untouched
and uses a holomorphic bundle with c2(&1) = c2(M) and ¢1(£1) =0

1
Nstrings — _W /M XS =—60 . (721)

Thus, a solution of the tadpole necessarily breaks supersymmetry.

7.3 F-theory models

In this subsection we consider compactifications of F-theory on an elliptically fibered
Calabi-Yau fivefold. One of the advantages of F-theory based models is that in many
cases, there is a limit available in which the effects of gravity can be decoupled. To realize
a local model, we must consider a 7-brane wrapping a Fano threefold in a local geometry
such that the normal bundle has negative first Chern class.
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Before proceeding to specific examples, let us recall our general discussion given in
section 6.4. There, we observed that to have an anomaly free theory which preserves
supersymmetry, we typically need to introduce extra sectors from D3-branes wrapping
two-cycles in the base geometry. For D3-branes wrapped on a curve normal to a 7-brane,
we get additional Fermi multiplets, while for D3-branes wrapped on a curve common to a
7-brane, we get the possibility of additional chiral and Fermi multiplets.

For example, for an isolated 7-brane wrapped on a P3, we cannot activate a supersym-
metric background value for the gauge fields and Higgs field of the model. So, the only
zero mode contribution is from the gauginos of the model. As this is a negative contribu-
tion to the anomaly, we conclude that to cancel anomalies supersymmetrically, we need to
introduce D3-branes wrapping a curve of the P3.

In some sense, this example is not that representative since in general, a Fano threefold
will have non-trivial solutions to the Hermitian Yang-Mills equations (and their general-
ization involving non-trivial profiles for the Higgs fields). An example of this type is given
by X = P! x P! x PL.

More generally, we expect that just as in the analysis of 6D and 4D vacua , the
special case of local models with no local complex structure deformations (see e.g. [61,
62]) will provide useful building blocks for constructing more elaborate F-theory models.
These are often referred to as “non-Higgsable clusters” in higher dimensions, though in
two dimensions we shall instead use the term “rigid clusters” since the notion of a Higgs
branch is more subtle in two dimensions.

Our plan in the remainder of this subsection will be to discuss in greater detail the
specific examples of X = P? and X = P! x P! x P!,

7.3.1 Local P? model

One way to construct a P2 model is to take a decoupling limit involving F-theory with base
a P! bundle over P3. The explicit characterization is given by a toric construction which is
itself described by a (2,2) GLSM. This has a U(1); x U(1)2 gauge theory and fields u;, v;

of respective charges:

Ul U U us3 (%1 V2
ULy |41 | +1 |41 | +1|n |0 [ (7.22)
Ul |0 [0 |0 |0 |+1]+1

The moment map constraints are then Dy = Dy = 0 modulo U(1); x U(1)y gauge trans-
formations, where:

Dy = |ut)? + Jua|* + |us]* + Jug]® + n o> — & (7.23)
Dy = [v1]? + [0af* = & (7.24)

Without loss of generality, we can restrict to the case n > 0. Geometrically, the local de-
scription is given by a geometry of the form Ops(nH) — P3, where H is the hyperplane class
divisor of P3. An F-theory model over this base is given in minimal Weierstrass form as:

Y3 =23+ f(u,v)z2t + g(u,v)28, (7.25)
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where [z, z,y] are homogeneous coordinates of the weighted projective space IP[23 2.1]" and
f(u,v) and g(u,v) respectively sections of Op(—4Kp) and Op(—6Kp). From the GLSM
presentation, we also have:

— [KB] = 2[S] + (4 +n)[F], (7.26)

where [S] is the divisor class associated to vo = 0 and [F] is the class associated to the
divisor u; = 0. We can now write the general expression for f and g:

k=M j=J
f= Z vlf+4v§_kf16_;m(u) and g¢g= Z v{+6vg_]gg4_jn(u), (7.27a)
h=—4 j=—6

where fi6_gn and gos—j, are homogeneous polynomials in the u; with degree indicated by
their subscript. Moreover, the bounds M and J in the sums are given by 16 — kn > 0 and
24 — jn > 0. This means that

M = Min(4, [16/n]), J = Min(6, [24/n]) . (7.28)

Let us now discuss some general features of this model and the associated geometry.
There are two generic locations where we expect 7-branes to localize, i.e. at v; = 0 and
vg = 0. These are roughly speaking the remnants of the two stacks of 9-branes present in
the heterotic construction, now realized in terms of the corresponding factors. From the
general structure of perturbative anomaly cancellation, we also see that there will be D3-
branes which will wrap the P! fiber direction and sit at points of the P3. In general, we also
expect there to be D3-branes wrapped over two-cycles of the P2, which are in turn counted
by the class H - H. In the dual heterotic M-theory description, the D3-branes wrapped over
the P! fiber translate to spacetime filling M2-branes which also wrap the interval between
the two Fg factors. Additionally, we have Mb5-branes wrapped over the elliptic fiber and a
two-cycle of the P3. The total number of such M5-branes is the parameter n.

Let us now see show how to realize a rigid cluster for appropriate n. To this end, it is
enough to study the structure of the minimal Weierstrass model. For example, we see that
the value of n is bounded as:

0<n< 24 (7.29)

The upper bound comes about because we require that the elliptic fiber remain in Kodaira-
Tate form. For the case n = 24, we have:

f= v%v%fm(u) + ’U%Ugﬂ;o(u) 4+ ...+ ’U;fllg(’u,) (730)
g9 = v{v3go(u) + vvSg2a(u) + viv3gas(u) + ... + v3°gres(u). (7.31)

So by inspection, we see two Eg factors, one at vo = 0 which is a rigid cluster, and another
at v; = 0 which can be maximally unfolded. We interpret this as the situation in which we
activate a generic vector bundle on the non-rigid Eg factor. An interesting feature of this
construction is that the F-theory model provides us with a rather direct way to count the
vector bundle moduli on the heterotic side. Indeed, we can also recognize the dual geometry
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wrapped by the heterotic 9-brane. It is given by an elliptically fibered Calabi-Yau fourfold
with P2 base:

y? = 2 + fi6(u)x + goa(u). (7.32)
Proceeding in this fashion down to lower values of n, we can also track the singular
fiber for all of the remaining cases. We shall refer to a “rigid cluster” as one for which the

local geometry is:
O(—nH) — P?, (7.33)

with n > 0 (i.e. we can decouple gravity) and in which the elliptic fibration over the
threefold is always singular. This occurs in the range:

5<n<24 (7.34)

It is interesting to contrast this with the higher-dimensional case for 6D vacua studied in
reference [61]. There, the local geometry is O(—n) — P! with 3 <n < 12.

For each value of n, we can also deduce the order of vanishing for f, g and A. Conse-
quently, we can also read off the expected matter structure for these models. As in higher
dimensions, however, the fiber type does not directly translate to the realized gauge sym-
metry of the 2D model, because of possible quotients by outer automorphisms of a larger
algebra (i.e. monodromy).

So far, we have focussed on the geometric data associated with this model. We can
now ask to what extent we expect the resulting 2D theory to preserve supersymmetry. To
give a simple example, let us focus on the case of O(—24H) — P3| in which case there is
an Fg 7-brane wrapped over an isolated P3. Now, the key point for us is that in the BPS
equations of motion,

WAwAFq1)+[0,6] =0, da¢p=0, Fya =0, (7.35)

the positivity of the associated Lichnerowicz operator makes it impossible for us to find a
non-trivial vacuum solution. That is to say, the only zero mode content is an Eg vector mul-
tiplet. This contribution is negative, and so we can already anticipate that to cancel anoma-
lies supersymmetrically, we would need a D3-brane wrapped on a curve in the P3. Note
also that this D3-brane can be interpreted as being generated by a non-trivial flux of the
bulk 7-brane theory. We leave a more complete discussion of such sectors for future work.

7.3.2 Local P! x P! x P! model

We now turn to a class of examples with X = P! x P! x P'. For starters, we setup some
notation. The homology ring for X is generated by the three divisor classes [S1], [S2], [S3],
where we label the three P! factors of X, and S; = P%k) X P%l) with ¢ £ k and ¢ # [. In what
follows we omit the square brackets from all divisor classes. In this notation, the canonical
class for X is:

Ky = —25; — 2S5 — 2S5, (7.36)

The local geometry in the base is then captured by a general normal bundle which we take
to be:
N = O(—n151 — n2Sy — n3gSs). (7.37)
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To have a decoupling limit, we require n; > 0 for all i. Since we are primarily interested
in examples, we shall specialize to the case n; all equal to some n > 0.

Now, following the related discussion in e.g. [61], we can calculate the order of vanishing
on X for f and g of the Weierstrass model. Along these lines, we assume that they do
vanish (i.e. we have a rigid cluster) and write the canonical class for the non-compact base
B given by the total space N' — X as:

~Kp=~X+D, (7.38)

where v is a positive rational number and D is an effective divisor such that X - D > 0.
Now, by adjunction, we have:

Kx=X -X+Kp-X, (739)

SO:
—-Kx=¢nw-1)X-X+D-X (7.40)

or:
2514252 +2853=n(1—7)(S1+S2+S3)+D-X. (7.41)

Since we have assumed D - X > 0, we can solve for v to find:
n—2
et

v = (7.42)

As the order of vanishing for f, g and A is simply given by the restriction of —4Kp, —6Kp
and —12K g, we can now read off the order of vanishing on X for each of these sections:

4(n — 2 -2 12(n—2
ordx f = [(n)] , ordxg = [6(71)} , ordyA = [(n)] . (7.43)
n n n
So in this case, the range of possible values for n is:
0<n<12, (7.44)

and a rigid cluster is obtained for n > 2 (i.e. a singular elliptic fiber must occur over X).

Specializing now to the case of n = 12, we have an isolated Eg 7-brane. To get a
supersymmetric vacuum, we now need to switch on an internal flux through X. One
choice is given by activating a U(1) valued flux in the Cartan of the SU(2) factor of
(E7 x SU(2)) /Z2 C Eg. To get a choice of flux compatible with the BPS equations of
motion, we take the line bundle:

L = O(kSy — kSs), (7.45)

where k& > 0 is taken to be an integer. We can verify that this satisfies the stability condition
wAwWAF(1 1) = 0 by noting that when the Kéhler class is aligned as a multiple of 51452+ 53,
kS1 — kS5 clearly has trivial intersection number with the two-cycle represented by w A w.

Let us now analyze the zero mode content in the presence of this abelian flux. To this
end, we need to consider the breaking pattern:

eg D ey X su(2) (7.46)
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248 (133,1) @ (1,3) @ (56, 2). (7.47)
So decomposing further to the u(1) factor, we have:

es D er x u(l) (7.48)
2481330010 D1 2D 140 5641 @ 56_1. (7.49)

To count the number of chiral multiplets and Fermi multiplets, we will need to evaluate
various line bundle cohomologies. At this point, it is helpful to recall:

H™(X,0(q151+q2582+¢353)) = @ H(P(, O(q1)) x H* (P(y), O(g2)) x H* (P(3), O(g3))-

ki1+ka+kz=m
(7.50)
Now in our specific case, we always have g3 = 0 and q1¢2 < 0. For example, if ¢ > 0 and
q2 <0, weneed m=1and k; =0, ke = 1, and k3 = 0. Now, we next observe that:

HY(X,0(tS; —tSy)) = HO(P, O(t)) x HY(P', O(-t)), (7.51)

which has dimension (¢ + 1)(t — 1) = (> — 1). Returning to the specific mode content of
our model, we note that the fluctuations from the chiral multiplets come from the Hodge
numbers k' and A, while that of the Fermi multiplets comes from h%. So, we never get a
contribution to the Fermi multiplets, and only get a contribution to the chiral multiplets.
The specific number in each representation of ez x u(1) is:

Rep: 1,2 1+2 56+1 56,1
HCS: | 4k>—1 | 4k>—1 | K2 -1 | kK> -1

(7.52)

For k£ > 1, we indeed have a positive number of chiral multiplets. For example, the total
contribution to the E; gauge anomaly is:

I, = —Ind(133) 4 Ind(56) x (22 — 2) = 24k* — 60, (7.53)

where in the above we used the fact that Ind(133) = 36 and Ind(56) = 12. As expected,
Ip. > 0 for k > 1, so indeed, we expect to always cancel the anomaly supersymmetrically
through the presence of some spacetime filling D3-branes which wrap the non-compact
two-cycle normal to the 7-brane. In this case, the extra sector is a variant on the same
SCFT obtained from order k? heterotic string worldsheet theories. It would be interesting
to directly calculate the chiral contribution to the GLSM anomaly from this sector.

