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1 Introduction

Warped AdSs backgrounds of 10- and 11-dimensional supergravity theories are of particular
interest within the AdS/CFT correspondence as they are dual to 4-dimensional supercon-
formal theories, see [1] for a review. The most celebrated example of such correspondence
is the statement that IIB superstring theory on the maximally supersymmetric AdSs x S°
background is dual to N/ = 4 supersymmetric gauge theory in four dimensions [2]. AdS
spaces have also been used in supergravity compactifications, for a review see [3].

To establish such dualities to other 4-dimensional superconformal theories with less
than maximal supersymmetry requires the construction of AdSs supergravity backgrounds
preserving less than 32 supersymmetries. Recently it has been shown in [4-6] that AdSs
backgrounds preserve 8, 16, 24 or 32 supersymmetries in type II 10-dimensional super-
gravities and in 11-dimensional supergravity.! The maximally supersymmetric AdS5 back-
grounds have been classified in [7] where it has been shown that no such backgrounds exist

!There are no supersymmetric AdSs backgrounds in either heterotic or type I supergravities.



in either 11-dimensional or (massive) ITA supergravities, and all maximally supersymmet-
ric AdSs backgrounds in IIB supergravity are locally isometric to the previously known
AdSs x S% solution of the theory, see [8] and reference within. To our knowledge there is no
classification of AdSs backgrounds preserving 16 or 24 supersymmetries. The geometry of
AdSj5 solutions preserving 8 supersymmetries has been investigated in [9, 10|, after assum-
ing that the fields are invariant under the so0(4,2) symmetry of AdSs together with some
additional restrictions? on the form of Killing spinors. Moreover, many AdSs solutions
have been found, see for example [11]-[23]. In [4-6] a different approach to investigate the
geometry of AdS backgrounds was proposed, which was based on earlier work on black
hole near horizon geometries [24] which has the advantage that all additional restrictions
are removed and the only assumption that remains is the requirement for the fields to be
invariant under the so(4,2) symmetry of AdSs.

In this paper, we shall demonstrate, under the assumptions we describe in detail below,
that there are no AdSs solutions in 11-dimensional and (massive) IIA supergravities that
preserve 24 supersymmetries. Furthermore we shall show that all AdSs solutions of TIB
supersgravity that preserve 24 supersymmetries are locally isometric to the maximally
supersymmetric AdSs x S° background.

One application of our results is in AdS/CFT and in particular on the existence of
gravitational duals for strictly A/ = 3 superconformal theories in four dimensions. It is
known for sometime that the field content and component actions of N' = 3 and N = 4
superconformal theories with rigid supersymmetry are the same. As a result N' = 3 super-
conformal symmetry classically enhances to A/ = 4. Quantum mechanically, the picture
is more involved as the quantization of these theories with manifest N' = 3 and N/ = 4
supersymmetry will require the use of techniques like harmonic superspace [25, 26], and
these are different for these two theories. Nevertheless the interpretation of the equivalence
of the classical actions is that perturbatively the two quantum theories are indistinguish-
able.? Therefore if a theory exists with strictly /' = 3 superconformal symmetry, it must
be intrinsically non-perturbative. The properties of such N' = 3 superconformal theories
have been investigated in [28] and an F-theory construction for such a theory has been
proposed in [29]. In this context our results imply that, unlike the A/ = 4 superconformal
theories, there are no smooth gravitational duals, with compact without boundary internal
spaces, for strictly N' = 3 superconformal theories in four dimensions.

The proof of the above result utilizes the near horizon approach of [4-6] for solving the
Killing spinor equations (KSEs) of supergravity theories for AdS backgrounds as well as a
technique developed for the proof of the homogeneity conjecture in [30]. Furthermore, to
prove our results we make certain smoothness and global assumptions. In particular apart

2Typically it is assumed that the Killing spinors factorize as Killing spinors on AdS and Killing spinors
along the internal space. A factorization of this type has been investigated in [4-6] and it was found that
it imposes more restrictions on the backgrounds than those required for invariance under the isometries of
AdS. Therefore the generality of the factorization approaches must be re-investigated on a case by case basis.

3In fact it may be possible to prove this by demonstrating via Ward identity techniques like those in [27]
that /' = 3 superconformal symmetry quantum mechanically always enhances to N’ = 4. We would like to
thank Paul Howe for suggesting this.



from implementing the s0(4,2) symmetry on the fields, we also assume that the warped
AdS5 %, MP~5 backgrounds, for D = 10 or D = 11, satisfy the following conditions:* (i) All
the fields are smooth, and (ii) the internal space MP~? is connected® and compact without
boundary. Both these additional restrictions, apart from the connectness of M=% can be
replaced with the assertion that the data are such that the Hopf maximum principle applies.
These assumptions are essential as otherwise there are for example AdSs; backgrounds in
11-dimensions which preserve more than 16 supersymmetries, see also section 2.

