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1 Introduction

One of the recent greatest experimental triumphs in particle physics is the confirmation of

the nonzero neutrino mixing angle θ13 [1–5]. After combining these data through suitable

statistical methods, the three mixing angles of the neutrino mixing matrix (UPMNS), pro-

posed by Pontecorvo, Maki, Nakagawa, and Sakata (PMNS) [6, 7], were precisely pinned

down [8–14]. Also, the experimental results and the results of the global analyses provide

us the information on the Dirac phase, which describes the CP violation in the lepton sec-

tor, even though all the possibilities of the phase are still consistent within a 3σ confidence

level [13, 14]. When we measure the CP phase and determine the pattern of the ordering

in neutrino masses (normal or inverted), we achieve a comprehensive understanding on the

nature of neutrinos.

On the other hand, we should provide a reasonable answer to the question, “why

(active) neutrino masses are so tiny?”. These mass spectrum should be almost degenerated

and the sum of the eigenvalues are constrained by Planck experiment [15], concretely

speaking it being less than 0.23 eV. The simplest extension of the standard model (SM) for

realizing the experimental result is to introduce new SU(2)L singlet right-handed neutrinos

and Dirac mass terms for the neutrino masses. Unfortunately in this extension, the tiny

mass eigenvalues should be realized by hand.

Around 1980, the attempt to build the neutrino mass model which can explain the

smallness in a natural way, began. In the grand unified theory (GUT), the lepton number

is violated in general and Majorana neutrino masses can exist. Inspired by the low en-

ergy effective theory of the GUTs, Majorana neutrino mass models were built as minimal
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extensions of the SM. Three pioneer works, seesaw model [16–19], SU(2)L triplet Higgs

model [20–22], and Zee model [23], were submitted. In the three models, the lepton number

is explicitly broken due to newly introduced fields and interactions, and Majorana mass

terms for the left-handed SU(2)L doublet neutrinos are induced. The smallness of the neu-

trino masses is naturally explained by the seesaw mechanism in seesaw and SU(2)L triplet

Higgs models, and by the one loop amplitude in Zee model. After that, many progresses

and variations were made, which are reviewed in, for instance, [24–27]. We note that the

building of loop-induced neutrino scenarios is recently active [28–42]. Experiments have

not yet determined whether the neutrino masses obey the Dirac or Majorana type. Neu-

trino oscillation experiments cannot determine the type. Neutrinoless double beta decay

is one signal of Majorana neutrino. The Heidelberg-Moscow experiments reported the sig-

nal [43, 44], but the results have not yet been confirmed [45]. The possibility of pure Dirac

type is not excluded. Then in the present article, we pursuit a neutrino mass model of

pure Dirac type.

Crossing the last millennium, new solutions to the gauge hierarchy problem were sug-

gested, which are constructed in higher dimensional spacetime including brane structure.

They are large extra dimensions [46, 47] and Randall-Sundrum (RS) models [48, 49]. Based

on the frameworks, many models to explain the fermion mass hierarchy appeared [50–61].

A successful model where tiny and pure Dirac mass terms are generated in a natural way is

the model by Grossman-Neubert [55]. The model is based on the RS spacetime geometry.

Only the graviton and the SU(2)L singlet right-handed neutrino fly in the bulk, and all the

SM fields are confined in the TeV brane. The right-handed neutrino is localized near the

Planck brane and the value of the mode function on the TeV brane is suppressed by the

warp factor. Then the tiny Dirac mass terms are naturally induced through the Yukawa

couplings on the TeV brane. Apart from above frameworks, various works had been made

for addressing issues related to flavor structure in the context of extra dimensions [62–88].

Among them, a series of models are constructed on the flat extra dimension of an inter-

val [80] or S1 [81, 86], and the compactification scale is taken as traditional small one. The

models introduce some point interactions (zero-thickness branes) and can derive the SM

plus the observed neutrino masses and mixings. All fields live in the bulk, including singlet

fermions which become the SU(2)L singlet right-handed neutrinos in four dimension after

the Kaluza-Klein decomposition. Then, the tiny and Dirac neutrino masses are induced

without fine tuning.1

In contrast with the above models, in this article, we present a new mechanism to

induce pure Dirac neutrino masses on the small and flat extra dimension without any

SU(2)L singlet right-handed neutrino or other fields for radiative generation of Majorana

mass terms. The mechanism might be the simplest one among mechanisms to induce tiny

pure Dirac masses naturally. This new mechanism is discussed again on five-dimensional

(5d) space-time of an interval. A key point is that we consider asymmetric boundary

conditions (BC’s) on the two end points. As we see later, in a certain parameter choice,

both of left and right components of the active neutrinos are provided as 4d states of a 5d

1We mention that this direction was also applied for the generation of Majorana mass terms [85].
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SU(2)L doublet neutrino with a tiny mass, which is described as the a fundamental mass

scale times an exponential suppression factor.

We propose also a prototype of a realistic model in which the new mechanism is

embedded. A nontrivial point is that we also predict active right-handed components

under SU(2)L, which seems to lead to additional gauge interactions, and eventually new

contributions to the invisible decay width of the Z boson, which are severely restricted by

the LEP experiments [89–94]. We show that implementing this mechanism to the standard

model gauge structure is possible when all the gauge bosons and the Higgs boson are

localized on one of the branes, where the right-hand components have almost zero overlaps

with the Z boson, and thereby we can evade the constraint from the invisible decay channel.

