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ABSTRACT: In this paper we study some properties of the newly found Arnold-Beltrami
flux-brane solutions to the minimal D = 7 supergravity. To this end we first single out
the appropriate Free Differential Algebra containing both a gauge 3-form B and a gauge
2-form B[2l: then we present the complete rheonomic parametrization of all the generalized
curvatures. This allows us to identify two-brane configurations with Arnold-Beltrami fluxes
in the transverse space with exact solutions of supergravity and to analyze the Killing spinor
equation in their background. We find that there is no preserved supersymmetry if there are
no additional translational Killing vectors. Guided by this principle we explicitly construct
Arnold-Beltrami flux two-branes that preserve 0, % and % of the original supersymmetry.
Two-branes without fluxes are instead BPS states and preserve % supersymmetry. For each
two-brane solution we carefully study its discrete symmetry that is always given by some
appropriate crystallographic group I'. Such symmetry groups I' are transmitted to the
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correspondence. Furthermore we illustrate the intriguing relation between gauge fluxes in
two-brane solutions and hyperinstantons in D = 4 topological sigma-models.
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1 Introduction

Minimal supergravity in D = 7 contains 16 supercharges and it is usually named N = 2
since the 16 supercharges are arranged into a pair of pseudo-Majorana spinors.

The Poincaré (ungauged) version of the theory has been constructed independently by
Townsend and van Nieuwenhuizen in [1] and by Salam and Sezgin in [2] in two different
formulations that use respectively a three-form gauge field BE)’Z],p and a two-form gauge
field B,[i],, in addition to the graviton g, the gravitino \I/%“L (a=1,...,8,u=0,1,...,6,
A = 1,2), the dilatino x4, three gauge fields Aﬁ (A = 1,2,3) and the dilaton ¢, that are
common to both formulations. From the on-shell point of view the number of degrees of



freedom described by either B,[f,],p or BE,}, is the same and the two types of gauge fields are
electric-magnetic dual to each other.

The gauging of the theory was also independently considered both in [1] and in [2].
The coupling of minimal D = 7 supergravity to n vector multiplets was constructed by
Bergshoeff et al. in [3] on the basis of the two-form formulation and shown to be based on
the use of the coset manifold:

SO(3,n)

Many1 = SO(L,1) x goasans (1.1)

as scalar manifold that encodes the spin zero degrees of freedom of the theory.

In all the quoted references the construction was done using the Noether coupling
procedure, up to four-fermion terms in the Lagrangian and up to two-fermion and three-
fermion terms in the transformation rules. Correspondingly the on-shell closure of the
supersymmetry algebra was also checked only up to such terms.

There is a renewed interest in this supergravity theory in relation with the classification
of Arnold-Beltrami fields [4] recently obtained by one of us, in a different collaboration,
in [19]. These fields, originally introduced by Beltrami as solutions of the first order equa-
tion that bears his name [4], were shown to have high relevance in mathematical hydrody-
namics by Arnold who proved a famous theorem according to which the only flows capable
of admitting chaotic streamlines are the Beltrami flows [5, 6, 8, 9]. This theorem originated
a vast literature on the so named ABC-flows that correspond to the simplest solutions of
Beltrami equation [7, 10-18].! The Beltrami vector fields live on three-dimensional tori
and in mathematical hydrodynamics are interpreted as velocity fields of some fluid. They
can also be used as compactification fluxes in the transverse space to the world volume
of 2-brane solutions of D = 7 supergravity theory. This new interpretation of Beltrami
fields, jocosely described by the authors as a Sentimental Journey from Hydrodynamics to
Supergravity, was proposed in [20]. In this way the rich discrete symmetries of Arnold-
Beltrami fields that are now turned from flows into flures can be transmitted to the three
dimensional gauge theories living on the world volume of the two-brane. Another intriguing
relation of this type of 3D-vector fields with the tri-holomorphic hyperinstantons, namely
with the instanton configurations of four-dimensional sigma-models that are singled out by
the topological twist, was recently pointed in [21]. The intriguing set of multi-sided rela-
tions implied by different interpretations of Beltrami vector fields is graphically summarized
in figure 1 which provides a sort of conceptual map for the present paper.

In [20] the explicit construction of 2-brane solutions with Arnold-Beltrami fluxes was
performed but their embedding in d = 7 supergravity was not discussed and what is the
most relevant issue, namely the residual supersymmetry that they might preserve, was not
explored. This is the main goal of the present paper.

With this motivation, we have first reconsidered the construction of minimal D = 7
supergravity in the approach based on Free Differential Algebras (FDA) and rheonomy

!The ABC flows have been discovered by Gromeka in 1881, rediscovered by Beltrami [4], and proposed for
study in hydrodynamics in [5] and in magnetohydrodynamics, in [10, 11]. Further important contributions
on ABC flows are contained in refs. [12-18].



Beltrami Equation

+dY = ﬂY Hydrodynamics
Y = velocity field of the fluid
{FLOW)

D=7 Minimal
Supergravity

Topological sigma
Model in D=4

Y=tri-holomorphic Y = gauge field
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Figure 1. Different applications of the Arnold-Beltrami equation.

(for reviews see [25] and also the second volume of [26]). The goal is that of clarifying the
algebraic structure underlying the theory, thus providing a solid basis for the analysis of
the 2-branes mentioned above.

In this paper we present the complete rheonomic solution of Bianchi identities which,
as it is well known, implicitly implies the fermionic and bosonic field equations of all the
fields. The request that the rheonomic parameterizations of the 2-form curvature & and
of the 3-form curvature &4 should be compatible completely fixes all the coefficients in
the rheonomic parameterizations and therefore determines all supersymmetry transforma-
tion rules including higher order terms in the fermion fields. As we show, upon suitable
rescalings, these transformation rules fully coincide with those derived (up to linear order
in the fermions) by the authors of [1, 3]. This consistency check, hand in hand with another
important test already obtained in [20], is instrumental in order to put our analysis on solid
grounds. In [20] it was shown that Beltrami flux 2-brane solutions of a bosonic theory with
the same content as D = 7 supergravity can exist if and only if the ratios between the
coefficients in the action are exactly the same as those determined by the authors of [1].
This leads to an exact prediction on the bosonic subset of the coefficients appearing in the
geometric lagrangian of D = 7 supergravity, whose explicit form, including the four-fermi
terms, is still under construction. We plan to present it in a forthcoming paper.

The information mentioned above is sufficient to embed the Arnold-Beltrami flux-
branes into D = 7 supergravity and to write down the precise form of the Killing spinor
equation in general terms and to polarize on this type of backgrounds.

The main result of this paper is the analysis of the supersymmetry preserved by
2-branes and flux 2-branes. Without fluxes the 2-branes preserve % of the original su-



persymmetry and they always admit eight Killing spinors. With Arnold-Beltrami fluxes
supersymmetry is usually completely broken, unless the solution, besides discrete symme-
tries has also extra translational Killing vectors. With two translational Killing vectors
one can preserve i of the original supersymmetry, corresponding to the presence of four
Killing spinors. With one translational Killing vector one can preserve % of the original
supersymimetry, corresponding to the presence of two Killing spinors. The presence of the
translational Killing vectors is a necessary, yet not sufficient condition. Accurate choices
of the fluxes have to be made which lead to certain precise discrete symmetries illustrated
in our worked out examples.

Our paper is organized as follows

a) In section 2 we review the construction, introduced in [20] of two-branes in seven di-
mensions with Arnold-Beltrami fluxes in the transverse space;

b) In section 3 we give the rheonomic description of D = 7 supergravity, namely the
definition and parametrization of the curvatures in superspace and the action;

c) In section 4 we discuss the explicit embedding of the flux brane solutions into super-
gravity. This is a necessary essential intermediate step in order to be able to discuss
the residual supersymmetry.

d) In section 5 we write the Killing spinor equation and investigate its general properties.
There we present the logic of a computerized algorithm devised to investigate the
presence or absence of Killing spinors.

e) In section 6 we present three explicit cases of flux 2-brane solutions with zero, % and %
preserved supersymmetry, respectively. We carefully discuss the discrete symmetries
of these solutions.

f) In section 7 we briefly discuss the uplifting of Arnold-Beltrami flux 2-branes to D = 11
supergravity.

g) Section 8 contains our conclusions.

h) In the appendices we define the conventions and discuss in some detail the rheonomic
construction and the derivation of the parametrizations of the curvatures as solutions
to the Bianchi identitites. We also derive the correspondence between the quantities
in this formalism and the corresponding ones in [1].

2 D = 7 two-branes with Arnold-Beltrami fluxes in the transverse
directions

In this section we review the construction of [20] based on the general form of p-brane
actions which is described in many places in the literature (in particular we refer the
reader to chapter 7, Volume Two of [26] and to all the papers there cited) and we focus
on the the case p = 2 in D = 7. The concern of [20] was the elementary 2-brane solution



in D = 7. It was shown in [20] that this latter exists for all values of the exponential
coupling parameter a defined below. Each value of a corresponds to a different value of
the dimensional reduction invariant parameter A also defined below. Obviously D = 7
supergravity corresponds to a unique value of A which, as we recall in section D.1, is the
magic A = 4 for which the solution becomes particularly simple and elegant and typically
preserves one half of the supersymmetries.

Subsequently, in [20], on the background of the 2-brane solution it was considered the
inclusion of fluxes of an additional triplet of vector fields, in this way mimicking the bosonic
field content of D = 7 supergravity. In presence of a topological interaction term between
the triplet of gauge fields and the 3-form which defines the 2-brane, it was shown that
the fluxes can be introduced into the framework of an exact solution if they are Arnold-
Beltrami vector fields satisfying Beltrami equation. The only conditions for the existence
of such a solution is A = 4 plus a precise relation between the coefficients of the kinetic
terms in the lagrangian and the coefficient of the topological interaction term. Clearly this
relation is precisely satisfied by the coefficients of minimal D = 7 supergravity as we show
in the present paper.

2.1 The general form of a 2-brane action in D =7

In the mostly minus metric that we utilize, the correct form of the action in D = 7 admitting
an electric 2-brane solution is the following one:

7
AQbrane = / d x£2brane

1 1
£2brane = detV <_R{g} - 13”90 au@ + %eia@F)\MVP F)\,ul/p> (21)

where a is a free parameter, ¢ denotes the dilaton field with a canonically normalized
kinetic term? and:?
Fauwp = O A (2.2)

is the field-strength of the three-form APl which couples to the world volume of the two-
brane.
The field equations following from (2.1) can be put into the following convenient form:
a

Ueov Y = 47867mp F)\,u,l/p F)\'LWP (23)
d [G—CMP *F[‘q] =0 (2'4)
1
Ricy, = 200 000 + Sy (2.5)
L. .3
SNV = — ﬂe F,u Fl/ - % g/u/ F F (26)

2Note that in the notations adopted in this paper and in all the literature on rheonomic supergravity
the normalization of the curvature scalar and of the Ricci tensor is one half of the normalization used in

most textbooks of General Relativity. Hence the relative normalization of the Einstein term R[g] and of

the dilaton term 0"y 0, is i and not %

3Note also that in the notations of all the literature on rheonomic supergravity the components of the
form Q[p] = dQP~ are defined with strength one, namely th)\p = ﬁ (aMQAzmAp + (p! — 1)-terms).



and they admit the following exact electric 2-brane solution:

ds? = H(y)"55 dg" @ de” — H{(y)®s dy! @ dy” 015
= —%a log H(y)
Fy = 4d [H(y) " dé* AdE” AdEP €] (2.7)

where the seven coordinates have been separated into two sets £# (u = 0, 1,2) spanning the
2-brane world volume and y! (I = 3,4, 5, 6) spanning the transverse space to the brane. In
the above solution H(y) is any harmonic function living on the 4-dimensional transverse
space to the brane whose metric is assumed to be flat:

4 2
Oe H) = 3 5 Hy) = 0 (2.8)

— o(y')?

and the parameters a and A are related by the celebrated formula:

dd 12
A=ag2 192" _— 424 2= 2.
a” + D a” + g (2.9)

which follows from d = 3, d=2and D="1. Physically d is the dimension of the electric
2-brane world volume, while d is the dimension of the world-sheet spanned by the magnetic
string which is dual to the 2-brane.

In section D.1 we will discuss the relation of the brane action (2.1) with the bosonic
action of minimal ungauged D = 7 supergravity and show that the specific coeflicients of the
kinetic terms appearing in this latter determine the value of A. Indeed the supersymmetry
of the action imposes A = 4. In a later section we discuss the Killing spinors admitted by
the solution (2.7).

The above solution can be written also in the case in which the transverse space to the
brane is still flat but has a topology different from R*. In the following sections we shall
indeed consider a transverse space has the topology of R, x T3, which is suitable for the
introduction of the Arnold-Beltrami fluxes. In this case the solution can still be interpreted
as a 2-brane since, in the absence of these extra fluxes, it has the form given above, i.e. of
an extended two-dimensional object electrically coupled to the 3-form, although H(y) is a
harmonic function on R, x 7. This has an important bearing on the space-time geometry
(in particular in the near-horizon limit), which we shall not discuss here. We shall just
briefly comment on it at the end of subsection 2.2.1.

2.2 The two-brane with Arnold-Beltrami fluxes

As a next step, in [20] the two-brane action (2.1) was generalized introducing also a triplet
of one-form fields A%, (A = 1,2,3) whose field strengths are denoted FA = dAA. In this
way we mimic the field-content of minimal D = 7 supergravity. Explicitly one has the new



bosonic action:
flux _ 7 flux
AQbrane - / d x‘C’Qbrane

1 1 _
Elfte = etV (—Rlg = 0900 + 5 e By, B0

W a
+ S BOFY, BV -k Fy o FLy AL T (2.0)

where two new real parameters w and x do appear. Crucial for the consistent insertion of
fluxes is the topological interaction term with coefficient k.

