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1 Introduction

The study of quantum entanglement has far-reaching consequences in many fields, such

as in the study of black hole entropy [1, 2] and the anti-de Sitter/conformal field theory

(AdS/CFT) correspondence [3]. In more formal algebraic quantum field theory, it was

shown that the vacuum state of a quantum field can maximally violate Bell’s inequalities [4].

A more operational approach to study quantum field entanglement was initiated in [5],

where it was shown that atoms initialized as uncorrelated states can become entangled

after some time due to the global nature of field correlators. This particle detector model,

now known as the Unruh-DeWitt (UDW) model [6, 7], has been extensively used to study

the phenomenon of entanglement harvesting [8, 9], discerning the topology of spacetime [10]

and distinguishing a thermal bath from an expanding universe at the same temperature [11],

among others. This operational approach has the advantage that it is easy to apply even

in curved spacetimes.

Here we study the phenomenon of entanglement harvesting in the context of mirror

spacetimes i.e. the Minkowski spacetime spatially divided by a (possibly dynamical) Dirich-

let boundary condition, in (1 + 1) dimensions. This would constitute the first investigation

of entanglement harvesting in a highly non-stationary background quantum field essen-

tially due to the Dynamical Casimir effect (DCE). The DCE has been recently observed

experimentally [12, 13] thus motivating the use of mirror spacetimes to study aspects of

particle creation in quantum field theory.

The conformal invariance of the massless wave equation in (1+1) dimensions, together

with the ease of obtaining exact analytic expressions for the Wightman functions of mov-

ing mirrors in certain classes of trajectories, make the study of mirror spacetimes a very
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attractive toy model to gain insights into the physics of quantum fields in curved space-

times. The study of responses and transition rates of UdW detectors in receding mirror

spacetimes was first investigated decades ago [14–16]. For some classes of trajectories, one

can even match certain mirror trajectories to Hawking radiation associated with black hole

spacetimes, whether at the level of the response rate [17] or at the level of the Bogoliubov

transformation and stress-energy tensor [18]. More recently it has been shown that for

some generic trajectories certain limits can also be taken to obtain thermal responses [19]

or even model black hole collapse from a null shell [20–22]. We note in this context that

a study of entanglement harvesting in black hole spacetimes was recently initiated for the

first time for (2 + 1)-dimensional black holes [23], and so it is of further interest to in-

vestigate entanglement harvesting in spacetimes with non-trivial boundary conditions that

could simulate the collapse of matter into a black hole.

We will see that, despite the differences between the physics of mirrors and black holes,

a pair of atoms can experience (1) entanglement inhibition and even entanglement death

near a mirror, an effect also associated with the event horizon of a black hole [23], as well

as (2) trajectory-independent entanglement enhancement in some regimes.

Our paper is organized as follows. In section 2 we describe the setup involving the

UDW model and provide several ray-tracing functions for the mirror trajectories that will

be studied in this paper. In section 3 we study entanglement harvesting between two

detectors in the presence of a static mirror and also a non-inertial mirror first studied

in [18]. In section 3.3 we compare these results with that of a mirror trajectory recently

described in [24] that mimics the null black hole collapse model. In section 3.4 we show that

the same qualitative results are obtained using a derivative-type coupling, before finally

concluding in section 4.

In this paper we adopt the natural units c = ~ = 1.

2 Setup

In this section we recall the standard UDW model in the context of a massless scalar field

in (1+1) dimensions interacting with a first quantized atom. In the Dirac picture, the

light-matter interaction is provided by the interacting Hamiltonian of the form

Hj
I (τ) = λχj(τ)µ̂j(τ)⊗ φ̂(xj(τ)) , j = A,B (2.1)

where λ is the coupling strength,1 χ(τ) is a switching function, φ̂ is the field operator and

xj(τ) = (t(τ), xj(τ)) is the trajectory of the atomic detector. In addition, µ̂j(τ) = σ̂+
j e

iΩjτ+

σ̂−j e
−iΩjτ is the monopole moment of the detector, where σ± are the ladder operators of the

su(2) algebra and Ωj is the energy gap of the two-level atom. The index j = A,B indicates

which atom (UDW detector) we are considering: in the case of entanglement harvesting,

we have two atomic detectors so the full interacting Hamiltonian takes the form

HI = HA
I +HB

I . (2.2)

1Note that in (1 + 1) dimensions, the coupling constant is not dimensionless but has units of inverse

length in natural units. Here we say that a small coupling constant means the dimensionless quantity λσ

is small, where σ is the width of the Gaussian switching function.
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We shall also consider for simplicity the case where the two atoms are identical so

Ω = ΩA = ΩB. In order to account only for the motion of mirror, we focus on the case

when both detectors are static in the quantization frame (t, x), so that the proper time

for both detectors at rest relative to each other is given by τ = t.

