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1 Introduction

Inflation in the early universe is not only indispensable to explain horizon and longevity
problems (see recent review, e.g. [1]) but also is strongly supported by the observations
of cosmic microwave background anisotropies [2-5]. The position of the first peak of the
temperature-temperature correlations suggests spatially flat Universe as predicted by infla-
tion, and the large scale anti-correlations in the temperature-E mode correlations implies
the superhorizon epoch of primordial curvature perturbations, which can be naturally real-
ized by inflation. Unfortunately, primordial tensor perturbations have not yet been found,
which strongly constrains inflation model building. Actually, the recent results of the
PLANCK collaboration place constraint on the tensor-to-scalar ratio as r < 0.10 (95% CL,
Planck TT+lowP) at k = 0.002Mpc~!, and when combined with BICEP2/Keck-Array,
r < 0.08 (95% CL, Planck TT+lowP+BKP) at the same pivot scale [4, 5]. This almost
ruled out chaotic inflation models with quadratic and higher power-law potential. Instead,
cosmological attractor models [6-13] including conformal attractor model [14] and its ex-
tension to a-attractor models [15-18] have recently been getting more attention because
they can easily fit the observed spectral index of the primordial curvature perturbations
and accommodate observable tensor-to-scalar ratio rather arbitrarily. In ref. [12], it became
manifest that pole structure of order 2 in a kinetic term is important to realize this kind of



a-attractor models. This idea is further extended to pole inflation! [12, 20, 21], in which,
around a pole of arbitrary order in the kinetic term, the potential becomes effectively flat
after canonical normalization of the kinetic term.

On the other hand, in order to realize inflation including the above attractor models,
supersymmetry (SUSY) is desired, which can control radiative corrections to the inflaton
field to preserve the flatness of its potential. However, if one introduces local SUSY or
supergravity,? we encounter difficulties again as corrections of order of the Hubble scale
to the inflaton mass in F-term inflation models [25]. This is because positive vacuum
energy during inflation breaks SUSY and its effect as a SUSY breaking mass is in general
transmitted to scalar fields including the inflaton. One way to circumvent this difficulty is
to introduce a symmetry such as a shift symmetry [26, 27] to protect the flatness of the
potential if one does not wish to adopt ad-hoc Kéhler potential [28]. Another interesting
possibility is to consider D-term inflation [29, 30], which is free from the above problem
thanks to the absence of the Hubble scale correction. The original D-term inflation was
proposed as hybrid inflation and later was extended to chaotic inflation [31-33]. However,
as the observations are getting more and more precise, the predictions of simple models of
D-term inflation tend to conflict with the observational data unfortunately. Of course, as
explicitly given in section 2, if we take higher order terms of Kéhler potential into account,
such D-term inflation models can still fit the observational data. But, such higher order
terms are uncontrollable without symmetry. Then, instead, we revisit the attractor models
in the context of D-term inflation, which were discussed in the context of a massive vector
supermultiplet [16, 34] and a Dirac-Born-Infeld action [35]. In this paper, we derive general
conditions of Kéhler potential necessary to realize D-term inflationary attractor models in
the context of pole inflation. Along the way, we point out a generic issue in large-field D-
term inflation to stabilize additional matter fields without knowledge of quantum gravity.

The paper is organized as follows. In the next section, we briefly review D-term
inflation models in supergravity and discuss the conflict of their predictions of simple
models with the current data. As a simple extension, we take into account higher order
corrections in Kahler potential and show how well such corrections improve the fit to the
data. In section 3, we revisit the a-attractor models for D-term inflation and extend the
theory to the symmetric phase of gauge symmetry as well. We give a concrete workable
example, in which the theory is well-defined almost everywhere on the field space and
fields required for anomaly cancellation are stabilized during inflation. We also elucidate
symmetries guaranteeing the (approximate) flatness of the D-term potential. In section 4,
we generalize these results and derive a generic condition for Kéhler potential to realize D-
term inflationary attractor models in the context of pole inflation. Final section is devoted
to conclusion and discussions.

!This terminology should not be confused with the pole-law inflation [19] proposed decades ago.
For recent reviews of inflation in supergravity, see refs. [22-24].