Let us make a few additional qualitative remarks. First of all, we can see that the total
number of such D3-branes will be of order k2. Geometrically, we can see this by lifting the
gauge field flux to a four-form flux in the dual M-theory description given by compactifying
on a further circle. Since this is proportional to k, the eight-form G4 A G4 will naturally
scale as k2. We also see that the bulk modes contribute no Fermi multiplets, so there are
no superpotential terms. Rather, we expect there to be possibly non-trivial couplings of
these bulk modes to chiral fermions originating from our D3-brane sector.
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8 Conclusions

In this paper we have used methods from string compactification to provide UV comple-
tions for non-critical string theories. We gave a general class of tools for analyzing 2D vacua
arising from compactifications of type I, heterotic strings and F-theory. In particular, we
introduced a quasi-topological 8D theory to analyze vacua generated by 9-branes, and a
quasi-topological 6D theory to analyze vacua obtained from intersecting 7-branes. One of
the important points from this analysis is that in addition to a set of sectors described by
gauged linear sigma models, there are generically spacetime filling branes which contribute
degrees of freedom to the 2D theory. These branes must be present to cancel gauge anoma-
lies, and are also required to eliminate the tadpole from a non-local two-form potential.
We have also presented some examples illustrating how to compute some details of the
resulting low energy effective theories, and we derived the full 2D off-shell action obtained
from the higher-dimensional gauge theory sector of the compactification. In the remainder
of this section we highlight some avenues of future investigation.

One of the general lessons from compactifications to two dimensions is that the GLSM
sector is often accompanied by additional sectors. In some sense, these sectors can be
decoupled from the other (gauge singlet) dynamics of the model. It would be interesting to
study such theories further, for example determining the operator content and correlation
functions of the system. This would clearly be important in determining the full target
space interpretation for these non-critical theories.

Indeed, one of the primary motivations for the present work was the goal of understand-
ing the behavior of non-critical string theories. With this in mind, it would be quite interest-
ing to study in detail even some simple examples of the kind encountered here to develop a
better understanding of these models. In particular, we expect that the apparent loss of uni-
tarity (i.e. when the target space equations of motion become singular) is simply an indica-
tion that we must return to our original 10D model. Establishing what sorts of non-critical
string theories admit such an embedding would be quite interesting to develop further.

As a particular subclass of models, it would be natural to study the special case of
6D SCFTs compactified on a Kéhler surface. This gives rise to a special class of F-theory
models which should be possible to study using the techniques presented in this paper.
In particular, it should be feasible to extract protected quantities such as the anomaly
polynomial and the elliptic genus.

We have also presented evidence of irreducible building blocks, i.e. “rigid clusters”
for F-theory realizations of 2D SCFTs. It would be quite instructive to obtain a full
classification of the resulting GLSM sectors as well as the associated F-theory geometries.
This would also likely give insight into the class of non-critical models which admit an
embedding in the physical superstring.

Though we have emphasized the role of how naturally string compactifications combine
the features of 2D SCFTs coupled to gravity, it would of course be interesting to study
further the possibility of fully decoupling gravity. Along these lines, we expect a non-
commutative geometric structure to emerge in such a limit along the lines of reference [64].
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Another byproduct of our analysis is that we have also introduced a set of quasi-
topological actions for eight-dimensional gauge theory on a Calabi-Yau fourfold (in the case
of type I and heterotic strings) and six-dimensional gauge theory on a Kéhler threefold. We
expect that the present perspective where off-shell 2D supersymmetry is maintained at all
stages should make it possible to develop a corresponding theory of enumerative geometric
invariants. Developing this in detail would also be quite exciting.

Finally, one of the important features of super-critical string theories is the relative ease
with which novel time dependent backgrounds for effective strings readily emerge. It would
be quite exciting to combine the analysis presented here with the general outline of ideas
given in references [7, 8] to obtain examples of effective de Sitter vacua from string theory.
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A Non-Abelian (0,2) GLSMs

In this appendix we give a general discussion of two-dimensional GLSMs with N' = (0, 2)
supersymmetry. Perhaps surprisingly, we have only been able to locate explicit Lagrangians
for models with abelian gauge groups. For this reason, we will present in some detail both
the structure of the superspace interactions, as well as the interactions in component fields.
We will make heavy use of this formalism when we turn to the off-shell actions for 10D
Super Yang-Mills theory and intersecting 7-branes.

To set our conventions, we introduce spacetime coordinates y° for time, and y' for
space. In our conventions, the metric for flat Rb! is:

ds® = —(dy®)? + (dy")? = —4dy*dy~. (A.1)
where we have introduced the lightcone coordinates:

1 o
=5l O+yh) and y~ = §(y°—y1)- (A.2)

we choose this normalization so that our expressions for the lightcone derivatives do not
contain extraneous factors of two:

8+ =0yp+ 9 and 0_ = 9y — 0. (A.3)
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Let us now turn to the AV = (0, 2) supersymmetry algebra on flat space. We have:

{Q+, Q) =2P; (A.4)
{Q+,Q+} ={Q4,Q,} =0 (A.5)
[Q+7 P+] = [@—i—v PJr] =0, (A.6)

where P, = —id4.

It is helpful to give a geometric presentation of these symmetries. Along these lines,
we work in the corresponding 2D superspace with Grassmann coordinates 7 and §+, and
bosonic coordinates yg and y;. In our conventions, we have:

/d9+ ot =1 ,/d0+d9+ = /d29 . (A.7)

The supersymmetry generators and supertranslations are:

0 — 0

0 — — 0

where {D,Q} = 0.

We now introduce the various supermultiplets we shall use to build our 2D GLSM.
Along these lines, we start with the vector multiplet, and then turn to the remaining
multiplets. We assume that we have a gauge group GG. To avoid overloading the notation,
we shall often suppress the explicit Lie algebra indices for its algebra. We use antihermitian
generators T for the Lie algebra, with commutators

[Taa Tb] = fabcTc (A.l())
with real structure coefficients fg;°. Our normalization for the generators is:
TrToT? = —59P . (A.11)

The gauge bosons of the 2D theory are given by vy, v_, and their two antichiral
gauginos u, g. We take all component fields of the supermultiplets to be antihermitian.
Throughout, we shall work in Wess-Zumino gauge. In this gauge, we have:

S=—if0t0Tu. Ve=ou_ —2i0TH—2i0 u+20M0"D. (A.12)

with D an auxiliary field whose presence is required for the supersymmetry algebra to close
off shell.

In order to write down a manifestly gauge invariant action, one has to modify the
superspace derivatives D, and D, to make them covariant with respect to gauge trans-
formations. The new derivatives are:

_= = St o 0 At
Di=¢ "Die= =Dy —if v+—80ﬁ—10 Dy (A.13)
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Dy =e¢"Die ==Dy+ifTvy = _8(Z+ +i0T Dy, (A.14)
where D, denotes the covariant derivative:
Dy =01 +vy. (A.15)
They are chosen in such a way that the anticommutation relation {D, D} is preserved:
{Dy, D} =2iD, . (A.16)
We also gauge the partial derivative O_ by defining
V_=0_+V=D_—20"—2i0 u+2070"D. (A.17)

Gauge transformations are parameterized by the chiral superfield x. On the vector
superfield =, they act as

OE=x+X+ [~ %E. (A-18)
Not all components of y are independent. First, we want to keep Wess-Zumino gauge,
meaning 6, = should not contain any terms besides 9+9" .... This constraint partially
fixes the parameter x to
1 -
X =50 %9+9+8+p (A.19)

with p being the antihermitian parameter the gauge transformation
Spv4+ = 04p + [v4, p]. (A.20)

This is exactly the expected transformation for a gauge connection. Further, the “naive”
supersymmetry transformation

OE = (eQ+ —€Q )= (A.21)

spoils the Wess-Zumino gauge, though we can repair this by taking the modified transfor-
mation rule:
5E=(eQ+ —€Q, +0xX)E=0 with x=if0Tevy. (A.22)

Hence, we find that = is a singlet under supersymmetry transformations.
The remaining gauge transformations of V' are:

OV =0-(x—-x) - Ix—-x.VI]. (A.23)
As expected, they result in the right transformations
dpv— = 0_v_+[v_,p] and d,u = [u,p| (A.24)

for the vector potential v_ and the gauginos if restricted to the residual gauge trans-
formation (A.19). For the supersymmetry transformation of V', the compensating gauge
transformations is already fixed by (A.22):

6V = (eQy —€Qy +6,)V (A.25)
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resulting in

dev— = —2i(efx + €u) dept = € <;F+ — iD>
0D =eDip—eDipi defl = € <;F+_ + iD) . (A.26)
In the above, we introduced the field strength F_:
F_,=[D_,Di]=0_vy —0rv_ + [v_,v4], (A.27)
which is part of the (Fermi) supermultiplet T:
Y =[V_,Dy] = —2ip+i0t (F_y +2iD) —20"0 Dyp. (A.28)

Let us now turn to the remaining multiplets of a ' = (0,2) GLSM. This will consist of
a chiral multiplet (CS multiplet) and a Fermi multiplet. A chiral multiplet ® is defined by
the condition that we have a (complex) scalar for the lowest component, and that it obeys
the condition D, ® = 0. In a gauge theory, this is replaced by the condition D, ® = 0. In
components, we have:

& = ¢+ V201 — 00 D, ¢, (A.29)

where ¢ denotes an index indicating the representation under a gauge group.

A peculiarity of N' = (0,2) supersymmetry in two dimensions is that we can have a
multiplet with no dynamical bosonic degrees of freedom. The aptly named Fermi multiplet
is given by the expansion:

A™ = N — 207G — 20T E™ — 618 DA™, (A.30)

where m is a representation index, and the E’s are themselves holomorphic functions of
the chiral superfields, i.e. we have FE(®), with a corresponding expansion into components.
The A’s satisfy:

DA™ =V2E™. (A.31)

Having introduced the relevant multiplets, we now construct manifestly supersymmet-
ric actions for these fields. The action consists of D- and F-terms, i.e. we integrate over the
full superspace or just half of it. In particular, the kinetic terms descend from the D-terms,
while interactions protected by supersymmetry descend from the F-terms.

Let us begin with the D-terms for the model. The D-term for the 2D gauge field
involves the covariant field strength T,

1 - 1 1 1
Sgauge = ~55 d*yd*0 Tr (YY) = -5 / d*yTr (4F2 + 51)2 + wDHL) . (A32)

Consider next a collection of chiral multiplets transforming in a representation R of
the gauge group G. We introduce a canonical pairing (-, -) for R* and R, with R* the dual
representation. The kinetic term is:

i

S<I>,kin = —2/d2yd20 @,V_cb) N (A.33)
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In components, we have:

So kin = /d2y ((D+5, D_¢) +i(¢, D_tpy) + V2(¢p,  i_¢) — V2(du—,1by) — (¢, D¢)) :

(A.34)
Consider next the kinetic terms for the Fermi fields. Assuming we have a multiplet A
transforming in a representation R of the gauge group the kinetic term is:

SAkin = —% / d*yd®0 (A, A). (A.35)
Its expansion in components is:
— _ - , - O0E — OF
Sun = [ @ (iG-. D130 +©.0) = (@), B - (3 550 ) - Tz a- ) ).

(A.36)
Let us now turn to the F-terms for the model. In general, these F-terms can be written
as an integral over a superpotential W:

The superpotential will involve various interactions between the Fermi multiplets and the
chiral multiplets:

1 m(Fe
W = ﬁAmJ (P )|g+:07 (A.38)
where J™ are holomorphic functions of the chiral fields with expansion:
m(&i my i o 0" ot my i
J™(®Y) = J™($') + V26 mw—w 6 D J™(¢"). (A.39)
In order for supersymmetry to close off-shell, we must also require D, W = 0, or:
E,J" =0. (A.40)

In practice, this imposes further restrictions on the space of admissible couplings in a given
model.
Finally, in the special case where our gauge group has abelian factors, we can also

introduce a complex parameter ¢:

e
t=¢+ist (A1)

consisting of a theta angle'* n and an FI parameter £. This allows us to write an additional
F-term, which for a single U(1) factor is given by:

1
Srr=—7 / d*y / Aot tTeY s _ 4 hoc. = — / d?y ETrD — / d*y QETrF. (A.42)
- T

Due to an unfortunate clash of notation, we write the angle as 7 rather than 6.
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B 10D super Yang-Mills as a 2D GLSM

In this appendix, we study 10D Super Yang-Mills theory compactified on a Calabi-Yau
fourfold. This theory arises in the context of perturbative type I and heterotic string
compactifications. We treat the spacetime as fixed and non-dynamical:

RYL < M, (B.1)

where M denotes a Calabi-Yau fourfold which we also refer to as the internal space.

As we have already discussed in section 3, some of the advantages of presenting an
off-shell formalism for this theory are that we will then be able to control the structure of
some of the quantum corrections to this model. Additionally, it will allow us to quickly
read off the structure of the low energy effective action obtained by working around a
specific background for the internal gauge fields.