This paper is organized as follows. In section 2, we prove the non-existence of AdSs
backgrounds preserving 24 supersymmetries in 11-dimensional supergravity, and in sec-
tion 3, we demonstrate the same result for both standard and massive ITA supergravities.
In section 4, we show that the AdSs backgrounds that preserve 24 supersymmetries in [1B
supergravity are locally isometric to the maximally supersymmetric background AdSs x S°.
In section 5, we give our conclusions and explore an application to AdS/CFT. Furthermore,
in appendix A we briefly summarize some of our conventions, and in appendix B for com-
pleteness we present a technique we use to derive our results which has been adapted from
the proof of the homogeneity conjecture.

2 AdSs5 X. M6 solutions in D=11

We begin by briefly summarizing the general structure of warped AdS5 solutions in 11-
dimensional supergravity, as determined in [4], whose conventions we shall follow through-
out this section. Then we shall present the proof that there are no such solutions preserving
24 supersymmetries. The metric and 4-form are given by

2
ds? = 2du(dr 4 rh) + A* (dz2 + e/t Z(dxa)2) + ds* (M5,
a=1

F=X, (2.1)
where we have written the solution as a near-horizon geometry [24], with
2 -1
h = —Edz —2A7dA, (2.2)

(u,r, z,2*, 2%) are the coordinates of the AdS5 space, A is the warp factor which is a function
on M9 and X is a closed 4-form on M®. A and X depend only on the coordinates of M9,
{ is the radius of AdSs.

The 11-dimensional Einstein equation implies that

4 1
Doy log A = —17214—2 — 59 1log Ay log A + m)@ , (2.3)

where D is the Levi-Civita connection on M®. The remaining components of the Einstein
and gauge field equations are listed in [4], however we shall only require (2.3) for the analysis

4We also assume the validity of the homogeneity conjecture for massive IIA supergravity. This has not
been proven as yet but it is expected to hold.

®In fact MP~? is required to be path connected but all manifolds are path connected if they are connected
since they are locally path connected. From now on, we shall assume that MP”~° is always connected.



of the N = 24 solutions. In particular, (2.3) implies that A is everywhere non-vanishing
on M, on assuming that M is connected and all fields are smooth.
We adopt the following frame conventions; e’ is an orthonormal frame for M9, and

et =du, e =dr+rh, e® = Adz, e = Ae*/tdx® . (2.4)
We use this frame in the investigation of KSEs below.

2.1 The Killing spinors
The Killing spinors of AdSs backgrounds are given by

2 2
N T Z 2T 7y + 6_%7—+ +o_+et (7‘ — ! Zazafaza>
a=1

a=1

WA o — AT eI Ly (2.5)
where we have used the light-cone projections
lNyor =0, T'yt74=0, (2.6)

and o4 and 74 are 16-component spinors that depend only on the coordinates of M. We
do not assume that the Killing spinors factorize as Killing spinors on AdS; and Killing
spinors on M.

The remaining independent Killing spinor equations (KSEs) are:

DHor =0, DHri—0, (2.7)
and
E(i)ai =0, E(:F)T:t =0, (2.8)
where
1 1 1
D& = D, + -9;log A — —TIK, + —X;
50ilog A~ oo T + 26X,

1 , 1 1
=) = ST 9 logAF A 4+ - T.X . 2.9
L= 0log AF AT + oo T X (2.9)
In particular algebraic KSEs (2.8) imply that o4 and 74 cannot be linearly dependent. For
our Clifford algebra conventions see also appendix A.

2.2 Counting the Killing spinors

In order to count the number of supersymmetries, note that if o, is a solution of the
o+ KSEs, then so is I'j904. Furthermore, 7 = I',I"jo4 and 74 = I',I'y0 are solutions
to the 7 KSEs. The spinors oy, 1004, 1.'1o4,1',I's04 are linearly independent. The
positive chirality spinors also generate negative chirality spinors o_, 7 which satisfy the
appropriate KSEs. This is because if o, 7 is a solution, then so is

o-=Al'"T,o0p, 7_-=Al'_T,7y, (2.10)



and also conversely, if o_, 7_ is a solution, then so is
oL =A"T T.o_, 7,=A"'T.T. 7. (2.11)

So for a generic AdSs x,, MY solution, all of the Killing spinors are generated by the
o4 spinors, each of which gives rise to 8 linearly independent spinors via the mechanism
described here. The solutions therefore preserve 8k supersymmetries, where k is equal to
the number of o spinors.