We consider the initial state of the full system to be a separable state ρ0 = |ψ〉 〈ψ|
where |ψ〉 = |0〉 |g〉A |g〉B, and where |0〉 is the field vacuum and |g〉 is the atomic ground

state. The final state of the detector ρAB is obtained by tracing out the field state after

time evolution:

|ψf 〉 = T exp

(
−i
∫

dtHI(t)

)
|ψ〉 := Û |ψ〉 ,

ρAB = Trφ |ψf 〉 〈ψf | .
(2.3)

In the {|g〉 , |e〉} basis, the joint state of the detectors will be given by the matrix [10]

ρAB =


1− PA − PB 0 0 X∗

0 PB C 0

0 C∗ PA 0

X 0 0 0

+O(λ4) . (2.4)

The expressions for X,Pj (we are not using C in this paper) are given by

X = −λ2

∫∫
dt dt′χA(t)χB(t′)e−iΩ(t+t′)[

Θ(t′ − t)W (xA(t), xB(t′)) + Θ(t− t′)W (xB(t′), xA(t))

]
, (2.5)

Pj = λ2

∫∫
dt dt′χj(t)χj(t

′)e−iΩ(t−t′)W (xj(t), xj(t
′)) (2.6)

where W (x, x′) = 〈0|φ̂(x)φ̂(x′)|0〉 is the pullback of the Wightman function to the detector

trajectories and Θ(·) is the Heaviside step function. Since the detectors are identical, we

also choose the same Gaussian switching function χ(t) for both detectors,

χj(t) = exp

[
−(t− tj)2

2σ2

]
(2.7)

where the parameter σ characterises the length of the switching function and hence the

duration of interaction with the field and tj is the temporal peak of the switching function.

The entanglement measure we use here is concurrence C(ρAB), computed in this case

to be [10]

C(ρAB) = 2 max
{

0, |X| −
√
PAPB

}
+O(λ4) (2.8)

which is simple and transparent for our purposes.2

2Negativity N is another usable well-known entanglement measure but in this context does not yield

qualitatively different results; furthermore concurrence admits a simpler interpretation due to a clean sep-

aration of local and nonlocal terms and the fact that it monotonically increases with the entanglement of

formation.
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In (1+1) dimensions, the metric for Minkowski spacetime can be written in terms of

double null coordinates u, v = t∓ x so that

ds2 = dt2 − dx2 = du dv . (2.9)

The Wightman function for massless scalar field in (1 + 1) dimensions in terms of these

coordinates is

Wf (x, x′) = − 1

4π
log

[
Λ2(ε+ i∆u)(ε+ i∆v)

]
(2.10)

where the logarithm is taken with respect to the principal branch, the subscript f denotes

‘free space’, Λ is an IR cutoff and ε is a small positive constant serving as the UV cutoff. In

free space, the IR regulator cannot be removed, which is a peculiarity of (1+1) dimensions

alone [25]. This leads to the well-known IR ambiguity in the response of a detector coupled

linearly to (1 + 1) massless scalar field.

Unlike the free-space case, the presence of a (moving) mirror i.e. Dirichlet boundary

condition removes this IR ambiguity via the “method of images”. Hence our investigation

does not suffer the fundamental IR cutoff problem encountered in the free-space scenario.

It modifies the Wightman function via ray-tracing functions p(u) or f(v) depending on

whether we use u or v to ‘trace’ rays: in the presence of a mirror, some of the ‘reflected’

right-moving modes can be written in terms of the incoming left-moving modes. Antic-

ipating our results, we choose p(u) to avoid issues involving coordinate singularities (see

e.g. [18] or [19]) and the Wightman function is now given by [14]

W (x, x′) = − 1

4π
log

[
(ε+ i(p(u)− p(u′))(ε+ i(v − v′))
(ε+ i(p(u)− v′)(ε+ i(v − p(u′)))

]
(2.11)

For a static mirror located at the origin x = 0 we have p(u) = u, and the result reduces to

the well known fact that the Wightman function is the difference between the free-space

Wightman function and its parity-reversed counterpart [17].

In this paper we will consider three ray-tracing functions, corresponding to three dif-

ferent trajectories [19]:

p0(u) = u ,

p1(u) = −1

κ
e−κu ,

p2(u) = vH −
1

κ
W
(
e−κ(u−vH)

) (2.12)

where W(x) is the Lambert W function [26]. The Lambert W function (sometimes known

as product logarithm) is not to be confused with Wightman function W (x, x′). The corre-

sponding trajectories are shown in figure 1.

