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ABSTRACT: Investigating the production of polarized heavy quarkonia in terms of recently
proposed QCD factorization formalism requires the knowledge of a large number of input
fragmentation functions (FFs) from a single parton or a heavy quark-antiquark pair to a
polarized heavy quarkonium. We study these universal FFs at the input factorization scale
to 2 2mq, with heavy quark mass mg, in the framework of nonrelativistic QCD (NRQCD)
factorization. We express these FFs in terms of perturbatively calculable coefficients for
producing a heavy quark-antiquark pair in all possible NRQCD states, multiplied by corre-
sponding NRQCD long-distance matrix elements for the pair to transmute into a polarized
heavy quarkonium. We derive all relevant NRQCD operators for the long-distance matrix
elements based on symmetries, and introduce a self-consistent scheme to define them in ar-
bitrary d-dimensions. We compute, up to the first non-trivial order in ay, the perturbative
coefficients for producing a heavy quark pair in all possible S-wave and P-wave NRQCD
states. We also discuss the role of the polarized FF's in generating QCD predictions for the
polarization of J/1¢ produced at collider energies.
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1 Introduction

Since the discovery of the J/t, heavy quarkonia, with their clearly separated multiple
momentum scales, have been serving as ideal systems to test our understanding of QCD
bound states and their hadronization processes. Unfortunately, a theoretically and phe-
nomenologically satisfying framework is still lacking for heavy quarkonium production. The
problem is more acute with the recently discovered XY Z-mesons, since the production of
these exotic mesons requires good understanding of the production of conventional heavy
quarkonia [1, 2].

A phenomenologically successful model for heavy quarkonium production is based on
the non-relativistic QCD (NRQCD) factorization [3, 4], which factorizes the production
cross section into the production of a heavy quark pair, multiplied by the transition for
the pair to transmute into the observed quarkonium. The production of the heavy quark
pair is effectively perturbative and is organized in powers of o, and v, the relative velocity
of the heavy quark in the pair’s rest frame; and the corresponding transition is nonper-
turbative and is represented by a set of NRQCD long-distance matrix elements (LDMEs).
If the factorization is correct to all orders in «,, these LDMEs will be universal, i.e. pro-
cess independent. For heavy quarkonium production, although a formal proof of NRQCD
factorization to all orders in «y is still lacking, it has been shown to be valid at the next-
to-leading order (NLO) in many processes. With certain modification, it also works at the
next-to-next-to-leading order (NNLO) in some specific cases [5-7]. Phenomenologically,
NLO NRQCD factorization calculations successfully explain the transverse momentum pr
distribution of many heavy quarkonium states with a few NRQCD LDMEs fitted from the
data [1, 2].

Nevertheless, the current NRQCD factorization formalism is far from perfect in de-
scribing data on the heavy quarkonium production at high pr. It is understood now that
the fixed-order NRQCD calculation suffers from large high-order corrections, due to the
large power enhancement in the forms of p% / sz and the large log(pQT / mé)-type logarithms
from high orders in oy [8], where mg is the mass of heavy quark. For example, the NLO
NRQCD calculation for the yield of J/v is orders of magnitude larger than the leading
order (LO) calculation for 35{” and 3P£8} channels at pp 2 15GeV [9-12]. Although the
most phenomenologically important leading power contribution is claimed to be included
in the NLO NRQCD calculation [11, 13], the existence of large logarithm may potentially
undermine the convergence of o expansion at large pr > mg.

Recently, a new QCD factorization formalism has been proposed to study heavy
quarkonium production at large pr [8, 14-18]. In this formalism, the cross section is
expanded by powers of mé / p%. It was proved to all orders in a, that the dominant leading-
power (LP) terms, as well as the next-to-leading power (NLP) terms, can be systematically
factorized into the perturbatively calculable hard parts for producing a single parton (or a
heavy quark pair at NLP), convoluted with corresponding single parton (or heavy quark
pair) fragmentation functions (FFs) to the observed heavy quarkonium. All nonpertur-
bative contributions are included in these FFs, whose scale dependence is determined by
a closed set of evolution equations with perturbatively calculable evolution kernels. By



solving the evolution equations, large perturbative log(p% / mé)—type logarithms could be
resummed to all orders in a;. Because of the systematic treatment of the powers of p2T / mé
and log(p3 /mQQ), the QCD factorization is expected to converge faster in ay expansion
than the NRQCD factorization.

With the LO partonic hard parts for hadronic production of heavy quarkonia at high
pr calculated in ref. [18], and the evolution kernels of FFs available in refs. [8, 16, 17], a
set of FFs at some input scale jg 2 2mg is needed and necessary for evaluating the rate
of heavy quarkonium production, and for any phenomenological application of the QCD
factorization formalism. These input FFs are only unknowns in the QCD factorization
framework, and are sensitive to the observed heavy quarkonium states and their polar-
izations. In principle, these input FFs should be extracted from data, like the case for
pion and kaon production at high pr. Nonetheless, this task is extremely hard in practice,
especially with the inclusion of NLP contributions. For example, it requires at least four
one-variable single parton FFs and six three-variable heavy quark pair FFs for evaluat-
ing the production rate of polarization-summed J/v [19, 20]. The number of FFs should
double for calculating the cross section of producing polarized J/.

However, different from the pion and kaon FFs, the heavy quarkonium FFs have an
intrinsic large scale mg > Aqcp, thus they are partially perturbative. As early as in 1993,
Braaten, Cheung and Yuan proposed to apply the Color-Singlet Model and the NRQCD
factorization to further separate the perturbative and nonperturbative contributions to the
input FFs [21, 22]. By choosing the input QCD factorization scale pg 2 2m¢g and NRQCD
factorization scale up ~ mg, neither p3 /m2Q nor mé /u% is large, and consequently, the
NRQCD expansion of the input FFs is expected to have a fast convergence. In refs. [19,
20], we calculated the polarization-summed input FFs in the framework of the NRQCD
factorization. We derived, up to the NLO in ag, the perturbative hard parts for an energetic
single parton (or a heavy quark pair) to fragment into a heavy quark pair in all possible
S-wave and P-wave NRQCD states, while the NRQCD LDMEs cover the nonperturbative
transition rate for the pair to transmute into the observed heavy quarkonium.! These input
FFs are needed for evaluating the factorized LP and NLP contributions to the production
of polarization-summed heavy quarkonia.

With our calculated input FFs, the first test of the QCD factorization formalism for
heavy quarkonium production is shown in ref. [23]. It was found that without the resum-
mation of large logarithms, the simple and fully analytical LO calculation in the QCD
factorization approach successfully reproduces the very complicated and numerical NLO
NRQCD calculations for the yield of J/v¢ at pr = 15GeV, for all phenomenologically im-
portant and relevant channels. It is very important to note that the NLP contribution,
although suppressed by a factor of mQQ / p% compared to the LP contribution, are crucial for
1558] and 3S£1] channels even when pr approaches 100 GeV. A similar calculation with only
the LP contribution cannot reproduce these two channels [24]. This finding clearly demon-
strates the importance of the NLP contributions to the heavy quarkonium production.

"Most single parton input FFs in refs. [19] are not new. See refs. [19, 20] for the details and references
therein.



Since the polarization is an important observable for exploring the production mech-
anism of heavy quarkonium [25-27], it is critically important to study the production
of polarized heavy quarkonia in the framework of the QCD factorization formalism, which
requires a set of polarized input FFs. In this paper, we extend our work on the polarization-
summed input FFs [19, 20] to the study of the polarized input FFs by using the NRQCD
factorization approach. Different from the production of unpolarized heavy quarkonia, we
show that, if the polarization of the produced heavy quarkonium is observed, many more
NRQCD channels at the same order in v expansion are needed. KEspecially, off-diagonal
channels are needed for the production of some heavy quarkonia even at the leading power
in v. We demonstrate that conservation laws, angular momentum addition rules, and veloc-
ity scaling rules, as well as the heavy quark symmetry, are very important for constraining
the size of contributions from various channels.

Similar to the polarization-summed input FFs [19, 20], the intermediate steps in de-
riving the polarized input FFs require the perturbative treatment of ultraviolet (UV) and
infrared (IR) divergences. Conventional dimensional regularization (CDR) is the most con-
venient tool to regularize all these divergences. However the application of CDR on the po-
larized input FFs is not straightforward, since the definitions of polarized NRQCD LDMEs
in an arbitrary d-dimension are very non-trivial. In principle, one needs to consider the
coupling of two d-dimensional heavy quark spinors, and L-S coupling if the orbital angular
momentum is nonzero, e.g., for the 3P‘[]1] channels. In this paper, by requiring the symme-
tries to be preserved when generalizing the polarized NRQCD LDMEs from 4-dimensions
to d-dimensions, we provide a simple scheme to separate the contributions with different
J and |J,]|.