The modified field equations associated with the new action (2.10) can be written in
the following way:

a _ a
|:lcoVSO = @6 ay F)\pyp F)\,ul/p - w§€a4p Fﬁ\\li FA‘)\‘u (211)
d [e*‘w *F[‘ﬂ = 1152k FA A FA (2.12)
d [e%%” *FA} — g Z pll A FA (2.13)
w
1
Ricuy = S0, Ovp + S+ sti2 (2.14)
1 3
4 —
S = —55¢ <Fu F," — 55w F ) (2.15)
14 1
2 a A Al . A Al
S = —w et (Fu. F)l -~ o g0 F)FY ) (2.16)

In [20] the above equations were solved with the same ansatz as in the previous case for the
metric, the dilaton and the 4-form, introducing also a non trivial F2 in the transverse space
spanned by the coordinates y. Explicitly, the ansatz considered in [20] is the following one.

ds? = H(y) 55 d€" @ d¢” — H(y)% dy' © dy’ 61,
2
0= —Ka log H(y)
Fyy = 4d[H(y)" d&" Adg” A dEP €]
F* = d [Wi(y) dy] (2.17)
2.2.1 Arnold-Beltrami vector fields on the torus T2 as fluxes

In order to solve the above equations a change of topology was put forward in [20]. In
the brane solutions without fluxes the transverse space to the brane volume was chosen
flat and non compact, namely R%. To introduce the fluxes one mantains it flat but one
compactifies three of its dimensions by identifying them with those of a three-torus T?3. In
other words one performs the replacement:

R* 5 R, @T? (2.18)
Secondly, on the abstract T3-torus one utilizes the flat metric consistent with octahedral
symmetry, namely according to the setup of [19] one identifies:
RZS

T ~
Acubic

(2.19)



where Acupic denotes the cubic lattice, i.e. the abelian group of discrete translations of the
euclidian three-coordinates {X,Y, Z}, defined below:

Acubic S Ynimnang - {X, Y,Z} — {X+n1,Y+n2,Z+n3} ; n123 € 7 (2.20)

Functions on T2 are periodic functions of X,Y, Z, with respect to the translations (2.20).
According to (2.18) one splits the four coordinates y! as follows:

' = U ,X,)Y,Z (2.21)
N~ e —

ER  =xeT3

In [19], one of us, in a different collaboration, has classified and constructed all the solutions
of Beltrami equation:
* dYlW = vyl (2.22)

for one-forms YU defined over the three-torus (2.19) outlining the strategy to construct
the same solutions also in the case of other crystallographic lattices like, for instance, the
hexagonal one. These solutions are organized in orbits with respect to the cubic lattice
point group, namely the 24-elements octahedral group Qa4 and their parameter space
is decomposed into irreducible representations of appropriate subgroups of a universal
classifying group with 1536 elements [19]. Using such one-forms Y[ as building blocks
for the brane fluxes appeared very appealing in [20] since it introduces the corresponding
discrete symmetries into the brane solution.
Explicitly the last of the ansétze (2.17) was specialized in the following way:

FA = Ad [V WA (X)) (2.23)
WA (X) = &4, Y4 (X) (2.24)

where Y4 (X) denotes a basis of solutions of Beltrami equation (2.22) pertaining to eigen-
value p and the embedding matriz EN 4 1s a constant matrix which constructs three linear
independent combinations of such fields. Furthermore A is some numerical parameter.

It was shown in [20] that all field equations (2.11)—(2.16) are solved if the following
conditions are verified

2

A=4 =24/=

= a 5
o= Y
384
)\2

Og, x1s H(U, X) = — op &P 27 uU] p? J(X)
3
JX) =) ) WhX)WAX); (2.25)
A=1 i=1

The first two conditions of (2.25) are a specification of the parameters in the brane la-
grangian. It was already noted in [20] that such a specification corresponds to selecting a



bosonic lagrangian that, up to field redefinitions, is equivalent to the bosonic lagrangian
of minimal D = 7 supergravity. The third equation is the only differential condition that
solves the entire system of field equations. The function H(y) appearing in the metric, in
the dilaton and in the three-form BBl needs to satisfy a inhomogeneous Laplace equation
whose source J(X) is entirely determined by the Beltrami vector fields according to the
formula displayed in the last of eqs. (2.25). The component H (y) of H(y) satisfying the
homogeneous part of this differential equation is a harmonic function on the transverse
space which is determined by the electric coupling of the extended object to the 3-form, as
discussed in 2.1. The remaining part of the function is determined by the inhomogeneous
term and thus depends on the Arnold-Beltrami fluxes. The harmonic function H(y) has
the general form:

Hy)=1-U+» e MVe(X), (2.26)

k

where k = (n1,n2,n3) is an integer three-component vector and cy(X) a function on 7°
made of cosines and sines, solution to the equation Opscy(X) = —|k|?cx(X). In the
absence of the Arnold-Beltrami fluxes, this function completely determines the geometry
of the solution. In this case, we can consider, along the lines of [23, 24], a stack of infinitely
many 2-branes continuously distributed along the directions of 7°. This amounts in H (y)
to integrating along the three compact directions which would single out only the 1 — U
term. The resulting solution is effectively a domain wall in four dimensions obtained by
vertically reducing the seven-dimensional flux-less 2-brane.

2.3 Relation of the Arnold-Beltrami fluxes with hyperinstantons

In the recent paper [21] the relation between Beltrami equation (2.22) and the defining
equation of tri-holomorphicity was explored. It was shown in the past in [22] that a
suitable definition of what we can name a tri-holomorphic map from a flat HyperKéahler
four-dimensional manifold HK4 to any HyperKéahler manifold H/Cyy:

q : H]C4 — HIC4n (2.27)

naturally emerges from the topological twist of an N = 2 supersymmetric sigma model in
D = 4. The following first order differential equation:

3
¢ =Y Jeoqtoj. =0, (2.28)
z=1

where J% denote the three complex structures of the target manifold H/C4, and j* those
of the base manifold is obtained as the BRST-variation of the antighost produced by the
twist. Henceforth eq. (2.28) defines in a unique algebraic way the instantonic maps on
which the functional integral should be localized in the topological version of the sigma-
model. For this reason the maps satisfying eq. (2.28) were dubbed hyperinstantons in [22]
and it was also observed that they are tri-holomorphic since eq. (2.28) can be interpreted as
the statement that they are holomorphic with respect to the average of the three complex
structures. In [21] the base manifold was chosen to be R, x T2 while the target manifold



was simply chosen to be R*. In this way the equation of tri-holomorphicity was applied
to maps:
q:RyxT3 5 RY (2.29)

It was shown in [21] that, under very mild assumptions, the general solution of equa-
tion (2.28) is as follows. Let G(X) be a generic function on the T3 torus , let Y(X) be a
solution of Beltrami equation (2.22) corresponding to eigenvalue p and define:

®(U,X) = e 2V G (X)
A (U, X) = e 2#UY (X) (2.30)

where U is the positive real variable spanning R;. Then the image of the point {U, X} €
R x T3 with respect to a map g that satisfies the tri-holomorphic constraint (2.28) is given
by {qo,q} € R*, where:

q0 (U7X) = _8U(I)(U7X)
q(U,X) = V& (U,X) + A (U,X) (2.31)

the operator V representing the derivatives with respect to the torus coordinates.
Next, if we interpret the four components {qo,q} as the components of a gauge 1-form
in R_ x T3 (where U — —U), namely if we set:

A = qodU + q-dX (2.32)

we obtain:

A=do(UX) + e VY (2.33)

We recall also that this gauge connection satisfies a suitable gauge fixing (see [21] for a
complete discussion). It appears clearly from eq. (2.33) that the function ® (U, X) is just
an irrelevant gauge transformation which has no influence on the gauge field strengths
appearing in supergravity. Apart from it the gauge fields entering the brane solutions
as fluxes are just hyperinstantons in the transverse directions to the brane, namely on
R_ x T3. The restriction to R_ < R, on the sigma-model side of this correspondence is
greatly illuminated by it. Indeed on the supergravity side U has to be negative in order
to keep the metric real. Choosing the parameter A\ appropriately we can arrange that
U = 0, which is a boundary in the sigma model, corresponds to a metric singularity in
supergravity. This singularity is the brane itself, since U is nothing else but the distance
from the brane.

3 Rheonomic D = 7 supergravity

The aim of this paper is to embed the considered 2-branes in supergravity and to investigate
their supersymmetries. To this end it would in principle suffice to work with the Lagrangian
and supersymmetry transformation laws of [1]. We believe it instructive, however, to
describe the same D = 7 supergravity using the systematic algebro-geometric framework of
rheonomy. This approach makes the symmetries of the theories manifest and also provides

~10 -



a systematic procedure for computing the higher-order fermion terms (which, however, are
not relevant to our present analysis and thus will be dealt with in a future work).

In the the present section we give the definitions of the curvatures and their superspace
parametrizations solutions to the Bianchi identities. In the appendices we describe in detail
the derivation of these results through the solution of the Bianchi identities in superspace.

Eventually we shall mach the quantities in the rheonomic description to the corre-
sponding ones in [1] and study the supersymmetry properties of our flux-2-brane solutions.

3.1 Definition of the curvatures in the Poincaré case

We use the same notations as in [20]. In particular ¥4 and x4 are the two gravitini and
the two dilatini, respectively, satisfying the pseudo-Majorana condition, see appendix A.
We also denote, in the rheonomic conventions, by ¢ the dilaton, B2/, B3 the 2-form and
the 3-form, respectively, and by A® the three vector fields.

The curvatures as forms in superspace are defined as follows:

iazdva—wabAvb—%@A/\rwA (3.1)
DV
R = dw® — W= A W? (3.2)
1
pPA = d\I/A — Zw“bl“ab \I/A (33)
DU,
1 _
§h = aat — i 20 ME T A Wy (3.4)
6B =dB 4 A A A —e 0T AV,
1 _ -
+i§e—%¢aA‘BA\IJAAxpB/\AA—%e—W“‘AFa\pAAV“ (3.5)
1 .
6l = dBbl - ¢ T4 AT UAAVEAVD (3.6)
d¢ = do (3.7)
1
Dxa = dxa — iw“b Tap XA (3.8)

where T¢ is the torsion 2-form, R the space-time curvature 2-form, p4 the gravitini field
strengths, §* the vector field strengths, and 6Bl 84 the 2-form and the 3-form field
strengths, respectively.

3.2 Rheonomic parameterization of the curvatures

Below we give, in the spirit of the rheonomic approach, the superspace parametrizations
of the curvatures, solutions to the Bianchi identities. They already encode all information
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about the field equations and supersymmetry transformation rules of the theory.

T4 =
_ 9 _
RY = RD VAV i jb'A\pA/\VC—iE&gabchArc\yA
o1 —A 4 AlB A
—ig @ Gpar U AT iz 20 P o SR N 7
1 _
—i—il—oe%?f’f;}]aA‘BA\I/A/\Fabpq\I/B
PAZpaay Ve NV —i (MET, + ToNF) Up A VY
11 —C 5 —C
— Ty xa¥ AT — —T T AT
64 m XA C 128 mnXA C
15 AlB _AD =C 1 AlB _AD —=C
— @XBO' | 40 | oV A¥p — @qurXBU ! 40 | c VAP

1 —
§ =Fa Ve AV —Se 2o T, A v
—A
dp =D,V + T vy

DXA EDaXA | + PE \I/B
where the matrices appearing in the fermionic curvatures are the following ones:

1 1

o1 .31 B
N£:156¢5g$—1%e2¢ﬂ’14
1 1 1
P = 65 <—i5e¢’¢¥ + 12¢> +ige%¢Ef

having defined

@ = GupeT;  FE = FATYAMNP 0 @ = @,1°

(3.10)

(3.11)

(3.12)
(3.13)
(3.14)

(3.15)
(3.16)

(3.17)

(3.18)

In addition to the above rheonomic parameterizations we introduce those of the higher-form

curvatures, namely:

1 _
&8 =G VA VP A v%ie*d’xp“‘rabm AVEAVD

1
[4] =
® 12
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(3.19)

) .1, =A
— €24, azhy. by GURBVI A LAY —1§e¢‘1/ Cabe Xa A VEAVEA VE
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3.3 Bosonic lagrangian of D = 7 supergravity

The bosonic lagrangian has the form:

d
[’gi(giiuge = fl%al(m ANVIEN- A Va76a1...a7

+ f204 <d¢ - @AXA) ANVEN- ANV Y€, ar

+ fae? Fhlaraz <SA+;€_é¢0—A|BA\IIAFCLXB A V“) AVBNAVTeq  an

+ f1Gabe ((’5[4}+i;6¢\IIAqurXA AVPAVIA V"“) AVEAVEAVE

+ /s <Q5[3]—;e¢’\I’AFabx ANVEN vb> A <@[41 + %&@A ATy ¥a AVEA vb)

+ (—360 F209B, — 120 fze¢ FAb FA g f462¢gabcgab0) Vol
1
Vol; = ﬁeal”mval A ANVY (3.21)
In principle the coefficients are fixed by the previously given solution to the Bianchi iden-
tities. For the sake of simplicity, in the appendix, the coefficients f1 . 5 are fixed in the
appendix D.1.1 by comparison to the TPuN construction.

4 The bosonic lagrangian and the embedding of flux 2-branes in super-
gravity

Next we consider the form of the bosonic lagrangian of minimal D = 7 supergravity, as
it emerges from the rheonomic construction and we address the embedding of the flux
2-branes described in section 2.2 into solutions of supergravity field equations.

As mentioned earlier, in a separate paper we plan to present the explicit derivation of
the D = 7 lagrangian utilizing the rheonomic approach and completing the task with the
inclusion of all 4-fermi terms. Yet, as we stressed several times, the field equations of the
theory are already implicitly determined by the complete solution of the Bianchi identities.
In the spirit of such an observation we can already determine (up to an overall scale) all
the coefficients fi . 5 appearing in the bosonic action, by considering the embedding of the
2-brane solutions; at the same time our embedding procedure provides a cross check of
the rheonomic construction with the Noether construction of [1]. Indeed we organize the
embedding procedure in the following steps:

A) First, considering the bosonic supergravity lagrangian as derived in [1], we easily work
out the rescalings that bring it to the standard flux 2-brane form of eq. (2.10).