This paper is organized as follows. In section 2, we see details on the configuration

which generates tiny Dirac mass under asymmetric BC’s. In section 3, we discuss how to

implement the above mechanism to the SM gauge structure consistently. In section 4, we

summarize our results and conclude.

2 Boundary condition for Dirac neutrino with minuscule mass

In this section, we revisit the setup discussed in ref. [78], where we investigate a 5d free

fermion with a bulk mass M .2 The action is given by

Sf,free =

∫
d4x

∫ L

0
dy
{

Ψ(x, y)
[
iΓM∂M −M

]
Ψ(x, y)

}
, (2.1)

where xµ (µ = 0, 1, 2, 3) are the coordinates of the 4d Minkowski spacetime and y is that

of an extra dimension. We take the extra dimension to be an interval whose length is L.

Ψ(x, y) denotes a four-component 5d Dirac spinor with its Dirac conjugate Ψ defined as

Ψ†Γ0, and ΓM (M = 0, 1, 2, 3, y) are the four-by-four gamma matrices given by

ΓM =

{
γµ M = µ = 0, 1, 2, 3,

iγ5 M = y,
(2.2)

which satisfy the algebra {
ΓM ,ΓN

}
= −2ηMN14. (2.3)

Here, the 5d metric ηMN is chosen as ηMN = diag(−1, 1, 1, 1, 1). A 5d Dirac spinor

Ψ(x, y) is decomposed into the left-handed component ΨL and the right-handed one ΨR

as Ψ = ΨL + ΨR, where the chiral projectors PL/R working as ΨL/R = PL/RΨ are defined

by PL/R = (1∓ γ5)/2.

As discussed in [78], all the possible BC’s at y = 0, L in this system are classified by

use of the action principle, where the following four types are possible:

type (I): ΨR(x, 0) = ΨR(x, L) = 0,

type (II): ΨL(x, 0) = ΨL(x, L) = 0,

type (III): ΨR(x, 0) = ΨL(x, L) = 0,

type (IV): ΨL(x, 0) = ΨR(x, L) = 0. (2.4)

2Note that a similar discussion is found in ref. [71].
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Also, the action principle gives us the bulk equation of motion, which is just the 5d Dirac

equation as
[
iγµ∂µ − γ5∂y −M

]
Ψ(x, y) = 0. By casting the chiral projectors on it, the

equation is decomposed as

iγµ∂µΨL(x, y)−DΨR(x, y) = 0,

iγµ∂µΨR(x, y)−D†ΨL(x, y) = 0, (2.5)

with the two derivative operators D ≡ ∂y + M and D† ≡ −∂y + M . It is important that

the remaining BC’s are automatically fixed through the 5d equations as

type (I): D†ΨL(x, 0) = D†ΨL(x, L) = 0,

type (II): DΨR(x, 0) = DΨR(x, L) = 0,

type (III): D†ΨL(x, 0) = DΨR(x, L) = 0,

type (IV): DΨR(x, 0) = D†ΨL(x, L) = 0. (2.6)

After the 5d field is Kaluza-Klein (KK) decomposed as Ψ(x, y) =
∑

n ψL,n(x)fn(y) +∑
n ψR,n(x)gn(y), we can consider particle profiles in terms of mode functions fn(y) and

gn(y). The 4d components obey the 4d Dirac equations,

iγµ∂µψL,n(x)−mnψR,n(x) = 0, iγµ∂µψR,n(x)−mnψL,n(x) = 0. (2.7)

From eqs. (2.5) and (2.7), we show that the two mode functions obey the Dirac equations,3

D†fn(y) = mngn(y), Dgn(y) = mnfn(y), (2.8)

and also Klein-Gordon equations,

DD†fn(y) = m2
nfn(y), D†Dgn(y) = m2

ngn(y). (2.9)

The relation D†D = DD† = −∂2y +M2 is found in the Klein-Gordon operators. The BC’s

are represented as conditions on the mode functions by

type (I): D†fn(0) = D†fn(L) = gn(0) = gn(L) = 0,

type (II): fn(0) = fn(L) = Dgn(0) = Dgn(L) = 0,

type (III): D†fn(0) = fn(L) = gn(0) = Dgn(L) = 0,

type (IV): fn(0) = D†fn(L) = Dgn(0) = gn(L) = 0. (2.10)

It is not so difficult to solve these quantum mechanical systems and we provide the

solutions in the following part. In every case, a bound-state solution or a pair of such

kind of solutions (m2
0 ≤ M2) is realizable depending on a value of the bulk mass M . On

the other hand, irrespective of a value of M , infinite number of positive energy solutions

(m2
n > M2) are possible, which we usually call KK modes. Note that the positive modes

always correspond to Dirac particles, and both of Weyl and Dirac fermions can occur as

the bound states.