2 Large field D-term inflation

In this section we briefly review large field D-term inflation models and their problems.
Hereafter, we take the reduced Planck unit Mp = 1 unless otherwise stated. For the Kahler
potential K (®;, q);), the superpotential W (®;) and the gauge kinetic function f(®;), the
supergravity Lagrangian for the scalar field {®;} in the Einstein frame is

L = Kj(0"®,)(0,%) - V. (2.1)

The scalar potential consists of F-term and D-term potential,

V =Vr+Vp, (2.2)

Vi = el [Kﬁ(DiW)(D;V_V) — 3w, (2.3)
_ 27 Y

VD — 2Ref (lKZX’L) ’ (24)

where K% = Kigl is the inverse matrix of the Kéahler metric K;;, D;W = W; + K;W is
the Kéahler covariant derivative, and X; is the Killing vector of the Kéhler manifold, which
is X; = iq;®; in the case of linearly transforming fields under the U(1) symmetry with g;

being the U(1) charge of ®;. In this case, the D-term potential reduces to the usual form,

2
1
Vp = TRe] (Z q,-Ki<I>i> . (2.5)

Here, we do not consider the possibility of field-independent Fayet-Iliopoulos (FI) term or

gauged U(1) R-symmetry for simplicity.

2.1 D-term inflation with monomial/polynomial potential

For simplicity, we consider a setup with two superfields ®; and ®_ charged under U(1)
gauge symmetry with charge +1 and —1, respectively. Note that this is a minimal setup to
avoid the gauge anomaly. Later we regard ¢ = v/2|® | as an inflaton.> We also introduce a
gauge-singlet superfield S to stabilize fields other than the inflaton.* In the case of F-term
models with stabilizer superfield S whose F-term component breaks SUSY during inflation,
we can introduce a higher dimensional term like K ~ —|®|?|S|? where ® is a field we want
to stabilize during inflation. This generates a SUSY breaking mass term for ®. In our
case of D-term SUSY breaking during inflation, it is difficult to emulate this mechanism
because the superfield acquiring D-term is the gauge (vector) superfield, whose interaction
is completely determined by the gauge symmetry. After all, this kind of coupling is just a

3 All the following discussions do not change if we regard ®_, instead of ®, as an inflaton.

“Note that it may be possible that there is a non-trivial inflationary trajectory in a field space spanned
by &4 and ®_ without introducing any other stabilization term. For example, inflation can happen while
®, and ®_ are rolling down toward the D-flat direction. In this paper, we want to restrict ourselves to
the case of exact single-field inflation as a first step to the model building, in which either |®4| or |P_]| is
responsible for inflation and other fields are heavy enough to be integrated out.



part of D-term potential. Therefore, we introduce a superpotential to stabilize additional
fields. We assume the superpotential of the form

W =ASD, D_. (2.6)

This can be viewed as a ®;-dependent mass term for S and ®_. Then, for S = 0 and
®_ = 0, the F-term potential is exactly flat for any |®;| > 0. Hereafter we consider this
configuration. Stability against S and ®_ directions will be discussed in section 2.2. We
also take f = 1/¢2, with g being a gauge coupling constant, in the following.

First of all, let us consider the minimal Kahler potential:

K= |2 >+ |®_*+|S% (2.7)
The kinetic term is canonical and the D-term potential for ®_ = 0 is given by [33]
2 4
V=1 g) . (2.8)

Therefore, we obtain a simple quartic inflaton potential and inflation occurs for ¢ >
1.> This is a simple realization of ¢* model for chaotic inflation, but it contradicts with
observations [5] since it predicts too large tensor-to-scalar ratio r = 16/N, with N, being
the e-folding number after the observable scale exits the horizon. Typically we have N, ~
50 — 60 depending on the thermal history after inflation.

One may extend the minimal model to include higher order terms in the Kéahler po-
tential:

k
K= 30T (1@ + [0 4 | (2.9)

We take k; = 1 to make ®; (i = +,—,S) canonically normalized in the small field limit
®; — 0. The D-term potential for & with ®_ = 0 is given by

g 2

To be concrete, we assume the hierarchy 1 > |ka| > |ks| > ... and neglect terms with k,

2
. (2.10)

(n > 4). Then the kinetic term is given by

1 3k
Lx = 3 <1 + ko? + 4%4) (Ou9)?, (2.11)

and the D-term potential is given by

2,4 2
gy ke o ks 4
V= 3 <1+2<,0 +4<p) . (2.12)

As shown in refs. [36-38], this kind of modification of the inflaton potential from the
monomial to polynomial significantly changes the prediction of (ng,r) and we can make