The ray-tracing function p0 describes a static mirror located at the origin. The function

p1 corresponds to a mirror that emits thermal radiation just like that of an eternal black

hole, and is known as the Carlitz-Willey (CW) trajectory [18]. We shall call the last ray-

tracing function p2 the black hole collapse (BHC) trajectory, since it has been shown that

– 4 –



J
H
E
P
0
6
(
2
0
1
9
)
0
2
1

-5 0 5

-5

0

5

x

t

Static CW BHC vH=0

Figure 1. The various mirror trajectories considered in this paper are shown here, with κ = 1/2

for CW and κ = 1/4 and vH = 0 for BHC.

there is one-to-one correspondence between the Bogoliubov coefficients for this moving

mirror setup and the scenario of (1 + 1) null shockwave collapse [20, 24, 27]. In both cases

the parameter κ can be interpreted as some kind of acceleration parameter since both p1, p2

correspond to non-inertial motion of the mirror.

3 Results and discussions

We present the main findings in this section. The variable parameters will be denoted as fol-

lows: (tj , xj) for the time and position coordinates of the peak of the Gaussian switching of

detector j, Ω for the energy gap of the detectors, dA for the distance of detector A from the

mirror at t = tA and finally ∆x = xB − xA for the detector separation. The results will be

presented in terms of the corresponding dimensionless variables, {tA/σ, dA/σ, Ωjσ, ∆x/σ}.
We first describe general results for all mirror trajectories, followed by an analysis of the

effects due to specific mirror motions.

3.1 Entanglement enhancement by a mirror

A mirror serves as a Dirichlet boundary condition for the quantum field along the mirror

trajectory, i.e.

φ̂(z(t)) = 0 (3.1)

where z(t) is the mirror trajectory parametrized by, say, Minkowski time t. Consequently

the Wightman function must also vanish wherever one of the detector trajectories coincides

with the mirror trajectory. Since the Wightman function gives a measure of correlations

present in the field, we would expect to see a drop in the entanglement harvested when the

mirror is approached.

For a static mirror, we show in figure 2 the concurrence C[ρAB] against dA/σ plot for

different values of the energy gap Ωσ. Somewhat surprisingly, for fixed detector separation

∆x/σ, we find that the presence of a mirror can actually enhance entanglement.
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Figure 2. Concurrence as a function of distance from mirror dA with σ = 1 and for various energy

gaps. The left and right plots are obtained for different detector separations ∆x/σ as indicated in

the plots. The corresponding free space results are shown as dashed lines in each plot. We observe

entanglement enhancement relative to that of free-space in some regions. For ∆x/σ = 3 (right plot)

and Ωσ = 0.75, 1, the free space cases (computed by choosing Λ = 10−12) have zero concurrence

(dashed lines on dA/σ axis).

Let us analyse the results in greater detail. Firstly, observe that for all parameter

choices, the entanglement increases initially as the detectors are positioned further away

from the mirror due to Dirichlet boundary condition in eq. (3.1). Far from the mirror,

concurrence vanishes for large ∆x and small Ωσ (the blue and orange curves in the right

figure). When the detector separation ∆x is decreased it becomes easier to harvest entan-

glement as we expect. Indeed, for very small ∆x (figure 2, left), the region of entanglement

extraction is very large (possibly everywhere dA > 0). Conversely, for sufficiently large ∆x

the concurrence vanishes and so entanglement cannot be extracted anywhere.

The more interesting observation from figure 2 is that concurrence in the presence of

a mirror can overtake the free-space result (dashed lines on the figure) at large enough

dA/σ and small enough detector separation ∆x/σ. As a representative example, consider

∆x/σ = 3,Ωσ = 1. Noting that the free space case (dashed line) has zero concurrence,

we see that entanglement harvesting would not have been possible at all if not for the

presence of the mirror. Heuristically, this can be understood as a reflection effect in which

information from one detector can reach the other detector after reflecting off the mirror.

The trade off between this reflection effect and the vanishing of the Wightman function

close to the mirror leads to a peak in the concurrence at some optimal dA away from the

mirror. This qualitative behaviour is also present for the other mirror trajectories consid-

ered. The main feature displayed here is that of entanglement enhancement : mirrors can

amplify entanglement extraction relative to the free-space scenario. Accelerating mirrors

contain richer entanglement dynamics from the static one because the Wightman function

is generally non-stationary. Furthermore, for finite switching width σ, in general there is

some t ∈
[
−σ

2 ,
σ
2

]
in which φ̂(z(t)) 6= 0, so naively we do not expect entanglement to com-

pletely vanish even if the detector coincides with the mirror at some t ∈
[
−σ

2 ,
σ
2

]
. We will
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Figure 3. Concurrence as a function of position of detector A for various fixed detector separations

∆x, with κ = 0.5,Ω = 1, σ = 1 for CW mirror (in red at time t = tA = tB when the switching

function is peaked). Note that xA/σ,Ωσ, κσ are dimensionless and numerically equal to xA, κ,Ω

since σ = 1. Left: tA/σ = −20. Right: tA/σ = 20. The entanglement extracted by the detectors

are strictly lower than free space, and in both case there is a finite region near the mirror where

entanglement extraction is impossible.

see below that the dynamics of entanglement is indeed quite non-trivial, as we explicitly

demonstrate for the CW trajectory.

