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ABSTRACT: We study the projective properties of planar zeros of tree-level scattering am-
plitudes in various theories. Whereas for pure scalar field theories we find that the planar
zeros of the five-point amplitude do not enjoy projective invariance, coupling scalars to
gauge fields gives rise to tree-level amplitudes whose planar zeros are determined by homo-
geneous polynomials in the stereographic coordinates labelling the direction of flight of the
outgoing particles. In the case of pure gauge theories, this projective structure is generi-
cally destroyed if string corrections are taken into account. Scattering amplitudes of two
scalars with graviton emission vanish exactly in the planar limit, whereas planar graviton
amplitudes are zero for helicity violating configurations. These results are corrected by
string effects, computed using the single-valued projection, which render the planar am-
plitude nonzero. Finally, we discuss how the structure of planar zeros can be derived from
the soft limit behavior of the scattering amplitudes.
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1 Introduction

Zeros in scattering amplitudes are useful devices to test interesting properties of the stan-
dard model. For example, the vanishing of the tree-level amplitude of certain processes
involving the emission of a gauge boson is very sensitive to the form of the trilinear cou-
plings. Thus, the detection of amplitude zeros were proposed as a way to constraint the
existence of anomalous couplings in the standard model [1, 2] (see [3-5] for reviews). Al-
though these so-called type-I zeros are corrected by both loops and higher-order emissions,
they manifest themselves in the existence of dips for a set of observables, a fact that has
been confirmed by various experimental groups [6, 7].

A second class of amplitude zeros appear for particular kinematic configurations in
which all momenta are confined to a plane [8-10]. The phenomenological implications
of these planar (or type-II) zeros has been recently studied in [11] in the context of a
five parton amplitude, and it was shown how the planar zeros are determined by simple
relations involving rapidity differences.



In a previous paper [12], we have studied the mathematical structure of planar zeros in
gauge theories and gravity, focusing on the five-point amplitude for gluons and gravitons.
There it was found that, once the outgoing momenta are expressed in terms of stereographic
coordinates, the loci of planar zeros is determined by a cubic integer curve in the projective
plane defined by these coordinates.

Although the analysis presented in [12] focused on the five-point scattering amplitude,
the projective nature of the planar zeros in Yang-Mills theories is present for any multi-
plicity. To see this let us recall that, in a (super) Yang-Mills theory, the n-gluon tree-level
amplitude can be written in the form [13]

A= (g2 Y cUAn<1,2,a(3...,n)), (1.1)

O'eSn72
where A, (1,...,n) is the color-ordered amplitude and the color factors ¢, are defined in
terms of the structure contants by
Co = fa1a2(21 fclaa<3)62 . an—Sao-(nfl)ac(n)' (12)

To evaluate the amplitude in the planar limit, it is convenient to consider a center-of-mass
frame where the incoming particles propagate along the z axis:

NE

b1 = 7(17()’0’1)7
D2 = \gg(lvoaoal)a (]‘3)

while the momenta of the on-shell outgoing gluons can be parametrized in terms of stere-
ographic coordinates according to

Pa = —Wq (1’ Ca_i_z*a 0 Za _le ) Caza _71

1+ GCq 1+ Gl 1+ GG,

For the particular case of MHV amplitudes, the Parke-Taylor formula [14] gives the

) with a=3,...,n. (1.4)

following expression for the color-ordered amplitudes
(12)*
(12)(20(3)) ... {o(n — 1)o(n)){c(n)1)"

Without loss of generality, we can consider planar scattering where all momenta lie on

An<1_,2_,0(3+,...,n+)> = (1.5)

the plane y = 0, which means that the stereographic coordinates giving the direction of
flight of the outgoing gluons are all real (¢, = ,). The relevant spinor inner products are
computed to be

(12) = 3,
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Plugging these expressions into eq. (1.5), we find the following structure for the MHV

amplitude
14
4,172 03, ) = is (H , ) FolCoreeo G, (1.7)
i=3 "
where fo((3,...,(,) is a rational homogeneous function of degree 2 — n:

foAGy e AGR) = A2 F5(Cay ., Cn),s (1.8)

for any A # 0. Thus, the color-dressed planar tree-level n-gluon amplitude reads

n

2
An = is(ig)"_Q (H 1::@) Z Cafo(gfia s ;Cn)a (1'9)

=3 ¢ 0ESn—_2

and the planar zeros are determined by the homogeneous equation

Z Cofa(<3a-~~aCn) =0. (1'10)

c€Sh—2

Reducing denominators in this equation, the condition for the existence of planar zeros is re-
cast into a homogeneous polynomial of degree %(n—Q)(n—?)) in the stereographic variables.

In the case of graviton scattering, the analysis carried out in [12] showed that the pla-
nar, five-graviton amplitude automatically vanishes without imposing any further condition
on the kinematics of the outgoing particles.

The aim of this paper is to further investigate these issues, focusing on the conditions
under which the projective structure of the planar zeros is preserved. We will see that the
equation determining them is invariant under a simultaneous rescaling of the outgoing stere-
ographic coordinates for theories with gauge invariance, even when matter scalar fields are
introduced. The resulting projective curves are of the same type as the ones found for gluon
scattering in ref. [12]. Pure scalar theories, on the other hand, give rise to equations for
the existence of planar zeros which are not homogeneous in the stereographic coordinates.

In the case of graviton scattering, we trace the vanishing of the planar five-graviton am-
plitude found in [12] to the fact that the amplitude becomes effectively three-dimensional
in this limit. According to a general result of [15], odd-multiplicity three-dimensional grav-
itation amplitudes vanish due to helicity non-conservation. This conclusion is confirmed by
a computation of the planar limit of the helicity-preserving six-graviton amplitude, which
gives a nonzero result. We revisit the amplitudes for the scattering of scalars with graviton
emission to find that they also vanish identically in the planar limit, similarly to what
happens with the five-graviton amplitude computed in [12].

We also study the corrections to planar zeros associated with the ultraviolet comple-
tions of gauge theories and gravity provided by string theory. For Yang-Mills scattering, we
compute the five gauge bosons disk amplitude using the methods developed in refs. [16, 17].
Expanding the generalized Euler integrals in powers of the inverse string tension, we find
that the planar zero condition found in the field theory limit gets corrected by equations
which fail to preserve the projective structure found in [12]. In the context of gravity



amplitudes, we compute the five-graviton closed string amplitude on the sphere and its
o/ expansion using the single-valued projection [19-21]. Unlike its field theory limit, the
planar graviton string amplitude is generically nonzero, thus avoiding the consequences of
the theorem proved in [15].

The plan of the paper is as follows. In section 2 we analyze planar zeros in a cubic non-
gauge massless scalar theory transforming as bi-adjoints under a global symmetry group.
We particularize our analysis to the case of a ¢® theory, where we study the structure of
the curves determining the planar zeros. We dedicate section 3 to the study of planar
zeros in a theory of scalars coupled to a gauge field. Having completed our presentation
of the properties of planar zeros in gauge field theories, we proceed in section 4 to the
computation of the o' corrections to the five-gluon amplitude in the planar limit.

In section 5 we turn our attention to the planar zeros of gravitational scattering ampli-
tudes, considering the collision of two scalars, both distinguishable and indistinguishable,
with emission of a graviton. Here we also analyze the helicity-preserving six-graviton am-
plitude, which turns out to be nonzero in the planar limit. Section 6 is devoted to the
study of the o’ corrections to the planar five graviton tree level amplitude. Finally, in
section 7 we discuss how the projective properties of planar zeros in theories with gauge
invariance emerge from the structure of the amplitude in the soft limit. Our conclusions are
summarized in section 8. To avoid cluttering the main text with cumbersome expressions,
some long equations have been deferred to the appendix.