The rest of this paper is organized as follows. In section 2, in terms of the NRQCD
factorization formalism, we derive, by using conservation laws and angular momentum
addition rules, all nonvanishing NRQCD LDMEs for the production of polarized heavy
quarkonia. We single out the derivation of the nonvanishing NRQCD LDMEs that con-
tribute to polar angular distribution of heavy quarkonium production, which are of the
most phenomenological interest. We also discuss how velocity scaling rules help simplify
problems in practice. Then in section 3, we introduce a scheme to define these polarized
NRQCD LDME:s in an arbitrary d-dimension. In section 4, we outline the technical steps
needed for calculating the single-parton and heavy quark-antiquark pair (QQ pair) FFs
within the NRQCD factorization approach. Since the calculation is very similar to that
for the polarization-summed case, which has already been explained in great details in
refs. [19, 20], we do not repeat it in this paper, but providing all mathematical tools spe-
cific to the calculation of polarized input FFs in appendix A. Finally in section 5, we briefly
discuss the impact of our results for the polarized J/¢ production. All of our results on
the polarized input FFs are listed in appendixes B and C. In appendix B.5, we compare
our full results of single parton FFs with some input FFs available in the literature.

2 Heavy quarkonium polarization in NRQCD factorization

In this section, we start from experimental observables to find all allowed NRQCD channels
for polarized heavy quarkonium production. In subsection 2.1, we drive the most general



selection rules for nonvanishing NRQCD channels, by employing only the conservation laws
and angular momentum addition rules. These selection rules are valid for any observables
related to the heavy quarkonium polarization. Then in subsection 2.2, we focus on the
polar angular distribution of decay products of produced heavy quarkonia, and derive
more selection rules for this specific observable. Finally in subsection 2.3, we adopt the
NRQCD power counting rules to find the relative importance of the survived channels for
the polar angular distribution.

2.1 General selection rules

Experimentally, the polarization of a produced heavy quarkonium is determined by mea-
suring the angular distribution of its decay products in its rest frame. Taking J/v as an
example, the angular distribution of the decaying /7]~ lepton pair can be parameterized
as (see ref. [28] for a thorough discussion, and [29] for a recent review)

do/H(=1F)

70 x 14+ Mg COS29+)\¢SiH20C082gp+)\9¢ sin 26 cos ¢

(2.1)
+ )\i sin? @ sin 2¢ + )\gﬁo sin 26 sin @,

where 6 and ¢ are the polar angle and the azimuthal angle of [T respect to a chosen z-axis
of the pair’s rest frame, respectively.

Similarly, one can do the decomposition for any heavy quarkonium state, such as x.s
(see [30-32]). In the narrow-width approximation for producing a heavy quarkonium, all
the coefficients \’s in eq. (2.1) and corresponding coefficients for other heavy quarkonium
states can be related to the heavy quarkonium’s spin density matrix pﬁ{ G where Jf (j ZH )
is the z-component of the spin of the heavy quarkonium H in the alrgplitude (complex
conjugate of the amplitude). Here the quantum interference with JH # jf is allowed.
Comparing theoretical predictions of these A’s with the data serves as an important test
of the theory [33, 34].

Within the framework of the NRQCD factorization [4], the heavy quarkonium’s spin
density matrix can be factorized as

H
fi g = 2P O10ig0, 10 (2.2

n,n

[QQ] is the spin density matrix of the polarized

= 25+1I~/53]j in the

Wz

where the scale dependence is suppressed. p

intermediate QQ pair with quantum numbers n = QSHL!?] 7, and n

amplitude and the complex conjugate of the amplitude, respectively, where S (5’) L(i),
J(J), and J,(.J.) are spin, orbital angular momentum, total angular momentum and total
angular momentum along the z-axis of the pair in the amplitude (complex conjugate of the
amplitude), respectively. Similarly, b, b=1or8 represent the color-singlet or color-octet

state of the produced pair. In eq. (2.2), the NRQCD LDMEs <O|(’)[Qéz I )|O> represent

nonperturbative probabilities for the intermediate [QQ(n, )] states to hadromze into the
polarized heavy quarkonium H (J, JH). In principle, for each channel with the definite n
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Figure 1. Schematic picture of angular momentum coupling in the hadronization from QQ-pair
to heavy quarkonium H.

and 71 in eq. (2.2), there are still many LDMEs from contributions at different powers of v2.
In this section, we do not try to explicitly separate different LDMEs contributing to the
same channel in eq. (2.2), since we only focus on the selection rules for different channels.

The summation in eq. (2.2) runs over all n and 7, but, the LDMEs <O|(9[Qan’i )|O>
vanish for some combinations of n and 7. A particular channel [QQ(n,7)] can contribute
to the spin density matrix only when n and n have the same conserved quantum numbers.
For example, b = b and (—1)+! = (—1)’3*1, since the color and parity are always conserved
in QED and QCD. With color b = b, the state of the heavy quark pair, [QQ(n,n)] defined
in NRQCD, should be an eigenstate of charge conjugation, which leads to (—1)F+S =
(—1)£+§ . Combining this with the conservation of color and parity, we obtain the following

selection rules:
b=, S =2, IL-L|=0,2,4---, (2.3)

for the LDMEs <oy(9ggzn’i 10) in eq. (2.2).

Furthermore, angular momentum addition rules can provide more constraints on the
choice of n and n for the LDMEs <0|(9[IC{‘2(C>—%I1 ;ZLZ; ) |0). These nonperturbative NRQCD LDMEs
can be represented schematically by the diagram in figure 1, which is shown in cut diagram
notation, in which the amplitude and its complex conjugate are combined into a forward
hadronization diagram for a heavy quark pair to evolve into the heavy quarkonium H and
unobserved particles X, and the final state is identified by a vertical line. In figure 1, J¥ is
the total angular momentum of the heavy quarkonium H, JZH (jf ) is its z-component in
the amplitude (complex conjugate of the amplitude), and J¥X and JZX are the total angular
momentum and its z-component of the unobserved particles X, respectively, which also
include the relative orbital angular momentum between H and X. By summing over all
possible states of X, the NRQCD LDMEs, as shown in figure 1, can be expressed as

(0100 ni N0y o ST ST AT g TV, TN TN T (T T X TX T 0L,
X JXJX

(2.4)



where the coefficient A(J, JX; J, J ) depends on the dynamics, but, is independent of the
z-component of any angular momentum due to the rotational invariance of QCD. Eq. (2.4)
leads to the following constraints,

|J—J| <2J% and J, — J, = JH - JI. (2.5)

Egs. (2.3) and (2.5) summarize all the constraints for the NRQCD LDMEs in eq. (2.2)
for the production of a polarized H that decays into two bodies, with the measured full
angular distribution of the decaying products, like the J/i-production in eq. (2.1).

The constraints in eq. (2.5) can be modified if the angular distribution of the decay
products is integrated. As we will show in the next subsection, the polar angle #-distribution
(after the integration of the azimuthal angle of the decaying products) depends only on the
diagonal entries of the heavy quarkonium spin density matrix pf}a JH- Thus, only the diag-

onal LDMEs <O|O ~)] i0>, with J? = JH are needed for the f-distribution of heavy
quarkonium production and therefore, the constraints in eq. (2.5) can be simplified to

|J—J| <2J% and J, = J., (for the polar #-distribution). (2.6)

For the yield of a polarization-summed heavy quarkonium H, we integrate over both the
polar 6 and azimuthal ¢ distribution of the decay products, and consequently, we only need
jH _ 7H H ;
<0|(’)QQ(nn ]|0> ZJH<O|O[QQ () |O> By choosing J;' = J.' and summing over .J;
q. (2.4), the orthonormality condition of angular momentum requires

J=1J, and J, = J,, (for producing a polarization-summed H). (2.7)

That is, for the yield of a polarization-summed H, only the fully diagonal entries in both
J and J, of the heavy quarkonium spin density matrix are needed.

