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1 Introduction

The duality between higher spin theories on AdSs [1, 2] and large N limits of 2d CFTs,
see [3] for a review, can be understood and tested in quite some detail. This applies, in par-
ticular, to the bosonic example of [4], thus suggesting that supersymmetry is not a crucial



ingredient for these types of dualities. On the other hand, it is believed that the vector-like
higher spin/CFT dualities arise from a full stringy AdS/CFT correspondence upon taking
the tensionless limit and concentrating on the states belonging to the leading Regge tra-
jectory [5-7]. In this context the supersymmetric versions of the dualities naturally arise,
and thus the supersymmetric examples deserve special attention. There have been some
attempts to understand in detail the way in which the higher spin/CFT dualities fit into
string theory, see e.g. [8] for a review as well as the proposal in [9]; however, it is fair to
say that there are still many open questions. The 3d/2d case seems to be a very promising
arena to explore these issues in more detail since both sides of the duality are under very
good quantitive control.

With this vision in mind, the analysis of the A/ = 4 supersymmetric version of the
higher spin/CFT duality was initiated in [10]. It relates the higher spin theory based on
the Lie algebra shs,[\] to the Wolf space cosets

(1
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These theories have ‘large’ N/ = 4 superconformal symmetry, which is the expected su-
perconformal symmetry of the dual to string theory on AdSz x S? x S2 x S'. In a sense
this case is more restrictive than the better explored AdSs x S® x My case with M, = T*
or My = K3, in which case only the small N' = 4 superconformal algebra is expected to
appear. In particular, the large N' = 4 superconformal algebra contains two affine su(2)
algebras, and the small N/ = 4 superconformal algebra can be obtained as a contraction in
the limit in which one of the levels is sent to infinity. The other reason for studying the
case with large N’ = 4 superconformal symmetry is that the dual CFT of string theory is
unknown [11] (see however [12] for a recent proposal), and one may hope that the novel
higher spin perspective may also suggest new avenues for overcoming this impasse. Finally,
it would be very interesting to make contact with the approach based on the integrable
spin chain viewpoint of [13, 14].

The proposal of [10] was subsequently explored further. In particular, the spectrum of
the two descriptions was matched in [15], see also [16] for an earlier analysis, and the asymp-
totic symmetry algebra of the higher spin theory was shown to agree with the 't Hooft limit
of the Wolf space coset W algebras [17]. While many of the features of this duality mirror
precisely what happens for the original bosonic proposal [4] and its N/ = 2 supersymmetric
generalisation [18, 19], there is one intriguing difference that was already noticed in [10]:
while the quantum W, algebras underlying the bosonic and the N/ = 2 version exhibit
a triality or quadrality relation [20, 21], respectively, that explains the identification of
the quantisation of the asymptotic symmetry algebra with the dual coset algebra even at
finite IV, a similar relation does not seem to exist in the large N' = 4 case. It is therefore
interesting to understand the structure of the large N’ = 4 quantum W, algebra in detail.

This is what will be done in this paper. As we shall see, the relevant quantum Wa,
algebra is uniquely determined in terms of the levels of the two affine su(2) algebras. As a
consequence, the quantisation of the asymptotic symmetry algebra of the higher spin theory
must coincide with the coset algebra provided that the levels of the two su(2) algebras



agree, thus explaining the agreement of the symmetries without a triality-like relation. The
absence of such a relation only implies that the quantisation of the asymptotic symmetry
algebra of the higher spin theory based on the finite dimensional higher spin algebra shs,[A]
with A = M integer is not isomorphic to the Wolf space coset (1.1) with N = M. In fact,
as we shall also explain in detail, while both algebras truncate to some finitely generated
quantum algebras at integer M, the precise structure of the truncation is rather different
in the two cases.

The paper is organised as follows. In section 2 and 3 we study the structure of the
non-linear large N’ = 4 W, algebra. In particular, we explain our conventions for the
supermultiplets in section 2, and make the most general ansatz for the various OPEs in
section 3.2. We then study the constraints that follow from imposing the associativity of
the OPEs, and describe our results in section 3.3 (as well as appendix B). In section 3.4
we analyse the different truncation patterns of this W, algebra, and explain how the
finitely generated symmetry algebras associated to shsy[M] and the coset algebra at finite
N, respectively, fit into this picture. In section 4 we repeat the analysis for the case of
the linear N' = 4 W, algebra, and find essentially the same structure. As a non-trivial
consistency check of our analysis we explain in detail in section 4.3 and 4.4 how the two
sets of results are related to one another upon going from the linear to the non-linear
description. Section 5 contains our conclusions, and some of the more technical material
has been relegated to three appendices.

2 The non-linear large N’ = 4 superconformal algebra

In this section we explain our conventions for the description of the large AN/ = 4 supercon-
formal algebra, its superprimaries and their descendants.

2.1 The OPEs of the superconformal algebra

The non-linear large N' = 4 superconformal algebra is generated by the stress energy tensor
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six spin 1 currents A*? i = 1,2, 3, which are primary with respect to 7' and generate an
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as well as four spin % supercharges G*? which are primary with respect to both 7" and the
currents A%
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Here p' denotes the spin j = % representation of su(2), and the su(2) invariant bilinear
form 7 in eq. (2.2) is defined by % = trp’p’. Global su(2) © su(2) symmetry constrains



the OPEs of the supercharges to take the following most general quadratic form
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where €,4 is the antisymmetric matrix with €;2 = 1, and the matrices ¢; are defined by

&;7@5 = €ay p?yﬁ Nji - (25)

Here 7;; is the inverse of 7/, and in the following we shall routinely use these two matrices
to raise and lower the indices in the adjoint representation. The Jacobi identities fix the
structure constants in egs. (2.1) and (2.4) to [22] (see also [23])
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the wedge modes of the the non-linear large N/ = 4 superconformal algebra generate the
exceptional Lie superalgebra D(2,1;«). Conversely, the non-linear large N' = 4 supercon-
formal algebra can be constructed as the Drinfel’d-Sokolov reduction of D(2,1; «) [24].

2.2 Superprimaries and their descendants

We call a field N' = 4 superprimary provided that it is primary with respect to the stress-
energy tensor T, as well as the currents A**. In addition, we require that the OPEs with
the supercharges G*? only have first order poles; in terms of the corresponding state these
conditions are equivalent to requiring that it is annihilated by the positive modes of the
stress-energy tensor, the currents and the supercharges, respectively.

In general, an N/ = 4 superprimary then transforms in an (irreducible) representa-
tion of the zero modes AF" of su(2) @ su(2); in the following we shall consider the case
where this representation is the singlet representation. We then denote the superconformal
descendants of the superconformal primary V() by

component ‘ ‘/O(S) ‘/1(/3%@5 ‘ V'l(s)ii ‘ ‘/'3(/32)045 ‘ ‘/*2(3)
conformal spin s | s+1/2 s+1 s+3/2 |s+2 - (2.9)
su(2) © su(2) spin | (0,0)[(1/2,1/2){(1,0) © (0,1)(1/2,1/2)|(0,0)

Here s is the conformal dimension of the superprimary field Vo(s), and the structure of the
multiplet is as described in [10], see also [25].



The precise form of the OPEs of these component fields with the fields of the large
N = 4 superconformal algebra depend, to a certain extent, on our conventions.! We have
chosen to work with a quasiprimary basis, and the guiding principle for our conventions
has been to minimise the number of non-linear terms. For example, for the OPEs of the
component fields with the stress-energy tensor we make the ansatz
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Note that these fields are Virasoro primary, except for VQ(S), which is only quasi-primary
if ¢ # 0 (as will be generically the case, see below). Similarly, as regards their behaviour
under the current algebra, we postulate
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Thus VO(S) and Vl(/sg are affine-primary, but the higher component fields are not (since there
are double poles in the OPEs with the currents). Our conventions for the OPEs with the
supercharges are given in appendix A, and the associativity of this ansatz with the N' = 4

IThis is to be contrasted with the case of the linear superconformal algebras where requiring that the
defining OPEs are linear usually leads to a unique choice. In the present case, a linear basis does not exist,
and we need to fix this ambiguity differently.



fields then implies that we have to choose
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t=— : 2.12
(1+28)(2+ ks + k) (2:12)
8(1+ 8)[1 + ke + 52+ ky + k)]
+ jz + +
—4 =1 = +4(1 2.1
TR BT (1+25)(2+ ky + k) " (+s),  (213)

as well as the values given in eq. (A.2).