B) Secondly, comparing the supersymmetry transformation rules derived in [1] with those
that follow from our rheonomic solutions of the Bianchi identities, we work out the
rescalings that connect our normalizations of the supergravity fields with those of [1]
and of the standard flux 2-brane form of eq. (2.10).
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C) Finally, knowing all relative normalizations we derive the constraints on the coefficients
of the rheonomic lagrangian necessary for its bosonic sector to be identical (up to
rescalings) with the 2-brane form of eq. (2.10) and hence to the action obtained
in [1]. The direct verification that the rheonomic construction of the action yields
precisely these coefficients fi . 5, and the determination of the remaining ones, will
be presented in a future paper.

4.1 Comparison of minimal D = 7 supergravity according to the TPvIN con-
struction with the flux brane action

In this subsection we make a comparison between the action (2.10) and the bosonic action
of minimal D = 7 supergravity as it was derived in [1], which, for brevity we name TPuN.

Since the authors of [1] use the Dutch conventions for tensor calculus with imaginary
time, the comparison of the lagrangians at the level of signs is difficult, yet at the level of
absolute values of the coefficients it is possible, by means of several rescalings. First we
observe that the normalization of the Einstein term in eq. (2) of TPuN is the same, if we
take into account the already stressed % difference in the definition of the Ricci tensor and
scalar curvature. Secondly we note that the normalization of the dilaton kinetic term in
eq. (2) of TPuN, namely % becomes that of the action (2.10), namely % if we define:

¢rPuN = \}?P (4.1)

A check that this is the correct identification arises from inspection of the dilaton factor in
front of the three-form kinetic term. Using eq. (3) of TPuN, we see that according to this
construction such a factor is:

4 2
exp [— % ¢>TPvN] = exp [_2 5 90] (4.2)
This confirms the value a = —2 \/g leading to the miraculous value A = 4 of the di-

mensional reduction invariant. Thirdly we consider the necessary rescalings for the Al

and A? gauge fields. Taking into account the different strengths of the exterior derivatives
(see unnumbered egs. of [1] in between eq. (1) and (2)) we see that in order to match the
normalizations of (2.10) we have to define:

1 1
PuN 3 PvN

A}:MVU = 4\/5 A[)\/]W = FATWZ = EFAMWJ

ApTPN R AL s BT =[S, (4.3)

with these redefinitions we can calculate the value of x according to T'PuN. We find:

1 A|ITPUN (A oo w A A A oo
48\/5 l”{y];gNFK)! v AT|TPuN HVPOART @FMVPGFK/)\A‘T HVPIART (4'4)
which implies:
w
= a1 4.5
SRRETY (4.5)
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In this way the bosonic action of supergravity, according to TPvN is mapped into the flux
brane action (2.10) by means of the rescalings (4.4) and (4.1). This shows that Arnold-
Beltrami flux branes are solutions of minimal D = 7 supergravity and of no other theory
of the same type which is not supersymmetric.

4.2 Comparison of TPvN SUSY rules with the rheonomic solution of Bianchi
identities

The next step in our agenda is the comparison of the supersymmetry transformation rules
derived in [1] with those derived from our rheonomic solution of the Bianchi identities in
order to find the appropriate rescalings that map our normalizations of the supergravity
fields into those of [1]. Combining the results of the previous section 4.1 with the comparison
explored in the present section we arrive at the relation between the bosonic supergravity
fields of our algebraic rheonomic construction and the fields utilized in the flux-brane
action (2.10), namely we achieve the desired embedding of flux 2-brane solutions into
supergravity.
Let us proceed systematically. We set:

¢:)\¢ — \/§>\¢TPUN
BB _ - Al
\

g/\,w/p = TF}\MVp = g)\uup = QTF)?;LPVZN (46)

Our goal is to determine the rescaling factors A and 7. The first is immediately determined
by comparison of the dilaton depending scaling factors in the transformation rules and it
was already fixed by the requirement a = 2 \/g . We have:

2

A=z (4.7)

To fix the second we consider the supersymmetry transformation rules of the dilatinos
displayed in eq. (4) of [1]. We find:

1 2
I - TPuvN F)\Mup FTPUN FA t
24 /10 exp [ \/;gb Auvp €A + I, terms
(4.8)
In the rheonomic approach the supersymmetry transformation of the dilatinos is ob-

1
Ssusy Xyl N = (2@ TN 4

tained from the rheonomic parametererization of their covariant differential encoded in
egs. (B.14) and (B.17). We obtain:

dsusy x4 = Phep (4.9)

which has to be compared with eq. (4.8). An absolute comparison requires the relative
normalizations of the dilatinos x4 and XZ;P vN to be given below, although for the time

TPuvN

being we may just focus on the ratio of the coefficients of the [P ¢ "N and F terms.

Indeed this ratio is independent from the normalization of the dilatino field.
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First, recalling the duality relation (A.30) with v = % we find:
Fal...a4 gal.,.a4 — 211[11...(13 gal...a3 — 2$ (410)

Secondly utilizing the rescalings (4.6) and eq. (4.10) we convert eq. (4.8) to

. NG ex
Ssusy X£P N _ <4$¢ + 12%_ @ | ea + Ff),, terms (4.11)

Consistency with our own result from Bianchi identities requires:

1
12207 c1 2 1
_a _ 2 _ 412
V5 s 5 T T 12 (4.12)

In this way the embedding of the flux 2-brane system in our rheonomic formulation of D =7
supergravity is completly fixed. A summary of the conversion table is displayed below:

4= \/5% BB = L ABL. A Al (4.13)
5 12
The reascaling of the supergravity vector fields encoded in the symbol ¢ is not fixed so far
since the normalization of the vector fields is also adjustable in the flux-brane lagrangian
by means of the free parameter w.
In appendix D we show that the above comparisons imply the following prediction on
the coefficients of the supergravity bosonic action:

5

f2=ﬁf1; f3 =2f1; fa=—fs = —60f (4.14)

When these relations are fulfilled the bosonic action of supergravity (B.30) is mapped into
the flux-brane action (2.10) by means of the rescalings (4.13), the constraint x = 5 is
respected and the supersymmetry transformation rules in the background of any brane
solution can be worked out from the rheonomic parametrization of the FDA curvatures
satisfying Bianchi identities.

For the sake of completeness we also give the dictionary for the fermionic fields and

the supersymmetry parameter:

5
Y IR N LT (V- IV (RD)

where we have renamed y4F"" the spin one-half fields denoted by \; in [1].

5 The Killing spinor equation

Let us now come to the central issue of the present paper that is the discussion of preserved
supersymmetries in the background of Arnold-Beltrami flux brane solutions. We start by
writing the Killing spinor equations in general terms.
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According to a well-established procedure, given a classical bosonic solution of super-
gravity, where the fermion fields are set to zero, one considers the supersymmetry variation
of the fermions in such a background and imposes their vanishing. This yields a set of al-
gebraic and first-order differential constraints on the supersymmetry parameters e€4. By
definition, the number of independent solutions to such equations is the number of pre-
served supersymmetries and each solution is named Killing spinor.

The supersymmetry variations of the gravitinos and of the spin one-half fermions
(dilatinos) are determined from the rheonomic parameterizations of the fermionic curva-
tures (B.11), (B.14) using the definitions (B.15), (B.16) and (B.17) and the final values
of the coefficients displayed in eq. (B.27). In this way, for any supergravity bosonic back-
ground, we obtain the following Killing spinor equations:

1 1 o (1 3
e = —_ ¢ - _ a B 1.5 4 Y X a :C‘B
0=10Ys=Dey — ¢ <40Fa$+8$Fa>V 03 €p —iez (4E T, 20FGE>V g4 €B
S Qx
e? 1 B ie2 v _a|B
O:5XAE<5G+2¢>5AEB—5F o, €B. (5.1)
—_—— N——
& O®
where: 1
Dey = deg — EwabfabeA (5.2)

is the Lorentz covariant derivative (w“b being the spin connection) and where the operators
¢, ® and F* have been defined in eq. (B.18).

In order to discuss the Killing equation in a general form it is convenient to adopt a Kro-
necker product notation and put the candidate Killing spinors (A.4) into a 16-component

. <1> (53)

and rewrite the two equations (5.1) in the following way:

row vector as it follows:

0=Ve=de + O¢ (5.4)
0 =Pe
where the generalized connection © is a one-form valued 16 x 16 matrix with the following
structure:
T+ Q! +i0°
© = T _ 02 3
Q' -’z -9
1
> = Zwab Twp — S (5.6)
in terms of the previously introduced operators, while the 16 x 16 matrix 3 is defined as
follows:
S + O3 (O +iD?
P = T_ 2‘ 3 (5.7)
Ol —i9? 6 -9

17 -



Having rewritten the Killing spinor equations in the more abstract although much more
transparent form (5.4)—(5.5), the discussion of their solubility becomes much simpler. The
first order differential equation (5.4) has an integrability condition that reads as follows:

Re =0 (5.8)
where R [0] denotes the 2-form curvature of the generalized connection (5.6), namely:
R =do + OANO (5.9)

Hence the necessary condition for the existence of Killing spinors is that both matrices
R [O] and P should have rank smaller than 16 in order to admit a non-trivial Null-Space.
Indeed the maximal possible number of Killing spinors is given by:

# of Killing spinors < dim [Null—Space (R) m Null-Space () (5.10)

In eq. (5.10) the sign < is due to the fact that eq. (5.8) is a necessary but in general
not a sufficient condition. Once the candidate Killing spinor has been restricted to the
space Null-Space (2R) [ Null-Space (), the differential equation (5.4) has to be explicitly
integrated and, previous experience with this type of problem, suggests that new obstruc-
tions might arise. On the contrary if the rank of $R is 16 we can safely conclude that all
supersymmetries are broken by the considered background.

Having anticipated this general discussion we consider the case of brane-solutions uti-
lizing the split basis of gamma matrices introduced in section E.2.

We adopt the index convention (E.5) and we summarize the flux-brane solution as

follows:
2
¢=-;log[H]; H=H(y (5.11)
Ve = H™5 deo (5.12)
VP = Hio dy” yP = {U,X,Y, 2} (5.13)
1 1
BB = = H7 S e ped€S A dER A deS (5.14)
12 31 take
1
AN = —— w X exp[2r p U] WA (5.15)

2V2

where the inhomogeneous harmonic function H (U, X,Y, Z) satisfies eq. (2.25). Another
essential ingredient that we need is the spin-connection. For this latter we easily find:

w® =0 (5.16)
1 :
We = —3d§@H—%apH (5.17)
3
wly = ol Y (dy" 0gH — dyg 0" H) (5.18)

Next let us analyze the structure of the algebraic matrix operators entering the definition
of the projector 3 and of the connection ©. Let us begin with the structure of the operator
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S. We find:

G =120206
00 01 H+i0,H : (02H+i03H)
FH13/10 H13/10
~ 2 00i (02H—i03H) O01H—i04H
S =—— H13/10 H13/10 (519)
5100 0 0
00 0 0

On the other hand the operators 2% have the following structure:

0% =150 0° (5.20)
A7 B 0 0

A ¢ DT 00

0% =\ 21
0 000 (5:21)
0 000

the parameter A corresponding to that in front of Beltrami vector fields (see eq. (5.15)), so
that A = 0 means pure branes without fluxes, and the specific form of the submatrices

A7 BT
m* = (@w @x> (5.22)
depends on the specific form of the chosen Beltrami field.
These informations are sufficient to conclude that the rank of the 16 x 16 matrix P

is always 8 both in presence and in absence of fluxes, namely both with A # 0 and with
A=0.

5.1 The supersymmetry of pure 2-branes

If we do not introduce Arnold-Beltrami fluxes we have 2-brane solutions of the form (5.11)—
(5.14), where H is a harmonic function on Ry ® T3 and A = 0. In that case the Null-Space
of B is simply given by those €; 2 in eq. (A.4) where all the 6; are set to zero. Next we can
verify that

Null-Space(3) C Null-Space(fR) (5.23)

This suggests that there might be 8 Killing spinors. Indeed making the following replace-
ment in eq. (A.4):

0, =0; & =Hywyy (i=1...,8) (5.24)

where y; are constant anticommuting spinors we can easily verify that the corresponding
¢ defined in (5.3) satisfies both egs. (5.4) and (5.5) for any choice of the harmonic function
H. Therefore we come to the conclusion that the pure 2-branes described above preserve
8 supersymmetry charges, namely they are BPS states breaking % of the supersymmetry
charges and preserving the other half.
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5.2 The supersymmetry of flux 2-branes

When we turn on Arnold-Beltrami fluxes, things become much more complicated since the
curvature matrix SR has no longer a universal form and its structure critically depends on
the choice of the vector field triplet W. A priori it is by no means clear whether flux-
branes preserving any supersymmetry can exist or any of them necessarily breaks all the
supersymmetries. In order to decide this crucial point we have considered many explicit
solutions, in particular those already presented in [20]. By means of a specially developed
code we have constructed the corresponding 2-form R and then, since its form is in all cases
too much involved for any analytical study we have resorted to numerical calculations. An
algorithm based on random number generation probes the rank of all the 16 x 16-matrices
%glab obtained by expanding the curvature of the generalized spinor connection 9{5 along
the vielbein:

Ry = R, VAV (5.25)

Since we are in 7-dimensions, for each randomly chosen point in R, x T3 we obtain a set
of 21 matrices and the maximum rank displayed by this set is the rank of the curvature
2-form. If this rank is 16 we conclude that there cannot be any Killing spinors and that
supersymmetry is completely broken. On the other hand, if the maximal rank is less than
16 for all the 21 matrices mentioned in eq. (5.25) in a conveniently ample set of random
points, this is a strong indication that the curvature has a non vanishing Null-Space and
one can attempt to calculate its form analytically. The result of this numerical investigation
was the following. All the models considered in [20] and several others that we have tested
break supersymmetry entirely, leading to the conclusion that it is generically very hard and
unlikely to hit a case where Killing vectors do exist. Actually we were strongly tempted
to assume that flux-brane break all supersymmetries always. Yet, by means of several
trials and by some educated guess, we were able to produce counterexamples of an Arnold-
Beltrami flux-brane which respectively preserves % and % of the original supersymmetry.
As we emphasize below the presence of Killing spinors is entangled with the presence of
additional translational Killing vectors that are instead absent in generic flux-branes.