2 Pure scalar theories

We begin with the analysis of a pure scalar theory transforming in the biadjoint represen-
tation of a generic global symmetry group G x G, with action

1 3 a —GUC = 47 bb . CC
S = /d4l' <2auq>aaauq)aa _ %fabc]c b q)aaq)bbq)cc> , (2‘1)

and study the tree-level, five point amplitude. A very economic way of obtaining this ampli-
tude is by using the so-called zeroth-copy prescription [22], consisting in replacing kinematic
numerators in the pure-gauge theory amplitude with a second copy of the color factors

n—2 Z Cinyg n—2 Z CiCi
An,gauge = 9vM ] — An,scalar =A o (22)
i€l [T sia el Il sia

where ¢;, ¢; are the color factors of G and G respectively. With this, we find

. ci1C1 C2Ca C3C3 C4Cy C5C5 C6Co C7Cy C8Cs
As scalars = i\ ( - + - + + + +

512845 523515 534512 545523 515534 514825 513525 524513

C9Cy €10C10 = C11C11 |, C12€12 , C13C13 ~ C14Cl4 | Ci15C15
+ + + + + + > , (2:3)
835524  S14S35  S15S24  S12835 823514 S255834  S13545

where we have defined the kinematic invariants

sij = (pi —i—pj)2 =2p;-p; where i<y, (2.4)



and the color factors are given by

= falagbfba3Cfca4a5’ cy = fala5bfba40fcagag7 c3 = fa3a4bfba50fca1a2’
cq = fa4a5bfbalcfca2a3, cs = fa5a,1bfbagc]ccagzul7 cg = fa1a4bfba3c]eca5a2’
cr = falagbfbm;c‘fcasag’ cg = falag,bfbaschca4ag7 cy = fa3a5bfbalcfca2a4’ (25)
0= fa4a1bfba20fca3a57 c11 = fa1a5bfba30fca4a2’ Clo = fa3a5bfba46fca1a2’
c13 = fa1a4bfba5t:fca3a2, Cl4 = fa5a2bfb0ucfcaga47 C1p = falagbfba20f0a4a5 )

As in [12], we work in a center-of-mass reference frame in which the incoming particles
have momenta given by (1.3), whereas the momenta of the three outgoing particles are
parametrized using the stereographic coordinates as given in eq. (1.4). In our convention
all momenta enter the diagram. We consider planar scattering processes taking place on
the plane y = 0, i.e. {, = (, for a = 3,4,5. In the case of the five-point amplitude, im-
posing energy-momentum conservation completely determines the energies of the outgoing

particles:
o £(1+C3)( + Ca(s)
T2 (GG —G)
oy = V5 (1+ ¢+ ¢6s) (2.6)
2 (G—G)(G—¢)’
w \/§(1+<5)( + (3Ca)
T2 (G-G) G- G)

Writing the kinematic invariants in (2.3) using our parametrization of the momenta, we
arrive at the following equation for the planar five-point scalar amplitude

_ <2/\3> Pio(Gs, Cas C5) 2.7)
s2 ) GGG+ GG+ GG+ Gés)’ '

~A5,sca1ar

planar

where Pyo((3, (4, (5) is a degree-ten polynomial whose coefficients depend on the color fac-
tors. The explicit expression for this polynomial can be found in eq. (A.1). The amplitude
has collinear singularities at (, — 0, co together with soft poles at (,( — —1 (with a < b)
where the energy of one of the outgoing particles tend to zero. In addition, the collinear
limits {, — (, lead to a divergence of the energies of the outgoing particles.

Planar zeros are thus determined by the equation

Pio(¢3,¢1,¢5) = 0. (2.8)

Inspecting eq. (A.1), we find that, unlike the case of pure gauge theories studied in [12], this
equation is not homogeneous in the stereographic coordinates, since it contains monomials
of both degree 10 and 8. Thus, unlike the case of pure gauge theories studied in [12], planar

zeros are no longer determined by a projective curve.!

1Still, looking at (A.1), we see that the equation Pio((s,Cs,Cs) = 0 is homogeneous in the color factors.
As a consequence, after a proper normalization of the group theory generators, planar zeros are determined
by an equation with integer coefficients.
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Figure 1. Sections of the loci of planar zeros Pf% (3,C4,¢5) =0 for (5 = 4117 %, %, 1.

To study the corresponding geometric loci of planar zeros, we focus on the five-point
amplitude for ¢? theory, which can be retrieved from eq. (2.3) by setting all color factors
equal to one, ¢;¢; — 1. In this case, the expression for Pio((s,(4,(5) in (2.7) somewhat
simplifies to

Py (G361, Gs) = C8¢3Gs — C8C3C2 + C8GuCE — ¢3cies — Qi + ¢3¢

— G3CHGE — G3CHG — G3Gats — G356 + 33 — G3¢iGs

+4G5CH G — G3Ci — G3CIC — G3CiGs + 4G5 GGy + 4G5 CEGS

— (3663 — G363 — G5 + G3CIGs — GICICE + G3¢h

— GGG - GGG - GGG - GG - GGG - GaE (2.9)

+G3GCE — GGy + G3C5 — GCIGE — GGG — G3GiGs

+ACECIG A — GGG — GG — GG

+4CICIG — GRCHCE + CaCiG — GaCiGs — GaCi S — GaCii 3

— G3C1G5 + CaCiCs — CaCiGs — CaCiCh + CI6 — Ca s + CiC3
Notice that the polynomial is symmetric in all its entries, as expected by Bose symmetry.
This implies that when studying the curves, we can consider sections of constant (5 without



loss of generality. In figure 1 we have plotted the sections for (5 = 4, ;, , and 1. The

curves are more complicated than in the pure gauge case and include singular points.

3 Planar zeros in scalar QCD

The results of the previous section show that the projective character of planar zeros in
the five-point function gluon amplitude disappears when considering pure scalar theories,
even in the presence of global symmetries. This is indeed due to the absence of derivative
couplings, which render the numerators appearing in the scalar amplitude (2.3) trivial. It is
therefore tempting to conclude that, despite the similarities in the topologies contributing
to both the gauge and scalar amplitudes, the projective nature of the equation determining
the planar zeros is a consequence of gauge invariance.

3.1 Distinguishable scalars

To further explore this possibility, we study now the presence of planar zeros in scalar QCD
(sQCD), in particular in the scattering of two distinct scalars with emission of a gluon in
the final state. This process has been studied in ref. [23]. We label momenta and color

quantum numbers according to

®(p1,j) + @' (p2,n) — P(ps, i) + ' (ps, m) + g(ps,a,e4), (3.1)

where € (ps) indicates the polarization vector of the gluon. We slightly modify the con-
ventions of ref. 23], and consider all momenta as incoming. The amplitude takes the form

(3.2)

Cimq Cong ~ C3ng  Ciny Csns  Ceng  Crng
A=g’ ( + + + + 4 i
5245835 524515 S24 813545  S13525 513 513524

where now there are seven different color factors

=b =b =b
Cy = f;T,ngmn, Cy = %T,%Tmn, Cs = iTﬁjT + Tka]Tmn,
Cy = j kakn’ Cs = ijkan’ Ce = ] kakn + Tijkanv (33)
Cr = Zfabc ngmn

We allow for the possibility of the two scalars transforming in different representations of
the gauge group. The color factors satisfy four Jacobi identities

Ci—Cy+C7 =0, Chi+Cy—C5=0, (3.4)
Cy—C5—C7 =0, Cy+C5—Cg=0.