3 Non-linear large N = 4 W, algebra

With these preparations we are now ready to study the structure of the W algebra that
contains in addition to the non-linear large N' = 4 superconformal algebra higher spin
multiplets V) of spin s = 1,2,3,... — one multiplet for every positive integer spin.

We shall use the same methods as in [20, 26-28]: first we write down the most gen-
eral ansatz for the OPEs between the higher spin currents that are allowed by the basic
requirements of conformal symmetry. Then we impose the Jacobi identities to solve for
the structure constants in these OPEs. Our primary goal is to understand how many non-
equivalent such W, algebras exist, i.e., whether there are any further free parameters, in
addition to ki, that characterise these algebras.

In this section we shall write all OPEs in a quasiprimary basis. The OPEs then take
the general form [29]

Z h +h = ZO (s ;!(];]ﬁ:):k)n (z — w)" 0"®*(w), (3.1)

k

where ®/, &7, ®F are quasi-primary operators of conformal dimension h;, hj and hy, respec-
tively, C%}, are the structure constants and (), = I'(x+n)/T'(z) denotes the Pochhammer
symbol. In order to improve the readability of the following formulas, we shall always use
the shorthand notation for the singular part of the OPEs of type (3.1)

P x DI ~ Z C . dF . (3.2)
k‘:hk<hi+h]’

It should be obvious how to recover the actual singular part of the OPE (3.1) from the
shorthand expression (3.2).

3.1 Composite fields

In order to be able to write down the most general ansatz for the OPEs of the higher spin
fields in a quasiprimary basis we first need to find all the quasiprimary operators at every
spin. A convenient (albeit somewhat formal) way of doing this is as follows. We introduce
a ‘mark’ for every field of the algebra

component H A*

Sl Kl A

aﬁ“/ls JE=

Vi v
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mark H y(jfl



Then, the marked character of the full W, algebra takes the form
Xoo = X0 * Xhs » (3-4)
where g is the character of the large N' = 4 superconformal algebra

( _|_y0322m 2m/’ qn+ )

o0 H2 _1
1;[ T, (3.5)

- 02Q"+1) Hm—fl(l - 3/0,12+ q")(1 - yo_gzgmqn) ,

zy4 are the chemical potentials for the two su(2) algebras, and xps counts the states gener-
ated by the higher spin fields

00 0 H2 _ Ity 1z3Lmz2m nt3 2)(1+y, 32_%7"227" ¢"te 2)
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The quasiprimary fields at spin s are then counted by the ‘multiplicities’ ds, where
(3.7)

sGN/Z

The first few d; are explicitly
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where ch;(z) = f;r _jZ z?™ is the character of the su(2) representation of spin j. From the

explicit expressions for ds we can verify that all quasiprimaries up to spin 3 are given by
s=1: V(l) AT

_ . « (1ap
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Here we have introduced a modified normal ordered product [®!®7], which is characterised
by the property that it defines a quasiprimary operator provided that ®' and &7 are
quasiprimary. More precisely, this modified normal ordered product differs from the stan-
dard normal ordered product (®'®’) by the descendants of the quasiprimary operators
appearing in the singular part of the OPE (3.1)

. . . 2h; — 1 P(th) hidhi—he ok
PP = [D'PI § cY hithi=hepk 3.8
( ) [ ]+ - k(hi—l-hj—hk) P(hi—i-hj—i-hk) ' ( )

We have also introduced the following quasiprimary fields?
[AiiVo(l)]fl _ %(aA:I:iVO(l)) _ %(A:I:iavb(l)) ’
(A% A% | = %(aAiiAij) B %(A:I:iaA:tj) B %fijlaQA:tl ’
(AT A, = %(aAHA—j) - %(A“&A‘j) .
We can also deduce from the marked character the number of (composite) N' = 4
superprimary fields that transform in the singlet representation (0;0) of su(2) @ su(2) at

spin s. To this end we expand the marked character with ySfl = Yo3/2 = Yo2 = 1 and
Ys,0 = Ys,1/2 = y;t’l = Ys3/2 = Ys2 = Ys, in terms of characters of N' = 4 superprimaries
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2 (1 +Z2m 2m/ qn—g)
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00
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O+ZequH %
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where e, is the ‘multiplicity’ of the N' = 4 superprimaries at spin s. We can further
decompose e into su(2) @ su(2) characters to get the ‘multiplicity’ of the superprimaries

2These fields can be rewritten in terms of the normal ordered product .4 (®%, 9" ®7) defined in [30].



in a given representation

es = Z es(ly,1-) chy, (z4)chy_(2-) . (3.10)
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The first few values of e4(0,0) are then

€1 (07 0) =Y,
62(070) =y + y% ,
e3(0,0) = ys + ¥} + v1y2, (3.11)

and it is not hard to convince oneself that e5(0,0) = 0 for all half-integer values of s. Thus,
at spin s = 2 there is a single composite superprimary of the form [VO(I)VO(U] + -+, which
can be used to redefine Vo(z), while at spin s = 3 there are two composite superprimaries
of the form [VO(I)[VO(I)VO(I)]] +--- and [VO(I)VOQ)] + - -+, which can be used to redefine VO(?’).

3.2 Ansatz for OPEs

With these preparations we can now make the most general ansatz for the OPEs between
the various higher spin fields (up to total spin 4). Our ansatz will obviously need to respect
the su(2) @ su(2) symmetry (coming from the zero modes of the currents). At total spin 2
and %, the most general ansatz is then

VY < v wmr+0. v, Ve < Vi oGP 40 v (3.12)

Here the coefficient in front of Vo(l) vanishes because a single spin one current can only

generate an abelian Kac-Moody algebra. It is also clear that the coefficient in front of

Vl(/lz)aﬁ must vanish because, by conformal symmetry, the 3-point function
1 Do )76
(Vo (2) Vi (w) V1 () (3.13)

is symmetric under the exchange of w and v, which however is incompatible with the
fermionic nature of these fields.
At total spin 3 the most general ansatz for the OPEs is then
Vb(l) % V*l(l)‘i’i ~ w2A+i + w3[A+Z‘/O(1)] + w4v*1(1)+i ’
Vi s VT s AT gAY 4w
Vl(/12)aﬂ X ‘/1(/12)7(S ~ €ay€ps (wSI + w9V0(1) + w10 + wu[AHAJri] + ’U)12[A_iA_i] +
+ wl?’[VO(l)VO(l)] + w14V0(2)) + egsliary (wis AT + wla[AHVo(l)] -
+ UJ17V1(1)+i) + 6047&7@5 (wlgA_i + wlg[A_iVO(l)] + wgovl(l)ii) +
+ gi’a7€j755w21[A+iA_j} ,
Vg x Vo~ V) T+ g [ATAT] s [AT AT o[V V] +
+war Vi (3.14)



where the identity operator I cannot appear in the last OPE because the two point function
(Vi (2)V® (w)) vanishes.
Similarly, the most general ansatz for the OPEs of total spin % is

Vo(l) X ‘/:))(/12)01,8 ~ wag G + wngf}Q)"‘ﬁ + w30V3(/12)aﬂ + w31V1(/22)aﬁ + w32 [Vo(l)Gaﬁ] +
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+ piy (wss[ ATV )] + war[ AT GO
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+ we1 %(1)‘/1(/12)75] + pjoy (we2 [ AT Vl(/12)66] +wes[ATTGOP]) +
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In order to explain the above notation we note that the general ansatz for the OPEs
Vo(l) X ‘/'3(/12)0‘6 , Vo(l) X \/'1(/22)(16 and Vl(/lga’g X VO(Q) all have the same form, except that the
actual structure constants will in general be different; we have therefore labelled the struc-
ture constants of the latter two OPEs using the same ordering as for the first. We hope
this compact notation does not lead to any confusion. We should also mention that the
coefficient in front of G*# in the OPE Vo(l) X 1/1(/22)0{6 must vanish because the two operators
belong to different superprimary multiplets and hence cannot generate the superconformal
family of the identity. The same remark applies to the OPE Vl(/IQ)aB X VO(Z).

The general ansatz for the OPEs of total spin 4 is given in appendix B.