2.3 Non-existence of N = 24 AdS5 solutions in D=11

To consider the AdS5 solutions preserving 24 supersymmetries, we begin by setting

A=op +14, (2.12)
and defining
Wi = A(A, T10TGA) . (2.13)
Then (2.7) implies that
DW; =0, (2.14)

so W is an isometry of M. In addition, the algebraic conditions (2.8) imply that

1 1
@(A,r}(m —5 A I?A™'D;A — ' A 7 TiTL0,) =0 . (2.15)

Also, (2.7) implies that

Dif| A JP=— [ A A7 DA+ A TRA) (2.16)
Combining (2.15), and (2.16) we have
Di | A)? =207 A 7 T\ T.04) =0 . (2.17)
In addition (2.7) implies that
D (A<T+,Fifza+>) ~0. (2.18)
Hence, on taking the divergence of (2.17), we find
D'D; | A|? +2A7'D'AD; | A |?=0 . (2.19)

A maximum principle argument then implies that || A ||* is constant. Substituting these
conditions back into (2.16), we find the condition

iwH =6 A ||> dA, (2.20)



where
H =%sX, (2.21)

and g denotes the Hodge dual on M6.
To prove a non-existence theorem for N = 24 solutions, we consider spinors of the type

A =04 + T+ . (222)

For a N = 24 solution, there are 12 linearly independent spinors of this type, because of
the algebraic conditions (2.8). Next, consider the condition (2.20). This implies that

iwdA =0, (2.23)

where W is the isometry generated by A as defined in (2.13).

A straightforward modification of the reasoning used in [30], which we describe in
appendix B, implies that for N = 24 solutions, the vector fields dual to the 1-form bilinears
W generated by the A spinors span the tangent space of M%. Then the condition iyydA = 0
implies that A is constant, and furthermore, (2.20) implies that iy H = 0, which also implies
that H =0, and so X = 0.

However, the Einstein equation (2.3) admits no AdSs solutions for which dA = 0 and
X =0, so there can be no N = 24 AdS5 solutions.

We should remark that the two assumptions we have made on the fields to derive this
result are essential. This is because any AdSg41 background can locally be written as a
warped product ds?(AdSy 1) = dy? + A%(y)ds?(AdSy) for some function A which has been
determined in e.g. [31]. For d = 2, this has previously been established in [32]. As a result
the maximally supersymmetric AdS7 x S* solution of 11-dimensional supergravity can be
seen as a warped AdSs background. This appears to be a contradiction to our result.
However, the internal space MY in this case is non-compact and so it does not satisfy the
two assumptions we have made.

3 AdSs X, M?® solutions in (massive) IIA supergravity

As in the 11-dimensional supergravity investigated in the previous sections, there are no
N = 24 AdSs backgrounds in (massive) ITA supergravity. We shall use the formalism
and follow the conventions of [6] in the analysis that follows. Imposing invariance of the
background under the symmetries of AdS5 all the fluxes are magnetic, ie their components
along AdSs vanish. In particular the most general AdSs background is

2
ds* = 2du(dr + rh) 4+ A? <dz2 + e/t Z(dma)2) +ds*(M°),

a=1

G=G, H=H, F=F, $=¢, S=29, h:—%dz—2A*1dA, (3.1)

where we have denoted the 10-dimensional fluxes and their components along M? with the
same symbol, A is the warp factor, ® is the dilaton and S is the cosmological constant



dressed with the dilaton. A, S and ® are functions of M?, while G , H and F are the
4-form, 3-form and a 2-form fluxes, respectively, which have support only on M®. The
coordinates of AdSs are (u,r,z, %) and we introduce the frame (e*,e™, e* e?) as in (2.4).

The fields satisfy a number of field equations and Bianchi identities which can be found
in [6]. Those relevant for the analysis that follows are the field equation for the dilaton
and the field equation for G

; 5 3 1 1
28 — = A—19i 9. 2,92, %92 L2, Lo
D*® = —-5A""0"A0;P + 2(dP) +4S +8F 12H +96G , (3.2)
Vi Gijke = —5AT O AG jke + 0" ®Gije (3.3)
respectively, and the Einstein equations both along AdSs and M?®
» 1 1 1

D?InA=—40"2A72 - 5472(dA)? + 247 19;A0'D + %GQ + 152 + gF2, (3.4)

(5) _ -2 Lo 1o
Rij = 5V¢Vj InA+5A alAajA + EGZ] — %G (51‘3' (3.5)

1 25 1 2 1 2 1 25

)

respectively, where D is the Levi-Civita connection of M?® and Rz(j is the Ricci tensor of

M?. The former is seen as the field equation for the warp factor A.

