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Abstract: Exotic compact objects, horizonless spacetimes with reflective properties, have

intriguingly been suggested by some quantum-gravity models as alternatives to classical

black-hole spacetimes. A remarkable feature of spinning horizonless compact objects with

reflective boundary conditions is the existence of a discrete set of critical surface radii,

{rc(ā;n)}
n=∞
n=1 , which can support spatially regular static (marginally-stable) scalar field

configurations (here ā ≡ J/M2 is the dimensionless angular momentum of the exotic com-

pact object). Interestingly, the outermost critical radius rmax
c ≡ maxn{rc(ā;n)} marks the

boundary between stable and unstable exotic compact objects: spinning objects whose

reflecting surfaces are situated in the region rc > rmax
c (ā) are stable, whereas spinning

objects whose reflecting surfaces are situated in the region rc < rmax
c (ā) are superradiantly

unstable to scalar perturbation modes. In the present paper we use analytical techniques in

order to explore the physical properties of the critical (marginally-stable) spinning exotic

compact objects. In particular, we derive a remarkably compact analytical formula for the

discrete spectrum {rmax
c (ā)} of critical radii which characterize the marginally-stable exotic

compact objects. We explicitly demonstrate that the analytically derived resonance spec-

trum agrees remarkably well with numerical results that recently appeared in the physics

literature.
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1 Introduction

Black holes are certainly the most important prediction of general relativity, Einstein’s clas-

sical theory of gravity. These fundamental objects are characterized by curved spacetime

geometries with absorbing boundary conditions (event horizons). Intriguingly, however,

some researchers (see [1–13] and references therein) have recently examined the possibility

that horizonless compact objects may serve as exotic alternatives to the familiar (classical)

black-hole spacetimes.

It is certainly of physical importance to explore the (in)stability properties of these

horizonless exotic compact objects. In a very important work, Maggio, Pani, and Fer-

rari [13] have recently demonstrated numerically that, due to the physical mechanism of

superradiant amplification [14, 15], horizonless spinning compact objects with reflective

boundary conditions and ergoregions may become unstable to scalar perturbation modes.1

Intriguingly, the results presented in [13] have revealed the important fact that the er-

goregion instability shuts down if the quantum reflective surface of the spinning exotic

compact object is located far enough from the would-be classical black-hole horizon. This

interesting and highly important numerical finding implies, in particular, that there exists

1It is worth noting that the superradiant instability phenomenon observed in [15] is also expected to

characterize the dynamics of other bosonic (integer-spin) fields in the curved spacetimes of these horizonless

spinning exotic compact objects.
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a unique family of critical (marginally-stable) exotic compact objects which determine the

boundary between stable and unstable horizonless spinning configurations.

In the present paper we shall use analytical techniques in order to explore the physical

properties of the critical (marginally-stable) exotic compact objects. In particular, below we

shall explicitly prove that horizonless spinning compact objects with reflective boundary

conditions are characterized by the existence of a discrete set {rc(ā;n)}
n=∞
n=1 of critical

surface radii that can support spatially regular static (marginally-stable) massless scalar

field configurations [16–45]2 (here ā is the dimensionless angular momentum of the exotic

compact object, see eq. (3.2) below).

It should be emphasized that the physical significance of the outermost (largest) radius

rmax
c (ā) ≡ maxn{rc(ā;n)} stems from the fact that, for a given value of the dimensionless

rotation parameter ā, this unique critical radius marks the boundary between stable and

unstable spinning exotic compact configurations. In particular, horizonless compact objects

of rotation parameter ā whose reflecting surfaces are characterized by the inequality rc <

rmax
c (ā) are superradiantly unstable to scalar perturbation modes, whereas horizonless

compact objects whose reflecting surfaces are characterized by the inequality rc > rmax
c (ā)

are stable.

The main goal of the present paper is to determine analytically the discrete spectrum

{rc(ā;n)}
n=∞
n=1 of radii which characterize the horizonless spinning exotic compact objects

that can support the spatially regular static (marginally-stable) scalar field configurations.

In particular, below we shall derive a remarkably compact analytical formula for the critical

(outermost) radii {rmax
c (ā)} of the exotic compact objects that mark the boundary between

stable and unstable horizonless spinning configurations.