3.3 Jacobi identities

Next we want to determine the actual structure constants, using the requirement that the
W algebra must have associative OPEs, i.e., (A(2)B(w))C(v) = A(2)(B(w)C(v)). Using
usual contour deformation arguments, see e.g. [31], this amounts to the condition that for
all triplets A, B, C' of VW algebra generators we have the identity

AIBCY], ~ (~DPBACL), = 3 (17 ) IABLClygt. pa>0,  (@16)
=1

where [AB], is the operator that multiplies the p-th order pole in the OPE of A with B,
etc. This condition is believed to be equivalent to the requirement that the corresponding
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Jacobi identities are satisfied, and we shall denote the set of equations (3.16) by Ax B x C.
To compute these identities we use the packages OPEdefs and OPEconf of Thielemans,
see [31, 32].

We shall proceed level by level. First we solve all the Jacobi identities that can be
computed with the OPEs of section 3.2. The first two OPEs (3.12) allow one to analyse
the Jacobi identities

T % V()(l) % ‘/0(1) ’ Aii % VO(l) % V()(l) , VO(l) % V()(l) % VO(l) 7 Gaﬁ % Vb(l) % V()(l) ,

T % V()(l) % ‘/'1(/12)0‘/87 Aii % ‘/'0(1) % ‘/1(/12)a,8’ ‘/0(1) % Vv[)(l) X Vl(/12)aﬁ )

It turns out that all of these are trivially satisfied. At one level higher, i.e. with the
OPEs (3.14), one can compute the next group of Jacobi identities

Tx Vo(l) % Vl(l)ﬂ:i7 A VO(I) % Vl(l)ij, Vo(l) % Vo(l) % Vl(l)iJ"

T % ‘/1(/12)a6 % ‘/1(/12)757 At Vl(/IQ)aﬁ % ‘/1(/12)75’ VO(I) % Vl(/lz)aﬁ % ‘/1(/12)75’

T % Vo(l) % VO(Q) : At Vo(l) % %(2) : Vo(l) % %(1) % VO(Q) . GOB x Vo(l) % Vl(/12)75'

These are satisfied provided the only non-zero structure constants in the OPEs (3.14) are

o %kky S e Bl
YTk Ak L 2T 24k 4k
b Bky o Bkky S
T 24kl kg ST 24k 4k 0=
2 2 8k
w11_72+k_+k:+’ w12_72+k_+k+’ w15_72+k_+k:+’
8k 8
_ S S 3.17
Tk kg O T etk (3:.17)

where we have chosen to normalise Vo(l), and consequently all the other fields in the su-

permultiplet V()| by fixing w; = 1. We remark that the only structure constant that is
at this level not fixed is wso. In fact, woo cannot be determined in this manner because it
reflects the freedom of redefining VO(Q) by a multiple of [Vg(l)VO(l)] + .-+, see eq. (3.11). We
shall therefore, in the following, use this freedom to set

w2 — 0. (3.18)

Note that it follows from the structure of the OPEs (3.14) and the form of the structure
constants (3.17) that no simple operator of spin 2 appears on the r.h.s. of these OPEs. As
a consequence, we can also already now compute the special Jacobi identity

oY ) v
Vi < v v (3.19)

However, as it turns out, this identity is automatically satisfied.
Next we turn to the Jacobi identities that can be computed with the OPEs (3.15).
In order to proceed efficiently, we first impose for all OPEs A x B the Jacobi identity
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T x A x B, i.e., we ensure that the conformal symmetry is respected. Then it follows from

eq. (3.16) that in order to compute a Jacobi identity for a triplet of generators A, B,C

for which the spins sum up to s, it is sufficient to know the OPEs between all pairs of

generators for which the spins sum up to s — 1. Thus, with the OPEs (3.15) (as well as the

OPEs from above), we can compute the Jacobi identities for all triplets of generators for
9

which the spins sum up to 3. Solving these identities we find that the non-zero structure

constants in the OPEs (3.15) must equal

e B R k)
321k +ky)

w3p = wro ,

w3 =1,

w3y = —4 (—/{7 + k+) (5 +4k_ + 4k + Qkflﬁr) Kuwrg,
w3y = —4 (—k_ + ki) (5 +4k_ + 4ky +2k_ky) K,
8(2+k_ +2ky) (=2 — k- —ky +2k_ky +2k%ky) Kwro

e 2tk +ky ’
- 8(2+4 k- +2ky) (=2 — k- —ky +2k_ky +2k%ky) K 7
2+k_ +ky

s — 8(2+2k_ + ki) (=2 — k- — kg +2k_ky + 2k_k%) Kwro
2+k_+ky ’

- 8242k k) (=2 =k —hy + 2k ky +2k KD K
2+k_+ky ’

wsg = —1 — wy,

w40 = —W170,

wyr =4 (—k_ +ky) (5+4k_ +4ky + 2k ki) (1 +why) K,
8(24 k- +2ky) (=2 — k- —ky +2k_ky +2k2 ky) (1 +wdy) K
2+ k- +ky
8(242k_ +ky) (=2 — ko —ky +2k_ky +2k_k3) (1+w3) K
24+ k_ + kg

W43 =

)

Wy = — )

wys = 1+ wiy ,
W49 = W70,
wsg = —4 (—k_ + ki) (5+4k_ + 4k +2k_ky) (1 +w3) K,
824k +2ky) (-2—k_ —ky +2k_ky + 2k k1) (1 4+ w3) K

W52 = — 2 n L + k+ )
8242k A k) (—2—k —ky +2k ky +2k k%) (1+wh) K
ot = 24k +ky ’
A(1+k_ +2ky)
Ws6 = )
2+k_ +ky
W58 = —W70,
wsg = —1,
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We0 — 4 (—k?, + k+) (5 + 4k_ + 4]{3+ + 2k7k+) w70K,
we1 =4 (—k— + ki) (5 +4k_ +4ky + 2k k) K,
8(2+k- +2ky) (=2 — k- — kg + 2k_ky + 2k% ky) Kwro

We2

2+ k- +ky '
8(2+k_ +2ky) (=2 — k- — kg +2k_ky +2k%ky) K
wes = 2+ b+ ’
8(2+2k_ + ki) (=2 — k- — kg +2k_ky +2k_k%) Kwro
W4 = — R, )
e — 8k (—14+ky)(1+ky)(2+k +2k ) K
2+k_ +ky ’
4
T k. Tk
4(1+2k_ +ky)
O T T k. ky
w10 ,
wrp =1,

wry = —4(—k_ + ki) (5 +4k_ + 4k +2k_ky) Kwryo,
wrg = —4 (—k_ + ki) (5 + 4k_ +4ky +2k_ky) K,
8(2+2k_ +ky)(—2— ko — ki +2k_ky + 2k_k%) Kwro

= 2+ k_ + ks ’
8(2+2k_ + ki) (=2 — k- — kg +2k_ky +2k_k1) K
wrs = — 21k +ky )
8(2+ k- +2ky) (=2 — k_ — kg + 2k_ky + 2k% k) Kwro
v = 2kt ks ’
8(—14+k)(1+k_ )kt (2+2k_+ky) K
o= 2+ k_ + kg ’
4
w79 = 72 T k‘, T kJr y (320)
where K is a shorthand notation for the frequently occurring expression
K ! (3.21)

T —A—dk_ — k% —dky + 3k ky + 4k2ky — k2 + 4k k2 + 3K2K2

and we have chosen to normalize V() by fixing w3, = 1. Notice that the structure constants
in the OPEs (3.15) are uniquely determined by k4 and wro; there are no field redefinitions
that render the structure constant wyy redundant so, in principle it can either get fixed
by the higher Jacobi identities or, if it does not, describe a genuine parameter of the W,
algebra.

With the next set of OPEs (B.1) we can compute the Jacobi identities A x B x C' for
all triplets of generators for which the spins sum up to 5. Solving these identities we find
in particular that

wi29 = wier = 0,
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which means that no W algebra generator of spin 3 can appear in the singular part of
the OPEs VO(Q) X Vl(l)jEZ and, obviously, also in Vl(l)—H X Vl(l)_] and VO(Q) X V0(2). For this
reason, the OPEs (B.1) are also sufficient to compute the special Jacobi identities

‘/0(2) % VO(?) % VO(2) ’ VU(2) % ‘/0(2) % Vl(l)ﬂ, VO(2) % V1(1)+i % Vl(l)*j . (3.22)
Solving in addition these identities we find, first of all that
wro =0, (3.23)
and, secondly, that the following structure constants remain undetermined
wso, W81, Wsy, Wsy, W9, (3.24)

while all the other structure constants in the OPEs (B.1) are uniquely fixed in terms of
these and k4; the explicit expressions for those structure constants that are non-zero are
given in appendix B.2.