2.2 Nonvanishing channels for the polar angular distribution

In this paper, we focus on the polar angular distribution, which is of the most phenomeno-
logical interest. For J/tv production, the polar angular distribution means the \g term in
eq. (2.1). By integrating the azimuthal angle ¢ from 0 to 27 on both sides of eq. (2.1),
we obtain

do/H(=1F)

2 2.8
Jeosd x 1+ Mg cos” 6. (2.8)

In the narrow-width approximation, the polar angular distribution for producing the J/1
that decays into a lepton /7]~ pair can be expressed as
do?/Y(=1HT)

_ I ;
g = 2 e e X alTIML € (TY) (2.9)
J;]/iﬁ’jg/w

where M gecay is the decay matrix element of J/4, and €;(J; J/ 1/)) and € (j;] / w) are the polar-
ization vectors of the J/v in the decay amplitude and its complex conjugate, respectively.
Due to the parity conservation and the rotational invariance about the z-axis after the



integration of azimuthal angle, ¢, the decay matrix for the polar angular distribution must
have the structure Mdecay = c1 0% + co §%%07% where ¢; and ¢y are the coefficients deter-
mined by the dynamics. That is, only the diagonal entries, i.e. the terms with J,;] "= j;] /v
of the J/1 spin density matrix, piH7 jn in eq. (2.2), can contribute to the polar angular
distribution in eq. (2.9) [29].

Furthermore, because of the parity and time-reversal invariance of QED, we have

€l J/w)./\/ldecaye]( J/w) €(— JJ/w)/\/ldecaye’;( J/d}). Consequently, the polar angular
I/ I/

distribution depends only on the combination of Pt jars +p° I _ i Similar argument
also applies to the production of other heavy quarkonlum states That is, the polar angular
distribution of the decaying products from any produced heavy quarkonium H depends only
on the combination of the spin density matrices: pfz}r,, g+ p_f{,ZH’_ JH-

Therefore, we can use the selection rules in egs. (2.3) and (2.6) to find out all relevant
QQ-pair channels (n,7) that contribute to the polar angular distribution. In addition to
all diagonal channels with n = 71, there are also many offdiagonal channels. For example,
if n is S-wave, all S-D mixing channels are allowed; and if n is P-wave, there are P-P
mixing channels as well as P-F mixing channels:

b b b b b b
(s 1D[2]0) , (3,0l ). (Pl )
1p[b] [b] 3pbl  37(b]
(Pl g2 3JZ> (PJJZ FJJZ> (2.10)
where b = 1, 8 labels the color of the QQ pair.
Since the polar angular distribution is proportional to the sum of two spin density

matrices with the opposite signed z-component of quarkonium angular momentum, we
introduce the reduced spin density matrices as

1
olian = 5 (efh g + 05 ) = o (212)
with A= L,T,TT,-- -, corresponding to |JH| =0,1,2,-- respectively From the NRQCD
factorization in eq. (2.2), and using (O\O[Qc‘g]fn"])])]()) = <O|(’)[QQ( \O> where —n =

b . . .
QSHLBL 7, and similarly for —n, which is an immediate consequence of the time-reversal

invariance of QCD, we find that the reduced spin density matrices in eq. (2.11) can be
factorized as,

ol Q) el \1 H H
z (799 4+ 599 ) 2 (0108 0+ 008 L 10), ()
where the reduced NRQCD operators are defined as

OF =3 OHUH I (@H(JZH,JZH) n @H(—J?—Jf)) : (2.13)
|JH]|

where the subscript A is defined right below eq. (2.11).



Quarkonium | Essential channels

ne(nS) | (SO, (3P [?], (35w
Y(n8), T(nS) | (SIHOL, (SH) W), ST Y, BAPE) WY
ho(nP) <1P1[}b[v01, (SeH0], GSED?, (GS )

xqr(nP) | (CPI)O), (3SE) 0], (S ]

Table 1. Essential channels for various polarized heavy quarkonium production, with relative
power-counting of each channel explicitly. A represents the polarization of the heavy quarkonium,
and could be L, T or TT depending on the specific state. () can be either charm or bottom.

2.3 NRQCD power counting

The general discussions in last subsection were based only on the symmetry properties
of QED and QCD. In principle, one needs all allowed Q@ channels for any quarkonium
production. In practice, however, different channels are not equally important. The relative
importance of different channels in power of v is governed by the velocity scaling rule of
NRQCD [4].

To derive the scaling rule, one first expands the wave function of a physical heavy
quarkonium H into different Fock states in NRQCD effective field theory. For a conven-
tional heavy quarkonium, its dominant Fock state is a Q@Q-pair Fock state with a definite
quantum number, which is the same as the one usually used to denote the produced quarko-
nium, while all other Fock states are suppressed by powers of v. The relative suppression
can be estimated by color multipole expansion: the suppression is at O(v) if two Fock states
are related by a color electric dipole transition (E1); and the suppression is at O(v3/?) if the
two Fock states are related by a color magnetic dipole transition (M1) [4]. Therefore, the
expansion for the wave function of a heavy quarkonium H with quantum number 251 ;
can be expressed as,

[H(5HLy)) = 0(1)[QQ(STLY)) + 0(0)1QQ*5+ (L £ 1)F)g)

+ 0 IRQC*L3)g) + 0W)IQQETL [ Mgg) + -+
(2.14)

In addition to the suppression caused by the Fock states expansion, there is another sup-
pression factor at O(UL+L) for the QQ-pair channel (n,7) because of the derivative opera-
tion associated with the orbital angular momentum of the operators. Based on these power
counting rules, one can easily work out the relative importance in v of different channels
for the production of a given heavy quarkonium. We list the relative power counting of
phenomenologically important channels for S-wave and P-wave quarkonium production in
table 1. Three general conclusions are in order:

e First, a channel mixing between different waves is always suppressed by at least
O(v?). For example, the (15 1 1D[b] o) channel in eq. (2.10) is always suppressed by

O(v?) comparing with (IS([]b], IS([] }) channel for any quarkonium state.



e Second, a channel mixing between different total angular momentum but the same
orbital angular momentum can be expressed in terms of a “diagonal” channel up
to O(v?) correction. For example, the mixing channels (3P}’8},Z,3P‘[j8}] ) in eq. (2.10)
contributes to the production of H = J/v, ¥(nS) or Y (ns). If we assume the heavy
quark spin symmetry, the spin of the intermediate QQ-pair in the amplitude, S.,
and that in the complex-conjugate amplitude, S, should equal to the spin of the
hadron J. Furthermore, the NRQCD LDMEs corresponding to the mixing channel
and the channel with S, = S, = JI are equal to each other due to heavy quark
spin symmetry. As a result, we can define a “diagonal” channel (S’SZP[S],&SZP[S}) to
study heavy quarkonium production, in which the spin of the QQ-pair is S, and the
orbital angular momentum is summed over. As heavy quark spin symmetry holds
up to O(v?) correction [4], this approximate treatment is valid at the same order of
the precision.

e Third, for any heavy quarkonium state, there is at least one S-wave channel which
contributes at leading power in v; for any P-wave and higher-wave heavy quarkonium
state, there is at least one P-wave channel which contributes at leading power in v;
and so on. Thus lower-wave channels are usually more important.

With this consideration, we will calculate only S-wave and P-wave channels in this paper,
including the “diagonal” channels (3’SZP[Z’], 3’SZPW) reduced from P-P mixing channels in
eq. (2.10), and leave a complete treatment of offdiagonal channels and higher-wave channels
for future study. Since it involves only diagonal channels in our treatment (up to O(v?)
corrections), the factorization formula in eq. (2.12) can be further simplified to

RO 5 (91924590 ) 2 (01080 + 01085 1))

_ QQ H
any] 10i660m,)110)

Ny

(2.15)

where, similar to the parameter A defined in eq. (2.11) for the z-components of heavy
quarkonium angular momentum J*, we introduced a parameter, N = L,T,TT,--- repre-
senting the z-component of the QQ-pair’s angular momentum, |J,| = 0,1,2,---, respec-
tively. For example,

1 —_— _
Q0] _ Q0] . 00l \ _ = AQa
pnT Z 2 (pn n + p—n n) - p(n’n) )
n(|J:|=1) |Jz|=1
_ Hy,
(Uler R (JZ|:—1) <<O’O[Qan 10) + (0 |O[QQ(fnﬁn)]’0>) (2.16)
_ H
= Y (010G 0)
|J:]=1

To relate our results in this paper to polarization-summed results, we sum over the polar-

~10 -



ization A in eq. (2.15), and obtain

HlQQ QQ
ZPA NZ/%[W ] Z 0|OQQ(n>\ ]|0 Z'OEW ]2J+ 1 OIO[QQ ]‘O> (2.17)

Y Y

where <0|O%Q(ﬁ)}|0> o0 <0|(’)[QQ |O> is the usual polarization-summed NRQCD
LDME. To obtain the second equal s1gn in eq. (2.17), we have used the factor that the
summation Z/\<O|(’)[QQ

Our calculations in this paper should be sufficient for the current phenomenological

)]|0> is independent of A\’ because of rotation invariance.

study of S-wave and P-wave heavy quarkonium production. In the next section, we provide
a simple scheme to define all these operators in d-dimensions.