2 Description of the system

We shall analyze the physical properties of horizonless spinning compact objects with reflec-

tive surfaces which are linearly coupled to massless scalar fields. Following the interesting

work of Maggio, Pani, and Ferrari [13] (see also [1–12]), we shall study exotic compact

objects which are characterized by curved geometries that modify the spinning Kerr space-

time only at some microscopic scale around the would-be classical horizon. In particular,

we shall assume, as in [13], that the Kerr line element [46]3,4,5

ds2 = −
∆

ρ2
(dt− a sin2 θdφ)2 +

ρ2

∆
dr2 + ρ2dθ2 +

sin2 θ

ρ2
[

adt− (r2 + a2)dφ
]2

for r > rc ,

(2.1)

2It is worth mentioning that spinning Kerr black holes, as opposed to the horizonless spinning compact

objects that we study in the present paper, cannot support static spatially regular massless scalar fields

in their exterior regions. However, as recently demonstrated in [16–45], spinning black holes can support

stationary (rather than static) massive scalar field configurations.
3We shall use natural units in which G = c = ~ = 1.
4Here we have used the familiar Boyer-Lindquist coordinates (t, r, θ, φ).
5Following the physically interesting model of the exotic compact objects studied in [13], we shall assume

that the energy and angular momentum of the reflective surface are negligible.
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with ∆ ≡ r2 − 2Mr + a2 and ρ2 ≡ r2 + a2 cos2 θ, describes the external spacetime of

the spinning exotic compact object of mass M , angular momentum J = Ma, and radius

rc. In addition, below we shall assume that the radius of the exotic compact object is

characterized by the relation [47–49]6

zc ≡
rc − r+

r+
≪ 1 , (2.2)

where

r± = M ± (M2 − a2)1/2 (2.3)

are the radii of the would-be classical horizons. The small-zc regime (2.2) corresponds

to the physically interesting family of horizonless exotic compact objects whose quantum

reflective surfaces are located a microscopic distance above the would-be classical black-hole

horizons [13] (see also [1–12]).

The dynamics of the linearized massless scalar field in the spinning spacetime of the

exotic compact object is governed by the Klein-Gordon wave equation [50–52]

∇ν∇νΨ = 0 . (2.4)

Substituting into (2.4) the metric components of the curved line element (2.1), which

characterizes the exterior spacetime of the spinning exotic compact object, and using the

scalar field decomposition [50–52]7

Ψ =
∑

l,m

eimφSlm(θ; aω)Rlm(r;M,a, ω)e−iωt, (2.5)

one finds that the radial part Rlm(r;M,a, ω) of the scalar eigenfunction is determined by

the ordinary differential equation [50–52]

∆
d

dr

(

∆
dRlm

dr

)

+
{

[ω(r2 + a2)−ma]2 +∆(2maω −Klm)
}

Rlm = 0 . (2.6)

Here the frequency-dependent parameter Klm(aω) is the characteristic eigenvalue of the

spatially regular angular eigenfunction Slm(θ; aω), which is determined by the familiar

spheroidal differential equation [50–63]

1

sin θ

d

θ

(

sin θ
dSlm

dθ

)

+

(

Klm − a2ω2 + a2ω2 cos2 θ −
m2

sin2 θ

)

Slm = 0 . (2.7)

For later purposes we note that, in the small frequency aω ≪ 1 regime, the angular

eigenvalues of the spheroidal scalar eigenfunctions can be expanded in the from

Klm − a2ω2 = l(l + 1) +

∞
∑

k=1

ck(aω)
2k, (2.8)

where the frequency-independent coefficients {ck(l,m)} are given in [59].

6It is important to stress the fact that the assumption made in the physical model of [13], according to

which the exterior curved spacetimes of the spinning exotic objects are described by the familiar Kerr line

element (2.1), is a non-trivial one. As discussed in [13] (see also [47–49]), this assumption is expected to

be valid in the physically interesting regime zc ≪ 1 of exotic compact objects whose reflecting quantum

membranes are located a microscopic distance above the would-be classical horizons.
7The physical parameters {ω, l,m} are respectively the proper frequency, the spheroidal harmonic index,

and the azimuthal harmonic index (with −l ≤ m ≤ l) which characterize the massless scalar field mode.
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Following the physically interesting model of the spinning exotic objects studied nu-

merically in [13], we shall assume that the horizonless compact objects are characterized

by (Dirichlet or Neumann) reflecting boundary conditions:8

{

R(r = rc) = 0 Dirichlet B.C. ;

dR(r = rc)/dr = 0 Neumann B.C. .
(2.9)

In addition, the marginally-stable (static) scalar modes that we shall analyze in the present

paper are characterized by spatially regular (asymptotically decaying) eigenfunctions:

R(r → ∞) → 0 . (2.10)

3 The resonance conditions of the marginally-stable spinning exotic com-

pact objects

The composed horizonless-spinning-object-massless-scalar-field system is characterized by

the existence of a unique family of marginally-stable (static) resonances which mark the

onset of superradiant instabilities in the curved spinning spacetime. These physically in-

teresting critical field modes are characterized by the simple property

ω = 0 . (3.1)

It is worth noting that the intriguing and well-studied physical mechanism of superra-

diance [14, 15, 64–68] allows integer-spin (bosonic) fields to extract rotational energy and

angular momentum from spinning objects. In particular, an orbiting scalar field mode of

azimuthal harmonic index m interacting with a central spinning object of angular velocity

Ω can be amplified in the bounded frequency regime 0 < ωfield < mΩ [14, 15, 64–68].