Let us now try to understand the meaning of the free parameters in eq. (3.24). Firstly,
just like wao, the structure constants wgp and wg; are redundant because they can be set
to any value by absorbing into Vo(g) a linear combination of the two composite N' = 4
superprimary fields at spin 3, see the discussion following eq. (3.11); we shall fix this

redefinition freedom of V0(3) by setting

wgn — W1 — 0. (325)

Secondly, we note that there is a similarity between wyy and wss, wsgg, wgy — they all
appear in front of operators that violate the parity ‘symmetry’ of the OPEs

Ve s (1) V) (3.26)

that is a natural symmetry of the underlying higher spin algebra shs,[\]. In fact, a careful
inspection of the structure constants (3.17), (3.20), and (3.23) shows that wss, wsg, wgo
are the only structure constants that violate this symmetry. We have gone one level higher
with the ansatz for the OPEs and verified that, in perfect analogy with what happened
to wryg, these parity violating structure constants are required to vanish by the next set of
Jacobi identities for which the spins sum up to %

wgs — W89 — W9y — 0. (327)

We interpret this fact as evidence for a mechanism by which the consistency of the Wy,
algebra imposes (dynamically) the parity symmetry (3.26) on all the OPEs. Furthermore, if
we assume that the parity symmetry (3.26) holds generally, then all the structure constants
could again be determined uniquely in terms of k4, modulo the redefinition freedom of the
generators. We take this as a strong indication that the most general N' = 4 W, algebra
with the above field content does not have any other parameters except for k4.
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3.4 Truncations

Given the higher spin/CFT duality of [10] we expect the large N' = 4 W, algebra to
exhibit two kinds of truncations. First, for suitable values of p (namely p € Z\{0,1}),
the underlying higher spin algebra shs,[u] can be truncated to a finite dimensional Lie
algebra, and one may therefore expect that this will also be reflected in the corresponding
Weo algebra. Second, the dual Wolf space cosets should be finitely generated, and thus
we should expect the W, algebra to truncate for positive integer values of k. Unlike
the situation with less supersymmetry [20, 21|, these two truncation phenomena seem to
be of different nature (see also the discussion in [10]), and we shall therefore study them
separately.

3.4.1 The higher spin truncation

As already explained in [10], if we set u = —N or p = N + 1 with N € N, then the
higher spin algebra shs,[u] can be truncated to an algebra that is generated by D(2,1; «),
the first N — 1 supermultiplets V) with s = 1,..., N — 1, as well as ‘half’ of the N-th
supermultiplet

- N N)a N)i
VOO = v vy (3:28)
where the plus case arises for 4 = —N and the minus case for = N + 1.

Let us concentrate in the following on the case y = N+1 for which the minus truncation
of (3.28) arises; the other case works similarly. In order for the multiplet to truncate in the
actual W, algebra the missing states, i.c., the states that would be there in VN) but are
absent in V™)~ must actually be null; thus the higher spin analysis predicts null-vectors
which turn out to be of the form (see also [17])

s=N+1: V7 4 ga-iyM,

N)a o N i N
s=N+3s VI 4 GtV - 2py AV,
s=N+2: V2(N) - 4H[TVO(N)] _ /%a'yeﬁé[GaBVl(/]\Qf)vé] + %/‘ig[[A+iA+i]VO(N)] n
+ %Iiz[[A_iA_i]VO(N)] N H[A+iV1(N)+i] : (3.29)
where k = —4N/k_. These solutions appear for k_ given by?3
NQ@2+ky)
ko= 3.30
1+ N (3.30)

Here the k-dependent terms are required to make the states in eq. (3.29) primary with
respect to the stress-energy tensor and the current fields. In the ‘t Hooft limit, k+ — oo
with the ratio a = k_ /ky kept fixed, « — —N/(1+ N) which corresponds precisely to y =
N +1. In this limit the constant x vanishes and we recover the truncation exhibited in [10].

We have checked that these vectors are singular with respect to the (non-linear) large
N = 4 superconformal algebra, but we expect that they actually lie in an ideal of the full
Weo algebra (that can be consistently quotiened out). Given our detailed understanding

3There is a second solution k— = 1 to which we will return below. This fact was also noticed in [17].
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of the latter, we can check this at least for N = 1 and N = 2. To illustrate these checks,
consider first the case N = 1. It follows from (3.14) that

‘/0(1) X (‘/'1(1)*1 + K[A_l%(l)]) — (’U}S o K/n]_)A—i, (331)

where we have used that [A*iVO(l)] = (A*iVO(l)), as well as wg = wy = 0, see eq. (3.17).
Since the left-hand-side should lie in the ideal (but A~¢ does not) consistency requires that
the prefactor vanishes, ws — kn, = 0; this turns out to be true, using eq. (3.17) for N = 1.

A somewhat more trivial test is that in the OPE Vo(l) X V(Q)) the coefficient wsyy of Vo(l)

vanishes; this is automatically the case for our definition of ‘/62
eq. (3.18). Less trivially, in the OPEs

, see the discussion around

v and v < v (3.32)

in eq. (3.15), the right-hand-side is indeed null because the coefficients of the terms that
do not break parity, i.e., Vl(/12) and [A*iVI(/lz)] vanish, and 1/3(/12) enters only in the combina-
tion (3.29), i.e. wa1 /w39 = wso/wag = k and wy3/wzg = wye/wyg = —2k. The fact that the
whole multiplet V) is null also follows from the vanishing of the central term ns in the
OPEs V¥ x V?), see appendix B.2.

The analysis for N = 2 is similar, except for one interesting subtlety. The only OPE
on which we can test this truncation is Vo(l) X VI(Z)_i, for which we find
Vo(l) X (‘/1(2)71'4—&[147@"/0(2)]) :w143V1(1)7i-|—(w144—|-/<cw22)[A7iV0(1)] +w1526a77’%5[Ga5V1(/12)75] .

(3.33)

The right hand side does not depend on x because VO(I) has a regular OPE with VO(2), and,
on the face of it, it does not vanish. This is a consequence of the fact that the actual
null-vector of the full W, algebra requires a specific choice for VO(Q), which in the above
conventions corresponds not to waa = 0 (see eq. (3.18)), but rather to

32(ky — 1)(1 + 2k,)
By (24 ky)

wog = — (3.34)

With this choice of VO(Q) and setting k_ to equal eq. (3.30) with N = 2, the right-hand-side
of (3.33) is indeed zero, i.e., wig3 = w144 + Kwoz = wis2 = 0.

3.4.2 The coset truncation

Recall that the Wolf space coset algebra (written in bosonic form)

su(N +2); @ s0(4N);
SU(N )2 @ u(l)

(3.35)

has a non-linear large N’ = 4 superconformal symmetry with k&, = k and k- = N. For
k and N large, the higher spin content of the above coset algebra agrees with the large
N =4 W, algebra for spins sufficiently small compared to k and N, see [10] for a simple
higher spin counting argument or [15] for a more involved proof based on characters.
Furthermore, it was confirmed in [17], that the asymptotic symmetry algebras match. It is
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therefore very natural to expect that the N' = 4 W, algebra truncates to the above coset
algebra at positive integer levels ky. The case with N = 3 was also discussed in [33].

The first hint on the form of the coset truncation can be obtained by comparing the
vacuum character of the coset algebra (3.35) to the Wy, algebra. The first deviation can
be computed with the help of eq. (3.24) of [15] and the su(N) modification rules of [34],
and for large enough k one finds

N+1
Xcoset = N—H Z chy (2-) + O( ) . (3.36)
1-=0
For example, for k- = N = 1 these null vectors appear at conformal dimension 2 and are
given by
(L 1) =(0,2) s [ATPATI] 4+ [ATTAT] = Zp¥[A7 A7,
(e l) = (0,1 VU™ —afa=iy]
(U4 10) = (0,00 V), (3.37)

where the first vector corresponds to the lowest affine null vector of the su(2); vacuum
representation, while the fact that VO(Z) is null follows from the vanishing of its 2-point
function, i.e., ny vanishes (without inducing poles in any other structure constants). The
existence of the second null vector, explained by the fact that the representation of s1(2)y_
with spin I_ = 1 is not integrable at k_ = 1, implies that V(! truncates to a short
representation v (and, in fact, all supermultiplets V() truncate this way). The null
vectors (3.37) and the ideal generated by them suggest that only the generators of the
superconformal algebra and V@ survive the truncation, although, in contradistinction with
the situation in the previous subsection, the remaining generators must satisfy infinitely
many additional constraints to account for the affine s1(2); null vectors.