3.2 Entanglement death near moving mirrors

The results for the CW mirror are shown in figures 3 and 4. Such mirrors are known to have

a constant flux of Hawking radiation. We focus on one particular choice of κσ = 0.5,Ωσ = 1

which captures all the qualitative features we hope to highlight.

The CW mirror scenario contains more interesting physics compared to its static coun-

terpart. In contrast to the static mirror case, where entanglement vanishes strictly at the

mirror due to the boundary condition (cf. figure 2), we see from figure 3 that there is a

small finite region of entanglement death near the mirror. This is reminiscent of the situa-

tion when detectors are placed too close to a black hole event horizon [23], but the physical

origin is different since there is no black hole in our case. For the black hole the origin of en-

tanglement death is due to a redshift factor diminishing the non-local correlations relative

to the local noise terms. In the present case, superficially there is a (nonlinear) competition

between the local noise term
√
PAPB and the nonlocal term |X| due to the logarithmic

behaviour of the Wightman function since they grow at different pace with distance from

mirror at some fixed time t, as shown in the middle and right plot of figure 4.

This result is interesting because the CW mirror trajectory z(t) has a future hori-

zon [18]. This is the line vH = 0 in figure 1. The trajectory is asymptotically null in the

infinite past and future, i.e.

dz(t)

dt
=

2W
(
e−2κt

)
W (e−2κt) + 1

− 1 =⇒ lim
t→±∞

dz

dt
= ±1 . (3.2)

Similar to black hole event horizon, the mirror’s accelerating horizon prevents some modes

at past null infinity I− from reaching (being ray-traced to) null infinity I+. This suggests

that the analogy/mapping between accelerating mirror and black hole spacetimes can be

– 7 –
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Figure 4. Left: a plot of concurrence for the CW mirror (in red at time t = −1), as a function

of the position of detector A for various fixed detector separations ∆x, with κ = 0.5,Ω = 1, σ = 1.

Middle: the nonlocal term |X| and local noise
√
PAPB terms for the ∆x = 2σ trajectory in the

left figure. Right: the nonlocal term |X| and local noise
√
PAPB terms for the ∆x = 3σ trajectory

in the left figure. The small region where the two curves intersect give the small entanglement

enhancement region. Note the small zones of entanglement death near the mirror on the left plot

for both cases; these appear in the other two plots where we see that |X| <
√
PAPB very close to

the mirror.

understood as mapping horizons in both spacetimes. This is appropriate for the CW

mirror, since the corresponding black hole [19] is eternal black hole with two horizons

conventionally denoted H±.

CW mirrors can also enhance entanglement. The size of the region of entanglement

enhancement depends on the relative separation of the two detectors, as the left plot

of figure 4 shows. Meanwhile, figure 3 demonstrates that the entanglement structure of

this mirror spacetime is not time-symmetric even though the thermal spectrum is time

independent; unlike the radiation spectrum, concurrence is sensitive to the non-stationary

nature of the spacetime. At “early” times (left plot), in addition to a finite region of

entanglement death we observe a finite region of entanglement enhancement relative to the

free space result. However, at “late” times (right plot) the size of the entanglement death

zone decreases and the harvesting zone always yields an amount of concurrence strictly less

than free-space limit. This is likely due to the fact that at t = 20 the mirror is already

at ultrarelativistic speed. From this we see that generically at late times an accelerating

mirror inhibits entanglement compared to early times.

To summarize, we see that the main effect a non-trivial mirror trajectory has on

entanglement harvesting is the generic presence of an entanglement death zone near the

mirror. The strip where this occurs may increase or decrease in size depending on the

proximity of the detectors, as shown in figure 3. The fact that C(ρAB) is sensitive to non-

stationarity of the mirror also suggests that entanglement is not correlated directly with a

thermal flux of radiation, since a CW mirror models a constant flux of Hawking radiation

but C(ρAB) is clearly dependent on when the detector is switched on.

3.3 Effect of different trajectories

While the Carlitz-Willey trajectory models black hole radiation, it does not model black

hole collapse because particle creation due to an accelerating mirror following a CW trajec-

tory is always thermal [27]. This is understandable since the CW trajectory has an exact

– 8 –
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one-to-one correspondence with an eternal black hole [22]. Modelling black hole collapse

on the other hand requires a mirror trajectory in which particle creation is only thermal at

late times. In (1+1) dimensions, the analysis is surprisingly manageable and is provided

by the mirror trajectory [24, 27]

z(t) = vH − t−
W(2e2κ(vH−t))

2κ
(3.3)

where to model collapse to a black hole of mass M the identification κ = 1/4M is made

and the horizon is given by the future light cone of the point with double-null coordinate

(vH , v0) where vH = v0−4M [27]. This trajectory has zero velocity and acceleration in the

asymptotic past at infinity and models the shock-wave collapse of a null shell at v = v0,

i.e. the spacetime that is flat for v < v0 and Schwarzschild for v > v0. We shall call this

trajectory the “black hole collapse” (BHC) trajectory.