As emphasized above, the composed horizonless-spinning-object-massless-scalar-field con-

figurations that we shall analyze in the present paper are characterized by the relation

ωfield = 0 (see eq. (3.1)). Thus, these marginally-stable composed configurations sit on the

boundary of the superradiant regime.

The set of equations (2.6)–(3.1) determines two discrete spectra of radii, {rDirichlet
c

(ā, l,m;n)} and {rNeumann
c (ā, l,m;n)}, which, for a given value

ā ≡
J

M2
(3.2)

of the dimensionless angular momentum parameter, characterize the critical (marginally-

stable) spinning exotic compact objects. Interestingly, as we shall explicitly show in the

present section, the characteristic radial equation (2.6) of the massless scalar fields in the

curved spacetimes of the spinning exotic compact objects is amenable to an analytical

treatment for the marginally-stable static modes.

Substituting into eq. (2.6) ω = 0 and

R(x) = x−iα(1− x)l+1F (x) , (3.3)

8For brevity, we shall henceforth omit the angular harmonic indices (l,m) of the massless scalar field

mode.
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where

x ≡
r − r+
r − r−

; α ≡
ma

r+ − r−
, (3.4)

one obtains the characteristic radial equation9

x(1−x)
d2F

dx2
+{(1−2iα)− [1+2(l+1)−2iα]x}

dF

dx
− [(l+1)2−2iα(l+1)]F = 0 . (3.5)

The general mathematical solution of the radial differential equation (3.5) is given

by [59, 69]

F (x) = A · 2F1(l+1−2iα, l+1; 2l+2; 1−x)+B · (1−x)−2l−1
2F1(−l−2iα,−l;−2l; 1−x) ,

(3.6)

where 2F1(a, b; c; z) is the hypergeometric function and {A,B} are normalization constants.

Substituting (3.6) into (3.3), one obtains the expression

R(x) = x−iα[A · (1− x)l+1
2F1(l + 1− 2iα, l + 1; 2l + 2; 1− x)

+B · (1− x)−l
2F1(−l − 2iα,−l;−2l; 1− x)] (3.7)

for the radial scalar eigenfunction. Using the characteristic property (see eq. (15.1.1) of [59])

2F1(a, b; c; z → 0) → 1 (3.8)

of the hypergeometric function, one finds from (3.7) the asymptotic r → ∞ (x → 1−, see

eq. (3.4)) behavior

R(x → 1) = A · (1− x)l+1 +B · (1− x)−l (3.9)

of the radial eigenfunction. A physically acceptable (finite) solution at spatial infinity

(r → ∞, or equivalently x → 1−) requires

B = 0 . (3.10)

We therefore conclude that the marginally-stable (static) resonances of the massless

scalar fields in the curved spacetimes of the horizonless spinning exotic compact objects

are characterized by the radial eigenfunction

R(x) = A · x−iα(1− x)l+1
2F1(l + 1− 2iα, l + 1; 2l + 2; 1− x) . (3.11)

Taking cognizance of the boundary conditions (2.9), which characterize the horizonless

reflecting compact objects, one deduces that the compact resonance equations

2F1(l + 1− 2iα, l + 1; 2l + 2; 1− xc) = 0 for Dirichlet B.C. (3.12)

and

d

dx
[x−iα(1−x)l+1

2F1(l+1−2iα, l+1; 2l+2; 1−x)]x=xc = 0 for Neumann B.C. (3.13)

determine the discrete spectra of dimensionless critical radii {xc(ā, l,m;n)} which charac-

terize the marginally-stable exotic compact objects.

9Here we have used the relation Klm(aω = 0) = l(l + 1) (see eq. (2.8)).
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Boundary conditions zmax
c (ā=0.3) zmax

c (ā=0.5) zmax
c (ā=0.7) zmax

c (ā=0.9) zmax
c (ā=0.99) zmax

c (ā=0.999)

Dirichlet 2.960×10−10 2.842×10−6 2.783×10−4 1.007×10−2 9.625×10−2 1.730×10−1

Neumann 6.455×10−6 6.662×10−4 7.417×10−3 5.432×10−2 2.105×10−1 3.078×10−1

Table 1. Marginally-stable spinning exotic compact objects. We display, for various values of the

dimensionless angular momentum parameter ā, the largest dimensionless radii zmax
c (ā) ≡ (rmax

c −

r+)/r+ (see eqs. (4.1) and (4.2)) of the horizonless reflecting compact objects that can support

the spatially regular static scalar field configurations with l = m = 1. One finds that the critical

radii {zmax
c (ā)}, which characterize the marginally-stable spinning exotic compact objects, are a

monotonically increasing function of the dimensionless angular momentum parameter ā.