Because of the relation between the Arnold-Beltrami flux-branes and the hydrody-
namical models [5-18] where the same three-dimensional vector fields are used as flows
(i.e. velocity fields of a fluid) it is interesting to stress what follows.

According to Arnold Theorem [5, 6] that of satisfying Beltrami equation is a neces-
sary yet not sufficient condition for a stationary flow to admit chaotic stream-lines. In
particular if there are additional continuous symmetries of the vector field, this introduces
extra conserved charges that can lead to integrability and bar the existence of any chaos.
Furthermore if the integral curves of the vector field are all planar, this also inhibits chaotic
behavior on very general grounds. The so named ABC-flows [10-18] obtained from a par-
ticular truncation of the general solution of Beltrami equation with the lowest eigenvalue
1 = 1 were extensively studied in the literature on mathematical hydrodynamics since
they have interesting and helpful discrete symmetries but no continuous ones.

From our analysis of the Killing spinor equation it emerges that in order to have Killing
spinors the flux 2-brane has to have some additional translational Killing vectors on the
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torus T3. In particular with two translational Killing vectors we obtain a flux 2-brane
that preserves i of the supersymmetry, with one additional Killing vector we obtain a flux
2-brane that preserves % of the supersymmetry, while the request of three translational
Killing vectors suppresses all the fluxes and preserves % of the original supersymmetry (the
maximal value for BPS states).

Since the anticommutator of spinor charges produces translations, it is rather natu-
ral that the existence of Killing spinors implies additional Killing vectors, besides those
associated with the conformally flat brane-world-sheet. From the point of view of the
correspondence between supergravity flux 2-branes and hydro-models it is relevant that
supersymmetry excludes chaotic stream-lines and vice-versa.

Furthermore it is very much interesting to analyze the 2-brane solutions from the
point of view of discrete/continuous symmetries. With just a discrete group of symmetries
I' we break all supersymmetries. When we preserve some supersymmetry, in addition to
U(1) or U(1)? (respectively corresponding to the § and 1 case), we have some residual
discrete symmetry I' that it is quite relevant to single out. Indeed I is transmitted to the
gauge theory on the brane world-volume and the composite operators in the gauge/gravity
correspondence have to be organized into irreducible representations of such a TI'.

In the next section we present a few examples of flux 2-branes with and without
supersymmetry where all such symmetries are carefully analysed.

6 Examples of flux 2-branes and their (super)-symmetries

In this section we present just three explicit examples of Arnold-Beltrami flux 2-branes, one
with no preserved supersymmetry, one with %, the last with % We advocate the relation
of preserved supersymmetry with the presence of extra translational Killing vectors and
we carefully analyze the discrete symmetries of each of the considered branes.

6.1 The Arnold-Beltrami flux 2-brane with octahedral symmetry and no pre-
served supersymmetry

In [20] it was presented the case of the 2-brane solution where the triplet of Arnold-
Beltrami fields spans an irreducible tri-dimensional representation of a rather large discrete
group, namely the irreducible representation Di2 of the group GF192 described both in [19]
and [20]. In the present section we reconsider that solution from a different standpoint
and we decode its symmetries in a more explicit way, moreover showing that it breaks all
supersymmetries.

The triplet of vector fields that we want to consider is the following one:

W! = 2dX cos(2rZ) — 2dY sin(2nZ)
W (X) = ¢ W2 =2dX cos(2nY) + 2dZ sin(27Y) (6.1)
W3 = 2dY cos(2rX) — 2dZ sin(27X)

Any linear combination of these vector fields forms the celebrated ABC-flow of Hydrody-
namics [10-18].
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Since the components of the vector field depend on all the three coordinates X,Y, Z
we have no continuous translation symmetry on the three-torus and there are no further
translational Killing vectors besides those corresponding to the conformally flat directions
of the 2-brane world-volume:

£ — 2+ 4 (6.2)

There is however a residual global isometry forming a Zy x Zg group. The reader can easily
verify that the following three substitutions leave each of the three one-forms in eq. (6.1)
invariant:

T {X—>-X-3% Yo>-Y-1 Z-2Z+1}

T:{X—>-X, YoY+i Z--7-3 (6.3)

T {X—=>X+3, Y-V, Z--Z}
Each of the above translations squares to the identity, since it corresponds to some integral
shift of the coordinates X,Y,Z which, on the T3 torus means no shift. In addition to
these translational symmetries, the supergravity solution generated by the vector field
system (6.1) has a very interesting symmetry:

I' =091 Q7 (6.4)

The octahedral group Og4, which is isomorphic to the symmetric group Sy, is one of the
exceptional finite subgroups of SO(3). Abstractly it can be described by two generators
and three relations:

024:(T,syT3:1,82:1,(ST)4:1> (6.5)

An explicit representation by means of orthogonal integer valued 3 x 3 matrices with unit
determinant is the following one:

0 01 -10 0
DT=|-100|; D[S=]0 0 -1 (6.6)
0 —10 0 —10

The map D realizes an immersion of the octahedral group into the group SO(3):

D : Oy — 80(3) (6.7)
If we add the matrix:
-1 0 O
D[Z] = 0 -1 0 (6.8)
0 0 -1

which has determinant —1 and commutes with both D[T] and DIS]:
[D[T], D[Z]} = [D[S], D{Z]] = 0 (6.9)
we realize a homomorphic embedding:

D: 024 X Ly —> 0(3) (610)
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The claimed symmetry of the supergravity 2-brane solution under the group (6.4) stems
from the following identities that the reader can easily verify:

|20
W (3X) = D[Z] - W (X) (6.11)

where the action of the three generators on the torus coordinates is defined below:

3 1 1
X=3"-V,Z4+-,-X—-=
* {4 SV 2}

1 1 1
X={X+-Y+-,Z+4=
S { +5: Y + 5, +2}

33X = {1—Y,X,Z—3} (6.12)
2 4

It is important to stress that the three transformations (6.12) are defined modulo any

additional transformation of the Zs X Zy group generated by the translations (6.3) which

leave the vector fields (6.1) invariant. From a group theoretical point of view the group

GF192 mentioned in [20] and [19] is the semidirect product:

GFng ~ I X (ZQ X ZQ) (613)

both T' and (Zg x Zs3) being invariant subgroups. We can look at the map D as a homo-
morphical embedding:

D : GF192 — 0(3)
ker[D] ~ ZQ X ZQ (6.14)

the kernel of the homomorphism being the normal subgroup generated by the transla-
tions (6.3). This way of thinking shows that the supergravity flux 2-brane solution gener-
ated by the triplet of Beltrami fields (6.1) has the large discrete symmetry GFig2. Indeed
it suffices to utilize the global O(3) symmetry of supergravity and we can set:

Vy € GFr92 : W(X) = Dy ' W(HX) = W(X) (6.15)

all the other fields, dilaton, metric and 3-form, being already invariant.
Indeed the inhomogeneous harmonic function produced by the choice (6.1) is the fol-
lowing one:

1
H(y) =1- g)\2e47rU (6.16)

and all the other bosonic fields follow from eqs. (5.11)—(5.15).

Localized on this solution the projector 3 has still rank 8. The difference with the pure
brane case is just the following. In the eight null-vectors of 3, the parameters 6;, instead of
being put to zero, are forced to be point-dependent linear combinations of the &;. Hence the
dilatino supersymmetry transformation rule can be nullified by eight independent spinors
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Figure 2. On the left the plot of one arbitrarily chosen vector field in the Beltrami space defined
by eq. (6.1). On the right the plots of some of its integral curves in the 3-torus represented as a
cube with identified opposite faces.

also in this case. However, the situation is dramatically different at the level of the gravitino
transformation rule. As our computer code demonstrates, in any randomly chosen point,
the rank of the curvature R is always 16 which bars the existence of any Killing spinors.
This brane solution has a large discrete symmetry but breaks all supersymmetries.

In order to get a visual appreciation of the difference between Beltrami fields that lead
to non-supersymmetric and to supersymmetric 2-branes we have produced some plots. In
figure 2 you see the plot of an arbitrarily chosen vector field in the three-dimensional vector
space spanned by (6.1). On the right side a plot of some of its streamlines, namely of its

integral curves, is shown.

6.2 The Arnold-Beltrami flux 2-branes with bosonic symmetry D,, x [U(l)x
U(1)] and 4 Killing spinors

The next example we consider is a flux 2-brane that preserves 1/4 of the original super-
symmetry, namely possesses 4 Killing spinors. As discussed above on general grounds we
aspect in this case two translational Killing vectors. This means that eq. (6.13) defining
the complete bosonic group of the previously considered solution is replaced by:

Gbosonic ~ I' x [U(1) x U(1)] (6.17)

the two U(1)’s being the continuous translation groups generated by the two additional
Killing vectors. The question remains: what is the discrete group I" in this case? We show
that using a cubic momentum lattice the answer is:

I = D, (6.18)

where D, denotes a dihedral group. There is also a second solution based on the hexagonal

lattice which yields:
I' = Dg (6.19)
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To see this let us consider the two cases together:

W! = dX cos(2rZ) — dY sin(27Z)
Wiy (X) = ¢ W2 = —dY cos(2rZ) — dX sin(2r2) (6.20)
LW?’ =0
W! = dX cos (%) —dY sin (%)
m7[6} (X) =9 W2 = —dY cos (%) — dX sin %) (6.21)
W3 =0

Abstractly the dihedral group D, can be described by two generators and three relations:
Dy = <A,B\A”:1,B2:1,(BA)2:1) (6.22)

An explicit representation by means of orthogonal integer valued 3 x 3 matrices with unit

determinant is the following one:

010 —-10 0
D,:D[AJ=|-100|; DB =[010
001 0 0-1
(6.23)
1By ~10 0
Do :D[Ag)=| -3 L o|; DB/=[ 010
0 01 0 0-1
The map D realizes an immersion of the two dihedral groups into the group SO(3):
D : Dys — SO(3) (6.24)

The claimed symmetry of the supergravity 2-brane solution under the group (6.4) stems
from the following identities:

QB[476] (D[A;é] X) =
W6 (DB - X)

[Ag] - Wiy6 (X)

D
DIB] - Wiy (X) (6.25)

where the action of the two generators on the torus coordinate is given, this time, by
standard matrix multiplication. Hence, just as in the previous case, the complete semidirect
product group:

Gbosonic = ’D476 X (Ux(l) X Uy(l)) (6.26)

is an isometry group for the supergravity solution since the matrices D[A] and D[B] are
orthogonal and O(3) is a global symmetry of the supergravity lagrangian.
The inhomogeneous harmonic functions for these brane-solutions are the following ones:

Hy(y) =

1_%A2€47I'U
He(y) = 1 — AA2e VBV
6\Y 18

(6.27)

and the rest of the solution is obtained from egs. (5.11)—(5.15).
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Figure 3. On the left the plot of one arbitrarily chosen vector field in the Beltrami space defined
by eq. (6.20). On the right the plots of some of its integral curves in the 3-torus represented as a
cube with identified opposite faces. It is evident from the picture that all the integral curves are
planar. This a consequence of the two Killing vectors in the X and Y directions.

Calculating the R curvature associated with this solution we find that in any point the
rank of its 21 vielbein components is bounded from above by 12. Indeed, with little effort,
we find a set of 4 null vectors which surprisingly are null-vectors also of the matrix 3. In
this four dimensional subspace the Killing spinor equation is easily integrated by taking
all the non vanishing components proportional to H % where H is the inhomogeneous
harmonic function. Finally we arrive at the following explicit form of 4 indipendent Killing

spinors:
0 X2
X4 0
0 0
€1 = H4,6(y)ﬁ 0 ; €2 = H4,6(y)% ! (6.28)
0 X1
X3 0
0 0
0 0

The considered flux-brane solution preserves i of the original supersymmetry.

In the spirit of comparison with the previous case that breaks all supersymmetries,
in figure 3 we have displayed the plot of an arbitrary vector field in the two-dimensional
vector space defined by eq. (6.20). The two Killing vectors in the X and Y directions imply
that the integral curves are always planar for any element of this vector space and this is
quite evident from the figure.

A last comment on this solution concerns a question that might arise in relation with
the structure of equations (6.20) and (6.21). One might ask why we should not consider
other dihedral groups with n # 4,6. Indeed it suffices to write the same formulae with a
different angle namely:

cos |22 -+ cos| Tz (6.29)
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The answer why the replacement (6.29) is generically forbidden comes from classical results
of crystallography. The coordinates X,Y, Z are supposed to span a torus R3/A and in the
present case it suffices to consider the planar projection of the lattice A which produces a
tessellation of the plane. Hence the considered dihedral group must be in the list of the so
named Wall Paper Point Groups which is finite. Besides D4 and Dg we might still have
D3 and Ds. We have not explicitly constructed the corresponding supergravity solutions
but it is rather clear that they are bound to be completely analogous.