3 Definition of polarized NRQCD LDMEs in d dimensions

In refs. [19, 20], we calculated both the single parton and heavy quark pair FFs for an
polarization-summed heavy quarkonium. We used CDR to regularize all the UV and IR
divergences. By doing this, we implicitly generalized the polarization-summed NRQCD
LDMEs to arbitrary d-dimensions. With J, of the heavy quarkonium summed over, this
generalization is simple since there is no special direction in the heavy quarkonium rest
frame. In this polarization-summed case, the possible generalization can be achieved by
extending the SO(3) symmetry to the SO(d — 1) symmetry [19, 20]. That is, we demand
all QQ-pair channels to be covariant under the action of SO(d — 1) rotation group, similar
to the 4-dimensions case.

The situation is more complicated with the quarkonium’s polarization observed, where
a specific z-axis direction needs to be specified. For example, in the hadron helicity frame,
the z-axis is chosen to be along the moving direction of the heavy quarkonium in the
Laboratory frame. To separate contributions with the same J but different |.J,|, we need
to know more details of the SO(d — 1) rotation group. The situation could be more severe
with angular momentum couplings, such as the L-S coupling, which is exactly what we
have in the NRQCD factorization.

In this section, we provide a simple scheme to separate the contributions with different
J and |J,|, which is required for the calculation of the polar angle distribution of the decay
products, like the Ag in eq. (2.8). In our scheme, we only require: (1) the wave function of
the heavy quark pair preserves all the symmetries about the z-axis when it is generalized to
d-dimensions, and (2) the d-dimensional polarization-summed NRQCD LDME:s in refs. [19
20] are recovered after adding up corresponding polarized ones. Consequently, the following
rules are valid for S-wave and P-wave channels,

e Case 1: for 39; and 'P;, the wave functions of the heavy quark pair with |J,| = 1 (or
J, = 0) in its rest frame are antisymmetric (or symmetric) when flipping the direction
of all axes except Z axe. Note that, it is hard to define the rotation operation in d
dimensions, but the flipping operation described here is always well-defined.?

2We effectively assume that in both 4-dimensions and d-dimensions, the operation of rotating = rad
about the z-axis is well defined, and is equivalent to flipping the direction of all axes except z-axis.
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e Case 2: for 3P, the wave function with J = 0 is a scalar, i.e. it has a SO(d — 1)
symmetry. Wave functions with J = 2 (or J = 1) are symmetric (or anti-symmetric)
tensors in their orbital and spin indices, and are constructed to be traceless.

e Case 3: for 3P, the wave functions with |J,| = 1 can be separated from those with
|J.| = 0,2 by requiring that they are antisymmetric under flipping the direction of
all axes except z, similar to the Case 1 above. The wave functions with J, = 0 and
|J.| = 2 can be further separated by requiring the wave function with J, = 0 to have
a SO(d — 2) symmetry in the space perpendicular to z-axis.

e Case 4: for 3Py, the wave functions with |.J,| = 1 can be singled out by requiring that
they are antisymmetric under flipping the direction of all axes except z, similar to
the Case 1 above. We define the symmetric part under this operation as the wave
function with J, = 0.3

Notice that in d-dimensions, there is no unique way to group states into categories with
different J and |J,|. Different grouping methods are equally good as long as they are
consistent and give the correct decomposition at d = 4. They could serve as different
schemes in the dimensional regularization.

As an example, we consider the polarized LDMEs for J/v¢ production below, which
is of great phenomenological interest, while giving definitions of all S-wave and P-wave
NRQCD LDMEs in appendix A. The most important [QQ(n)] channels in eq. (2.15) for
J /v production are 35%”, 3S£8}, 15([)8] and 3P£8] (see table. 1). For 35%” channel, the wave
function for polarization-summed QQ-pair in its rest frame can be chosen as a (d — 1)
dimensional vector?

WoopEs,)) = cplaix|0) (3.1)

where 1 (x) is the annihilation (the creation) operator for a heavy quark (a heavy anti-
quark) in the center of mass frame of the pair, {¢)To7x|0)} with j = 1...(d — 1) are the
basis states/vectors of the Hilbert space for |\PQQ[331]>? and ¢/ are the corresponding coor-
dinates. In this Hilbert space with d = 4, the 3 x 3 matrix representation of the flipping
operation described in the Case 1 above is diag(—1,—1, 1), which can be easily generalized
to (d — 1) x (d — 1) matrix representation:

flip .
D, = diag(-1,---,-1,1), (3.2)
3Different from the 4-dimension case, wave functions with |.J.| = 0,1,2 for ®P; channel are allowed in
d-dimensions. Wave functions with |J.| = 1 are transversely polarized at d = 4. Wave functions with

|J:| = 2 have different parity from wave functions with |J.| = 1, and vanish at d = 4. It is then natural to
consider |J;| = 2 wave functions as longitudinally polarized in d-dimensions.

4The coupling of two spinors in d-dimensions also have high-spin representations. On the one hand, their
contribution to spin-0 and spin-1 representation is at least suppressed by v because of the heavy quark
spin symmetry [35]. On the other hand, one could always ignore them by using a different dimensional
regularization scheme, where spinors are in 4-dimensions.

Here we only consider the components at leading powers in v, relativistic corrections can be constructed
by inserting covariant derivatives, as in ref. [4].
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where ellipsis represents (d —4) copies of —1. With eq. (3.2), we separate the “longitudinal
polarization” space spanned by the basis state {)fc#x|0)} from the “transverse polariza-
tion” space spanned by the basis states {1/Ta71x|0)}, with j includes all values of j defined
in eq. (3.1), except 7 = z. We could then construct the definitions of polarized NRQCD
LDMEs for [QQ(?’SF])] in d-dimensions as

X 1 1 . .
OH*(?’S{T) = ETMXTU]Ld}(aLAaHA)d)TO’]LXv (3.3a)
1
O™ (81Y)) = Xl ulaly, am wlo*x, (3.3b)

where the summation of j,| is suppressed, ay, is the annihilation operator of heavy quarko-
nium H with polarization A, and m is a normalization factor. The corresponding

NRQCD LDME:s for 3S:[lg] channel can be obtained by removing 1/(2N,) in eq. (3.3) and
inserting one SU(N) color matrices T to the operator of each heavy quark pair.

For J/1 production, the analysis of the 3P£8} channel is greatly simplified if we assume
the heavy quark spin symmetry, as explained at the end of subsection 2.3. Since the spin of
the produced J/v must be the same as the spin of the intermediate QQ-pair in the leading
power of v, the orbital angular momentum of the heavy quark pair can be effectively
summed over. In this way, we can apply the same flipping operation as in eq. (3.2), but
only to the spin index, and we obtain

O (3TpHly — (d_l)l(d_z)xf ( - %ﬁk ﬂ) T(aly, am, )yt < - ;ﬁk‘aﬂ) T°x,
(3.4a)
O GLpBly = (dil)XT ( - ;ﬁj02> Taw(agAaHA)W ( - ;ﬁj02> X, (3.4b)
where
¢ Dy = ¢(Dx) - (D¥)'x. (3.5)

]

mentum needs QQ channels offdiagonal in (n,7), as analyzed in section 2. For simplicity,

A complete treatment of the 3P£8 channel without summing over the orbital angular mo-

we do not consider individual offdiagonal LDMEs as their overall contributions can be
included in the LDMEs in eq. (3.4).

4 NRQCD factorization on input FFs

The NRQCD factorization formula derived in eq. (2.15) can also be applied to FFs at the
initial scale pg. To be specific, the input single parton FFs and the Q@Q-pair FFs to a
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polarized heavy quarkonium can be written in the following factorized form?®

5 Hy
Df—>H)\/ (2 mq, to) = Z dfﬁ)[QQi(n)\)} (2 meq, 1o, NA)<O[Q>\Q(7M)} (1)), (4.1a)

nx

~ H,y/
D[QQ(/@)}%H/\/ (Z, Clv CQ; mq, MO) = Z d[QQ](H)%[QQ(nA)} (Z7 Cl? CQ; meq, Ko, MA)<O[Q>&?(”)\)} (MA))?

nx

(4.1b)

where 119 2 2mg is the QCD factorization scale, upx ~ mg is the NRQCD factorization
scale, and A (X\') denotes the polarization of the intermediate NRQCD QQ pair (observed
heavy quarkonium H). In eq. (4.1a), f = Q,Q,q,q,g is the flavor of the fragmenting
parton, and the variable z is the light-cone momentum fraction of the parton taken by the
quarkonium H. In eq. (4.1b), k = vlb8) L8l or ¢[18] represents the vector, axial-vector or
tensor spin states of the fragmenting heavy quark pair, respectively, where the superscript
labels the singlet (1) or octet (8) color state of the pair. The variables ¢; and (2 in eq. (4.1b),
defined in refs. [19, 20], represent the relative light-cone momentum fractions of the heavy
quark pair in the amplitude and its complex conjugate, respectively.