The extent to which we will be able to successfully arrive at such an action hinges
on a few features. First of all, as we already remarked in section 3, there is an important
constraint coming from the fact that our supercharges, and thus our gauginos obey the 10D
Majorana-Weyl constraint. To a certain extent, this clashes with the condition of unitar-
ity, since it means we need to impose a non-holomorphic constraint on the fermions of our
model. More concretely, this shows up in the condition that the modes of the Fermi multi-
plet A 2) which transforms as a (0, 2) differential form on M must obey an on-shell unitar-
ity constraint. A straightforward albeit ad hoc workaround for this issue is to simply assume
the existence of an additional Zy symmetry, and to only keep the Fermi multiplets which are
even. Then, we use a non-trivial E-field to realize the remaining BPS equations of motion.

Alternatively, we can continue to work in terms of the full (0,2) form, but then at the
end impose the 10D Majorana-Weyl constraint. The advantage of proceeding in this way
is that all of the internal symmetries will be manifest from the start. The disadvantage,
of course, is that since we have to impose a unitarity constraint by hand, we cannot claim
that the resulting supersymmetry algebra fully closes off-shell. Rather, it closes up to an
overall unitarity constraint. In the interest of showing the virtues of both approaches, in
this appendix we will focus on the latter approach. That is to say, we shall assemble our
Fermi multiplets into a (0,2) form, and only impose the 10D Majorana-Weyl condition at
the very end. The price we pay is that supersymmetry will only partially close off-shell.

As a last comment, we note that to really obtain a fully off-shell action in 2D superspace
away from Wess-Zumino gauge, it is necessary to add a non-local Wess-Zumino term, which
follows from reduction of the term considered in reference [24] (see also [25]).

B.1 Action and symmetries

We start with the gauge sector of the low energy effective supergravity description of the
heterotic string. It is governed by the action [53]

1

Sy = / dPxy/=g (TeFr F17 + 2i Tyl Dy ) (B.2)

49}2/M
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where x is a 10D Majorana-Weyl spinor, and D denotes the gauge covariant derivative
Drx = 0rx + [Ar, x| (B.3)
and the field strength is given by:
Fry =[Dr,Dyl. (B.4)
We suppress the indices labeling the adjoint representation of the gauge algebra and write:
Ar = ATT® and x = x°T¢ (B.5)

where T are antihermitian Lie algebra generators, as per our conventions in appendix A.

The action (B.2) is invariant under the supersymmetry variations
- Lor
0A; = —iel';xy and 6.y = §I’ Frje. (B.6)

Note that the we have chosen the to be compatible with the standard conventions of the
N = (0,2). Both € and y are Majorana-Weyl spinors with 16 real components. The
infinitesimal gauge transformations of A; and x read

0pAr = 0rp+[Ar,p] = Drp and  d,x =[x, 0], (B.7)

where p denotes a Lie Algebra valued parameter.

As we have already mentioned, we are interested in 10D Super Yang-Mills theory
compactified on a Calabi-Yau fourfold. Let us now take a closer look at the spinors € and
X- In order to discuss their representations, we first switch to flat indices by applying the
vielbein e AI , resulting in

9ip :eAIgUeB‘]:diag(—l,l,...,l). (B.8)
Further, we introduces Dirac matrices which are governed by the Clifford algebra
T4 Ts}=2945- (B.9)
A canonical representation for them arises from the direct products

M=—ir; 1 111

MN= 68191 lel
M= e lelel
P= 5300m3131®1
= 03003®03® 03 ® 09 (B.10)

of Pauli matrices o1, 09 and o3. In addition the Dirac matrices, we are going to use the
ten dimensional chirality operator

Iy =rort...r? (B.11)
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and the charge conjugation matrix
C=00QR01Q0aR01 Rog. (B.12)
It is defined by the property
rHT = —cric—. (B.13)

While the representation (B.10) is complex and 32 dimensional, we are interested in a
16 dimensional real representation. Thus, we first project on spinors with positive chirality
and further require the Majorana condition

Yot = =x (B.14)
to hold. Rewriting (B.14), we see how complex conjugation
x* = () Toxy = o1 (B.15)

acts on a spinor. It is possible to rotate the Dirac matrices by a unitary transformation in
such a way that CT'? is equivalent to the identity matrix. In this case, complex conjugation
does not change a spinor at all, and so it has to be real.

For the following calculations, it is essential to make the structure (B.1) of the space-
time manifest. Thus, we split the ten spacetime directions into two external and eight
internal ones, e.g.

T4 — (ro I FA> . (B.16)

Here the index A on the right hand side labels the eight different directions of the internal
space. This splitting leads to the branching rule

10 — (2°,1) + (1,8") (B.17)

of SO(1,9) into SO(1,1)xSO(8).

Of course the spinors y and e are affected, too. They now decompose into a chiral
and an antichiral Majorana Weyl spinor of the internal space. The corresponding internal
chirality operator reads

=113 10 (B.18)

and commutes with I'1;. By calculating the action of the SO(1, 1) generator
J=—-1% (B.19)
on the 16 dimensional spinor representation, we obtain the additional branching
16 — 8% + 8. (B.20)

Note that J is identified with the Lorentz generator of the (0,2)-SUSY algebra later on.
Additionally, we have used the triality outer automorphism of Spin(8) to make a conve-
nient choice for the internal spinor assignments which is compatible with our N' = (0,2)
conventions.
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Remember that the internal space is a Calabi-Yau fourfold. Thus, it is equipped with
an integrable complex structure J4 g, fulfilling J2 = —1, and a canonical holomorphic
four-form Qapcp in addition to its metric g4p. By lowering the complex structure’s first
index, one obtains the Kahler form wap = gacJ Cp. We expresses it as the antisymmetric
part of the tensor product

8°®8 =1+28+35, (B.21)

involving two pure'® Majorana Weyl spinors €;, €2 and obtain
wap = €' aper . (B.22)

Majorana conjugation in this equation uses the charge conjugation matrix of the internal
space
C/:1®O'2®0'1®0'2®0'1 (B23)

instead of (B.12). Further, the canonical holomorphic form

Qapep =€l apoper (B.24)

arises from €1, too. Both the complex structure and this four-form have to be non-vanishing
on the internal manifold. This requirement reduces the structure group of the internal space
from SO(8) to SU(4). The relevant branching rules are:

B.25
B.26
B.27
B.28

SO(8) o SU(4) x U(1)
8 - 1,o®81 2P 6
8 =4 104y,
8 =4, ®4 .

(B.25)
(B.26)
(B.27)
(B.28)

They show that the two SU(4) invariant invariant spinors €; and ez are contained in 8°.

Let us make a few comments on the geometric content of the present decomposition.
Take e.g. the constituents of 8. Here, complex variables are more appropriate, as evidenced
by the U(1) generator

1
R= 1L‘;ABFAB , (B.29)

resulting from the Kéahler form. It is helpful to remember that the holonomy of the metric
is SU(4) rather than U(4). The (complexification) of the overall U(1) acts as a rescaling on
the holomorphic four-form. Its action with respect to the 8¢ is diagonalized by a unitary
transformation.

It is also instructive to analyze how the vector representation 8" is influenced by the
reduced holonomy of the CY. To do so, we express an arbitrary vector

VA =3 T, (B.30)
in terms of two spinors. Applying a Lorentz transformation MBCTg¢ to it results in

SMVA = (CMPTex1) T + i T MPT goxs = X [T, MP T pelxa . (B.31)

5 A spinor in d dimensions is called pure, if it satisfies €[4,.. .4, e =0 for 1 <n < d/2.
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Using the Clifford algebra (B.9), this equation simplifies to
SV A = AMPC5A g pV P (B.32)
Combined with (B.29), this result immediately tells us
OrVA = 645wB%cp VP = JARVE . (B.33)

Thus, diagonalizing R is equivalent to diagonalizing the complex structure.
Let us now examine the structure of the N' = (0,2) supersymmetry algebra obtained
by compactifying on a Calabi-Yau fourfold. To this end, we calculate the anticommutator

{0c1, 0, JAN = —2iETNe1OnApy + . .. (B.34)

of the SUSY variations. The dots represent a gauge transformation which is discussed later.
We will see that in superspace it arises as a compensating gauge transformation required to
keep Wess-Zumino gauge. Focussing on the contribution from the RY! directions, we have:

{061, 0cy FAN = 20€1€204 Apr + . . . . (B.35)
Next, we evaluate the commutator with a generic Lorentz transformation MUT 5
(61,0 Apr = —(CMITTr76) Tarx, (B.36)
where dpq acts as
SpmAn =AM grrro N An and S = M T (B.37)

on vectors and spinors, respectively. Specializing to the generators J and R, whose values
for e are collected in table 1, we obtain

[6c,8] = %56 and [0, 5] = 2id. . (B.38)
Finally, we make the substitutions
b Qp, S Q,, 0r—iPr, 6;—J and dr— R (B.39)

to obtain the N/ = (0,2) supersymmetry algebra.

So far, we have seen that the gauginos can be decomposed into different irreducible
representations of SU(4). Following [53], we go a step further and identify them with differ-
ential forms on the CY fourfold. To this end, interpret the Dirac matrices I'® as fermionic
annihilation and I'* as fermionic creation operators with the canonical anticommutator
relations - - -

(1o 1%} = {T% 1%} =0 and {T% %} =2¢%. (B.40)

Further, take a vector |1) ~ € where € is the 1_5 part of 8%, with (1|]1) = 1. Tt is

annihilated by all creation operators. Thus, it is the vacuum state on which we build all
other representations. The guess for y in terms of creation operators would be

X = \}5 ( - %/\EEFEI’ + ipgTOT + ﬁu) 1) (B.41)
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In order to match with the conventions in the literature, we have to insert the given
prefactors in the expansion. The two components in this equation are directly connected
to the representations

T~1o, A;~6 and tg~4 1, (B.42)

in the 8° and the 8¢, respectively. But what about the remaining spinors? They have pos-
itive U(1) charge and cannot be associated the antiholomorphic differential forms directly.
Solving this puzzle, we have to take into account that x is a Majorana-Weyl spinor and
thus has to fulfill a reality condition. The naive ansatz (B.42) fails to do so. We have to
expand it with complex conjugate u, ¥, of Ti, 1)z. These are exactly the missing

p~1ly and v, ~ 4 (B.43)

spinors. Hence, the complete expansion of x reads
1 L5 abed | 27 o opbed L ab_, ; ora —
|X> = \ﬁ —\/im,uﬁa&af +Z§1/J(ZQ EEEF T _EAEEF +Z¢§F I +\/§,u |1> . (B44)

It fulfills the Majorana condition

(€)= - (B.45)
In explicitly checking this statement, we encounter two types of terms

1

(CPOFOFEI'“EN\D)* _ _Iﬁglgﬁgaroral...aNF51525354‘1> and
(CTOT-av 1)) = _%ﬁgl&gﬁfn..‘aNFszgalm 7 (B.46)
where we used o
(cron)’ = %ﬁa@r@fd. (B.47)
With the property
paphibedy o golphedn] | (_1)Nphibs. by pe (B.48)

of the Dirac matrices, we further derive the identity

M' =aj...a b b
QU NS o TbNbar (B.49)

1~ a1...anT01...b _
— T®--anNTO1 M‘1> = W byy1.--bar

27]\7951---171&4
which in combination with (B.46) and (B.44) gives exactly (B.45). For \_;, we obtain the
additional constraint
< oab
200" 3= ~Ag. (B.50)

Again, Ay, denotes the Hermitian conjugate of Azp-

Here we encounter an important issue. Since 6g is the only real representation of
SU(4) we encountered, such a constraint is natural when trying to express it in terms of a
complex quantity. Let us finally comment on the prefactor 1/ V2 in the expansion (B.44).
It is required because we combine two 2D Majorana-Weyl spinors into one Weyl spinor.
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Field | Ap A1 Apo) Ay | K o Aoz Yao You) | € €
DOF 1 1 8 8 2 2 6 8 8 2 2
BTN I TR T R R N I A
R 0 O 1 -1 -2 2 0 —1 1 2 =2
I‘g — — — — -1 -1 -1 1 1 -1 -1

Table 1. Field content of the 10D vector multiplet packaged in terms of differential forms of the
internal space. Here, J refers to the spin, R to the U(1)-charge, and I'j to the chirality of the
fermionic states.

It simplifies the notation considerable to introduce the differential forms

_ _ 1 _ — 1_
Po1) = Yadz", Yo =1adz", ANog) = s Az5dZ° AdZ" and Ao = 5Aabdza Adzb.