For k_ = 2 the first set of null vectors that are predicted by eq. (3.36) appear at
conformal dimension 3, and they correspond to the lowest null vector of the su(2)2 vacuum
representation, which has spin (I4,1-) = (0, 3), the lowest null vector of the su(2); represen-
tation generated by the affine primary Vl( )= [A_i‘/()(Q)}, which has spin (I4,1-) = (0,2),
the unique superprimary with spin (I4,1-) = (0,1) at conformal dimension 3

2)—1i —iy (2 4(k++1)(10+11k 1 1)—i —iy (1
(A = A 4 At (1D (1 - 2lamy )] +

8(k++6)(2k2 —5)eq T (DaBy ,(1)76 k3 +3k+ =1 ~aB s
(k++4)(19k_2:+18k+1fg) <[V1/2 V1/2 ] - +2k2 (GG ]) +
32(ky—4) (k4 +1) (k4 +6) - 16(k —4) k4 (b4 +1)(k4+6) i —j A1

+ (k+—&-+4)(19k2+++18k++—16) [TA ] 5(k+++4)2(1+9k2++18k++ 16)f (AT AT -

1600 —4) (ke +1) (s +5) (k1 +6) (11 4= 57 4— i =i
T T S(ky 4719k +15k; —16) (HA JATIAT + 55 [1AT; A4 D’ (3.38)

as well as Vo(3) (with spin (I4+,l-) = (0,0)). A non-trivial check of the fact that the
latter two superprimaries are null is that their OPEs with Vo(l) vanish indeed. Again, it is
tempting to believe that only the superconformal algebra and the first two supermultiplets
V) and V@ survive the truncation, but it is clear from the affine representation theory
that they must satisfy infinitely many additional constraints.
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In general, we expect that for arbitrary integer values of k4 the coset algebra is gen-
erated by A*, T, G*? as well as the first min(k_, k;) supermultiplets. Furthermore,
there are infinitely many additional constraints of spin s > min(k_, k), accounting for the
various s1(2);, null vectors.

4 Linear large N' = 4 W, algebra

In the previous sections we have discussed the structure of the ‘non-linear’ large N' = 4 W,
algebra that contains, in addition to the non-linear large N’ = 4 superconformal algebra
fLy, muliplets of spin s = 1,2,.... The non-linear large N' = 4 superconformal algebra 1217
can be obtained, upon quotienting out the free fermions and the u(1) current [22] from
the linear A, algebra, see [22, 35-39] for some early literature on the subject. The same
construction can also be applied to the ‘linear version’ of the full W, algebra. One may
therefore suspect that the structure of the ‘linear’ W, algebra will also be characterised
just by the levels k4 of the two affine su(2) algebras.?

In order to confirm this we shall, in this section, repeat the above analysis for the
linear case. Since the techniques are largely the same, we shall be relatively brief.

4.1 The linear N = 4 superconformal algebra A,

The linear large N' = 4 superconformal algebra A, contains in addition to the energy
momentum tensor, the current algebra

su(2)p, ®su(2),. du(l), (4.1)

as well as four supercharges G* and four free fermions Q® both of which transform in the
(%, %)0 with respect to the above current algebra. We shall denote the u(1) current by
U, while the currents of su(2) @ su(2) are A% with i = 1,2,3. The central charge of the
Virasoro algebra equals

6k k_ k_
_ - ~=1-— . 4.2
c= btk and 7y ) Gl ) (4.2)

Apart from the standard 77" OPE, the additional OPEs defining A, are

2¢c 6% 0% abt AT 4 Wa_’i At
a b ~ o ab ab
G*(z) G(w) 3 (z—w)3 (z —w)?
valtOAT 150, 9AT 249 T
4 ab ab + , (43)
z—w Z—w
‘ , EE s cidk pAEk
+,i +.7 ~
A ) A5 )~ = g+ (4.4)
kY 4+ k6%
a b o
Q") @(w) T (15)

4To avoid confusion we should stress that the full ‘linear’ Wao algebra is in fact also non-linear — by the
qualifier ‘linear’ we only mean that it contains the linear large NV = 4 superconformal algebra as a subalgebra
(rather than the non-linear fl«, algebra). The fact that this algebra cannot be completely linearised was
already noticed, on the level of the dual asymptotic symmetry algebra, in [17].
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k4 k™ 1

~ — 4.
U(z) U(w) e (4.6)
- 2kt o Qb ot G
A:I:,z Ge ~ ab ab 4.7
+i ag @
A= w) ~ —2—— 4.
(2) @ (w) ~ —2— (4.8)
T At =i A ab
a AT — ’ 0 U
a Gb ~ 92 ab ab 4.9
Q"(2) G (w) oy A U (4.9
Q*z)U(w) ~ 0, (4.10)
Q(l
U(z) G* ~— . 4.11
©6"w) ~ s (111)
Here the matrices ozaib’i are the s0(4) generators®
0y’ = 504 6 F 6,65 + €ian) (4.12)
obeying the (anti)-commutation relations
[aFt o] = —ek ok ot aFi) =0, {a™ a7} = _%‘W . (4.13)

4.2 The general linear multiplet

For the description of the linear W, algebra we now need to add a linear N' = 4 multiplet
whose components close under the OPE with A, [40, 41] (see also [42]). As before, we only
need the special case of a scalar multiplet, i.e., one whose lowest component is su(2) @ su(2)
invariant. The multiplet components can be labelled as in eq. (2.9), except that we use a
different convention to label the su(2) @ su(2) indices

component ‘ VO(S) Vl(/sg’a Vl(s)’i’i ‘/3(/“2’(1 VQ(S)
conformal spin s s+ % s+1 s+ % s+2 (4.14)

su(2) @ su(2) spin |(0,0) (3,3) (1,0)& (0,1) (3,3) (0,0)

The OPEs of the A, fields with the various component fields are given in appendix A.

We can then proceed as in the analysis of the non-linear algebra. We make the most
general ansatz for the OPEs between the various higher spin fields, and then impose Jacobi

identities, i.e., the associativity of the OPEs, to determine the structure constants recur-

sively. We have performed this analysis for the OPEs up to total spin % We have again

found that, apart from k4, there are no free parameters — except for those one would
expect to be determined by imposing higher Jacobi identities.

°In our conventions e123 = ¢'%* = 1 and eqps = 0.
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4.3 From the linear to the non-linear description

According to [22], it is possible to decouple the free fermions Q%, and the u(1) field U from
the linear Wy, algebra by effectively performing a coset construction. On the level of the
linear superconformal A, algebra, this amounts to redefining the stress-energy tensor, the
supercharges and the affine currents as

. 1

T=T+ . [—(Q°OQ%) + (UU)], (4.15)
G =G"+ k:+—2H<:_ [(UQ“) — 200 (AYQ") + 20 (ATQ)

e (@Y. (1.16)

A = gt e 0 5@ (417)

The modified fields then obey the non-linear ;17 algebra and have regular OPEs with the
decoupling fields
U(z) {A* (w), G*(w), T(w)} ~ 0, (4.18)
Q(2) {4 (w), G*(w), T(w)} ~ 0. (4.19)
The redefined currents still satisfy an affine su(2) @ su(2) algebra, but the levels are now

shifted to
];:I: =ky—1. (4.20)

We can similarly decouple the free fermions and the u(1) field from the rest of the
linear Wy, algebra. For the lowest spin component there is nothing to be done,

vy =, (4.21)

and the remaining components can be obtained by repeatedly applying the supercurrents
G?; this leads to

Vit =vine, (4.22)
ﬁ(s),i,z:%(s),i,iiﬁ A% 1/2 by (4.23)
Vb = ViR + 25 000 V) - (@ ov) - 0 ViR (4.24)
205, (AT V) 4+ 20, (AT V) = o @Q V) — o (@ V]

AR T k:jtk:_ = @25+ 1) Q" V) + (@ oV )
+25 (U V) —2(U avos))] . (4.25)

By construction, these component fields then have regular OPEs with the free fermions
and the u(1) field, as one may also check directly,

U VEw)~0, Q) VE(w)~0. (4.26)
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4.4 Comparison of the structure constants

As a cross-check of our results we should now be able to reproduce the OPEs of the non-
linear W, algebra from those of the linear analysis. Up to the level to which we have
determined the linear algebra® we have performed this analysis, and we have found perfect
agreement, thus giving a highly non-trivial consistency check on our analysis. In order to
illustrate the nature of the comparison, let us give two specific examples.