These relations can be used to express the five-point amplitudes in terms of only three
independent color factors, that we take C, Co, and C4. Namely,

C3 = C1 + Cy, Cs = C1 — Oy + Cy,
Cs = C1 — Cy + 2C4, Cr = —-Cq + Cs. (3.5)



Again, we work in the center-of-mass reference frame and use (1.4) to express outgoing
momenta in terms of the stereographic coordinates. In the planar limit ¢, = ¢, we take
the gluon polarization vector to be

1 G-1_. 2% )
=+—|(0,2>——=,Fi,— , 3.6
= \/5( 14 ¢2 i 1+¢ (3.6)

which indeed satisfies ps - €1(ps) = 0. In the following, we specialize our analysis to a

positive helicity gluon, € = e;. With this, the numerators in the amplitude (3.2) take the
following form in the planar limit

ny = —2i[(p1 — p3 — ps) - (P2 — pa)][p3 - €+ (p5)]
VST GG (L ) B o
()¢ — ) — Cs)( L+ Gla = = 20605 + Lale),
ng = 2i[(p1 — p3 +p5) - (p2 — pa)]p1 - €+ (p5)]
_ i\/isg@(l + C4(s5)
(1+ )G —Ca) (G — &) (G —¢5)

ng = —i(p2 — pa) - €4 (ps)

(=G + G+ GG — 263G + (3¢4Gs),

B /s 2
= A0+ )G (1 +2¢3¢5 + (3¢a6s5),
ng = —2i[(p2 — pa —ps) - (P1 — p3)][pa - €4+ (ps5)] (3.7)

V253 (1+ GG) (L + Gads)
(14 ¢2)(¢3 —€a)?(¢3 — ¢5)
ns = 2i[(p2 — pa +ps) - (p1 — p3)][p2 - €1 (ps)]
iv/257G5(1 + G3Gs) 2
T T DG -G - )G —G) (—2C3 + G4 + G5 — (3CuC5 + (5C5),
ne = —i(p1 — p3) - €+(ps)
_ iv/'s
V2(1+ )G — )

ny = —i{[(m —pa) - (p1 +p3 —p5)][(p1 — p3) - €4 (ps5)]

(265 — (3C1 — (3G + GuGs + 3 CuGs),

(142G + GUEd),

— [(p1 —p3) - (2 — pa)]l(p3 +p1 — pa — p2) - €4 (p5)]
— [(p1 — p3) - (P2 +p2 — p5)][(p2 — pa) - e+(p5)]}

N V2(1+ ¢3) (¢ — 548)22(43 —(5)(Ca —C5) < ~ GGG GGG — 465G
+ (3G + GGG + 8GCICE — CFCRGs — 4G5 CuCs + 8C5CuCE — 4¢3
— 4C3C3 — AGCRCE + 2G3CECs + B(sCICH + 2¢sCRCE + 3CsCE — (3CaCd
+8GsCuCs — AaCE — AGIE +23G — 4G + B + G = G ).

As a nontrivial test of the previous equations, it can be checked that the amplitude satisfies

the gauge Ward identity. Combining the numerators with the expressions for the kinematic



invariants we arrive at the following form of the tree-level amplitude of distinct scalars with
gluon emission in the limit of planar scattering:

_ iv2g%(2¢3 — Ca)
V/5CaCs (1 + ¢3¢4)

planar

As (C1 — Co + Ca)(3Ca — (C1 — C2) GG + (Ca — Cu) s — CaCE |

(3.8)
Similarly to what happens for pure gauge theories [12], planar zeros are determined

by a homogeneous cubic polynomial

(2¢3 — Ca) [(Cl — Oy + Cy)(3¢ — (C1 — C2)(3¢5 + (C2 — Cy)Cals — szg] =0. (3.9)

An important difference with the pure gauge theory case is, however, that the polynomial
factorizes. One of the factors, the trivial branch, is linear and independent of the color
factors of the interacting particles,

203 — (4 = 0. (3.10)

It is also independent of the direction of flight of the emitted gluon. The second, non-trivial
branch is a quadratic equation

(Cr — Co+ Cu)(3¢s — (C1 — C2) (3¢5 + (Co — Ca) s — C2(3 = 0, (3.11)

whose coefficients depend on the three independent color factors.

Being also homogeneous in the color factors, the polynomial (3.9) defines an integer
curve in the projective plane defined by the coordinates ({3, (s, (5). It seems natural now
to single out the direction of flight of the emitted gluon and study this curve in the patch
centered around the point (0,0, 1) using the coordinates

(¢3,¢4,65) = A(U, V, 1). (3.12)
Now, the trivial branch of planar zeros is determined by the straight line
2U -V =0, (3.13)
whereas the non-trivial quadratic curve takes the form
(C1 —Co+ Cy)UV — (C1 — C)U + (C2 — Cy)V — Cy = 0. (3.14)

The quadratic curve (3.14) can be easily classified for a generic gauge group in terms
of the three invariants (A, §, I) and the semiinvariant o (see, for example, [24]) defined by

1
A= 10104(01 - 02 + 04)7

1
b=—1(C1=CotCu)’,
=0, (3.15)
_ _Lla-ar-te-ay
g = 4 1 2 4 2 4) -



Since § < 0, no ellipses are possible. It is also impossible to have § = 0 with A # 0, so
parabolas are ruled out as well. Thus, the only possible class of curves are hyperbolas (A #
0, 6 < 0), intersecting lines (A =0, § < 0), or parallel lines (A = § =0, o < 0). Notice that
this classification is valid for all gauge groups and all representations of the scalar fields.

As an illustrative example, we study the case of two scalars with charges e and ¢’
coupled to a photon. This correspond to having the U(1) generators

TZE = €5ij, T = e’&mn, (3.16)

giving the following values for the color factors

Cl = CQ = %Cg = 626/, 04 = C5 = 706 = 66/2, C7 = 0. (3.17)

In the patch centered around U = V = 0, the projective curve determining the planar
zeros is given by

ee?UV +e€' (e — €' )V — e*e’ = 0. (3.18)
Since 1 1
A= 1646,5 # 0, 0= —1626/4 <0, (3.19)

the loci of planar zeros are hyperbolas with asymptotes along the coordinates axes and
whose center is located at the point

(Uo, Vo) = (e/e_, e,o) : (3.20)

A particularly simple case arises when we consider that both scalars, though distinct, have
the same electric charge, e = ¢’. In this case the curve is given by UV = 1.

3.2 Indistinguishable scalars

The previous analysis of the scattering amplitude of distinct scalars coupled to a gauge field
in an arbitrary representation illustrates how the derivative couplings required by gauge
invariance are enough to restore the projective nature of planar zeros, that was absent in
the pure scalar theories studied in section 2. This is also the case when considering sQCD
with a single scalar field in the adjoint representation of the gauge group. We consider
again a five-point amplitude corresponding to the process [26]

®(p1,a1) + P(p2,a2) — P(p3, a3) + P(pa,as) + g(ps, as, €). (3.21)

After all quartic couplings are resolved in terms of trivalent vertices, the 15 topologies
contributing to this amplitude are the ones already encountered in both pure Yang-Mills
theories and the scalar theories studied in section 2. The amplitude takes the form

+

c1ny Can2 c3ng C4Ny C5M5 CeMe crny Ccgng
As =g’ ( + + + + + +
512545 523515  S34S512 S45523  S15534  S14525 513525 524513

+ + + - - +

CoTg ¢10M10 C11M11 C12M12 C13M13 C14M14 + 615TL15> (3 22)
s .
535524 514835 515524 512835 523514 525534 513545

~10 -



where the color factors are the ones defined in (2.5), while the numerators are given by

n1 = (pa+ps)°[(p2 — p1) - €4 (ps)] + 2(p2 — p1) - (3 — P — p35)[pa - €4 (ps)],
ng = —(p1+ps)?[(p2 — p3) - €1 (ps)] — 2(p2 — p3) - (—p1 + pa — ps)[p1 - €1 (ps)],
ng = —(p2 —p1) - (p3 — pa)[(p1 + P2 — p3 — pa) - €4(ps)]
— (p3 —p4) - (=p1 —p2 +ps5)l(p2 — p1) - €4 (p5)]
— (p2 —p1) - (p3 + P2 — p5)[(p3 — pa) - €1 (p5)],
ny = (pa + p5)°[(p2 — p3) - €4 (p5)] + 2(p2 — p3) - (p1 — P — p5)[pa - €+ (p3)],
ns = —(p1+ps)’[(p3 — pa) - €1 (ps)] — 2(p3 — pa) - (—p1 +p2 — ps)[p1 - €1 (ps)],
ng = —(p2 + p5)°[(ps — p1) - €4(ps)] — 2(ps — p1) - (—p2 + p3 — p5)[p2 - €+ (ps)];
n7 = —(p2 +p5)°[(ps — p1) - €x(p5)] — 2(p3 — p1) - (—p2 + pa — p5)[p2 - €4 (p5)],
ng = (p2 — pa) - (p1 +p3 — ps)[(p3s — p1) - €+ (ps)]
+ (p3 —p1) - (=p2 — pa +ps5)[(p2 — pa) - €+ (p5)] (3.23)
+ (p3 —p1) - (p2 — pa)[(=p1 + P2 — p3 + pa) - €4 (p5)],

