PUBLISHED FOR SISSA BY €) SPRINGER

RECEIVED: November 29, 2010
REVISED: June 16, 2011
ACCEPTED: July 1, 2011

PUBLISHED: July 13, 2011

Wall crossing from Boltzmann black hole halos

Jan Manschot,® Boris Pioline’ and Ashoke Sen°
@ Institut de Physique Théorique, CEA Saclay, CNRS-URA 23006,
91191 Gif sur Ywvette, France
b Laboratoire de Physique Théorique et Hautes Energies, CNRS UMR 7589,

Université Pierre et Marie Curie,
4 place Jussieu, 75252 Paris cedex 05, France

¢Harish-Chandra Research Institute,
Chhatnag Road, Jhusi, Allahabad 211019, India

FE-mail: jan.manschot@cea.fr, pioline@lpthe. jussieu.fr, sen@hri.res.in

ABSTRACT: A key question in the study of N'= 2 supersymmetric string or field theories
is to understand the decay of BPS bound states across walls of marginal stability in the
space of parameters or vacua. By representing the potentially unstable bound states as
multi-centered black hole solutions in N' = 2 supergravity, we provide two fully general
and explicit formulee for the change in the (refined) index across the wall. The first, “Higgs
branch” formula relies on Reineke’s results for invariants of quivers without oriented loops,
specialized to the Abelian case. The second, “Coulomb branch” formula results from eval-
uating the symplectic volume of the classical phase space of multi-centered solutions by
localization. We provide extensive evidence that these new formulae agree with each other
and with the mathematical results of Kontsevich and Soibelman (KS) and Joyce and Song
(JS). The main physical insight behind our results is that the Bose-Fermi statistics of indi-
vidual black holes participating in the bound state can be traded for Maxwell-Boltzmann
statistics, provided the (integer) index () of the internal degrees of freedom carried by
each black hole is replaced by an effective (rational) index Q(y) = 2y 2(y/m) /m2. A
similar map also exists for the refined index. This observation provides a physical rationale
for the appearance of the rational Donaldson-Thomas invariant () in the works of KS
and JS.
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1 Introduction and summary

In quantum field theories and string theory vacua with extended supersymmetry, the spec-
trum of BPS states can sometimes be determined exactly in a weakly coupled region of
the space of parameters (or vacua). In extrapolating the BPS spectrum to another point
in parameter space, one must be wary of two issues: BPS states may pair up and disap-
pear, and single particle states may decay into the continuum of multi-particle states. The
first issue can be evaded by considering a suitable index Q(v;t%), where v is the vector
of electric and magnetic charges carried by the state and t* parametrizes the value of the
couplings (or moduli), designed such that contributions from long multiplets cancel. The
index Q(v;t*) is then a piecewise constant function of the parameters t*. To deal with
the second problem, it is important to understand how (7;t*) changes across certain
codimension-one subspaces of the parameter space, known as walls of marginal stability,
where a single-particle BPS state becomes marginally unstable against decay into two (or
more) BPS states [1-6].

Initial progress in this direction for four-dimensional string vacua came from super-
gravity, where BPS states are represented by (in general multi-centered) classical black
hole solutions. Since the class of multi-centered solutions potentially unstable at a cer-
tain wall of marginal stability exists only on one side of the wall [7-9], the discontinuity
AQ(7y) in Q(v,t*) is equal to the index of the multi-centered solutions with total charge
7, up to a sign depending whether one enters or leaves the side on which these solutions
exist [10]. Based on this physical picture, one easily finds that the jump of the index in the
simplest case, where the only configuration that may appear or disappear across the wall
is a two-centered solution with primitive charge vectors 71, 72, is given by the “primitive
wall-crossing formula” [10]:

AQ(Y) = (=1)727 912] (1) Q(72) - (1.1)

With some more effort one can also compute AQ(v) in “semi-primitive” cases, where the
relevant multi-centered solutions which appear or disappear across the wall of marginal
stability are halos of black holes with charges in multiple of ~s, orbiting around a core of
charge v, [10].

While applying this method to the general “non-primitive” case seemed out of reach
up until now, a breakthrough came from the mathematical front, with the works of Kontse-
vich and Soibelman (KS) [11, 12] and Joyce and Song (JS) [13-15]. In these works, general
formulee were derived for the discontinuity of generalized Donaldson-Thomas (DT) invari-
ants under changes of stability conditions. It is generally believed that generalized DT
invariants are the appropriate mathematical embodiment of the physical BPS invariants.
Although the KS and JS wall-crossing formulae look very different, there is by now much
evidence that they are equivalent.! Since these two formulse appeared, much efforts have
been devoted towards interpreting, deriving and checking these wall-crossing formulae in

1'We have been informed by D. Joyce of a general argument showing the equivalence of the KS and JS

wall-crossing formulae. The equality of the DT invariants as defined by KS and JS seems, on the other
hand, less firmly established.



various physical settings [16-24]. Our goal in this paper is to rederive the wall-crossing
formula using multi-centered black hole solutions in supergravity and extend the original
black hole halo picture to the general “non-primitive” case. We also carry out extensive
comparisons between our formulee and those of KS and JS.

One intriguing aspect of the KS and JS wall-crossing formulee is the appearance of two
types of BPS-invariants, an integer-valued invariant Q (roughly Tr(—1)f) and a rational-
valued invariant Q. The two are related by the “multi-cover formula”

Qy) =>_m2Q(y/m), (1.2)

m|y

where the sum runs over all positive integers m such that v/m lies in the charge lattice.
We shall take (1.2) as the definition of Q. Similar divisor sums appear in various instances
in quantum field theory, e.g. in Schwinger’s computation of pair creation in an external
electric field (see e.g. eqs. (4.118) and (4.119) in [25]), and in enumerative geometry, e.g.
the multi-cover formulae for Gromov-Witten invariants [26], which indeed are naturally
understood from pair creation arguments [27, 28]. The rational invariants 2 also arose
in constructions of modular invariant black hole partition functions consistent with wall-
crossing [29-31], and in studies of D-brane instanton corrections to the hypermultiplet
moduli space metric [18, 32, 33].

For the purposes of computing the jump in the BPS spectrum, the rational invariants
turn out to be especially convenient. Indeed, one consequence of the JS/KS wall-crossing
formulee is that the variation AQ(7) of the rational invariants across a wall of marginal
stability, when expressed in terms of the rational invariants Q(") on one side of the wall,
involves only “charge conserving” terms, i.e. sums of products of Q(v;) for different ~;
such that . ~; = 7. In contrast, the variation of the integer invariants AQ(y), expressed
in terms of the integer invariants (v), does not satisfy this property, and as a result,
involves considerably more terms. Needless to say, physical charge is conserved no matter
what invariant one chooses to consider.

Our main new insight, at the basis of the results presented below, is the following
physical explanation of this phenomenon. In computing AQ(y) from the index associated
with a n-centered black hole solution carrying total charge v = > | 7;, each center must
be treated as a point-like particle carrying [(;)| internal states. When some of the
~; coincide, the corresponding centers must in addition obey Bose or Fermi statistics,
depending on the sign of (7;). As a result of (anti-)symmetrizing the many-body wave-
function, the total index associated with such a configuration involves, in addition to
the product [[; Q(vi), terms of lower degree in Q(v;) — e.g. two identical bosons of
degeneracy 2 will give a degeneracy of (2 +1)/2. The terms of lower degree in 2 violate
the charge conservation property defined above. However, due to special properties of the
interactions between centers (namely, the no-force condition between centers with mutually
local charges), we show that it is possible to map the problem of computing the index of
multi-centered black holes with individual centers satisfying Bose-Fermi statistics to an
equivalent problem where the centers satisfy instead Maxwell-Boltzmann statistics. In
this Boltzmannian reformulation, each center carries an effective (in general non integer)



index Q(v) related to Q(v) via (1.2), and charge conservation is manifest. This provides a
physical rationale of the charge conservation property of the wall-crossing formula written
in terms of the rational invariants (.

The same argument generalizes for the refined ‘index’ Qef(y,y), defined roughly as
Tr (—1)F y2/3, which keeps track of the angular momentum of the BPS states. However
this refined ‘index’ is only protected (i.e. immune to contributions of long multiplets) in
the presence of a SU(2) symmetry [22], which may exists in N' = 2 supersymmetric field
theory, but not in string theory or supergravity. Nevertheless, it is a very useful quantity
in intermediate stages of the analysis, as its variation can be computed using localization
methods, and the variation of the usual index €)() can be obtained by carefully taking
the y — 1 limit at the end of the computation. Moreover, despite the fact that this refined
‘index’ may in general depend on both vector multiplets and hypermultiplets (in particular,
its value may be different at weak and strong coupling), one may still investigate the
variation of Qf(y,y) across lines of marginal stability in vector multiplet moduli space. In
fact, KS have provided a wall-crossing formula for motivic Donaldson-Thomas invariants,
which are conjectured to be equal to the refined invariants Q.e¢(v,y) at weak coupling,
where the derived category description of D-branes is appropriate [34, 35]. Similarly,
one may ask about the wall-crossing formula in the strong coupling region where the
supergravity picture is appropriate. As for the standard index, we find that the variation
AQrief (7,y) can be computed by treating centers as Boltzmannian particles carrying internal
states with an effective refined index

Q1"ef("y7 y) = Z vy

m mo__ —m
aomym =y

1
Qe (7/m,y™) . (1.3)

In this formulation, charge conservation is again manifest. At y = 1, Q,c¢(y,y) reduces to
() and the rational invariant (1.3) to (1.2).

While the arguments above rely on representing BPS states as multi-centered solutions
in supergravity, it is clear that they extend to the case of N' = 2 supersymmetric gauge
theories which can be obtained as rigid limits of supergravity theories [36]. In general,
we expect that BPS solitons in the Coulomb phase can be represented as classical multi-
centered solutions of the Abelian gauge theory at low energy, albeit singular ones. For the
purposes of computing the wall-crossing, the singularity is irrelevant, and the problem can
still be reduced to the quantum mechanics of point-like particles interacting by Coulomb
law and scalar interactions. In particular, solitons with mutually local charges ({71,72) = 0)
do not interact, and the above Bose-Fermi/Boltzmann equivalence carries over.

Finally, it is worth pointing out that a similar phenomenon occurs for non-primitive
wall-crossing in N = 4 supersymmetric string theories [37]. In this case only two-centered
configurations contribute, and the only non-trivial effect comes from symmetrization [38,
39]. The variation of the index is thus given by the primitive wall-crossing formula (1.1),
provided Q() is replaced by with Q(y) = > mly $2(y/m) in this formula. Note that in
contrast to the effective index (1.2) relevant for N/ = 2 BPS states, the effective index
Q(~) relevant for N' = 4 dyons does not include any factor of 1/m? in its definition. This
difference can be traced to the presence of extra fermion zero modes carried by a quarter



BPS dyon in N/ = 4 supersymmetric theories. The trace over these fermionic zero modes
produces an extra factor of m? in (1.2) compared to that for half-BPS dyons in N = 2
supersymmetric theories.

We shall now summarise our main results. Consider a wall of marginal stability on
which the central charges Z,, and Z,, of two charge vectors 7; and 7, align. Assume
further that, possibly after a change of basis in the lattice spanned by ~; and 5, BPS
states carrying charge M~y; + Ny, exist only for (M > 0,N > 0) and (M < 0,N < 0).
Then on one side of the wall, which we call the chamber ¢, we have (y1,v2) Im(Z., Z.,) > 0,
and there are multi-centered bound states with individual centers carrying charges of the
form m;y; + nyye with different integers m;,n; > 0. Here (7y1,72) is the symplectic inner
product between 41 and 7,. On the other side of the wall, called the chamber ¢, there are
no bound states of this form. Let us denote by Q% () the index Tr’(—1)2/3 on the two
sides of the wall for a charge vector « = M~; + N~y with M, N > 0. ('Tr’ denotes the trace
after removing the fermion zero modes associated with broken supersymmetries.) Then the
physical reasoning outlined above shows that the wall-crossing formula, expressed in terms
of the rational invariants (1.2), must take the form

CE-rm=Y ¥ Auj?;} L 2, (1.4)

n>2  {oq,...,om}
y=aitetan

where the sum runs over all possible unordered decompositions of « into vectors aq, . .., ay,,
each of which is a linear combination of 41 and 7, with non-negative integer coefficients.
Here, |[Aut({a;})| is the symmetry factor appropriate for Maxwell-Boltzmann statistics,
namely the order of the subgroup of the permutation group of n elements which preserves
the ordered set (aq,...,ay,), for a fixed (arbitrary) choice of ordering.? Of course, one
could instead decide to absorb this symmetry factor in the normalization of g({a;}). The
point of the normalization chosen in (1.4) is that g(aq,...,a,) can now be identified as
the index associated with an n-centered black hole configuration in supergravity, with the
individual centers carrying charges aq,as,...,«, and treated as distinguishable particles,
and furthermore carrying no internal degeneracy. Clearly, the same considerations imply
that the wall-crossing formula for refined invariants takes an analog form

O— gref({az} y
Qref(’y’y) ref ’7 y Z Z \Aut {(X Hz 1 ref Oéz, ’ (15)

n>2 {ai,..,on}
Y=+ +an
where grer({v; },y) computes the refined ‘index’ of the same n-centered black hole configu-
ration, and reduces to g({a;}) at y = 1. In order to complete the wall-crossing formula we
need to specify the factor gyer({cvi},y) (or its y = 1 limit g({c;}) ). While these factors can
be extracted from the KS and JS formulae, we shall present two novel ways for computing
them, which we call the “Higgs branch” and the “Coulomb branch” formulae. We have
checked in many cases the equivalence of these prescriptions with the KS and JS formulae,

although we have not yet been able to prove the equivalence rigorously.

*Thus if the set {a;} consists of my copies of 1, ma copies of B2 etc. then |Aut({a:})| = [T, m«!-



The “Higgs branch” formula is based on Denef’s observation [8] that the spectrum
of supersymmetric bound states of multi-centered black holes can be computed in the
framework of quiver quantum mechanics. This description is appropriate at weak coupling,
the arrows of the quiver describing the open strings stretched between two D-branes. Due
to the fact that the charges carried by the various centers lie on a two-dimensional sublattice
of the full charge lattice, the relevant quiver turns out to have no oriented loops. A formula
for the motivic invariants of such quivers was given by Reineke in [40]. Furthermore, since
the constituents of the bound states are to be treated as distinguishable particles without
internal multiplicity, the relevant quiver carries dimension one vector spaces at each node
(equivalently, corresponds to a U(1)"™ gauge theory). Reineke’s formula simplifies in this
case, leading to

Gret (@1, -+ ., o, y) = (—y) " Eics s (2 — 1)1om Z (—1)5 Ly Xase jci @iy My
partitions
(1.6)
Here we have denoted by «;; = («;, ;) the symplectic inner product between the vectors
a; and o, and have ordered the a;’s such that (a;, ;) > 0 for i < j (assuming that none
of the vectors «; coincide). The sum runs over all ordered partitions of (ag +-- -+ «,) into
s vectors 3@ (1<a<s,1<s<mn)such that

LS, 69 =+t an
2. 6(“)=Z,~m§“)ai with mga)ZOOrlfor each a, 1.
3. <Zzzlﬁ(“),a1+---+an>>0 V bwithl1<b<s—1

When some of the «;’s coincide, the value of gyef(aq,...,a,,y) can still be obtained
from (1.6) by taking the limit o; — «;: even though the «;’s are supposed to be val-
ued in the two dimensional lattice spanned by 71 and 7,, eq. (3.1) defines a continuous
function of the «;’s and this limit is well-defined. We have checked agreement with the KS
and JS formulae for distinct a; with n < 5, and in many cases where some of the a; coin-
cide. While it is not surprising that the Reineke formula is consistent with the JS formula
(since the latter applies to moduli space of quiver representations), it is remarkable that
Abelian quivers (i.e. quivers carrying a dimension-one vector space at each node) encode
the complete information about wall-crossing. In appendix § D we show that the index
of certain non-Abelian quivers without oriented loops can be reduced to the Abelian case
using the same black hole halo picture.

Our second way of computing gref({c},y) instead follows from quantizing the mod-
uli space of multi-centered BPS solutions, as first proposed in [41]. This description is
appropriate at strong coupling, when the classical supergravity description is valid, and
is justified by the fact that the distance between the constituents diverges near the wall,
leading to a decoupling between their internal degrees of freedom and the configurational
degrees of freedom described by the classical moduli space M,, of n-centered BPS solutions.
Using the fact that M,, carries a natural symplectic structure and a Hamiltonian action of
SU(2), we evaluate the integral of y?/3 over this classical phase space by localization. The



fixed points of the action of J3 on M,, are collinear configurations where all centers lie on
the z-axis, with relative distances determined by

S Qo()o() o aa N~

Z Lo sign(j—i) = Azao(z)o(]) : (1.7)
Jj=1 0(]) J(Z) =1

J#i J#i

where A is a positive real constant which vanishes at the wall, and o is the permutation
which determines the order of the centers along the axis, z5(;) < zo(;) if ¢ < j. In this way
we arrive at the “Coulomb branch formula”

gret({i},y) = (~1)Zi Ty —ymhlmm N () yRisi Y00 (1.8)

permutations o

where the sum runs over the subset of the permutation group in n elements for which the
equations (1.7) admit a solution. The factor s(o) = £1 is a sign defined in (3.42), which
originates from the determinant of the action of J3 on the tangent space to the fixed point.
While eq. (1.8) requires solving at least approximately the equations (1.7) (rather, finding
the permutations o such that (1.7) admits a solution), it provides us with an economic way
of determining gyef({cv; },y), since each permutation has a unique y dependence and hence
there are no cancellations between different permutations. In contrast both the JS formula
and “Higgs branch” formula (1.6) involves extensive cancellations between different terms.
We shall in fact see in § 3.3 that motivated by the Coulomb branch formula, one can
find an algorithm to identify the uncancelled contributions in the Higgs branch formula
without having to evaluate all the terms given in (1.6) and re-express the sign s(o) in a
more convenient form (3.46).

The use of the rational invariants Q also allows us to use the KS formula to derive
explicit formulas for the change in the index in some special cases. This includes sectors
carrying charges of the form 2v; + N~ and 3y, + N~s for primitive vectors 1, v2 and
arbitrary integer N. This generalizes the semi-primitive wall-crossing formula of [10] which
describes the change in the index in the sector with charge v; +N~2, and some earlier results
on higher-rank ADHM and DT invariants [42-44].

The rest of the paper is organised as follows. In § 2 we describe how the problem of
computing the index of multi-centered black holes can be mapped to an equivalent problem
with the individual centers obeying Maxwell-Boltzmann statistics. We use this to derive
some general properties of the wall-crossing formula e.g. charge conservation, and also
reproduce the primitive and semi-primitive wall crossing formula. We also generalize the
results to the case of refined index. In § 3 we compute the index associated to n-centered
black hole configurations in two different ways, first by mapping the problem to a quiver
quantum mechanics and second by quantizing the classical phase space of multi-centered
solutions. This leads to the Coulomb and Higgs branch formulae described above. In § 4
we review the KS wall-crossing formula, and recast it in terms of the rational invariants €2,
making the charge conservation property manifest. We verify that the motivic KS formula
agrees with the results of § 2 and § 3 in many cases, and obtain higher order generalizations
of the semi-primitive wall-crossing formula. In § 5 we review the wall-crossing formula due



to Joyce and Song and compare it to the KS, Higgs branch and Coulomb formulae. We
find agreement in all cases that we consider. In appendix A we illustrate the general wall
crossing formulae in some special cases. In appendix B we apply the results of § 4 to analyze
the spectrum of D0O-D6 bound states on a Calabi-Yau 3-fold. In appendix C we check our
results against the spectrum of BPS states in N' = 2 SU(2) gauge theories. In appendix D
we show how our Boltzmann gas picture allows one to express the Poincaré polynomial
associated with quiver quantum mechanics with U(V) factors in terms of the Poincaré
polynomial of Abelian quivers. This lends further support to the validity of the Boltzmann

gas picture of multi-centered black holes.

2 Boltzmannian view of the wall-crossing

2.1 BPS states in N = 2 supergravity

We consider N’ = 2 supergravity in 4 dimensions, coupled to n, vector multiplets. Let M be
the vector multiplet moduli space, parametrized by complex scalar fields t*, a = 1,. .., n,,
and I' be the lattice of electromagnetic charges. I' is a lattice of rank dimension 2n, + 2,
equipped with an integer symplectic pairing. We choose a Lagrangian decomposition I' =
Iy, @ I, such that the symplectic pairing is given by

(1,7) = qap™ — dhpa € Z (2.1)

where v = (p",qa), ¥ = (p™®,¢}). The mass of a BPS state with charge 7 is equal to the
absolute value of the central charge Z,, defined by

Z, = (g XN — pAFy), (2.2)

where K, X and F) are appropriate functions of the moduli fields {t*}. Let M. (t*) be
the Hilbert space of states with charge v in the vacuum where the scalars asymptote to t*
at spatial infinity. The index

1
Qy;t") = Y Tr g0, 10y (—1)*7 (25)? (2.3)

defines an integer Q(+;t*), which counts the number of BPS states with sign (the overall co-
efficient ensures that a half-hypermultiplet contributes one unit to Q(v;¢%)). Alternatively
we could define the index as

Qy; %) = Trly gy (1) (2.4)

where Tr’ denotes trace over BPS states, computed after removing the contribution from
the fermion zero modes associated with the supersymmetries broken by the state. Math-
ematically, the BPS invariants {Q(v;t%),y € I'} are the generalized Donaldson-Thomas
(DT) invariants for the derived category of coherent sheaves (in type IIA on a Calabi-Yau
threefold X) or the Fukaya category (in type IIB on a Calabi-Yau threefold X).