3.1 Killing spinor equations

The killing spinors of ITA AdSs backgrounds are given as in (2.5) where now o4 and 74
are 16-component spinors that depend only on the coordinates of M®°. The remaining
independent conditions are the gravitino KSEs

Vo =0, V=0, (3.6)
the dilatino KSEs
AF oy =0, A®r =0, (3.7)
and the algebraic KSEs
=104 =0, STy = :|:£‘17—:t , (3.8)
where
v = p; 4+ wl®
1 5 3 1
AR = G0 + ST+ S+ SFT + o6,
1 1 1 1 1
=, = F— + —JAT, — —AST, — —AFT.Ty; — — AQT,, .
+ ¥2€+2¢ 3 S 16 FT.I' 192 & (3.9)

and where D is the spin connection on M?® and
1 1 1 1 1
OF) — 4 9 A+ SH. Ty + =ST; + — Py + —¢T; 1
i 51 0iA+ gt + gSTi+ o FTiln + 155 6T (3.10)

see appendix A for our Clifford algebra conventions. The counting of supersymmetries is
exactly the same as in the D=11 supergravity described in the previous sections.



3.2 N =24 AdSs solutions in (massive) ITA supergravity

Before we proceed with the analysis, the homogeneity conjecture® [30] together with the
results [33, 34] on the classification of (massive) ITA backgrounds imply that both ® and S
are constant functions over the whole spacetime which we shall assume from now on. Next

let us set
A=oy+714, (3.11)
and define
Wi = AN, Ty TiA) (3.12)
Then (3.6) implies that
DW; =0, (3.13)

so W is an isometry of M?°.
After some straightforward computation using the gravitino KSEs, one finds

1

Di | A|P=—AT'9A || A ||* == S(A,T;A) — g<A, DE, T A) — — (A TGGA) . (3.14)

1 1
4 96

On the other hand (3.8) gives

1 1 1
(aArz — JAST - gAFPZFH - %Agirz) A=ty 407, . (3.15)

Using this, (3.14) can be written as
Di | A|P=2071 A" T\ .0y ) . (3.16)
Furthermore using (3.6), one can show that
DY (A{ry,T\T,0,)) =0. (3.17)
Taking the covariant derivative of (3.16) and using the above equation, one finds that
D'D; || A||> +2A7'DAD; | A |?=0. (3.18)

This in turn implies after using the maximum principle that || A ||? is constant.
Using the constancy of || A ||, (3.14) and (3.16) imply that

1 1 1
—ATL9A | A | — 7S TiA) — g<A, LF T A) — %<A,D@A> =0, (3.19)

and
(1o, TiT,0,) =0. (3.20)

6Strictly speaking the homogeneity conjecture has not been proven for massive IIA supergravity, but it
is expected to hold.



Next taking the difference of the two identities below
(71,2404) =0, (04, E+ + £ 'm4) =0, (3.21)
and upon using (3.20), we find
(T4,04) =0, (3.22)

ie 74 and o4 are orthogonal.
To continue, multiply 4 A = —¢~'7, with I';,, and using the fact I';, 7 is again a
type 7+ Killing spinor, and the equation above, one obtains that

W'o;A=0. (3.23)

As straightforward modification of the argument used in [30] to prove the homogeneity
conjecture, see also appendix B, one can show that the vector fields W span the tangent
spaces of M°. As a result, the above equation implies that A is constant.

Next using the dilatino KSE (3.7) to eliminate the G-dependent term in (3.19) and
that A = const, one finds

1
4S(A, T;A) + (A, TEF; T A) + §<A,FHiF11A) =0. (3.24)
In what follows, we shall investigate the standard and massive ITA supergravities separately.

3.2.1 Standard ITA supergravity with S =0
In the case for which S = 0, the dilatino KSEs (3.7) imply that

(A, GT11A) =0, (3.25)

or equivalently, W AG = 0. As the W span the tangent space of M?, it follows that G = 0.
Then, using the dilatino KSE (3.7) to eliminate the F' terms from (3.24), we obtain

(A, TH,T11A) = 0, (3.26)

which implies that W A H = 0. As the W span the tangent space of M?, it follows that
H = 0 also. The dilaton field equation (3.3) then implies that F' = 0 as well. However,
for S=0,G =0, H=0and F = 0, the the warp factor field equation (3.4) becomes
inconsistent, and so there are no AdSs solutions in standard ITA supergravity that preserve
24 supersymmetries.