9 ab
(B.51)
According to the Majorana-Weyl condition:
* ()\(0,2) A Q) = _X(O,Z) . (B52)
On the fourfold, the Hodge star is defined as
_ detg mi...m ni...n,
T DA —p)d— ) U Gan, € e
Py g A2 A AdZHTO NN N dE (B.53)
It maps a (p, ¢)-form
1 . . = =
P = g Py, BN NN N (B.54)
to a (4 — q,4 — p)-form, while complex conjugation
- 1 . . - -
Y= qul%l“-qul---gdeﬂ AN ANZJONdZY N NdZ'P (B.55)

relates (p, q)-forms with (g, p)-forms. The internal components of the vector potential A,
and Ag can be combined the differential forms

Aoy = Aadz® and  Aq ) = Aadz”. (B.56)

Table 1 summarizes all the fields we discussed so far and states its charges under J, R
and the chirality operator
Iy =11, (B.57)

To reproduce the correct number (16) of degrees of freedom (DOF), remember that the
complex fields A 1), {1, € and their complex conjugates A ), 1 and € are not independent
from each other. The canonical choice is to only consider A ), fi, € as dynamic. Further,
we have to restrict \(gg) according to the condition (B.52). Out of the 12 real degrees of
freedom a (0,2)-form has, only 6 real degrees of freedom survive.
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We repeat the steps outlined for y in the last subsection for the parameter of super-
symmetry transformations e, giving rise to

1 - —
le) = ( - eﬁﬂa@rabcd - e> ). (B.58)

Let us now calculate the supersymmetry transformations for the different fields in table 1.
We start with

SAq = —i(e|CTTglx) = —=(e|CT (%) Tl Pyy1) = V2(e| 1)t = V2ehq,  (B.59)

Sl

where we used that CT(I'°)~! is the same as complex conjugation according to (B.15).
Hence, it transforms |€) in its complex conjugated

&) = ( - z%ﬁmrm + e> ). (B.60)
Using the gamma matrices
'y =To+Iy and I'_=Ty—-T1Y, (B.61)
we calculate the supersymmetry variation
5 Az = —i{elCTTelx) = —i(elTO(—T £ TY)[x) = —ifel1 & Thx) (B.62)

of Ay directly from (B.6). This equation tells us that only fermions with positive/negative
chirality I'; in two dimensions contribute. Thus §. A4 vanishes, while

S A = —2i(efi + ep) . (B.63)

To derive the supersymmetry transformation

g = V2(2F Q" 5 — eF.p) (B.64)
of Az, we remember (B.49). From I'"~ = —1I'}, we further conclude
==L ab
defl =€ §F+, —F ;9" ). (B.65)
Finally, there is
Sethg = —iV2eFyg, (B.66)

which follows by applying the identity

a 1 _ 1 _
—TOT%1) = 5PO(FO +THIr1) = S+ %)) . (B.67)
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B.2 2D action

We now construct the two-dimensional off-shell action for our 10D Super Yang-Mills the-
ory. The main idea will be to assemble the fields of the higher-dimensional theory into
supermultiplets of a 2D GLSM. Along these lines, we formally label the collection of such
fields by points of the internal manifold. The discussion is quite similar to that given in
appendix A, so we shall be somewhat brief. Essentially, we need to take the components of
the 10D gauge field A, and A_ with legs along R™!, and identify them with the components
vy and v_ of the respective supermultiplets = and V. Additionally, we have a gauge field
strength supermultiplet Y. We shall also encounter a supermultiplet transforming as the
(0,1) component of the internal gauge field, as well as a Fermi multiplet which transforms as
an adjoint valued (0, 2) differential form. One important point about organizing the mode
content in this way is that although most of the 2D vector multiplets labelled by points
of the internal manifold will implicitly pick up a mass and so should be counted as mas-
sive (rather than massless) vector multiplets, the super Higgs mechanism naturally pairs
these with the (0, 1)-form chiral multiplets which we also explicitly track. Therefore, it is
appropriate to work in terms of the massless basis of fields adopted here. As a last general
comment, we note that the 2D gauge coupling for the zero modes will be controlled by:

1 Vol(M)

2= " 3
€ 9y m

(B.68)

In what follows, however, we will be integrating over the internal space, so we have more
than just the zero modes.
Inspired by V_, we also define the chiral and anti-chiral covariant derivatives:

]Da = 8@ + Aa and Da == 8a + Ka = ]DTE, (B69)
which satisfy:
Dz, D+] = [Dy,D4+] =0. (B.70)
Their connections contain the internal components of A; and the fermions in the 8.
Az = Ag + V201 — 010 Fog (B.71)
Rg=Ag+ V20 hy + 010 F . (B.72)

Here, Fi5 = [D4, Dg], and so quite naturally, the field strength with one leg along the
internal space, and one along R will, upon squaring give us the kinetic term for the
scalar components of this superfield.

Under a 10D gauge transformation parameterized by a collection of adjoint valued
chiral superfields C labelled by internal points of M, we have the standard rule for the
internal gauge fields and their transformation:

Dg — 6_0D56+C. (B73)

Upon expanding (recall we have anti-hermitian Lie algebra generators) C' = (x —X) + ...,
one recovers:

oAz = da(x —X) + [Az,x —X]- (B.74)
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Hence calculating the supersymmetry transformations
dehg = (eQy — €Q4 + 0y)Aq, (B.75)

we obtain

(5514[1 = \/561,[1@ and 66¢EL = —i\/igF+a, (B76)

which perfectly match with the 10D results.
In analogy with the field strength YT in the 2D directions, we also have a field strength
in the internal directions given by:

Fap = [Da,Dp]. (B.77)

We hasten to add that only the combination with just anti-holomorphic indices defines a
chiral superfield. Expanding in components, we have:

F = Fo + V20" (Dgtby — Do) — 010 Dy Fop (B.78)

a

yis gt = .
F5 = F5— V20" Dathy — V20 Dytpy —i070" (DoF 5+ DyF 1 + 2i{ta, ¥3}) . (B.79)
The kinetic term for the chiral superfield Dy is:

Ip =+ /M g Te(Du[V_, Dy)) . (B.80)

2

which gives rise to the component action:

Sp = — / d2y / g Tx (FraF_ + i, Dty — iv/2uDathy — iV2iDyby — DF)
M
(B.81)
By combining this contribution with that coming from the term proportional to TY, we
can solve the equations of motion for the auxiliary field:

D = 2¢"F ;. (B.82)

Plugging (B.82) into the supersymmetry variations, we obtain
si=e(LE —igE d 57i=e(2F_ +ig”F B
ch=e| Fh- —ig"F; an =€l Yy +ig"F ;) (B.83)

which reproduces the variations from the 10D theory.

Finally, there is the Fermi multiplet which has the fermions \_; as top component. As
we have already remarked in section B.1 and also at the beginning of the appendix, there
is a tradeoff here between maintaining a proper count of the off-shell degrees of freedom
(i.e. by imposing a Zo symmetry on the geometry), or by working in terms of a (0,2)
differential form on the Calabi-Yau fourfold. In the former case, the component expansion
for the superfield is:

Aéegven) _ )\éegven) . \/§9+géegven) . \@§+Fé%ven) . Z.0+§+D+)\éegven) : (B84)
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(even)

where the E-field has been chosen for the Fermi multiplet so that it is given by FEB . In the

latter case, we simply set to zero the contribution from the E-field, and in this case we have:
o+t
Ag =Xz — V207G —i0T0 Dy ;. (B.85)

The primary disadvantage of the latter case is that our superspace action will not respect
the correct counting of degrees of freedom when compared with the 10D Majorana-Weyl
constraint. The advantage, of course, is that the symmetries of the internal geometry are
more manifest from the start. We shall indeed adhere to the latter version in this appendix,
but it is important to keep in mind that at all stages of our analysis, we can make the
substitution of superfields A — A" and keep only the Zy invariant interaction terms
to obtain a fully off-shell presentation in two dimensions of 10D Super Yang-Mills.
Working in terms of the full N' = (0, 2) superfield, its kinetic terms are given by:

1 P s —ab ~ab
Sy = 3 / d?yd?0 / 9% g" TrA A = — / d?y Tr (g bgaﬁu bD+)\ab> (B.86)
M

So far, we only considered D-terms. As we have already explained in section B.1, the
appropriate superpotential is:

Wiop = — / AT (AR ) (B.87)
M
So, we obtain the F-term interactions:
Sw = / d*ydd™ W +h.c. = / d*y / QP4 TH(G o F o+ AgDepg) +he.. (B.8S)
M
Solving the equation of motion for the auxiliary field G yields:
Gz=03"F.q. (B.89)

B.3 Summary

Let us summarize the results of the last section. In terms of superfields, the complete
two-dimensional A" = (0, 2) supersymmetric action can be written in terms of differential

forms as:

Sior = Sp + Sr (B.90)
1 2. 12 I = e Ly

SD:_T d“yd“0 Tr f*T/\T—**D(Q,l)/\V—D(og)—**AAA (B'91>

Iy m M 8 2 2

1 1

Sp = VoY / d*ydg+ /M Tr (A A2 AF(02)) + hec. (B.92)

Y M

where here, we present the Fermi multiplets as (0, 2) differential forms on the Calabi-Yau
fourfold and the 10D Majorana-Weyl constraint is then imposed “by hand”. Alternatively,
when there is a Zo symmetry available we can make the action fully off-shell by making

(even)

the substitution A 9) A(ZQ) , and keeping only the Z, invariant F-terms. Observe that
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nothing is projected out of the D-terms since they are always Zo invariant. Finally, the
expansion into components is:

1 1 1 _
S = — de/M TI‘<4 * F(()’(]) A F(070) + 5 *D/\D+Z*ﬂ/\D+ILL + *F(O,l) /\F(O,l)

9y m _ _
+i% A D_th — ivV2(xw ATiD 41 4 h.c) — %w A F1)D+
—*GAG+ix AN DA

X (=QANGAFg2 — QAN + h.c.)> , (B.93)

where we introduced the differential forms

= 1 = 5 1 = 5

Fooy =F-+, Foi=Fgd", Fgg = iFagdza Adz® and G = igagdz“ Adzb.
(B.94)
After integrating out the auxiliary fields D and G, we obtain the 10D BPS equations of

motion:
F(O,D) =0, F(071) =0, *wA F(l,l) =0 and F(O,2) =0. (B95)

C Intersecting 7-branes as a 2D GLSM

In the previous appendix we presented the action for 10D Super Yang-Mills theory, but
written in terms of a two-dimensional N/ = (0,2) GLSM. Our plan in this appendix will
be to follow a similar procedure in the case of intersecting 7-branes. An important feature
of this construction is that the “ad hoc” Zs symmetry introduced by hand in the case of
the 10D theory is automatically implemented for intersecting 7-branes.

C.1 Explicit decomposition of the field content

To begin, we recall the decomposition of the bulk modes of 10D Super Yang-Mills theory
into modes of 8D Super Yang-Mills theory on the spacetime:

RY < X (C.1)
with X a Ké&hler threefold. Following conventions as in section 4, we have:

SO(1,9) — SO(1,1) x SU(4) x U(1)g
A =Ao+ A1 & ligo,

A — Af:Mng“azl,...,S, “ 3.1 o Agy =AzdZ, (C2)

o= L\/%Ag ~ 13 & ¢(370) = Qabc dz* N dzb A dz© ,

where (21, 22, 23) is a local basis of coordinates for X. All the fields are also adjoint valued,
since A, T where T are the generator of the gauge algebra in the adjoint representation.

The ten-dimensional gaugino x decomposes and organizes supermultiplets as stated
in section 4. In order to decompose the ten-dimensional supersymmetry variations into
variations of the 2D N = (0,2) theory, we give here an explicit basis of ten-dimensional
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gamma matrices and the relative decomposition of the 10D gaugino x in components. A ten
dimensional Clifford algebra represented by gamma matrices, {FI T/ } = 2¢"7 . decomposes
in the following way, according to R%! — RM x X x C,

I =ioy @I ® Iy, (C.3)
MN=0®Lal, (C.4)
'm =32+ @1, (C.5)
I =0307® o9, (C.6)
I =030v® o0, (C.7)

where m = 1,---,6, and I; is the d-dimensional identity matrix. The six-dimensional
gamma matrices are given by

V' =00k ol, (C.8)
’72 =01 Rl ®I;, (Cg)
Y =0300; 01, (C.10)
Y'=035001 @I, (C.11)
7’ =03 ®03® 09, (C.12)
’}/6:(73®03®01, (0.13)
v =03K®03Q 03. (C.14)
In light-cone coordinates y* = %, and complex coordinates on X and C, z* = %
and 2+ = “38%/%”9, the gamma matrices transform as
ro+rt
= T (C.15)
F2a 'F2a+1
re = JF\/ZE (C.16)
. ]_“20, o '1‘\22‘—1—1
I = #, (C.17)
FS 'F9
P (C.18)
V2
_ F8 o 'FQ
r{=--—"—" (C.19)
V2
where a = 1,---,3. The ten-dimensional spinors which are singlets under the global

symmetry are given in the following notation

where € = Be*, and B =1, ®ic?®0?® o’ ®co!. Finally let us describe the fermionic fields
in terms of the components of a ten-dimensional spinor:

10 ¢ e~ —| L), (C.21a)
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31,1 < Ui~ ML), (C.21b)
3.2 A2~ [ U1, (C.21c)
1ig o x32 ~ | M), (C.214d)
T o -~ 111, (C.21¢)
Bia ¢ 9y~ = T, (C.21f)
35 A2~ | L), (C.21g)
T 5 ¢ Xy ~ =1, (C.21h)

where the other elements of the triplet in (C.21b), (C.21c¢), (C.21f) and (C.21g) are all the
permutations of the arrow from the second to the fourth places. All these fermionic fields
are adjoint valued since the ten-dimensional gaugino transforms as x“7T'“ with adjoint
generators of the Lie algebra, 7®. The chiral I' in ten-dimension is I' = (03)®®, which
exactly matches with (C.21) having the same ten-dimensional chirality. Moreover one can
check that Fag, with a # b satisfy the SU(3) algebra on the 3 and 3, representations. The
explicit generators of the U(1)’s that we have in section 4, Jx = T 1T 4 22 4 I‘3§, and
R=1;5® 03

Let us briefly digress and discuss the action of CPT conjugation on the modes of our
model. First of all, let us see how it acts on a basis of ten-dimensional gamma matrices, I'!.
The time-reversal symmetry behaves as follows yg — —yp. In terms of Gamma matrices,
it translates to

071 = 19, TrirT=t=r1!, M=1,...,9, (C.22)

which allows us to choose
T=-1T, (C.23)
where I is the chiral operator. Parity instead, xp; — —xps with M =1,...,9. In terms of

Gamma matrices we have
pProp—t =10, pript=_1! M=1,...,9, (C.24)

and we choose

P=T%= PT=T. (C.25)

The charge conjugation matrix C' = B*T'? is defined by introducing a matrix B, such that
Brip=! = (). (C.26)

Finally, we need to see how CPT acts on our decomposed fields:

CPT

1,31, 3 (C.27a)
3, 153, (C.27D)
10851 (C.27¢)
3.5 &5 3, (C.27d)
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Following the same logic we can see that CPT acts on the gauge field, A, in the following

way
1073 gl; 107_3 (0283)
301 &5 304, (C.28b)

and it trivially maps A+ into themselves.