4 The discrete resonance spectra of the marginally-stable spinning exotic

compact objects

The analytically derived resonance equations (3.12) and (3.13), which characterize

the unique families of horizonless exotic compact objects that can support the static

(marginally-stable) massless scalar field configurations, can easily be solved numerically. In-

terestingly, one finds that, for given physical parameters {ā, l,m} of the composed spinning-

exotic-compact-object-massless-scalar-field system, there exists a discrete set of critical

radii,

· · · rc(n = 3) < rc(n = 2) < rc(n = 1) ≡ rmax
c (ā, l,m) , (4.1)

which can support the spatially regular static (marginally-stable) scalar field resonances.10

In table 1 we display, for various values of the dimensionless angular momentum pa-

rameter ā, the largest (outermost) dimensionless radii11

zmax
c (ā, l,m) ≡

rmax
c − r+

r+
(4.2)

of the horizonless spinning compact objects that can support the marginally-stable massless

scalar field configurations. From the data presented in table 1 one learns that, for fixed

values of the scalar angular harmonic indices, the critical radii zmax
c (ā) (and thus also

rmax
c (ā)) which characterize the marginally-stable spinning exotic compact objects are a

monotonically increasing function of the dimensionless angular momentum parameter ā.

It is worth emphasizing again that the physical significance of the critical reflecting

radius rmax
c (ā) stems from the fact that, for a given value of the dimensionless angular

10It is worth noting that the characteristic radial scalar eigenfunction (3.11) has an infinite number of

nodes in the xc → 0 (rc → r+) limit. For finite values of xc, the radial eigenfunction (3.11) has a finite

number of nodes with the property x ≥ xc (that is, on and outside the reflecting surface of the exotic

compact object). In particular, for Dirichlet boundary conditions, the resonance parameter n counts the

number of nodes (including the node at the surface of the exotic compact object) of the radial scalar

eigenfunction (3.11). Likewise, for Neumann boundary conditions, the resonance parameter n counts the

number of extremum points (including the one at the surface of the exotic compact object) of the radial

scalar eigenfunction (3.11), whereas the number of field nodes outside the surface of the compact spinning

object is given by n− 1 in this case.
11Note that the dimensionless coordinate zc, which characterizes the radius of the horizonless reflecting

exotic compact object, can be expressed in the form zc =
xc

1−xc
·
r+−r

−

r+
(see eqs. (3.4) and (4.2)).
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Boundary conditions zmax
c (l = 1) zmax

c (l = 2) zmax
c (l = 3) zmax

c (l = 4) zmax
c (l = 5) zmax

c (l = 6)

Dirichlet 2.842×10−6 3.689×10−4 1.788×10−3 3.948×10−3 6.395×10−3 8.870×10−3

Neumann 6.662×10−4 6.141×10−3 1.268×10−2 1.832×10−2 2.297×10−2 2.680×10−2

Table 2. Marginally-stable spinning exotic compact objects. We present the largest dimensionless

radii zmax
c (l) ≡ (rmax

c − r+)/r+ (see eqs. (4.1) and (4.2)) of the horizonless reflecting compact

objects with dimensionless angular momentum parameter ā = 0.5 that can support static equatorial

(l = m) scalar field configurations. One finds that the critical radii {zmax
c (l)}, which characterize

the marginally-stable spinning exotic compact objects, are a monotonically increasing function of

the scalar harmonic index l.

momentum parameter ā, this supporting radius corresponds to a marginally-stable spin-

ning object which marks the onset of superradiant instabilities in the composed exotic-

compact-object-massless-scalar-field system. In particular, as nicely demonstrated numer-

ically in [13], spinning compact objects of dimensionless angular momentum ā whose re-

flecting surfaces are located in the region rc > rmax
c (ā) are stable, whereas spinning objects

whose reflecting surfaces are located in the region rc < rmax
c (ā) are superradiantly unstable

to scalar perturbation modes.

In table 2 we display, for various equatorial (l = m) massless scalar field modes,

the critical (largest) dimensionless radii zmax
c (l) (see eq. (4.2)) of the horizonless spinning

compact objects that can support the static (marginally-stable) scalar field resonances.

From the data presented in table 2 one learns that, for a fixed value of the dimensionless

angular momentum parameter ā, the dimensionless critical radii zmax
c (l) (and thus also

rmax
c (l)) which characterize the marginally-stable spinning exotic compact objects are a

monotonically increasing function of the scalar harmonic index l.