3.2.2 Massive ITA supergravity with S # 0

On writing G = x5.X, where X is a 1-form on M?°, the condition

) 1

25 T1A) + o (A, ¢T1A) =0, (3.27)
which is derived from the dilatino KSE (3.7), can be rewritten as

1
gsm,rll/\) - 1A—lz'WX =0. (3.28)



Furthermore, the G field equation implies that dX = 0, and we assume’ that L1yG = 0
which implies Ly X = 0. This condition, together with dX = 0, gives that iy X is constant.
Then it follows from (3.28) that (A,T'11A) is also constant.

On differentiating the condition (A, T'11A) = const using the gravitino KSEs, we obtain
the condition

1 , 1
—zFij<A,FJA) + ﬂm,rll@im =0, (3.29)
and hence

X'Fij(A,TIA) =0 . (3.30)

However, using an argument directly analogous to that used to show that the vector fields
W span the tangent space of M5, it follows that the vectors (A,IVA)9; also span the
tangent space of M°, see appendix B. Therefore,

ixF=0. (3.31)

Next, act on the right-hand-side of the dilatino equation (3.7) with XT;; and take the
inner product with A. On making use of ixF' = 0, we find the condition

(A, Xy, Hpyppo, T35 0) =0, (3.32)
and hence
(A, 1Ty Ty At 255 Xy Hy oy =0 (3.33)

Again, as the vectors (A, T'11T,,,I7A)d; span the tangent space of M®, this condition
implies that

XANH=0. (3.34)
Another useful condition is to note that Ly X = 0 implies that
Lw(D'X;) =0, (3.35)

and as the W span the tangent space of M?°, it follows that D?X; must be constant.
However the integral of D*X; over M?® vanishes, and hence it follows that

D'X; =0, (3.36)

ie X is co-closed. As it is also closed, X and so GG are harmonic. This condition, together
with dX = 0, imply that one can write

D2X?* = 2D'X’D;X; + 2X(D;D; — D;D;)X' = 2D'XD; X; + 2X'XR\Y . (3.37)

"The invariance of G under the vector fields constructed as Killing spinor bilinears has not been proven
for massive ITA in complete generality, but it is expected to hold.

,10,



On using the Einstein equation (3.5), together with the conditions ix F' = 0, X A H = 0,
we find

1 1 1 1
—G? - 8?2 - “F? 4 H2) , (3.38)

D*X? =2D'XID; X; + X?*( —
48 2 4 6

which can be written as
o 3
D*X? =2D'X'D; X; + X*? <252 + 2F2> : (3.39)

on using the dilaton equation (3.3) to eliminate the G? term. As the right-hand-side of
this expression is a sum of non-negative terms, an application of the maximum principle
implies that X? is constant® and

X282 =0. (3.40)
As S # 0, it follows that X2 = 0, and hence G = 0. Then (3.27) implies that
(A, T11A) =0, (3.41)

for all Killing spinors A. However, this is a contradiction.
To see this, let the 12-dimensional vector space spanned by the Killing spinors A be
denoted by K. Then the above condition implies that

(A1, T11A2) =0, (3.42)
for all A1, As € K. Denoting
'K ={ThA:Ae K}, (3.43)
the condition (3.42) implies that I'1; K C K+, where
Kt ={U:(U,A)=0forall Ac K} . (3.44)

The dimension of space of all Majorana Spin(9,1) spinors ¢ satisfying the lightcone pro-
jection I'y¢ = 0 is 16. As K has dimension 12, K1 has dimension 4. As I';1 K is 12-
dimensional it cannot be included in K+ as required by the assumption (3.41). Therefore
there are no AdSs solutions in massive IIA supergravity which preserve 24 supersymmetries.

We would like to remark that the proof of this result is considerably simpler if M? is
simply connected. As has already been proven, G is harmonic. On a simply connected M?®,
G vanishes. In such a case, (3.27) again implies (3.41). Then the non-existence of such
AdS5 backgrounds follows from the argument produced above that (3.41) cannot hold for
all Killing spinors.

8The condition X? = const also follows from Ly X2 = 0 together with homogeneity.
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4 AdSs5 X., M5 solutions in IIB supergravity

The active fields of AdSs x,, M?° IIB backgrounds as well as the relevant field and KSEs
have been determined in [5]. In particular, in the conventions of [5], the metric and other
form field strengths are

2
ds® = 2du(dr 4 rh) + A* (dz2 + e/t Z(dma)2> + ds*(MP),

a=1

G=H, P=¢ F=Y <A36272du A (dr +1h) Adz Ade A dy — dvol(M5)) . (4.1)
where again we have written the background as a near-horizon geometry [24], with
2 -1
h= —zdz —2A7dA, (4.2)

A is the warp factor which is a smooth function on M?®, G is the complex 3-form, P encodes
the (complexified) axion/dilaton gradients, F is the real self-dual 5-form and Y is a real
scalar. The AdSs coordinates are (u,r, z,2%) and we introduce the frame (e™,e™, e, e?)
as in (2.4).