The simplest case is the fusion of the first multiplet V() with itself. Up to the level
considered below, only the conformal block of the identity appears, and the first few cases
are explicitly

WOV ~ 5000, (4.27)
V( )Vl(/lz)a ~ zl 12t - 03/27 (4.28)
Vi Vit ~ ;3 05’ + 508+ 2 "o, (4.29)
v v 217 07" + % 0y, (4.30)

where O, is an operator of dimension s built with the components of A,. The solution of
the Jacobi identities predicts that the operators on the right hand side are

Oo =m 1, (4.31)
O =0,
(11/2 =0,

S0 = 210G+ 22 (UQ) + 230 (ATQ") + 24 (A7Q") + 25 canca( Q"Q°Q).
O = 266”1,
0 = zra; A T zgal AT 4 20 (QUQ°) + 210 €anea(Q°QY)
O = 211 6P(ATP AT 4 21 alial? (ATTATI) 4 213 0P (ATIATY) 4 2140704
215 g (AT'QQY) + 216 g epae (AT'QIQ°) + 217 5abacd (A'QQY)
+218 0l (ATQQY) + 219 ol ecpae (AT QQS) + 299 5ab04:d’i(A+JQch)
+291 Oé+’ DA + 299 (Q Q) + 223 (0QQ®) + 224 6 (Q°0Q°)
+ 205 eabcd(Qcan) + 206 09T + 297 6°(UU) ,
OF" = 208 AT + 209 a/(QQY)
OF" = z30€7*a +»J(A+kQ Q) + 231 a1 (0Q7QY) + 230 0 (QUGY) + 233 0, (UQQY)
O] = 234 A7 +235%b (QUQY,
05" = z35 a7 (ATFQQY) + 237 0y (0Q° Q") + 238 0y (QUGY) + 230 0y (UQQY)

where the constants z1, ..., 239 are listed in appendix C. Upon redefining the currents of A,
and the component fields as in (4.15)—(4.17) and (4.21)—(4.25), respectively, these OPEs

6Since the linear algebra contains more fields, it is harder to push the analysis to the same level as for
the non-linear case.
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take the same form as in the non-linear calculation, i.e., as in (3.12) and (3.14),

Vv ~ %nlﬂ, (4.32)
Vv~ 12«1 G, (4.33)
P T o Lot L (g0 4oy )
—i—% [zu (5ab(A PA Y+ 219 ag, ’a+ (A“—z ;ﬁ"j) + 213 5ab(g+’i ;ﬁl)
+214 oz;b’iaﬁ_’i + 201 a;;"aﬁvi + 226 0% f] , (4.34)
T GO+ %228 A+ (4.35)
T GO+ ;7234 A (4.36)
Indeed, comparing the relevant coefficients leads to
OPE field A, A,
RO TN Kt~ 7 sl st [
Vo(l) % Vl(l) At w ﬁ %8 _ _k+4_1 .
v XVl A Y PR '
Vi x V) (AHEAR)| = L e —
Vpx iy T e el b

Here l;:i are the levels of the non-linear realisation that are related to the levels ky of
the linear realisation as in (4.20). The ratios (that are normalisation independent) match
precisely once the various signs and factors of 2 (that are a consequence of the different
conventions we have employed for the two calculations) have been taken into account. For
example, the normalisation of the supercharges differs effectively by a factor of v/2i, as
follows by comparing eq. (2.4) to eq. (4.3).”7 This also leads to a similar rescaling of the
Vi
multiplies a matrix, which differs be a normalisation factor from the corresponding matrix

components of the multiplets. Furthermore, for example the coefficient zg in (4.34)

in (3.14) that is multiplied by wi5. Taking all of these factors carefully into account, the
two calculations match exactly.

Another example comes from the OPE of the first and second multiplet. Up to the
level we considered only the V() multiplet appears in the OPE, and for example, the
Jacobi identities of the linear W, algebra predict that we have

1 a
Vl(/z) vy~ =0, (4.38)

"In addition, there is a change of basis since we have used a su(2)-bispinor notation in the non-linear
analysis, while for the linear analysis we have worked with so(4) vectors.
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where ®F 5/2 is an operator of conformal dimension 5/2, transforming in the (%, %) represen-
tation of su(2) @ su(2). Its explicit form turns out to be

BLy = w1 Vi) + ws OV + ws (0Q VS ) + wa (Q0V, )
t+ws (GVV) + we (UV))®) + w7 (UQ V)
tws oy (ATVIY) +wg oy’ (AW +
Fwig o’ (ATQUVEY) +wi gy (AQUVEY)
g o7 (QV () +”')+w say QY VI wigeanea(QQQIWVLY)
twis oy o7 (QQWV ") + wis oy ol (QUQWVY) (4.39)

where the values of the coefficients are given explicitly in appendix D. In terms of the
decoupled fields we can write ®F /o &

a ~a (1
5/2 = Vg,(/g) wh 0 1(/2) +ws (G Vo( ))
’L b — Z 1 b
+wf oy (AU + by (A-TV0)Y), (4.40)
where
w] =wy, wh=wy, wi=ws, wWy=ws+ 8wy wh = wy — Swr (4.41)

ki +k_’ ki +k_

In fact, this expression is (for generic coefficients w’) the most general solution of the
decoupling conditions

U(z) g/Q(w) ~0, Q"(z) g/Q(w) ~0. (4.42)

We can finally bring it into the same form as the corresponding formula in (3.15) using the
[- -] bracket

a 7(1),a (1) Fa i b i
5/ = w Vg,(/Q) + wh [Vo( e } +wh oy [A+ V1(/2) ]+ w§ oy [A V1(/2) } . (4.43)

As regards the structure constants, it only makes sense to compare ratios since the nor-

malisation of Vo( ) is arbitrary. For example, the coefficient of [V( )G“] relative to ‘/3(/2)

equals (see appendix D)

wy 16(2y — 1)(c(c+6) +18(y — 1))

w) 36(c+2)y% —36(c+ 2)y+c(24 — (c — 4)c)

B 4 (k_ —ky) (2kyk_ + 2k_ + 2k, — 1) (4.44)
- 3k3kE — 2k k% —2k2 —2k%k_ — kyk_ 4+ ko —2k2 4+ kg ‘

This must be compared with the analogous quantity in the non-linear computation which is

wso 4(k_ — k) (2kik_ +4k_ + 4k, +5) (4.45)
wis  3kIk2 + Ak k2 — k2 + Ak k- + ki ko — Ak — Kk} —dky -4
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and one checks that they agree precisely, using again the relation between the levels (4.20).

Similarly, the coefficient of of [EJ” ‘71(/12) ’b] relative to ‘73(/12)@ reads

wy  64y(c(y —2) —6(y — D)((c—6)c—18(y —1)(2y — 1))

wy c(—=36(c+2)y2 +36(c+2)y + c((c — 4)c — 24))

B 16 (k— + 2ky — 1) (2ky k2 — 2k% — 2k k_ + k_ — ky) (4.46)
(ko k) (Bk2R2 — 2k k2 — 2k —2k3 k. —kiko + ko —2k2 + ki)

and this matches precisely, using eq. (4.20), the analogous ratio in the non-linear compu-
tation (again there is a relative factor of —2 because of the different conventions that were
used, see the comment below (4.37))

N 16{1%1 + 2/2:+~ +~2)(21%~+1%% +~2l~<i+l;:, —j?:i ~ l~c+~— ) .
wig (k- + kg +2)(3k2 k2 + 4k k2 — k2 + 4k2 k- + 3k k_— 4k_ — k% — 4k —4)

(4.47)

The analysis for the coefficient of {g_’i 171(/12)’b} is the same since it can be obtained

from (4.46) upon exchanging k+ — k+.

These comparisons give rise to pretty non-trivial consistency checks of our analysis,
and it is very satisfying that they work out precisely. In summary, the results of this
and the previous section therefore give strong indications that the N' = 4 superconformal
Weo algebra consisting of the large N = 4 superconformal algebra as well as one N’ = 4
supermultiplet for each integer spin, are uniquely characterised in terms of the levels of
the two su(2) algebras. This statement applies both to the linear as well as the non-linear
version of the algebra.