2.2 'Wall crossing: preliminaries

The BPS invariants (v;t*) are locally constant functions of t*, but may jump on codi-
mension one subspaces of M (line of marginal stability), where v can be written as the
sum v = M~; + N~s, where M, N are two non-zero integers and ~; and ~» are two prim-
itive (non-zero) vectors such that the phases of Z,, and Z,, are aligned. We denote the
hyperplane where the phases of 1,72 are aligned by P(71,72). Since the dependence of
Q(v;t*) on {t*} is mild, we shall drop t* from the argument of Q and use superscripts +
to indicate which side of P(~1,72) we are computing the index.

Clearly, P(71,72) depends only on the two-plane spanned by v and -9 inside I'. For
a given choice of v and of this two plane, (M, N) and (71,72) are uniquely defined up to
a common action of SL(2,Z). We shall now make a special choice of (y1,72) such that
there are no BPS states carrying charges of the form M~; — Nvg or —M~; + N~y with
M, N > 0 [23]. For this reason it will be convenient to introduce the notation

I': {My,4+ Ny, MN2>0, (M,N)#(0,0)}, (2.5)

and focus on BPS states carrying charge in I'. For definiteness we shall choose (m,72) < 0.

We shall be considering the jump in the index Q(M~; + N+3) across the wall P(vy1,72)
for non-negative integers M, N. We shall denote by Z, the central charge associated with
the charge v, and choose QO to describe the index in the chamber in which arg(Z,,) >
arg(Zy,). In this case arg(Zys,,+n+,) is greater (less) than arg(Zysy, nvy,) if M/N is
greater (less) than M’/N’. We shall denote this chamber by c;. For Q~ the ordering of
arg(Z -, +N~,) 1s reversed, and the corresponding chamber will be called c¢_. Using the
fact that (7y1,72) < 0 we now get in the chamber ¢

(M1 + Nvyo, M1 + N'v2) Im (Zngyy 4 Nmo Zaar +8N745) < 0. (2.6)

This is the condition under which two-centered bound states of black holes carrying charges
M~ + Nvg and M'~; + N’y do not exist [7]. Thus Q1’s label the index in the chamber
in which there are no two centered black holes with each center carrying charge in T.
Generalizing this argument (see § 3.2) one can show that in the chamber ¢t there are
also no multi-centered black holes carrying charges of the form (M;vy; + N;v2) for different
({M;},{N;}). In contrast Q27 ’s label the index in the chamber where such bound states
are present.

Note that QT can receive contribution both from single and multi-centered black holes,
but these multi-centered configurations consist of centers whose charges lie outside the
sublattice spanned by 7; and 2. Due to this the distances between the centers remain
finite as the wall P(v1,72) is approached. In contrast the distance between the centers
carrying charges in I — appearing in a configuration contributing to 2~ — goes to infinity
in this limit. Thus the configurations which contribute to 27, even though not necessarily
single centered black holes, can be treated as a single unit near this wall of marginal
stability. For this reason we shall refer to QT (M~; + Nv2) as the index associated with a
black hole molecule of charge M~; + N~2. Using this analogy, the full system, containing
multiple molecules loosely bound to each other near the wall P(v1,72), may be thought



of as a molecular cluster. While the black hole molecule may itself be made of atoms (i.e.
single centered black holes), the nature of these constituents is irrelevant for the problem
at hand.

Our aim is to provide a wall-crossing formula which expresses Q™ in terms of Q. In
supergravity the difference Q= — Q7T is accounted for by the bound states of multiple black
hole molecules carrying charges of the form M;vy; + N;7vs, since they contribute to Q~ but
not to Q1. Our goal in the rest of this section and the next section will be to use this
viewpoint to derive the wall-crossing formula.

2.3 Bose-Fermi statistics to Maxwell-Boltzmann statistics

Let 79 be a primitive point on the charge lattice and let d(s7) be the number of bosonic
states minus the number of fermionic states of a black hole molecule® carrying charge svo
moving in some appropriate background. We shall consider a system carrying total charge
k7o consisting of a gas of mutually non-interacting black hole molecules carrying charges
s for different integers s. A typical configuration will contain mg black hole molecules
with charge svg, subject to the constraint

Zsms =k. (2.7)

S

The net contribution to the index from such configurations is given by

Np= ), H[ms 570+m51)—).1) ' (28)

R d(sv0)
For bosons d(syp) > 0, and the above result follows from the fact that m identical bosons
occupying d states produce a degeneracy of dg = d(d+1)---(d+m —1)/m!. For fermions
d(sy0) < 0, and the result follows from the fact that m fermions occupying |d| states
have total degeneracy dp = (|d|)(|d| —1)--- (|d] —m + 1)/m! and index (—1)"dr = d(d +

1)---(d+m—1)/m!. It will be convenient to encode (2.8) into a generating function

+ms —1 sm
:;ka ZHmu o m1)).)xs

s d(s70)
=[] — %)), (2.9)

We shall now prove that exactly the same contribution to the index is obtained if for
each v we replace d(v) by
d(y) =Y m td(y/m) (2.10)
mly
and treat the particles as obeying Maxwell-Boltzmann statistics rather than Bose or Fermi
statistics. For this we calculate the generating function of the index of a gas of non-
interacting Boltzmann black hole molecules carrying charges svyg for different integers s.

*We exclude from this counting the fermionic zero modes associated with broken supersymmetry. A
formal way of doing this is to use helicity supertraces [45, 46] instead of the Witten index.
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This is given by

Z H m. ' d(s70))™ 2™ = exp <Z d(S'yo)xs>

{ms} s

= exp ZZd(SWO/m)mfle = exp <ZZd(k‘WO)mlxmk>
S mls k. m
— exp (— > d(kyo) In(1 - mk)> =[] = a*) e, (2.11)
k

k
The ms! in the denominator in the first line is the symmetry factor required for resolving
the Gibbs paradox. Comparing (2.11) with (2.9) we see that the generating functions f(x)
and g(z) are the same. Thus we are allowed to treat the black hole molecules as Boltzmann
particles as long as we use the effective index d(v).

In general d(svg) receives contribution from the intrinsic index Q7 (sv) of the black
hole molecules and from the orbital degeneracy describing its motion in the background
of other charges. The contribution to the orbital part of a black hole molecule of charge
s70 is expected not to be affected by the presence of the other black hole molecules car-
rying charges 7y for any integer [ since the symplectic product (kvg,lvy) vanishes and as
a consequence the particles are mutually noninteracting. In particular the repulsive elec-
tromagnetic interactions cancel against the attractive gravitational and scalar exchange
interactions.* On the other hand the orbital degeneracy is expected to depend on the
background produced by other black hole molecules carrying charge not proportional to
9. We shall not need the explicit form of this contribution which is hard to compute in
general when there are multiple other black hole molecules distributed in space, but use
the fact that for a charged particle in a magnetic field the number of states per unit area in
the lowest Landau level is proportional to the charge carried by the particle. To be more
specific, we compare a configuration of a molecule of charge sy moving in the background
of other molecules carrying arbitrary charges with a configuration of s closeby molecules
each of charge vy moving in the same background. In this case the phase space volume
element for the molecule of charge syy will be s times the phase space volume element for
each molecule of charge ~y. Thus for a fixed background the orbital density of states for
a black hole molecule carrying charge svg, being proportional to the phase space volume
element, will be s times the orbital density of states of a molecule of charge v9. Thus we
have d(s79)/d(v0) = 527 (570)/QF (70), and hence®

d(s70)/d(v0) = > _m ™~ d(sv0/m)/d(70) = 5 Y m QT (s70/m) /2T () - (2.12)

mls m|s

4At short distance they may interact via the exchange of massive string modes and also via dipole and
higher order interactions due to massless particle exchange, but we do not expect these interactions to affect
the analysis of supersymmetric index.

5Note that in this argument the sign of d, and hence the statistics of the particle, is determined by the
sign of Q. Although the orbital angular momentum contributes to the index of the final configuration,
they arise from the electromagnetic field, and hence do not affect the statistics of the individual particles
in the halo.

— 11 —



Comparing this with
d(s70)/d(70) = s F (s70) /2" (70) (2.13)

we see that replacing d(y) by d(v) is equivalent to replacing Q7 () by

Ot (y) = Ym0 (v/m). (2.14)

m|y

We shall see in § 4 that the fractional DT invariants ((7) arise naturally in the KS wall-
crossing formula.

We end this section with a word of caution. For a generic interacting system of bosons
or fermions the effect of statistics and interaction cannot always be disentangled to map the
problem to an equivalent problem with Boltzmann particles. Consider for example the case
of an interacting system of two identical particles for which at a certain energy eigenvalue £
we have ng symmetric and n, anti-symmetric wave-functions. In this case we shall not get
any simple map from the bosonic or fermionic system to a system of Boltzmann particles.
Only if the identical particles are non-interacting so that multi-particle wave-functions can
be constructed from (anti-)symmetric products of single particle wave functions, can we
have a simple map from a Bose/Fermi gas to a Boltzmann gas.

2.4 General wall-crossing formula and charge conservation

The analysis of § 2.3 leads to the following prescription for computing wall-crossing from
supergravity black holes. Suppose in the chamber ¢_ we have a configuration of multi-
centered black hole molecules, consisting of m, s centers of charge (ry; + sv2) for different
values of (r,s). These molecules interact via long range electromagnetic, gravitational
and other massless particle exchange interactions. We now consider a quantum mechanics
of this system regarding the different centers as distinguishable particles, each with unit
degeneracy, and denote by g({m,s}) trace of (—1)2/3 in this quantum mechanics. Then
the wall-crossing formula will be given by

AQ(M’)/l + N’)/Q) = Qi(M’yl + N’YQ) o QJF(M’yl n NW/Q)
B Z g({mss}) H [(mis)y (QJF(T% + sw))m”

{mr,s} r,s
st ”“mr,s:]WyZT,s Smr,s:N

(2.15)

For ged(M, N) = 1 we have QF(M~v; + Nvg) = QF(M~; + Nvz). Eq. (2.15) then follows
from the fact that the left hand side represents the change in the index and the right
hand side represents the total contribution from the bound states of black hole molecules
which exist in the chamber ¢_ but not in the chamber ¢;. For ged(M, N) > 1 the indices
QOF(M~; + Nvg) are somewhat ill defined since the total index in the sector of charge
(M~ + N~2) can receive contribution also from unbound multiparticle states carrying
charges (M~ + N~2)/s for integers s|(M,N). Thus the unambiguous quantity is the
effective index which enters the formula for the index of a bigger system of which the
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system with charge (M~ + Nv2) may form a subsystem [23]. This is what we call QF and
this is the quantity whose jump is computed by the right hand side of (2.15).
A slightly different way of expressing (2.15) is:

O (y) — =3 ¥ ’Aut{?;} ’HZ O (), (2.16)

n22 {0417 7O¢ne
Y=o+ +an

where the sum runs over all possible unordered decompositions of « into vectors
a1,...,a, € . The integer |Aut({a;})| is defined as follows. If all the a;’s are distinct
then |Aut({c;})| = 1. If on the other hand the set (a1, ..., ;) consists of my copies of a
vector (31, ma copies of a vector B etc. then |[Aut({a;})| =[], ma!. Finally g(o,...,an)
represents the index associated with an n-centered black hole configuration in supergravity,
with the individual centers carrying charges a1, as,...,a, and treated as distinguishable
particles carrying no internal degeneracy. Note that by an abuse of notation we have used
for the argument of g two different representations of the index of multi-centered black
holes — one where the arguments are charges carried by individual centers and the other
where the arguments are integers specifying how many of the centers carry a given charge
vector 7y + s7y2.

An immediate consequence of (2.16) is ‘charge conservation” — the sum of the charges
appearing in the arguments of Q% on the right hand side of the equation is equal to the
argument of A on the left hand side of this equation. In contrast if we had written
the wall-crossing formula using the indices Q% on the right hand side then there is no
manifest charge conservation. This is a consequence of the fact that the use of Q allows
us to use Maxwell-Boltzmann statistics for computing the contribution to the index due
to multiple black hole molecules. In contrast if we had used Bose or Fermi statistics then
manifest charge conservation is spoiled by the symmetrization effect since the degeneracy
of k identical particles carrying index Q% not only contains a term proportional to (Q)*
but also other terms containing lower powers of Q7.

2.5 Semi-primitive wall-crossing from Boltzmann gas of black hole molecules

In this section we shall derive the semi-primitive wall-crossing formula by counting the index
of a gas of black hole molecules carrying charges s, for different integers s, forming a halo
around another black hole molecule of primitive charge ;. We denote by kv the total
charge carried by the black hole gas. As noted in section § 2.3, for this calculation we can
regard the gas as one obeying Maxwell-Boltzmann statistics as long as we replace the index
QO (s72) of a black hole molecule carrying charge syo by Q7 (s72). The orbital motion of a
black hole molecule of charge svs around a molecule of charge 1 produces states carrying
angular momentum (|(71, s72)| — 1)/2, and gives a contribution (—1)572)+1 (v 575 to
the index [10]. Taking into account this additional factor we get the total contribution to

the index from a single black hole molecule of charge svs to be

(=1)2F {31, 59) [ QF (s72) (2.17)

,13,



Since we have already chosen (7y1,72) to be negative we can drop the absolute value sign
and the +1 from the exponent. Thus if the halo consists of mg black hole molecules of
charge syo then the net contribution to the index is

1 — ms

11 [ (D02 1, 570) @* (7)) } . (2.18)
= Lms!

Summing over all possible values of mg subject to the condition ) smy = N, and mul-

tiplying this by the index Q% (1) of the black hole molecule of charge v; we get a total

contribution Q7 (1) Qualo (71, N), where

Do, N) = 3 H{m'( n,sw2><71,372>Q+(%))MS], (2.19)

{ms} S
>ssmg=N

This is the jump in the index due to a bound state of a black hole molecule of charge ~;
and a halo of black hole molecules carrying charges sy, for different integers s. In order
to calculate the total change in the index in the sector of charge v; + N2 across the wall
of marginal stability P(v1,72), we need to sum over all possible bound states containing
a core of charge 71 + ly2 and a halo of total charge (N — [)7y3. Thus we have to sum over
several terms of the form (2.19) with ~; replaced by 1 + l72 and N replaced by (N —1)
for different integers [. This gives

=

-1

AQ(y1 + Nyg) = QO (1 + 172) Qnato (1, N = 1) (2.20)
;

Il
o

where we have used the primitivity of v; + £7yo to replace Q% (y1 +£y2) by QF (y1 + £72) for
0 < /¢ < N. This can be formalized in terms of the partition function

= > 0%y + Nya) gV (2.21)
Then (2.20) can be written as
Zﬁ(l,Q) = ZJF(LQ) Zhalo(’Yl,Q)’ (222)

where

Zhato(11,0) = Y Dnato(1, N) ¢V = exp <Zq )12 <71,8’Y2>Q+(3’Yz)> - (223)
N>0
We shall see later that this agrees with the KS and JS wall-crossing formula restricted to
the semi-primitive case (eqs.(4.29), (4.30) and (5.26)). For N = 1 using 12 < 0, we recover
the primitive wall-crossing formula (1.1).
To recover the semi-primitive wall-crossing formula of [10] from (2.22), (2.23), we
proceed as follows. First of all we note that the relation (2.14) can be inverted as

0) = L uld) 9 /d). (224

dly
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where p(d) is the Mobius function (i.e. 1 if d is a product of an even number of distinct
primes, —1 if d is a product of an odd number of primes, or 0 otherwise). Using the identity
[152,(1 — ¢/ = ¢=9 we can now express (2.23) as

E|viz2] QF (ky2)
Zhato(11,0) = [ | <1 - (—1)M12qk) :

k>0

(2.25)

eqs.(2.22), (2.25) give precisely the semi-primitive wall-crossing formula of [10].

2.6 Refined ‘index’ in supergravity

Kontsevich and Soibelman also analyzed the wall crossing formula for the motivic DT
invariants, which are quantized versions of the numerical DT invariants (v;y). They
enumerate the Betti numbers of the moduli space of BPS-states for given charge v in
the weak string coupling regime, whereas () equals the Euler characteristics of this
moduli space, up to a sign. Physically, the motivic DT invariants keep track of the angular
momentum quantum numbers carried by the black hole at weak string coupling where the
system may be represented as a collection of D6-D4-D2-D0 branes wrapped on a Calabi-
Yau 3-fold [34, 35]. A simple way to do this is to introduce an extra factor of >3 inside
the trace in (2.4) besides the (—1)2/3 factor that is already present in this definition of
the index. Thus at a given point in moduli space, the refined ‘index’® Qc¢(7,y) is defined
by [11, 34, 35]

Dot (1,9) = Ty (=9)* =Y (=9)" Quern() (2.26)

nez

where Tr’ denotes the trace over BPS states computed after removing the contribution
from the fermion zero modes associated with the supersymmetries broken by the black
hole. Alternatively we could compute the ordinary trace over all the BPS states and then
divide the result by (2 —y —y~!) which represents the contribution from the fermion zero
modes. The usual generalized DT invariants are obtained by setting y = 1,

Q(’Y) = Z(_l)nQref,n('Y) = Qref(')’ay = 1) . (2.27)
nez

In string theory (2.26) is not an index since it is not protected against quantum cor-
rections as we switch on the string coupling. In supersymmetric gauge theories one can
define an alternative version of this index as [22],

Der(1,9) = Tr g () (203) (= 1) (=) 427 = 37 (=) Qg (7) (2.28)
nez

where I3 is the third component of the SU(2)g symmetry. This is protected against quan-
tum corrections. We shall however proceed with the definition (2.26) since our main interest
is in string theory. Even though there is no general argument that protects this ‘index’
from changing as we vary the string coupling, and hence the DT invariants and the black

hole degeneracies may not be equal, we may nevertheless expect that the structure of the

SWe shall use the words motivic and refined interchangeably.
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wall-crossing formula at fixed coupling will remain the same. Thus we can regard the mo-
tivic KS formula as giving the change in Q,c(7,y) across a wall of marginal stability at
fixed value of the string coupling. With this in mind we shall analyze the jump in the mo-
tivic ‘index’ in supergravity and then compare this with the KS formula. Our supergravity
analysis, compared to that in § 2.3, will be somewhat heuristic; however the final result of
this analysis will turn out to be consistent with the KS motivic wall-crossing formula.

We begin by introducing some notations. We have already denoted by Qc(7,y) the
refined ‘index’ computed by introducing a weight factor of 32/ into the trace in (2.4).
More generally we shall use the subscript .o to denote various quantities in which the
trace over different angular momentum states has been performed with a weight factor of
y%/3. With this the analog of (2.10) takes the form

d(y, J3) = > m d(y/m,Js/m). (2.29)
m|y,2J3

A word of caution is warranted here. Since the full system is rotationally invariant, the
states of this system can be characterized by their angular momentum. However when
we examine the motion of one subsystem in the background of the other, the background
generically breaks rotational invariance and hence states can no longer be classified by their
angular momentum unless the background is generated by a point source (or a spherically
symmetric source). We shall nevertheless proceed as if each subsystem consisting of a
set of identical particles moved in the background produced by a point source so that an
assignment of angular momentum quantum numbers to such individual subsystems were
possible. Based on this assumption we shall arrive at an expression for the motivic index of
the whole system in terms of the index carried by the individual molecules. This procedure
can be justified a posteriori by the fact that it allows for a physical understanding of the
motivic generalization of the KS wall-crossing formula.
After multiplying (2.29) by y?>/3 and summing over J3 we get

deet (7, Y Z Z m~Yd(y/m, J3/m) 2‘]3—22771 (y/m, J4)y?™

J3 m|v,2J3 mly J}
= Zm dyet (v /M, y™) . (2.30)
mly

Our next task is to find the generalization of (2.12). Let us denote by dop (7, J3) the degen-
eracy due to orbital motion of a black hole molecule of charge 7 in some fixed background.
Again we pretend that the background is spherically symmetric so that it makes sense to
assign definite angular momentum quantum numbers to the orbital states of individual
subsystems. Then we have

dref(’% y) = Q:‘;f(’% y)dorb;ref (77 y) 5 (231)
where
dorb ref 7 y Zdorb 77 J3) 2J3 (232)
J3
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eq. (2.30) and (2.31) now give

ref (7 v) Zm ! Q:‘;f /m7ym) dorb;ref(')’/m7ym)- (2-33)
m|y

We shall now try to express dorbiret(7/m,y™) in terms of dorbrer(7y,y). For this (still
pretending that we have a rotationally invariant subsystem) we shall decompose the orbital
spectrum into SU(2) representations and denote by b(, J) the coefficient of the character
of the representation of spin J . Then we have

2J+1 —2J—-1
y* 't —y

dorb sref '7 y Z b 7, y 2 + y2J72 +ot y72J) = Z b(’% J 1 . (234)

y—y
We now use the fact that for any m € Z7*, and for spherically symmetric background,
we have

b(v,J) = b(my, J'), 2J +1=m(2J +1). (2.35)

Effectively (2.35) follows from the fact that increasing the charge of the molecule by a
factor of m changes the angular momentum carried by the lowest Landau level such that
the degeneracy of the Landau level gets scaled by a factor of m. Using this we get

(2J'4+1) _ ,,—(2J'+1) |
dorb ref 7/m y Z b 77 J, Y m y_m = gm Y —m dorb;ref(’% y) : (236)
yr -y yr-y
Substituting this into (2.33) we arrive at
Ciref('% y) = Q;ref('% y)dorb;ref ('77 y) ) (2'37)

where the “rational motivic invariants” .. are defined by

—1

U(ro) = Y Dy fmay™). (2:38)
omym =y

This shows that in computing the refined index of the full system we can treat the particles
as obeying Maxwell-Boltzmann statistics provided we replace Qet by Qpef. As in the case of
the classical DT invariants, the use of these invariants ensures that only charge preserving
terms appear in any wall-crossing formula.