6.3 The Arnold-Beltrami flux 2-brane with [D4 ® Z2|x U(1) bosonic symmetry
and 2 Killing spinors

The next example we consider is a flux 2-brane that preserves 1/8 of the original supersym-
metry, namely possesses 2 Killing spinors. On general grounds in this case we expect just
one additional Killing vector. This means that eqs. (6.13) and (6.17) defining the complete
bosonic groups of the previously considered solutions should now be replaced by:

G"bosonic ~ I x U(]-) (630)

the U(1) factor being the continuous translation group generated by the unique additional
Killing vector. The question is the same as in the previous case: what is the discrete group
I' here? We show that using a cubic momentum lattice the answer is:

I' = D4 X ZQ (631)

where D, denotes once again the dihedral group. To see this let us consider the following
triplet of Beltrami vector fields:

W! = dX cos(27Z) — dY sin(272)
2 (X) = ¢ W? = dX cos(2nY) + dX sin(27Z) + dZsin(2rY) + dY cos(272)
W3 = dX sin(27Y) — dZ cos(27Y)
(6.32)
Abstractly the dihedral group D, is described in eq. (6.22). In this case, relevant to us

is the following representation by means of orthogonal integer valued 3 x 3 matrices with
unit determinant:

00 -1 ~100
Dy:DA]=|010 |; DB =] 0 -10 (6.33)
10 0 0 01

The map D realizes an immersion of the dihedral group D, into the group SO(3):

D : Dy — SO(3) (6.34)
If we add the matrix:
-1 0 O
D[Z] =] 0 -1 0 (6.35)
0 0 -1
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which has determinant —1 and commutes with both D[A] and D[B]:
[D[A], D[Z]] = [D[B], D[Z]] = 0 (6.36)
we realize a homomorphic embedding;:
D : Dy x Zz — 0(3) (637)

The claimed symmetry of the supergravity 2-brane solution under the group (6.31) stems
from the following identities that the reader can easily verify:

2 (AX) = D[A] - 25 (X)
2 (BX) = D[B] - W (X)
2 (3X) = D[Z] - W (X) (6.38)

where the action of the three generators on the torus coordinate is defined below:
1 3
AXK =< X, - —Z2)Y — -
tri-zr-if
BX = {-X,-Y, 7}
1 1
33X = {X,Y+2,Z+2} (6.39)
Hence, just as in the previous case, the complete semidirect product group (6.30) is an
isometry group for the supergravity solution since the matrices D[A] and D[B], D[Z] are
orthogonal and O(3) is a global symmetry of the supergravity lagrangian.
The inhomogeneous harmonic function for this brane-solution is the following one:
- 1
Hy) =1- %)\2@4”[] (4 — 2sin27(Y — 2)] + 2sin 27(Y + 2)]) (6.40)
and the rest of the solution is obtained from egs. (5.11)—(5.15).

Calculating the R curvature associated with this solution we find that in any point the
rank of its 21 vielbein components is bounded from above by 14. Indeed, with little effort,
we find a set of 2 null vectors which miraculously are null-vectors also of the matrix B. In
such two-dimensional subspace the Killing spinor equation is easily integrated by taking all
the non vanishing components proportional to H %O(y) where H(y) is the inhomogeneous
harmonic function (6.40). Finally we arrive at the following explicit form of the two linearly
independent Killing spinors:

.
[\

(6.41)

-~
oooﬁ © o o X
coX oo o o

In conclusion the considered flux-brane solution preserves % of the original supersymmetry.
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Figure 4. On the left the plot of one arbitrarily chosen vector field in the Beltrami space defined
by eq. (6.32). On the right the plots of some of its integral curves in the 3-torus represented as a
cube with identified opposite faces.

In the spirit of comparison with the previous case that breaks all supersymmetries, in
figure 4 we have displayed the plot of an arbitrary vector field in the three-dimensional vec-
tor space defined by eq. (6.32). The Killing vector in the direction X is visually appreciated
by the shape of the vector field plot.

Let us finally comment on the structure of the inhomogeneous harmonic function (6.40).
For the first time among the considered examples this latter has a non trivial dependence
on the T3 torus coordinates. Obviously it has to be a function invariant under the action
of the group (6.30). Invariance under the continuous translation of the coordinate X are
guaranteed by the fact that H (y) does not depend on X. The invariance under the discrete
part (6.31), whose action on the torus is defined in eq. (6.39) is a priori less obvious, yet it
is indeed true, as it can be verified by explicit calculation.

In figure 5 we present a visualization of this dihedral symmetric function.

7 Uplift of the minimal D = 7 model to D = 11 supergravity

In this section we illustrate how the minimal ungauged D = 7 model, with no vector
multiplets, is embedded, as a consistent truncation, in eleven-dimensional supergravity.
Consider the latter theory compactified on a 4-torus T?, which yields the maximal seven
dimensional supergravity, and write the SO(4) symmetry of the internal manifold as:
SO(4) = SO(3)+ x SO(3)_. The minimal D = 7 supergravity with no vector multiplets
describes the truncation of the mazimal eleven dimensional theory to the SO(3)_-singlets.
This corresponds to an orbifold reduction from D = 11 and it is a consistent truncation of
the eleven dimensional supergravity.

To show this let us prove that the projection on the dimensionally reduced theory
yields the right field content and amount of supersymmetry. Being a restriction to singlets
with respect to a symmetry group of the maximal D = 7 model, it is consistent. Let us
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Figure 5. Visualization of the inhomogeneous harmonic function H(y) defined by eq. (6.40). The
function H does not depend on X. It depends only on U,Y, Z. To visualize it we have plotted the
two argument function H(Up,Y, Z) defined over the square Y, Z, for various values of the constant
parameter Uy. When Uy = 0 we have the most oscillating surface. As Uy — —oo the surface plot
approaches that of a constant and this corresponds to the asymptotic flatness of the supergravity
solution. Note that we have also fixed one reference value of the parameter \, explicitly A = /6.

denote by hatted indices the D = 11 ones, so that

Rigid indices: a=0,...,10; a=(a,m); a=0,...,6; m=1234,
Coordinate indices: 1 =0,...,10; pg=(u, o); w=0,...,6; «a=1,234,

The SO(4) = SO(3)+ x SO(3)— vector and spinor-representations, as usual, read:

Vo € (%, %) ; € (%,0) + (0, %) . (7.1)

Restricting to the SO(3)_ - singlets, all tensors with an odd number of m, n internal indices
are projected out while spinors are halved. In particular the moduli of the internal metric
on T* are frozen to the origin of GL(4,R)/SO(4), except the determinant of the internal
vielbein, which is SO(4)-invariant and corresponds to the dilaton. After the projection the

internal vierbein therefore reads:
V" = e 12§ (7.2)

By the same token the Kaluza-Klein vectors Bj; are truncated out.
The toroidal dimensional reduction of the 3-form yields:

cll BB cl  cll o cl

fip prpo Spvas CpaBr SaBy (7.3)

Upon truncation to the SO(3)_-singlets, the only surviving fields are the 3-form B,[fip and
the projection of the vector fields CEC]%B on the adjoint representation of SO(3);. This
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projection is effected by restricting to the components of CE}& = CEL 3 dx* along the basis

w4 of self-dual 2-forms on the internal T*:
C[o}/}B|PrOJ‘ o« AM w((x;)A ; rpaw(HA = (HA dwHr =0. (7.4)
where summation over the repeated A index is understood and

WA = JO(:BF)Adya Ady?

J" being the SO(3) generators:

0 10 o0 00 —-10 0 0 03
1 1
g1_| —300 0 Sz |00 0 5| s |0 0 30
0 00 %[’ 30 0 0|’ 0 —100
0 0-30 0-30 0 —30 00

(7.5)
The three components A» = Aﬁ dx* are the three vector fields of the seven-dimensional
minimal model. The dimensionally reduced eleven-dimensional six-form yields the following
seven-dimensional fields:

¢l ol ¢l C[o‘[ﬂ& cBl b

afyr Ya1frazfs (7'6)

Upon truncation, the only surviving fields are a two-form B[/, dual to three-form B!, and
the three 4-forms AMA dual to the vector fields, defined as follows:

aifrazfe

1 1
B i cl JEH) Mo () Moz . gHIA 3 C([j]ﬁ JHAles (7.7)

From the above definitions and the form of the field strength of the eleven dimensional
six-form, we find the correct expression of the field strength of Bl:

FIl=gCll L FUACE . & 6Bl =gBP 4 A A AN 1. (7.8)
Finally let us consider the fermionic sector. The D = 11 gravitino yields:
\TI — ‘IjAa \IIA’a \IIAOM ‘IIA’av
1 1
Uyae !l =0 WA € 0, -
A (27 )7 A < 72> y
\P€10®11—0+11'\Il 601®11—10+1
Aa 2’ 2’9 = YN Al ) 2’9 = 2’

The projection singles out the D = 7 gravitino field ¥4 and the spinors x* originating

from the (%, 0)—component of Wyry:

XA X (’ya)AAl WA, - (7.10)
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On the seven-torus T7 = T3 x T, product of the T? in the seven-dimensional space-time
and the internal T#, we can write the Englert equation for 3-forms Y[ defined on T7:

*pr dYB) = 1 YB] (7.11)

Upon restricting to 3-forms of the type YB = Y[”A(X) A w2 the Englert equation
reduces to the Arnold-Beltrami one considered in the present paper:

*p7 d(Y[l] A /\w(+) A) = *Tde[l] A /\*T4w(+)A = ,qu A /\(,‘.)(—i_)A - *T3de A= ,qu A .

(7.12)
The dictionary defined in the present section allows to uplift any solution to the minimal
D = 7 supergravity, with no vector multiplets, to eleven dimensions, including the Arnold-
Beltrami 2-branes extensively discussed in the previous sections, which describe M2-branes
with fluxes.

8 Conclusions

The main result of the present paper is the analysis the supersymmetry properties of
the Arnold-Beltrami flux 2-branes suitably embedded in supergravity. This required the
study of the Killing spinor equation on the corresponding background and of its solutions.
Instrumental to this investigation was the geometric reconstruction of minimal D = 7 su-
pergravity in terms of Free Differential Algebras and rheonomy. Indeed we have completely
solved Bianchi identities, fixing the precise form of the supersymmetry transformation rules
to all orders in the boson and including higher order terms in the fermion fields.
We have also presented four explicit examples of solutions

1. One solution with no supersymmetry and a discrete symmetry

Ghosonic = (024 X Zg) X [Zg x Zs] (8.1)
—_——— N —
r transl.

where Q94 denotes the octahedral group.

2. One solution with 4 Killing spinors and a discrete symmetry:

Gbosonic = D4 X [U(l) X U<1)] (82)
r transl.

where D4 denotes the dihedral group of index 4.

3. One solution with 4 Killing spinors and a discrete symmetry:

Gbosonic = DG X [U(l) X U(l)] (83)
r transl.

where Dg denotes the dihedral group of index 6. (We have also advocated that similar
solutions should exist for Dy and Ds).
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4. One solution with 2 Killing spinors and a discrete symmetry

CV’bosonic = (D4 X ZQ) X U(l) (84)
r transl.

where Qo4 denotes the octahedral group.

The perspectives of further investigations based on the results we have achieved so far are
three-fold.

A) On the one hand we plan to complete our geometrical reconstruction of minimal D =7
supergravity, coupled to a generic number of vector fields and including higher order
terms in the fermion fields, obtaining the action and after that studying the gaugings
of the theory utilizing the method of the embedding tensor [27, 28, 32].

B) A fully-fledged search of supersymmetric flux 2-branes should be attempted considering
all the crystallographic lattices and all their Point Groups. An ambitious aim would
be to establish more stringent a priori conditions for the existence of Killing spinors.

C) Finally it would be interesting to study more general M 2-branes in the eleven-dimen-
sional supergravity characterized by fluxes which are solutions to the Englert equa-
tion (7.11).
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A The algebraic basis of D = 7 supergravity

In the present section we clarify the algebraic basis of minimal D = 7 supergravity in
terms of Free Differential Algebras, preparing the stage for its ex novo reconstruction in
the rheonomic approach.

A.1 Pseudo Majorana spinors in D =7

The main property of the Clifford algebra in D = 7 with Minkowski signature (see eq. (E.1))
is that there is only one type of conjugation matrix, namely C_ (see [25, 26]) and that this
latter is symmetric:

c_T,ct =17, c_=cT;, (= 1gs (A1)

This being the case one can always choose a basis where C_ is just the identity matrix
in eight-dimensions and the gamma-matrices are all antisymmetric as described in ap-
pendix E.1 Hence there are no Majorana spinors but, just as in d = 5, we can introduce
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doublets of pseudo-Majorana gravitino one-forms. Minimal D = 7 supergravity corre-
sponds to the case where we have just one such doublet that we name ¥4 (A = 1,2):

e = (THT = —To0% = 4B, (A.2)

An explicit solution of the pseudo-Majorana constraint in the gamma matrix basis described
in appendix E.1 is shown below:

ai + 13 —tar — fBr
ag + 132 —iag — 33
az + 133 i + B2
A + 1154 ; Uy — inés — B8 (A.3)
as + B35 i + Bs
ag + 136 —ias — fB5
ar + 137 o + B1
ag + i3 oy + B4

where oy, g and 1. g are real components. This explicitly shows that minimal D = 7
supergravity is based on a superalgebra with 16 supercharges, just one half of the maxi-
mum 32.

When we discuss Killing spinors for the 2-brane solutions we utilize another gamma
matrix basis well adapted to the split of 7-dimensions in 3 + 4. Such a basis is described
in appendix E.2. The explicit form of a pair of pseudo-Majorana spinors in this basis is
provided here below:

&1 — i §a +i&3
£3 4 i §2 — i1
(91 — i96 05 + i02
€ = 02 + 1_95 : €9 = O — 1.01 (A.4)
& — 16 s + 17
&7 +1&s §6 — &5
93 - i98 97 + i94
04 + 67 Os — 105
where &1,...,&s and #1,...,0s are two octets of real anticommuting parameters. The

particular form of this parameterization is already adapted to the projection that will be
enforced by the spin one-half fermion transformation rules in the Killing spinor equation.
This projection will simply delete the eight parameters 6.