5 Conclusions

In this paper we have studied the structure of the most general large N' = 4 superconformal
Weo algebra that contains, in addition to the superconformal algebra, one N = 4 multiplet
for each integer spin s = 1,2,.... We have found strong evidence in favour of the claim
that this family of algebras is uniquely characterised in terms of the levels of the two su(2)
algebras (that are a part of the large N' = 4 superconformal algebra). Among other things,
this shows that the Wolf space cosets account essentially for all such Wy, algebras. While
this is natural from the perspective of these cosets, it is a little surprising that the complete
structure of the algebra is essentially fixed by the large N' = 4 algebra itself — this is to
be compared with, say, the bosonic situation where the free parameter corresponding to A
encodes how the different (conformal) multiplets couple to one another.

Another consequence of this analysis is that the quantisation of the higher spin theory
is essentially unique. Indeed, both levels ki can be identified with parameters of the
(classical) higher spin theory,

k 6y ko

- = d c¢=
k?++k‘,+2’ an ¢

A = =
ki +k_+27

(5.1)

where ) is the parameter that appears in the underlying higher spin algebra shs,[\], while ¢
is the central charge that is determined in terms of the size of the AdS space. Note that our
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result is compatible with the explicit analysis of [17] where the asymptotic symmetry alge-
bra of the higher spin theory was matched with the 't Hooft limit of the Wolf space cosets
— both are the ’t Hooft limit of a unique quantum W, algebra, and hence must agree.

In the limit where one of the levels of the two su(2) algebras goes to infinity, the
large N = 4 superconformal algebra can be truncated to the small A’ = 4 superconformal
algebra. Thus our analysis predicts that there is at least one family of W, algebras with
small A/ = 4 superconformal algebra that are labelled by the level of the surviving su(2)
algebra (or equivalently by the central charge). It would be interesting to see whether this
accounts for all small AV = 4 algebras with this multiplet spectrum, or whether there are
additional constructions that cannot be obtained as a limit of a large N' = 4 superconformal
W algebra. In particular, one may expect that the YW algebra that is relevant for string
theory on AdS3 x S? x K3 should not appear in this fashion.
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A The structure of the supermultiplet

In this appendix we specify our conventions for the OPEs of the superconformal generators
with the various component fields of the A/ = 4 supermultiplet.

A.1 The non-linear case

For the case of the non-linear fL, algebra, the OPEs of the stress-energy tensor and the
affine currents were given already in egs. (2.10) and (2.11). Our ansatz for the OPEs of
the supercharges with the component fields of the A/ = 4 supermultiplet is

(s)ap

Vi (w)
TR VNSV
G (Z)V[) (’U)) ”—w )

91/2,16(176,35‘/0(5) (w) 1
(z —w)? z—

+ €patian Vi (W) + eani gV T (w)]

a s)yo
GP (V) (w) ~

" |:gl/2,2€a'y€,856‘/0(8) (w) +

91 1p'yon1(/%%B< )

S)+1i 1
GV w) ~ = {020V () +
s)vo s ivr(s
+ 9355 ( ATV ) + VP )] + gy (ATVE ) w) |
91 1075‘/1(/2) " (w) 1

GV (w) ~ ;

ot T el ) +

_ i 5)0 S)av — i s)a,
+ 1o ( AV W) + 91V ()] + gy (A7 V) )}
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(s)
a $)y0 93/2,1€a 6/35% (w) 1 s)+i
G ﬁ(z)VS(/Q)W (’U)) ~ (Z’Y— w)3 + (Z — w)2 {6,85&,0179;/272‘/1( ) (w) +

o {ertion 972,204V (w) +
+ 5 (AT OV (W) + g5, 0V ()] +

+ Cani 3 [03)5,5(OATVE) ) (W) + g3 (AT OV (w) +

+ 9370 5VE T (W)] + £ (933 ge5tian (AT VI T (w) +

_ —iv-(s)—l s
+ 939 6€on i ps (A JV1( : )(w)] + Eaﬁﬁwvg( Y(w) +

+ Ga'yei,ﬁzsg:;/ZQ ‘/;[(S) - ('LU)]

T (952,76556”U€i7a7TLp + 9?)_/2,7eaveup£i,567°ia)(GWVl(/S%pU)(w)} ;

(s)ap
N 92,1‘/1/2 (w) 1 y()as Atiy B

GV w) ~ = s g 2V () + dapiaa(ATV ) (w) +

— —ivr(s)a 1 s)a
+ 933P (A- V)W) + = 9240V (w) +

+ 05035 (OATVEY) (W) + 955 (AT V™) (w)

Here (AB) denotes the minimal normal ordering of 2 operators A and B, i.e. the regular
term in the OPE between A and B, and the matrices r* are defined via

riy,@ = nge’yﬁ ) (A1)

i.e., r* it is the matrix p’ with one of the («, 3) indices raised. With this ansatz, the Jacobi
identities with the N' = 4 superconformal algebra fix the undetermined structure constants
uniquely, and we find in addition to egs. (2.12) and (2.13) the values

414 ks +s2+ky +k_
91/2,1 = —4s, 91/2,2 = -2, gitl = — [ ( + )]

: 2+ ky +k_ '
A+ ks + s(2+ ky + k)] 8
+ + + +
= ) =-2 = ) = _17
12 (1+2s)(2+ ks + k) B
4o — 3290 8k — k) g B0tk ot 2tk + )]
LT T 1282+ kg + k) 3/2,2 (1+25)(2+ky + k) ’
+16s 16 AL+ ks + 52+ ky + k)]
+ + £ _ F +
93287 9 ky v k0 BaT ok vk BT T A2 @tk k)
4 4 ¥4 32s(1+s)(ky — k—)
93/2,6 93/2,7 2+ k}+ Tk 92,1 (1 T 25)(2 n k+ n k_) ;922 (3 + 8)7
32(1 + s) 16(1 + s)
+ +
— 4 T =2 S S LI A2
P28 = 0 Ty ko R S N (4.2)

A.2 The linear case

In this subsection we explain our conventions for the OPEs of the fields of the linear A,
algebra with the component fields of the supermultiplet. For the component fields we use
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the conventions explained in eq. (4.14).

A’YXVE](S): UVYO(S)NO, QQ%S)NO, Ai’iVO(S)NO, Ga%() V1(/S;aa
(s)a . (), ayr(s)b iy L i (s)b
Ay X V5 UViy* ~ 0, QV" ~0, ASVy ~ oy vl/2 ,

250" L i)t =i ()= | sab y/(s
B (O o)

O U, g

Ai,i ‘/1(3)7:|: 51] V(S) zgk ‘/'1(5)7:‘:»]‘3’ Ai,i Vl(s)v:F»j ~ 07
z
a 1,(8),% A i 1 4,1 -(8),b 1 +iy,(s),b
G Vl 4(8"1"7?)( 2+z(28+1)8> ®ab V1/2 :FZ V3/2 ’
(s)a (s)a (s),a
Ay ><V3/2 : UVy)y™ ~ V1/2 ,
4 ; i —i —i
Q VS ~ 85 v+ (aib” e A L
i 1/ (5) 85(S+1)+ﬁ i ()b 1 ()b
A V3/2 ~E 22(25+1) Xab V1/2 +7 ab V3/2 ’
. ()bN_16s(s—|—1)(2’y—1) aby (s) 8(s+1) 1 1
G Vapo (25 + 1) 0 T (2s+1) 2sr1)z0)
X |(s +)afy Vi - @+wm;m“*]
A7 x ‘/2(5) . UV’Q(S) ~ V'O(S) _ 76%5)7
a (5) (2S+ ) (s),a 2 (s),a
UV, 22 V1/2 +;8V1/2 ’
7 s :i:2(8 + 1) s),£,i
A:I:, ‘/'2( ) ~ > Vl( ) ,
a8 16(2y — 1) s(s+ 1) ()a 25+3 _(s)a (s),a
GV, Bas+1) e T2 Vijg" + - aV3/2 )
() _ 724(27—1)5(5—!— 1) (s) s—|—2 (s) ()
TV z4(2s+1) Yo V2 e 6V

Here v = v and v~ =4 = 1 —~. Only the component field V2(s) is quasi-primary (but not
primary).