The rational motivic invariants have appeared earlier in other contexts, for example in
the construction of modular invariant partition functions in [30]. We would also like to point
out that their structure is very similar to the free energy which arises in the computations
by Gopakumar and Vafa [28]. The only difference is that in the Euclidean setup of [28],
the factor (y% —y~?) on the right-hand side of (2.38) is replaced by (y? —3~%)2. As in this
case, the generating function of the rational invariants .. leads to a product formula

Z Qret (7, y) e — log H <1 _ 2t 6_7.¢)(71)”Qref,n(v) ’ (2.39)

y y—y nEZL>0
¥
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where ¢ is a vector of chemical potentials conjugate to the charge vector . Note that this
product structure is lost in the limit y — 1.
The analog of (2.15) now takes the form’

= Z gref({mr,s}a y) H |:(mi s)! (Q;f(r’ﬂ + 572, y))mns , (2.40)

{mr,s} s
ZT’S Tmr,S:IVI,ZnS smp s=N
where gret({mys},y) measures Tr(—y)?/3 from orbital motion of a set of distinguishable
particles, containing m, ; number of particles carrying charges ry; + svy2. Similarly the
analog of (2.16) is

RN CENES DY ~ ﬁit{?i}y [T %leiy), (2.41)

n>2 {a1,...,an€el'}
y=aitetan
consistently with the charge conservation property of the motivic wall crossing formula
when expressed in terms of the combinations Qrief. Note that even though our derivation
of (2.41) has been marred by unreasonable assumption of spherical symmetry in the dy-
namics of various subsystems, each term in (2.41) is defined unambiguously so that it can
be put to test against known results.
We can also easily derive the semi-primitive version of the motivic wall-crossing formula
by following the logic of § 2.5. It takes the form®

AQref(% + Nvyo,y) =

N— (y1,872) —{71,872) "
Z (1 + 12, 9) Z H [ << u)Y ’Yy_y(ly) o ) QL(S%@/)) ] :

= {ms} S
Sgsms=N—l

(2.42)

We shall see later that this is in perfect agreement with the prediction of KS motivic
wall-crossing formula (4.72).

3 Multi-black hole bound states and quiver quantum mechanics

In order to have a complete wall-crossing formula we need to find explicit expressions for
the functions g({a;}), gret({i},y) appearing in eqs.(2.16) and (2.41) respectively. This

"Since a single centered BPS black hole is expected to carry zero angular momentum [47-49], one might
naively expect Qref (v,y) to be independent of y. However as discussed in § 2.2, we allow for centers which
consist of multi-centered black holes whose relative separation remains finite as we approach the wall of
marginal stability. As a result Qe¢(7,y) can be a non-trivial function of y.

8Note that in the semi-primitive case our heuristic derivation becomes rigorous since identical particles
carrying charge sy2 move in the spherically symmetric background produced by the charge 1 +172. Since [23]
argues that general wall-crossing formula can be derived from the semi-primitive formula, we can use this
to justify our general claim (2.41).
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requires finding the spectrum of supersymmetric bound states of multi-black hole configu-
rations in supergravity. As argued by Denef [7], the supersymmetric quantum mechanics
of multi-centered BPS configurations can be viewed as the “Coulomb phase” of a quiver
matrix model, valid at strong coupling. At weak coupling, the wave function is instead
supported on the Higgs branch. It should be possible to compute the function g({«;}),
gret ({@i }, y) from either description. In this section we shall describe both these approaches.
As we shall see, the description on the Higgs branch, described in § 3.1, allows us to solve
the problem completely. On the other hand the description on the Coulomb branch, de-
scribed in § 3.2, also gives a complete algorithm for finding g({a;}), but it is more difficult
to solve it explicitly. Furthermore with some guesswork we can also arrive at a specific
proposal for gef({@;},y) from the analysis on the Coulomb branch.

Without any loss of generality we can arrange the «;’s so that

a;j = (g, a5) >0 for i<j. (3.1)

Now if we represent a vector M~; + N7y in I by the point (M,N) in the Cartesian
coordinate system, then in this representation a pair of vectors («, () will follow clockwise
(anti-clockwise) order if (o, 3) is positive (negative). The condition (3.1) then implies that
the vectors aq, - - - v, are arranged in a clockwise fashion. Throughout this section we shall
work with this particular ordering of the a;’s.

3.1 Higgs branch analysis

As has been argued by Denef [8], the bound state spectrum of multi-centered black holes
can also be computed using quiver quantum mechanics. For computing gyer({c;},y) we
need to study the bound states of n distinguishable particles. In this case the quiver takes
a simple form with n-nodes each carrying a U(1) factor, and o;; arrows from the node i to
the node j for ¢ < j. In particular since the arrows always go from lower to higher node,
there are no oriented loops.

Now for quivers without oriented loops, Reineke [40] has computed the generating
function of the Betti numbers of the space of semi-stable solutions to the D-flatness condi-
tions. Physically they determine the number of supersymmetric quantum states carrying
given angular momentum J3. The formula takes a simple form when all nodes carry U(1)
factors and we shall state the formula for this special case. According to this formula
Tr ((—y)?’3), which can be identified with the function geet({cs},y), is given by

_ _ _ i m (o
gref(aly cee aanay) = (_y) L (y2 - 1)1 " Z (_1)8 1y22a§sz<Z A ; (32)

partitions

where the sum runs over all ordered partitions of (aj + --- + a,,) into s vectors (@
(1 <a<s,1<s<n)such that

L 5,69 = a1+ +an.

2. pl@ = > mga)ai with mga) =0 or 1 for each a,i.
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3. arg (zzzl Zﬁ(a)> > arg (Zay+-+a, ) for all b between 1 and s — 1 in the chamber ¢~.

Using the fact that in the chamber ¢~ arg(Z,) > arg(Z3) implies (o, ) > 0, we can express
condition 3. as

b
<Zﬂ(“),a1+---+an>>0 V b with 1<b<s—1. (3.3)

a=1

In (3.2) L is a constant given by

L=(1-n)+> aij, (3.4)

1<j

in such a way that (3.2) is invariant under y — y~!. Physically L represents the maximum
2J3 eigenvalue that the system can carry.

We shall now illustrate how this formula works by computing gyer({a;},y) for n = 2,3
and 4. First consider the n = 2 case with aj2 > 0. In this case we have two possible
ordered partitions satisfying the conditions stated above:

{oan + a2}, {or, a2}, (3.5)

The first term contributes y>*12? and the second term contributes —1 to the sum. In total,

o2
Yy

- - ya’12
Gret(a1, 02, y) = (=)' 7012 (y* = 1) 71 (P12 — 1) = (—1)*2H! .

e (3.6)

This correctly produces the spectrum of two centered bound states. Taking the y — 1
limit gives

glon, az) = (=1)*2+ ayy. (3.7)

Let us now turn to the n = 3 case. We take aq, as, a3 to be three distinct elements
(not necessarily primitive) of T such that 12, a3 and aog are all positive. For definiteness
we shall choose the «;’s such that aje > aos. In the convention described above (3.1), the
charges listed below follow a clockwise order as we move from left to right:

aq, (0414-042, 041—1-043), o] +ag+az, @, ay+ a3, Q3. (3.8)

The relative ordering of the vectors inside ( ) is not determined unambiguously but is
unimportant. The condition (3.3) is now easy to implement: for every b, Zzzl B must
be one of the vectors to the left of o; + ag + a3 in the list (3.8). In this case the possible
ordered partitions of o + ag + a3 satisfying (3.3) are:

{Oél —{—OQ—FCM?,}, {a15a2+a3}’ {al +a2,0[3}, {a1—|—a3,a2}, {CMl,OZQ,C!g}, {CMl,CMg,O[Q}.
(3.9)
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This gives, after a cancelation between the second and the last contribution,

gref(Oq, as, ch,y) :(_1)a12+a13+a23 (y _ y71)72

al2+a13+ags 12 —(23 — Q13 Q13+a23—Q12 —Q12— Q13— Q23
(y —y —y +y

(3.10)

=(—1)12 st sinh(rvaqg) sinh(v(ais + as3)),

sinh? v

where v = Iny. Taking the y — 1 limit we get
glar, g, az) = (—1)M2FN3FAB ay (a3 + ags) . (3.11)
If instead ar12 < @93, a similar reasoning leads to

Gret(on, p, a3, y) = (—1)*2torstoss sinh(vags) sinh(v(ai2 + a13)) ,

sinh” v

v (—1)>12 a3+ s (9 + aq3) - (3.12)

Next we consider the case n = 4. We choose 4 vectors aq,as,as,ays such that in
the convention described below (3.1), different linear combinations of the a;’s follow the
following clockwise order as we move from left to right in the list:

a1, (g +ag, a1 +as, ag +as+a3), az, (g + as, a3 + s + ay),

aptas+ast+og,az, 0 +az+ag, (@ +ag, as+az+ag, as+ag, az+ag), ag,
(3.13)

where again, the order of terms between brackets is irrelevant. We list below the allowed
partitions consistent with the three conditions described above and the corresponding con-
tribution to the summand:

{041 +ag + as + 044} y2(a12+a13+al4+a23+a24+034) {ah o + ou, 043} y2(a24+as4)
{0417 ag + as + 044} _y2(a23+a24+034) {042, aq, o + 044} y2(al2+034)
{042, a) + as + 044} _y2(al2+013+a14+034) {042, aq + os, 044} y2(al2+als)
{ay + ag, a3 + a4} _y2(a12+a34) {ag, 0 + oy, a3} y2(0412+0414+0434)
{a1 + ag, s + oy} —yPlasstaztan) Lo + ay, a3, a4} yor
{a + az + as, a4} _y2(0412+0413+0423) {a1 + ag, a4, a3} y2(a12+a34)
{ag + asz, a1 + a4} _y2(a12+a13+0414+0423) {ag + as, a1, 04} y2(0412+0413+0423)
{a + ag + ay, a3} _y2(a12+a14+0424+0434) {a1, a0, 03, a4} -1
{a1, a0, a3 + a4} y?3t oy, an, a4, 03} g3
{a1, a0 + a3, a4} y*2  {on, a3, a0, 04} —y?o
{1 + a3, a2, 04} yHeaston) Loy aq, g, 00} —yPon2
{0417 as, ag + 044} y2(a23+a24) {042, as,aq, 044} _y2(al2+als)
{042, as,aq + 044} y2(a12+a13+al4) {042, aq,au, 043} _y2(al2+034)
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Adding these terms and substituting into eq.(3.2) we arrive at

gref(ala g, (3, (4, y)
1

(y—y=1)3

% (y012+a13+0¢14*a23*0¢24*034 _ yal2+a13+a14+a23*0¢24*034 + yal2*a13+al4*a23*a24+034

:(_ 1)0412 +ai13taist+azztags+azs+1

_ ya12+0413+0414—0423—0424+0434 _ yam —a13+tai4—ao3+aoq+asg + ya12+a13+0¢14+0423+0424+0434

_ y*QIQ*013*0414*0423*024*0434 + y*a12+a13*a14+a23*a24*a34 + y*am*a13*a14+a23+a24*a34
_ y—a12+a13—0414+Oé23+0424—0434 +y—alz—0413—0414—0423-!—@24-1-0434 _y—am —0413—a14+0423+a24+0434)

1
sinh® v

[sinh(l/alg) sinh(v(—aq2 + ags + agq)) sinh(v(aig + asy))

(_ 1)0412 +a13+taist+azz+agst+azs+1

+ sinh(rvany) sinh(rvags) sinh(v(—aga — 13 + aq + asyq))

+ sinh(vaq2) sinh(v(aq3 + ag3)) sinh(v(as + aoq + a34))] .
(3.14)
Taking the y — 1 limit we get
glar,as, a3, 04) = (—1)1+Zi<j @ij o
[a12 013 24 + 13 Qg 24 + 2 g3 24+ Qg 123 (24

+oig o3 iza + 3 Qo3 (34 + (g oz iz + a3 g 3| . (3.15)

We have also derived the analog of (3.14) for n = 5 but we suppress the result for the
sake of brevity. Similar results can be obtained for different choices of orderings, while
cases where some of the final states coincide can be obtained by taking suitable limits. For
example consider the case gpef(av1, a2, ag,y) with a2 > 0. This can be considered as a
special case of (3.10) in the limit a3 — a and gives

Gret(Q1, a2, i9) = 12 sinh(vag9) sinh(2vags) . (3.16)
sinh* v
We shall later verify that the various explicit results given in this section are in perfect
agreement with both KS and JS wall-crossing formulse.

Thus, eq. (3.2) provides a complete algorithm for computing the coefficient gyef({cv}, y)
in (2.41) for any number of «;’s. This result is based on the study of multi-centered bound
states in supergravity, even though we had to rely on mathematical results about moduli
spaces of quiver representations. The key point is that we only needed invariants of Abelian
quivers to compute the dynamics of internal (or hair) degrees of freedom, while each center
could still be regarded as a macroscopic solution (provided its charge is large enough).
In the next subsection, we relinquish the gauge theoretical crutch provided by Reineke’s
formula and directly quantize the internal degrees of freedom of the bound state.
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3.2 Coulomb branch analysis

In this subsection we shall try to reproduce the results of § 3.1 by directly quantizing a
configuration of multi-centered black holes. We begin by reviewing some relevant properties
of these solutions. Consider a supersymmetric solution describing n black holes, with
different centers carrying charges ar, ..., a, € I located at 7, ..., 7,. We shall define

rij = |7 = 7. (8.17)

The equations governing the locations 7; are [7]
> Y=g, (3.18)

where
¢ =2Im(e9Z,,), é=arg(Zaystan)- (3.19)

Here Z,, denotes the central charge for the charge «, computed with the asymptotic values
of the moduli fields. The constants ¢; depend on the moduli through Z,, and satisfy
it € =07

First we shall show that in the chamber ¢4 none of these solutions exist. For this note
that at the wall of marginal stability P(v1,72) the central charges of 77 and 72, and hence
of all the vectors «;, become aligned. As a result, near this wall the real parts of e 71?7, are
all positive; we shall denote these by A;. On the other hand it follows from (3.1) that for
i = 1 the left hand side of (3.18) is positive and for i = n it is negative. Thus we must have

e %7, =A +iBy, e %Z, =A,—iB,, Ai,B1, Ay, B, > 0. (3.20)

This gives a necessary condition for the multi-centered solution to exist,

(o, an)Im (Zy, Zy,,) = (a1, ) (A1 Bp + ApBy) > 0. (3.21)

On the other hand the chamber ¢4 has been defined such that the right hand side of (3.21)
is negative (see (2.6)). This shows that a multi-centered solution of the type analyzed above
cannot exist in the chamber c;. Note that this also proves that scaling solutions [8, 10, 50],
whose existence does not depend on the moduli, cannot exist for charges ar, ..., a, € I.10

From now on we work in the chamber c_. For an n-centered configuration, the location
of the centers is specified by 3n coordinates 7; (1 < i < n). Removing the trivial center

°In the original analysis of [7] each center was regarded as a single centered black hole. We shall use a
slightly more general interpretation in which each center is allowed to be a black hole molecule — composite
of two or more single centered black holes with charges of each center lying outside I. By working at a
point close to the wall P(v1,72) we can ensure that the distance between these molecules, denoted by 7i;
in eq.(3.18), is much larger than the internal size of each molecule, and hence (3.18) is a valid description
of the inter-molecular distance for this configuration.

%We can also directly see this as follows. For the scaling solutions the right hand side of (3.18) van-
ishes [10]. Now for ¢ = 1 all the terms in the left hand side of (3.18) are manifestly positive due to the
choice (3.1), making it impossible to satisfy this equation.
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of mass degrees of freedom we are left with 3n — 3 coordinates. For multi-centered BPS
solutions, the relative distances r;; = | — 7| must satisfy (3.18) for ¢ = 1,...,n. These
equations are linearly dependent, since the sum over ¢ is trivially satisfied. This gives
(n — 1) independent constraints. The moduli space of multi-centered solutions is then a
(2n — 2) dimensional space My, (c1,...,¢,). In the case of interest here, where all «; lie in
I, M,, is compact.

As shown in [41], for fixed values of ¢;, M,, carries a symplectic form w given by the

restriction of the two-form!!

b ,.c
1 ahe dr;-lj A drij T
w = Qi€ 3.22
4 Z * |’I“Z‘j|3 ’ ( )
1<)
from R3"~3 to the moduli space M, (c1,...,c,). This symplectic form is invariant under

SU(2) rotations. The moment map associated to an infinitesimal rotation 677 = €A is just
€- j, where 1 -

7 — T

T=, ;;;(ym o (3.23)
is the angular momentum. Thus the spectrum of supersymmetric bound states can in
principle be obtained from geometric quantization of this phase space and the information
on angular momentum, required for computing ¢, can be found by studying the Jj3
eigenvalues of these bound states.

We now review the results of [41] for the bound state spectrum of 3-centered black
holes in the chamber ¢_.'* In this case we have (a;, a;)Im (Z4, Za,;) > 0 and hence the
clockwise ordering of the o;’s will imply clockwise ordering of the Z,,’s. Furthermore we
shall restrict the «;’s to satisfy

Q19 > (93 (3.24)

so that the clockwise ordering of the «;’s and their various linear combinations are given
by eq.(3.8). Thus the same is true for the corresponding Z’s. We now explicitly write out
the equations (3.18) as follows:

Q12 13 12 23 a3 Q23 —i
+ P =, - 4+ T =c, + T =3, ¢=2Im(e?Z,,). (3.25)
12 13 12 23 T13 23

Since €% = Z,, 1 agtas /| Zay +astas|, we have 1 + 2 + c3 = 0. Furthermore since according
to (3.8) Za, and Z,, 405 Precedes Zo, +as+a4 0 the clockwise ordering while Z,, and Z,,

" Our normalisation differs from a factor of two from the one used in [41]. This ensures that w/(27) has
integer periods.

2Note that if the three charge vectors a;’s do not lie in a plane, then we can compute the bound state
degeneracy using attractor flow trees [7], e.g. we could first approach a wall where the system splits into
a pair of molecules, one with charge a1 + a2 and another with charge as and so the index will be given
by (—1)*13723 T (015 4 a23) Qa1 + a2)Q(a3). Then we can approach another wall where the system with
charge i +ap breaks up into a pair of molecules of charges a1 and az with index (—1)*12T a12Q(a1)Q(a2).
But when the three «;’s are in the same plane spanned by 71 and -2, they all move away from each other
at a similar rate when we approach the wall of marginal stability P (71, 72) and we need to solve the 3-body
bound state problem explicitly. Similarly if we have n centers with their charges lying in a plane then we
need to explicitly solve the n-body bound state problem.
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follow it, we have ¢; > 0, ¢; + ¢35 > 0, co <0, ¢3 < 0. Thus we can parametrize the ¢;’s as
ci=a, c=—-a+b, c3=-b, a,b>0, b<a. (3.26)

We can express the general solution to (3.25) as [41]
Q12 R Q23 R @13
A=b BT a—a P T atb- N

for some constant real parameter A. The range of A is restricted by the positivity of each

ri2 = (3.27)

r;; and also the triangle inequality satisfied by the 7;;’s. The positivity of the r;;’s together
with (3.26) give b < a < A < a+b. To study the consequences of the triangle inequality
we express them as

Q12 Q23 13

— >0
)\—b+)\—a a+b—X\""
Q23 13 Q12
— >0
)\—a+a+b—)\ A—b
13 + 12 023 >0. (3.28)

at+b-XA"A=b A-a~
We need to find solutions to these inequalities in the range a < A < a 4+ b. We begin near

A = a + ¢ for some small e. At this point 793 is large and the last of eqs.(3.28) is violated.
As we increase A, at some value the last equality is saturated when

r23 =113 +T12. (3.29)

It is easy to see that at this point the other two inequalities hold and hence above this
bound the allowed range of A begins. This continues till one of the other inequalities fail
to hold. It is easy to see that second inequality continues to hold for A < a+ b but the first
inequality is violated beyond some value of A close to a 4+ b when

r13 = T12 +1723. (3.30)

The allowed range of angular momentum is given by the classical angular momentum
carried by the system in the two extremes. At (3.29) the points (7%, 77,73) lie along a
line and hence the angular momentum is given by (a13 + @93 — aj2)/2. On the other
hand at (3.30) the points (71,7, 73) lie along a line and we have total angular momentum
(13 + @23 + a12) /2. Thus we have

J_ = (0413 + o3 — 0412)/2, J+ = (0413 + o3 + 0112)/2 . (331)

As was shown in [41] in quantum theory the upper limit J; is shifted to J; — 1 and states
of all angular momentum between J_ and J; — 1 occur exactly once. This gives [41]

+ags+ — y2/Ht — g2/l
Gref(01, 0z, iz y) = (—1)*sFazton 3
re J:ZJ_ y _ y 1
_ (_1)a13+a23+a12 (y B y—1)2 (y2J+ _ yQJ, _ y_QJ* + y_2j+)
1
= (_1)a13+a23+a12 2y sinh(v(a13 + ags)) sinh(raga),  (3.32)

in agreement with (3.10).
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We shall now generalize eqs. (3.32) to an arbitrary number n of centers. For this we
shall first simplify (3.18). Since we are interested in the situation where the «;’s lie in a
two dimensional plane we have

2Im <e_i¢Zai) = Aoy, Z aj) =A Z Qij (3.33)
J J#i
for some positive constant A. This constant can be removed by a rescaling of the variables
7;, but we shall keep it in our subsequent equations. This allows us to express (3.18) as:

2J392J3 to an integral over the classical phase space

Our strategy will be to relate Tr(—1)
M,, of solutions to eq. (3.34). Now, (—1)2/ is a rapidly varying function on M,, and does
not have a smooth classical limit. Our experience with the quantum theory for n = 2
and n = 3 nevertheless suggests that it takes the same value over all the quantum states
and is given by (—1)2/max=nF1 where Jya = >icy

angular momentum. On the other hand, for y close to 1, y

@;j/2 is the maximum allowed classical
273 is a slowly varying function
over the classical phase space and one expects that for large |o;|, its quantum expectation
value is well approximated by integrating 42’3 over the classical phase space. Thus, we are
led to consider

1) i<y ¥ij—ntl

Gelassical {4 }, ) = ((2713)”_?](” ) /Mn e I3 ynt v=Iny. (3.35)
This formula should well approximate the refined index g,er at large |oy;| and y close to
1, but could in principle be corrected in the full quantum theory. Our experience with
the two and three centered cases, as well as an explicit evaluation of the 4-centered case
presented below, suggests that at y = 1 the classical phase space integral (3.35) in fact
agrees with the exact quantum index g({a;}). In addition, the same integral (3.35), after
a minor amendment to be described shortly, appears to agree with the exact refined index
gret ({;}) for all values of y.