3Note that these relations are understood through quantum mechanical supersymmetry [95–98].
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• type (I):

0) m2
0 = 0,

f0(y) =

√
2M

e2ML − 1
eMy, g0(y) : no solution, (2.11)

n) m2
n = M2 +

(nπ
L

)2
(n = 1, 2, 3, · · · ), (2.12)

fn(y) =
1√
2L

(
ei
nπ
L
y −

M − inπL
M + inπL

e−i
nπ
L
y

)
, (2.13)

gn(y) =
i

mn

√
2

L

(
M − inπ

L

)
sin

(
nπ

L
y

)
. (2.14)

• type (II):

0) m2
0 = 0,

f0(y) : no solution, g0(y) =

√
2M

1− e−2ML
e−My, (2.15)

n) m2
n = M2 +

(
nπ

L

)2

(n = 1, 2, 3, · · · ), (2.16)

fn(y) =

√
2

L
sin

(
nπ

L
y

)
, (2.17)

gn(y) =
1

mn

√
2

L

(
−nπ
L

cos

(
nπ

L
y

)
+M sin

(
nπ

L
y

))
. (2.18)

• type (III):

0) m2
0 = M2 − κ2 with

κ

M
= − tanh(κL), (2.19)

f0(y) =


√

κ

sinh(2κL)− 2κL

(
eκ(y−L) − e−κ(y−L)

)
for ML < −1,

no solution for ML ≥ −1,

(2.20)

g0(y) =


√

κ

sinh(2κL)− 2κL

2M

m0 (eκL + e−κL)

(
eκy − e−κy

)
for ML < −1,

no solution for ML ≥ −1,

(2.21)

n) m2
n = M2 + k2n with

kn
M

= − tan(knL) (n = 1, 2, 3, · · ·), (2.22)

knL =



(
n− 1

2

)
π < knL < nπ (for ML > 0),

(n− 1)π < knL <
(
n− 1

2

)
π (for − 1 < ML < 0),

nπ < knL <
(
n+ 1

2

)
π (for ML ≤ −1),

(2.23)
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fn(y) =

√
1

L
2 −

1
4kn

sin(2knL)
sin (kn(y − L)) , (2.24)

gn(y) =
1

mn

√
1

L
2 −

1
4kn

sin(2knL)
(−kn cos(kn(y − L)) +M sin(kn(y − L))) .

(2.25)

• type (IV):

0) m2
0 = M2 − κ2 with

κ

M
= + tanh(κL), (2.26)

f0(y) =


√

κ

sinh(2κL)− 2κL

(
eκy − e−κy

)
for ML > 1,

no solution for ML ≤ 1,

(2.27)

g0(y) =



√
κ

sinh(2κL)− 2κL

2M

m0 (eκL + e−κL)

(
eκ(y−L) − e−κ(y−L)

)
for ML > 1,

no solution for ML ≤ 1,

(2.28)

n) m2
n = M2 + k2n with

kn
M

= + tan(knL) (n = 1, 2, 3, · · ·), (2.29)

knL =



(
n− 1

2

)
π < knL < nπ (for ML < 0),

(n− 1)π < knL <
(
n− 1

2

)
π (for 0 < ML < 1),

nπ < knL <
(
n+ 1

2

)
π (for ML ≥ 1),

(2.30)

fn(y) =

√
1

L
2 −

1
4kn

sin(2knL)
sin (kny) , (2.31)

gn(y) =
1

mn

√
1

L
2 −

1
4kn

sin(2knL)
(−kn cos(kny) +M sin(kny)) . (2.32)

Situations are very different between types (I), (II) and types (III), (IV). In the former

category, the lowest energy state is chiral and then massless (m0 = 0), whose chirality is

determined by the BC’s. Concretely, a left-handed/right-handed Weyl fermion is realized

when we choose the type (I)/(II) BC’s. The bulk mass M makes the profiles localized

toward either of the end points and its direction is dictated by the sign of M . After we

switch on Yukawa interactions, these fermions form Dirac masses and become massive.

The localized profiles can help us to generate the observed fermion mass hierarchy.

In the latter category, on the other hand, even the lowest mode is Dirac and both of left-

handed and right-handed fermions emerge. In general, the corresponding mass eigenvalue

is not zero (m0 6= 0). The existence of the Dirac mode depends on not only the type of
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BC’s, but also the value of ML. We should solve the transcendental equations to know

exact spectrum, while the conditions required for consistent solutions, e.g., ML < −1 in

eq. (2.20), are easy to be derived. First, we focus on the type (IV), where the condition is

that M is positive and ML is greater than one. The transcendental form κ/M = tanhκL

is approximated with good precision when eκL � 1 as

κ = M tanh(κL) 'M
(
1− 2e−2κL

)
, (2.33)

where such a situation is easily achievable by a positive κ with κL & O(1). Here, we can

find the relation when κL & 2 ∼ 3

κ 'M (when κL & 2 ∼ 3). (2.34)

Now, the corresponding mass eigenvalue m0 is evaluated semi-analytically as

m2
0 = M2 − κ2 ' 4M2e−2κL ' 4M2e−2ML. (2.35)

Interestingly, we can obtain an exponentially suppressed Dirac mass via the interre-

lation between the bulk mass and the BC’s. The above formula will be used to generate

minuscule active neutrino masses. The left-handed and right-handed modes are tightly lo-

calized around the branes at y = L and y = 0, respectively for minimizing their overlap. A

significant feature is that the profiles have zero probabilities on either of the branes, which

should be required by the BC’s. Concretely speaking, the mode function of the left-handed

fermion is zero at y = 0 (f0(0) = 0), while the right-handed counterpart is zero at y = L

(g0(L) = 0). This property is fascinating when we try to apply this mechanism to the

neutrino sector of the SM.