C.2 Supersymmetry variations
The ten-dimensional supersymmetry variations for 10D SYM are given by

1
6V = 5Fur”e, (C.29a)

0Ar = —iel'ry. (C.29b)
The ten-dimensional field strength decomposes as follows
FrTl = (Fi TP 4 (FplH 4 Fyglt) 4 (Fp T 4 FgT™) + 2F T (C.30)
(Fu T4+ F T+ (Fy T + F T 4+ F T+ Fp T ) +2F 7).
Now we can get the variations of the (0,2) theory, by plugging in the decompositions (C.2)
and (C.21), where the spinors € and € correspond to the (static) singlets, 1_ . We also use

the decomposition of gamma matrices and fermions given in section C.1. The variations
on the bosonic fields coming from the decomposition in (C.29b) read

S A_ = —2ieqi_, 6=A_ = 2iEp_ (C.31a)
5. AL =0, 6zAL =0, (C.31b)
6.4, =0, 0:Aq = V28, ,, (C.31c)
0-Az = V2t g, 0=Az =0, (C.31d)
O Pabe = V26X + abe » Ozhabe =0, (C.31e)
55$EBE =0, gg&a& = \/ﬁa+aﬁz> (C.31f)

where D, = 9y + 01 + A4, and we have redefined I'" — T, I't — Tt
In order to fix a bit of notation, let us introduce the covariant derivative 94 = 0+ A1)
on X, the field strengths on X and R,

Flo) = [04,04) = (92A; + [Az, A7))dz" A dz° = FETdz" A d2, (C.32)
a¢(3.0) = 04, 03.0)) = (OjaPpeq + Afa> Poea))dz" A dz" A dz A dz?, (C.33)

FJr* = [‘DJra D*] = (8[+A—] + [AJra A*])a (034)

F—l—i = D+Az - 8—i—f4a + [A+7Aa]; F+a = D.;_Aa = 6+Aa+ [A+, Ag], ( )

where all the fields carry also an adjoint index « contracted with the generators of the

gauge Lie algebra, T“. All of this extend also for the fermions, in fact, the commutators
will be extended later to the superfields, moreover, they will mostly used when we commute
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two derivative operators, and dropped when we have a covariant derivative acting on an
adjoint valued gauge field.
Decomposing (C.29a) we get the following supersymmetry variations:

1 _
dcph— =€ <2F_+ + iD) , Ozp— =0, (C.36a)
- 1

(Sgﬁ, - 0, gif = —¢ <2F+ - ’LD> 5 (C36b)

0ty q = —iV2eF g, 0., =0, (C.36¢)

6g¢+ﬁ - 0, gg?p+a == —i\/igF+a, (036d)

SeA_ 5= —\/2e (EL@)?E , 3Ny = +V2EF (C.36¢)

6€X— ab = _\/§5Fab7 EEX— ab = \/ig (8j4¢> b (036f)

66X+ abe =0, EEX+ abc — —i\/§5D+$agg, (C'?’Gg)

0eX 1 e = —1V2e Dy o 6X gt =0, (C.36h)

where, for example, 8L(Z)(3’0) = w|_(52¢(3,0)) = g“g(gA)ggbacddzc A dz®. Moreover on-shell,
we have:

D=—xx (w/\w/\F(Ll)—l—[gb,qS]), (C.37)

where in components [¢, ¢] = ¢[abcg$@] dz0 Ndz AdzC AdZ® N dZ° A\ dZE and Fa1y = [04,04].

xx is the Hodge-dual operator on X. These are just the on-shell variations, we need to
extend them by adding the auxiliary fields G and D in (C.36),

depi =€ <;F_+ + iD) , Ozp— =0, (C.38a)
- 1

6€ﬂ_ = 0, gi_ = —Z <2F+ - ZD) 5 (CSSb)
0ty q = —iV2eF4q, 0z, ,=0, (C.38c¢)
5E¢+a = O, ggT,Z)Jra = —i\/§§F+a, (C38d)
5N _ o5 = —V2eGy, S\ 5 = V2B, (C.38e)
5EX— ab = _\/§5Eab ) ggx_ ab = \/iggab ) (C 38f)
55X+ abc — 07 EEX—O— abc — _i\/igD—i—d)abc; (038g)
08X ape = —1V2ED 1 oy, 0N i =0, (C.38h)

where!'® £ = Flo,2)- In order to close the (0, 2) supersymmetry algebra,
[55, (Sg] = [7g, gg] = O, [(Sa,gg] = QiEgD_H (039)
The auxiliary field variations are

5ED = ED+ﬁ_ s ggD = gD+,U,_ s (C40a)

Here the E is just the top bosonic component of a field that will be promoted to a superfield in the
superspace formalism later on.
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65§ab = \/ig(aAagrl’O))ab_\/iiED+X7 ab ggaab = 07 (C40b)
.G =0, 6:G5 = +V2e(040 ") +V2iED A, (C.40¢)

where we know the explicit expression for the variation F,

0.E = +v2e0.\") . 6.E = —\@53,4@90) : (C.41)

C.3 Superfields

In the previous section we have derived the supersymmetry variations of a (0,2) QFT
starting from the variations for 10D SYM considering 7-branes wrapping a Kahler threefold
X. We are now ready to organize the fields in supermultiplets, and to do so we use the
superspace formalism. In appendix A we have defined the supersymmetry generators as well
as the covariant derivative in superspace (A.13). Let us now write down the corresponding
multiplets for our bulk 7-brane theory.

First of all, just as in the analysis of appendix B, we have a collection of superfields
which are labelled by points of the internal manifold X. This includes the vector multiplets,
a Fermi multiplet A(g9) with non-trivial E-field, and chiral multiplets ®3 ) and D(q 1),
the superfield associated with the anti-holomorphic component of the internal covariant
derivative. Indeed, as we explained in section 4, the field content descends directly from that
of the associated 9-brane model. Borrowing our discussion from appendix B, let us therefore
focus on the few features of the field content which are distinct from the 9-brane theory.

We have a chiral multiplet @3 ) with expansion in components:

D30) = b@0) + V20T x4 (3.0) — i9+§+D+¢(3,0)- (C.42)

In addition to the rather similar expansion for D ), the Fermi multiplet is a (0,2) form
with a non-trivial F-field:

A(072) = )\(_072) — \/§9+g(072) — \/§9+E(072) — i9+§+D+/\,7(072), (C.43)
where the superfield E o) is given by
E02) =F(02) = [D(0,1),Do,1)] = (Flo,2) + V20707501 0.1y — i9+§+[[52a D.],0]). (C.44)

C.4 Non-Abelian bulk twisted action

We are now ready to write down the effective action of 7-branes wrapping a Kéhler threefold
X. As a notational device for writing the kinetic terms for superfields, we introduce a
pairing (-,-) for bundle valued differential forms which are Serre dual to one another. In
addition to the Hermitian metric of the Kéhler threefold, this also requires us to introduce
a Hermitian pairing on the associated bundle. Whenever we write such a pairing, it will
implicitly be a top differential form which can be integrated over the manifold. When we
turn to modes localized on a Kahler surface S, we shall employ a similar notation. Finally,
we shall also introduce a holomorphic pairing (-,-) which only makes use of the complex
structure of the associated bundles. For the bulk modes, this is implicitly captured by a
simple trace over the adjoint representation.
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We begin with the kinetic terms for the various fields. The kinetic term for the chiral
field @30 is given by

Sa / d*yd?6 / L [Vo, @30)]) - (C.45)

Expanding in components yields:
- 0,3 3,0
_ /Rl ) dy /XTr< <D+q§(073) A D_¢(370)> +ixy T AND_xY

+\f( 6o X2+ -39 03)]) +D[¢(3,0)7¢(o,3)]>7 (C.46)

where we used the properties of cyclicity of the trace in the pairing as well as integration
by parts.
The kinetic term for D 1) is

= —/d2 d29/ 01) [V_, Dy, 1)]) (C.47)

The expansion in component fields is:

—/dgy/xw/\w/\ﬂ<FJ(rO’1)/\F(lo +i gt A DY

The kinetic term for the Fermi field A ) is given by

_ _/d2 20 / Aon) (C.49)

and when we plug in (C.43), its expansion in components is
= /d2yd29/x wA Tr (Z (D AP AN G2 NG20) — Floz) N Fap)
V2@ 4000 AXEO L 20D 5 5,50 )). (C.50)

Finally, the action includes a contribution from Y given by integrating %TT over X.

C.4.1 Superpotential terms
The bulk superpotential is given by

WX - (A 0 2) A\ D(O 1)@(370)) . (051)

\[

In the nomenclature of N' = (0, 2) supersymmetric models, this amounts to setting J(®) =
[]D)(OJ), ®39]. In components, the resulting contribution to the action from the F-terms is:

Sp :/dzy/X Te(Gro2) ADads0) + A AOAXT) 2O A o0y, 00 V]) + hee, (C.52)
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where we get an additional constraint by requiring that W is a chiral quantity,
Te(E; - J') = (E;, J;) = Tr(Fo.2) A D1y, 23.0)))- (C.53)

This vanishes on-shell, but would give a topological condition off-shell in order for su-
persymmetry to be manifestly preserved. So inevitably we must couple to some of the
background geometric moduli.

C.5 Localized surface defects

As we have already discussed in section 4, one of the important features of intersecting 7-
branes is that some of the matter fields localize on intersections, i.e. from the intersection of
X1 and Xs. On general grounds, we expect there to be a hypermultiplets worth of degrees of
freedom localized on the surface. That is to say, we expect there to be two chiral multiplets
and two Fermi multiplets localized on the surface. These organize according to “generalized
bifundamental” representations of G1 X G, where GG; denotes the corresponding bulk gauge
group. Denote the representation of G; x Gy by r1 X rg, the corresponding bundle will be
Ri1®Ro.

Our goal in this subsection will be to understand the action for these surface defects
using the general Katz-Vafa collision rules discussed for example in [65] and [26]. With this
in mind, we start with the action for an isolated bulk 7-brane with gauge group G, and we
consider the effects of activating a background value for the (3, 0)-form ®3¢y. Then, there
will be localized modes trapped on the intersection of Kéahler threefolds which intersect
along a Kahler surface. We obtain the action for the localized modes by starting from the
bulk action, and expanding to second order in the fluctuations. The third order fluctuations
are associated with interactions between three localized terms.

The superpotential describing the defect theory on the surface intersection, S, is given
in terms of the localized matter fields:

1/2

(5D(0,1) surface — Q) € KS ® R1 @ Ra, (C54a)
(6Psurice = Q°) € Ki* @ RY @ RY, (C.54b)
(5A(0,2) surface — \Ij) € 90571(Ké/2 ®R1® RQ) (C54C)

In the above, we have included the contributions from the propagating bulk modes. An-
other way to arrive at the same mode count is to work in terms of the bulk topological
term Wiop x, and include variations with respect to a all bulk modes. The expansion in
component fields is:

Q=0+V20n+...,

Q° =0 +V20 nf+ ...,
U=¢-V20TK-V20E...,
¢ = £°—\20TKE — V20 E° ...,

where o is a boson, &,7n are fermions, K and K¢ are auxiliary fields. Here, we hasten to
add that ¥¢ is not an independent degree of freedom. In the case of the localized modes,
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we must also include the F-fields for the Fermi multiplet, which is in turn captured by the
contribution to Wigp. See section 4 for further discussion on this point.
The kinetic term for the defect theory is then given by

Sdef. kinetic = /d2yd20/5' <_; (@) V—Q) - % (@7 V—QC) - % (@7 \IJ)) (059)

where (-, -) is the canonical pairing introduced earlier. The expansion into component fields
is entirely straightforward, and follows the rules laid out in appendix A.