5The angular component of ® is a Goldstone mode and does not affect the inflaton dynamics.
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Figure 1. (ng,r) for d = 0.35 (purple solid), 0.36 (orange dashed), and 0.38 (blue dotted), where
we have assumed d = k3/k3. Lighter and darker lines correspond to the cases with N, = 50 and 60,
respectively. For each line, we varied —ky = 107°-3 x 1073. Green curves represent 68% and 95%
confidence regions of the Planck TT+lowP+BKP+lensing+BAO+JLA+H, constraint (adopted
from figure 21 of ref. [4]).

the fit to the observation better. In contrast to refs. [36-38], both the kinetic term (2.11)
and potential (2.12) are determined solely by the Kéhler potential and hence the structure
of the potential in the canonical basis is more complicated. We assume ko < 0 in the
following to improve the fit to observation. Note that we need the following condition if
we require that Kg_ g, > 0 for all ¢ >0,

1
ks > gk:%. (2.13)

We can calculate the spectral index and tensor-to-scalar ratio by using the method given in
appendix A. The result is shown in figure 1. By choosing the parameter, we can make the
prediction consistent with the Planck observation [5]. The overall magnitude of the density
perturbation is reproduced for g ~ 107, hence this U(1) group cannot be identified with
the subgroup of the standard model gauge group.

Another model is given in appendix B, in which Kéahler potential is expanded in terms
of logarithm of inflaton field rather than the inflaton field itself. Due to this change,
expansion of the canonical inflaton potential starts with lower powers than the quartic.
Similarly to the above example, it is possible for its prediction to lie within the Planck
contour by utilizing higher order terms in the Kahler potential.

Although it is possible to construct a model consistent with observations as above, it
has several drawbacks. First, the Kéhler potential is not controlled by any symmetry, hence
there is no reason to expect that higher-order terms do not make comparable contributions
to the results, which poses some doubts about the predictability of the model. Second, our
calculation so far is based on an assumption that S and ®_ are stabilized at S = ®_ = 0.
However, this assumption is not always justified, as we will see below.



2.2 Stabilization of other fields

Because of the structure of the D-term potential (2.5), the oppositely charged field ®_ has
a tachyonic mass during inflation,

mg_p = —VogH, (2.14)

where the subscript D (F') represents the fact that these masses are obtained from D-
term (F-term) potential, and H denotes the Hubble parameter. In order to avoid such
a tachyonic instability, we need to introduce the F-term potential, which gives positive
masses squared for ®_ and S. With the superpotential (2.6), kinetic terms and F-term
potential for S and ®_ during inflation are given by

L = K510, + Kg g 10,2, (2.15)
Vi — ek 22 Kl® P+ K 'y ISP (2.16)
F=6 5 [Resl®- o5 v :
where we have assumed that Kéhler metric is diagonal around S = ®_ = 0. This scalar

potential to stabilize S and ®_ is actually so steep that their masses easily exceed the
Planck scale due to the large exponential factor e ~ ¢©®We)  If we demand that their
masses are larger than the Hubble scale at the end of inflation, their masses at the e-
folding 60 is exponentially larger than the Hubble scale during inflation, which is typically
much larger than the Planck scale. It means that quantum gravity effects may become
important for inflationary region and the validity of the calculation is lost. This may be a
general feature of large field D-term inflation models in which fields other than the inflaton
is strongly stabilized during inflation.®

This problem may be avoided by extending the structure of the Kahler potential for
S and ®_. For example, let us take the following Kéahler potential:

i e n kn n
K =23 (|94 +[@-[*" +|S]™") + h|S|? (|<1>+|262n oL P 1§ |2eSn tle- P ) ’
" n

(2.17)
where h is a constant. The addition of the last two terms does not affect the inflaton
potential at ®_ = .5 = 0. Then the physical F'-term masses of S and ®_ in the canonical
basis are

2 2 K 1 1 )\2@2
me_ p=mgp=e KgKq g —5

)\2
~ o (2.18)
Note that m%ﬂ r and mé r are almost identical during inflation since we can replace the
factor K in eq. (2.3) with Kigl for ®_ =S = 0. Therefore large exponential dependence
is cancelled out with this kind of ad-hoc assumption on the Kéhler potential and hence
we can avoid the problem of too large masses for these fields. On the other hand, D-term

masses for S and ®_ are given by

m?{,ﬂD = —\/69H and m%,D = 6H?>. (2.19)

SNote that all the mass scales in the F-term potential, including minimal SUSY standard model sector
and SUSY breaking sector, are exponentially enhanced during inflation. While it is possible that there are
no mass scales during inflation except for the D-term potential in the inflaton sector, we stress that it might
be non-trivial to have successful reheating and realistic SUSY model in such a setup.