Finally we touch the situation in the type (III) BC’s. The major difference is only in

the way of fermion localizations, where the left-handed and right-handed modes are located

around y = 0 and y = L, respectively. The feature of the lowest mass eigenvalue is the

same. We easily recognize this point after rewriting the bulk mass M , which should be

negative and ML < −1 for realizing a nontrivial solution, as M = −|M |.

3 Implementation

Based on the discussion in the previous section, we try to implement the mechanism to

the neutrino sector of the SM. In a minimal extension of the SM with neutrino Dirac

mass terms, we should introduce right-handed SU(2)L singlet neutrinos and tiny Yukawa

couplings should be arranged by hand. Our mechanism would resolve these unnatural

points, where right-handed components are also supplied from 5D SU(2)L doublets and

minuscule active neutrino masses are generated by the dynamics of the extra dimension as

we showed before.

This strategy could look fine, but one would worry about the constraint from the

invisible decay width of the Z boson since additional SU(2)L non-singlet right-handed

fermions appear in theory and extra contributions to the invisible channel are severely

restricted [89–94]. This problem is hard to be avoided when gauge bosons live in the

– 7 –



J
H
E
P
0
6
(
2
0
1
6
)
1
7
8

bulk. Nevertheless, we can find a way for evading this difficulty when we remember the

property that the right-handed components have zero profiles on either of the two branes.

Hereafter, we choose the type (IV) BC’s for discussions, where the profile of the (lightest)

right-handed mode vanishes on the brane located at y = L (g0(L) = 0). If all the gauge

bosons are completely confined and localized on this brane, this right-handed mode cannot

have gauge interactions and the issue on the invisible channel is automatically solved.

Note that the corresponding left-handed parts are localized around the brane and thereby

interact with the gauge bosons. In the following part, we make a concrete discussion.

The 5d action of our phenomenological model is as follows:

S = SEW + Slepton,

SEW =

∫
d4x

∫ L

0
dy δ(y − L)

{
− 1

4

3∑
a=1

W a
µνW

aµν − 1

4
BµνB

µν

+H†(DµD
µ −M2

H)H − λ

4

(
H†H

)2}
, (3.1)

Slepton =

∫
d4x

∫ L

0
dy

{
3∑
i=1

[
Li(iΓ

M∂M −MLi)Li
]

+

3∑
i=1

[
Ei(iΓ

M∂M −MEi)Ei
]

+ δ(y − L)

[
3∑
i=1

ζLiLi(iγ
µDµPL)Li +

3∑
i=1

ζEiEi(iγ
µDµPR)Ei

−

(
3∑

i,j=1

YijLiHEj + h.c.

)]}
, (3.2)

where we only consider the electroweak part (SEW) and the lepton part (Slepton). The

structure of the electroweak part is completely the same as in the SM, except that they

are located on the brane at y = L. W a
µν (a = 1, 2, 3), Bµν , and H stand for the 4d field

strength of the SU(2)L and U(1)Y gauge bosons, and the 4d Higgs doublet, respectively.

The Higgs potential is described by the two parameters M2
H and λ. In this scenario, the

property of the Higgs boson is completely the same as it is in the SM. We require that the

parameter M2
H is negative, which generates spontaneous electroweak symmetry breaking

and the W and Z gauge bosons obtain masses. Here, as the SM, M2
H should be set as the

electroweak scale by hand, and then the hierarchy problem cannot be solved.4

On the other hand, we assume that three SU(2)L doublet leptons and three SU(2)L
singlet charged leptons live in the bulk and interact with the gauge bosons and the Higgs

through the brane-local interactions. The three types of coefficients ζLi , ζEi and Yij have

the mass dimension −1. Dµ represents the corresponding covariant derivatives.

The brane-local gauge interactions contain kinetic terms and then the existence of them

changes the equation of motions and BC’s. It is important to note that the existence of the

brane-local kinetic terms does not change the original BC’s in eq. (2.4). Meanwhile, the

4We note that our strategy on the neutrino mass via boundary conditions would be viable on the RS

warped background [49], where the gauge hierarchy problem can be (classically) solved when the Higgs

doublet is localized around the TeV brane.

– 8 –



J
H
E
P
0
6
(
2
0
1
6
)
1
7
8

equation of motions, and also “derived” BC’s by use of them subsequently, are manifestly

deformed by the presence.

We mention that the situation in the neutrino mass is similar to that in the Higgsless

model [99], where no Higgs doublet is introduced and mass hierarchies and mixings are

realized by boundary conditions and/or interactions with brane-local fields. In our scenario,

the Higgs doublet is involved for Yukawa interactions of the SM fermions except for the

neutrinos. Here, we take all the mass parameters are around the 4d Planck scale, where

all the KK-excited states are located far above the reach of the LHC and future collider

experiments. It is noted that under the existence of the Higgs doublet, physical masses of

the KK particles need not be around a TeV scale for unitarizing the scattering amplitudes

of the longitudinal components of the SM gauge bosons. As widely known, the Higgs

doublet maintains the unitarity in the simplest way.