To explicitly count the modes localized on the Kéahler surface, it is helpful to return
to the bulk action and study the fermionic modes which are localized as a result of having
a non-trivial profile for ¢3). We begin by looking at the part of the action that includes
all the fermions:

_ (@, 0) = = =10 ,
Sterm. = —V2 - XTr<u_[¢<3,o>,xf'3)] +u XY, b.s)) — @ar ) AL =Y A (Bap)
1

+qu8Awa>AA?”>+¢uAA@2>AaAw$”g
X (—/\(_0,2> AT — 20D A (6500, 0OV +h.c.). (C.60)

Now, to see how fermions localize on a surface S, switch on a background value for ¢. In
a small neighborhood of S, we can use the local holomorphic coordinates (z1, 22, 23) on X.
Let us assume that a section of the canonical bundle of X, K, exists, then

¢=¢ot, tead(Gx), ¢o€ H (Kx,X), (C.61)

and since ¢ is a section of the canonical bundle, which locally is parameterized by z3, we
have that

b3,0) = tzz dz1 Adza A dzs, (C.62)

where S corresponds to the locus where z3 = 0. For ease of exposition, we assume that the
expectation value (C.62) breaks Gx to I'x x U(1) C Gx. We would like now to solve the
equations of motion for the fermions in a neighborhood of the surface S. To do so we look
at the fermionic action written in (C.60). This basically follows the same analysis spelled
out in great detail in reference [26], so we shall simply summarize the main points.

By varying this action we indeed find trapped zero modes localized along the vanishing
locus of the holomorphic three-form ¢3 0. The modes take the following schematic form for
the fermions descending both from the chiral multiplet and the Fermi multiplet:

Oz, (ferm) + z3 ferm = 0, Oz, (fgrvm) + 23 ferm = 0. (C.63)

This leads to a Gaussian profile for the zero modes with falloff of the form ~ exp(—c|z3|®)
for z3 # 0. The quantity ¢ depends on details of the geometry such as the Kahler metric for
X as well as the Hermitian pairing for the various bundles of the 7-brane theory. We find
trapped fermionic modes which are part of the chiral multiplets () and Q¢, and another
trapped mode ¥ which fills out a Fermi multiplet and transforms as a (0,1) differential
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form on S. Observe that in the flat space limit, we get a 4D A = 2 hypermultiplet’s worth
of degrees of freedom.

We can also determine the bundle assignments for our localized modes using this
analysis. Since S is defined by a section of the canonical bundle of X, Kx, ¢g € H*(X, K).
Given this, we can now write the following twisted Koszul sequence:

0—>N6Y/X®KX—>KX—>KX\S—>O, (C.64)
resulting in Ng/x = Kx|s. By the adjunction formula we also know that
Ks = Kx|s ® Ng/x, (C.65)
and by construction, we have Ng,y = K x|s, and hence
Kg” = Ng/x. (C.66)

Recalling the bundle cohomologies in (C.54), we conclude that the massless fermions local-
ized along S can be identified with the zero-modes of the fermions in the defect theory n, &.

D Brief review of Chern classes

At various stages in our analysis, we have used some basic elements about the structure
of Chern classes, especially as it pertains to bundles on Calabi-Yau fourfolds and general
Kahler threefolds and Kahler surfaces. In this appendix we collect some of these formulae.

We recall (for instance from [66]) that the Pontryagin classes for a real vector bundle
E are related to the Chern classes of the complexified bundle F ® C as:

pi(E) = (=1)'ci(E®C) . (D.1)
If E=E& @&V with £V the dual bundle where £ is a complex vector bundle, then
(E®C)=cla&)=c(E)c(EY) (D.2)
Since ¢;(£Y) = (—1)i¢;(€), it is easy enough to make the expansion

p1(E) = —2¢2(€) + c1(€)?, (D.3)
pQ(E) = 204(5) + 62(5)2 — 201(5)03(5) (D4)

We are most interested in the case ¢1(€) = 0, which leads to

p1(E) = —2¢2(€), (D.5)

pQ(E) = 204(5) + 62(5)2 , (D.G)
and the remarkable identity

4pa(E) = p1(E)? = 8eu(€) - (D.7)
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In particular, when we apply this to the tangent bundle of a Calabi Yau fourfold Ty, we
obtain

py(Tey,) — p1(Toy,)? = 8x(CYy), (D.8)

where we have used the fact that the Euler characteristic of a Calabi-Yau fourfold is given
by:

X(CYy) = /C4(Tcy4). (D.9)
CYy

We note that this identity holds more generally for any eight manifold that admits a
nowhere vanishing spinor [67].

We shall often have occasion to calculate the bundle valued cohomology groups
H%(M , &) for M a Kéahler manifold with £ a holomorphic vector bundle. Here, we typi-
cally need to know the dimensions h*(M, &) for i =0, ... ,dimcM. Though the dimensions
can depend on the geometric and vector bundle moduli, some specific combinations are
protected by a topological index formula. For example, there is a holomorphic Euler char-

acteristic: dime .
XOMLE) = 3 (—1)hi(M, &) = / ch(€) Td(M) (D.10)
1=0 M

where the final equality follows from the Hirzebruch-Riemann-Roch index formula, and we
have introduced the Chern character and Todd class of a general bundle:

ch(€) = rk(5)+cl(5)+% (R(E) — 262(€)) + % (3(E) = 3ea(E)cr(E) + 3cs(€))  (D.11)
1

+ 41 (1(E) = 4ea(E)c}(€) + des(E)er(€) +265(€) — 4ea(€)) + .. (D.12)
TA(E) = 1+ ()5 ((E) + ex(6) + oy (ea(E)ea(€)) (D.13)
+ % (—c1(E) +4c(E)ca(E) + c1(E)es(E) + 3¢3(E) — cul(€)) + ... (D.14)

D.1 Special case: Calabi-Yau fourfolds

In our specific applications to compactifications of type I and heterotic strings, we will
specialize further to the case of stable irreducible holomorphic vector bundles on an irre-
ducible Calabi-Yau fourfold. In these cases, we can set the first Chern class to zero, and
we get the simplified formulae:

ch(&) =1k(&) — 2(€) + 303(8) + %(C%(E) —2¢4(€)) (D.15)
Td(E) = 1+ %02(5) + %0 (33(E) - cu(€)). (D.16)

We shall also encounter the holomorphic Euler characteristics:

4
G(OYi) = (CYi 05 = S (-1pier) = [ el Taev). 0an)
3=0 CYs
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The resulting expression in terms of Chern classes is (see e.g. [68]):

1
Xo(CYy) = 720/ (36% —cy) (D.18)
CYy
1
x1(CYy) = 120 / (365 — 3ley) (D.19)
CYy
x2(CYy) = 1;0 / (3¢3 + T9c4) . (D.20)
CYy

We can also simplify the various relations between co and c4. For example, evaluating
the holomorphic Euler characteristic for the bundle £ = O¢y, the structure sheaf and using
X(CY4, Ocy,) = 2, we immediately find the relation:

3ca(Mg)? — ca(Mg) = 1440 .

Setting £ = Tcy, leads to the further relation:

1
X(C}/ﬁhTCsz) =8- 6X(CY4)7

i.e. we find a simple relation between the holomorphic Euler characteristic and the Euler
characteristic of the manifold. Using the above, we can also show much as in reference [52],
that x(CY4) is divisible by 6.

D.2 Special case: Kahler threefolds and surfaces

In our discussion of intersecting 7-branes, it is also helpful to recall some general features
of index formulae for a general Kéahler threefold X and a Kéhler surface S. Specializing
the index formula to a vector bundle over each such space, we have:

e / (rk;f) (e1(X)ea(X)) + f5e1(E)(H(X) + c2(X)) ) (D.21)
o 1 (A(E) —2c2(E)) c1(X)+3 ((E) — 3ea(E)c1(E) + 3e3(E))

+1
(5.6 = [ (5FHES) + als) + ja@a®); () -2@)). 2
S

E Normalizing the Green-Schwarz contribution

In our discussion of compactifications of the perturbative type I and heterotic string theory,
we saw that the number of spacetime filling 1-branes is controlled by the contribution from
the Green-Schwarz term:

SegDa/Bg/\Xg(F,R). (El)

In this appendix we present a general argument for fixing the overall normalization of this
term.
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We recall the basic story of the gauge anomaly. Consider a Weyl fermion in d = 2n-
dimensions coupled in a representation r to a background Yang-Mills gauge field with
field strength F.'7 The gauge anomaly is encoded in the transformation of the one-loop
effective action W[A]: under §,A = —Dv = —(dv + [A,v]) the change in the effective
action is given by [69]:

SWA] in

0WIA] = —/TerM 54, = R /Q%n(v,A) . (E.2)

The local quantity Q3, is fixed by descent in the familiar way. Given the anomaly
polynomial I;Z 19, we have the local relations

LYo =dQans1, (E.3)
uQant1 = dQ3, (E.4)

So, as far as the gauge anomaly goes, to fix the normalization we just need to specify
I}V . ,. Fortunately, we know this:

Ly, = tr, F"th. (E.5)

We now specialize to the case of a Majorana-Weyl fermion in ten spacetime dimensions.
We have just one thing to do in this case: multiply the Weyl answer by 1/2. Thus,

1
v = 5 trr F¢ (E.6)

In our notation above, a Majorana-Weyl fermion in the adjoint representation has

1
MW — 5 Tr Fo (E.7)

This will therefore lead to a variation of the effective action by
WA = 5o [ @hwa) (£38)
v T o aryset | '

We now compare with I15(R, F), the anomaly polynomial of the 10D heterotic super-
gravity theory. Setting R = 0 yields:

Lia(R=0,F) = —$ Tr F2Tr F* % (Tr F2)° (E-9)
- _;l% [418 Tr F2Tr F* — @ (Tr F2)° (E.10)
:—%TrF6 . (E.11)
In the last line we used the factorization condition
T FO = le TP TP — o (T ) (E.12)

1"We continue to work with anti-Hermitian generators, so that, for instance, the Chern-Simons three-form
below has no factor of i = v/—1.
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Let flg be the correctly normalized polynomial. By this we mean that the @%0 con-
structed from I by descent shows up in the variation of the effective action with constant:

— i A1
W = v / Ql, . (E.13)

From our comparison we see that [1o = —%Ilg, so that we also have Q%O = —%Q%O, and

SW = (% CEE < )/Qw (E.14)

We also know that factorization allows us to write Q1, in a simple way:

therefore

wherel!®
1
Q% = ~30 TredA + trvdw . (E.16)

The final piece of information we need is that if the Euclidean worldsheet has the
coupling

strlng D / ¢ (E 17)

then cancellation of worldsheet anomalies requires that we set

o 1 o
0B = T [trvdw - 3O’I‘JredA] = ZQQ . (E.18)

So, we now see that the full one-loop effective action that includes Green-Schwarz term

e[ (B) et fon

Gauge invariance thus fixes the constant a to be
1 1
27l 192(2m)4

has gauge variation

(E.20)

We observe from our studies above that in every case case except for the irreducible Eg x Eg
case
/ Xg €Z. (E.21)

CYy

192

Placing N fundamental space-filling strings will lead to the additional two-dimensional
coupling (in Euclidean signature)
iN
2mad
2D

(E.22)

So, to cancel the tadpole we will need:

N = — Xg . E.2
n / . (E.23)
CYy

8Here € is the gauge parameter, v is the Lorentz parameter, and w is the spin connection.
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To preserve supersymmetry we need N > 0, and therefore

1

— [ Xs<o0. E.24
192(277)4/ 50 (E-24)
CY,y

This is satisfied in many but not all cases.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References
[1] A.M. Polyakov, Quantum geometry of bosonic strings, Phys. Lett. B 103 (1981) 207
[INSPIRE].

[2] A.M. Polyakov, Quantum geometry of fermionic strings, Phys. Lett. B 103 (1981) 211
[INSPIRE].

[3] J. Polchinski and A. Strominger, Effective string theory, Phys. Rev. Lett. 67 (1991) 1681
[INSPIRE].

[4] N.D. Hari Dass and P. Matlock, Covariant calculus for effective string theories, Indian J.
Phys. 88 (2014) 965 [arXiv:0709.1765] [INSPIRE].

[5] S. Dubovsky, R. Flauger and V. Gorbenko, Effective string theory revisited, JHEP 09 (2012)
044 [arXiv:1203.1054] [NSPIRE].