—(p3 + p5)?[(pa — p2) - €+ (p5)] — 2(p1 — p2) - (—p3 + p1 — P5)[P3 - €4 (p5)],
n1o = —(ps + ps)*[(ps — p1) - €4 (p5)] — 2(ps — p1) - (P2 — P3 — p5)[P3 - €4 (p5)],
ni1 = —(p1 +p5)2[(p2 — pa) - €4(p5)] — 2(p2 — pa) - (=p1 + p3 — ps)[p1 - €4 (p5)],
nia = —(ps + ps)?[(p2 — p1) - €4 (p5)] — 2(p2 — 1) - (—p3 + pa — p5)[p3 - €4 (ps)];

ni3 = (p2 — p3) - (pa — p1)[(—=p1 + P2 + p3 — pa) - €(ps5)]

+ (pa—p1) - (—=p2 —p3+ps)[(p2 — p3) - €4 (ps)]

+ (p2—p3) - (p1 +pa—ps)[(pa — p1) - €4 (ps)],
nis = —(p2 + p5)*[(p3 — pa) - €(ps)] — 2(p3 — pa) - (—p2 + p1 — ps)[p2 - €4 (5)],
n1s = (pa + ps5)°[(ps — p1) - €+ (p5)] + 2(p3 — p1) - (P2 — P4 — D5)[P4 - €4 (p5)].

We have assumed again that the emitted gluon has positive helicity.
A long but straightforward evaluation of the amplitude in the planar limit gives the
result

S 2V2¢° (G -GG+ PN Rl SR el S B Rl
Vs (G-CA+GaO) [ 0 G G e

BN T TN el SRR TR <) RPN

Ca Ca (3

As

planar

The prefactor (3 — (3¢s + (7 does not have real nontrivial zeros, corresponding to two
complex straight lines in the ({3, (4) plane. After multiplying by (3¢4(5, which does not
introduce any spurious physical zeros, we arrive at the cubic homogeneus equation

crC3Cs — csC3Cs — c6(3CE + c11(3CE
+ (co +¢g — 7 + s — 11 — c13)(36uCs + c13CECs — c2(uCE = 0. (3.25)
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Interestingly, the condition (3.25) for the existence of planar zeros in the scattering of two
indistinguishable scalars with the emission of a gluon is identical to the one found for the
five-gluon scattering amplitude in [12]. The reader is referred to this reference for the
analysis of the curves for various gauge groups.

4 String corrections to gauge theory planar zeros

It would be interesting to see how the planar zeros of (super) Yang-Mills theories get
corrected when considering ultraviolet completions such as open string theory. The full,
o/-exact disk amplitude for the scattering of n gauge bosons has a particularly simple
structure [16, 17]

An(L open = > FLZ D (si5:0 ’)An(1,0(2,...,n— 2),n — 1,n>, (4.1)
0€Sn—3
where A,,(1,...,n) is the field theory, color ordered gauge amplitude and F(U (2- )n 2)(sz~j; a)

are generalized Euler integrals over the Koba-Nielsen parameters

n—1 n—2 /k=1
Fa(_%;')n_m(sij; o) =(-1)" / (H de> H |2 — Zj|0/8ij {H (Z ZCVS_mz> } )
w<zist i<j k=2 \m=1"m" k) }

(4.2)
where the subindex o indicates that the permutation o € S,,_3 acts on all indices inside
the curly bracket. These integrals contain the whole o/ dependence of A, (1,...,n)open and
can be seen as a dressing of the gauge theory amplitude to include the effect of the tower
of massive string modes.

Similar to the case of Yang-Mills theories, a generic n-point open string amplitude can
be expressed in terms of a basis of (n — 3)! independent color ordered amplitudes [27]. It

is convenient to choose the basis
.An<1,l_[a(2,...,n—2),n—1,n> , (4.3)
open

where a = 1,...,(n — 3)! and II, denotes the elements of S,,_3. Then, eq. (4.1) can be
written in matrix form A,, = FA,, as

An(l,Hl,n— 17”) Fnlo.l FHIU(”_3)! An(17017n_ ]—)n)
; - s ; - (44)
O(n—3)!
An(lv H(n—S)!v n—1, TL) FH(Z173)! cee H(nig)?) An(L O(n-3), M — L, n)
where the shorthand notation I, = I1,(2,..., N — 2) and 0, = 04(2,..., N — 2) has been

used.

String corrections to field theory gauge amplitudes are obtained by expanding the
integrals (4.2) in powers of o/. The coefficients of the series are expressed in terms of
kinematic invariants and multiple zeta values (MZV). Thus, the (n — 3)! x (n — 3)! matrix

- 12 —



F has the following expansion in powers of the inverse string tension [25],
F =T+ aC(2) Py + /*C(3)Ms + a/*C(2)2Py + a/® |C(2)C(3) PeMs + C(5) Ms | (4.5)

+a |¢(2)*Ps + ;<<3>2M§] + T [C(T)Ms + C(2)C(5) Pz + C(2)%C(3)Pudy | + ..

where

M1 = F Py =F (4.6)

’g(2k+1)’ ‘((2)k’
with Py = I and M; = 0. At order o’*, the matrix coefficient is a homogeneous function of
degree k in the kinematic invariants s;;.

Let us particularize the analysis to the five-point function

(23) (32)
<A5(1,2,3,4, 5)) _ (F(12345) F<12345)> <A5(1’273’4’ 5>> (4.7)

(23) (32)
As(1,3,2,4,5) F(13245) F(13245) A5(1,3,2,4,5)

where the matrix entries have the following expansion in powers of the string slope

23
F(1(234)5) =1+ a’?¢(2)(s12531 — S34545 — s12515) — &' °((3) <5%2534 + 2512523834 + 51253,

2 2 2 2 14
— S54545 — S34S45 — ST2515 — 812815) + O(a?), (4.8)

F((13229345) = o/?((2)s13524 — &/ 3((3) 513524 <512 + 523 + 834 + S45 + 815) +0(a"),

whereas

FE3) 2

(13245) and FB2) (23 (4.9)

=
(12345) |5, (13245) (12345) |5 5"

Writing the kinematic invariants in (4.8) in terms of the stereographic coordinates, we see
that the expansion parameter is sa/ < 1. This can be traced back to eq. (4.2), where all
dependence on o' comes through the dimensionless combination s;;o = (s¢) fi;(¢q), with
fi; a function of the stereographic coordinates.

We compute next the full color-dressed five-point disk amplitude. Following [12], we
work in the Yang-Mills amplitude basis As(1,0(3,4,5),2), which means that we use the
Jacobi identities to recast all color factors in terms of {cs, g, ¢7, s, c11, c13}. Namely,

-’45,string = 02»/45(17 9, 4, 3, 2)Open + CGAE)(L 47 3,95, 2)open + C7-A5(17 37 4a 5a 2)open
+ CSA5(1a 37 57 47 2)open + CIIAS(la 57 37 47 2)Open + CI3A5(17 47 57 37 2)Open- (410)

Using now eq. (4.7), the full string amplitudes on the right-hand side of this equation are
expressed in terms of our basis of color-ordered Yang-Mills amplitudes as

_ (54) (54) (43) (43)
-'45,string == (CQF(15432) +013F(14532)> A5(17 57 47 37 2)+ (CGF(14352) +C7F(13452)) A5(17 47 37 57 2)

(34) (34) (35) (35)
o (CoF rtsay 7 Firptsny ) A5 (1,3,4,5,2)+ (es EGody) + o1 Flyonys) ) A5(1,3,5,4,2) (4.11)