5 Resonance spectra for highly-compact spinning exotic objects

5.1 An analytical treatment

In the present section we shall explicitly prove that the resonance condi-

tions (3.12) and (3.13), which respectively determine the dimensionless discrete radii

{xDirichlet
c (ā, l,m;n)} and {xNeumann

c (ā, l,m;n)} of the marginally-stable horizonless spin-

ning exotic compact objects, can be solved analytically in the physically interesting regime

xc ≪ 1 . (5.1)

As emphasized above, the small-xc regime (5.1) corresponds to the physically interesting

family of highly compact exotic objects whose quantum reflective surfaces are located very

near the would-be classical black-hole horizons. It is worth mentioning, in particular, that

the strong inequality (5.1) characterizes the horizonless spinning exotic compact objects

that were recently studied numerically in the interesting work of Maggio, Pani, and Fer-

rari [13] (see also [1–12]).
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Using eq. (15.3.6) of [59], one can express the characteristic radial scalar eigenfunc-

tion (3.11) in the form12

R(x) = A ·
(2l + 1)!

l!
(1− x)l+1

[

Γ(2iα)

Γ(l + 1 + 2iα)
x−iα

2F1(l + 1− 2iα, l + 1; 1− 2iα;x)

+
Γ(−2iα)

Γ(l + 1− 2iα)
xiα2F1(l + 1 + 2iα, l + 1; 1 + 2iα;x)

]

.

(5.2)

Taking cognizance of the characteristic asymptotic property (3.8) of the hypergeometric

functions, one finds from (5.2) the small-x behavior

R(x ≪ 1) = A
(2l + 1)!

l!
(1− x)l+1

[

Γ(2iα)

Γ(l + 1 + 2iα)
x−iα +

Γ(−2iα)

Γ(l + 1− 2iα)
xiα

]

· [1 +O(x)]

(5.3)

of the radial scalar eigenfunction.

Using the characteristic small-x spatial behavior (5.3) of the radial scalar eigenfunction,

one can express the Dirichlet and Neumann resonance equations (3.12) and (3.13) in the

remarkably compact form

x2iα = ∓
Γ(2iα)Γ(l + 1− 2iα)

Γ(−2iα)Γ(l + 1 + 2iα)
, (5.4)

where the upper/lower signs in (5.4) refer respectively to the reflecting Dirichlet/Neumann

boundary conditions. From the resonance conditions (5.4) one finally finds the compact

analytical formulas13,14

xDirichlet
c (n) = e−π(n+ 1

2
)/α

[

Γ(2iα)Γ(l + 1− 2iα)

Γ(−2iα)Γ(l + 1 + 2iα)

]1/2iα

; n ∈ Z (5.5)

and

xNeumann
c (n) = e−πn/α

[

Γ(2iα)Γ(l + 1− 2iα)

Γ(−2iα)Γ(l + 1 + 2iα)

]1/2iα

; n ∈ Z (5.6)

for the discrete families {xDirichlet
c (n), xNeumann

c (n)} of dimensionless critical radii which

characterize the horizonless spinning compact objects that can support the spatially regular

static (marginally-stable) massless scalar field resonances.

5.2 Numerical confirmation

It is physically important to verify the validity of the analytically derived resonance spec-

tra (5.5) and (5.6) for the characteristic discrete radii of the highly compact (xc ≪ 1)

spinning exotic objects that can support the static (marginally-stable) scalar field configu-

rations. In tables 3 and 4 we display the dimensionless radii zanalyticalc (n) ≡ [rc(n)− r+]/r+

12Here we have used eq. (6.1.15) of [59].
13Here we have used the relation 1 = e−2iπn, where n is an integer. This dimensionless resonance

parameter characterizes the composed spinning-exotic-compact-object-massless-scalar-field configurations.
14Taking cognizance of eq. (6.1.23) of [59], one finds the relations Γ(2iα)/Γ(−2iα) = eiφ1 and Γ(l + 1−

2iα)/Γ(l + 1 + 2iα) = eiφ2 , where {φ1, φ2} ∈ R. These characteristic relations imply, in particular, that

{xDirichlet
c (n), xNeumann

c (n)} ∈ R.
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Formula zDir
c (n = 1) zDir

c (n = 2) zDir
c (n = 3) zDir

c (n = 4) zDir
c (n = 5)

Analytical (eq. (5.5)) 9.947×10−3 4.671×10−4 2.226×10−5 1.061×10−6 5.061×10−8

Numerical (eq. (3.12)) 1.007×10−2 4.673×10−4 2.228×10−5 1.062×10−6 5.061×10−8

Table 3. Spinning exotic compact objects with reflective Dirichlet boundary conditions. We

present the analytically calculated discrete set of dimensionless radii zanalyticalc (n) which characterize

the spinning compact objects that can support the static (marginally-stable) massless scalar field

configurations. We also present the corresponding radii znumerical
c (n) of the horizonless compact

objects as obtained from a direct numerical solution of the characteristic resonance condition (3.12).