Now using the localization theorem of [51], we can express (3.35) as a sum over con-
tributions from fixed points of the Hamiltonian vector field associated to the moment map
Js, i.e. rotations along the z-axis. Fixed points are therefore multi-centered black hole
configurations in which all centers are aligned along the z-axis, in an appropriate order
consistent with (3.34). Furthermore, since all the relative distances between the centers
are fixed by (3.34), the fixed points are isolated. Thus, fixed points of J3 are labelled by
permutations o of 1,2,...,n such that the centers are arranged in a given order along the
z-axis, satisfying z,(;) < z,(;) if i < j. In this case the constraint (3.34) takes the form

N Qoliel) AR
Z 2o — 2 Slgn(j Z) - Azaa(z)a(j) ) (336)
j=1 U(]) 0'(@) j=1

7 i
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which is equivalent to the extremization of the “superpotential”

1 L
W=-, > sign(j — ) o) 18 |20y = Zo@] — A D aijzi - (3.37)
7] i#j

At such a fixed point the third component of the classical angular momentum is given by

1
Jg = 9 Zaa(i)a(j) . (3.38)
1<j

The localization formula of [51] now gives

gaasscar({ai},y) = (~1)2i TN 20) 7Y Ts(g) yRiss e (3.30)

o
where Z; denotes sum over only those permutations for which a solution to (3.36) exists,
and s(o) is the sign of the Hessian of the matrix representing the action of 2v Js on the
tangent space of M,, at the fixed point. To compute s(c) we make a convenient choice of
coordinates on M,,. Without any loss of generality we can choose 7 to be at the origin.
At a fixed point of the action of J3, all the other points are then along the z-axis. We now
note that to first order the relative distances between the centers remain unchanged if we
displace each of the 7; for i > 2 in the (z—y) plane. Thus these (2n—2) coordinates provide
us with a convenient parametrization of the moduli space of the solution near this fixed
point. Let us denote them by (x;,y;) (2 < i < n). The action of J3 on these coordinates
is simply an independent rotation in the (z;,y;) plane for each i. The Hessian of 2v.J3 is
given by (2v)"~! up to a sign s(c). To determine the sign we note that in the coordinate

system {z;,y;} introduced above, J3 and w take the form:

1 1 1
Js =, Z%(wo(j) - 4Mij(ﬁwj +yiy) +o, w= o Mijdwi N dyj + -, (3.40)
1<j
where - - - denote higher order terms and
2 2k — % Zi — 7 .
M = o AZ3+ Z a '23, Mij = —auj J AZ3 fori#j, 4,5 =>2.
gl feti ke >2 |21 — zil |25 — zi
(3.41)

It is worth noting that the matrix M;; is also equal to the Hessian of the superpoten-
tial (3.37) with respect to the n — 1 variables 29, ... z,, with z; being set to zero. The sign
s(o) of the Hessian associated with the fixed point is thus given by

s(o) = signdet M . (3.42)

Although the prescription (3.42) appears to treat z; on a different footing than the other
z; due to the gauge condition z; = 0, one could just as well have computed s(o) using a

symmetric gauge condition ), ; 2z = 0. Indeed, the same sign s(c) can be obtained as

(the opposite of) the sign of the determinant of the Hessian of the superpotential

. )\
pr— Z -4
Ww=w+" Z-le (3.43)
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with respect to all z;, ¢ = 1...n and to the Lagrange multiplier A. To see this, note that
the Hessian of W with respect to (A, 21, zi=2..n) 1S given by

0 1/n A
M= |1/n ®°W/022 W, (3.44)

AT wl M
where both A and W) are (n — 1) dimensional row matrices, with A = (1/n,---1/n)
and Wy = (0°W/0210z,, - - - 0*?W/0210z,). By adding the third to (n + 1)’th rows to the

second row and third to (n + 1)-th columns to the second column and using the fact that
S 02°W/0z0z; = 0 due to translation invariance, we can bring (3.44) to the form

01 A
1 0 0}, (3.45)
AT o m

where 0 denotes an (n — 1)-dimensional row matrix with all entries 0. From this we see
that det M = — det M.

If there are more than one solution of (3.36) for a given permutation o then the right
hand side of (3.42) should be replaced by a sum of sign det M over all solutions. Numerical
evidence indicates however that there is at most one fixed point for a given permutation.
Moreover, it suggests that s(o) can be expressed in terms of the permutation o through

s(0) = (—1)#liolr)<e6) (3.46)

This is easily proven for the special critical points of W with sign(z,(;) — 25(;)) = sign(i —j)
and sign(2q(;) — 20(;)) = sign(j — i). These represent solutions of (3.36) corresponding to
permutations (12...n) and (n...21). Since these correspond to the global maximum and
global minimum of J3, respectively, the matrix M;; is positive definite or negative definite,
respectively, leading to s(12...n) = 1,s(n...21) = (=1)""1. As we shall see in § 3.3, the
result (3.46) is required for consistency with the Higgs branch derivation presented in § 3.1.
This also suggests that if there are more than one fixed points for a given permutation their
contributions should cancel pairwise leaving behind the contribution from 0 or 1 fixed point.

We do not expect the classical formula (3.35) and hence (3.39) to reproduce the full
y dependent quantum answer for Tr(—y)?/3 — after all the quantization of angular mo-
mentum is not visible classically. This is apparent from (3.39): while the terms inside
the sum involve integral powers of y = € and hence are compatible with charge quan-
tization, the overall factor (2v)!~" does not respect charge quantization. Comparison
with the exact results (3.2), (3.32) suggests a remedy:'® replace the factor of (2v)!~" by
(2sinh v)!=" = (y — y~1)'=". In the y — 1 limit this will approach the classical result in
accordance with the earlier observation that in this limit the classical and quantum results
agree. Thus our proposal for the full quantum version of (3.39) is

gret({ai}y) = (~1)Ziss @atn=l(y g In S~ (g Ty oot (3.47)

(e

13See note added in proof.
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This reduces the problem of computing the function g..¢ to identifying which of the permu-
tations o are consistent with (3.36). This is a tedious but straightforward procedure. Below
we give the results for n = 3 and n = 4 for the same order of various linear combinations
of the a;’s as given in (3.8) and (3.13).

For n = 3 the detailed analysis of the configuration space was carried out in [41] some
relevant details of which were reviewed earlier in this section. Two of the four collinear
configurations are given in (3.29) and two others are given by (3.30).!4 This gives the
following order of the centers along the z-axis and the value of s(o),

{1,2,3;+31,{2,1,3; =1, {3,1,2; =}, {3,2, 1, +}, (3.48)
leading to

gref(al, a2, 043, y) = (_1)a12+a’23+0413 (y _ y_l)_2

X <ya12+als+a23 _ y013+a23*a12 _ y012*a23*a13 + y*QIQ*C‘llS*C‘lQS)

)

(3.49)

in agreement with the result (3.32) following from exact quantization of the 3-centered
System.

Next we test (3.47) by working out the result for n = 4. There are 12 fixed points,
whose orders and the associated s(o) are given by

{1, 25 3, 47 +}a {35 1’ 2’ 4’ _}’ {1, 35 45 27 _}, {15 45 25 37 _}a {3, 1’ 4’ 2a +}a {2, 3’ 4’ 17 _},

{17 47 37 27 +}7 {27 47 17 37 _}7 {37 27 47 17 +}7 {27 47 37 17 +}7 {47 27 17 37 +}7 {47 37 27 17 _} .
(3.50)

eq.(3.47) now gives
1 —1\-3
gref(a1,a2,a3,a4,y) _ (_1)@12+a13+a14+a23+a24+a34+ (y —y )
% (yau+013+a14+a23+a24+0434 _ y012*013+a14*a23+a24+a34 _ y012+a13+al4*a23*0¢24+034

_ ya12+0413+0414+0423—0424—0434 4 yalz—a13+a14—0423—0424+0434 _ y—am —a13—a14+tao3t+aoqt+asg

+ ya12+a13+al4*a23*024*0{34 _ y*012+a13*0!14+a23+0424*034 + y*au*013*a14*023+a24+a34
+y—a12—0413—0414-1-0423-1—0424—0434 +y—a12 +fai3—a1a+a23—aga—a34 _y—am —Q13— Q14 —023 —0424—(134)

in agreement with (3.14).

3.3 Comparison of the results of Higgs branch and Coulomb branch analysis

To compare the results of the Coulomb branch analysis described in § 3.2 with the Higgs
branch computation described in § 3.1, note that the power yZKJ' o) in (3.47) matches

the power of y in (3.2), provided the ordered decomposition 3 is chosen as follows: break

MFor each of (3.29) and (3.30) we have two configurations related by z — —z symmetry.

,29,



the sequence {o(i),7 = 1,...,n} into increasing subsequences {o(iq—1 + 1),...,0(iq)},
0 =19 <11 <--+ <is =mn, where s is the number of such increasing subsequences. The

vectors (@ are then

AU = N g (3.52)

i:ia—l‘i’l
For example for the permutation 0(123) = (132) there are two possible choices for the
increasing subsequences: {{13},{2}} and {{1},{3},{2}}, and the corresponding partitions

are {ao, a1 + ag} and {ag,a3,a;}. To see that the partition (3.52) generates the correct
s+1—a

power of y associated with the permutation o, we note that (3.52) implies that m;
Zj:lafl'f'l d;,0(;) in (3.2). Leaving aside the factor of (y —y 1=+ the power of y in (3.2)
is now given by

- Z oy + 2 Z Z Z Cs(l)o(k) Z Qij + 2 Z Ao ()o(k) 5 (3'53)

< e R o < o)
where in the second step we have used the fact that if k, [ belong to different subsequences
labeled by a and b then a > b will imply k£ > [. On the other hand if they belong to the
same subsequence then, since the subsequence is increasing, the condition o(l) < o(k) will
imply [ < k. The right hand side of (3.53) gives precisely the power of y associated with
the permutation o as given in (3.47).

The sign associated with the partition (3.52) in (3.2) is (—1)*!. If the increasing
subsequences are maximal, i.e. chosen so that it is not possible to build bigger increasing
subsequences, then this sign is in agreement with the rule given in (3.46). For example, for
the permutation ¢(1234) = 3142 the maximal increasing subsequences are {{3}, {14}, {2}}.
Thus it corresponds to the ordered decomposition {as, a1 + ay, s}, contributing with a
positive sign.

Now, there are typically many increasing subsequences associated with a given per-
mutation, obtained by breaking up the maximal increasing subsequences into smaller in-
creasing subsequences, and contributing with different signs. Thus, in order to determine
if a given permutation contributes and with what sign, we have to combine the contri-
butions from these different terms. In the previous example the other possible increasing
subsequence is {{3},{1},{4},{2}}, but the corresponding partition {2, a4, a1, as} does
not satisfy the condition (3.3) and hence does not contribute. In general however the situ-
ation is more complicated. Consider for example the permutation ¢(1234) = (3412). The
corresponding increasing subsequences are {{34},{12}}, {{3}, {4}, {12}}, {{34},{1},{2}},
and {{3}, {4}, {1},{2}}, associated to the partitions {a1 + oo, a3 + a4}, {a1 + a2, a4, a3},
{ag, a1, a3 + ay} and {ag, a1, oy, as}, respectively. For the order given in (3.13) only the
first and the third partitions are allowed by the rules (3.3). They contribute with opposite
sign making the contribution vanish. This explains why the permutation (3412) is absent
from the list (3.50).

It is easy to convince oneself that all possible partitions of the vectors (aq,...,a,),
whether or not they satisfy the condition (3.3), are in one to one correspondence with the
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set of all increasing subsequences of all the permutations of (12...n) via the rule (3.52). So,
the complete Higgs branch contribution can be generated by beginning with the maximal
increasing subsequences associated with a given permutation and combining them with the
contribution from other increasing subsequences associated with the same permutation.
The following observations are now in order:

1. If a given partition is not allowed by the rule (3.3) then all its subpartitions are also
disallowed. For example in the example of the previous paragraph, once we know that
{a1 + o, ay, a3} is not allowed, we can immediately conclude that {as, aq, g, ag} is

also not allowed.

2. If there are two or more maximal increasing subsequences of length two or more,
then each of the maximal increasing subsequences can be independently broken up
into smaller increasing subsequences. The compatibility of a partition of a particular
maximal increasing sequence with the condition (3.3) or not is independent on the
partitioning of the other maximal increasing subsequences. For example for the
partition {a1 +ag, a3+ a4}, the compatibility of the splitting of ag+ ay into {oy, s}
can be determined independently of whether o +as is kept as a single element, or has
been split into {aw, 1 }. For this reason we can associate, to each maximal increasing
subsequence, a weight given by a sum of +1 for each of the allowed splittings of
that subsequence (+1 for splitting into odd number of subsequences, including the
original maximal increasing subsequence, and —1 for splitting into even number of
subsequences). The final weight is given by the product of the weights computed
from each maximal increasing subsequence.

In the example above the weight factor associated with ag 4+ a4 is 1 since it cannot
be split, while the weight factor associated with aq 4+ a9 vanishes since it allows a
split {ag, aq} with opposite sign. As a result the net weight is 1 x 0 = 0.

3. The problem of determining the contribution from a given permutation now reduces
to computing the weight factor associated with each maximal increasing subsequence
of that permutation. This can be done as follows. We begin with a particular maximal
increasing subsequence and first consider all possible partitions of this subsequence
into two smaller increasing subsequences. For this we need to simply insert a comma
at one place that indicates how we divide the original subsequence. Not all such
subsequences may generate partitions allowed by (3.3); let us assume that there are
k possible places where we are allowed to insert the comma. This gives k terms, each
with weight —1. Now consider the possible partitions of the same maximal increasing
subsequence into three increasing subsequences. It follows from the rule (3.3) that
the allowed partitions are obtained by inserting a pair of commas into two of the
same k possible positions. Thus there are k(k—1)/2 possible terms, each with weight
1. This generalizes to partitioning into arbitrary number of increasing subsequences.
Thus the net weight factor is 1 — k + (g) - (g) 4 --- = (1 = 1)*. This shows that the
weight factor vanishes for £ > 1, and is 1 for £k = 0 i.e. when it is not possible to

subpartition an increasing subsequence satisfying (3.3).
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This leads to the following simple rule for deciding when a given permutation contributes
and the sign of the contribution: A given permutation contributes if its maximal increas-
ing subsequences generate a partition satisfying (3.3) via (3.52), and none of the other
(non-maximal) increasing subsequences generate an allowed partition. The sign of the con-
tribution is given by (3.46).

We should of course keep in mind that the algorithm described above is not an inde-
pendent result derived from the Coulomb branch, it is required to ensure that the Coulomb
and the Higgs branch results agree. It will be interesting to find an independent deriva-
tion of this from the Coulomb branch analysis by directly examining the condition for the
existence of solutions to (3.34).

Before concluding this section we shall demonstrate how the algorithm given above
can be used to give a derivation of the semi-primitive wall-crossing formula. We choose
an to be v and aq, - a,_1 to consist of mq copies of 9, mo copies of 29 etc. in some
fixed order (which can be decided by adding some arbitrary small vector to each of these
charges which will be taken to zero at the end). Thus we have n = 1+ ) _mg and
ZKJ- Qij = —Y12 ), SMs. Since (y1 + ky2, 71 + Y, smsy2) < 0 for k < )~ smy, it follows
from the (3.3) that 77 must be part of the last partition. Consider now a permutation
of 1,---n. In order that ~; is part of the last partition, the first maximal increasing
subsequence in this permutation must contain the element n as its last element. This
subsequence cannot be partitioned into smaller increasing subsequences since then ~; will
not be part of the last partition. Furthermore in order that the permutation gives a non-
vanishing contribution the rest of the maximal increasing subsequences must each have
length 1, since any maximal increasing subsequence of length 2 or more can be partitioned
into smaller increasing subsequences without violating (3.3) and the result will vanish.
This implies that the rest of the elements must be arranged in decreasing order in the
permutation ¢. Thus the only freedom in choosing the permutation is in deciding which
elements are part of the first increasing subsequence. Let there be kg copies of sy in
this set; this can be chosen in a total of [], (7};:) ways. The total number of partitions
associated with this permutation is 1 4+ > (ms — ks). Thus the net contribution to gyer is
given by

(_y)zs mst+m2 D, mSS(y2 — 1) Do Ms Mg (_1)msfksyf2712kss
k

s ks=0
(_y)<71,872> _ (_y)*<"/178’72>

ms
_ . (3.54
[ e
in agreement with (2.42).

4 Wall crossing from the Kontsevich-Soibelman formula

The first solution to the problem of determining g({c;}) was given by Kontsevich and
Soibelman [11] and also independently by Joyce and Song [14, 15]. In this section we shall
review the results of [11] and compare them with our results. Subsection 4.1 states the
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KS wall-crossing formula, subsection 4.2 explains charge conservation and the following
subsections apply the KS formula to determine the jump of Q(y) in various cases. In
subsections 4.7 and 4.8 we describe generalization of the KS formula to the motivic index.

4.1 The KS formula

To state the KS formula, we introduce the Lie algebra A spanned by abstract generators
{ey,y € T'}, satisfying the commutation rule

[e’w e’Y'] = ’%(<’Y7fy/>) ) (41)

where we defined
k(z) = (=1)%x . (4.2)

At a given point in moduli space labeled by the parameters {t*}, we introduce the operator

o0
€d

Uy(t*) = exp (Q(v; t*) d; ) (4.3)

d=1
in the Lie group generated by A. The KS wall-crossing formula [11, 17| states that the

product
A%NQ = H Uw ) (4.4)
Y=M~1+N~a2,
M>0,N>0

ordered so that as we move from the left to the right the corresponding Z,’s are ordered
clockwise, i.e. according to decreasing values of arg(Z.,), stays constant across the hyper-
plane of marginal stability P(v1,72). As t® crosses this locus, Q(v;¢*) jumps and the order
of the factors is reversed, but the operator A,, ., stays constant. Thus, the KS formula
may be stated as the equality

Jr . —
H UM’YI+N’YQ - H UM“/H-NW ’ (4'5)
M>0,N>0, M>0,N>0,
M/N]| M/NT

where M/N | means that the terms in the product are arranged from left to right in the
order of decreasing values of M/N while M/N 71 implies opposite ordering of the factors,
and U,f are defined as in (4.3) with Q(v;t%) replaced by QF.

Noting that the operators Uy, for different £ > 1 commute, one may combine them into
[e.e] [ee)
Vo =[] Uky = exp < Q&) 6@) ;o QM) =D mT(y/m), (4.6)
k=1 =1 mly

and rewrite (4.4) into a product over primitive vectors only,

Ay = H V. (4.7)
y=M~y1+N2,
M>0,N>0,gcd(M,N)=1
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Using the definition of QF given in § 2.2 the wall-crossing formula takes the form

+ _ —
H VM’71+N72 - H VM“flJrN’Yz ) (4'8)
M>0,N>0, M>0,N>0,
ged(M,N)=1,M/N| ged(M,N)=1,M /N1

where Vﬂfi are defined as in (4.6) with Q replaced by Q.