(53) (53) (45) (45)
+ (CSF(13542) + CHF(15342)>A5(1, 5,4, 3, 2) + (CQF(15432) + 013F(14532)>A5(1, 4,5,3, 2)
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Finally, we use the expressions for the color subamplitudes given by the Parke-Taylor
formula? [14] and implement the expansions (4.8) and (4.9). Using the stereographic coor-
dinates defined in (1.3) and (1.4), we arrive at the final expression for the five-point disk
amplitude at order o/ in the planar limit:

LW -GG -6 [, (s)%(2)AP
planar  /3C3CaCs(1+C3C) (1+GG)(1+GG) |77 (G—Ca)(G—C5)(Ca—C5)

(sa/)3¢(3) A v
(G —C)*(CG — C5)2?C4 —(5)? " O((Sa ) ) ' (4.12)

A5,String

_l’_

The coefficient Aéo) is the cubic homogeneous polynomial determining the planar zeros
of the five-gluon amplitude [12]

AP (G, ¢ G5) = erCBa — esCBGs — c6G3CE + en1 (e
+ (c2+c6 —cr+ g — c11 + ¢13)(3CuaCs + ClSCZCS - C2C4C52- (4.13)

However, the o/? and o/? coefficients Ag) and Aé‘g) are respectively degree 10 and 15, non-
homogeneus polynomials whose explicit expressions are given in egs. (A.2) and (A.3) of the
appendix. Thus, o/ corrections destroy the projective properties of the loci of planar zeros
found in [12]. Interestingly, when considering the scattering of two gluons in a singlet state

C) = Cg — —C7 —=Cg = —C11] — —C13 = _fa3a4a5’ (414)
the equation Aéz) = 0 becomes a homogeneous polynomial
(3€1G5(C3 — Ca)(C3 — C5)(Ca — G5) = 0. (4.15)

However, the zeros of this equation all lie at unphysical values of the stereographic coordi-
nates for which either the amplitude or the energy of at least one of the outgoing particles
diverges.

5 Gravitational amplitudes

One of the results of ref. [12] is that the planar, MHV five-point graviton amplitude is
identically zero. This fact can be seen as a consequence of the theorem proved in [15],
stating the vanishing of all helicity violating amplitudes in three dimensions. Indeed, at
the level of the tree amplitude, the graviton couplings are of the form p; - g4 - p; with
i,j # k, so imposing planarity decouples the graviton polarization normal to the plane.
This renders the scattering effectively three-dimensional and, as a consequence, the planar
MHYV amplitude is equal to zero.

In this section we are going to explore other gravitational amplitudes involving scalar
particles minimally coupled to gravity. We begin with the scattering of two distinguishable
scalars with graviton emission

®(p1) + @' (p2) — P(p3) + D' (ps) + G(ps, €). (5.1)

2As in [12], we consider MHV amplitudes with helicities (17,27,3%,47,57).
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The tree-level amplitude was computed in ref. [28] using the Feynman rules for a scalar
theory coupled to gravity. Using the Sudakov decomposition,

k1 = —p1 —p3 = aip1 + Bip2 + k1,1,
ko = —p2 — pa = aop1 + Bapa + ko 1, (5.2)

the amplitude has the tensor structure

M = (g)3 {(KJ_W‘:'KJ_)AKK + [(KJ_'E p1) +(p1-e- KJ_)}AKl

+ [(KJ_ ce-p2)+(p2-e- KJ_)}AKQ + (p1-e-p1)Ai + (p2-e-p2)Aar (5.3)

+ [(pl e p2)t(p2-e 'Pl)}Am},

where K| = ki + ko and the coefficients A; are rational functions of the Sudakov
parameters «;, 5;. The tensor structure of the amplitude shows again how, once the planar
limit ¢; = (; is taken, the polarizations outside the interaction plane decouple and the
amplitude becomes effectively three-dimensional. In this limit, the Sudakov parameters
take the following form in terms of the stereographic coordinates:

0 = P2 (p1+p3)  GG(1—C3) — GG+ EG)

p1-p2 (G3—=Ca)(G3—¢C)
Blzpl'(plﬂLps):_ 1+ CaGs
P1 D2 (3= G)(G3—G)
_ p2-(p2+pa) CH(1 + (3C5)
@ = prop2 (B —C)(G—G) (5.4)
gy = P (P2 +pa)  —14C(=G+U—G)
B p1 D2 (3 —Ca)(Ga—GC5)

while the graviton polarization tensor is taken to be e1+ = €1 ® e, with €4 defined by (3.6).
Using the explicit expression for the coefficients in (5.3) given in [28], we find that the planar
amplitude vanishes identically

M = 0. (5.5)

planar

It was found in [28] that this gravitational amplitude can be split into two gauge
invariant subamplitudes, M = Mj + M, where each term can be written in terms of an
effective, nonlocal vertex. In the planar limit, these subamplitudes are individually nonzero
and take a specially simple form

My =—M,

planar

_ (HS> G(1 + G3¢5) (1 + Cas) (5.6)
planar ( '

4 (14 GC) (G — G+ GGG — GeR)

The gravitational amplitude (5.3) cannot be retrieved using the double-copy BCJ con-
struction [29, 30] from the gauge scattering amplitude of two distinct scalars with a gluon
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emission [23]. Despite this, the putative gravitational amplitude obtained from the double-
copy of the gauge amplitude (3.2), with denominators satisfying color-kinematics duality,
identically vanishes in the planar limit.

A similar result is obtained for the gravitational scattering of two indistinguishable
scalars. In this case, the amplitude can be obtained by double copy from the gauge scat-
tering of adjoint identical scalars given in eq. (3.22) using color-kinematics duality [26],

M5=</€)3< i + i + s + i + s + g + n + s
2 512845 823515  S34812  S45523  S15534  S14525  S13S25 524513

2 2 2 2 2 2 2

n n n n n n n

9 10 11 12 13 14 15 )7 (5.7)
535524 514835 815524 512835 523514 525534 513845

where the numerators are the ones given in eq. (3.23). In fact, the cancellation of this
amplitude in the planar limit can be seen to happen by a mechanism similar to the one
found in [12] for the pure gravitational case. Indeed, replacing the color factors by the
corresponding numerators in the condition for the gauge planar zeros (3.25), we find the
following condition for the existence of planar zeros

n7C3Cs — nsCas — neCaC? + niCaC?

+(ng +ng — n7 4+ ng — n11 — n13)(3GCs + N3¢ — nalaCE = 0. (5.8)

In the planar limit (i.e., real stereographic coordinates), the relevant numerators have
the following form
V2(C3 = ) (G = G5)(Ca — G) (1 +¢3) <
+ Goacd +4¢3¢E - GG - 230G +463E),
g = s3G5

V2(G = Ca)(G = G5)(Ga — G5) (1 + G3)

463G — 266G +AGAEE + GGG + GAE),

52

et ewer] C CRL TR CRR KSRt

263G + 4G — 2633 + GGG + GGG,

" GGG oG e g - e-dde-gds 6o
— 463G + GGG + GG +83AE - GG — 466G + 836G
—4G3G — 4G5 — AGCICE + 26sCiG + 3GsCIG + 263¢ECE + 3Cs(E
— GaaGE + 8GoaCs — 4GoCE — ACHCE + 2G5 — 436 + ),

S
V2(G = Ca)(G = G5)(Ga — G5) (1 + G3)
— GaaE + 2030 + G - 4G + 2663,

ng = 14 3¢t — 2C3Cs + 5Cas — 2¢2¢2

< — 203+ 4C — G — 263 ¢s + G3GuGs

N

< —1— (3G —4GG — 4¢G3¢

ni =
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!
"“_wﬂ@—gﬂg—@x@—®u+@ﬂ
+ GG — 4G UG + 265G — A —AGEG +8GGE - GGG
+3C3CGE + 2C3CuCE + 3G+ 2G3C — AG3G — 4G GG — 4G GG
+ 8GCHCE — 4GCE — GaaCE + 8GCaGs + (oE — 4R — 4Gid).

G—G-GEE+d3a¢

Substituting these values in eq. (5.8), we conclude that the condition for the existence of
planar zeros is identically satisfied for any kinematic configuration. Since the numerators
now are far more complicated than the ones for gluon scattering [12], the cancellation
taking place is less trivial.