The short-distance coefficients (SDCs), d’s in eq. (4.1), are insensitive to any particular
quarkonium state Hys, which is an immediate consequence of the factorization. We can
derive these SDCs by replacing the final heavy quarkonium state by an asymptotic heavy

quark pair [QQ(n},)],

QA1)

5 [
Do, n(zme) = > di 060 (3 mQ) O 00(na) ) (4.2a)

Q)]

nx
7 [Q /
Diogi(m) 100w, (261, 62:mQ) = D digaim»0am) (2 C1: 2 m) (055, ) (4.2b)
n

where the dependence on the factorization scales is suppressed. In eq. (4.2), the L.h.s. can
be calculated with perturbative QCD, while the LDMESs on the r.h.s. can be calculated
with perturbative NRQCD. By matching the L.h.s. and the r.h.s. , the SDCs can be obtained
order by order in .

In this paper, we follow the convention used in refs. [19, 20], and expand the SDCs as
Df%HA/ (Z, mq, MO)

= Zwas{dﬁg[QQ(nA)](z;mQ,uo,uA) (4.3a)

nx

H,y/
O 1660m (1))

as\ 5(2) ' 2 < [QQ(nn)]
" <n> 94 10@ny) (51 MQ> 1o, 111) +O<a5)} ) m222+3 ’

®In this paper we work in the hadron helicity frame, in which the mixed fragmentation with a single
parton in the amplitude and a heavy quark pair in the complex conjugate of the amplitude does not exist,
following the same argument in section IIB of ref. [8].
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D[QQ(H)]HHA/ (Zv 1, G2, Ho; mQ)

a Z{ [QQ(r)]—=[QQ(n)] (Z’Ch@vﬂmeaMA) (4.3b)

Qs 5(1) 2 <O[IZJAQL2(M)}(MA)>
+ (?) U0q(r)1=10Qny)] (7 C1r 622 o3 M@, 1a) + O(%)} ) 2T

Now with the d-dimensional polarized NRQCD LDMEs and the projection operators
derived from these LDMEs, we can apply CDR to regularize all the divergences in the cal-
culation of the Lh.s. of eq. (4.2), with a particular polarized [QQ(n},)] state. In the NLO
perturbative calculation of the Lh.s., there exists (1) UV divergences, which are removed by
QCD renormalization and the renormalization of composite operators; (2) rapidity diver-
gence, which are canceled when adding up all Feynman diagrams; (3) Coulomb divergence
and IR divergence, which are canceled between the l.h.s. and the NRQCD LDMEs on the
r.h.s., if NRQCD factorization is valid. The cancellation of the Coulomb divergence and
IR divergence needs NLO calculation of polarized NRQCD LDMEs, which are also given
in appendix A.

These polarized SDCs and the polarization-summed SDCs are not independent. With
the definitions of the polarized NRQCD LDMEs in appendix A, one can obtain the relation

5(1 or 2) - (1 or 2)
51000 NNR Z 9 oot (4.42)
5(0 or 1) (0 or 1)
4QQ(1-1an NNR Z A0 1001 (4.4b)
where d(1 o2 and 40TV are the polarization-summed SDCs, and NYR are
—[QQ(n)] [QQ(r)]—[QQ(n)] ’ "

number of polarization states for the channel n, both of which can be found in refs. [19, 20].
The summation of A runs over all polarization states of n. In appendix B and C, we only

5(1 or 2) 3(0 or 1) . . 3 1 3
list the df%[QQ( Ol and d[QQ( J=[Q0(nx)] for one polarization state for °S7, “P;, and °P;

channels, and two polarization states for 3P, channel. One can derive the rest by using the
relations in eq. (4.4).

5 Discussion and summary

In this paper, we derived all nonvanishing channels of producing a heavy-quark pair (n,n)
for polarized heavy quarkonium production in NRQCD factorization. We introduced a
scheme to generalize the polarized NRQCD LDMEs to arbitrary d-dimensions. With these
d-dimensional NRQCD LDMEs, we apply CDR to calculate the single-parton and heavy-
quark pair FFs, up to the NLO in «ag, for the production of all polarized S-wave and
P-wave heavy quarkonium at the input scale pog 2 2mg. We find that all perturbative
divergences are canceled at this order, and all derived SDCs are finite as expected. With
our results, as well as the evolution kernels and the hard parts calculated in refs. [8, 18],
the QCD factorization formalism can be used to generate predictions for the polarization
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3S£1] 3S£8] 3P}8] 15([)8]
g T
ll] L
vlf] L | L
alll
al®l T | Un

Table 2. Contributions of LO FFs to the J/¢ polarization. The labels “T”, “L” and “Un”
represent transversely polarized, longitudinally polarized, and unpolarized J/1, respectively.

of produced heavy quarkonia in the hadron helicity frame, which have been measured at
the Tevatron and the LHC.

In addition to the surprisingly large NLP contribution to the yield of J/v [23], our
results in this paper further demonstrate the potential importance of the NLP to the
J/1¢ polarization. In table 2, we show the LO contributions from different channels to
the J/v polarization. The single-quark fragmentations are not important since they are
suppressed at large z [19]. The contribution with a fragmenting QQ pair in a tensor
state is suppressed by the hard part [18]. These suppressed channels are not showed in
table 2. For completeness, we also list the 1S([)8]
J /v production.

Contrary to the contribution at the LP, most production channels at the NLP con-
tribute to longitudinally polarized J/. Recall that the NLP contributes to the production
rate, both directly by the NLP term in the factorized cross section, and indirectly through

channel, which contributes to unpolarized

the mixed kernels in the evolution equations of the single-parton FFs (see ref. [8] for more
details). Especially, the indirect contribution can increase the longitudinal component of
produced J/v from gluon fragmentation when the gluon FF is evolved from the input scale
po 2 2mq to the hard scale y ~ ppr. Although the details need more studies, we believe
our results in this paper will be very helpful for understanding the polarization of heavy
quarkonium production.
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A Polarized NRQCD LDMEs

This appendix is organized as follows. In subsection A.1, we list the definitions of all
essential d-dimensional polarized NRQCD LDMEs with the S-wave and P-wave heavy-
quark pair. In subsection A.2, we present the projection operators for the calculation of
SDCs. In subsection A.3, we expand the polarized NRQCD LDMEs to NLO in ag, which
are necessary for the full cancellation of IR divergences in the NLO calculation of SDCs.

A.1 NRQCD LDMEs

With the method expained in section 3, we give our definitions of normalized NRQCD four-
fermion operators for polarized heavy quarkonium production in an arbitrary dimension d.

O™ (*sfy) = Ty Tlal,am vlo™ T, (A.la)
O (1) = x'o* T (aly an, )wlo* T, (A.1D)
. 1 i\ o i3\
oM (P = = Q)XT ( -3 Du> T(aly am, )y ( -3 Dﬂ> Ty, (A.lc)
14 14
o (rl) =1 ( - 5 T7) Tovtalyam)et (- 5 B 1o, (A14)
1 14> 1 2 a (A= z a
O (Pf7}) = sda—gX 3D Vo T an Wi (-5 D VoD T (Ade)
Hy3pl8l \ _ 1 i _ 55 L gkid ) pa
O (ChL) 2(d—2)(d—3)x( SR R
o (A.1f)
1 .
(aby, am, )t < 5D L Um) T,
. ik,
Hy (3pl8] | _ 2 i _ i (1g G hy _E a
O (Frr) = G2 =2 X ( 2<2D o gy Proer) ) T
i1 (. SILkL (A-lg)
(QLAGHQ@N(—Q(QD U ket — d2DT'0'T>>TaX7
HaplEly L i 5 G o2 pag(at H_ 5 s g2} ) pa
O ( 2,T) 2(d . 2) X 2 g /(/}(aHAaH/\)w 2 g X5
(A.1h)
omepEy = 122 (LB L B o)) o0
L 2 d—2 .
s ) (A.1i)
2
(CLLA@HA)@ZJT(— 2<D20'Z - mDT UT>> ",
1 i . i . _
(’)H*(E}PO[S]) =71 XT( — §D -0') T w(aLAaHA)le(— ED ‘0'> T, (A.1j)
O (155 =\ T2 (afy am, )l T, (A.1K)

17 -



where the summations of j, and k| run over all directions perpendicular to 2-axis, and

v Dx = i(Dx) — (Dy)'x, (A.2a)
<1—)>T'O'TE<1—)>-O'—<5>ZO'Z, (A.2b)
O it gkl = Piv gk _ P oIt (A.2¢c)
D e ghiy = Piv ke o Ghe i, (A.2d)

Subscripts TT, T, and L represent the non-relativistic QQ pair with |J,| = 2, |J,| = 1 and
J. = 0, respectively. Polarization of the heavy quarkonium H is labelled by A, which can
be TT, T and L, depending on the specific JX state of the H. For completeness, we also
list the operators for states 3Py and 1Sy, which are unpolarized.