The invariants Q= (M~ + N+2) on one side of the wall can be determined in terms of
the invariants Q7 (M, + Nv2) on the other side by expressing both sides of (4.8) into single
exponentials using the Baker-Cambell-Hausdorff (BCH) formula, and then comparing the
coefficients of each e, on either side. These equations can be solved iteratively to determine
Q= (M~1 + N72) in terms of the Q1’s, starting with the lowest values of (M, N). This is

most conveniently done by projecting the relation (4.8) to the finite-dimensional algebra

'AM7N - A/ Z R- Emyi+nye (4'9)

m>M and/or n>N

and using the Baker-Campbell-Hausdorff (BCH) formula to commute the factors (see later).
Since Ay, n is a finite dimensional algebra generated by my; + nyp for 0 < m < M and
0 < n < N, we have a finite number of equations relating Q™ (m~y; +nvy2) to QT (my; +nvys).
For example a trivial consequence of (4.8) is the relation

Q™ (M1 + Nvg) = QF (M1 + N7a) (4.10)

whenever M = 0 or N = 0. This follows from the fact the algebras Ao and Ag n are
commutative.

In order to derive the semi-primitive wall-crossing formula and generalizations thereof,
it is also practical to work with the infinite dimensional algebra A, and consider the
generating functions

ZE(M,q) =Y QF(My1 + Ny)gV,  Z5(M,q) = > QF(My +Ny)g", (411)
N=0 N=0

for fixed value of M. These two objects are related by

1) =Y nrEjdg),  z0ng = "Wz . )
d|M dlM

4.2 Charge conservation from KS formula

In this section we shall draw attention to one specific feature of the wall-crossing formula
given in (4.8), namely ‘charge conservation’. It follows from the algebra (4.1), and the
definition of V, given in (4.6) that after combining each side into a single exponential,
the coefficient of e, consists of a sum of products of the form [], Q(v;) with Y, v = 7,
up to an overall numerical constant. Thus, any relation that follows from (4.8) has the
property that the sum of the charges in the argument of {2’s has the same value for all
the terms on either side of (4.8). Thus when we solve this to find Q7 (v) in terms of
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Q% (y) and products of QF(v;)’s, each term in the expression will have the property that
the charges in the argument of Q1 in the product will add up to . This is precisely the
‘charge conservation’ rule that followed from the use of Maxwell-Boltzmann statistics in
§ 2.4. Note that the wall-crossing formula written in terms of QF does not have any such
manifest charge conservation. We shall see examples of this ‘charge conservation’ rule in
the explicit examples to be described below.

When several walls are crossed consecutively, the black hole molecules and bound
molecular clusters can be decomposed into smaller molecules and eventually just single
atoms. This is the attractor flow conjecure [7]. Knowing the indices of the atoms, one can
in principle determine the contribution to the index of the total molecule, or equivalently
flow tree. These flow trees are naturally parametrized by nested lists, e.g. ((71,72),73),
which need to satisfy the 'charge conservation’ rule. The structure of the nested lists is
identical to the commutation relations of the KS formula in terms of Q(v), and allows to
determine easily the contribution of a molecule to the index [29].

4.3 Primitive wall-crossing

In Ay ; the BCH formula reduces to

X e¥ = X TV H2lXY] , (4.13)

since all multiple commutators involving three or more generators vanish. The wall-crossing
equation takes the form

exp(Q'i_(’yl)e% ) exp(Q-i_(ryl + 72)6“/1 +’YZ) exp(Q+ (72)6“/2)
= exp(Q27 (712)€4,) exp(Q7 (71 4 72)€y14+2) exp( (1), ) . (4.14)

From this we find the primitive wall-crossing relation
Q (1,1) = QT (1,1) + (—1)"2~1207(0, 1)1 (1,0) , (4.15)
where for simplicity we have denoted QF(M~; + Nvo) by QF(M, N) and (v1,v2) by Y12

4.4 Generic 3-body and 4-body contributions

We shall now extract the generic n-body contribution from the KS wall-crossing formula.
To explain what is meant by ‘generic’, let n = 3, and a1, s, ag be three distinct (not
necessarily primitive) elements of I such that their central charges Loy, © = 1,2,3 are
arranged in clockwise order in c_. Then «;; = (a;, ;) > 0 for i < j. For definiteness
we shall choose the «;’s such that aj9 > as3. In this case, in the convention described
below (3.1), the different linear combinations of the a;’s will follow clockwise order as we
move from left to right in the list (3.8). Furthermore, as we move from the left to the
right in this list, the central charges will follow clockwise order in the chamber ¢~ and anti-
clockwise order in the chamber ¢™. We can now ask the following question: what is the
coefficient of Ut (1)1 (a2) QT (a3) in the expression of O~ (a1 +ag+az)— QT (a1 +as+a3)
in terms of sum of products of Q% ’s ? We refer to this coefficient as the generic 3-body
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contribution to wall-crossing. In order that the KS formula be consistent with the explicit
computation of bound state degeneracies of black hole molecules, this coefficient must agree
with the quantity g(aq, g, ag) computed in § 3.

In order to carry out this computation, we can pretend that all Q7 (a) other than
those for @ = a1, a2, a3 vanish. In this case the left hand side of (4.8) takes a simple form
Vi Vi Vb Our task is to manipulate this product so that in the final expression V,’s
follow the ordering of the a’s given in (3.8). For this it is most expedient to expand each
V:E in (4.8) in a Taylor series expansion in Q% (a), manipulate the left hand side so that
in each term the e,’s follow the order (3.8), and then identify the coefficients of each term
on two sides. Since our goal is to find the term involving Q" (a1)Q" (ag)QT (a3), we can
focus on the term Q1 (a1)Q7 (2)QT (3)eas€a,€a, in the Taylor series expansion on the
left hand side. Repeated use of (4.1) gives

€azCaz€a; =C€ay CazCaz T ’{(<a2’ a1>)eal+a2 €az T K(<O‘3’ a1>)eal+asea2

(4.16)
+ k{3, @2))ea; Cagtas + K({a2, a1))k({as, a1 + a2))ea; +ag+as -

Note that the eg’s on the right hand side follow the order given in (3.8). Since in the Taylor
series expansion on the right hand side of (4.8) €q,+ay+as is multiplied by Q= (a1 +ag+a3),
by comparing the coefficient of €, +ay+as i the left and right hand side of (4.8) we get,
from (4.16),

AQ(OQ + ag + 013) = (_1)0412-‘,-0423-‘,-0413 19 (0413 + 0423) Q+(O£1) Q+(O£2) Q+(O£3) + - (417)

where - - - represent terms other than the one containing the product Q% (a1)Q+ (a2)Q (a3).
Happily, this agrees with the result (3.11) from the black hole bound state analysis.

In a similar fashion, let us consider the generic 4-body contribution. We assume the
same ordering of the different linear combinations of the «;’s as given in (3.13). Then one
finds for the jump across the wall

AQ(ar +as + a3 +ag) = — QT (a1) QT (az) QT (a3) QT (o) x

[k(12)k (13 + a3) K (14 + g + a34)

+r(a13)r (1a + aza) K (a21 + o3 + a24) (4.18)

+r(ag3)k(a14)k ({ae + ag, a1 +ag))] + ...

= (~1)"72 29 0% (00) 2 (0a2) O (05) Q7 () X

[12 13 24 + 13 Qg Qg + Q12 93 Qo + Q14 23 iy

+ai2 o3 a3q + @13 @23 34 + a3 034 + a3 a2g34] +
where the dots represent other contributions. This again agrees with the result (3.15) of

the black hole bound state analysis. For completeness also give the result for the two body
contribution to AQ:

AQ(OQ + 042) = (—1)a12+10412 Q+(041) Q+(042) + (419)

Finally note that this method can be easily generalized to the case when some of the
a;’s are equal. For example if we are looking for a term [, (Q+(ai))mi in the expression
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for Q7 (32, mia;), then we must expand the left hand side of (4.8) so that in V,, we
keep the (Q*‘(ai)eai)mi /m;! term, then carry out the rearrangement described above,
and finally identify the coefficient of €S mia; I the resulting expression. Alternatively we
could simply use the generic n-body formula for non-identical particles, take the limit when
several of the a;’s approach each other and then include the symmetry factor 1/ ][, m;! in
accordance with (2.16). It is easy to see how this rule arises from the KS formula, — given a
factor of (eg)m for any vector 3 we can replace it by egmyege -+ - egom for m distinct vectors
AW, ..., M) with slightly different phases,!® carry out the abovementioned manipulations
for rearranging the vectors and then take the limit when all the 5()’s approach each other
to recover the desired result. There is a prior: an ambiguity in this procedure since in
the final configuration the relative ordering between two vectors which only differ by the
replacement of 8 by 3U) for some pair (i,7) is arbitrary, but this does not affect the
final result since changing this relative order picks up a commutator factor that vanishes
as ) — BU). Thus the only effect of having identical particles will be the Boltzmann
symmetry factor 1/m!.

4.5 Semi-primitive wall-crossing formulsee and generalizations

A general wall-crossing formula involves computing Q= (m~y;+n7s) in terms of QT (ky1+£72)
for k < m, £ < n. We define the order of the wall-crossing formula as the smaller of m and
n. In this and the following subsections we give wall-crossing formulz for increasing order,
starting with order one in this section and ending at order three. For simplicity we shall
give the result for the case when m is fixed to be 1, 2 or 3, but the result can be easily
generalized to the case when n is 1, 2 or 3 (see § 4.6). In the D6-D0 example described in
appendix B, order corresponds to the number of D6-branes or the rank of the sheaf.

4.5.1 Order one

To extract the semi-primitive wall-crossing formula from the KS formula, we project (4.7),
(4.8) to the algebra A; o.: Thus we have

_ + - _ _
Ay = V Vi Y172 V’71+2“/2 eV =V Ve, Vi Vo (4.20)
Noting that e, 4 N4, all commute in A; o, this can be rewritten as
Ay Ny = X1 ¥ =¥ et (4.21)
where
[e.9] o0 [e.9]
XT=> 0%+ Nv2) ey i s =3 O () e, =Y Q () ery, - (4.22)
N=0 (=1 (=1
It follows from (4.21) that
D (4.23)

15For this manipulation we can ignore the fact that the charges are allowed to take values on a lattice.
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To evaluate the right hand side of (4.23) we first observe that, for a single term in Y,

-0 € 9: e - 1 ~ n
eV (Odeny o |y, e (2)0s = Z 1! [£(n2) QT (672)] ™ eqps(Nttmg)ys - (4:24)
np=0 ’
Thus,
~ K(fy2) O (0y2)]™
e’ €y1+Nv2 e’ = Z (H [ ng! ] Cyr+(N+3", tng)yz 0 (4.25)
{nx} \ ¢ ’

and from eq, (4.23),
L e K(ly12) OF (092)]™
N=0 {ni} '
Using the relation between X; and Q7 (71 + Nv2) given in (4.22) we now get

N
QO (y1+ Nvy) = Z Q" (v1 + N'v9) Qnato (71, N — N') (4.27)
N'=0

where we defined

k(¢ E
SNNCCI SIS | AL (1.29
{nk} ¢

In terms of the partition function Z*(1,q) = Z*(1,q) defined in (4.11), we obtain

Z=(1,9) = Z7(1,q) Znato(11,9) (4.29)
where
Znato( 11,9 Z Qnato(71, V) ¢ = exp (Z 10920 (1, £72) OF (€2) ¢ > , (4.30)
—

reproducing (2.22), (2.23).

4.5.2 Order two

We now extend the semi-primitive wall-crossing formula to order 2, i.e. compute Z~(2,q).
To this aim we project (4.7), (4.8) to the algebra As o,

_ + _ -
Ay = H Y1+kv2 271+(2k+1) Ve = H 271+ (2k+1) nyl+ka,2] - (4.31)
We can combine all factors of VA{ N and V2’71 N, OL either side into a single exponential,

by using the level two truncation (4.13) of the BCH formula. Thus, we now have

A XTHX7 oY = ¥ X1 +X2 (4.32)

v,z — €
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where X5, Y are the same as in (4.22), while

(o.0]
X3 = O5(N)eay 18y (4.33)
N=0

~ - 1 A A .

GN) =0 @n+ N+ | Y wlld —ilne) Q5 +in) X5 +j7) - (434)
i+j=N
eq. (4.32) now implies that

1 = eiYXf'eY g = eiYX;'eY. (4.35)

Using the analog of (4.27) with ;3 — 27v; and eq, (4.33) we get
~ N ~
Oy (N) =" QF (N') Quaro(271, N = N'),, (4.36)
N’'=0

where Qa0 is defined in (4.28). Combining this with (4.27), (4.34), we arrive at

Q27+ Nw)= Y Q7@+ N'72) Qnao(271, N = N')
0<N'<N

Y K = Dn2) QT (1 +iv2) QT (11 + 572) Qnato (271, N — i — §)
0<i<jyi+j<N

> (G —D)m2) QT (n + ) QT (1 + 5'72) Qnato (Y1, i—1) Qnato (11,5 —57).
0<j<iitj=N
0<i’ <i4,0<5'<j

_l’_

N = [N

(4.37)

This result generalizes eq. (4.10) in [44].
The partition functions (4.11) for M = 2 are most conveniently expressed in terms of

“modified partition functions”

o0

Zy(q) =Y 9% (N)g", (4.38)

N=0

as 1
752.0) =23 (0) £ , 25 (La) » Z5(1,0), (4.39)

where the star product is defined by

Z aiql * Z quj = Z K((Z — j)’ylg) a; bj qz+] . (4.40)

i=0 i=0 0<i<j

The relation (4.36) then simplifies to a simple wall-crossing identity for the modified par-
tition functions,

Zy (9) = Z5 () Znato(271,9) (4.41)
where Zpa0(271,¢) is given by the same formula as in (4.30) with 3 — 277. Thus, the
effective description is still in terms of a halo of non-interacting Boltzmannian particles

around a core with effective degeneracy ﬁ;t(N ).
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4.5.3 Order three
The projection of (4.7), (4.8) to the algebra Ajs o reads

o
_ + + + + vt
A“ﬂ 2T H V‘/Hrk’yz V?rn+(3k+1)'yz V2ﬂ/1+(2k+1)72 V3ﬂ/1 +(3k+2)72 V“/2
k=0
- H 371+ (3k+2)v2 V271+(2k+1)72 ‘/:‘571+(3k+1)72 V’Yl+k“/2] ) (4'42)

We can combine factors according to the ~i-charge by using the level three truncation of

the BCH formula:

N N
1 1
Xo X X
log (e*0ett ... eV = ZXi—i— 5 Z (X, X+ 19 Z (X, [ X, X;]
=0 0<i<j<N 4,7=0
1
ol 2 T2 XXl (443)
0<i<j<k<N 0<k<j<i<N
Thus, we now have
Aqyy = XTFNTHXT QY oV XX X (4.44)
X5, XY are the same as in (4.33), (4.22), (4.21) while
©© ~
X5 = Q503+ N72) €3y,430 (4.45)
N=0
where we defined
OF (N) = (371 + N72)
1 o ~ N .
£ > wlld = 2il72) F(n +i92) OF(2n + )
i+j=N
1 o ~ . = .
Ty D (6 = D)l [0F (i + )2 Q5 + )
2i+j=N
+> R4 R) QF (1 + iy2) O (0 + 2) @F (n + k) (4.46)
0<i<j<k
i+j+k=N
. r . S 1 . . .
k(i 3, k) = w5((0 = J)y12) 6((0 45 = 2k)m2) + (K((K = J)y12) 6((F + K = 20)m2) . (4.47)

Note that (4.47) may be written differently using the Jacobi identity

— k((7 —)nz2) k((E +J — 2k)712)
— K((k = j)m2) £((J + k — 2i)712)
+ w((k —i)v12) K((I + &k —2j)712) =0, (4.48)
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and that k(, j, k) is symmetric under exchange i < k. As before, eq, (4.44), besides leading
to egs.(4.23) and (4.35), gives

X; =e VX eV, (4.49)
Using the analog of (4.27) with 3 — 37v; and eqgs.(4.45) we get
Oy (V)= Y QO (N) Quaio(371, N = N') (4.50)
0<N'<N

where Qa0 is defined in (4.28). Putting together (4.46) and (4.50), we arrive at

QO (371 + Nyg) = Z Q1 (371 + N'y2) Qato (371, N — N')

N/
1 Lo - L NA ‘ o
Ty Z k(17 —2i[712) 12 (1 4i72) 2" (271 +572) Qhalo (371, N —i—3)
120,720
i1j<N
1 o - . - . o
oy 2o (G =Dm2)? 121 (i) P2 (1 +572) mato (371, N = 20— )
120,720
2it+j<N
+ Z k(1 5, )T (1 + i72) 2 (71 + 572) Q2 (71 + k2) Qnato (371, N —i—j—k),
0<i<j<k
itj+h<N
1 o ~ g NA . o o
Ty Z k(17 =2i|m2) Q" (1 +i"72) Q" (2791 45"72) Mmato (71, =) Qnato (271, 5= 57)
i+j=N

0<4'<4,0<5'<j

1 L L, )
Ty Z k(17— 2ilv12) k(| = k| 712)QF (71 +172) QT (11 +k12)QF (71 +172)
=N
OSi’Sji;kHSj

Qhato (V1,1 —1")Qnato (271, 5 —k—1)
1 o ~ A . ~ .
- > (= Dm2)? QT (11 +i92) QT (1 +i"72) QT (11 +5"72)

12 =
2i4+j=N
0<i’,i" <i,0<5'<j

Qhalo(’)/la i_i/)Qhalo(’Yly Z'_Z'I/)Qhalo(ryl v J _j/)

- > k(1 3, K)QT (71 +7'72) Q% (71 + 72) Q2 (1 + K'y2)
ibjh=Ni>j>k>0
0<i'<4;0<5" <j;0<k' <k
Qhato (15 1—7") Qhato (Y1, 5 — 3" ) Dhato (11, k— &)

+ > K17 +k=2iv12)k (| —km2) QT (11 4+ 72) Q7 (71 + K2) QT (71 + 572)

8
i+j+k=N
0<4’<i,0<5" <j,0<k' <k

Qhato (71,1 —1)Qnato (1, 7 — 3" ) Qnato (71, k— k).

(4.51)
As before, we may introduce the “modified partition functions”
~ s ~
Zi(e) =) Q5 (N)q", (4.52)
N=0



in terms of which the wall-crossing relation takes the simple form

Z3 (q) = Z5 (0) Znaro(371,0) » (4.53)

where Zya10(371, ¢) is defined in (4.30). The modified partition functions are related to the
original partition functions Z*(3,q) by a relation of the form

Zét(q) = Zi(?),q) + Zi(la Q) *+ Zi(2,q) + Zi(la Q) *+ Zi(l,q) *+ Zi(la Q) (454)
with the definitions of the ’star’ products following from (4.46).

4.6 ~y12 > 0 case

We shall now briefly discuss what happens when 15 > 0. We can of course use all the
formulee derived in this section with 7; <> 2, but then e.g. eq. (4.51) will give the wall-
crossing formula in the charge sector Nv; + 3v2. So if we want to find the wall-crossing
formula for 3, + N+, we cannot get the result by exchanging ~; and 7, in (4.51). Instead
we keep 12 > 0 and carefully examine how the subsequent equations are affected. It is
easy to see that the only place where the sign of 712 enters is in eq, (2.6); for y12 > 0
the < sign in (2.6) is replaced by a > sign. So if we continue to define QF as in § 2.2
then Q% will denote the index in the chamber in which the multi-centered bound states
of black hole molecules exist. We would however like to define Q7 as the index associated
with single black hole molecules, and for this we exchange the definitions of Q1 and Q.
Thus for example in eq, (4.51) we have to now exchange Q* with Q= so that we have an
expression for QO in terms of Q. We can in principle solve these equations iteratively to
find Q= in terms of QT, but we shall now suggest a simpler method. For this note that
exchanging Q% and Q™ in the wall-crossing formula (4.8) is equivalent to changing the
order of the products on both sides of (4.8). This in turn is equivalent to keeping the same
order as in (4.8) but changing the sign of all the structure constants in the algebra (4.1).
This can be achieved by changing 12 to —7y12. Thus if we replace v12 by —|y12| in the
formulee we have derived (e.g. (4.51)), we shall get the correct wall-crossing formula for
both signs of ~1s.

4.7 Refined wall-crossing and motivic invariants

We have already introduced the refined invariants in § 2.6. In this subsection we shall
review the KS motivic wall-crossing formula that computes the jump in the refined index
across walls of marginal stability and compare it with our wall-crossing formula based on
the analysis of supergravity bound states.

In order to describe the motivic generalization of the wall-crossing formula [11], we
consider a set of generators {é,,v € I'} satisfying the quantum torus relations

ey =(—y) e, (4.55)
The associated Lie algebra is

(es ) = (=)0 = (=) ™0) ey (4.56)
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Let us also introduce the quantum dilogarithm,

o0

E(.%') _ Z (my)n _ H(l 4 (_y)zn-',-lx)—l. (457)

— a2 a2
This satisfies the pentagon identity

where x1, 29 are two non-commutative variables satisfying z1ze/y = yxox1 = —x12, and
reduces to the ordinary dilogarithm for logy = v — 0,

Ble) = e <_ 211/ Lia(@) + 12(196— O 7;&4133 v ) ' (459

We attach to the charge vector 7 the generator!'6

U, = [[ E@yre,) ) e (4.60)
neL

The motivic version of the KS wall-crossing formula [11, 34, 35] again states that the
product

AVhw = H Uv ) (4.61)

y=M~y1+N~2,
M>0,N>0

ordered so that as we move from left to right the corresponding Z,’s are ordered clockwise,
stays constant across the hyperplane of marginal stability P (1, v2).