For the analysis that follows, we shall use the Bianchi identities

d(A°Y)=0, dH=iQANH—-¢ANH, (4.3)

and the 10-dimensional Einstein equation along AdSs which gives the field equation

4

_ 1
A 1v2A:4Y2+4—8\|H|12—£2

A™2 —4AT%(dA)?, (4.4)
for the warp factor A. The remaining Bianchi identities and bosonic field equations, which
are not necessary for the investigation of N = 24 solutions, can be found in [5]. We also
assume the same regularity assumptions as for the eleven dimensional solutions, and remark
that (4.4) implies that A is nowhere vanishing on M?.

4.1 The Killing spinors
Solving the KSEs of IIB supergravity for AdSs x,, M® backgrounds along AdSs, one finds

that the Killing spinors can be written as in (2.5), where now o4 and 71 are Weyl Spin(9, 1)
spinors which depend only on the coordinates of M® that obey in addition the lightcone
projections 'toqp =Ty 74 = 0.

The remaining independent KSEs are the gravitino parallel transport equations

DHo.=0, DHr=0, (4.5)

7

where

1 i 1 3
D =D, + 50ilog A — SQi% JYTily: + < — —TH, +
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together with the dilatino KSEs

(imzc»ﬁ)aﬁ:o, (iﬂwc*)uzoa (4.7)

and some additional algebraic conditions which arise from the integration of the KSEs
along the AdS5 subspace

=@y =0,  (E®xe)m =0, (4.8)
where
= = lpgay Layr,, + arpos (4.9)
20 27 2 W6t ’ '

and C' is the charge conjugation matrix. Again, we have not made any assumptions on the
form of the Killing spinors.

The counting of the Killing spinors, and the way in which one can construct the o4,
T+ spinors from each other proceeds in exactly in the same way as for the D = 11 AdSs
solutions. So, again, for a generic AdSs x,, M° solution, all of the Killing spinors are
generated by the o spinors, each of which gives rise to 8 linearly independent spinors.
The solutions therefore preserve 8k supersymmetries, where k is equal to the number of
04 spinors.

4.2 N =24 AdSs solutions in I1IB

To proceed with the analysis first note that as a consequence of the homogeneity conjec-
ture proven in [30] is that the solutions with 24 supersymmetries must be locally homoge-
neous, with

£=0. (4.10)
Then, we set
A=op +14, (4.11)
and define
Wi = A(A, Ty TiA) (4.12)
Then (4.5) implies that
D Wy =0, (4.13)

so W is an isometry of M?°. Next, using (4.5), we find
1
Di||A|P=—||A|? A DA + @Rem,FHZC xA) . (4.14)
Furthermore, the algebraic condition (4.8) implies that

%HC s A= (AT'TVD;A—iYT 4 )A+ AT (04 — 74) . (4.15)
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On substituting this condition back into (4.14) we find
Di | A|P=207" A Re(r, TiT Loy . (4.16)
However, (4.5) also implies that
D' (ARe(r,T\T,04)) =0 (4.17)
So combining this condition with (4.16), we find
D'D; || A||> +2A7'D'AD; | A |?=0. (4.18)

A maximum principle argument then implies that || A ||? is constant. Then (4.14) and (4.16)
imply

1
— AP AT DA + @Rem, TH,C*A) =0, (4.19)
or, equivalently
R6<T+,FZ‘FZU+> =0. (420)

Next, we shall show that the spinors o4, 71 are orthogonal with respect to the inner
product Re <, >. To see this, note that (4.8) implies that

(r+, 2P0y =0, (on, ED +e Y7 =0. (4.21)

On expanding out, and subtracting these two identities, one finds that the real and imagi-
nary parts of the resulting expression imply

(" Re(ry,04) + Re(ry,T.T"D;Ac, ) =0, (4.22)
and
YRe(r4,Tpyoq) =0, (4.23)
respectively. On substituting (4.20) into (4.22), we find that
Re(r4,04) =0 (4.24)

For N = 24 solutions there are 6 linearly independent o spinors, and 6 linearly indepen-
dent 74 spinors, hence the spinors of the type A = o4 + 73 span a 12 dimensional vector
space over R, which we shall denote by K.