We comment on the gauge symmetry on the system. The gauge symmetry is not exact

in our phenomenological description where the fermions couple to the gauge bosons only

at the brane and they fly in the bulk. At the brane, the fermions are transformed as

4d gauge rotations, while no such kind of transformation is defined in the bulk since we

assume that the fermions are free in this space. This discontinuity leads to the violation of

the gauge symmetries in the system, and subsequently results in the remnant through the

fermionic triangle loop diagrams associated with chiral anomalies. Here, the remnant part

should be very small since deviations in effective gauge couplings are strictly restricted.

We quantify the deviations and discuss the condition for keeping the magnitude of them

within acceptable ranges in a later part.

3.1 SU(2)L doublet part

3.1.1 Deformation via brane-local kinetic terms

At first, we try to look at the SU(2)L doublet part. Each of Li is decomposed as (νi, ei)
T

with the 5d neutrino field νi and the 5d charged lepton field ei. To keep the SU(2)L gauge

structure, we assign the same BC’s on them. We choose the type (IV) BC’s as the original

BC’s, where the lightest right-handed fields ν
(0)
R, i and e

(0)
R, i cannot have gauge interactions

on the brane. Now, the Dirac equations in eq. (2.8) are modified as

D†fn,Li(y) = mn,Lign,Li(y), (3.3)

Dgn,Li(y) = mn,Li [1 + ζLiδ(y − L)] fn,Li(y), (3.4)

where the second equation contains the contribution from the brane-local kinetic term in

eq. (3.2). We adopt the method for treating the localized terms discussed in refs. [100, 101].5

The way of this approach is as follows. First, we consider that the localized terms are

away from the boundary at a distance ε, which suggest the presence of the localized terms

with a Dirac δ-function in the bulk equation of motion. Next, we put the “original” BC’s

on the fields at the exact position of the corresponding boundary (y = L). The effective

BC including the effect of the brane-local terms can be evaluated by integrating the bulk

5Recently, a detailed discussion on a scalar field coupled to a brane on S1 was made in ref. [102].
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equation in eq. (3.4) after the following manipulation as

Dgn,Li(y) = mn,Li [1 + ζLiδ(y − (L− ε))] fn,Li(y), (3.5)

among y within the range of [L− ε, L]. The resultant is obtained by∫ L

L−ε
dyDgn,Li(y) = gn,Li(L)− gn,Li(L− ε) = −gn,Li(L− ε) = ζLimn,Lifn,Li(L− ε),

(3.6)

where we use the original BC at y = L (gn,Li(L) = 0). Finally, we take the limit ε → 0

and we obtain the following form,

ζLimn,Lifn,Li(L) + gn,Li(L) = 0, (3.7)

where apparently the original BC is recovered in the limit ζLi → 0.

After this, we focus on the bound-state solution (n = 0). From the original BC’s at

y = 0 (with eq. (3.3)), the forms of f0, Li and g0, Li are partly fixed as

f0, Li(y) = ALi
(
eκLiy − e−κLiy

)
, (3.8)

g0, Li(y) =
ALi
m0, Li

(
(−κLi +MLi)e

κLiy − (κLi +MLi)e
−κLiy

)
, (3.9)

with a normalization factor ALi . Through the equation in (3.7), we can reach the relation

ζLim
2
0, Li tanh(κLiL) +MLi tanh(κLiL) = κLi , (3.10)

which is the deformed condition to determine the physical mass spectrum m2
0, Li

=M2
Li
−κ2Li .

Here, we should emphasize that our interest is in the case that the value of m0, Li is

extremely small, where such a situation is naturally realized by the bulk mass and the

original BC’s with ζLi = 0 (see eq. (2.35)). The existence of the brane-local parameter

ζLi would change the value of m0, Li , but the exponential smallness of m0, Li should be

preserved even with ζLi 6= 0. Actually, we find that m2
0, Li

with a nonzero ζLi is, by solving

the equation (3.10), approximately given by

m2
0, Li '

4M2
Li
e−2MLi

L

1 + 2ζLiMLi

, (3.11)

which is exponentially small with MLiL & 2 ∼ 3. Thereby, the modification originated

from a nonzero ζLi would not be so significant for the exponential suppression of m0, Li .

The presence of the brane-local part enforces to re-evaluate the normalization factor

ALi in f0, Li as ∫ L

0
dy [1 + ζLiδ(y − L)] f20, Li(y) = 1, (3.12)

which leads to

ALi =

√
1

(sinh(2κLiL)− 2κLiL) /κLi + 2ζLi(cosh(2κLiL)− 1)
. (3.13)
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At the end of this section, we comment on the value of g0, Li at the boundary y = L

after the modification. Now, the eq. (3.7) says,

g0, Li(L) = −ζLim0, Lif0, Li(L), (3.14)

which is no more zero even though the right-hand side would be very small since m0, LiL� 1

is required within our interest. On the other hand, the chirality projector in eq. (3.2) makes

the right-handed modes still completely decoupled from the brane-localized gauge bosons.

Thereby, there is still no need for worrying about additional contributions to the Z boson

invisible width.