As mentioned at the end of section 3, the 3P}8] channel can be greatly simplified by using
the heavy quark spin symmetry, so that we only need two NRQCD LDMEs in eq. (3.4):

1 142 1421
O (3Tplly — mXT < 3D kff”) T (aly, an, )Pt ( ~3 Dkau) T,
(A.3a)

1 = =
O (3Lplel) = - 1)XT < - ;DJJZ> Ty (aly am, ! ( - % DJUZ) Tx,  (A.3b)

The color-singlet operators can be obtained from their color-octet counterparts in eqs. (A.1)
and (A.3) by removing the two 7%’s and multiplying the factor 1/(2N,.).

The LDMESs defined in egs. (A.1) and (A.3) have been normalized by the number of
spin states,

Nisyr = Nipyp = Nipyp = Nipyp =d =2, (Ada)
Nig', = Nip', = Nip', =1, (A.4b)
NjR = %(d —9)(d—3), (A 4c)
YR, = d-D)d-2) -1, (A.4d)
Nt = (d — 1)(d — 2), (A.de)
N3 B, =d—1. (A.4f)

By adding the number of spin states with the same J but different |J,|, we can retrieve
the normalization factor for unpolarized heavy-quark-pair in refs. [19, 20]. With the def-
initions above, it is straightforward to check that adding up all operators with the same
J but different |.J,| weighted by the number of spin states, we reproduce the conventional
definitions of unpolarized NRQCD LDMEs at arbitrary d dimension,

H NR
{O10a 0 (1 Z Ny (O [QQ(n () (A.5)

nys

which correspond to definitions in ref. [4] by setting d = 4.°

®Note that our definitions of color singlet NRQCD LDMEs differ from the definitions in ref. [4] by a
factor of 1/(2N.), while the definitions of color octet NRQCD LDMEs are the same.
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A.2 Projection operators
With the definitions of d-dimensional polarized NRQCD LDMEs, we derive the projection
operators in the same way as in the polarization-summed case,

PRt = PR =P (p), (A.6a)

PRY, =P, =P (o), (A.6b)

PR = 1 (B 0 () + B ()P (0) — P ()P ()

P ()P () (A.6¢)

PR, = 2 (B2 )P (o)~ P ()P ) (A.6d)

P = % (P3P () + PV (0)P P () - ﬁwﬂ P (p),  (Abe)
Pipy, = %(Pw( B () + B (P () + B (0P (0)

+P ()P (p)), (A.6f)

P = (e - ) (- ), e

PR = B ()P () (A6h)

Pigy =1, (A.61)

N =P ()P (), (A.6))

P =P (p )Pﬁﬁ (p), (A.6K)

where the superscript “NR” refers to NRQCD, and

P (p) = —g° + 2 p+5 L (p?%)m%a’, (A.72)

' (p) = pap];a P aﬁa;?f O (pl_) 2)27@“7@“’, (A.7h)

P (p) =P (p) + P1* (p) = —g° + palga (A.7c)

a and 8 (o/ and f’) are the indices for the orbital angular momentum and spin of the
heavy quark pair in the amplitude (complex conjugate of the amplitude), respectively. By
adding up all projection operators with different |.J,| but the same J, we can get the same
unpolarized projection operators in refs. [19, 20]. By setting d = 4 for the P31]\LR with
A= L,T,TT, we retrieve the results in ref. [37].

A.3 Expand the polarized LDMEs to NLO in perturbative NRQCD

To complete the cancelation of all IR divergences in the NLO calculation of SDCs, we
need to expand the polarized NRQCD LDMEs to NLO in powers of ay, the same as what
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was done in the polarization-summed case. We calculate the NLO NRQCD corrections for
four-fermion operators using similar method as described in ref. [38]. For our purpose, we
only give the NLO correction of 4-fermion S-wave operators:

<O[QQ]A(1S([)1])> — <(9[QQ]A(1S([)1])>LO
- Cognr{ (@20 (PE)) 4 (0199 tpfY o},
<@[QQ]A(IS[[)8])> _ <O[QQ}A(IS([]8])>LO
_ Ce{gF ((d _ 2)<O[QQ}A(1P1[717]1)>LO " <O[QQ],\(1P1[£)>LO> (A.8h)
+ Br ((d - 2)(019% (Pf))10 + (0200 (P[] ))10) 1,
1

(A.8a)

<O[QQ]A(3SH]T)> _ <O[QQ})\(3SE]T)>LO _ CGTNC Wi, (A.8c)
QA1 3611 )y — (lRQI (3g11] )LO Lyl A
(O (5,0 = (O (S — CEQN WL, (A.8d)
9 8 9 8 1 8
(099 (57)) = (01990 (P C —C{ Cr Wy + By} (A-8c)
(09 (s1)) = (09 (s — c{or Wi+ B W} (A.86)
where Cr = %:1, Bp = %@4 and C. = 3iﬁéi(4ﬂe*”)e(ﬁ—;)6. In eq. (A.8), WE’S]

and W%l 8] are defined as

Wz[?} = (d — 1){01QQINBTPEIWLO 4 . .
1 - 1 .

+ 42 0t0an el 1o 4 | o)

d—1)(d—2) -2
2(d - 2)

9 b
((’)[QQ]A(3PQ[7]L>>LO T

(0192 Pl

1

(d—1)(d—2)

Wgﬂ = (d— 1)<O[QQ]A(3»LPW)>LO N

L4-2
2

1 5 b
+ 5 (ORI +

1 5 b

= <O[QQ])\(3P(£ ]))LO
d—2 5 b d—2 5 b

+ =5 (O RO+ G (OO PN -

(019 (3p %] ))LO (A.9b)

where (O1QQI (3T plI)\LO and (OIQQI (3.L pl1))LO are the leading order terms of LDMEs of
NRQCD operators in egs. (A.3), respectively, and ellipsis denotes terms that are irrelevant
for our calculation.

To derive the expressions in egs. (A.8), we replace d by (4 — 2¢) only for the dimension
of loop momentum in the calculation while keeping d’s in other places untouched, and
define a renormalization scheme for LDMESs to subtract all terms that are proportional to
C’g V' which is the same as C. by replacing €;r by eyy. Our renormalization scheme is
similar to the conventional MS scheme, but not exactly the same. The advantage of our
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renormalization scheme is that, if LDMEs are defined differently by a factor of 1 + O(e),
the d dependence in eqgs. (A.8) will be modified correspondingly, but the calculated finite
short-distance coefficients given in the next two appendixes are unaltered .

B Single-parton fragmentation functions to a polarized heavy quarko-
nium

In this appendix we list the SDCs for all single-parton fragmentation functions to S-wave
and P-wave polarized QQ-pair up to order O(a?) defined in eq. (4.3a). The polarized
FFs and unpolarized FFs are related by eq. (4.4). Therefore for outgoing QQ with n + 1
polarizations, we only give n polarized FF's below. The other one can be derived by using
eq. (4.4) and the unpolarized FFs calculated in ref. [19]. All channels that vanish for all
polarizations are not listed.