It is also particularly useful to note that the algebraic condition (4.8) implies

1 1 |
;E(Ayrmy(ﬁr —04)) — §<A7 Lgy.I"D; AA)
; A
—%AY | AP+ 55 (A Ty HC + A) = 0. (4.25)
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On taking the real part of this expression, one finds
W'D;A=0, (4.26)

where we have used the identity (A,I;,.T;C * A) = 0.
The condition (4.26) implies that

dA=0. (4.27)

This is because, by a straightforward adaptation of the analysis in [30], it follows that
the isometries W generated by the spinors A € K span the tangent space of M?, see also
appendix B. So A is constant, and the condition (4.19) implies that

Re(A,TH,C x A) =0 . (4.28)

To proceed further, take the divergence of this expression. On making use of the Bianchi
identity for H given in (4.3), together with the KSE (4.5), we find the following condition:

9 . 3 . 1 .
R6<A, <8 EléQiH%&zF&&&;&; _ ZH&mangmth& + 4H€1£283H£1£263>A> =0, (429)

where H is the complex conjugate of H. Furthermore, the algebraic condition (4.7) im-
plies that

Re(A, iﬁHA) =0. (4.30)
On expanding this expression out, and adding it to (4.29), one obtains the condition
Re(A, Hy, p,i Hy,p, ' TO25%A) = 0, (4.31)
or equivalently
Wier2tsta, o Hypd =0 . (4.32)
Again, as the W isometries span the tangent space of M?®, one obtains
HyyoopitHegey' =0 (4.33)
Furthermore, on substituting this condition back into
(Cx N, FIFA) =0, (4.34)
which follows from (4.7), we find
(CxAA) | H|*=0. (4.35)

So either H =0, or (C'*A,A) =0 for all A € K. We shall prove that (C'« A, A) = 0 cannot
be satisfied for all A.
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Indeed, suppose that (C'« A,A) = 0 for all A € K. We remark that (C' * Ay, Ag) is
symmetric in Ay, Ag, and so (C'x A, A) =0 for all A € K implies that

(Cx Ay, Ag) =0, (4.36)
for all A1, Ay € K. If we define
K={CxA:AcK}, K'={U:Re(¥,A)=0forall AcK}, (4.37)

then the condition (4.36) implies that K C K+. However, this is not possible, because K
is 12 dimensional, whereas K is 4-dimensional. So, one cannot have (C'x A, A) = 0 for all
Ae K.

It follows that

H=0 (4.38)
and hence the spinors A satisfy
DiA = (;Q - éyrirwz)A, (4.39)
for constant Y, Y # 0, with
2= ﬁ : (4.40)

as a consequence of (4.4). The integrability condition of (4.39) implies that
(Rignn = Y2 (Oimjn — Sindjm) )T™"A =0, (4.41)
where we have used the Bianchi identity d@ = 0. Then (4.41) gives that
Re( A, Ty (Rijmn — Y2 (S5 — 5m<sjm))r”A> ~0, (4.42)
or equivalently
W (Rijmn — Y2 (S0 — 5majm)) ~0. (4.43)
As the isometries W span the tangent space of M?®, it follows that
Rijmn = Y (8im0jn — 6injm) , (4.44)

and hence M? is locally isometric to the round S°.

It follows that all (sufficiently regular) AdS5 solutions with N = 24 supersymmetries
are locally isometric to AdSs x S°, with constant axion and dilaton, and G = 0. This
establishes that there are no distinct local geometries for IIB AdSs x M®° backgrounds that
preserve strictly 24 supersymmetries.
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5 Concluding remarks

We have proven, under some assumptions, a non-existence theorem for AdSs x ., MP =2 D =
10, 11, backgrounds that preserve strictly 24 supersymmetries in all 10- and 11-dimensional
supergravity theories. In particular we have demonstrated that such backgrounds cannot
exist in 11-dimensional and (massive) ITA supergravities, and all such IIB backgrounds must
be locally isometric to the maximally supersymmetric AdSs x S° solution of the theory.

Our assumptions are that the fields must be smooth and the internal space MP~>
must be connected, compact and without boundary. Alternatively, these assumptions can
be summarized by saying that the data are such that the maximum principle applies. It
turns out that these assumptions are required to establish our results. It is known that
if the compactness assumption for M9 is removed, then the maximally supersymmetric
AdS7; x S* solution of 11-dimensional supergravity can be written locally as a warped
AdS5 x4 MO solution. This would appear to be a contradiction to our result for eleven
dimensions, but for such a solution M?® is not compact [31]. Because of this, it is not
apparent that the smoothness and global assumptions on M P> can be removed. This
in particular leaves open the possibility that there are AdSs x,, MP~® backgrounds in
10- and 11-dimensional supergravities but such backgrounds would either be singular or
MP=5 will not be compact and without boundary. Another possibility for constructing
AdS5 backgrounds in IIB with 24 supersymmetries is to take appropriate orbifolds of the
maximally supersymmetric AdSs x S° solution of the theory. Though such a possibility
cannot be ruled out, it is unlikely. It is also supported by the results of [28], that there are
no relevant A’ = 3 deformations of N' = 4 theory.