The data presented is for horizonless compact objects with dimensionless rotation parameter ā = 0.9

linearly coupled to a massless scalar field mode with l = m = 1. In the physically interesting regime

zc ≪ 1 of highly compact exotic objects, one finds a remarkably good agreement between the

approximated radii {zanalyticalc (n)} of the compact objects that can support the marginally-stable

scalar resonances (as calculated from the analytical resonance spectrum (5.5)) and the corresponding

exact radii {znumerical
c (n)} of the compact exotic objects (as determined by a direct numerical

solution of the resonance equation (3.12)).

Formula zNeu
c (n = 1) zNeu

c (n = 2) zNeu
c (n = 3) zNeu

c (n = 4) zNeu
c (n = 5)

Analytical (eq. (5.6)) 4.839×10−2 2.145×10−3 1.019×10−4 4.860×10−6 2.318×10−7

Numerical (eq. (3.13)) 5.432×10−2 2.153×10−3 1.020×10−4 4.860×10−6 2.318×10−7

Table 4. Spinning exotic compact objects with reflective Neumann boundary conditions. We

use the same physical parameters as in table 3. In the physically interesting zc ≪ 1 regime of

highly compact exotic objects, one finds a remarkably good agreement between the approximated

radii {zanalyticalc (n)} of the compact exotic objects (see (5.6)) and the corresponding exact radii

{znumerical
c (n)} of the compact objects (as determined numerically from eq. (3.13)).

of the spinning exotic compact objects with reflecting Dirichlet/Neumann boundary con-

ditions as calculated from the analytically derived resonance spectra (5.5) and (5.6). For

comparison, we also display the corresponding radii znumerical
c (n) of the horizonless com-

pact objects as obtained from a direct numerical solution of the exact (analytically derived)

resonance conditions (3.12) and (3.13).

From the data presented in tables 3 and 4 one finds a very good agreement, especially in

the physically interesting regime zc ≪ 1 of highly compact exotic objects15 (see eq. (2.2)),

between the approximated radii of the horizonless compact objects that can support the

static (marginally-stable) scalar resonances (as calculated from the analytical formulas (5.5)

and (5.6)) and the corresponding exact radii of the spinning compact objects (as determined

numerically from the characteristic resonance conditions (3.12) and (3.13)).

15As emphasized above, the small-xc regime (5.1) corresponds to the physically interesting family, that

was recently studied numerically in [13] (see also [1–12]), of highly compact horizonless exotic objects whose

quantum reflective surfaces are located very near the would-be classical black-hole horizons (see eqs. (2.2)

and (2.3)).
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δ ≡ (rc − r+)/M 10−5 10−4 10−3 10−2 10−1

ā
analytical

ā
numerical 0.999 0.999 1.001 1.000 1.001

Table 5. Marginally-stable spinning exotic compact objects. We display, for various values

of the compactness parameter δ ≡ (rmax
c − r+)/M introduced in [13], the dimensionless ratio

āanalytical(δ)/ānumerical(δ) between the analytically derived critical angular momentum which char-

acterizes the marginally-stable spinning exotic compact object and the corresponding numerically

computed [13] value of the critical rotation parameter. The data presented are for the fundamental

(n = 1) resonances of the spinning exotic compact objects with reflecting Dirichlet boundary condi-

tions and for a massless scalar field mode with l = m = 1. One finds a remarkably good agreement

between our analytical results and the corresponding numerical data of [13].

6 Analytical vs. former numerical results

It is physically important to compare our analytical results for the marginally-stable exotic

compact objects with the corresponding numerical data published recently in the very in-

teresting work of Maggio, Pani, and Ferrari [13]. In table 5 we display, for various values of

the compactness parameter δ ≡ (rmax
c − r+)/M

16 introduced in [13], the dimensionless ra-

tio āanalytical(δ)/ānumerical(δ). Here {āanalytical(δ)} are the analytically derived dimensionless

angular momenta which characterize the critical (marginally-stable) spinning exotic com-

pact objects, and {ānumerical(δ)} are the corresponding numerically computed [13] values

of the critical rotation parameter. Interestingly, from the data presented in table 5 one

finds a remarkably good agreement between our analytical formulas and the corresponding

numerical data of [13].

7 Summary and discussion

Horizonless exotic compact objects with reflective properties have recently attracted much

attention from physicists as possible quantum-gravity alternatives to classical black-hole

spacetimes (see [1–13] and references therein). In a physically important work, Maggio,

Pani, and Ferrari [13] have recently studied numerically the stability properties of a family

of horizonless spinning exotic compact objects which are characterized by curved spacetime

geometries that modify the Kerr metric only at some microscopic scale around the would-be

classical horizon.