Since the scalar gravitational amplitudes studied above do not preserve helicity, the fact
that they are zero in the planar limit is also a consequence of the vanishing of all helicity-
violating supergravity amplitudes when reduced to three dimensions [15] (see also [31]).
Indeed, the gauge amplitude for indistinguishable adjoint scalars (3.22) can be embedded in
a N = 2 super Yang-Mills theory [26]. Thus, the corresponding double copy can be thought
of as a scattering amplitude in N' = 4 supergravity [32]. In the case of the gravitational
scattering of two distinct scalars (5.1), on the other hand, the theory can be also embedded
in a four-dimensional supergravity theory, such as the ones studied in [32]. Both amplitudes
vanish in the planar limit, where the dynamics becomes effectively three-dimensional.

In the case of graviton MHV amplitudes, their vanishing in the planar limit follows
from the explicit expression of the n-graviton amplitude [33, 34]

MYV = $° (nn—2)(n—2n—1){n—1n) (12)...(n1)

P(1,...,n—3)
T klpri -+ poaln— 1)
k+1 s n—2|T0 —
; 5.10
% H (kn—1) (5.10)
k=1
where the sum runs over all permutation of the labels 1,...,n — 3 and the notation
lalpg, + ...+ Dk, |b) = [ak1](k1b) + ... + [aky|(kn)), (5.11)

has been used. Using this expression, we have explicitly checked that

MMV =0, for n = 5,6,7, and 8, (5.12)

planar

as expected.

For the scattering of four gravitons, eq. (5.10) gives the helicity preserving amplitude
My (17,2%,37,47). Notice that the four-point amplitude is always planar, and the result
obtained by applying (5.10) is however different from zero

2
M, =My=s <1+C§> , (5.13)
€

where we have chosen coordinates such that the process takes place on the plane y =
0 (e, 3 = —(; 1 € R). Another scattering amplitude whose vanishing in the planar
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Figure 2. Two kinematic configurations for which the planar, helicity preserving six-graviton
amplitude in eq. (5.14) is nonzero.

limit is not implied by the results of [15] is the six-graviton, helicity preserving amplitude
Mg(17,27,37,47,5%,6"). This can be computed starting with the six-gluon, helicity
preserving amplitude [35],

L A|py + ps|1)?
Ag(17,27,37,47 57, 61) = <
ol )= 1 % 72 + o) 2120231455661 + pal’]
9 3
(p1 + p2 + p6)?[34][45](61)(12)(6[p1 + p2|3]
and applying the KLT formula
Mg = —k*AL Sy Ag (5.15)

where Sy is the field theory KLT kernel introduced in eq. (6.5).

The explicit expression for the amplitude Mg(17,27,37,47,57,6") in the planar limit
in terms of the stereographic coordinates is very cumbersome and will not be given here.
However, it can be seen that this amplitude does not vanish. In figure 2 we have depicted
two kinematic planar configurations for which a calculation of the tree-level amplitude

gives a nonzero result.

6 String corrections to graviton planar scattering

String graviton amplitudes on the sphere can be written in terms of disk amplitudes of
gauge bosons using the Kawai-Lewellen-Tye (KLT) relations [36]. A general expression for

the n-gravity amplitude reads [37]

M, = (=1)" 32 Z An(1,0(2, ce,n=2)n— 1,n>

O'zPESn—B

x5[p|a]1,1n(1,p(2,...,n—2),n,n—1), (6.1)
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where the two gauge copies differ by the ordering of the last two entries. The momentum
kernel S[p|o]; has the form

Slplol = Slp(2,...,n—2)|0(2,...,n — 2)]
n—3n—2 /
= (;) H sin [W; <sljp + Z@ Jo> Kp)Sjk )] , (6.2)
=2

where the symbol 6(j,, k,) equals 1 if the legs j, and k, keep the same order in the sets
p(2,...,n—2)and 0(2,...,n —2), and 0 otherwise.
The generalized KLT relations (6.1) can be recast in matrix form as [21]

Mn:( )n3n2AnSAn ( )n3n2AnSOAn (63)

where in the second identity we have changed the basis of the first-copy amplitudes to
express them in terms of of the basis \A4,, used in eq. (4.4). Using now this same equation,
we can express the string graviton amplitude in terms of field theory gauge amplitudes as

M, = (-1)" 3k 2ATFTS F A, (6.4)

The single-valued projection [18-21] allows a further simplification of this relation. It
projects the MZVs appearing in the expansion of the matrix F'in (4.5) to a subclass sv(F),
called the single-valued MZVs, which exactly reproduces the closed string o/ expansion

FTSyF = Sysv(F), (6.5)

where Sp is the field theory limit (o/ — 0) KLT kernel in the basis A,,. The action of the
single-valued projection on the MZVs is given by

sv[¢(2)] =0,
sv[((2n+1)] =2¢(2n + 1), forn > 1. (6.6)

With this, the string amplitude takes the form
M, = (=1)" 36" 2 AT S sv(F) A, (6.7)

Incidentally, dropping the term sv(F') in the previous expression we retrieve the KLT
expression of the field theory graviton amplitude.
We particularize our analysis to the five-point amplitude

Ms = k3 AL Sy sv(F)As, (6.8)

e () o
w2 (5) cori e

where, from (4.5), we have

Q\

)5 (5)Ms

| |
/\

SN

~| L

7
) C(T) M + ... (6.9)
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In order to get the closed string expression, we have to perform the rescaling o/ — o'/4,
as explained in [19]. Notice that the single-valued projection (6.6) eliminates many terms
in the o/-expansion of F. Plugging (6.9) into eq. (6.7), we see how the first term gives, via
the KLT relations, the field theory gravity amplitude, while the second one corresponds to
the first nonvanishing string correction. The entries of the matrix Mz can be read from
egs. (4.8) and (4.9). The matrix Sy is given by Sop = KTS, where S is the o/ — 0 limit of
the KLT kernel in eq. (6.2) and K implements the change of basis A; = K Aj in the first
copy. Using the Kleiss-Kuijf and BCJ relations, this matrix is given by

$34(835—524) S135924

— 514835 514535
K 512834 524(525_534) : (610)

514525 514525

Imposing the planarity condition in the stereographic coordinates, (, € R, we confirm
the result of [12]

kAL Sy A5 = 0. (6.11)

planar

However, a first nonvanishing string correction survives the planar limit,

= L@)alg’n?’{l + 0(a’). (6.12)

Ms 32

planar

This term is independent of the directions of the final states and is never zero. Using the
expansion (4.5), it is possible to compute higher order corrections, whose coefficients are
functions of the stereographic coordinates (,. We obtain the structure

~3¢(3) 334 5C(05) 5 36 Q10(¢3,C4,C5)
Mo T TS T G TR - GG P

_ SC(3)20/6/€387 Q12(C3, (4, C5)
2048 (3 —Ca)*(¢3 — ¢5)%(Ca — G5)?
(T 7058 Q10(¢3, ¢4, C5)?

T2 e (C3 — Ca)*(¢3 — G5)H(Ca — ¢5)* (6.13)

~CB3)XB) s 3.9 Q22(C3, €4, C5)
32168 © " (G- NG -GG -Gyt

The numerators Q,((s, (4, (5) appearing in this expansion are nonhomogeneous polynomi-
als of degree n whose explicit expressions are given in eqs. (A.4)—(A.6) of the appendix.
Our results show how the exchange of massive string modes renders the planar gravita-
tional amplitude nonzero, with the higher order terms in the o/ expansion determined by
nonhomogeneous polynomials.