Since both CW and BHC trajectories are asymptotically null in the future, we might

expect that their differences must arise at early and intermediate times. We note that

unlike the CW trajectory, the BHC mirror is at x = ∞ when t = −∞ whereas the CW

mirror is at x = −∞ (see figure 1). As such, for the BHC trajectory, in principle the

mirror will cross the detectors at some time; in this case, we imagine that the detectors

have Gaussian switching that effectively makes the detector active only when the mirror

is on the left side of both detectors and imposes the boundary condition so that the field

vanishes on the left side of the mirror.

We are primarily interested in the generic behaviour of entanglement between the de-

tectors as compared to the static and CW mirror cases. First, we obtained expected depen-

dence on the detector separation ∆x/σ (not illustrated) generic to all three mirror trajec-

tories: for small ∆x/σ, we find that we can extract entanglement from the vacuum very far

away from the mirror; for large ∆x/σ, no entanglement can be extracted at all for any dA/σ.

The situation becomes more interesting when we choose to turn on the detectors at

different times, to see what “early” or “late” times do to the concurrence. Unlike the

CW trajectory, the BHC mirror trajectory has no turning point, i.e. it always moves in

the negative x direction, and so it is not obvious what will happen here. The results are

illustrated in figure 5, and turn out to be qualitatively similar to the CW trajectory. This

is particularly clear upon comparing the plots in figure 5. We see a radical shrink in the

width of the death zone from early (left) to late (right) times which is likely due to the

differing magnitudes of the mirror velocity.

Last but not least, we note that the overall entanglement inhibition at late times when

the mirror trajectory is almost null, as well as the entanglement death near the mirror are

generic features of accelerating mirror spacetimes. Since for BHC trajectory we have

dz(t)

dt
=

W
(
2e2κ(vH−t)

)
W
(
2e2κ(vH−t)

)
+ 1
− 1 (3.4)

which gives limt→−∞ ż(t) = 0 and limt→∞ ż = 1, the mirror only has one accelerating

(future) horizon, which is similar to a collapsing Vaidja-type spacetime (which also only

has one apparent horizon asymptotically approaching future event horizon H+). This

similarity is not a coincidence.
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Figure 5. Concurrence for a BHC mirror (in red at time t when the detector is temporally

peaked) for various fixed detector separations as a function of position of detector A with κ = 0.25,

Ω = 1, σ = 1. From left to right: Left vH = 0, the “earlier”time t = −20. Right vH = 0, the “late”

time t = 20.

Overall, our study on entanglement extraction by two localized detectors in these mirror

spacetimes provide further indication that we should take seriously that one can establish

correspondence between the mirror spacetimes and black hole spacetimes as argued in [19,

20, 24, 27] where the correspondence is made based on nonlocal, non-observable quantities,

namely that their Bogoliubov coefficients agree.

3.4 Detector response and concurrence in the presence of a boundary

Upon closer scrutiny, two subtleties in the above sections may cause one to question the

validity of the results. The first is the ambiguity in the free-space concurrence results due

to the infrared cut-off and the second is the spurious effect of an unbounded growth in the

excitation probability of a detector in the mirror spacetime (see figure 4). We include an

appendix A detailing the origin of the blow up in P (Ω) and how |X| compensates this to

result in sensible results for the concurrence in mirror spacetimes. We also show there how

the free-space concurrence is independent of the infrared cut-off.

However, these two subtleties can be bypassed altogether by considering a derivative

type coupling (see for example [28]) between the detector and the field. In this subsection,

we employ this alternative coupling, and show that in the absence of the above two effects,

the qualitative results obtained in the previous sections still hold.

Instead of the linear coupling between the detector and the field operator φ̂ in eq. (2.1),

we can replace φ̂(x(t)) with its proper time derivative to obtain the derivative coupling,

H̃j
I = λχj(τ)µ̂j(τ)⊗ uµ∇µφ̂(xj(τ)) .

For detectors static in the (t, x) coordinates, we have t = τ and the proper time derivative

reduces to partial derivative ∂t.