3.1.2 Neutrino mass

Here, we look at target values of the bulk masses for realizing the observed neutrino mass

hierarchy. In our scenario, the neutrino masses are given as tiny masses, where no 5d SU(2)L
singlet neutrino is introduced. For simplicity, we only focus on the normal hierarchy in

the neutrino mass ordering. A latest combined result by Bayesian method is announced in

ref. [13] as ∆m2
21 = 7.5×10−5 eV2 and ∆m2

32 = 2.457×10−3 eV2 at the best fit point in the

χ2 analysis. When we fix m1 as 0.01 eV, the other two are determined as m2 ' 0.0132 eV

and m3 ' 0.0498 eV, respectively. The mass relation in eq. (3.11) is written as

m0, Li '
2MLie

−MLi
L√

1 + 2ζLiMLi

=
2M̃Li(L

−1)e−M̃Li√
1 + 2ζ̃LiM̃Li

, (3.15)

with dimensionless variable M̃Li ≡ MLiL. In this analysis, we set the mass scale L−1 at

the 4d Planck mass Mpl = 1.22× 1019 GeV. As we discuss later, the lower bound of ζ̃Li is

estimated as ζ̃Li ∼ 10. Here, we use the value ζ̃Li = 10 for estimation. When we adopt the

following choice,

M̃L1 = 70.6, M̃L2 = 70.3, M̃L3 = 69.0, (3.16)

the realized neutrino masses are

m0, L1 = mν1 ' 0.010 eV, m0, L2 = mν2 ' 0.013 eV, m0, L3 = mν3 ' 0.049 eV. (3.17)

Now, we show that our mechanism works well for generating the order of the minuscule

observed neutrino masses with no serious parameter tuning. Note that a bit parameter

tuning would be required when we focus on the observed result with good precision.

3.1.3 Constraints via gauge coupling deviation

In the current configuration, the SU(2)L doublet leptons live both in the bulk and the

brane at y = L, which forces to re-normalize the wave function profiles of the leptons as

concretely calculated in eq. (3.13). The contribution from the bulk to the factor produces
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a deviation in the SU(2)L gauge coupling g from the value in the SM as

g ζLi

∫ L

0
dy δ(y − L)f20, Li(y) = g

(
2ζLi(cosh(2κLiL)− 1)

(sinh(2κLiL)− 2κLiL) /κLi + 2ζLi(cosh(2κLiL)− 1)

)
' g

(
2ζ̃Li

1/κ̃Li + 2ζ̃Li

)
≡ g(1 + ai), (3.18)

where we assume that κLiL is not small. Note that this form has a dependence on the

generation shown by the index i. The form of the deviation in the U(1)Y gauge interaction

takes the same.

This type of deviation is severely constrained by electroweak precision measurements.

The calculation of the Fermi constant GF yields

GF =
(g(1 + ai))

2

4
√

2m2
W

=
g2

4
√

2m2
W

+
g2(2ai + a2i )

4
√

2m2
W

≡ GF, 0 + δGF . (3.19)

We estimate the bound through the Peskin-Takeuchi S, T, U parameters [103, 104], which

are related to the deviation in the Fermi constant δGF as [105–108]

S = 0, T = − 1

α

δGF
GF

, U =
4 sin2 θW

α

δGF
GF

, (3.20)

where α is the electromagnetic fine structure constant and sin θW is the sine of the Weinberg

angle in the MS scheme, both given at the scale mZ as α(mZ) ' 1/127.916, sin2 θW '
0.2313, respectively [45]. The factor δGF /GF is easy to be estimated as

δGF
GF

=
2ai + a2i
(1 + ai)2

' 2ai, (3.21)

since ai should be |ai| � 1. The latest values of the oblique parameters reported by the

Gfitter group [109] are S = 0.05± 0.11, T = 0.09± 0.13, U = 0.01± 0.11 in the reference

point mt, ref = 173 GeV and mh, ref = 125 GeV. The correlation coefficients between the

three parameters are given by ρST = +0.90, ρSU = −0.59, ρTU = −0.83, respectively.

To perform a χ2 analysis gives us the allowed region of ai with a 95% confidence level as

−7.62× 10−4 . ai . 1.99× 10−4. (3.22)

Note that the factor ai tends to be negative in our case and we focus on the lower bound.

Following the discussion in the previous section, the parameters κ̃Li (i = 1, 2, 3) should be

around 70. When we fix κ̃Li' M̃Li = 70, the brane-local parameters ζ̃Li should fulfill the

condition

ζ̃Li & 9.4, (3.23)

to circumvent the bound.
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We add a few comments. The lepton universality is not severely violated if the condi-

tion in eq. (3.23) is realized. The deviation in the SU(2)L gauge coupling also modifies the

tree level unitarity condition for longitudinal components of the massive gauge bosons.

On the other hand, processes with lepton flavor violation are tightly constrained by

experiments. In the following part, we concretely have a discussion on the bound via the

Z-boson related processes, Z → µ±e∓ and µ− → e−Z∗ → e−e+e− (∗ implying offshellness

of the intermediate particle). When ai is not universal among i = 1, 2, 3, the lepton flavor

violating part emerges in the vertex e′Lγ
µZµµ

′
L, where the leptons in their mass eigenstates

are designated with the prime symbol. In the present scenario, as we explicitly mention

later in eq. (3.37), the Yukawa couplings of the neutrinos are diagonal and then the left-

handed charged lepton fields should be transformed as

eL, i = (U †PMNS)ij e
′
L, j . (3.24)

Here, we assume that the lepton Yukawa matrix is diagonalized only by the unitary trans-

formation for the left-handed charged leptons, without nontrivial unitary transformation

for the right-handed ones. In this circumstance, lepton flavor violation occurs only in

e′Lγ
µZµµ

′
L. The coefficient of this operator Ce′LZµ′L

is easily calculated with the notation

of [110] as

Ce′LZµ′L
≡ gZL,` δg, gZL,` = e

[
I3W,` − s2WQ`

sW cW

]
, δg ≡

3∑
i=1

(UPMNS)1,i (U∗PMNS)2,i ai, (3.25)

where e, I3W,` and Q` stand for the electromagnetic charge of the positron, the weak isospin

of the charged lepton (`) and the electromagnetic charge of ` in the unit of e, respectively.