It is interesting to notice that the planar closed string amplitude (6.13) does not exhibit
the soft poles at (,(, = —1 (with a < b), unlike the planar disk amplitude in eq. (4.12).
This reflects the peculiar relation between the soft and planar limits of amplitudes with
gravitons, in both string and field theories. It would be worthwhile to clarify the interplay
between the two limits using recent results for soft theorems in string theory [38, 39].
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7 Remarks on soft limits

We turn now to the problem of whether the mathematical structure of planar zeros can
be fully captured in the soft limit. We begin with the gauge case analyzing the simple
example of two distinguishable scalars studied in section 3.1. In the limit in which the
emitted positive (resp. negative) helicity gluon is soft, ps — 0, the leading behavior of the
amplitude takes the form [40]

- € - € - € c €
As soft = 29 <01p3 = Czpl = 4 C4p4 = C5M> Ay (7.1)
535 515 545 525
* € * € - € * € - € - €
P [(3’1 (ps + P2 ﬁ:>+02 <p2 + P j:>+04 <p4 + P2 :t)]A4,
835 825 525 S15 845 525

where Ay is the four-scalar tree level amplitude. In terms of the stereographic coordinates
(. and taking the planar scattering limit, the soft amplitude reads

92
V8¢5 (1 + (3¢4)

planar
X [(Cl — Oy + C1)(3Cs — (C1 — C2) (3¢5 + Co — Ca)CaGs — CoGE | As. (7.2)

The condition for the vanishing of the soft gauge theory amplitude in the planar limit

-A5,soft

is given by
(C1 — Ca+ Cu)(38s — (Cr — C2) (3¢5 + (Co — Cu) s — C2(3 = 0, (7.3)

which reproduces the nontrivial loci of planar zeros for the full tree level amplitude discussed
in eq. (3.11). We notice, however, that in taking the soft limit we miss the trivial branch
2(¢3 — (4 = 0. In fact, this loci cannot be captured in the soft-gluon limit of the amplitude,
since in the limit ws — 0,

1
G’

1+ (3G —0 o G — — (7.4)

so we have
203+ 1
G

which implies that 2(3—(4 never vanishes. This shows that the trivial branch of planar zeros

203 — G4 — (7.5)

is not accesible from the soft limit of the amplitude. Therefore, not all planar zeros can be
realized in the limit in which the gluon is taken to be soft. Notice, however, that this does
not contradict the statements made in [12]. Indeed, any planar zero can be realized in the
limit in which one of the particles is taken to be soft. However, once we decide which par-
ticle is soft, not all planar zeros can be realized in this regime, as we have seen in this case.

This being said, soft limits can be exploited to make a general analysis of planar zeros
in the gauge case. We study the scattering of n charged particles in QED, parametrized
by stereographic coordinates (; (¢ = 1,...,n), with the emission of a soft photon whose
momenta we write in terms of the coordinate (1,

_ ( Ctl—i_Za ~Za_ca Ctlga_1>
Pa =W | 1, =t = = ’
I+ GCq 1+ GC, 1+ GG,
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The soft theorem for massless QED can be recast in terms of stereographic coordinates
as [41]

lim  |wpr1Ansi(p1, ... 7pn+1)}
wn+14>0+

), (17
Cn—i—l (p17 y P ) ( )

1
\[( * Cn+1gn+1) Z Cz Q’L-‘rl Z CJ

icout J€in

where we have used the following form for the polarization vector of the photon

1 /= -
€L = ﬁ <§n+1a 1, —1, Cn—i—l)' (7.8)
A planar zero is now obtained by setting

S N - 7.9
i;‘c Cz Cn+1 ]Ezm CJ CnJrl ( )

with (1,...,(n+1 € R. To compare with previous results, it is convenient to recast (7.9) in
the reference frame defined by egs. (1.3) and (1.4). Setting ¢; = co and (2 =0,

Z< =2 =0 = Cn+1zez H (¢ = Cnt1) +€2HC4 Cnt1) =

Cn—l—l Cn—l—l 1=3  i#L=3

(7.10)
The condition now is expressed in terms of a homogeneous polynomial of degree n—2 in the
n — 1 stereographic coordinates ({3, ..., (,+1) parametrizing the momenta of the outgoing
particles. Particularizing the analysis to the five point amplitude and hard particles with
charges e; = e4 = e, e3 = e3 = €/, we have

€'(5(¢3 — C5) +els(Ca— G5) + €' (G — ¢5)(Ca — G5) = 0. (7.11)

which is equivalent to (3.18) upon setting the projective coordinates defined in (3.12).

8 Concluding remarks

It is indeed surprising that planar zeros of scattering amplitudes in (super) Yang-Mills
theories are determined by equations that are invariant under projective transformations of
the stereographic coordinates associated with the directions of flight of the outgoing gauge
bosons. In this paper we have shown that this is not a generic feature of field theories:
while scalar fields coupled to gauge bosons preserve the projective nature of planar zeros,
pure scalar theories have planar zeros that are not determined by projective curves. We
have checked this explicitly in the case of the five-point amplitude in a theory of biadjoint
scalars with cubic interactions.

The projective nature of gauge planar zeros is also fragile with respect to the inclusion
of string effects. We have seen how the o’ corrections to the five gluon amplitude introduces
terms which do not share the projective structure of the field theory result.
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The features of planar gravitational scattering differ in many aspects from those of
gauge theories. Due to the peculiar features of three-dimensional gravity, odd-multiplicity
amplitudes are zero in the planar limit while for even multiplicities they are only nonzero
when helicity is conserved. We have checked this fact explicitly in various cases. String
corrections to the field theory amplitude are generically nonvanishing in the planar limit,
independently of their helicities and multiplicities, thus correcting the strong constraints
imposed by the results of [15].

There are some intriguing elements in the interplay between planar zeros and soft
limits in gauge theories that are worth exploring. Although planar zeros are expected
to be corrected by quantum effects, the very fact that they are determined by the soft
limit indicate that they might be of relevance for the infrared properties of the theory. In
particular, it would be interesting to explore whether planar zeros are of any relevance for
the asymptotic symmetries for theories like QED [41-45].
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A Explicit expressions

A.1 The numerator Pjo(({3,C4,5) in equation (2.7)

Here we give the explicit expression of the numerator Pio((3, (4, (5) in eq. (2.7), for generic
color factors

P1o(3,Ca, G5) = €7€7G5CH G5 + (c15€15 — €787 — €sCs)C5CICE
+ esTs(8CCE — erer(3Cis + (2eses — erer — 2e15€15)(5CHCE
+ crerC5CE + (20787 — csts — 2e15C15) GGG — crerC3 (3G
— csC(5CGs — csTsC3GC + st (36 — c6te3CiGs
+ (c10C10 — €13C13 + C15C15 — €3C3 + 55 + 2¢6C6 + 20707 — csCs) (5 CHCE
+ (caC2 + c3¢3 — c1€1 — 2c10C10 — €11C11 + C12C12 + €13C13
+ dey5C1s — 205€5 — 66 — crCr — csCs)(3 GGG
+ (c14€14 — c6C6 — c7€7) (3L + (2c686 — crer — 2c14€14)(5CECs
+ (€c10€10 + 2¢11T11 — €12C12 + C15C15 — C2C2 + C5C5 — 787 + 2¢5C8) (3 CECH
+ (€44 — €11 — €11C11 + 1414 — C6C6 + 20787 + 2¢5Ts + 9C9) (5 CFCE (A1)
— c11211G3 G + (2c11E11 — csCs — 2¢9C9)(3CuCE + (coty — csCs — c11€11)(3Ch
+ ¢6C6C5C5Cs + (2c13T13 — 6T — 2¢10€10)(3 (1 CE + coCe(3 S

+ (c1€1 + 4c10C10 + €11C11 — €12C12 — €13C13 — 2C15C15 — C2C2 + €3C3
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— 2¢5€5 — CoCs — 707 + C8Cs)(5CACE + (20767 — coCs — 2014C14)C3CH G