The numerical analysis presented in [13] has demonstrated that horizonless spinning

compact objects with reflective surfaces may become superradiantly unstable to scalar

perturbation modes. Intriguingly, however, the results presented in [13] have revealed the

important fact that the ergoregion instability shuts down if the quantum reflective surface of

the horizonless compact object is located far enough from the would-be classical black-hole

horizon. This highly interesting numerical result implies, in particular, that there exists

a unique family of marginally-stable spinning exotic compact objects which determine the

critical boundary between stable and unstable horizonless spinning configurations.

16Note that the dimensionless coordinate δ introduced in [13], which characterizes the radius of the

horizonless reflecting exotic compact object, can be expressed in the form δ = xc
1−xc

·
r+−r

−

M
(see eq. (3.4)).
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In the present paper we have used analytical techniques in order to explore the phys-

ical properties of the critical (marginally-stable) spinning exotic compact objects. These

horizonless reflecting objects are characterized by their ability to support spatially regular

static configurations of massless scalar fields in their exterior spacetime regions. The phys-

ical significance of this unique family of critical (marginally-stable) exotic compact objects

stems from the fact that it marks the boundary between stable and unstable composed

spinning-exotic-compact-object-massless-scalar-field configurations.

The main results derived in the present paper and their physical implications are as

follows:

(1) We have proved that, for given angular harmonic indices (l,m) of the massless scalar

field mode, there exist two discrete spectra of radii, {rDirichlet
c (ā, l,m;n)}n=∞

n=1 and

{rNeumann
c (ā, l,m;n)}n=∞

n=1 , which characterize the horizonless spinning compact ob-

jects with reflective boundary conditions that can support the spatially regular static

(marginally-stable) scalar field configurations. In particular, we have shown that the

analytically derived resonance equations (see eqs. (3.12) and (3.13))

2F1(l + 1− 2iα, l + 1; 2l + 2; 1− xDirichlet
c ) = 0

and
d

dx

[

x−iα(1− x)l+1
2F1(l + 1− 2iα, l + 1; 2l + 2; 1− x)

]

x=xNeumann
c

= 0 (7.1)

determine the critical dimensionless radii of the marginally-stable spinning exotic

compact objects.

(2) We have shown that the physical properties of the critical (marginally-stable) horizon-

less spinning objects can be studied analytically in the physically interesting regime

xc ≪ 1 which corresponds to highly compact exotic objects. In particular, using

analytical techniques, we have derived the remarkably compact resonance formula

(see eqs. (5.5) and (5.6))

xc(ā, l,m;n) = e−π(n+ǫ)/α ×F ; n ∈ Z , (7.2)

where

F(ā, l,m) =

[

Γ(2iα)Γ(l + 1− 2iα)

Γ(−2iα)Γ(l + 1 + 2iα)

]1/2iα

; ǫ =

{

1
2 Dirichlet B.C.

0 Neumann B.C.
(7.3)

for the discrete spectra of dimensionless radii which characterize the spinning compact

objects that can support the static (marginally-stable) massless scalar field configu-

rations.

It is worth stressing the fact that the physical significance of the largest (outermost)

radii rmax
c (ā) ≡ maxn{rc(ā;n)} stems from the fact that these critical dimensionless

radii mark the boundary between stable and unstable horizonless compact objects

with reflecting boundary conditions. In particular, spinning exotic compact objects

whose reflecting surfaces are located in the radial region rc < rmax
c (ā) are super-

radiantly unstable to scalar perturbation modes, whereas spinning exotic compact
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objects whose reflecting surfaces are located in the radial region rc > rmax
c (ā) are

stable.

(3) It has been explicitly demonstrated (see tables 3 and 4) that the analytically derived

resonance spectra (5.5) and (5.6), which determine the dimensionless discrete radii of

the horizonless exotic objects that can support the static (marginally-stable) scalar

resonances, agree in the physically interesting regime xc ≪ 1 of highly-compact

objects with the corresponding exact radii of the critical exotic compact objects (as

determined numerically directly from the resonance equations (3.12) and (3.13)).

(4) It is worth pointing out that the compact resonance spectra (7.2), which characterize

the marginally-stable horizonless configurations, can be further simplified in the slow

rotation regime ā ≪ 1. In particular, one finds from (7.2) and (7.3) the resonance

spectra17

xc(ā ≪ 1, l,m;n) = e−2π(n+ǫ− 1
2
)/mā × e−2[ψ(l+1)−ψ(1)] ; n ∈ Z (7.4)

in the regime ā ≪ 1 (or equivalently, α ≃ mā/2 ≪ 1, see eq. (3.4)) of slowly-rotating

exotic compact objects. It is worth noting that this analytical formula is especially

useful since it is highly difficult to probe numerically [13] the small ā ≪ 1 regime

(which, as is evident from (7.4), corresponds to exponentially small values of the

dimensionless radius xc(ā ≪ 1)).