The existence of a smooth AdS5 background with compact without boundary internal
space in a 10- or 11-dimensional supergravity theory with distinct local geometry from
that of maximally supersymmetric backgrounds would have raised the expectation that it
should have been the AdS/CFT dual to a 4-dimensional N/ = 3 superconformal theory. This
would have been in parallel with the well known duality that string theory on AdSs x S°
is AdS/CFT dual to N' = 4 U(N) gauge theory. Because both N' = 3 and N = 4
theories have the same classical action, it is believed that in perturbation theory the two
theories are indistinguishable. Though such a proof is not known, it may be possible to
demonstrate this by proving that quantum mechanically A/ = 3 Ward identities imply,
using for example techniques similar to [27], that the symmetry enhances to N' = 4. In any
case assuming that perturbatively the two theories cannot be distinguished, the possibility
that remains is that if a theory exists with strictly N' = 3 superconformal symmetry, it has
to be intrinsically non-perturbative. The properties of such a theory have been investigated
in [28] and non-perturbative constructions have been proposed in [29]. Our results prove
that the gravitational duals of strictly N' = 3 superconformal theories, if they exist, cannot
be smooth with compact without boundary internal spaces. This is unlike the gravitational
duals of many other superconformal theories that preserve more than 16 supersymmetries.
It would be of interest to understand why this is the case.
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A Notation and conventions

Our form conventions are as follows. Let w be a k-form, then

1 , A o
2 Oyl 2
w = ng‘l...ikd:ﬂl Ao Adx'e , wij = Wigy .. 0y Wj 1 bk—1 , W= Wil...ikw“ i (Al)

We also define
— . L Tk . T2l T 12kl
C/) - wll-nlkr ) L/Jil - w1122~~1kF ) th - Fll * w22~~lk+1 ’ (AQ)

where the I'; are the Dirac gamma matrices.

The inner product (-,-) we use on the space of spinors is that for which space-like
gamma matrices are Hermitian while time-like gamma matrices are anti-hermitian, ie the
Dirac spin-invariant inner product is (I'g-, -). For more details on our conventions see [4-6].

B Homogeneity of internal spaces

In this appendix, we prove that for the N = 24 AdSs solutions in eleven-dimensional
supergravity, the isometries on M% generated by the A spinors via

W = (A, T'T,,.A) 0; (B.1)

span the tangent space of M. The proof for this is a straightforward adaptation of a
similar result used in the proof of the homogeneity conjecture [30]. To begin, let K denote
the 12-dimensional vector space spanned by the Killing spinors A.

Define the map ¢ : K ® K — TM?° by

p(A1, Ag) = (A1, T'TayzA2)0; . (B.2)

As (A1, A2) = (Mg, A1), it follows that the W span T(MY) iff o is surjective. However,
¢ is surjective iff the only vector V € T'(M?®) satisfying

Vi(p(Al,AQ)i = 0, <B3)

for all A, Ay € K is V =0, i.e. the perpendicular complement of the image of ¢ is trivial.
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Suppose, for a contradiction, that the perpendicular complement of the image of ¢ is
not trivial. Then there exists nonzero V € T'(M?®) such that

Vil A € K+, (B.4)
for all A € K, where
Kt ={U:(U,A) =0 forall A € K} . (B.5)

Observe that K @K+ is a 16-dimensional vector space spanned by the Majorana Spin(10, 1)
spinors ¢ that satisfy the lightcone projection I'y.¢ = 0. Thus as K is 12-dimensional, K+
is a 4-dimensional subspace.

As V # 0, the kernel of the map ViFiFwyz : K — K™ is zero and so it is injective.
However this is not possible as the image ViFinyz(K ) is 12-dimensional while K+ is 4-
dimensional. Thus the hypothesis that V' = 0 is not valid and ¢ is surjective, and so the
vectors W span the tangent space of M9,

The argument for the AdSs; backgrounds of massive IIA supergravity is the same
as that described above upon replacing M® with M. It also generalizes for the AdSs
solutions in IIB supergravity, after replacing the norm <, > with Re <, >, and M® with
M5 throughout.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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