B.1 Gluon FFs

Leading order:

v = 0. (B.1)

Next-to-leading order:

2
d® ! {5(1—2)[—1n['u[2‘]+21n2+1}

9-1QQePL) ~ 3N, m} 2 B2)
+z(2z2—z+1)1} |
(1—2)4 )
R 1 5 1
d? = 1s1-2)| - | FA| +2Im2+ =
-1QQEP)] ~ N2t {5( 2 { " [mg T2ty
1
+220 —  —216(z — 2)(2 — 1)%In(1 — 2) (B.3)
(I—2)4
— 2(22° 4 52 + 3823 — 46827 + 8642 — 432)},
a® 1 d(l1—2)| —In ﬁ +2In2| 224 ———
9—[QQCPYL)] 3Nzt m2, (1—2)4
—48(z* — 52° +102% — 10z + 4) In(1 — 2) (B.4)
—22(2° 4 42% — 5523 + 15222 — 1922 + 96)},
N N, 1—2z
d® = _~—% B.
g—aesT)  (N2—-1) =z (B-5)
A N, 1—2
d? = ¢ 34322 - 12 — 4)In(1 — .
g;)[QQ(lpl[?’]T)] 3(NZ_1) 2 [z + 3z z+3(3z ) In( z)], (B.6)
5 Br _ =
i _br 2 7 B.7
s-iaer) ~ O oiaacrih) (B.7)
~ B ~
d? o F o d® (B.8)

9-1QQCPE, L Cr  9-1QQCPE, 1
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B.2 Different quark FF's

s 2(1 — 2)?
d(2) B — B.
~[QAESY))]  Nez(nz2? —4z+4) (B.9)
where n = mg/mé
B.3 Same quark FFs
5(2) (N2 -1 2(1-2)2 3 2
dQH[QQ(SSR]L ) NF (=2 (321 — 2423 + 642% — 322 + 16), (B.10)
7(2) _ (N2 =1)*2(1 — 2)? 6 5 4 3
dQﬁ[QQGPR]L ; S0NE (228 (552° — 23225 + 2362 + 2242
+5922% — 6402 + 320), (B.11)
5(2) _ (N2 =1)*2(1 = 2)? 6 5 4
dQ—>[QQ(3P1[,”L)} 15N5 (=2 (352° — 3122 4+ 11362
—20162° 4 187222 — 960z 4 320), (B.12)
7(2) SN2 -1 2(1 -2 5 4
an[QQ(‘*PQ[’”T N T R P (752° — 5802° + 16282
— 187223 + 132822 — 5122 4 128), (B.13)
5(2) C8(VZ —1)P(1—2)t 3 2
dQ—>[QQ(3P2[’1]T T TSN (o) (52% — 322° + 682% — 32z + 16), (B.14)
d? _ L (-2 12N2(z — 2)* — 12N.2%(2 — 4) (2 — 2)?
Q-1QQ(s™®)] — 6N3 z(z — 2)° ¢ ¢ (B.15)
+ 22(32% — 242 4 642% — 322+ 16)|,
~ 1 N
i S — , B.16
Q—=[QQ(P) (N2 —1)2 Q=QQ(P})] (B.16)
) __ 1 5o B.17
Q-[QQCP)) (N2 —1)27Q-QeP!'L) (B.17)
" 1 .
d® d? (B.18)

Q—QQCPY o 7))

B4

~ (N2 = 1)270=1QCPE, o, 1)

3P; operators with orbital angular momentum summed

Here, we list the SDCs corresponding to the NRQCD LDMEs 3Pl or 8] defined in eq. (A.3).

7(2) I T Y - B
4y 1q@Erpiny = IN.2? [Q(Z 1)(2*+82—12)In(1 — 2)
+2(22° + 22 — 282 + 24) |, (B.19)
7(2) _ Br _ 50
Ymiaaerrin) = G X Yasioqe e (B.20)
1@ _(NZ-1)%2(1—2)° 6 5 4 3
dQ—)[QQ(SyLP[l])} T 6N (s-2p (232° — 1922° + 6762" — 11202
+ 110422 — 512z + 192), (B.21)
~ 1 R
d? _ J® B.22)

Q-1QQ(LPI)] ~ (N2 — 1)2Q-1QQ (P
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B.5 Comparing with other calculations in the literature

Polarized FFs in g — QQ(?’SE}L) channel has been calculated in refs. [39, 40], our result in
eq. (B.5) confirms their results.

FFs from g — QQ(?’PP]) and g — QQ(3P2[1]) channels in different polarization states
have been calculated in ref. [41] with cutoff regularization scheme. Comparing their re-
sults with ours in egs. (B.2), (B.3) and (B.4), we find that if we change log(,u?\/m%) by
log (3 / sz) + 5/3 in our results, and take into account the different normalization of the
LDMES, we can reproduce their results in ref. [41]. The 5/3 difference is due to different
regularization scheme and was also realized in the calculation of polarization-summed FF's
by authors of ref. [42]. Therefore, our results of FFs from g — QQ(3P1[1]) and g — QQ(3P2M)
channels in different polarization states are consistent with the results in ref. [41].

Polarized FFs in ¢ — QQ(?’SE}L), Q — QQ(?’SPL) and QQ — QQ(SSE]L) channels have
been reported in ref. [36] when we are preparing our paper.” The authors of ref. [36] present
their results with NRQCD LDMEs defined slightly different from ours. After taking into
account the difference of the LDMEs, our results in egs. (B.9), (B.10) and (B.15) are
consistent with theirs.

C Double-parton fragmentation functions to a polarized heavy quarko-
nium

In this appendix we list the SDCs, up to order O(«), for all heavy quark pair fragmentation
functions to a polarized QQ-pair in S-wave and P-wave, as defined in eq. (4.3b). The
polarized FFs and unpolarized FFs are related by eq. (4.4). Therefore for outgoing QQ
with n+1 polarizations, we only give n polarized FFs below. The other one can be derived
by using eq. (4.4) and the unpolarized FFs calculated in refs. [19, 20]. All channels that

vanish all polarizations are not listed.

C.1 A-functions

In our results below, we use the same definitions of A-functions as that introduced in
ref. [20]. We repeat these definitions below for readers’ convenience and the completeness,

Ao =46(1)d(¢2), (C.1)

§= 42203 (G). (€2)

A =451 -2+ ¢) 61— 2= QL — 2+ G) £ 6(1 — 2 — ()], (C.3)

Al = —42{ ('l —2+G) £ 1 -2 ()] 61 -2+ @) £~ 2~ ()] (C.4)

A —2+0) 01 —2-CQ)[0'(1 -2+ C)£5(1—2—-()] }7 |

AV =42 [ -2+ )21 -2 Q) [ -2+ @) £0(1-2-0)],  (CH)
Al — 4{(N3 —2)[6(1 -2+ )51 =2+ C)+0(1—2—G)6(1 -z — ()]

(C.6)

F2[5(1 - 2+ I — 2= o) +0(1 = 2= I — 2+ )] },

"Our results were published previously in ref. [43], in which there was a typo for ¢ — QQ(:)’SES]L) channel.
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N —_— {(Ng —2)[0' 1 =2+ G)6(1— 2+ G) +6(1— 2+ ()1 — 2+ G)
F(1—2=C)0(1—2—C) +6(1 -2~ ()1 — 2 — ()]

(C.7)
F2' (1= 2+4¢)6(1—2—C)+0(1—2+ )5 (1 —2— ()
+(1= 2= )81 = 2+ ) +0(1— 2= Q) (1— 2+ &) |,
ATy 2 {(Nc2 —2) [0 -2+ )AL —2+ )+ 1 —2— () (1 -2 - ()]
(C.8)

F2 [(5’(1 — 2+ Cl)é’(l -z — CQ) + 5/(1 -z — C1)5/<1 — 2+ CQ)] },

All these A-functions are invariant under the transformation ({; — —(1, (o2 — —(2) and
the exchange (1 <> (2, including the crossing exchange ((; — —(2, (2 = —(31). In addition,
Ao, A[E, A[i]/ and A[E” are even in both (; and (2, while Afj, A[_l], A[_l]/ and A[_H” are odd
in both ¢; and (2. Under the integration of {; and (o with a well behaved test function,

the asymptotic behaviors of these A-functions at z — 1 are

: (1 _ : 1 _ 2
lim Ay = O[], lim AZ" = O[(1 - 2)7),
- m_ : n_
lim A} = O[(1 - z)], lim AZ = O[(1 — 2)],
z—1 z—1
im A" = 0[(1 - 2)?), im AY = o),
z—1 z—1
lim AP = o1 im A = 0[(1 - 2)]
z—1 + ’ z—1 + ’
im AR = op1]
z—1 + ’

Therefore,

A[_l] Ai]/ AE]// AE]/

(1-2) (1-2 (1-2) d(lfz)

do not exhibit any pole at z = 1.

C.2 Leading order

d[(QO)C’z(vM)H[QQ(ssg{JT)] =0, (C.9)
d[(QO)le”)H[QQ@P;}]TT)] =0, (C.10)
d[(c(?]g(v[”)H[QQ(SP;;)] =0, (C.11)
(Z[(QO)Q(a[I])H[QQ(lpl[}]T)] =0, (C.12)
d[(c(z))@(a[ﬂnﬁ[ce@(3pﬁgn =0 (C.13)
C2[(62022(75[”)}—>[cgc,?(?’sgli)] =0, (C.14)
dge =0, (C.15)

[QQ(I)]+[QQ(P,)]

— 24 —



" =0
QQ(I)»[QQEPM)
J© _
[QQ())+[QQ(P 1))
Jo
[QQEM)-[QQER)]

The corresponding color octet channels also vanish.