Also, we adopt the short-hand notations, sW = sin θW and cW = cos θW . We used the

unitary condition (UPMNS)(U †PMNS) = 13, which suggests that δg goes to zero if a1 = a2 =

a3 (universal case). Here, we adopt the standard notation on UPMNS [45] as

UPMNS =

 c12c13 s12c13 s13e
−iδCP

−s12c23 − c12s23s13eiδCP c12c23 − s12s23s13eiδCP s23c13
s12s23 − c12c23s13eiδCP −c12s23 − s12c23s13eiδCP c23c13

 , (3.26)

with setting the two Majorana CP angles as zero since our neutrino mass matrix is Dirac-

type. We adopt the following digits for our estimation, s212 = 0.304, s213 = 0.0218, s223 =

0.452 reported in [13] as best fit values of a global analysis in the case of the normal mass

ordering.

The upper bound Br(µ− → e−e+e−) < 1.0 × 10−12 (90% confidence level) [45] puts a

constraint on δg as

|δg| . 10−6. (3.27)

Here, we do not take account of the multiplicative factor of a few originating from the

difference between the W and Z-related gauge interactions.6 We note that the bound

6We list the concrete digits, gZL,` ' −0.64 e and the W -boson counterpart gWL,` = e/(
√

2sW ) ' 1.5 e, which

appears in the dominant decay channel of µ−, µ− → νµ(W−)∗ → e−νµνe. Thus, we do not underestimate

the bound on δg.
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Figure 1. Distributions of |δg| [defined in eq. (3.25)] as functions of δCP with M̃L1
= 70.6,

M̃L2 = 70.3, M̃L3 = 69.0 as adopted in eq. (3.16), where the red, blue, green, magenta curves

correspond to the choices of ζ̃Li (universal value) = 10, 15, 20, 25, respectively. The horizontal

dashed line indicates a typical upper bound on |δg| via the null observation of the lepton flavor

violating process µ− → e−e+e− in experiments with a 95% confidence level.

on δg from Br(Z → e±µ∓) < 1.6 × 10−6 (95% confidence level) [45] is much weaker,

and thus we can ignore it. We plot the distributions of |δg| when we adopt the values

M̃L1 = 70.6, M̃L2 = 70.3, M̃L3 = 69.0 to derive typical neutrino mass scales as discussed

around eq. (3.16) as functions of the Dirac CP phase δCP in UPMNS. Here, the red, blue,

green, magenta curves correspond to the choices of ζ̃Li (universal value) = 10, 15, 20, 25,

respectively. The horizontal dashed line indicates a typical upper bound on |δg| via the

null observation of the lepton flavor violating process µ− → e−e+e− in experiments with

a 95% confidence level. From figure 1, we immediately recognize that when ζ̃Li & 25, the

bound on |δg| is evaded irrespective of the value of δCP. We mention that this bound is

tighter than that via the S and T parameters in eq. (3.23), while the difference is not so

significant.

Only little room in the deviation of the gauge coupling from the SM is, as shown in

eq. (3.22), and then no tight constraint comes from this phenomenon.7

3.2 SU(2)L singlet part

3.2.1 Deformation via brane-local kinetic terms

For the right-handed components of the charged leptons, we should arrange the type (II)

BC’s for realizing localized right modes. Like the neutrino case in the previous section, we

can realize the mass hierarchy by the help of the bulk masses. From eq. (3.2), the Dirac

equation is given by

D†fn,Ei(y) = mn,Ei [1 + ζEiδ(y − L)] gn,Ei(y), (3.28)

Dgn,Ei(y) = mn,Eifn,Ei(y), (3.29)

7See refs. [99, 111–117] for unitarity in models on extra dimensions.
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and following the method applied in the doublet case leads to the mass-determining

condition,

mn,EiζEign,Ei(L)− fn,Ei(L) = 0. (3.30)

We can recognize that the BC at y = L for KK modes (n 6= 0) is deformed as above,

while the BC at y = L for the massless bound state (n = 0, m0, Ei = 0) is intact as

fn,Ei(L) = 0. Then, the BC for gn,Ei(y) at y = L through the equation of motion in

eq. (3.29) is also intact and the original right-handed massless zero mode can exist under

the presence of a nonzero ζEi . This is because the brane-local kinetic term holds right

chirality and a massless particle is still massless under the re-normalization of the kinetic

term. Here, we consider that the bulk masses MEi are negative (MEi = −|MEi |) to make a

sizable difference at y = L for explaining the mass hierarchy in the charged leptons through

Yukawa interactions. The normalization factor of the zero modes is modified as∫ L