As in the classical case, it is advantageous to combine the generators Ukv for k > 1
in a single factor Vy. For this purpose, rewrite the operator (A]y, using the identity for the
quantum dilogarithm

e[S @)
E(z) = exp <kzl b1 yzk)> : (4.62)

as
2 - Qref('%yk) N
Uy, =exp ( E k (k — ) €y | - (4.63)

Then the product of Ug,\/ over all £ > 1, « being a primitive vector, can be written in terms

of Quet(y,y) defined in (2.38):

. . > } . é
V= H Upy = exp <Z Qret (N7, y) 6N'y> , ey = 7 I (4.64)

0>1 N=1

This is the motivic generalization of (4.6). The wall-crossing formula now takes the form

.y - N
H VM’71+N72 - H VM“flJrN’Yz ) (4'65)
M>0,N>0>0, M>0,N>0>0,
ged(M,N)=1,M/N| ged(M,N)=1,M /N1

161n supersymmetric gauge theories, for a vector multiplet with unit degeneracy, Uﬂ, reduces to Iyw =
E (yé,) E (y~'éy) while for a hypermultiplet one has U, =E(e,)?
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where V* are computed using the Qrer(7,y) in the chambers ¢*. Tt follows from (4.56),
(4.66), (4.64) and (4.65) that expressed in terms of Que¢(7y,y) the wall-crossing formula will
satisfy manifest ‘charge conservation laws’.

To see how this reduces to the classical KS formula (4.8) in the limit y — 1, note that
the generators

e
ey = lim &, , é 7 4.66
T Ty -yl ( )

satisfy the commutation relations (4.1). Moreover in this limit Qe¢(,y) approaches Q(7).
Thus V* defined in (4.64) reduce to V* and we recover (4.8).

4.8 Semi-primitive refined wall-crossings and its generalizations

The rescaled generators é, = é,/(y —y ') satisfy the same Lie algebra as (4.1),

€y, éy] = K({(7.7), ) €ty (4.67)
provided x(x) is replaced by its quantum deformation

(=) = (=y)™°

y—1/y = (—1)*sinh(vz)/sinhv, v=lny. (4.68)

K(z,y) =
Moreover, the generators \A/,Y in (4.64) can be obtained from their classical counterpart (4.6)
by replacing Q(v) — Quet(7,9), ey +— €. Therefore, the wall-crossing formulee derived in
section 4 and appendix A carry over to the motivic case by just replacing

Q(’Y) = Qref('% y)7 Q(’Y) = Qref('% y)7 H(.%') = ’%(xa y) : (469)

In particular, the primitive wall-crossing formula takes the form [16, 34]
(_y)<“/17’72> — (_y)%“ﬂfm

y— 1/y Qref(’)/la y) Qref(’YQa y) (470)

At (v = 71 +72,¥) =

while the refined semi-primitive wall-crossing formula is given by

Zﬁ(l7q7y) - Z+(17q7y) Zhalo(’ylaqay) (471)

where

> (_y)m,zm _ (_y)fmw _

Zhalo(71,¢,Y) = exp < y— -1 Qret (L2, ) (f) : (4.72)

(=1

On the right hand side Q,c¢(f72,y) can be computed in either chamber. (4.72) is in perfect
agreement with (2.42), showing that the Boltzmann gas picture correctly reproduces the
semi-primitive motivic wall-crossing formula. To compare (4.72) with known results, we
note that in terms of the “integer” motivic invariants Qyer (), (4.72) becomes an infinite
product [34]

o kil 2j—k| | k. n+2j—1—Fk| | (=" Qref,n(k’m)
Znao(,0) =TT 11 11 <1 — (—1)H kel ghynt2i m) . (473)
k=1 j=1 n€eZ
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To see this, note that the logarithm of the r.h.s. of (4.73) can be rewritten as

kl%z\

_ZZZ Z refn(k’yg) |:(—1) k\712|qkyn+2j 1— k|“/12‘]d ) (4.74)

d>1k>1 n  j=1

The sum over n leads to Qyef ,, (kv2, y?), while the sum over j is geometric, leading to

_aN\kdy12 _ () \—kdyi2
log Zhalo 71,49:Y Z Z Qref k'YQ, ) ( y) d_ ( ,g) qkd ) (475)
d>1k>1 Y y

where we have used 12 < 0 to replace |y12| by —v12. Setting £ = kd, the sum runs over
divisors d of N and reproduces (4.72).

The order two and three motivic wall-crossing formula can be obtained by making the
replacements (4.69) in eqs.(4.37), (4.51).

Finally, let us consider the problem of determining a generic 3-body contribution to
the wall-crossing formula: given three charge vectors oy, as and az in T', what is the

coefficient of Qjef

(a1, y)Q;ref(ag, y)Qjef(ag, y) in the expression for AQ.q¢(ay + as + as,y)?
The analysis is a straightforward generalization of that in § 4.4 and the final result is
obtained by replacing x(c;j) by k(cij,y) in (4.16). This gives:

AQ(a1 + ag + az,y) = (—1)*12128FT93 (6inh 1) =2 sinh(vay) sinh(v(a13 + ao3))
O (a1, 9) QT (a2, ) Q" (a3, y) + - (4.76)

This is in perfect agreement with (3.10) computed from the spectrum of bound states of a 3-
centered configuration in supergravity. Similarly the 4-body contribution can be computed
by replacing k(a) by x(a,y) in (4.18). The result is in perfect agreement with (3.14)
and (3.51). We have also carried out a similar computation for 5-body contribution and
compared with the results obtained by following the procedure of § 3, but we shall not give
the details.

4.9 KS vs. supergravity

Eventually one would like to prove that the KS wall crossing formula given in (4.65) is
equivalent to the one obtained from quantization of multi-black hole solutions as given
n (1.5), (1.6). We have not yet reached this goal, but would like to point out some
common aspects of these two formulae. The summand in (1.6) depends analytically on the
@;j’s, but the analyticity of the sum is broken by the third condition described below (1.6).
In particular this constraint measures whether ) Bl represented as a vector in the two
dimensional plane in the convention described below (3.1), lies to the left or the right of
the vector ay + - - -+ av,. Let us denote by B the set of all vectors of the form ), m;a; with
m; = 0 or 1, and arrange them in an order following the convention described below (3.1).
Let B’ denote the subset of elements of B which lie to the left of the central element
a1 + -+ + ap. In this case the expression for g given in (1.6) depends on the subset
B'. As we vary the a;’s this subset may change and in that case g..¢ will be given by a
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different analytic function of the «;;’s. Note however that g..f does not depend on the
relative ordering of the vectors inside the subset B'.

Now this lack of analyticity is also manifest in the KS wall-crossing formula. To see
this, recall the procedure for manipulating the KS formula given in § 4.4. Here we are
supposed to begin with the product e, --- e, and bring it to the order in which the
vectors appear in the set B. Changing this order leads to a different final order of the eg’s
and hence we expect gref(a1,...,0n,y), given by the coefficient of ey, +...4q, in the final
state, to change. This in turn prevents g.of to be given by an analytic formula involving
the a;;’s for all choices of a;.

Now, the KS prescription for computing gt @ priori seems to depend on more infor-
mation than (1.6) since the KS formula requires the detailed ordering of the vectors in B,
rather than just the unordered list of the ones which lie to the left of a; + -+ + . We
shall now show that the KS formula in fact only depends on the unordered list of vectors
which lie to the left of ay + - -+ + ;. For this let us consider a given order of all the «;’s
and supppose that we have brought e,,, - ey, to the required order. Now consider the
effect of switching the relative order between two neighbouring vectors 3; and (3 on the
left of a1 + -+ + . This will require to switch the corresponding eg, and eg, and will
produce an extra factor of eg, 4 ,. But since 31 and (32 both lie to the left of oy + - - + auy,
061 + B2 will also lie to the left of ey + - -+ + a,,. Thus such switchings can never produce
a factor of eq,4...4q,. The same argument holds if we switch two vectors on the right of
a1 + -+ a,. Thus a term proportional to ey, +...4q, can arise only if we switch a vector
from the left of oy + ... ay, with a vector to the right of ay 4 - - - 4+ . This shows that the
non-analyticity of (1.6) and the KS formula are controlled by the same data.

5 Wall-crossing from the Joyce-Song formula

In their work on Donaldson-Thomas invariants for coherent sheaves on a Calabi-Yau three-
fold X' [15] (which presumably count D6-D4-D2-D0 bound states in type IIA string theory
compactified on X'), Joyce and Song give a fully explicit expression for the rational DT
invariants Q= on one side of the wall, in terms of the rational DT invariants O on the
other side. Thus, the JS formula can be viewed as the solution to the implicit relation
given by KS. In particular, it directly provides the functions g({«;}) appearing in (2.16),
i.e. the solution to the black hole bound state problem. It should be noted however that
the JS wall-crossing formula involves sums over many terms with large denominators and
large cancellations, and is less computationally efficient that the KS formula (compare
for instance table (5.16) with the analogous computation for KS given in eq. (4.18)). In
addition, the simple rule for dealing with identical particles mentioned at the end of § 4.4
is not at all obvious from the JS formula.

One way of understanding the large redundancy is that JS work with Abelian cat-
egories, where constituents are either a subobject or a quotient object of the complete
object. In physical terms this means that different terms in the JS wall-crossing formula
keep track of the order in which the constituents (molecules) make the complete object
(bound molecular cluster). But in physics (and in the derived category on which KS anal-
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ysis is based) such a distinction is not present. For example the existence and index of
a bound state of two primitive constituents carrying charges v; and -, is independent of
the order in which we choose v1 and ~,. For this reason, the JS formula contains many
terms which must combine at the end to ensure the independence of the final answer of
the order in which the constituents are chosen. The KS formula is less redundant, at the
cost of being implicit and perhaps less rigorously established.

After stating the JS formula in § 5.1 and its implication for the black hole bound state
problem in § 5.2, we verify the equivalence of the JS and KS formule for generic three and
four body contribution, and semi-primitive wall-crossing in § 5.3 and § 5.4.

5.1 Statement of the JS formula

In [14, 15], the authors define rational-valued generalized Donaldson-Thomas invariants
DT’ (7) for any class v € C(X), where X is a Calabi-Yau three-fold, C(X) is a positive
cone!” inside K(X) and 7 is a stability condition. They furthermore establish a general
wall-crossing formula for the variation of DT”(7) under a change of stability condition.
Conjecturally, the rational invariants DT”(7) are related to integer invariants DT7(7) by
a relation identical to (1.2), and DT (7), DT7(7) are particular instance of the invariants

Q(~;t),Q(v;t) considered in [11]. The stability condition 7 is determined by a point in
Kahler moduli space ¢t. In the convention we have chosen,

7(y,t) = —arg Z(,t). (5.1)

In this section we shall assume that the conjectured relation between the rational and
integer invariants holds, and denote the rational DT invariants of [14, 15] as Q(v;t). The
JS wall-crossing formula then furnishes the solution to the KS formula (4.5), i.e. expresses
Q7 (v) in terms of QF(v").

Let aq,9,...,a, be n charge vectors in the positive cone C(X) inside the charge
lattice described by eq, (2.5) , and (t,t) be a pair of points on the Kihler moduli space
with associated stability conditions (7,7). To express the JS wall-crossing formula, we
first need to introduce two functions S(aq,...,an;t,t) and U(aq,. .., an;t,t), whose role
is to capture the relevant information about the ordering of phases of {Z,,}. We define
S(at,...,an;t,t) € {0,41} as follows. If n =1, set S(aq;t,t) = 1. If n > 1 and, for every

i=1,...,n—1, either

(a) (o) < 7(aip1) and T(ap+---+a;) > T(@ip1 + -+ ), or
(0) T(ag) > 7(eip1) and  Flon + -+ o) S T(Qigr + -+ o), (5.2)
let S(ag,...,an;t,t) = (—1)", where 7 is the number of times option (a) is realized; other-
wise, S(a1,...,an;t, 1) = 0.
To define U(ay,...,an;t, 1), consider all ordered partitions of the n vectors «; into
1 <m < n packets {ag; ;11,""" Qg }, J = 1,...,m, with 0 = ag < a1 < -+ < ay, = n,

such that all vectors in each packet have the same phase 7(a;). Let 8; = g, 41+ -+

"This is the analog of the wedge I' introduced in eq. (2.5).
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Qa;,J = 1,...,m be the sum of the charge vectors in each packet. We refer to the ordered
set {f;,j =1,...,m} as a contraction of {c;}. Next, consider all ordered partitions of the
m vectors (3 into 1 <1 < m packets {By, 41, , 0, }, With 0 =bg < by < --- < b =m,
k =1,...,1, such that the total charge vectors oy, = By, ,+1+---+ B,k =1,...,1 in each
packets all have the same phase 7(dx) (which is then equal to 7(>_ «;)). Now associate to
each of the [ packets in the contraction a factor S(By, _,+1, Bp,_ 42, - Obi ts t) as defined
above, and define the U-factor as the sum

B —1)i-1 l T
U(Oél,---,()én;t,t) EZ ( l) ‘Hk::l S(ﬁbk_l-l—laﬁbk_l-iﬂ""aﬁbkat t H

(ZJ 1
(5.3)

over all partitions of o; and partitions of 3; satisfying the conditions above.
Finally, departing slightly from the presentation in [14], let us define the £ factor

Z H <C¥Z‘,Oéj>, (5.4)

connected oriented trees: edges l*’_]
vertices {1,..., n},edgei—j,impliesi<j

E(al, ce ,an)

where the sum runs over all connected trees g with n vertices labelled from i = 1 to ¢ = n.
We denote by ¢ = = {1,...,n} the set of vertices, and by g the set of oriented edges
(i,7), with the orientation mherited from the standard order i < j on ¢{?). In other words
given any labelled tree, and an edge of this tree connecting 7 to j, we associate to this edge
an orientation from ¢ — j if ¢ < j. In order to implement this formula on a computer, it is
useful to note that there are n("=2) labeled trees with n vertices, which are in one-to-one
correspondence with their Priifer code, an element in {1,...,n}"2.18

Having defined the S, U and £ factors, we can now state the JS wall-crossing formula
(eq. (5.13) in [14]):

n 1+21<J ‘<a’b7aJ>|

on— 1

n
Ular,...,on;t, 1) Llag,. ..« HQ ;,t

n>1 (a1,....0n)EC(X)
y=o1+etom

(5.5)

where the second sum runs over all ordered decompositions v = oy + -+ + oy, with o; €
C(X). Note that due to this constraint, eq, (5.5) is automatically consistent with the
charge conservation property.

The JS formula is valid for any pair of points in the moduli space with stability
conditions 7,7. Now we restrict to the vicinity of a wall of marginal stability P(v1,72).
The only states whose BPS invariants can jump are those whose charges lie in I' € C/(X).
Moreover, their discontinuities only depend on the BPS invariants of states in I. We
denote the states v = M~; + N7y by v = (M, N). As in previous section, let us assume
that y12 < 0, and take ¢ in the chamber ¢™ where multi-centered configurations are absent,

8Note that these labeled trees differ qualitatively from the attractor flow trees. One can view these
labeled trees as connecting the endpoints of the attractor flow trees.
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Figure 1. The 16 labelled trees contributing to £(aq, g, ag, ag).

and ¢ in the chamber ¢~ where they are present. From (2.6), we see that, in the vicinity
of the wall,

+ (1,7) [r(yes) = 7(75e4)] >0 (5.6)
Therefore, the conditions (5.2) become

(a) (aj,i41) <0 and (a1 + -+ @01+ +ay) <0, or
() (aj,401) >0 and (a1 + -+ aj, 0501+ +ay) >0, (5.7)

and (5.5) gives an expression for Q™ in terms of Q.
To illustrate the afore going prescription, we evaluate in detail the term proportional
to QT (71)2Q% (72)? in the expressions for Q7 (2v; + 272). We first evaluate the U factors,

Ulr92,7) = 4 8@, 20) + 80272, 20) + 5 2,71, ) + 82, 72,71m) = |
U(v2,71,72,m) = S(2,71,72, M) — 25(72771)2 = —;

Ulr,717,7%) = =, 8(1,92)8(2,m) + 5802, 271,72) + S0, 31,71,72) =0 (58)
U172, 72, 1) = —;5(71,72)5(72,71) + 25(71,272,71) +S(71,72,72,7) =0
Ulv,v2,7,72) = S(n,72,7,72) — ;S(%ﬁz)z = ;

U171, 72:72) = i5(271,272)4';5(%,71,272)4'55(2%,72,72)4'5(71,71,72,72) = —i
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For example in the first line the only non-vanishing contribution comes from the
S(272,271)/4 term. For the other terms the condition (5.7) fails for at least one i. To
compute the £ factors we observe that there are 16 trees with 4 labelled nodes (see fig-
ure 1). Out of those, twelve are obtained by various inequivalent permutations of the tree
connecting nodes 1 to 2, 2 to 3 and 3 to 4, and four are obtained by inequivalent permu-
tations of a tree that connects node 1 to each of the nodes 2, 3 and 4. The L-factors are
computed by adding the contributions from each of these 16 trees, leading to

L(ag, az, a3, aq4) =a12 13 004 + 2 Qo3 Q14 + Q13 Q23 (g + 13 Q24 Q14

+ Qa3 Qiog (ri4 + Qi1 (i34 Qg + Qo3 Qi34 (4 + Qg (i34 Q14

(5.9)
+ Q2 13 o4 + i o3 Qiag + Q13 Qa3 o4 + (2 (3 i3y
+ Qi1 (va3 i34 + vz 23 (u3q + 12 iog i34+ (3 Qiag i3y
This gives
L(Y2,72,71,71) = =475 , L(Y2,71,72,71) = 275
L(v2,71,71,72) =0, L(v1,72,72,71) =0 (5.10)
L(71,72:71,72) = =233 » L(y1,71,72,72) = 473
The total contribution from these terms to the right hand side of (5.5) is thus given by
_ 1 _ _
Q (271 +272) = 275’2 Q)P QO ()P + .., (5.11)

in agreement with the formulee (4.37) and (A.2).

5.2 Index of supersymmetric bound states from the JS formula

It is useful to rewrite the JS formula (5.5) as a sum over unordered decompositions {a; }
of the charge vector ~,

S TP DB 000 | I R

n>2 {ay,...,an}€C(X)
y=aitetam

where |Aut({a;})| is defined as follows. We choose any specific order of the a;’s and identify
|Aut({c;})| as the order of the subgroup of the permutation group ¥,, on n elements which
leaves invariant this particular ordering of the {a;}’s. In particular if all the «;’s are
different then the automorphism subgroup is trivial and |Aut({a;})| = 1. On the other
hand if m of the «;’s are the same then |Aut({a;})| = m!. The coefficient g({a;}) is then
given by

_47”_1+ZL<ﬂahaﬂ
atted) =T ST S U st ) £ )

TEY
(5.13)
where the sum runs over all permutations of n elements. Relabelling the set {a;} into
a partition {m, s} such that v = (M,N) = > (r,s)m,s, the coefficient g({c;}) is the
same as the one appearing in (2.16). Thus it should be identified with the index of the
supersymmetric quantum mechanics of n distinguishable charged dyons in R"3, along the
lines of [8].
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5.3 Generic 2-body, 3-body and 4-body contributions

Let us first derive the primitive wall-crossing formula v — 71 +79 from the JS wall crossing
formula. In this case there is only one tree — connecting the nodes 1 and 2 with the arrow
directed from 1 to 2. If we choose the first node to be «; and the second node to be 5
then since 12 < 0 possibility (a) in (5.7) is realized, and we have U(y1,72) = S(71,72) =
—1. Since n = 2, (5.13) now gives a contribution of J(—1)'*712y;5(—1). An identical
contribution comes from the term where we put v in the first node and ~; in the second
node since now we have U = S = 1 and the (a,(;), @,(;)) factor in (5.13) is now equal to
v21. Adding the two contributions we recover the primitive wall-crossing formula (4.15).
We summarize the S, U and L factors for the two permutations in the table below.

c(12) S U L
12 a —1 o (5.14)
21 b 1 —Y12

Next we reproduce the result of section 4.4 for the generic three body contribution to
the wall-crossing from centers carrying charges (aq, s, ag). The order of the «;’s is given
by (3.8). With the definition of the ordering explained below (3.1) we see that if («, )
follow a clockwise order then (a, 3) > 0. Since the phases are assumed to be generic, the
U and S factors coincide, i.e. U(ai,aj,ock;t,f) = S(ai,aj,ock;t,f), for any permutation
{i,7,k} of {1,2,3}. In this case, there are three trees contributing. The S, U, L-factors
are summarized in the table below. Substitution of these data into eq. (5.5) reproduces
directly eqgs. (3.11), (4.17).

o(123) S U c
123 bb 1 «ajp0i3 + agzans + ajaaes
132 b- 0 a3 — agzang — ajaaies
213 ab —1 —anpa03 + 13023 — 12013 (5.15)
231 -a 0 «ag2003 — a3y — apa0in3
312 ab —1 aj3os — ajpao3 — a3

321 aa 1 og3aos + aoons + ajaoes

Next, we turn to the generic 4-body case. We use the same phase ordering as eq. (3.13).
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The non-vanishing contributions are given in the following table

o(1234)