+ (c1€1 — 2¢10C10 — €11€11 + €12€12 — €13C13 — 2C15C15 — C2C2 — C3C3

+ 4cs¢5 + ceCp + c7Cr — CSES)Cg’Ci’Cg + (c1€1 + c11€11 + c12C12 — €13C13

+ de14Cra + €T — €3C3 — 204C4 — 6T — C7C7 — C8Cs — 209C0) (5 CHCE

+ (26283 — 2¢5¢5 — €11€11)(5CECE + (c1€1 — e11€11 — c12€12 + C13C13

— 2014814 — C2C2 + €3C3 — 2¢4C4 + C6C6 — C7C7 — CsCs + 4CoT9) (5T CE

+ e11€11G G + (2e88s — 2c9C9 — c11211) (3G + crren (3¢

+ (c10¢10 — c6Cs — c13213)(3CEC3 + (2¢686 — 2c10C10 — 13€13) GG CICE

- 0666C32C2<5 + (—c1€1 + c10C10 — c11€11 + 2¢13€13 + C15C15

+ 292 + ¢5C5 — ¢6C6)(5CACE + (—c12€12 + 2¢13C13 + C14C14 — CaT2 + 4Ty

+ 2¢6C6 — 107 + €9C0)(3CHCE + (—cata — 26585 + 2e11€11) (3 CHCE

+ (—c1€1 — c11€11 + €12€12 — €13€13 — 2C14C14 — C2C2 + C3C3

+degCy — coCo + eroy + ests — 2e929)CFCICE + (—eata + ests — cnen )G
+ (211811 — €15C13 + C14C1a + 2¢9C — €3C3 + CaCs — C8Cs + CoC0)(5CECH

— c11en GGG + 1sti3GGE — 3t G — 313G G — e282(3i

+ (20283 — 2c4T4 — €13213)(3CHCE + 2C2G3CHCS + (—caCa — 2¢4C4 + 2¢13€13)(3(1C5

— C2E2C3C2C§ + 013513@?(? + (—coCo + ¢4y — 013513)CZLC§ + CQEQCA?CE?'

Due to Bose symmetry, the polynomial is invariant under permutations of its three variables
(3, (4, and (5, provided this is supplemented with the corresponding permutation of Sg
acting on the color factors, as explained in [12].

A.2 The coefficients Aéz) and Aé3) of the o’ expansion (4.12)

The coefficient Aé2) of the o/? correction to the five-gluon amplitude is a degree 10 polyno-
mial in the stereographic coordinates, containing monomials of degree 8, 6, 4, and 2 as well

AP (G5 GanG5) = —(c6 + e1)CsCa — (cs + 1) — (e2 + €13)Cas
— 2(cg + c7 + cs + c11)(5Culs — 2(ca + 6 + o7 + €13)(3C7Cs
—2(ca + cs + e11 + €13)3GEE — A(ea + c6 + o7 + cs + e11 + e13) GGG
+ (ca — 7 — e11 — €13)(5CEGs + (—er + s — e11 — €13) (GG
+ (—c2 —cg —cg + 611)C§C2C5 +(—c2—cg—cg+ C13)C§C4<52 (A.2)
+ (c6 — o1 — 11 — €13)(3CaCE + (=2 — ¢ + o7 — c8)(3CHCE
—2(c6 + e + e+ 13)CECE — 2(ea + o1 + s + ) GEE
— 2(c2 + 6+ c11 + 13)3CHG — (o7 + ¢8) (5 (R — (c6 + c13)C3¢ICE
— (2 + e11)G3¢EGs-
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The coeflicient Aég) contains monomials of degree 15, 13, 11,9, 7, 5, and 3

A6, ¢, G) = (—ea — 6+ ¢7 — cs + 11 + €13)(3Cals — erCEC + ool
+ c8C3Cs — c11G3G5 — c13CiCs + 2CaCE + 3(—cr + ¢8)C5CuCs + 3(cs — 13)(3¢HCs
+3(c2 — €11)¢3CaCE + 3(—ca + 6 — c7 — cs + e11 + €13)(3CEGs
+3(—co —co + 7 + s — 11 + c13)GCCE + 3(ea — g + e7 — cs + c11 — c13) (3R
+3(—ca + 6 — c7 — cs + c11 + €13)(5(E G5 + 3(—c2 — ¢ + 7 + ¢s — c11 + €13) (3G
+3(c2 — 6+ c7 — g + 11 — €13)(3(E G 4 6(—c2 + ¢ — o7 + c11) (GGG
+6(cs — cs + 11 — €13)C3CICE + 6(—ca — ¢7 + 8 + c13) GG
= 3e7(5CaGE + 3e6aCiCE + 3es(3 GG — 3enGEG — 333G + 323l
+2(c — e7)G3CHGs + 2(es — 11)G3CaGs + 2(ca — c13)G3CiCH
+2(—er + ¢8)3CHEE + 2(co — c13) (3G + 2(c2 — )G
+3(c2 46 — cr + s — 11 — c13)(3CHCE
+ (=5¢a + 3cg — 3c7 + 3cg + 5eiy + 5ez) (3 CGEE (A.3)
+ (—5cg + 3c6 — 3¢7 — Beg + berp — 3013)(3(2452
+ (=5¢y — 5eg — 3e7 + g — 31y + Heiz) G ES
+ (3¢ + 36 + Beg — bes + Bern — 3c13) G
+ (3¢ — 5eg + Heg + 3cg — 311 + 5ei3)GCEEE
+ (3cg — 5eg + Beg — Beg — 3en — 3¢13) (A
—cg — ¢ — c7 4+ cg + c11 + 13) RS + 3(—co + o+ er — g + e — c13) GGG
c2 — ¢+ 7 — g — en + ei3)(FCIE + 6(—¢2 + ¢ — e + en)G GG
—cg +cs — c11 + c13)(5CECG + 6(ca + ¢ — cs — c13)(3CIGE
c6 — c1)C3CICE + 3(es — en)G3CECE + 3(e2 — e13)(3CECE
—cg —cg — C7+ e+ 11+ c13) S + (—ea + o + 7 — cs + e11 — c13) (GG
+3(c2 — c6 + 07 — g — 1 + 13) (UG — (G + 65
+e8CHCACE — c11G3CICE — c13C3CHGE + ealsCiCs
+(—c2—cs+cr—cg+c+ 613)C§C45C§~

+3(
+3(
+ 6(
+3(
+ 3(

A.3 Numerators of the o’ corrections to the gravitational planar amplitude

The o expansion of the string graviton amplitude is given in eq. (6.13). The ten-degree
polynomial appearing in both the /> and /7 terms is given by

Q10(C3, 1, G5) = CiC5¢3 — CIGECs + CaCECs + CRGs + CIGEGs — CIG3¢s
+ G35 + (G¢s — Qs — GGG + GaGs (3 — (63
— CIG3G3 — (RG3GE — 3¢5 — CIGECE + CaGE G + GGy
+ C1G5C3 + (RGC3 + GG + GG + GGG — (G563
+ G505 — GGG + GGG — GG — GGG — 6¢1G G (A4)
— G3G3 + CIGsG3 — CalsCE + G5 + CRC5¢s — CaliGs + (i3
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F UGG GGG+ GG+ GGG — UG — UG
— (HGG — GG — GG+ G - GG+ G
+ GG - GG+ G+ GG — G

It contains terms of degree 10, 8, 6, 4, and 2. The numerator associated with the o/% term is

Q12(C3, €, G5) = 2C1C5 G5 + 3CICRCE + 3CTCECE + 3CRCSG3 + 3CACEGE + 3¢3 ¢33
+3CCECH 4+ 4GGECE + 4CGCE + 3¢ + 3CIGEGE + 463G
+3C1C5 + 3G — 2CEC3GE + 3CECE + 4CEGGE +3Cus¢ (AD)
+ 4¢3 Cs + AT CECs + BCaCEls + 3CuCs + 3(5¢5Cs + 3¢5Cs
+3C3C2 4 3¢4G + 2.

This is a degree 12 polynomial including monomials of degree 12, 10, 8, 6, 4, 2, and 0.
Finally, the numerator determining the a/® corrections is the following nonhomogeneous
degree 22 polynomial

Q22((3,Ca,C5) = 8Q10Q12 + 3(1 + (3¢1)*(1 + G3¢5) (1 4 Culs)? (2C42C§ +2¢3¢3
—201G5Ch — 2G3C8 — 2¢3¢3 — GCBE — GGG + 20U 203G
— GCBC +6CGG — GGG —2GG G — GGG — GGG (A.6)
— 216G + 263 - 263 + 2¢iR),

where Q19 and Q12 are the polynomials given in egs. (A.4) and (A.5).
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