C.3 NLO — Vector

qo

o

1)) [QQEPI )]
QI =[QQES )]
J
Q)= [QQ(PEL)]

qiw
QA= [QQEPI)]

i
A A [8]
[QQ(U[I] )}—>[QQ(3P2,T)]

dWm. _
QR [QQEPY.,)]
Fo)
QAN+ [QQ(SI )]
Fo)
[QQ(N] QP

qo

QQEEN-[QRQEPE)] — 96N.(N2Z — 1)

: ) =0
QQWM)-[QQEs! )

) ) =0,
QA= [QQERIL)]

)

1 [1]
8Nc(1 z)zAZ

1 1]
B c(1 z2)zA,

+6all" 21— 2 —3all 2 (22 - 3)
1
+42Am[—2z+3]},
LA -2)s
1 o —w[#A 1
96Nc{8A06(1 z)( ln[mé]+2ln2+2>

+6al 21— 2 -3l 222 - 1)

1
+4zAl [M—zzﬂ]},

1 [1]

24ch(l —2)AL,

v 8]

SN.(N2 — 1) (1 =2)2A",

S S g

DN ZoT) T AR
1

{4(N02 — 4)A5(1 - 2) < ~In [“A

(C.16)
(C.17)

(C.18)

(C.19)
(C.20)

(C.21)
(C.22)

(C.23)

(C.24)

(C.25)
(C.26)
(C.27)

(C.28)

+21n2—|—;> —l-GAE]//z(l —z) —3AE]/Z(2Z—3)

1
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Fo

Jo

KO
[QQEIEN-[QAES+LIL)]

QQEEN-QRQEP)] — 96N.(N2Z — 1)

QI —[QQEFLL)] ~ 24N.(NZ — 1)
_qm
QR = [QQES+LE )Y

1

2

(CRIVISEAES

mg

+21n2+1> +6a8 21— 2 —3a8 22 - 1)

8
+4ZA[+]

! z(1— Z)A[f],

where X is the polarization of the outgoing heavy quark pair.

C.4 NLO — Axial-vector

Fo)
[QQ(al)]+[QQ(PIL)]

Fo)
[QQ(al))—[QQ(P!})]

Fo)
[QQ(a)]+[QQ(SI )]

GO
[QQ(al)]+[QQ(PEL)]

GO
[QQ(al)]+[QQEPEL)]
(1)

[QQ(al)]+[QQEPLL)]

SN

[QQ () +[QQEPLY.,)]

S
=
=
=

[QQ(al#)]+[QQS™)]
GO

o
qo
()

qo

Y

)

el

= STVCZ(I — z)AE},

_ 241]\70{4A06(1 _ z)( - 1n[7%] +2In2 + ;)
rasall [ -

_ 961ch(1 26"+ 9al 4 16al),

_ 961ch(1 2y (6a" + 341" 4 gAl),

_ 241ch(1 — Al

_ 8NC(N13—1)2(1 —2)al,

Q- [QRQ(PE)] — 24N.(N2 — 1)

Q) -[QRQEP)] — 96N.(N2 — 1)
QM) -[QQEP)] — 96N.(N2 — 1)

dM i S —
[QQal)]+[QQEPS})]  24N.(N2

_ 4

1
+2ln2+2) +22zA
1

1
—1)

1 A

(8 5c25+17 (1] _d‘1 5(25+17,[8] \1?
[QQ(G[ ])}H[QQ( +LJ7>\)] [QQ(G[ ])]‘)[QQ( +LJ’)\)}

(8]
+

where X is the polarization of the outgoing heavy quark pair.

— 96 —

|

{2(N3 —4)Ap6(1 — 2) ( —In [M%]

1

(I—2)+
2(1—2)(6AF" 4+ 9AF" 1 16a™),

2
mq

-3}

2(1—2)(6AF" 4 34 1 gAl),

(C.30)

(C.31)

(C.32)

(C.33)

(C.34)

(C.35)
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(C.39)

(C.40)
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C.5 NLO — Tensor
FO)
[QQ(t1)]~[QAES])]
Ko
[QQ(t1)]~[QQ(P)]
Fo)
[QQ(t1)]~[QQEP)]
KO

GO
[QQ(t1)] - [QQEPLL)]

GO
[QQ(1)]~[QQs))]

i
[QQ(t1)]~[QQ(P)]

GO
[QQ(t1)] - [QQEPE)]

7(1)
4 g 5(3pl8]
[QQEM)]=[QQCP, 7]

7(1)
dog 5(3pl8)
[QQR(IM)]=[QQ(P, )]

Fo)
Q)] -[QQ(S))]

e

Jo

qo

o

QU ~1QAEP ) —

)

)

)

1
288N,

{4A06(1 —2) ( -

1

1

Q) —[QQUPE) ~ 48N.(N2 — 1)

j{o-

QU -1QQEPE,)] — 48N, (NZ — 1)

1

1

QRN 5QQCP,)] — 24N,(NZ — 1)

1

QQUIN-[QQEFLL) — 288N.(NZ — 1)

+ZA[+1][(1

1
+2Au

}//

1
+122A7

1
+22AL]{(

1
2In2+ -
—i—n—i—2

2In2 + -
+n+2
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fovz -

2
! {2A05(1 z)< ln['ug] +21n2+1>
m 2

Q

L

_ 1! A
_ 24NC{2A06(1 _ z><_ 1n[m22]

1
2In2 4+ =
+21In +2>
1
—_— — 1
[(1—z>+ o ]}
2
ln['ug]—i—ﬂrﬂ—i—l)
mg 2

(1-2) -3 (32 - 2)

1
1—z)+_72+5]}’

z(1— z)A[f],

z(1— z)A[f],

4)Agd(1 — 2) ( “In [“g]

)-I-ZA[E][

(1—2)+
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(1—2)+
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+2In2+ ;) + 122A£§]//(1 —z)— BZAE], (32 —2)

+22a [(1_12” —72—1—5]}, (C.60)

dM . =dW i} C.61
QAN =1QQESHILIL) QA= [QQEs+LE)) (C-61)

where A is the polarization of the outgoing heavy quark pair.

C.6 3Pj operators with orbital angular momentum summed

In this subsection, we list all SDCs corresponding to the NRQCD LDMEs 3P ©r 8] defined
in eq. (A.3).

C.6.1 Leading order

7(0) _
d[QQ(v[”)]—>[QQ(37TP[1])] =0, (C.62)
7(0) _
d[QQ(a[”)]a[QQ(B,LP[l])] =0, (C.63)
i =0. (C.64)

[QQ(M)]=[QQ(3EPM)]

The corresponding color octet channels also vanish.

C.6.2 Next-to-leading order

i(1) a
Yaum-ieaeren = U (C.65)
(1) N

40qaam)—iqe-tpun = 0 (C.66)
(1) _

Uoqum-ieae ey = O (C.67)
U 1 1 15 1
d[(cz)Q(vm)HQ@(&TP[S])] = v, o1 Z){A! o [m%] Al [2 In(2(1 - 2)) — 1

/ "
+ Al all } (C.68)

o ) _ g0 )
QRN -QQE-TPIY] T YQQEI)]-+QQE TP’

(C.69)
2

i) _ 1 _ 8 ) | H0

d[QQ(U[S])]—)[QQ(3*TP[8])} - 8NC(NC2 — 1)2(1 Z){A+ 1n|:mé:|

— Al {2 In(2(1 - 2)) - 1} + Al A[f]”}, (C.70)

5(1) _ 1 W Al Al Mo
Yaqan)-ieqerey = Ton. U~ Z){(A AL A )[ln[m%]
—2In(2(1 — 2)) — 3} - A[_”'}, (C.71)

FIey L)

[QQ(al)]=[QQ(3-LPI)] [QQ(a")]=[QQ(-LPEN] (C.72)

~ 98 —



d@) B
[QQ(al)]=[QQ(3-LPED)]
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_ _ (8] 81/ 81"y 1 4
= 16Nc(N62—1)z(1 z){(A_ +AT + AT )[n[
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Q

—2In(2(1 — 2)) — 3} - A@’}, (C.73)
7 (1) _ 1 ), Al A
Tauiy-ieaeipey T Ton, 2t T A RAY T AL T AL, (©74)
d. _ =d. _ (C.75)
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N 1
d (1 - 2)2A + AB 1 AB), (C.76)

[QRQEI=QRA(EPI)] ~ 16N, (N2 — 1)
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