[6] S. Hellerman, S. Maeda, J. Maltz and I. Swanson, Effective string theory simplified, JHEP
09 (2014) 183 [arXiv:1405.6197] [INSPIRE].

[7] E. Silverstein, (A)dS backgrounds from asymmetric orientifolds, in Strings 2001:
international conference, Mumbai India January 5-10 2001 [hep-th/0106209] [INSPIRE].

[8] A. Maloney, E. Silverstein and A. Strominger, De Sitter space in noncritical string theory, in
Workshop on Conference on the Future of Theoretical Physics and Cosmology in Honor of
Steven Hawking’s 60 Birthday, Cambridge U.K. January 7-10 2002, pg. 570
[hep-th/0205316] [INSPIRE].

[9] S. Hellerman, On the landscape of superstring theory in D > 10, hep-th/0405041 [INSPIRE].

[10] S. Hellerman and I. Swanson, Cosmological solutions of supercritical string theory, Phys.
Rev. D 77 (2008) 126011 [hep-th/0611317] [INSPIRE].

[11] M.B. Green, World sheets for world sheets, Nucl. Phys. B 293 (1987) 593 [INSPIRE].

[12] A. Gadde, S. Gukov and P. Putrov, Fivebranes and 4-manifolds, arXiv:1306.4320
[INSPIRE].

[13] D. Kutasov and J. Lin, (0,2) dynamics from four dimensions, Phys. Rev. D 89 (2014)
085025 [arXiv:1310.6032] INSPIRE].

[14] S. Franco, D. Ghim, S. Lee, R.-K. Seong and D. Yokoyama, 2d (0,2) quiver gauge theories
and D-branes, JHEP 09 (2015) 072 [arXiv:1506.03818] [INSPIRE].

[15] S. Franco, S. Lee and R.-K. Seong, Brane brick models and 2d (0,2) triality, JHEP 05
(2016) 020 [arXiv:1602.01834] [INSPIRE].

84 —


http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1016/0370-2693(81)90743-7
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B103,207%22
http://dx.doi.org/10.1016/0370-2693(81)90744-9
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B103,211%22
http://dx.doi.org/10.1103/PhysRevLett.67.1681
http://inspirehep.net/search?p=find+J+%22Phys.Rev.Lett.,67,1681%22
http://dx.doi.org/10.1007/s12648-014-0493-7
http://dx.doi.org/10.1007/s12648-014-0493-7
http://arxiv.org/abs/0709.1765
http://inspirehep.net/search?p=find+EPRINT+arXiv:0709.1765
http://dx.doi.org/10.1007/JHEP09(2012)044
http://dx.doi.org/10.1007/JHEP09(2012)044
http://arxiv.org/abs/1203.1054
http://inspirehep.net/search?p=find+EPRINT+arXiv:1203.1054
http://dx.doi.org/10.1007/JHEP09(2014)183
http://dx.doi.org/10.1007/JHEP09(2014)183
http://arxiv.org/abs/1405.6197
http://inspirehep.net/search?p=find+EPRINT+arXiv:1405.6197
http://arxiv.org/abs/hep-th/0106209
http://inspirehep.net/search?p=find+EPRINT+hep-th/0106209
http://arxiv.org/abs/hep-th/0205316
http://inspirehep.net/search?p=find+EPRINT+hep-th/0205316
http://arxiv.org/abs/hep-th/0405041
http://inspirehep.net/search?p=find+EPRINT+hep-th/0405041
http://dx.doi.org/10.1103/PhysRevD.77.126011
http://dx.doi.org/10.1103/PhysRevD.77.126011
http://arxiv.org/abs/hep-th/0611317
http://inspirehep.net/search?p=find+EPRINT+hep-th/0611317
http://dx.doi.org/10.1016/0550-3213(87)90085-X
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B293,593%22
http://arxiv.org/abs/1306.4320
http://inspirehep.net/search?p=find+EPRINT+arXiv:1306.4320
http://dx.doi.org/10.1103/PhysRevD.89.085025
http://dx.doi.org/10.1103/PhysRevD.89.085025
http://arxiv.org/abs/1310.6032
http://inspirehep.net/search?p=find+EPRINT+arXiv:1310.6032
http://dx.doi.org/10.1007/JHEP09(2015)072
http://arxiv.org/abs/1506.03818
http://inspirehep.net/search?p=find+EPRINT+arXiv:1506.03818
http://dx.doi.org/10.1007/JHEP05(2016)020
http://dx.doi.org/10.1007/JHEP05(2016)020
http://arxiv.org/abs/1602.01834
http://inspirehep.net/search?p=find+EPRINT+arXiv:1602.01834

[16]
[17]

[18]

[33]

[34]

[35]

N. Nekrasov and A. Okounkov, Membranes and sheaves, arXiv:1404.2323 [INSPIRE].

A. Igbal, C. Kozcaz and C. Vafa, The refined topological vertex, JHEP 10 (2009) 069
[hep-th/0701156] [INSPIRE].

A.S. Haupt, A. Lukas and K.S. Stelle, M-theory on Calabi- Yau five-folds, JHEP 05 (2009)
069 [arXiv:0810.2685] [NSPIRE].

K. Dasgupta and S. Mukhi, A note on low dimensional string compactifications, Phys. Lett.
B 398 (1997) 285 [hep-th/9612188] [INSPIRE].

S. Gukov, C. Vafa and E. Witten, CFT’s from Calabi-Yau four folds, Nucl. Phys. B 584
(2000) 69 [Erratum ibid. B 608 (2001) 477] [hep-th/9906070] [INSPIRE].

S.J. Gates, Jr., S. Gukov and E. Witten, Two two-dimensional supergravity theories from
Calabi-Yau four folds, Nucl. Phys. B 584 (2000) 109 [hep-th/0005120] InSPIRE].

A. Font and J.A. Lopez, Strings on eight-orbifolds, Nucl. Phys. B 703 (2004) 177
[hep-th/0405151] INSPIRE].

H. Ooguri and C. Vafa, N = 2 heterotic strings, Nucl. Phys. B 367 (1991) 83 [INSPIRE].

N. Marcus, A. Sagnotti and W. Siegel, Ten-dimensional supersymmetric Yang-Mills theory in
terms of four-dimensional superfields, Nucl. Phys. B 224 (1983) 159 [INSPIRE].

N. Arkani-Hamed, T. Gregoire and J.G. Wacker, Higher dimensional supersymmetry in 4D
superspace, JHEP 03 (2002) 055 [hep-th/0101233] [INSPIRE].

C. Beasley, J.J. Heckman and C. Vafa, GUTs and exceptional branes in F-theory — I, JHEP
01 (2009) 058 [arXiv:0802.3391] [INSPIRE].

S. Schéfer-Nameki and T. Weigand, F-theory and 2d (0,2) theories, JHEP 05 (2016) 059
[arXiv:1601.02015] [iINSPIRE].

P. Ramond and J.H. Schwarz, Classification of dual model gauge algebras, Phys. Lett. B 64
(1976) 75 [INSPIRE].

H. Ooguri and C. Vafa, Geometry of N = 2 strings, Nucl. Phys. B 361 (1991) 469 [INSPIRE].

E. Witten, Phases of N = 2 theories in two-dimensions, Nucl. Phys. B 403 (1993) 159
[hep-th/9301042] [INSPIRE].

K. Uhlenbeck and S. Yau, On the existence of Hermitian-Yang-Mills connections in stable
vector bundles, Commun. Pure Appl. Math. 39 (1986) S257.

S. Donaldson and R. Thomas, Gauge theory in higher dimensions, in The geometric
universe: science, geometry and the work of Roger Penrose, Oxford University Press, Oxford
U.K. (1998).

R. Donagi, S. Katz and E. Sharpe, Spectra of D-branes with Higgs vevs, Adv. Theor. Math.
Phys. 8 (2004) 813 [hep-th/0309270] [INSPIRE].

S. Cecotti, C. Cordova, J.J. Heckman and C. Vafa, T-branes and monodromy, JHEP 07
(2011) 030 [arXiv:1010.5780] [INnSPIRE].

R. Donagi and M. Wijnholt, Gluing branes, I, JHEP 05 (2013) 068 [arXiv:1104.2610]
[INSPIRE].

L.B. Anderson, J.J. Heckman and S. Katz, T-branes and geometry, JHEP 05 (2014) 080
[arXiv:1310.1931] [NSPIRE].

— 85 —


http://arxiv.org/abs/1404.2323
http://inspirehep.net/search?p=find+EPRINT+arXiv:1404.2323
http://dx.doi.org/10.1088/1126-6708/2009/10/069
http://arxiv.org/abs/hep-th/0701156
http://inspirehep.net/search?p=find+EPRINT+hep-th/0701156
http://dx.doi.org/10.1088/1126-6708/2009/05/069
http://dx.doi.org/10.1088/1126-6708/2009/05/069
http://arxiv.org/abs/0810.2685
http://inspirehep.net/search?p=find+EPRINT+arXiv:0810.2685
http://dx.doi.org/10.1016/S0370-2693(97)00216-5
http://dx.doi.org/10.1016/S0370-2693(97)00216-5
http://arxiv.org/abs/hep-th/9612188
http://inspirehep.net/search?p=find+EPRINT+hep-th/9612188
http://dx.doi.org/10.1016/S0550-3213(01)00289-9
http://dx.doi.org/10.1016/S0550-3213(01)00289-9
http://arxiv.org/abs/hep-th/9906070
http://inspirehep.net/search?p=find+EPRINT+hep-th/9906070
http://dx.doi.org/10.1016/S0550-3213(00)00374-6
http://arxiv.org/abs/hep-th/0005120
http://inspirehep.net/search?p=find+EPRINT+hep-th/0005120
http://dx.doi.org/10.1016/j.nuclphysb.2004.10.026
http://arxiv.org/abs/hep-th/0405151
http://inspirehep.net/search?p=find+EPRINT+hep-th/0405151
http://dx.doi.org/10.1016/0550-3213(91)90042-V
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B367,83%22
http://dx.doi.org/10.1016/0550-3213(83)90318-8
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B224,159%22
http://dx.doi.org/10.1088/1126-6708/2002/03/055
http://arxiv.org/abs/hep-th/0101233
http://inspirehep.net/search?p=find+EPRINT+hep-th/0101233
http://dx.doi.org/10.1088/1126-6708/2009/01/058
http://dx.doi.org/10.1088/1126-6708/2009/01/058
http://arxiv.org/abs/0802.3391
http://inspirehep.net/search?p=find+EPRINT+arXiv:0802.3391
http://dx.doi.org/10.1007/JHEP05(2016)059
http://arxiv.org/abs/1601.02015
http://inspirehep.net/search?p=find+EPRINT+arXiv:1601.02015
http://dx.doi.org/10.1016/0370-2693(76)90361-0
http://dx.doi.org/10.1016/0370-2693(76)90361-0
http://inspirehep.net/search?p=find+J+%22Phys.Lett.,B64,75%22
http://dx.doi.org/10.1016/0550-3213(91)90270-8
http://inspirehep.net/search?p=find+J+%22Nucl.Phys.,B361,469%22
http://dx.doi.org/10.1016/0550-3213(93)90033-L
http://arxiv.org/abs/hep-th/9301042
http://inspirehep.net/search?p=find+EPRINT+hep-th/9301042
http://dx.doi.org/10.1002/cpa.3160390714
http://dx.doi.org/10.4310/ATMP.2004.v8.n5.a3
http://dx.doi.org/10.4310/ATMP.2004.v8.n5.a3
http://arxiv.org/abs/hep-th/0309270
http://inspirehep.net/search?p=find+EPRINT+hep-th/0309270
http://dx.doi.org/10.1007/JHEP07(2011)030
http://dx.doi.org/10.1007/JHEP07(2011)030
http://arxiv.org/abs/1010.5780
http://inspirehep.net/search?p=find+EPRINT+arXiv:1010.5780
http://dx.doi.org/10.1007/JHEP05(2013)068
http://arxiv.org/abs/1104.2610
http://inspirehep.net/search?p=find+EPRINT+arXiv:1104.2610
http://dx.doi.org/10.1007/JHEP05(2014)080
http://arxiv.org/abs/1310.1931
http://inspirehep.net/search?p=find+EPRINT+arXiv:1310.1931

[37]

[38]

[39]

[40]

[41]

[42]

[43]

[44]

[45]

[47]

[48]

J.J. Heckman, Y. Tachikawa, C. Vafa and B. Wecht, N =1 SCFTs from brane monodromy,
JHEP 11 (2010) 132 [arXiv:1009.0017] [INSPIRE].

A. Collinucci and R. Savelli, T-branes as branes within branes, JHEP 09 (2015) 161
[arXiv:1410.4178] [INSPIRE].

A. Collinucci and R. Savelli, F-theory on singular spaces, JHEP 09 (2015) 100
[arXiv:1410.4867] [INSPIRE].

C. Vafa and E. Witten, A strong coupling test of S duality, Nucl. Phys. B 431 (1994) 3
[hep-th/9408074] [INSPIRE].

M. Bershadsky, A. Johansen, T. Pantev and V. Sadov, On four-dimensional
compactifications of F-theory, Nucl. Phys. B 505 (1997) 165 [hep-th/9701165] [INSPIRE].