As shown in [28], in addition to removing the dependence of the excitation probability

on the infrared cut-off, this coupling also results in an expression for the probability that

looks more similar to the (3+1)D case. In the current case, we can see this by the following:

the expressions for P (Ω) and X given in section 2 can be easily modified to accommodate
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the change in coupling by making the replacement W (xj1(t), xj2(t′))→ A(xj1(t), xj2(t′)) ≡
∂t∂t′W (xj1(t), xj2(t′)) whenever it appears. This replacement yields a well-defined expres-

sion3 for the reduced detector density matrix ρ̂AB because the distributional singularities of

the derivative Wightman A do not coincide with the finite discontinuities of the Heaviside

function appearing in eq. (2.5).

In particular, we have

Af (x, x′) = − 1

4π

(
1

∆u− iε
+

1

∆v − iε

)
, (3.6)

Am(x, x′) = − 1

4π

(
p′(u)p′(u′)[

p(u)− p(u′)− iε
]2 +

1[
v − v′ − iε

]2 (3.7)

− p′(u′)[
v − p(u′)− iε

]2 − p′(u)[
p(u)− v′ − iε

]2
)

respectively for free space and mirror spacetimes. These replace the Wightman functions

in (2.10) and (2.11). Since Af does not require an IR regulator to be well-behaved, the

IR ambiguity in P (Ω) and |X| is removed. Furthermore, the similarity between Af and

the (3 + 1)D Wightman function (cf. appendix A) also indicates that the results for P (Ω)

and |X| in (3 + 1)D using linear coupling will be similar to that obtained using derivative

coupling in (1 + 1)D. In fact, for the free space scenario the Wightman function Af (x, x′)

in (1 + 1) dimensions only differs from the linear coupling Wightman function Wf (x, x′) in

(3 + 1)D by a constant factor of 2, so the physics is practically identical.

In figure 6, we show the results obtained using derivative couplings between the de-

tectors and the field. From the P (Ω) plot, we see that the probability in the CW mirror

spacetime remains bounded at large dA rather than blowing up as in figure 4. We note

also that the free-space value in this case was computed without the need for choosing

an IR cut-off. In addition, we see that derivative coupling results in the same qualitative

findings as the previous subsections: there is a region of entanglement enhancement over

the free-space result and entanglement death near the mirror.

The derivative coupling scenario reinforces the fact that entanglement dynamics be-

tween detectors in mirror spacetimes can be understood as intrinsically the physics of

horizons: even though the time-evolved reduced density matrix depends strongly on the

type of coupling used, we see that entanglement itself is qualitatively robust and captures

the essential physics induced by presence of horizons. Our study complements the cor-

respondence previously established in [19, 20, 22, 24, 27] using nonlocal/non-observable

quantities such as Bogoliubov coefficients and expectation value of stress-energy tensor, by

establishing qualitative correspondence via local measurements using detectors.

3In particular, since for identical static detectors we considered here the negativity N is given by [23, 29]

N = max

0,

√
|X|2 −

(
PA − PB

2

)2

− PA + PB
2

 , (3.5)

this expression is well-defined if the density matrix is. For the same reason concurrence C(ρAB) will also

be well-defined.
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Figure 6. Derivative coupling results. Left : the use of derivative coupling removes the IR ambiguity

in the free-space P (Ω) (dashed, green). The probability of excitation in the CW mirror spacetime

now remains bounded at large xA/σ. It asymptotes to a value (dotted, yellow) slightly higher

than the free-space result. Right : the concurrence against xA/σ plot shows the same qualitative

behaviour as linear coupling. Namely, we observe a region of entanglement enhancement and a

region of entanglement death close to the mirror. The concurrence will asymptote to a value

(dotted, yellow) slightly below the free-space result (dashed, green). In this plot, κσ = 0.5, Ωσ = 1,

tA/σ = 0 and ∆x/σ = 1.

4 Conclusion

We have performed in (1 + 1) dimensions the first investigation of entanglement harvesting

between two detectors in the presence of mirrors using both linear and derivative couplings

between the detectors and the quantum field. We looked at both static and non-inertial

trajectories, focusing on the CW and BHC trajectories for the latter because of their re-

spective correspondence to eternal black holes and black hole formation. We find that

a similar correspondence exists for their entanglement structures, in particular the phe-

nomenon of an entanglement death zone, similar to that recently found for a black hole

event horizon [23], which can be traced to the fact that both sides of the correspondence

have analogous horizons. Physically, our results provide a theoretical prediction of what

to expect of the entanglement detection in the presence of the DCE.