A.2 Fierz identities

As usual, the core of any supergravity construction is provided by the 4-¥ and 3-¥ Fierz
identities. Indeed from the 4-W Fierz identities one obtains the available Chevalley cocycles
that give rise to the Free-Differential Algebra extension of the super Poincaré algebra. This
latter encodes the p-form gauge fields that complete the gravitational multiplet. On the
other hand 3-¥ Fierz are crucial in the construction of a rheonomic parameterization of
the curvature which solves Bianchi identities.
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The first step in this analysis is provided by counting the 2-W¥ independent components
and arranging them into a complete set of bosonic-currents. In this case, since we have
16-supercharges, the number of independent components of the symmetric wedge product is

1
# of components of ¥ A \Il% =3 16 x 17 = 136 (A.5)

Introducing the three Pauli matrices 0A|AB (A = 1,2,3, A,B = 1,2) according to the

conventions of appendix E.1.1 we can distribute the 136 components in the following ex-
haustive set of fermionic currents:

name current # of components
Jo =i ATew, 7
Job = | T AT, 21
e AR N 7% 3
= aA'BA@ A Tpyr¥p 105
136

The factors i have been placed in the above formulae in such a way as to make the corre-
sponding fermion currents real. There are two fundamental 4-U Fierz identities that might
be deduced by means of group theory, counting the number of singlet representations that
appear in the symmetric product of 4-¥ but which we have simply verified with a computer
programme by direct evaluation. They are the following ones:

JOANT, = +IM A TA (A.6)
JU AT, =0 (A7)

The above two identities are the basis for the existence of two distinct FDAs both able
to describe the degrees of freedom of the D = 7 graviton multiplet in the Poincaré case.
As we will illustrate below the FDA associated with identity (A.6) is the one implicitly
chosen by Bergshoeff et al. in their construction of the minimal theory in [3]. The FDA
associated with the second identity is associated with the formulation of [1] in terms of a
gauge three-form B,

Besides the above 4-¥ Fierz identities there are also some 3-¥ ones that are quite
relevant in the supergravity construction.

The basic 3-¥ Fierz identity is the one below and it is related with the closure of the
anti de Sitter superalgebra. Let us define the following three structures:

nY =T, 04 AT7 AT 0,
T® =Ty Uy A T° AT T,

) —io™? wp A iedP T A Uy (A.8)

By explicit evaluation or by more lengthy group theoretical methods one can prove that the
following linear combination vanishes identically if and only if the here mentioned condition
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on the coefficients is satisfied:

ai pon® 4@ —o By 6 =0 (A.9)

Another important Fierz identity which we will use in the solution of the Bianchi identities
is obtained as follows. Define the following structures:

s = T, Ty ya A TC A TP 0,
2 = T, Tpgxa A 7 A TP
EIES) = iUA|AB§BFb xa N iaAlDC A @C AN VUp

2 = 1M T Ty xa A 167, AT A TPrw (A.10)

. . . . . o1
where x4 is a generic (anticommuting) pseudo-Majorana spin 5 zero-form.

By explicit evaluation we find that the linear combination:

6= g + gn® 4 gan® 4 g n? (A.11)
vanishes if and only if:
iff 1 1
=0 & g3= 6(—591 —14g2); g4 = %(292 —g1) (A.12)

A.3 The FDA in the Poincaré case

The Poincaré algebra, which we denote 0sp(2,6/|2), has two Chevalley cocycles respectively
of degree 3 and 4 that we show below:

1 — i —
K[3]:—iiaMAB\IIB/\‘IJA/\AA+%\IJA/\FG\I'A/\V“ (A.13)
1 —
Kl = T AT Ua AVEAVD (A.14)
The first cocycle is closed (dK[P! = 0) as a consequence of the fundamental Fierz iden-

tity (A.6). The second cocycle is closed (AK[¥ = 0) as a consequence of the fundamental
Fierz identity (A.6).

The most general FDA is obtained by adjoining to the set of 1-forms V%, w®, AN W,
a 2-form B2 and a 3-form B and by enlarging the set of the super Poincaré curvatures
in the following way:
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A.3.1 Definition of the curvature p-forms

T = QU — w® A VP - %@A AT, (A.15)
DVva

R = dw® — W A wW? (A.16)
1

pa =dUy — Zwabrabh (A.17)
DU 4
1 _

g = dar - 155%%“3/4 T A Uy (A.18)

&6 = dBR 4 FA A AN —ge0?0 AV,
1 _ i _
+i§e’%¢’0A|BA\IIA ATp A AA—%e’M\IIA AT U4 AV (A.19)

el = aBPl — % e POT ATy UsAVIATVD (A.20)
d¢ = d¢ (A.21)

1
Dxa = dya — Zw“b Tap xa (A.22)

where ¢, 9, 6 are numerical parameters.

Some comments are in order in relation with the above definitions. The basis for
the construction of any FDA is provided by the two fundamental structural theorems by
Sullivan for whose discussion we refer the reader to [26]. The zeroth order step is provided
by the minimal algebra which, as stated by the second of Sullivan’s theorems, requires a
Chevalley cohomology class of the superalgebra defined by the Maurer Cartan equations.
In the present case the minimal FDA is simply given by:

The minimimal FDA.

0=dve — w® A VP — %@AAPWA (A.23)
0 = dw® — w* A w® (A.24)
0=d¥v, — %w“b | R (A.25)
0= dA* - %UA'BAEA AT (A.26)
0 = dB? — KF! (A.27)
0 = dBP — KM (A.28)

where the cohomology classes K34 were singled out above in egs. (A.13)~(A.14). The
transition from the minimal FDA to the complete one encoded in eqs. (A.15)—(A.22) is
related to Sullivan’s first theorem stating that the most general FDA is the semidirect sum
of a contractible FDA with a minimal one. As it was observed many years ago by one of us
in [29], this mathematical theorem has a deep meaning relative to the gauging of algebras:

1. The contractible generators QA®+D of any given FDA are to be physically identified
with the curvatures.
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2. The Maurer Cartan equations that begin with dQ4®+1) are the Bianchi identities.
3. The algebra which is gauged is the minimal subalgebra.

4. The Maurer Cartan equations of the minimal subalgebra are consistently obtained
by those of the full algebra by setting all contractible generators to zero.

When a minimal FDA contains only one-forms, namely when it describes an ordinary
Lie (super)-algebra, its corresponding decontracted gauged version is uniquely determined.
Indeed the contractible generators, i.e. the curvatures, are introduced deforming the Maurer
Cartan equations by means of new 2-forms that replace the 0 on the left hand side. Instead
when the minimal FDA is proper, namely when it contains p-forms with p > 1, the gauging
is not unique. The contractible generators, namely the curvatures, can be introduced
not only on the left-hand side of the generalized Maurer Cartan equations, but also in
appropriate combinations on the right hand side. This involves the appearance of new
coefficients that have to be selected by the use of other principles. This is what happens
in the case under consideration. There are three modifications involved in the gauging
procedure that leads from eqgs. (A.23)—(A.28) to egs. (A.15)—(A.22).

The first modification corresponds to the introduction of the dilaton field ¢ which we
know should be there since it is comprised in the graviton multiplet. This is trivially done
by rescaling the field A* — exp [% ¢] AL The normalization of the dilaton is arbitrarily
fixed at this level in the pure (super) Lie algebra subsector; then a relative coefficient to be
later fixed by Bianchi consistency of the rheonomic parameterizations has to be introduced
in the curvatures of the B[23l-forms. Such coefficient has been named 4.

The second modification is precisely related with the introduction of curvature terms
in the definition of the &Bl-curvature. Taking into account Lorentz invariance and scale
dimensions we write:

6B = dB + aF* A AN —ge T AV,
1 _ i _
+ise 2o W A wp A AN ST AT AV (A29)

which at ¢ = 0 and at zero-curvatures reduces to eq. (A.27). The coefficient « is fixed
to & = 1 by the requirement that in the Bianchi identities do not appear any bare A*
fields, on the other hand the coefficient ¢ should be fixed later by the requirement that the
Bianchi identities admit a consistent rheonomic solution. In this respect we should remind
ourselves that from the physical point of view, the graviton multiplet just contains the
degrees of freedom of a 2-form, or in a dual formulation of a 3-form. Hence, when writing
the ansatz for the rheonomic parameterization of the FDA curvatures in (A.19)-(A.20), we
should write their inner components in the following way:

B = Golanas VAV AV 4 outer part
G = =09y GO VAV AV A VY L outer part (A.30)

As we are going to see the parameter ¢ will remain a free parameter up to the very end in
the solutions of Bianchi identities and it will be fixed only at the level of the Lagrangian,
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requiring that this latter includes the following topological term:
Lo el Asbl (A.31)

with no factor in front which depends on the dilaton. It will be particularly rewarding
that such a condition will set the other coefficients to the values utilized in [3] and [1],
which constitutes a very powerful check on the consistency of our solution of the Bianchi
identities. It should also be noted that at the purely bosonic level the above term reduces
to the following;:

 bosonic imit ;i3]\ 4gl2l | qBII A FA A AL

= ~BBIAF A F + d(something) (A.32)

sl A 6B

namely, up to a total divergence the term (A.31) is the topological term whose presence was
advocated by the authors of [1]. Furthermore, as we have already stressed in section 2.2, the
term (A.32) is the crucial one for the existence of flux 2-branes with Arnold-Beltrami fluxes,
whose coeflicient is to be precisely that one fixed by supersymmetry in the supergravity
lagrangian. Hence we can say that Arnold-Beltrami flux branes are a direct consequence
of the FDA structure analysed in the present section.

B Construction of minimal D = 7 Poincaré supergravity

In this section we perform the construction ex novo of minimal D = 7 supergravity using
the rheonomic approach.

As it is standard in such an approach we begin with the Free Differential Algebra and
with its associated Bianchi identities that we solve in toto with a rheonomic parameteriza-
tion of all the p-form curvatures. Such rheonomic parameterization already implies the field
equations that can be worked out from it with some care. Alternatively one can construct
the action whose consistency with the rheonomic parameterizations already determined
from the Bianchi identities imposes constraints on the relative coefficients of its terms able
to fix them completly. In this way the field equations of the theory can be worked out from
the action as well.

B.1 The Free Differential Algebra

We begin by writing the complete form of the Bianchi identities for the Poincaré FDA
comprising both the three-form and the two-form curvatures. Next we will solve the Bianchi
identities rheonomically showing that a consistent solution does indeed exist with uniquely
fixed parameters.
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B.1.1 Bianchi identities

From the curvatures defined in eqs. (A.15)—(A.22), by exterior differentiations we obtain
the following Bianchi identities:

DI = R AVE 41T ATy =0 (IFT* = 0) (B.1)
DRY® =0 (B.2)
1
Dpy = —Z%ab A Ty Wg
1 _ _
d§t =ige2%de A T AP U +ie 29T A P pp (B.4)
d6B = —ge 9PRO AV, AV, —qe P TOANT, + FAAFY +qe P Pdp ATEAY,
1 _ 5 _
—i(q—;)e_‘wi“ AT AT, U, —|—i§e_5¢d¢/\\I/A/\Fa\I/A/\V“
+ie 20T A P Up A —i(g—1)e 0T AT pa AV (B.5)
_ 0 _
A6 = e 00T AT, A T A Vb+§e_9¢d¢/\\IJA/\Fab‘IJA/\V“ AV
b e 0T AT pa AVE AV (B.6)
and
ddeé =0 (B.7)
1
DDXA:—ZS)%‘”’ A Tapxa (B.8)

Let us now turn to study the rheonomic solution of the Bianchi identities.
B.2 Ansatz for the rheonomic parameterization of the curvatures in the
Poincaré case

First of all let us write a complete rheonomic ansatz for the curvature parameterizations.

We begin by writing a rheonomic parameterization of all the curvatures for the forms of
degree p < 1 that correspond to a standard superalgebra enlarged with the dilaton and the
dilatino zero-forms. In such a rheonomic parameterization we introduce also a three-index
antisymmetric tensor Gu,. which later can be identified with the space-time components of
either the three-form or the four-form curvature. Explicitly we set:

To = (B.9)
RY =RD VAV 18w, AV iN 29GP T AT,
— 122" Gy T AT Gy — i g1y 029 FAb GMNE A A
—ipges? FAoMP T AT, (B.10)
pA=paay VO A VP—1 (MET, + T NE) Up A Ve
+ g1 T xa UC AT™ B0 + g2 Dnxa U7 AT™ W

A|B AlD =C A|B AD =C
— g3XBO | 40 | oV AVYp — gulpyrxpo ! Ry | c VAP, (BU1)
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FA=FAVEAV b ay e 20 M T, xp A VO (B.12)

dp =B,V + T y4 (B.13)
Dxa =DaxaV® + PV (B.14)
where @ZMA is a spinor-tensor linear in the gravitino field strength p,jq, and where the

matrices appearing in the fermionic curvatures are the following ones:

ME = 6 (=ib1 @ + ixa®) +idy e3P, (B.15)
NEB = 58 (—ib2 SO+ mch) tidyer? s (B.16)
PE =54 (—i01 rq + iC3<§> +icy e%‘z’lff (B.17)
having defined
F = G PR = FATAMN L =10 (B.18)

The above paramerization involves the following set of 19 numerical coefficients:*

COGHLie - {a17 b17 b27 d17d27 C1,C2,C3, K1, k2,91, 92, 93, 94, )‘17 )\27 M1, (2, 5} (Blg)

In addition to the above rheonomic parameterizations we introduce those of the higher-form
curvatures, namely:

BB = G VEA VP A Ve e 99T Doy xa A VA VP (B.20)
S =D, o Gy A AV e 9T T a A VEAVEA VE
(B.21)

If we consider the FDA that comprises only the three-form curvature the total set of
numerical coefficients to be determined is given by:

coeffppa, = coeffLieU {az2,q} (B.22)

coeffy,

If instead we consider the FDA that comprises only the four-form curvature, the total set
of numerical coefficients to be determined is given by:

coeffppa, = coeffLieU {w,v,0} (B.23)
——

coeffy,

In the first case the total number of coeflicients to be fixed is 21, while in the second is 22.