0
dy [1 + ζEiδ(y − L)] g20, Ei(y) = 1, (3.31)

which means

g0, Ei(y) = AEie|MEi
|y, (3.32)

AEi =

√
2|MEi |

(1 + 2|MEi |ζEi)e2|MEi
|L − 1

. (3.33)

The deviation in the U(1)Y gauge coupling, where g′ is the value in the SM, is estimated as

g′ζEi

∫ L

0
dy δ(y − L)g20, Ei(y) = g′

(
2|MEi |ζEie2|MEi

|L

(1 + 2|MEi |ζEi)e2|MEi
|L − 1

)

' g′
(

2|MEi |ζEi
(1 + 2|MEi |ζEi)

)
. (3.34)

Like the doublet case, if the dimensionless factor |MEi |ζEi is quite large compared with

unity as

|MEi |ζEi � 1, (3.35)

the magnitude of the deviations can be within acceptable ranges.8

Here, we briefly mention about the quark sector. When we assign the type (I) BC’s for

quark doublets and type (II) BC’s for quark singlets, we obtain all the Weyl fermions for

describing the quark sector of the SM as zero modes. Since the matter content is the same

as it in the SM, no additional exotic particle contributing to the chiral anomalies emerge.

8We note that the left-hand components of the charged leptons via SU(2)L doublets also possess U(1)Y
charges and corresponding effective gauge couplings deviate from the SM. The magnitude of the deviations

is easily estimated by the replacement g → g′ in eq. (3.18).
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3.2.2 Charged lepton mass and lepton mixing structure

The mass terms for the charged leptons are symbolically written down as

e
(0)
Li

[
mνe

(0)
Ri

+m`E
(0)
Ri

+ h.c.
]
, (3.36)

where mν and m` are typical scales of the active neutrinos and the charged lepton (mν �
m`), respectively. Note that e

(0)
Ri

originates from the 5D SU(2)L doublet Li and its mode

function is the same as that of ν
(0)
Ri

, where the profile is (almost) zero, as shown around

eq. (3.14), on the brane at y = L where the gauge bosons and the Higgs bosons are

localized. The components are sterile to the gauge and Higgs bosons because of the value

of the wavefunction at y = L and the chiral projector in eq. (3.2). Thereby, we can neglect

them in phenomenology and the structure of the charged leptons gets to be identical with

the SM. We mention that the mixing effect between e
(0)
Ri

and E
(0)
Ri

is negligible since the

coefficients are hierarchical very much (at least mν/m` < 10−6 when ` = e).

We put a comment on the neutrino mixings. In our model, the neutrino mass matrix

is diagonal, while non-diagonal components are available in the charged lepton Yukawa

sectors as shown in eq. (3.2). Therefore, not only the mass scales of the active neutrinos,

but also the mixing patterns including the Dirac CP phase would be achievable when we

realize the following condition,

Ỹ
(
v√
2

)
= (UPMNS)†

me

mµ

mτ

 , (3.37)

where Ỹ represents the three-by-three effective Yukawa matrix for the charged leptons after

executing the integral along the y direction, which is given by

Ỹij = Yij
∫ L

0
dy (f0, Li(y))∗g0, Ej (y) δ(y − L). (3.38)

v ' 246 GeV is the Higgs vacuum expectation value. We can realize this situation by a

suitable set of the bulk masses and the brane-local parameters, also adjusting the compo-

nents of the three-by-three 5d Yukawa matrix. The exponential forms in f0, Li and g0, Ej in

eqs. (3.8) and (3.32) help us to realize the mass hierarchy in the charged leptons naturally.

4 Summary and discussion

In this paper, we had discussions on a new mechanism for generating the minuscule active

neutrino masses via 5d SU(2)L lepton doublets via Dirac mass terms without introducing

gauge singlet right-handed neutrinos in the model. Due to the asymmetric BC’s for the

doublets, the left and right components are localized around the boundaries and tiny Dirac

masses are naturally realized due to minute overlaps of them. This mechanism provides a

new tool for building neutrino mass models. Also, if the gauge bosons and the Higgs boson

are localized on one of the branes, the additional right-handed modes have no interaction
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with gauge bosons. In such a situation realized on an interval, we can circumvent the

tight bound from the invisible decay width of the Z boson precisely measured by the LEP

experiments [89–94].

Finally, we shall see an implication of the proposed model to cosmology. Big-Bang nu-

cleosynthesis (BBN) is a remarkable achievement of the standard Big-Bang cosmology [45].

The accuracy of the prediction and observation of BBN has being improved. The results

allow constrains on physics beyond the SM. The main constraint comes from the energy

density of relativistic degree of freedom at temperature, T ' 1 MeV, when BBN was about

to begin. The relativistic degree of freedom is often denoted as g∗. In SM case the value

is estimated as g∗ = 10.75. In the present model the exotic fields of SU(2)L doublets,

(νi, ei)
(0)
R (i = 1, 2, 3), appear, which have no interaction (being sterile) and form Dirac

mass terms of order mν . The sterile fields were decoupled from thermal bath at a sufficient

early universe, and the chirality-flip production from the active SU(2)L doublets, (νi, ei)
(0)
L ,

through the tiny Dirac mass terms are negligible as shown in ref. [118]. The sterile fields

do not contribute to the effective degree g∗, and then, the present model is consistent

with BBN.
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