1234

1342

1423

1432

2341

2413

2431

3124

3142

3241

S
bbb

bba

bab

baa

bba

bab

baa

abb

aba

aba

U
1

—1

—1

L

Q2 13 4 + Qi1 o3 g + Q3 Q23 14 + Q13 Qg Qg
+ao3 aq iy + o aizg g + Qi3 ai3g g+ Qiog izg iy
+ai2 13 dip4 + 12 Q23 g + i3 oz rag + 12 13 i34
+ay2 o3 34 + 13 Q23 igq + Q2 g i34 + 13 Qg i34

Q2 (13 (4 — Q12 (o3 (V14 — (V13 (23 (V14 — (V13 (V24 (14
FQo3 iog (14 + 112 Qi34 (14 — 23 (i34 (V14 — (24 (34 (V14
—Q2 013 4 + Q2 (23 Qioq + Qi3 Qa3 oy + Qg (3 i3y
—(r12 (193 (34 — (V13 (193 (i34 — (V12 (Vo4 (V34 — (V13 (Vo4 (V34

Q2 (13 (4 + i1 (o3 (14 + 13 23 (V14 — (13 (4 (4
—(ro3 (a4 (14 — (V12 (X34 (V14 — (123 (i34 (V14 + (o4 (V34 (V14
—Qr2 13 (o4 — (12 (g3 (ipq — (V13 (i3 (g4 — (V12 (V13 (V34
—Qr12 (23 (34 — (V13 (o3 (i34 + (2 Qa4 (34 + Q113 Qg (i34

Q2 13 (14 — Q12 (o3 (V14 — (113 023 (V14 — (V13 (V24 (14
+Q3 (iog 14 — 112 Qi34 14 + Q23 (g4 14 + Qiaq Q34 V14
—Q12 13 o4 + Qi (o3 Qg + Q13 Qo3 Qg4 — (V12 (V13 (V34
Fa o3 aizg + Qi3 a3 aizg + Qi Qrog izg + Q3 Qag i3y
—Q12 3 (4 + Q2 3 (4 + 13 o3 (4 + 113 a4 (14
—(23 (24 (14 + (12 (X34 (V14 — (123 (N34 (V14 — (24 (V34 (V14
Q2 13 ipg — 112 (i3 (g — (13 (g3 (o4 + (V12 (V13 (34
—(r12 (193 (i34 — (V13 (123 (X34 — (V]2 (o4 (V34 — (V13 (V24 (X34

Q2 13 (14 + Q12 (o3 14 — 113 (23 (V14 — V13 (V24 (14
—Qr23 Q24 (14 — (12 (i34 14 + Q23 (i34 (14 + Qiag Q34 V14
—Qr2 3 o4 — (12 (o3 Qipq + (13 Qo3 Qa4 + V12 V13 (i34
Q2 o3 34 — 13 Q23 (g4 + Q2 (g (i34 — 13 (a4 (i34
—Q2 13 014+ Q2 o3 4+ 13 Qa3 Q4+ Q3 g g
—Q3 (o4 (14 — (12 (34 14 + Q23 Qi3q g + Qa4 3q Uiy
Q2 13 ipg — 112 (i3 (g — (13 (g3 (o4 — (V12 (V13 (V34
+ag o3 ai3g + Qi3 a3 aizg + Qi Qrog izg + Q3 ag i3y
—Q2 (113 (114 — (12 (g3 (4 + V13 Q93 (14 — (V13 (o4 (4
—(o3 (24 (14 + (12 (X34 (V14 — (123 (i34 (V14 + o4 (V34 (V14
—Qr2 3 (o4 — (12 (o3 Qipq + (13 Qip3 Qg4 — (V12 (V13 (V34
—Qr12 (23 (34 + (13 (o3 (i34 + Q2 Qipq (34 — V13 (24 (V34
—Q2 113 14 — Qi1 (o3 4 + 13 Q23 (14 + Q3 (g Qg
+Q3 (iog 14 + 12 Qi34 4 — Q23 (i34 14 — (24 (V34 (V14
a2 13 dip4 + 12 Q23 g — Q3 (a3 Qrag. — V12 (V13 (V34
—Q2 (3 (i34 + (13 (23 Qi34 — (U (igg (34 + (vp3 (og i3y
—Qr2 (113 (114 — (12 (g3 (N4 — (V13 23 (V14 + (V13 (o4 (g
+ao3 aipg vy + Qg izg vy + Qie3 Qi3g vy — Qipg (3q iy
a2 a3 oy + Qi a3 rog + Qi3 a3 oy + Qi 3 sy
Fa o3 ai3g + Qi3 a3 i3g — Qi Qiog (3g — (Vg3 (ag i3y
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o(1234) S U L

4213 aab 1 aipaizaig + a2 a3 04 — Q13 o3 a1g + Q13 Qg Q14
Qo3 Qioq vy — Qi (i34 ipg + 23 Qi3g vy — (4 (34 (V14
Q12 13 Qiag + 12 (o3 (ipg — (13 (o3 (o4 + (N2 V13 (i34
a2 ez izg — Qi3 a3 (i3g — (v iog (3q + (V13 (g i3y

4321 aaa —1 —ap2 1314 — Q2 o3 114 — (113 23 Q14 — (13 Q24 V14
—23 (24 (114 — (12 (K34 (V14 — (123 (34 (V14 — (Vo4 (V34 (V14
—Or12 (13 (g4 — (12 (i3 (24 — (V13 (23 Qg4 — (V]2 (V13 (34
—r12 23 (34 — (V13 (23 (i34 — (112 (24 (V34 — (V13 (V24 (34

Adding up all these contributions, one finds again the result of egs. (3.15), (4.18).

5.4 Semi-primitive wall-crossing formula from JS

Let us now derive the semi-primitive wall-crossing formula from (5.5), i.e. compute Q(~;c_)
in terms of Q(y; ¢y ) for v = (1, N) € I'. We mostly follow the discussion in [42], section 3,
suitably generalized.

At given order n, the most general ordered decomposition vy =", ,  «;is
7 =(0,N1) + -4+ (0,Nj,—1) + (1, Ni.) + (0, Ni, 1) + -+ + (0, Ny,) (5.17)

where {N;} is a partition of N of length n, >, N; = N, and 1 <4, < N labels the
position of the charge (1,0) in this decomposition. For such a pair ({N;},i.), one may
check that the S factor is given by

S{Ni}isieq,c) = (~1)" " (5.18)

if i, = 1 or i, = 2, and vanishes otherwise. To compute the U factor, note that due to
the phase constraints, the ordered partition of {c;} labelled by {a;} must decompose into
ordered partitions of the ‘head’ set {N;},i = 1,...,i,—1 and ‘tail’ set {NV;},i = i, +1,...,n,
while the vector (1, N;,) must lie in its own packet. Moreover, since the phases of all the
vectors f3;, except the vector (1,NV;,), are the same in the chamber c_, all the §;’s must be
be grouped into a single packet at the second step in order to satisfy the phase constraint
on the Jx’s. Otherwise the packet containing (1,N;,) will have different phase from the
others. The U-factor therefore reduces to

1
=

-y &1

U({Ni},i*;0+,c_) = Z S(ﬁhﬁ%--wﬁm;c-l-?c—) ’ H (a
j=1

1<m<n
O=ap<a1<...am=n
Now, let j. be the packet in which the vector (1,N;,) lies. In view of (5.18), the factor
S(B1, B2, PBm;ct,c—) vanishes unless j, = 1 (which happens if i, = 1) or j, = 2 (which
happens whenever i, > 1 and we group all the vectors (0, N1),...,(0,N;,—1) in a single
packet). In either case, the contraction of the head set is trivial, and we are left with

_1)len(®)

Topt (5.20)

U({N;},is;cq,0-) = " i Iy {Z:} (
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where the sum runs over ordered partitions of the n — i, elements in the tail set, i.e. integer

sequences {p,,1 < r <len(p)},p, > 1 such that )  p, = n —i,. This evaluates, for all
i, > 1, to the binomial coefficient

(_1)n7i*
(i, — D) (n — i)

a result which is in particular independent of the partition {N;}.

U({N;}, is;cqp,0-) = (5.21)

Now, we turn to the sum over graphs g. Due to the Landau factors (a;, «;) in (5.5),
the only contributing graph is a tree rooted at ., with leaves 1,...,7, — 1,4, +1,...,n
The Landau factor is then given by

tx—1 n
=1 1=0x+1

Taking into account the additional factor 1/2"~!, we thus arrive at

_ Z Z (1)L (1) i Vi ()nieql
n>1  1<i.<n 201 (4 — 1)1 (n — 14)!
 Yicica Ni=N (5.23)

x OF(1,N;,) H,;ﬁ N; QT (0, ;) .

Plugging this expression in the partition function (4.11), we can easily carry out the sum
over IV; and obtain

[log Z,
Z-(1,q) = Z*(1,q) Z Z og halo’h, Q)"

0 (n — i)
n>11<z*<n =D =)

" (5.24)

where Zpa10(71,¢) is the same function introduced in (4.30). The sum over i, leads to

7 > [log Zhato (71, )"
Z=(1,q) =Z*(1,q) (5.25)
1%:1 (n—1)!
and the sum over n finally leads to
Z7(1,9) = Z*(1,9) Znato(11,9) - (5.26)

Finally we note that the derivation given above can be simplified using the Boltzmann
gas picture in which we analyze identical particle contribution to wall-crossing as a limit
of non-identical particle contribution and then include an extra symmetry factor 1/N! for
N identical particles. To see how this works, we consider the case where we have (N + 1)
different «;’s satisfying a;; > 0 for ¢ < j, with the understanding that we shall eventually
take the limit in which the first N «;’s approach 7o or its multiple and a1 approaches
~v1. Now the S and the U factors coincide as in § 5.3. Furthermore since eventually we
shall take the limit in which the first N «a;’s coincide, the requirement of a non-vanishing
L tells us that only trees which contribute are those in which a1 is connected to all the
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other «;’s. We can still choose the direction of the arrows arbitrarily. Let us consider a
configuration in which m of the arrows are directed towards anyy; and n = N —m are
directed away from it. In this case the arrows go from the nodes 1 to m towards the central
node (m + 1) and from the central node to the nodes (m + 2) to (N + 1). The Landau
factor associated with these nodes is (—1)" Hf\; {any1,a5). Next we need to assign the
«;’s to the different nodes. First of all there are (Z ) ways of deciding which of the «;’s
will be assigned to the first m nodes. Once this is done there is no further freedom of
rearranging the «;’s among the first m nodes or the last (N — m) nodes; in order that
U = S does not vanish, the «;’s must be arranged in a clockwise order among the first m
nodes and anti-clockwise order among the last (N — m) nodes. In this arrangement the
possibility (a) is realized (N —m) times and the possibility (b) is realized m times. Hence
the corresponding U is given by (—1)¥~™. Substituting these into eq, (5.13) we now get

N N N
g({aa}) = 2N (—1)Dresfors) 3° ( ) (i1, ) = (~1) s @0 Tawsr, o)
m) - .
m=0 i=1 i=1
(5.27)
If we now take the set (aq,...,an) to contain m; copies of lyy with > Im; = N then,

including the symmetry factor [, 1/my!, we get the coefficient of the QT (1) ], QF (Iy9)™

term to be
my

I, (o)™ 629
l

which is the desired result.
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Note added in proof. In the sequel to this work [59], we derive the multiplicative
renormalisation postulated above eq. (3.47) from the Atiyah-Bott Lefschetz fixed point
formula for the equivariant index of the Dirac operator on M,,. The main results of the
present work are reviewed in the proceedings [60].

A Wall crossing formuleae in special cases

In this appendix we give explicit wall-crossing formula in some special cases. These cases
illustrate the general results of § 4 and § 5, and serve as tests of the equivalence of the JS
and KS wall-crossing formulze . For brevity we state the results for the classical rational
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invariants ), but the same formulae also hold for the motivic rational invariants with
the replacement (4.69). For notational convenience we shall denote QF(M~y; + Nv;) by
QF (M, N). The result for (M, N) = (2,2) below is in agreement with [29], Eq (2.13).
AQ(1,2) = k(2712) 21(0,2) Q7 (1,0)

4 ln2])? [0, 1P 97 (1,0) + rly12) 20,1 27 (1,1) (A1)
AQ(2,2) = k(4y12) Q7(0,2) T (2,0) + k(2712) [Q7(1,0)Q7(1,2) + Q1(0,1)Q2(2,1)]

+h(712)K(2712)Q7(0, QT (1,0)27 (1, 1)+ i [r(712)]*K(2712)2F(0,1)°Q7 (1, 0)°

- ;[%(2’712)]2 [Q7(2,0097(0,1)> + Q7(0,2)Q7(1,0)?] (A.2)
AQ(1,3) = k(3712) Q7(0,3) QT (1,0) + K(2712) 2T(0,2) QT (1,1) + K(y12) Q1(0,1) QT (1,2)

+ r(712) £(2712) €7(0,1) 7(0,2) Q7 (1,0) + ;[;{(712)]2(2*(0, 1)?Q7(1,1)

+ glsm)P 20,1 8%(1,0) (A3

AQ(2,3) = r(y12) @ (1,1) QF(1,2) + £(3712) Q7(1,0) O (1,3) + k(6712)27(0,3) 2+ (2,0)
+ k(4712)27(0,2) QT (2,1) + k(2712)27(0,1) QT (2,2)
) )P (0,1) 07 (1,1 + | [5(33) 02 (0,8)2%(1,0°

4 ) + [s22) + s12) r(3712)] 270,104 (1,0)0%(1,2)

by I8 )(2902) + (102 () +(2ma)s(32)] O (0,2)0° (1,0)0% (1,1)
+ £(2712) £(4712) 7(0,1) ©7(0,2) 7 (2,0) + ;[5(2%2)}2 Q*(0,1)*Q*(2,1)

4 Bl P+ (2 n(12) -+ r(12) s(23i2) ) [2F 0, DIP2F (1,0)92* (1,1)
+ (i) w(2me) [elz) + s(3m2)] [ (LOP 0¥(0,1) 00,2

+ g lm2) P 0, )P2* 2,0)

)P Br(na) +A(30)]07 (0,127 (L0 (A4)
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1
48

A = | | r2a)ein)! 4 r(n()!] 20,1104 (1,0)

+ 112 [45(2712)K(m2)” + K(4712)R(112)* + K(2012) K (712)] 7(0,1)°Q7 (1,004 (1,1)

+ [;n(zm)%(m)? + in(%m)n(mu)n(wu)ﬂ Q*(0,1)20%(0,2)Q*(1,0)

1. _
+ 4Q+(0,1)29+(1,1)2%(2%2)%(%2)2

| pRCmam) + rlmadena)? + k()| 0,120 (1,000 (1.2)

+ [K(2712)%K(12) + K£(2712)K(4712)K(712)] @10, 1)Q(0,2)07(1,0)07(1,1)

+ 1(2712) K (712)Q2(0, 1)QT (1, QT (1,2) + ;n(4712)2(2+(0,4)(2+(1,0)2
+ ; [£(2712)K(712) + K(4y12)K(712) + K(2712)K(3712)] Q7(0,1)Q7(1,0)97 (1, 3)
+ ; [£(2712) 6 (3712)K(712) + K (3712)K(4712) K (712)] ©F(0, 1)QT(0,3)Q27(1,0)?

+ ; [£(6712)k(112) + K£(2712)K(3712) + £(3y12)K(4712)] QT (0, 3)QT (1,007 (1, 1)

1 ~ ~ 1 _ _
+ 24’%(2'712)494_(07 1)4Q+(27 0) + 6’%(2712)394—(07 1)3Q+(27 1)

_ _ 1 _ _
+ _K(2712)2Q7(0,2)QF (1, 1) + 2/4(2712)2(#(0, 1)2Q%(2,2)

+ _/(4712)%Q7(0,2)2Q7(2,0) + K(2712)QT (1, 1)QT(1,3) + £(2712)27(0,1)Q7(2,3)

1
2
1
2
1 ~ ~ 1 _ _ _
+ 4R(2712)2%(4712)Q+(0, 2)*Q*(1,0)* + 25(2712)2“(4W12)Q+(0, 1)207(0,2)0%(2,0)
+ k(4y12) Q27 (1,0)Q7(1,4) + k(4712)Q27(0,2)27(2,2) + K(6712)Q27(0,3)Q7(2,1)
+ K(2712) K (4y12)QT(0,2)Q7 (1,001 (1,2) + k(2712)K(4712)Q2T (0, 1)Q7(0,2)Q7(2,1)
+ £(2m2)K(6712)Q27 (0, 1)Q7(0,3)27(2,0) + K(8712)Q27(0,4)Q7 (2,0). (A.5)
To derive these results from the JS wall-crossing formula described in § 5, we use
results for the U and £ factors tabulated below. In these tables, the first column describes

the total charge, the second column lists the allowed ordered decompositions and the third
and the fourth columns give the U and L factors introduced in § 5.1. Note that the U
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factor typically involves a sum of multiple S-factors representing possible partitioning of

the constituents as in (5.8), while the £ factor comes from a sum of several trees as in (5.9).
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B D6-DO0 bound states

In this subsection, we test and apply the wall-crossing formula on generalized DT-invariants
for dimension zero sheaves on a Calabi-Yau threefold X', for which many results are already
known in the literature [11, 42, 43, 52].

The stability conditions for coherent sheaves on X depend on the complexified Kéahler
moduli t* = B*+1J“. The holomorphic central charge Z, is given, in the large J limit, by
Zy = — [, e '\/Td(X) A. Let us denote by Q(r,n;t) the generalized DT-invariant for a
sheaf of rank r, vanishing first and second Chern class, and third Chern class n. Physically,
Q(r,n) counts the number of bound states of » D6-branes and n DO-branes, with charge
vector v = rvy1 + nvya, 12 = —1.

It is known that for infinite volume and small B-field, a configuration of r > 1 D6-
branes and n > 1 DO branes do not form any bound state [53]. Moreover, there are no
bound states of r > 1 D6-branes, while n > 1 D0 bind into precisely |x| bosonic (fermionic)
bound states for negative (positive) x, where x is the Euler number of X'. Thus the only
non-vanishing DT invariants in this chamber are [11, 14]

Qt(1,0)=1, Qt0,n) =—-x (n>0), (B.1)

where we have used the notation QF(m,n) = QF(m~y; + ny). Similarly, the motivic
invariants are given by

OF(L0,y) =1,  QF(0,n,y)=—-P@)/y> (n>0), (B.2)

where P(y) = 1+ bay? — b3y + boy* + 0 is the Poincaré polynomial of X, such that (B.2)
reduces to (B.1) in the classical limit y — 1.

By increasing the magnitude of the B-field, one reaches the wall of marginal stability
P(y1,72). We refer to the chamber across this wall as the ‘DT’ chamber. We shall obtain
the motivic DT invariants in this chamber for » < 3 by applying the formula derived in
section 4, suitably generalized to the motivic case according to the discussion in section 4.7.