4Actually the last coefficient 6 is already contained in the FDA comprising either the three-form or the
four-form curvature. However when we consider only the curvatures of the curvatures of degree p < 2, then
p is some parameter appearing only in the rheonomic parameterizations.
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In order for the three-form and four-form curvatures to coexist we should be able to
determine consistently a set of 24 parameters:

CO€HFDA3@4 = coeflLie U {a27 q,V,w, 0} (B24)
—_—

coeffs a6,

In appendix C we show that both solutions are available for the sets of 21 and 22 parameters,
respectively with a residual freedom of one parameter. The solution for the set of 24
parameters is also available and fixes all parameters in function of a residual one that we
choose to be 6. The result obtained in appendix C.2 is displayed in eq. (C.25)and it is
repeated here for the reader’s convenience:

ar = —; ag = —%; b= %

_ 2041 . _ 1. _ 1
by = 51 168 ; €1 = 3799 €2 = 3799
c3 = %a dl = %7 d2 = 819:2192
a :%(149+3); g2 = 135(20 — 3); g3 = g1(1 —146)
942%);’@(—39—1); 5120;1 “2:01
Al:ifze—:ﬁ A2 = 5= p = 3—929*1
qg =1; v :%; 0 =6

As usual the solution is multiply checked since the constraints are many more than the
parameters that can be fixed.

As we announced before the last parameter can be fixed requiring that the term (A.31)
can appear in the Lagrangian without dilaton factor in front. For this to be possible it is
necessary that after substituting the rheonomic parameterization, the pure space time part
of the term (A.31) should be proportional to the kinetic term of the B[2l-form, namely:

e2¢ Gabe gabc VAN ANV €aq...a7 (B25)

This immediately fixes the value
0=-1 (B.26)

Inserting such a value into eq. (C.25) we obtain the following final values of the coefficients:

1. _ _ 1. _ _1
ap = —g5; a2 = —3; b1 - 78
1. _ 1. _ 1
bzz—m, 1 = 55 2 =3
1. _ 1. _ 3
€3 = 35 dl_Za dz——QT)
— 1. — _ 5 . _ 1
g1 = 164’ g2 = 128 7 93 = &4 (B27)
94 = 3875 k1 = 0; ke =0
— 9. _ 1. _ _4
Al_ﬁi A2 = 153 Nl—l—g
M2 = —15; =1; w =3
. — 1. —
q =1; v =155 0 =-1

It is extremely nice and reassuring that the condition (B.26) yields the same result as the
condition (C.19) which guarantees compatibility with the coefficients determined in [3] by
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means of the Noether coupling construction. This completely independent determination of
the supersymmetry transformation rules confirms therefore from a pure algebraic viewpoint
the Noether coupling calculations of both paper [3] and paper [1].

It is now a question of constructing the geometrical action consistent with this rheo-
nomic parameterization. This will be accomplished, up to four fermionic terms and for a
generic number of vector multiplets, elsewhere. For the purpose of the present work, it
suffices to define the precise dictionary between the fields and parameters on our rheonomic
formulation and those in [1].

B.3 Construction of the bosonic action of ungauged minimal D = 7 super-
gravity

Following the standard procedures of the rheonomic approach we consider an ansatz for
the action in terms of differential forms living in superspace:

ungauged o ungauged
AD'=7 SUGRA ~ / Lror (B.28)
ungauged __  pungauged ungauged ungauged ungauged
‘CtOt - ‘CBkin + [’Fkin + ‘CPauli + [’4fermi (B29)
where E%igiauged is the bosonic Lagrangian containing the kinetic terms of the bosonic

fields and the Chern-Simons term, .C;Ill{giiuged is the kinetic Lagrangian for the fermionic
fields while the last two terms describe the Pauli interactions and the quartic terms in the
fermion fields. For the scope of the present work, we shall be only interested in Egﬁi“gw

which has the general form:

Lopeeed — g ggaaz AV AL AV 6
—A
F fr 0 (d¢> ~ T XA) AV A AV eq o

+ fae® Fhlaraz (s/‘—ale—%%A'BA T, g A V“) AVEN AV € 0
4 F1Gube (05[4}+iw T T e ya A VP A VA V”) AVEAVEAVE
_ 1
+/5 <Q5[3]+a2 e ? \IIA Capxa AVEA Vb> A <05[4] + 3 e¢\1!A ATpUa AVEA Vb>

+ <*360f2(1)a o, — 12Of36¢./—"A|ab]:é\b o 6f462¢ Gube gabc) Vol,
1
Vol = = €ayar VI A AV (B.30)

The coefficients a1, as,w appearing in the above action are those displayed in the rheo-
nomic parameterization of the curvatures and have already been determined through the
solution of the Bianchi identities. All the coefficients parametrizing £125*%*! including
fi,..., f5 in the bosonic Lagrangian, have to be fixed by considering the field equations
from Aggilg;dSUGR A 38 differential form equations in superspace that should be satisfied
upon replacement of the previously determined Bianchi identities.

Some observations can be immediately made. First of all let us note that in a similar

way to the case of the rheonomic formulation of D = 11 supergravity [31] in the lagrangian
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we have both the curvature & and the curvature &3, yet the second appears only in the
topological term &4 A &3] @ more having coefficient f5. The coefficient f5 must be equal
to — f4: in this way when we vary the Lagrangian in 6B we obtain:

1 (d [gabcva AVEAVE —age T Topxa AVEA vb} — des[?’]) —0 (B.31)

which is nothing else but the statement that the rheonomic parameterization (B.20) satisfies
the Bianchi identity (B.5) with the already determined coefficients (B.27). At the same
time the variation of the Lagrangian in 6B yields:

1 _
fsd [6[4] + 5 T ATy U AVEA vb} =0 (B.32)

which upon the substitution of the rheonomic parameterizations is identically satisfied.
Indeed 1
sl 4+ ie@"‘ ATwUa AVEAVY = dBB = 42BB) = ¢ (B.33)

This means that B enters the Lagrangian only through a total derivative term.

C Detailed derivation of the rheonomic solution of Bianchi identities

In this appendix we present the detailed derivation of the unique rheonomic solution of
Bianchi identities of the relevant Free Differential Algebra. The determination of the 24
coeflicients mentioned in appendix B is the absolute core of the supergravity theory. These
numbers decide the explicit form of the supersymmetry transformation rules and implicitly
determine the field equations of supergravity, hence its classical dynamics. We already
stressed that the very existence of Arnold-Beltrami flux branes critically depends on the
precise numerical values of the lagrangian coefficients which on their turn depend, in a
one-to-one way, from the coefficients found in the solution of Bianchi identities. Similarly
the existence of Killing spinors for given solutions of supergravity, in particular the flux
branes studied in this paper, depends on the precise values of 24 coeflicients discussed
here. Change one of them to a wrong value and the results change not quantitatively
but qualitatively. This is not surprising when you remind ourselves that we are talking
about the realization of an algebra of transformations. The fascination of supersymmetry
and supergravity is that, in this case, the algebra is not kinematics, rather it is the very
dynamics of the system.

It follows from these considerations that the calculations presented in this appendix
are not marginal rather they are of the utmost relevance. Yet they are extremely tedious.
The principle is simple and elegant. Its implementation is desperately tedious, although
essential. For this reason these important calculations are relegated to an appendix.

C.1 Rheonomic solution of the Bianchis for the curvatures of degree p < 2

According to the logic presented appendix B we start by solving completely the Bianchi
identities of all the curvatures of degree two or one associated with the standard super-
algebra sector of the FDA. As we demonstrate below the set of 19 parameters coeff ;. is
reduced, after imposing the constraints of these Bianchis to three free parameters, namely
c1, g1 and 0, all the others being fixed in terms of these latter. Let us see how.
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C.1.1 Equations from the 3¥ sector of the torsion-Bianchi

At the level of 3¥ the torsion-Bianchi equation (B.1) is very simple. It reads:

where we have named:

v —C —C
P = g1 Ty xa TS AT™ U0 + o Tpnxa T° AT™ T

A|B AlD =C A|B AlD =C
—gaxpo MNP TNy — uTpexp ™ MNP T AT, (C2)

Comparing egs. (C.1)-(C.2) with eqgs. (A.10)-(A.11) we realize that eq. (C.1) is nothing
else but ¢, = 0 which is solved by eq. (A.12) expressing g3 and g4 in terms of g; ». In this
way we have reduced the 19 parameters we are dealing with to seventeen. Let us also note
in advance that once eq. (C.1) is satisfied the contribution of p[fql] to the Bianchi equation

of &8 (see eq. (B.5)) vanishes a fortiori. This will we important in the sequel.

C.1.2 Equations from the 2W¥-1V sector of the torsion-Bianchi

Inserting the rheonomic parameterizations (B.9)—(B.14) into the Bianchi identity (B.1) and
keeping only the terms proportional to 2U-1V, we obtain the following equation:

0=—RP, AVl + S AV (C.3)
where:

Ry = —iA1e? G TAT T, —idge? Gpyr T4 ATty
i B P N T N w30 oM T AT ()

S — T4 A (raMﬁerabe) Up (C.5)

Equation (C.4) is solved by setting first the antisymmetric part of S% to zero and then
by identifying the symmetric one with R‘&,b\l,. This yields the following equations on the
parameters:

0=r

0 = ko

0= XA +6(b1+b2)
0:)\2+(b1—b2)

0:u1+2(d1—d2)
0 = po + (dy + do)

(C.6)

In this way the seventeen parameters have been reduced to eleven.
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C.1.3 Equations from the gravitino Bianchi at 3W¥-level

If we consider the gravitino Bianchi (B.3) and after insertion of the rheonomic parameter-
izations (B.9)—(B.14) we focus on the 3W-sector we obtain the following equation:

1 1 —C
0= — ZrabquAR‘&}’\I, +5 (MET, + Ty NE) U AT AT O,
— G T PR U TEAT™ e — go Ty PR p T AT™ 0
A|B AD =C A|B AlD =C
+ g3 PEUR o™ MNP T AU + i Ty PE VR M oM T AT,

(C.7)

Separate cancellation of the terms proportional to Gup., F. é\b and ®, imposes on the param-
eters a set of conditions which together with those found in the previous two subsections
yields the following result:

bl = 1661!]2
4

by = 301 (91 —2g2)

di = —32c2 092
4

dy = 302 (g1 +10g2)
1

g3 = 6(*591*1492)
1

=~ (2¢y—

94 36( g2 — g1)

K1 = 0

R = 0

A = =8¢ (91 + 1092)

4

)\2 = gcl (91 — 14g2)
8

p= g (g1 + 34 g2)

4
p2 = -z (g1 — 14 g2) (C.8)

In this way the set of free coefficients among the 19 comprised in coeffr; is reduced to

seven, namely:

{ah 1, C2, C3, g1, g2, 6} (Cg)

C.1.4 Equation for c3 from the dilaton Bianchi

The coefficient c3 is easily and immediately determined from the dilaton Bianchi (B.7),
upon insertion of the rheonomic parameterization (B.13). We immediately obtain:

1
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C.1.5 Equations from the 2¥-1V sector of the F*-Bianchi

Inserting the rheonomic parameterizations (B.9)—(B.14) into the Bianchi identity (B.4) and
keeping only the terms proportional to 2U-1V, we obtain the following equation:

A|B

0= —i FAT AT W4 AV 4 aye 22 6™ T AT, PEWC AV

_ 1 _
e 20 W (MG Ty + Do NE) Wo AV + 1567290 0 AT A wp Y

(C.11)
Imposing the cancellation of all structures we obtain the following equations on the
coefficients:
1
al = — 5
7
g = ————
27 24— 64q
= —(8q1 — 3 C.12
92 = 175 891 = 3) (C.12)

In this way the seven free parameters mentioned in eq. (C.9) are reduced to the three
mentioned at the beginning of this subsection
C.1.6 Equations from the 3®¥-level of the F* curvature

At the 3U-level the Bianchi identity of the * curvature, namely eq. (B.4), reduces to the
following statement:

1 — — _
0= 116_%(;5\1/0)(0 AT A Uﬁ'B\I’B + =300 A Uﬁ'Bpg}lp]
+ % e 2% 0MP T, v A T AT (C.13)

which, surprisingly imposes no new constraint and it is identically satisfied by the set of
parameters satisfying all the previous constraints, namely:

a = —3; by =% (=3+80q); by = G (1+1641)
_ . _ 7 . _ 1
01—011, CQ—W, 3 = 35
dy = §; d2=16(T+§lgl); g = g1
92 = 113(—3+841); 93 = 15— 91; g1 =— g5 (1+164g1) (C.14)
k1 = 0; ko = 0; )\12—%01 (—5—|—32g1)
_ . _ 1764 . _ 7
WEE H1 = 8(73+8£§11)’ H2 = 16(—3+8g1)
6 =20;

C.2 Solving the Bianchis for curvatures of degree p = 3,4

Having completely solved the Bianchi identities for the curvatures of degree p < 2 we have
been left with three parameters §,c; and g; that parameterize all the others according to
eq. (C.14). In the background of such parameterized curvatures we consider the Bianchi
identities of the higher degree curvatures.