Finally, and perhaps most interestingly, we also find that mirrors can enhance entan-

glement: entanglement harvested between two detectors can be greater in the presence of

a mirror as compared to free space. Qualitatively this enhancement is largely trajectory-

independent, and is thus attributable to the inherent presence of a Dirichlet boundary

condition. Quantitatively there are distinctions between different mirror trajectories, as a

comparison between figures 2 and 3 indicates. We focused on three types of mirror tra-

jectories that have the simplicity of having smooth ray-tracing functions pj(u) that are

regular for all u ∈ R. Important trajectories such as a mirror with constant uniform accel-

eration have ray-tracing functions that are not defined for all u, indicating that only some

modes at future null infinity I+ can be ‘ray-traced’ to modes at past null infinity I−. We

have also not investigated the case of piecewise mirror trajectories, such as a mirror that

only accelerates at t = 0 and static at t ≤ 0, which are often used in analyses involving

Bogoliubov transformations. We defer this for future work.
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A IR cut-off in free-space and unbounded transition probability in

mirror spacetimes

One peculiarity we found in this work is that for linearly coupled detector in (1 + 1)

dimensions, there seems to be a slow but unbounded growth of the transition probability

P (Ω) as a function of distance from the boundary, which we denote by d. In particular,

this means that in (1 + 1) dimensions the static mirror does not smoothly recover the

free space limit as d → ∞, which is in contrast to the expectation that a detector does

not sense nonlocal differences and in particular whether there is a boundary far away.

This may influence the reliability of entanglement measures that inherently depend on |X|
and P (Ω). Although the problem of particle detectors in half-space has been previously

considered [15, 16, 30], the growth of P (Ω) as a function of d was not clarified. We

will compare two scenarios for static Dirichlet boundary conditions in (1+1) and (3+1)

dimensions. We will show that the peculiarity is dimension dependent and not generically

true in the presence of a boundary.

In (3+1) dimensions, the Wightman function for a Dirichlet boundary on the yz-plane

such that a detector is located at (d, 0, 0) where d > 0 is given by the image sum

W (x, x′) = − 1

4π2

[
1

(∆τ − iε)2
− 1

(∆τ − iε)2 − 4d2

]
(A.1)

where the second term is the image term that gives the distance dependence d. Evaluating

the expression for P (Ω) in eq. (2.6) for this Wightman function and the usual Gaussian

switching in eq. (2.7), we will get two contributions to the integral:

P (Ω) = Pfree(Ω) + Pimage(Ω) (A.2)

where

Pfree(Ω) = − σ√
16π3

∫ ∞
−∞

dy
e−

y2

4σ2 e−iΩy

(y − iε)2
,

Pimage(Ω) =
σ√

16π3

∫ ∞
−∞

dy
e−

y2

4σ2 e−iΩy

(y − iε)2 − 4d2
.

(A.3)

The first term is just the finite-time response of a detector in free space and hence is

independent of d. The image term [31] is known to be finite even in free space for finite

width σ > 0. We are interested in the behaviour of the integral of the image term as d

increases, which we show in figure 7. This is in fact not hard to see from the form of the

Wightman function: as d→∞, the image term becomes more and more negligible because
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Figure 7. Transition probability for Gaussian switching σ = 1 and Ω = 1 (Ωσ = 1) in (3 + 1)D.

Near the mirror P (Ω) decays quickly, and far from the mirror the contribution from the image term

vanishes quickly. In this figure the asymptotic behaviour is reached at d/σ ∼ 102.

the finite width Gaussian window suppresses contributions at large u. Hence, in (3+1)

dimensions the phenomenology of inertial (static) detectors in Minkowski half-space has

the expected free-space limit as d→∞.

This, however, is not true in (1+1) dimensions because the Wightman function has a

logarithmic instead of power law dependence on d. For a static mirror, the expression is

instead

Pfree(Ω) = − σ√
16π

∫ ∞
−∞

dy e−iΩye−
y2

4σ2 log
[
Λ2(ε+ iy)2

]
,

Pimage(Ω) = − σ√
16π

∫ ∞
−∞

dy e−iΩye−
y2

4σ2 log

[
1

Λ2 ((ε+ iy)2 + 4d2)

]
,

=⇒ P (Ω) = − σ√
16π

∫ ∞
−∞

dy e−iΩye−
y2

4σ2 log

[
(ε+ iy)2

(ε+ iy)2 + 4d2

]
,

(A.4)

where we have made the free-space IR cutoff Λ explicit for comparison. The branch of

the logarithm is chosen to match that of eq. (2.10). Recall that in (1+1) dimensions, the

free-space Wightman function is infrared divergent. The common regularisation scheme

employed in the literature is the addition of an IR cutoff, which can be thought of (for

example) as the length scale of an optical fibre [9, 25]. Numerical results have been shown

to be reliable as long as Λ is chosen to be significantly smaller than the lowest frequency

scale in the problem (i.e. the sensitivity to the choice of cutoff is very small). In the mirror

spacetime, we note that the computation of P (Ω) does not require an IR cut-off as we see

from the last expression in eq. (A.4). However, the growth in the image term as d increases

causes P (Ω) to eventually overtake the free-space result instead of asymptotic to it. The

comparison is shown in figure 8. We also note that this growth is strictly a finite-time

effect, i.e. not in the long interaction regime.4 To see this, note that the total probability

4We thank the anonymous referee for pointing this out.
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Figure 8. Transition probability for Gaussian switching σ = 1 and Ω = 1 (Ωσ = 1) in (1 + 1)

dimensions. Near the mirror P (Ω) still decays quickly, but far from the mirror the contribution

from the image term dominates and will exceed the free space case for any choice of IR cutoff Λ.

in eq. (A.4) can be re-expressed as total probability per unit time P (Ω)/σ and in the limit

σ →∞ we get

lim
σ→∞

P (Ω)

σ
= −
√
πΘ(−Ω)

Ω
e2Ωε (1− cos(2Ωd)) , (A.5)

which is in fact oscillatory for excited detector (Ω < 0), as one may expect from e.g. [17].