R. Donagi and M. Wijnholt, Model building with F-theory, Adv. Theor. Math. Phys. 15
(2011) 1237 [arXiv:0802.2969] [INSPIRE].

A. Igbal, N. Nekrasov, A. Okounkov and C. Vafa, Quantum foam and topological strings,
JHEP 04 (2008) 011 [hep-th/0312022] [INSPIRE].

R. Minasian and G.W. Moore, K theory and Ramond-Ramond charge, JHEP 11 (1997) 002
[hep-th/9710230] [INSPIRE].

D.S. Freed and E. Witten, Anomalies in string theory with D-branes, Asian J. Math. 3
(1999) 819 [hep-th/9907189] INSPIRE].

C. Beasley, J.J. Heckman and C. Vafa, GUTs and exceptional branes in F-theory — II:
experimental predictions, JHEP 01 (2009) 059 [arXiv:0806.0102] [INSPIRE].

S. Cecotti, M.C.N. Cheng, J.J. Heckman and C. Vafa, Yukawa couplings in F-theory and
non-commutative geometry, arXiv:0910.0477 [INSPIRE].

H. Hayashi, T. Kawano, R. Tatar and T. Watari, Codimension-3 singularities and Yukawa
couplings in F-theory, Nucl. Phys. B 823 (2009) 47 [arXiv:0901.4941] [INSPIRE].

R. Donagi and M. Wijnholt, Higgs bundles and UV completion in F-theory, Commun. Math.
Phys. 326 (2014) 287 [arXiv:0904.1218] [INSPIRE].

J. Marsano, N. Saulina and S. Schéfer-Nameki, F-theory compactifications for
supersymmetric GUTs, JHEP 08 (2009) 030 [arXiv:0904.3932] [INSPIRE].

C. Vafa and E. Witten, A one loop test of string duality, Nucl. Phys. B 447 (1995) 261
[hep-th/9505053] [iNSPIRE].

S. Sethi, C. Vafa and E. Witten, Constraints on low dimensional string compactifications,
Nucl. Phys. B 480 (1996) 213 [hep-th/9606122] [INSPIRE].

M.B. Green, J.H. Schwarz and E. Witten, Superstring theory. Vol. 2: loop amplitudes,
anomalies and phenomenology, Cambridge University Press, Cambridge U.K. (1988).

J. Polchinski, String theory. Vol. 2: superstring theory and beyond, Cambridge University
Press, Cambridge U.K. (2007).

J. Polchinski and E. Witten, Evidence for heterotic-type-I string duality, Nucl. Phys. B 460
(1996) 525 [hep-th/9510169] INSPIRE].

C.P. Bachas, M.B. Green and A. Schwimmer, (8,0) quantum mechanics and symmetry
enhancement in type-1’ superstrings, JHEP 01 (1998) 006 [hep-th/9712086] [INSPIRE].

— 86 —


http://dx.doi.org/10.1007/JHEP11(2010)132
http://arxiv.org/abs/1009.0017
http://inspirehep.net/search?p=find+EPRINT+arXiv:1009.0017
http://dx.doi.org/10.1007/JHEP09(2015)161
http://arxiv.org/abs/1410.4178
http://inspirehep.net/search?p=find+EPRINT+arXiv:1410.4178
http://dx.doi.org/10.1007/JHEP09(2015)100
http://arxiv.org/abs/1410.4867
http://inspirehep.net/search?p=find+EPRINT+arXiv:1410.4867
http://dx.doi.org/10.1016/0550-3213(94)90097-3
http://arxiv.org/abs/hep-th/9408074
http://inspirehep.net/search?p=find+EPRINT+hep-th/9408074
http://dx.doi.org/10.1016/S0550-3213(97)00393-3
http://arxiv.org/abs/hep-th/9701165
http://inspirehep.net/search?p=find+EPRINT+hep-th/9701165
http://dx.doi.org/10.4310/ATMP.2011.v15.n5.a2
http://dx.doi.org/10.4310/ATMP.2011.v15.n5.a2
http://arxiv.org/abs/0802.2969
http://inspirehep.net/search?p=find+EPRINT+arXiv:0802.2969
http://dx.doi.org/10.1088/1126-6708/2008/04/011
http://arxiv.org/abs/hep-th/0312022
http://inspirehep.net/search?p=find+EPRINT+hep-th/0312022
http://dx.doi.org/10.1088/1126-6708/1997/11/002
http://arxiv.org/abs/hep-th/9710230
http://inspirehep.net/search?p=find+EPRINT+hep-th/9710230
http://arxiv.org/abs/hep-th/9907189
http://inspirehep.net/search?p=find+EPRINT+hep-th/9907189
http://dx.doi.org/10.1088/1126-6708/2009/01/059
http://arxiv.org/abs/0806.0102
http://inspirehep.net/search?p=find+EPRINT+arXiv:0806.0102
http://arxiv.org/abs/0910.0477
http://inspirehep.net/search?p=find+EPRINT+arXiv:0910.0477
http://dx.doi.org/10.1016/j.nuclphysb.2009.07.021
http://arxiv.org/abs/0901.4941
http://inspirehep.net/search?p=find+EPRINT+arXiv:0901.4941
http://dx.doi.org/10.1007/s00220-013-1878-8
http://dx.doi.org/10.1007/s00220-013-1878-8
http://arxiv.org/abs/0904.1218
http://inspirehep.net/search?p=find+EPRINT+arXiv:0904.1218
http://dx.doi.org/10.1088/1126-6708/2009/08/030
http://arxiv.org/abs/0904.3932
http://inspirehep.net/search?p=find+EPRINT+arXiv:0904.3932
http://dx.doi.org/10.1016/0550-3213(95)00280-6
http://arxiv.org/abs/hep-th/9505053
http://inspirehep.net/search?p=find+EPRINT+hep-th/9505053
http://dx.doi.org/10.1016/S0550-3213(96)00483-X
http://arxiv.org/abs/hep-th/9606122
http://inspirehep.net/search?p=find+EPRINT+hep-th/9606122
http://dx.doi.org/10.1016/0550-3213(95)00614-1
http://dx.doi.org/10.1016/0550-3213(95)00614-1
http://arxiv.org/abs/hep-th/9510169
http://inspirehep.net/search?p=find+EPRINT+hep-th/9510169
http://dx.doi.org/10.1088/1126-6708/1998/01/006
http://arxiv.org/abs/hep-th/9712086
http://inspirehep.net/search?p=find+EPRINT+hep-th/9712086

[57]

[58]

[59]

[60]

[61]

[62]

[63]

[64]

[65]

[66]

[67]

[68]

[69]

J. Distler and E. Sharpe, Heterotic compactifications with principal bundles for general groups
and general levels, Adv. Theor. Math. Phys. 14 (2010) 335 [hep-th/0701244] [INSPIRE].

J.M. Lapan, A. Simons and A. Strominger, Nearing the horizon of a heterotic string,
arXiv:0708.0016 [INSPIRE].

D. Tong, The holographic dual of AdS3 x S3 x S® x S', JHEP 04 (2014) 193
[arXiv:1402.5135] INSPIRE].

A. Gadde, B. Haghighat, J. Kim, S. Kim, G. Lockhart and C. Vafa, 6D string chains,
arXiv:1504.04614 [INSPIRE].

D.R. Morrison and W. Taylor, Classifying bases for 6D F-theory models, Central Eur. J.
Phys. 10 (2012) 1072 [arXiv:1201.1943] [NSPIRE].

D.R. Morrison and W. Taylor, Non-Higgsable clusters for 4D F-theory models, JHEP 05
(2015) 080 [arXiv:1412.6112] [INSPIRE].

S. Greiner and T.W. Grimm, On mirror symmetry for Calabi- Yau fourfolds with three-form
cohomology, arXiv:1512.04859 [INSPIRE].

J.J. Heckman and H. Verlinde, Fvidence for F(uzz) theory, JHEP 01 (2011) 044
[arXiv:1005.3033] INSPIRE].

S.H. Katz and C. Vafa, Matter from geometry, Nucl. Phys. B 497 (1997) 146
[hep-th/9606086] [INSPIRE].

R. Bott and L.W. Tu, Differential forms in algebraic topology, Graduate Texts in
Mathematics, Springer-Verlag, Germany (1982).

K. Becker and M. Becker, M theory on eight manifolds, Nucl. Phys. B 477 (1996) 155
[hep-th/9605053] [iNSPIRE].

A. Klemm, B. Lian, S.S. Roan and S.-T. Yau, Calabi- Yau fourfolds for M-theory and
F-theory compactifications, Nucl. Phys. B 518 (1998) 515 [hep-th/9701023] [INSPIRE].

L. Alvarez-Gaumé and P.H. Ginsparg, The structure of gauge and gravitational anomalies,
Annals Phys. 161 (1985) 423 [Erratum ibid. 171 (1986) 233] [NSPIRE].

87 —


http://dx.doi.org/10.4310/ATMP.2010.v14.n2.a1
http://arxiv.org/abs/hep-th/0701244
http://inspirehep.net/search?p=find+EPRINT+hep-th/0701244
http://arxiv.org/abs/0708.0016
http://inspirehep.net/search?p=find+EPRINT+arXiv:0708.0016
http://dx.doi.org/10.1007/JHEP04(2014)193
http://arxiv.org/abs/1402.5135
http://inspirehep.net/search?p=find+EPRINT+arXiv:1402.5135
http://arxiv.org/abs/1504.04614
http://inspirehep.net/search?p=find+EPRINT+arXiv:1504.04614
http://dx.doi.org/10.2478/s11534-012-0065-4
http://dx.doi.org/10.2478/s11534-012-0065-4
http://arxiv.org/abs/1201.1943
http://inspirehep.net/search?p=find+EPRINT+arXiv:1201.1943
http://dx.doi.org/10.1007/JHEP05(2015)080
http://dx.doi.org/10.1007/JHEP05(2015)080
http://arxiv.org/abs/1412.6112
http://inspirehep.net/search?p=find+EPRINT+arXiv:1412.6112
http://arxiv.org/abs/1512.04859
http://inspirehep.net/search?p=find+EPRINT+arXiv:1512.04859
http://dx.doi.org/10.1007/JHEP01(2011)044
http://arxiv.org/abs/1005.3033
http://inspirehep.net/search?p=find+EPRINT+arXiv:1005.3033
http://dx.doi.org/10.1016/S0550-3213(97)00280-0
http://arxiv.org/abs/hep-th/9606086
http://inspirehep.net/search?p=find+EPRINT+hep-th/9606086
http://dx.doi.org/10.1016/0550-3213(96)00367-7
http://arxiv.org/abs/hep-th/9605053
http://inspirehep.net/search?p=find+EPRINT+hep-th/9605053
http://dx.doi.org/10.1016/S0550-3213(97)00798-0
http://arxiv.org/abs/hep-th/9701023
http://inspirehep.net/search?p=find+EPRINT+hep-th/9701023
http://dx.doi.org/10.1016/0003-4916(85)90087-9
http://inspirehep.net/search?p=find+J+%22AnnalsPhys.,161,423%22

	Introduction 
	Effective strings from string compactification 
	Elements of mathcalN = (0,2) theories

	GLSMs from perturbative string vacua 
	Zero mode spectrum
	Gauge anomalies
	Gravitational anomalies
	Zero mode interactions

	GLSMs from intersecting 7-branes 
	Partial twist on a Kaehler threefold
	Bulk zero modes

	Matter localized on a surface
	Localized zero modes

	Interactions localized on a curve and a point
	Summary of interaction terms
	Anomalies

	Anomalies and tadpoles 
	Perturbative vacua
	Non-perturbative vacua

	Extra sectors 
	Perturbative type I models
	Anomalies

	Perturbative heterotic extra sectors
	F-theory extra sectors
	Anomalies versus supersymmetry

	Examples 
	mathcalN = (2,2) models
	Perturbative models with rank four bundles
	Spin(32)/mathbbZ(2) models
	E(8) x E(8) models

	F-theory models
	Local mathbbP**(3) model
	Local mathbbP**(1) x mathbbP**(1) x mathbbP**(1) model


	Conclusions 
	Non-Abelian (0,2) GLSMs 
	10D super Yang-Mills as a 2D GLSM 
	Action and symmetries
	2D action
	Summary

	Intersecting 7-branes as a 2D GLSM 
	Explicit decomposition of the field content
	Supersymmetry variations
	Superfields
	Non-Abelian bulk twisted action
	Superpotential terms

	Localized surface defects

	Brief review of Chern classes 
	Special case: Calabi-Yau fourfolds
	Special case: Kaehler threefolds and surfaces

	Normalizing the Green-Schwarz contribution 