To apply the semi-primitive wall-crossing formulae and its higher order generalizations,

it is useful to introduce partition functions

[e.9]
ZE (M, q,y Z Qo (M1 + Nya,9) ¢, Zogp(M, q,y Z ret (M1 + Nyz, ) ¢
- (B.3)
for fixed value of M. These two objects are related by
y—y
Zref(M 4, y Z d( —y= ) ref(M/d q )
d|M
| (B.4)

ZE (M, qy) = p(d)
dM

y —y ) ref(M/dq y)
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In the chamber cy, the modified partition functions (B.3) are simply

y2

3(1+y>+yh)

Y

2(1+9?)’ (B.5)

Z:e_f(laQay) = 15 Z:e_f(2’q’y) = Z;Zf(3?q7y) =

Moreover, the partition function of the halo degeneracies follows from (4.73),

Zhalo(V15 4, Y H H{( q)Fy?- ’”2)71 (1_(_q)’fy2j*k> b2 <1 _ (_q)ky2jflfk>b3

k=1j=1
(1 - (—Q)’“y’“‘”)fbg <1 - (—Q)ky’“‘%”)fl}
(B.6)

where we have made a change of variable j — k + 1 — j in the last two terms to make

—1

the y — y~* symmetry manifest. Applying (4.71), we immediately obtain the partition

function of the motivic invariants with r = 1,

Zr_ef(la qay) = Zr_ef(la qay) = Zhalo(717Q7y) . (B7)

In the classical limit y — 1, this reduces to
Z7(1,9) = Z (L,q) = [M(~q)]¥, (B.8)

where M(q) = [[32,(1 — ¢*)~* is the Mac-Mahon function [54-57]. For comparison with
the higher rank formulee of [42, 43] below, it is useful to note that the expansion of this
formula in powers of x reads

00 p

e sz 1 klog(1—( 1+ZXPH Z Z fLZZ km . (Bg)

|
P st
For r = 2, we have

Zéf(2aQay) = Zéf(2?q’y) - Z;ef(l?qayQ) N (BlO)

Y
2(1 +9?)
We now use (4.34), (4.41) together with the replacement (4.69) to obtain

Z4(2,q.y) = ) [Zhato (271, 4. ¥) = Zhato(11, 0%, ¥%)]

Y
21+ 42

1 - —
Ty Z ’%(‘nl —ng\,y) Qref(l,nl,y) Qref(17n27y) qn1+n2 )

ni,n2

(B.11)

In the classical limit, this reduces to

1

Z7(2.q) =, [M(g)*~

1
(M (=g = | D (=1 "2 g = a7 (1, n0) Q2 (1, mp)g™ 72
ni,n2

(B.12)
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This agrees with [43], theorem 1.2 and [42], (2.9), who obtain

_ 1 Y Pk 1
SCTTEINS S ol | (R TR
p=1 !

p! ,
ki>0,n;>0 1=1
2. ini=n (B.13)
1 n1—ng — —
-, > (-1 Iny —n2| Q(1,n1) Q™ (1,n2)
n1>0,m2>0
ni+no=n
where it is understood that the third term is zero if n is odd.
For r = 3, we use similarly
> y? > 3 .3
Zs(3,0,y) = Z, (3,0, y) — Z (1,6 (B.14)

3(1+y*+y)
and (4.46), (4.53) to obtain
y? 3.3
Zref(3, q, y) :3(1 + y2 + y4) [Zhalo(&yla q, y) - Zhalo(’yly q,Y )]

1 ~ _
~ > kl|ng = 2n1],y) Qo (1,n1,9) Qe (2,m2, ) ¢

ni,n2
Y — — 2\ ni+2n
— k(2o — nil,y) Q2 (1, n1,y) Q. (1, no, 1ren2
4(1+y2) anJi ( ’ 2 1‘ y) ref( 1 y) ref( 2,Y )q
1 . _
= 1y D wlnn =2, y)? Qg (1, ) Qe (1,2, ) 22
ni,n2

- Z K(nlyn%n?ny) Q;ef(lanl’y) Q;ef(l,n%y) Q;ef(l,n?ny) qn1+n2+n3 .

ni>n2>ns
(B.15)
In the classical limit, this reduces to
_ 1 s 1 -
Z7(3,0) = [M(=q)]™ — [M(~¢")]
1
_ 9 Z (_1)n2—2n1‘n2 — 2711‘ Q_(Lnl) Q—(27n2) qn1+n2
ni,n2
. B - ni+2n
) 4,;;2 2 = ma | 27(1,m0) 7 (1, m) g7 (B.16)
1
12 D (1= n)?[Q (1,n1)]? Q7 (1,ng) ¢* 72
ni,n2

— Z K(n1,m9,m3) Q7 (1,n1) Q™ (1,n2) Q7 (1,n3) g™ 727"

ni>na>ns
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This can be rewritten as in [42], eq. (2.12), after correcting the coefficient of the 3-body
term from 1/4 into 1/6 in that equation:

O~ (3,n) = n0+23p 2’}; 3 H ~(1,n/3)

T ki>0,n;>0i0= 1
kin;=n
1
- > (=1 ng = 2m[Q (1,n1)Q7 (2, n2)
n120,n2>0
ni+n2=n
1 _ _
-, > = nal Q7 (1,n1)Q7 (1, mg)
n1>0,12>0 (B.17)
2n1+ns=n
1 _ _
1o > (= m2)? [ (1,n0)PQ (1, no)
n120,n2>0
2n1+ns=n
1
— 6 Z [(m — ng)(nl —+ ng — 2n3) + (TLQ — ng)(2n1 — N9 — ng)]

0<ni<na2<ns
ni+ng+nz=n

Qi(l, nl)Qf(l, nz)Qi(l, ng)

where it is understood that the third term vanishes if n is not a multiple of 3.

The classical invariants Q7 (r,n) for low values of (r,n) are summarized in the table

below:
r\n 0 1 2 3 4
0 - —x X —X —X
11 —x 303 +5%) —5 (3 +15x2 +20x) o (X* +30x° + 155x2 + 126y)  (B.18)
2 0 0 —x =03+ 152 +20%) — L0+ 30x3 + 1192 + 102y)
300 0 —X oy (x* +30x3 + 155x2 + 126)
r\n 5
0 -X
L — 30X (X" +50x% + 575x + 1630x + 624) (B.19)
2 — dox (Tx* + 2503 + 1925x + 3800y + 1248)
3 — dox (Tx* +250x? + 1925x + 3800y + 1248)

For low values of (r,n), the motivic invariants can also be expressed directly in terms of
the Poincaré polynomial of the CY threefold X,

() 0e(L.2.9) = 5 [PO2) + [PW)P] + (o' +4) P)

1
=14 (b2 + 1)y” = bgy” +, (65 +5ba +2) y" — (ba + 1)bsy”
1 1
o ° (205 + dby + b5 — bs +2) — (b + Dbsy + (03 + bz +2) 5
—bgy” + (ba + 1)y'? + " (B.20)
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1

(9)° 0e(1.3,9) = S[POI+ ,Pl) POP) + (5 + ) [P

+ (5707 + 00+ 40 PO)) (B.21)

() O2e) =y, [1267 49 (PO + (0 + 1) P!

+3(y2+1> 2P (y*) + [P (4*))? +4 (" +4") P (4*))
y? + 1) (P (y?) + 6y° + 4y° + 6y*) [P(y)]?

E 3(v°+y°) P(v*) +2((v* +1) P ()
T3+ 2t 4 4 1) 50) p(w} (B.22)

y'+1) (6P (v°) +5P (v°) P (v*))

(v* + 57 +1) Py) (2P (s*) + P ()°)

(v* +1) P(y) ((v* +1) P(y) +2 (y° + %)) P (v°)

- 112P(y) P (y?) [(y*+3y*+1) P(y)*+6 (v*+2y°+2y* +y?) P(y)

+12 (8 + 8+ 2y + 2+ 1) o]

+ 1;OP(y) [120 (P+1)? (v +2+1) y* P(y) >+ (' +5y°+1) P(y)*
+20 (v* + 4° + 4y* + y*) P(y)*
+240 (v + 2y® + 3y° + 3y* +2° + 1) y°P(y)

(B.23)

The motivic invariants ©_(r, n, —y) have an expansion in positive and negative powers
of y of the form:

K
Z ey, (B.24)
n=—K
for some integer K with
en=Cpn, ()", >0, cpo€Z, (—1)"(cp—cpy2)>0 for n>0. (B.25)

These are required for consistency of the interpretation (2.26) for the refined index. In
particular (—1)" (¢, — ¢p+2) measures the total number of states with angular momentum
n/2 contributing to the index (without counting the angular momentum factor (n + 1)).
Thus our results provide strong support to the motivic wall-crossing formula. Furthermore
in all examples the refined index seems to satisfy the symmetry property

Qep(rm,y) = Quep(n — 1,m,y) (B.26)

when 0 < r < n. We have tested this for all » < 3, n —r < 3. In the classical case, this
was established in [52].
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C Seiberg-Witten spectra and generalizations

In certain models, such as Seiberg-Witten theories in four dimensions, there exists a cham-
ber in parameter space where the spectrum consists of only very few BPS states (the
monopole and dyon for Seiberg-Witten theory with G = SU(2) and no flavor), separated
from a single wall of marginal stability from a weak coupling region where an infinite num-
ber of BPS states are present. In this section, we use the formulae derived in the text to
compute the degeneracies of the low-lying BPS states in the weak coupling region, from
the knowledge of the degeneracies in the strong coupling region.

Assume that in the region c;, the spectrum consists only of two states 71,72 with
BPS degeneracies Q1 (v1) = ¢q, Q1 (12) = p, respectively. Using the formulee derived in
the text, we find that the BPS invariants Q= (M~; + N+2) in the region c_ are given, for
min(M, N) < 3 by

30 (=) vpg(yp + 1)
660“/5 p3q% + 80v%p3q + 22074 p?¢?

1 +2743p3 + 24043 p?q + 2609° pg?
ypa(vp + 1) 1%
5 (=1)7ypg gypa(va + 1) 2 (=1)7y2pq(yp+1) §§1~/p+4«/gw+1gq+1g +6372p? + 22072 pq + 10047 ¢
0 (vg+1)(vq+2) (Bvp+v(3yp+2)g+1) (qu+ D(vep+p+aq) 3yp+4y(yp+1)g+2) +429p + 60vq + 8
Lypq 130 7Pa(vp + 1)(vp + 2)
Svpa 2yv(vap+p+aq)  gypa(yp+ 1) Ly2pa(yp + 1)(vp + 2) (6 + 16vp + 8'723p22+ 307q
0 va+1) (=17 +1) 29p + 3v(vp + 1)g + 1) (13q +p(3vq +2)) +45v°pg + 157" p=q)
) S (=1)Vypq Y YPa(yp + 1) 1o (=D ypa(yp + 1) (vp + 2)
g (=1)7vpq 57pa(vp + 1) (ﬁw + 1) (vp +2) P + 2)(vp + 3) P+ 3)(vp + 4)
0 p 0 0 0 0
(C.1)

where 7 = y12 (In this table, M increases from bottom to top, while N increases from left
to right). This table has been given for v < 0; as discussed in § 4.6, for a general sign of ~
the result is given by replacing v — —|v| in this table. With this replacement the table is
symmetric under p < g, M < N, and we can recover some of the results for M =4 and 5
from the corresponding results for NV =4 and 5.

We now compare the above table with some known results. For (p,q,v) = (1,1, —1),
eq. (C.1) agrees with the pentagonal identity (4.58). For SU(2) Seiberg-Witten theories
with Ny = 0, 2,3 flavors, the BPS spectrum in the strong coupling chamber [2-5] also falls
into the case considered here, for suitable choices of (p,q,~):

e for Ny = 0, there is a single state of charge v, = (2, 1) and a single state of charge
v2 = (0,—1), corresponding to (p,q,v) = (1,1, —2);

e for Ny = 2, two states of charge v; = (1,1) and two states of charge 2 = (0,—1)
transforming respectively in the (2,1) and (1,2) representations of the SO(4) flavour
group, corresponding to (p,q,7v) = (2,2, —1);

o for Ny = 3, four states of charge v; = (0,1) and a single state of charge v = (1, —2)
transforming respectively in the 4 and 1 representation of the SO(6) flavour group,
corresponding to (p,q,7v) = (1,4, —1).

YHere (ne,nm) denotes a state carrying electric charge n. and magnetic charge nm,.
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Applying (C.1), we reproduce the low lying BPS states in the weak coupling chamber, as
already demonstrated in [17, 35].

If instead the spectrum in ¢y consists of three states i, 72,71 + 72, with respective
BPS degeneracies p, g, 7, the spectrum in ¢_ is given by

730 7P 20( 1)7p?q(2(vp+1)
(vp + 2)a? 5 3r2)yt
+30pr (4yr> +6r+8~m+ 1)q
(11w+w(37w+32 q+16))
72 +2(—1)7q(30+> P
(67vp + 90) + 30)7"
T ey
1 1942 (9t 472 P (207 (vp(5yp
27702 OEIT (25 4 7) 4 39) + 15)g
+(vp+ 1)(3vp +60E7P+ 1)(2yp+1)(2yp+3)q
T (vp £ Da + 1) F9p(B3yp(3yp+7) +14)) +24))
+157(v(v* (163~ 5 75)p?

3vp
. ) 17 pa(3(5pay? +dy(vp + 1)g +2)) +12y q(40W + 13)p?
57a(3v(vap + p) +3(p+a)v + l)r +2(=1)Yr(y(2yr2 +6r +(’YE467W¢1 + 111q
+37‘(’y7‘ + 1) +2( 1)7 (3yr? + 3r +qgwp231'yp + 33) +4dr(dyr + 9)) + 24)p
§ralya +1) +p(y9(2vq + 3) +(vp + 1)(vg + 1) +7(yp(67yp+93)+32)g  +1507v¢> + 3
0 (( 1)"p(vq+2)+3r) 3( 1) “/(5'm+3)1"+1)) (wqp+p+q))) +8)) +4)) +8T(2'w+3)) +8))

Sr(v(v?a(3vq + 2)p?
+2yq(6vq + 10(— 1)7yr
+3)p” (=1)7yp(yp + 1)

L +(1574% +4(9(—1)Tyr+1)g (157(7p(237p+55)+30)
| . 5 (=1)7p L HOr(yrE))p gr + (=1)7(60~(yp + 1)r2
5 (=1)7vq 17pa (37(5w +3)qr + ( 1Y +16(-1)7 gr +20(2'yp + 1)1~ + (vp +2)q
((=1)7p(vg + 1) (2“/(W +p (Byr= +3r+ (yp+ 1) +6(q” + 1)) (v(op +2)(8
0 +2r) +4(— 1)"”")—( 1)7+ 1) 11(2”/1?+3”/('YP+1)Q+1))) =3(=1+ (=1)")r) +15('w + 1)‘1) +6)))

o vP(vp + 1) (vp + 2)

vp(yp + 1) s17p(vp + 1) (p + 2) 'yp+3 (=) (vp + Vg
q (=1)7vpg + 7 yp(vpata+2(—1)77) (6( 1) (vp+2)q+3r) ((vp +3)g +4(=1)7r) +57)
0 p 0 0 0 0

(C.2)
For (p,q,r,v) = (1,1,1,1) this reproduces again the pentagonal identity (4.58) (read back-
wards). For (p,q,r,v) = (1,1,1,—1) this now reproduces the weak coupling spectrum of
the SU(2) Seiberg-Witten theory with Ny = 1 flavor, whose strong coupling BPS spectrum
consists of three states of unit degeneracy each, carrying charges v; = (0,1), 72 = (1,—1)
and v1 + 72 = (1,0).

D TU(N) quiver quantum mechanics from Boltzmann black hole halos

In this appendix we shall show that our Boltzmann gas picture of multi-centered black hole
system also makes a specific prediction on quiver quantum mechanics without oriented
loops. Consider a multi-black hole configuration with (n + N) centers, with the first n
centers carrying charges oy, ..., o, and each of the last N centers carrying charge Gy. We
take all the «;’s and [y to lie in a two dimensional plane, and assume, without any loss of
generality, that o;; = (a4, ;) > 0 for i < j. Suppose further that each center carries unit
intrinsic index, i.e. Q7 (a;) = Q1 (By) = 1, and that QT (kBy) = 0 for k > 1. In this case
the system is described by a U(1)" x U(NV) quiver quantum mechanics [8], and the refined
index Tr(—y)2/* of this quantum mechanics is given by

(_y)*CU(l)nXU(N)(CVl,---yClnyﬁO) PU(l)"xU(N) (o1, ... 0m, B0, y) - (D.1)

Here Pyynxu(v) (a1,..., an, Bo, y) is the Poincaré polynomial associated with a quiver
quantum mechanics with n + 1 nodes, with the first n-nodes carrying U(1) fac-
tors and the last node carrying a U(NN) factor. Furthermore there are a;; arrows from
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the i’th to the j’th node for i < j, |(a;, fBo)| arrows from the ith node to the last
node if (a;, o) > 0 and [{a;,[p)| arrows from the last node to the ith node if
(@i, fo) < 0. Cyyxuwy (@1, ..., an, By) denotes the maximum power of y? in
Pyynxuvy (@1, ... am, Bo,y), signifying the maximum value of 2J3 carried by the sys-
tem. An explicit expression for the Poincaré polynomial of this quiver will be given in
eq. (D.7) below. On the other hand we can also calculate the index using (1.3)—(1.6). First
note that we have, from (1.3),

-1
Oty =YY . D.2
(t60) Iy =y~ (D-2)

Using (1.5) we find that this configuration contributes
> sl an o x k260 x ko) [T 0087} (D3

{k} l
S k=N

to Tr(—y)?/s , where g, is given by (1.6) and the symbol I3y x k; means that the vector
[0y is repeated k; times. To study the consequences of equating (D.3) to (D.1), note that
the expression for gyt given in (1.6), after stripping off the first factor is nothing but the
Poincaré polynomial of a quiver theory with only U(1) factors. This gives

gref(ala ceey Olp, ﬁo X kla Qﬁo X k27 e 7y) - (_y)n+Zl kl_1_2i<j aij_NZi ‘<04i760>|

X Pyiyn Uk xu(ykzx.. (@1, o, am, fo X k1,280 X ko, -+, y). (D.4)

Using egs.(D.1), (D.2) and (D.4) we get a direct relation between the Poincaré polynomials
of a quiver carrying a U(NN) factor and those carrying only U(1) factors:

PU(l)"XU(N)(ala cee 7an7ﬂ07y) - Z PU(l)”leU(l)kl (0417 LRI 7an7/30><k172/30 X k27 e 7y)

{k}
Sl =N

(_y)CU(l)"xU(N) (@1y0m,Bo)+n+32 ki—1-37, ;o —N 32, [(e,B0)|

e (0t )

We could also derive a similar relation where the first U(1)™ factor is replaced by a product

(D.5)

of U(M) factors by choosing among the set (aq,...,«,) identical charges. Let us use
a shorthand notation where Py, . n,(B1,.-.,0p,y) denotes the Poincaré polynomial of a
quiver with the i-th node having a U(N;) factor and charge [3; and furthermore arrange the
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Bi’s such that B;; > 0 for i > j. Similarly Cn,,... n,(B1,...,08p) Will denote the maximum
power of y? in this polynomial. Then the generalization of (D.5) will take the form

nyNl AAAAA Ny (B15-- 7BP)PN Np(/Bla---7ﬁp7y)

=) PNy Ny ik ke NNy (B3 Bro1s B X K, 28, X Ky By -5 By )

{k}
S Uk =N,

“CONy oo Ny 1,1xk 1% kg Nyg 5o, Np (Bse5Br—1,8r X k1,287 X K2+ Bry 1., 8p)

{H ! ( Iy —yll)(_l)H)kl} (D)

where we have substituted y — —y, using the fact that the Poincaré polynomial of a quiver
is an even function of y. By repeated use of (D.6) we can express the Poincaré polynomial
of a quiver with U(N) factors in terms of the Poincaré polynomial of quivers with U(1)
factors only.

We now test e.q. (D.6) against the Poincaré polynomial of a quiver quantum mechanics
with U(NV) factors but no oriented loops computed in [40] (see also [8]):

PN17...7NP(ﬁ1, s Bps Y) :(y2 — 1)1*22' N; Y~ > Ni(N;—1)
>0 (1) Ty e X S NN TT ([N ) 7

partitions a, (D7)
CNl,m,Np(Bh---aﬁp ZNNﬂZ] ZN2+1
1<J
where
yQN -1
[N, y] = 21 [Nyt = [1,9](2,9] ... [N, 9], (D-8)

and the sum over partitions in (D.7) runs over all ordered partitions of the vector ), N;0;
into non-zero vectors {>_; NB;, a=1,...,s} for s =1,...,3 . N;, satisfying >, N¢ =
N, and?®

P

s

a=1 i=

N&G;, Z N; ﬁj> >0, (D.9)
1

forb =1,...,s — 1. If Cth,Np(Bl,...,ﬁp) given in (D.7) becomes negative then the
Poincaré polynomial vanishes.

Based on (D.7), eq. (D.6) can be proven by collecting the terms multiplying a given
partition on both sides of this equation and showing that they cancel. Consider for example
a partition with s vectors of the form Y7 | N&§; for a =1,...,s and let N® = M,. Thus
the s vectors have the form Ay + M1, As + My, ... As+ M3, where Aq,..., As are
linear combinations of the §;’s other than 3. If we just focus on the contribution involving

20Normally this relation is written as a condition on the phase of Zzb,l NGB, but we have used (3.33)
to expres this as a condition involving the symplectic products.
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the U(N,) factor then the contribution to this particular partition from the left hand side
of (D.6) contains a factor of

= 1) My T Mas )" (D.10)

a

where we have made use of (D.7) and ignored the y~ 2i<; NiliBii term since it is a com-
mon factor on both sides of (D.6). On the right hand side this particular partition can
come from many different terms. In particular M,[3, can arise as a sum of k:ga) copies
of G, k:éa) copies of 23, etc. with M, = ), k:l(a)l. This in turn can arise from the
PNy, No_1,1xk1,1xks, \Nyi1,...,N, term if the kl(a)’s satisfy >, kl(a) = k;. There is a com-
binatoric factor of k!/ ], kl(a)! associated with different ways of choosing the k:l(a) copies
of I3, out of k; copies of [3,. Using (D.6) and (D.7) we see that the relevant factor on the

right hand side is

! 1)~ Ziky2h y—y ! 1)1 i
> X w1 (0t 0) ¢

{k:} (k{®} 1o kz(a)! ! U
S kl(a)l:JVIa,Za kl(a):kl
(D.11)
We can simplify this as follows. First of all using the relation N, =", ki, We can express
>, ki in the exponents of (y? — 1) and y as N, — >, ki(l—1) =N, = >,  k “ (l —1). Next
the sum over {k;} and the restriction >, k:l(a) = k; can be removed if we replace all factors
of ky by >, k:l(a). Using (D.8) this allows us to express (D.11) as

2 {\—N, N, R k( )(1-1) )l ! kl(a)
Ve | ERD DR Ay 1 (1 . (D12
I

a k(@)

> k=g

The equality of (D.10) and (D.12) is now reduced to the following identity:

1 ? 1 (- i 1 Ky
[N,y]! - Z Hk!(_l)k ¢ 1)(y2_1)k (=1 ([l,y]l) . (D.13)

oo zN , 0 142 lzl
2 g O <l (1—32’) l) | o
. < 0o 00 [2(1 _ yZQ)]ly2lk> _ ﬁ (1 B Z(l _ y2)y2k) -t , (D.15)
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we see that (D.13) follows from the known relation between the g-deformed exponential
and the ¢g-deformed Pochhammer symbol with ¢ = 32 (see e.g. [58]),

©o ZN 0o B
Z Nyl (2(1-9);q)s = H (1 —z(1 - q)q’“> 1 ) lgl < 1. (D.16)
N=0 " 77 k=0
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