We begin with the Bianchi of the &3 form corresponding to the formulation of [2]
and [3].
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C.2.1 Equations from the 2¥-2V sector of the &3-Bianchi

Inserting the rheonomic parameterizations (B.9)—(B.14) into the Bianchi identity (B.5) and
keeping only the terms proportional to 2W-2V, we obtain the following equation:

0=1(Mg—3) Gape T ATW4AVEATVE 4+ iXogGpgr T ATPIT 4 AV, AV,
+i(ug+1) e 20 FA MNP T AT A VAV
+ipage 2 FA MNP T ATPING g AV, AV — L e 0@, T AT, WA AVEATE
(q—1)e T A (Ty MET, + TN B) U AV AV
—aye T AT, PBUG AVE AV
(C.15)
Imposing the identical cancellation of all type of terms and previously eliminating the
parameters Aj 2,12 via egs. (C.6) we obtain the following equations on the remaining
parameters:
0=-3 (4()1 + 4by + dagcy + 1)
0= —by+bx+ascq
0 = 4aocz + 1 (C.lﬁ)
0 = agey — (q — 2) (d1 + dg)
0 = 2a9co —2d1 +2ds + 1

Combining the above equations with those in eq. (C.14) we obtain the final solution for
the 21 parameters in eq. (B.22). Such a solution, which is displayed below, depends on a
free parameter that we have localized in g;. All values of g; are permitted except % for
which the solution becomes singular:

_ _ 1. _ 1. _ 1 7
ap = —35; bl—_*78 b2——g+m
1= 24—24;;1 ; 2 = 24—2491 ; 3 = %
di =1, d2=—i+m; g1 =g
92 = 113(—3+891); g3 = 15— O1; g1 = — g5 (1+16g1)  (C.17)
k1 =0; ko = 0; )\1:%<4+7—3-Z891>
_ 7 ) _ 7. _
Ay = 48—128¢g * p = —1+ 24—64 g1 * H2 = 16(=3+8g1)
6 =1; qg=1; CLQZ—%

It is now very interesting to compare the solution (C.17) with the supersymmetry transfor-
mation rules derived by the authors of [3]. A comparison at the level of absolute values of
the coefficients is very laborius since it involves the normalization of the various fields, but
there is a simple and very significant test that is intrinsic and normalization independent.
We refer to the ratio of the coefficients by /be and dj/ds that appear in the gravitino cur-
vature and that dictate the form of the gravitino transformation rule. These ratios cannot
be deformed by changing the normalization of any field and hence are an intrinsic property
of the SUSY algebra, i.e. of the rheonomic parameterizations. Comparing with eq. (2.9)
of [3] we see that according to these authors the two ratios are predicted to be:
b1 dy 5

o5, 22 1
w0 D 3 (C.18)
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It is non trivial and reassuring that the two above equations for the parameter g; are
consistent and admit the common solution:

11
64

In this way we have reconstructed the formulation by Bergshoeff et al. of minimal D =7

g1 = (C.19)

supergravity, but we have also learned that it admits a non trivial deformation encoded in
the parameter g;. Obviously the parameter g; could not be seen by the authors of [3] since
they did not consider quadratic fermion terms in the transformation rules of the fermions
and implicitly fixed a choice of g1 adopting a certain relative strength of the kinetic terms
in the lagrangian.

C.2.2 Equations from the 3¥ sector of the &[4-Bianchi

In the case we utilize the 3-form formulation we have to satisfy also the Bianchi identity of
the ®4-curvature. This latter has a 3U-sector that differently from the case of the 2-form
is not identically satisfied by the solution of torsion-Bianchi equation. This sector yields
the following equation:

_ 3 _ _
0=¢"% (\IJA A Fabpf’m QW T A Tapexa AT” AT

0 _ _
+2\IIAAXAA\IJB/\Fab\IJB> AVEAV?D (C.20)

which imposes the following two constraints on the coefficients:

6 128
- — 12w — — g =
7 wo =0
6 128
-+ 120 — — g1 =0 C.21
- + - 9 ( )
which are solved by the following conditions:
_ 9 —i(3+149) (C.22)
w = 37 g1 = 64 .

C.2.3 Equations from the 2¥ sector of the &[4-Bianchi

At this point we have still to consider the 2¥ sector of the @&4-Bianchi which yields the
following equation:

0= —20el=09c, g GPT T ATIU 4 AVEAVEAVE
—i e 0T\ (Top MBT, + TapoeNB) U AVEAVE A VE
—iwe T AT PEUZAVIAVEATVE 4 800, T AT U4 AVEATVEATVE
(C.23)
It is very much reassuring that all the other structures cancel identically in eq. (C.23) upon
the use of the coefficients that we have already determined and that those involving GPI"
cancel also identically upon fixing the following value for the parameter v:

1
= — .24
v 1 (C.24)
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In this way we have completely solved in a rheonomic way the Bianchi identities involving
both the three-form and the four-form curvatures whose space-time field strengths are dual
to each other. Altogether we have found the following set of coeflicients parameterized by
the single parameter theta:

alz—%; a2:—%§ bl:_%

_ 2041 S _ 1
by = 51-168 5 €1 = 3725 €2 = 3799
=3 di = §; dy = 55725
g = 6%11(149+3); g2 = 135(20 — 3); 93 = gg(1—149)
942:3;@(—39—1); /<61=0;1 /‘62:01
)‘1:§1+29—3? A2 = 5o :“1:3—929_1
2 = 15> o =1; w = —3
qg =1; v :%; 0 =16

The solution as usual is multiply checked since the constraints are many more than the
parameters that can be fixed.

D Constraints on the rheonomic action coefficients from comparison
with TPvN and the flux brane action

We have shown that the second order bosonic lagrangian of [1] is identical, after appropri-
ate rescalings to the flux-brane lagrangian (2.10). On the other hand the supersymmetry
transformations of [1] agree, after appropriate rescalings, with those issuing from the rheo-
nomic parameterization of the Bianchi identities presented in the previous sections. Ergo
the bosonic sector of the action of D = 7 supergravity streaming from the rheonomic ap-
proach must map, after the rescalings (4.13), into the flux-brane lagrangian (2.10). This
happens if certain relations on the coefficients f; of the bosonic action (B.30) are satisfied.
In the present section we derive these constraints postponing to a forthcoming publication
their verification within the full determination of all the coefficients of the full rheonomc
action.

Discarding the gravitino 1-forms and the dilatino x the action Elgi{giiuged reduces to:

cpreeed — £ @z AV A LAV 6

+fo®Mdp ANV2A--- AV € an

tfzed Fhlaaz gh nyas n o ayeTe,

14 Gabe B AVEAVEAVE 4+ f5 68 A 6l

+ (— 360/ ®% B, — 120 fye? FMFA 61,206, g“bC) Vol

1

Vol; = — €ar.ar VRN AV (D.1)

Eliminating the auxiliary fields that realize the first order formalism we can rewrite the
second order form of the above lagrangian which reads as follows:

Bose

Lungauged — detV (240 fi R[g] + 360 f20"¢ 8u¢ + 6f4e*2¢ g,\/u/p g)\/wl’

4120 fy e3¢ FAIY ij) Az + ;64 A @Bl (D.2)
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where Gy, are the holonomic components of the field curvature (G150

6l = aBP = Gy, da* A dat A da¥ A da? (D.3)

The anholonomic components of the same tensor with flat indices is related to Gup. by the
already established relation:

1
ga1a2a3a4 = E 62¢ €ajasazaspqr grar (D.4)

An alternative way of writing the same lagrangian which is quite convenient while dealing
with the equation of motion is the following one:

Lt = detV (240 f1 Rg] + 360 f20"¢ D) d'w

Bose

1
—|—1f4e’2¢ s Axsll + el AP + 60 f3e2 3 AT (D5

Recalling that &P = dBBl + §* A A the field equations for the one-forms A® and the
three form BI3! can be respectively written as follows:”

f5

dxg" = Aasld D.
*F 60 /5 NG (D.6)
d % [e*% X 05[41} =250 A (D.7)
while the equation for the dilaton takes the following form:
SR N R | S PV NP
O l; = ———— — D.
¢ Vol 1440f2€ B A XBE 12f26 FYAXE (D.8)

The Einstein equation for the metric can be finally written as follows:

. 1
<R1Cw, — 59“1, R) = T;fu + Tugy

3 1
T;?u = - 2:;? (8,u¢81/¢ - 59#1/ 8p¢ 8p¢> (Dg)
g __1fu .1
78— - 2 (gu,., G, ~ (w0 ) (D.10)

where the dots denote saturated indices.

D.1 Embedding the 2-brane solution in supergravity

In order to embed the two brane solution discussed in section 2 into minimal D = 7
supergravity one has to bring, by means of field redefinitions, the lagrangian (D.5) to the
standard form of (2.1) or even (2.10) if we want to switch on Arnold-Beltrami fluxes. Let
us divide the task in two parts. First we show that we can always embed the brane solution
without fluxes, next we consider the embedding of the flux brane solution and we work
out the condition on the lagrangian coefficients that has to be satisfied in order for such
an embedding to be feasible.

5Here we use the a priori information that f5 = —f4.
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D.1.1 Matching with the pure brane action

The first thing to do in order to compare (D.5) with (2.1) is to truncate the gauge fields A
by setting them to zero, which is a consistent operation in the field equations (D.6), (D.7)
and (D.8). Secondly we set the coefficient of the Einstein term to the following value:

1 1
1= 5 T T 210 (D.11)
This is always possible since the overall constant in front of the lagrangian is a free pa-
rameter and supersymmetry fixes all the other coefficients in terms of fi. In the sequel
the other coefficients fg, fg, f4 are meant to attain the value predicted by supersymmetry
when the Einstein term is canonically normalized as in equation (D.11):°
; f2 ; 3 ; fa

f2 = T()fl; f3 = T()fl; fa = T()fl (D.12)

The second and third steps consists of a rescaling of the dilaton and of the &4-form. We
utilize the identifications provided by eq. (4.13), with the request that after rescaling the
kinetic terms become canonical namely:

1 A A 2 1

—; 36020 =360 fa= = —— D.13
9%’ f2 f2 E 1 (D.13)

The consistency of the above equations implies that when f; is negative, fo < 0 should

. 1 .
6f472 = ﬂf‘l =

also be negative and f4 > 0 should instead be positive. This requirement, although we
have not yet fixed the coefficients by supersymmetry, should be in any way respected, since
it corresponds to positivity of the energy in the mostly minus conventions for the metric
signature. In this way we find:

fi=1 (D.14)
1

fo=— =5 (D.15)

D.2 Matching with the flux brane action

In order for the flux brane action (2.10) to match the bosonic action of supergravity further
conditions have to be satisfied by the action coefficients. We presently derive them. First
we consider the rescaling necessary to bring the kinetic term of the gauge fields A* to the
normalization used in eq. (2.10). Referring to eq. (4.13) we see that the necessary rescaling
is given by:

oo _d,

4 f3

Then we can evaluate, in terms of f5 the value of the parameter x appearing in the la-
grangian (2.10). We find the condition:

(D.16)

K = f5 ro? = Bl
240 f; 384

(D.17)

SFor the reader not familiar with the rheonomy approach: please remember that here the curvature
2-form is normalized to strength one so that the scalar curvature and the Ricci tensor that we utilize are
1/2 of those utilized in traditional tensor calculus and standard Relativity textbooks.
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Utilizing 7 = <, the identification (D.16) and:

L,
fo =~ fi = 3 % (20 ) (D.18)

we get:
fs=2fH = f3= —% (D.19)

E Auxiliary items of the construction

In this paper we utilize two different basis of gamma matrices in D = 7. One basis,
the antisymmetric ones is the best suited to check identities in the general rheonomic
construction of the theory. The second basis, the split one, is instead well-adapted to
brane solutions and it is best-suited for the analysis of Killing spinor equations.

E.1 D = 7 gamma matrices in the antisymmetric basis

As mentioned in the main text the gamma matrices in D = 7 Minkowski signature with
mostly minus metric:

{Faa Fb} = 277ab 18><8; Tab = dlag {+a_7_7_7_7_7_} (El)

are all antisymmetric I'?’ = — T, and admit C_ = 1gxg as charge conjugation matrix. A
convenient explicit representation is the following one:

00 00 00 20 0O 10 00 0O 0O
00 20 00 00O —-100 00 O 00O
0 —00 00 0O 0O 00 00 O 10
0 0 00 00 O¢ 0O 00 0-10 0O
Ty = ) ;0 T =
0 0 00 0—-00 0O 00 10 0O 0O
00 00 20 0O 0O 00 00 0 01
—20 00 00 0O 0O 0—-100 O 0O
0 0 0—-00 0O 0O 00 00 =100
(E.2)
000 O 00 O0-1 0O 00 O 100 O
000 0O 0-100 0O 00 —-1000 O
000 O 10 0O 0O 00 0O 000 1
000 O 00 10 0O 10 0 000 O
Iy = ; I's =
00—-10 00 00O —-100 0 000 O
010 0 00 0O 0O 00 0 00-10
000 —-100 00O 0O 00 O 010 O
100 0 00 0O 0O 0—-10 000 O
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0 0 0 10000 00 0 00-10 O
0 0 0 01000 00 0 000 O 1
0 0 0 00100 00 0 100 0O O
—10 0 00000O0 00 —-1000 0O O
Iy = ; I's =
0 —-10 00000 00 0 000 -10
0 0 -100000 10 0 000 O O
0 0 0 0000-1 00 0 010 0 O
0 0 0 00010 0—-10 000 O O
(E.3)
00 —-10 0 000
00 0 O O 010
10 0 0 0 00O
00 0O O O 100
I'g = ;
00 0 0O 0O 001
00 0 —-10 000
0-10 0 O 00O

00 0 0 —-1000

E.1.1 Pauli matrices

We also spell out the explicit form of the three Pauli matrices that we use in our con-
struction:

oA=123 SRR R : o2 — Q_Z ; o3 = 10 (E.4)
10 ¢ 0 0 -1

E.2 D = 7 gamma matrices in the split basis

The gamma matrices in the split basis are devised to be well-adapted to the 2-brane
solutions. To this effect we split the seven-dimensional flat indices according to the following
notations:

(E.5)

wbe . = a,b,é,... =1,2,3 brane world volume directions
T Y PQLR, ... = 1,2,3,4 directions transverse to the brane

Next we write the 7-dimensional 8 x 8 gamma matrices as the following tensor products

I'a =7%®Ts
I'p = 1ox2®@7p (E.6)
where
{’YG_H’YI;} - 277&?) ) n = dlag (+7 ) _)
{Tp, 70} = —20pq
{5,790} =0 (E.7)

Explicitly, in terms of the Pauli matrices, we can set:

"M = 02; Yo = i07; V3 = io3 (E.8)

~ 54 —



and

T1 = 101 ® laxo
Tl_:,_i:iUl@Ui; (i=1,2,3)
T5 = 03 ® 1axo (Eg)

In this basis the charge conjugation matrix is not the identity matrix, rather it is the
following symmetric matrix:

C =ioco®Cy (E.lO)
Cy = 03 ®iog (E.ll)

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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