However, the transition probability itself diverges (though the rate does not), so in this

sense the large-d growth of P (Ω) is similar to large-σ growth, as one may have guessed

from relativistic consideration which puts space and time on equal footing.

What this highlights is that within perturbation theory, one should take extra care

in distinguishing what is due to the physics of the boundary and what is an artifact of

the dimensionality of spacetime. An effect strictly confined to (1 + 1) dimensions will

not necessarily provide guidance to our understanding of (3 + 1) dimensional physics. In

particular the observable P (Ω) in the presence of a mirror is generically an ill-behaved

quantity in (1+1) dimensions, even without the IR ambiguity associated with the free-

space counterpart.

However, not all is lost. As we saw earlier, the concurrence is a quantity based on the

difference |X| −
√
PAPB. Roughly speaking, we can understand this by noting that for

static mirror we have a log[(∆τ − iε)2−4d2
A] dependence due to the form of the Wightman

W (xA, x
′
A). Very roughly, for |X| we will have a contribution of the form

W (xA, x
′
B)

∼ log
[(

(∆τ − iε)− (2dA −∆xAB)2
)] (A.6)

which can be seen to scale the same way as
√
PAPB for any fixed xAB. From this, we expect

that concurrence C is in some sense ‘dimension-independent’: it removes the part of the
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Figure 9. The concurrence in free space as a function of IR cutoff (in logarithmic scale), for Ω = 1

and σ = 1 in natural units (i.e. Ωσ = 1 is dimensionless).

Wightman function that depends on the absolute distance dA, dB away from the mirror.

What remains is the relative distance dependence ∆xAB of C(ρAB) which leads to the usual

decay of correlations as we make the detectors have larger spacelike separation. Effectively,

C(ρAB) ‘regulates’ the ill-behaved part of |X| and P (Ω) somewhat analogous to adding

counterterms in QFT. This provides strong evidence that we can rely on concurrence

calculations in (1+1) dimensions even if we cannot separately trust the entries in the evolved

density matrix ρAB as d→∞ due to the divergent behavior at large mirror distance.

With some thought, this growth of P with distance from the mirror d may not be

as surprising as it seems: it is already known in classical gravity that the Newtonian

gravitational potential in one-dimensional space also grows linearly with separation be-

tween masses [32, 33] unlike the 1/r power law in the three-dimensional context [34]. We

should also remark that since this is an inherent problem associated with the long-distance

behaviour of the Wightman function, the issue will not disappear for general choices of

ray-tracing functions. We can check this numerically for the three ray tracing functions in

this paper — we find that indeed C(ρAB) seems to provide proper regularization in (1 + 1)

dimensions: that is, for each ray tracing function we find similar divergences in both the

nonlocal term |X| and probability P , but not in C(ρAB).

As a consequence of this “regularization”, the concurrence C(ρAB) also does not suffer

from an IR ambiguity even in free space. For the same reason as why the divergences

in the dA → ∞ limit is subtracted off by the definition of C(ρAB), the IR ambiguity is

also subtracted off. We can thus think of C(ρAB) as having an IR regulator by definition.

This is the reason why the free space limit of the concurrence in the presence of mirrors

is well-defined (cf. figure 2). Since concurrence is IR-regular, it can be reverse-engineered

to induce a natural IR cutoff for the free-space Wightman function. This is shown in

figure 9. We see that the concurrence approaches an approximately constant value once Λ

is reasonably small, which we can take to be at least Λ . 10−3. In [9] and [25] the value
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Λ = 10−3 was adopted arbitrarily due to the ambiguity argument: this value is arguably

small enough for their purposes, though choosing a smaller value allowed by the numerical

precision used during computation is preferable. We verified this for up to Λ ∼ 10−100 and

the IR ambiguity does not seem to play a role in computation of C(ρAB).

In short, we can think of concurrence C(ρAB) as a naturally “regularized” quantity for

a massless scalar field in all dimensions, unlike the IR-divergent |X|, P in (1+1) dimensions

with linear coupling. Furthermore, the regularity of C(ρAB) may be instead used to induce

a natural IR cutoff Λ for the detector joint density matrix ρAB.
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