(5) It is interesting to note that a no-scalar-hair theorem has recently been derived for

spherically symmetric (non-rotating) horizonless compact reflecting stars [70]. This

theorem [70] excludes, in particular, the existence of spatially regular configurations

made of massless scalar fields non-linearly coupled to horizonless compact objects

with reflecting boundary conditions. On the other hand, in the present paper we

have explicitly established the existence of massless scalar field configurations lin-

early coupled to non-spherically symmetric (rotating) compact objects. It is worth

noting that the analytically derived formula (7.4) agrees with these findings. In par-

ticular, one finds from (7.4) that there are no marginally stable (ω = 0) scalar field

configurations in the non-rotating ā = 0 case (that is, xc = 018 for non-rotating

horizonless compact objects with ā = 0).

(6) Finally, we have explicitly demonstrated that our analytical formulas agree remark-

ably well with the corresponding numerical data that recently appeared in the inter-

esting work of Maggio, Pani, and Ferrari [13].

17Here we have used the relations [Γ(2iα)/Γ(−2iα)]1/2iα = e2ψ(1)+π/2α[1+O(α)] and [Γ(l+1−2iα)/Γ(l+

1 + 2iα)]1/2iα = e−2ψ(l+1)[1 + O(α)] in the α = (mā/2) · [1 + O(ā2)] ≪ 1 regime, where ψ(z) is the Psi

(Digamma) function (see eq. (6.3.1) of [59]).
18Note that the relation xc = 0 corresponds to the physically unacceptable case of an horizonless compact

object whose reflecting surface exactly coincides with the absorbing horizon of a black-hole spacetime.

– 12 –



J
H
E
P
0
6
(
2
0
1
7
)
1
3
2

Acknowledgments

This research is supported by the Carmel Science Foundation. I thank Yael Oren, Arbel

M. Ongo, Ayelet B. Lata, and Alona B. Tea for stimulating discussions.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.

References

[1] P.O. Mazur and E. Mottola, Gravitational condensate stars: an alternative to black holes,

gr-qc/0109035 [INSPIRE].

[2] S.D. Mathur, The fuzzball proposal for black holes: an elementary review,

Fortschr. Phys. 53 (2005) 793 [hep-th/0502050] [INSPIRE].

[3] C.B.M.H. Chirenti and L. Rezzolla, How to tell a gravastar from a black hole,

Class. Quant. Grav. 24 (2007) 4191 [arXiv:0706.1513] [INSPIRE].

[4] K. Skenderis and M. Taylor, The fuzzball proposal for black holes,

Phys. Rept. 467 (2008) 117 [arXiv:0804.0552] [INSPIRE].

[5] P. Pani, E. Berti, V. Cardoso, Y. Chen and R. Norte, Gravitational wave signatures of the

absence of an event horizon: nonradial oscillations of a thin-shell gravastar,

Phys. Rev. D 80 (2009) 124047 [arXiv:0909.0287] [INSPIRE].

[6] A. Almheiri, D. Marolf, J. Polchinski and J. Sully, Black holes: complementarity or

firewalls?, JHEP 02 (2013) 062 [arXiv:1207.3123] [INSPIRE].

[7] V. Cardoso, L.C.B. Crispino, C.F.B. Macedo, H. Okawa and P. Pani, Light rings as

observational evidence for event horizons: long-lived modes, ergoregions and nonlinear

instabilities of ultracompact objects, Phys. Rev. D 90 (2014) 044069 [arXiv:1406.5510]

[INSPIRE].

[8] M. Saravani, N. Afshordi and R.B. Mann, Empty black holes, firewalls and the origin of

Bekenstein-Hawking entropy, Int. J. Mod. Phys. D 23 (2015) 1443007 [arXiv:1212.4176]

[INSPIRE].

[9] C. Chirenti and L. Rezzolla, Did GW150914 produce a rotating gravastar?,

Phys. Rev. D 94 (2016) 084016 [arXiv:1602.08759] [INSPIRE].

[10] J. Abedi, H. Dykaar and N. Afshordi, Echoes from the abyss: evidence for Planck-scale

structure at black hole horizons, arXiv:1612.00266 [INSPIRE].

[11] B. Holdom and J. Ren, Not quite a black hole, Phys. Rev. D 95 (2017) 084034

[arXiv:1612.04889] [INSPIRE].
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