B The spin 4 OPEs and the structure constants

B.1 The OPEs

The general ansatz for the OPEs of total spin 4 is

VO(I) x VO(?)) ~ wsoT' + w81V0(2) + ws2 Wo(l)vo(l)] + wea[AT AT, + wsa[ATAT] +
T wssV® + wse ViV + wsr VD + wss O VOV +
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+ wsg [TVO(D] + eavewwgo[Go‘ﬁVl(/lz)w} + wo1 [AﬂVl(l)H] +
+ woa A~ VDT + woa[[AH ATV + woa[A A7V,
Vi x ViV~ wgs T+ wngs[[AT ATV + wng[[A7 A7V Y],
Vo(l) % Vl(2)+i ~ wi10AY + w111V1(1)+i + w11 [A+iVO(1)] n w113vl(2)+i n
+ w114[vo(1)vl(1)+i] + w115[A+iVO(2)] + wllG[AHVo(l)]—l +
+wrr ATV VIV + wiis[TAT] + egart, (w119[V1(/12)aﬁV1(/12)75] +
+ wi0[ GOV )] 4w [GPGT) + f (wnaa[ATTV 4
+ wios[ATT AT ) + wiaa[[AT ;AT AT] 4 wigs[[AT ;AT AT
V1(1)+z' % V0(2) ~ wigg AT 4 - wigg[[AT;ATAT] 4wy [[AT ;AT AT
Vi x VO~ wip A7+ gV T+ wnaa ATV sV T+
+wiae[Vo V™) + wnar [ ATV + wias[ATVE V) +
+ wag[AT VI VEVT) + wiso[TAT] + €ayrs (wis [V ) V00™) +
+ w152[G°‘5V1(/12)75] i w153[G°‘5G75]) 4 fijl (w154[A*jV1(1)7l] n
+wiss[AT AT )+ wise[[ATAT]AT + wisr [[ATAT]ATY,
V1(1)7i X VO(Z) ~wiss AT+ win[[ATATIAT] + wigg[[AT;ATTATY,
Vl(l)H X V1(1)+j ~ 0 (wizal + wirsT + w176V0(2) + w177[V0(1)V0(1)] +wizs[ATT AT +
+ w1ty [A_ZA_lD + wigo[ATAT] + fijl{w181A+l + w182V1(2)+l +
4 wigs [Vo(l)vl(I)H] + w184[A+lVO(2)] T wigs [AHVO(I)]—l +
+ wiss[AT VI VT 4+ wisr[TAT] + €357y (wlss[Vl(/lz)aBVl(/IQ)vé] +
+ wigg [G“BVI(}Q)”‘S] +wigo[GG) + fl g (wion [A*le(l)Jrq] +
+ w192 [ATP AT 1) + wios[[AT, ATPIAT] + wiga[[A7pATPIATY] ]},
VT v i (w1951 + wig6T + wigrVi? + wigg [V V] + wigo[ AT AT +
+ wapo[ATATY)) + wa [ATTATI] + fYU {wage AT + w203V1(2)_l +
+ w204[V0(1)V1(1)_l] + wops [A’ZVO(Q)] + wap6 [A*lvo(l)]_l +
+ wao7 [Afl[‘/}](l)%(l)ﬂ + waos[TA™'] + €arrhs (wzog[‘/l(/lz)aﬂvl(/lgw] +
+ war0[ GV 4+ want[GOOG]) + f g (wana ATV T 4
+ wai3[ATPAT) ) + w4 [[A” pATPIAT! + w215[[A+pA+p]A_l]} ,
V1(1)+z' % V1(1)_j ~ worg[ATEATI] + T27T£5w217[Ga6V1(/12)75] i w218[A+iv(1)—j] +
+ wyrg[ATTVH] 4 wggo[A”[A_jVo(l)]] Fwapg [ATATI]
Vl(/lz)aﬁ x ‘/3(/12)75 ~ careps{waaVy "+ waasT + wana Vo + waas[Ve Vo ] +
+ waas [ATT AT + woar[ATAT] + wans Vi) + wasg[VED V] +
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+wasoVy )+ wan Vo Ve DVl + wasn [TV ] +
+ epueorwana|GPTVI™ ] + waaa[ ATV D] 4 wags[ A7V 4
+ wass [[AT ATIVY] + wasr [[AT ATV} + €p5bi an {wass AT +
+ w239V1(1)+i + w24o[z4+iV0(1)] + w241V1(2)+i + w42 [Vo(l)‘/'l(l)ﬂ] +
+w243[A”V0(2)] —i—w244[A+iV0(1)]_1 +w245[A+i[%(1)%(1)” +
+ wosg[TAT] + Emﬁfw (w247[vl(/12)pcrv1(/12)uu] + W [G”"Vl(/l;””] n
+ wasg[GPTGM]) + £ (w250[A+jV1(1)+l] + wast [ATTAT) 1) +
+ wasa[[ATjATAT] + wass[[A ;A TI)AM] ) + €anls ps{wasa A" +
+ w255V1(1)7i + wos6 [A_iVo(l)] + w257V1(2)7i + wosg [Vo(l)Vl(l)fi] +
+ waso [AT V] + wao[ATTVE V] 1+ waer [AT [V VD] +
4 waga|TA™ + Epurfw (wggg[Vl(/l;ngl(/lz)W] T wogs [Gpavl(/lz)uu] n
+ wes [GP7GH)) + f i (wass[ATI VT 4 wagr [ATTATY ) +
+ woes[[A™ ;AT AT + waeo[[AT; AT AT} +
+ L 0l s {waro [AT A7) + +7’fmrg,,w271 [Gpgvl(}g“”] +
+w272[A+z‘V1(1)—j] +w273[A—jV1(1)+i] +w274[A+i[A—jVO(1)H +
+ wors[ATT AT 4},
Vl(/lg)a'g x Vl(/22)75 ~ eaneps{wargVy )+ worr T + -+ waon [[AT ATV 4+
+ liarnli ps {w32a[ AT AT 4 -+ wspg[ATTATT] 4}
V0(2) X VO(Q) ~ nol + w3301 + w331Vb(2) + w332 [VO(UVO(I)] + w33 [AT AT +
+ w3z [AT; AT (B.1)
As in the main part of the paper, we have labelled the structure constants in the OPE
Vo(l) X VQ(U in the same order as in the OPE Vo(l) X Vo(g) given above it, which is of the
same form; the structure constants in the OPE VI(I)H X VO(2) in the same order as in the
OPE VO(I) X VI(Q)H given above it, etc.
B.2 The structure constants

In this section we list the structure constants in the OPEs (B.1). We have fixed the redef-
inition freedom of VO(Q) and Vo(g) with the conditions (3.18), (3.25), and we have assumed
the parity symmetry (3.26) so that eq. (3.27) holds. Under these assumptions the structure
constants take the following form:

B 64(k——ki)(—2—k—ky+k_ky)(2+k_+hy+k_ky)
(2+k_+hy ) (—4—4k_—k? —dk  +3k_ky+4k% ky —k2 +4k_k2 +3k2 k%)

W5 =

wos = 8,
Wor — 16(k— —k ) (5+4k_+4ki +2k_k4)
I = TAak_ k% —dky +3k_ky +4k% ky—k2 +4k_k2 +3kZ K2

_ 32(—14k_)(14+k_ )by (242k_+ky)
(2+k—+ky)(—4—4k_—k2 —4k +3k_ky +4k? ky —k2 +4k_ k3 +3k2 k2’

Wog =
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w99

w111

w112

w120

w127

w128

w132

w138

w143

W144

w152 =

w159

w160

W164

w170 =

w174 =

w175

w176

w1t

w178 =

w179 =

w180 =

w181

w182

w183

w187 =

w188

32k (—14ko )(1+ky)(2+k_+2k1)
(2+k—+ky)(—4—4k_—k? —dk+3k ki +4k> ky —k2 +4k_k? +3k2 k%)’
_ 16(—1+k_)(1+k_)ky (14+ky ) (242k_ +ky)
(2+k—+ky)(—4—4k_—k2 —4k  +3k_ky +4k% ky —k2 +4k_ k3 +3k2 k2’
64(—14+k_)(1+k_)(1+ky)(24+2k_+k)
(2+k—+ky)(—4—ak_—k? —dky +3k_k1 +4k? ky —k2 +4k_k2 +3k2 k%)’
8(—1+k‘7)(1+k‘+)(2+2k‘7+k+)(2+k‘7+2k+)
(2+k_+ky)(—4—4k_—k? —dk +3k ki +4k> ky —k2 +4k_k? +3k2 k%)’
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C Structure constants for the OPE V) x v (@)

In this appendix we list the values of the 39 coefficients appearing in (4.31).
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D Structure constants for the OPE V) x V(2

In this appendix we list the values of the 16 coefficients in eq. (4.39). We have omitted a
common factor nj/ng, where n; is defined in (4.31), and ng is the coefficient of V% in the

1/2
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(ko —1)(ky—1)(k—+ky)(3k2 k2 —2ky k2 —2k2 —2k2 k_—kyk_+k_—2k?+ky)
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