Therefore, we need m%i rt m%i e H?, which implies A\*> > hgH, in order to stabilize
®_ at the origin during inflation.

3 Reyvisiting D-term a-attractor model

3.1 D-term a-attractor demystified and its symmetry

The D-term a-attractor model [16] had been constructed before the (F-term) supercon-
formal a-attractor was discovered [17], but subsequent discussions of inflationary attractor
models were mainly on F-term models. Later, attractor models were understood as theories
with second order pole in the kinetic term [12], which was further extended to arbitrary
order poles [12, 20, 21]. So, let us tentatively pretend as if we do not know about the
original D-term attractor model, and consider its possibility in the perspective of general
attractor or pole inflation context.

As repeatedly mentioned, the essence of the a-attractor or more generally pole in-
flation is the presence of a pole in the kinetic term of the inflaton field before canonical
normalization. With this in mind, a naive gauge-invariant choice for a possible D-term
attractor-type model would be

K = -3alog (1 - |2, (3.1)

where ® is the inflaton field charged under U(1) symmetry, for simplicity, and other possible
charged fields are neglected at this stage. This Kahler manifold has a curvature

.2 _

R= (Kq)q)) (Kq)q)chécEchcicb - K<1><i><1><I>> (3.2)
2

__ = 3.3

30 (3.3)

and leads to a second order pole in the kinetic term at |®| =1,

3«

Koo = —5—-
- eP)?

(3.4)
This apparently perfectly matches the requirement of pole inflation, and indeed this Kéhler
potential is used for F-term a-attractor models [17], though the appearance of the pole in
the factor e of scalar potential is cancelled out by the suitable choice of superpotential.
There is another kind of difficulty in D-term cases because not only the kinetic term but
also the D-term potential is determined by Kéhler potential. When the Kéhler metric K43
has a second order pole, the D-term potential, which contains | K|?, also has a second order
pole generically. For the above Kahler potential, the scalar potential is

v 9 (3ol 2
2 \1—|®]2

- 922(3a)2smh4 <¢§E) : (3.5)



where ¢ = v/6atanh™*(|®|) is the canonical inflaton field. Thus, after canonical nor-
malization, we obtain an exponentially steep function. Although a suitable choice of
gauge kinetic function might in general rescue this situation like superpotential in F-
term cases, it is unlikely in our minimal setup because SUSY and gauge invariance require
[(®y, &) = f(P+P_), and this reduces to a constant in our configuration ®_ = 0. Expo-
nential stretching due to canonical normalization is still valid, but the value of the potential
grows rapidly near the pole, so the exponential flattening is not realized. This is because
of the presence of the second order pole in the original scalar potential [21].

The a-attractor model in the D-term case was first discussed as an example of massive
vector (or tensor) supermultiplet models [16]. In this approach, a U(1) vector supermul-
tiplet and a chiral supermultiplet corresponding to a Higgs/Nambu-Goldstone field are
introduced. Instead of taking Wess-Zumino gauge, gauge is chosen so that the chiral mul-
tiplet becomes trivial leading to the theory of a massive vector multiplet. This is just a
SUSY description of the Higgs mechanism.

Here, we take Wess-Zumino gauge as usual, and retain a chiral superfield. Then, the
D-term model corresponding to the a-attractor potential is given by [16],7

K = -3alog (A+A) +38(A+A4A), (3.6)

where a, f > 0. A transforms nonlinearly like axion under the U(1) transformation, i.e.
A — A = A — cX, where c is the transformation parameter, and the Killing vector is now
given by X = ig with some constant g. The A field may be related to the usual U(1)
charged field ® as ® = e, and ¢ is interpreted as the U(1) charge of ®. Inflation occurs in
the large-field region of A 4+ A, and the imaginary part is absorbed by the gauge field due
to the Higgs mechanism. It should be noted that the inflaton is not the shift symmetric
direction in this case in contrast to the standard lore [26, 27, 39, 40].8 Note that the shift
symmetry of A in eq. (3.6) becomes U(1) symmetry of ® in the K&hler potential

K = —3alog (+log (|®[%)) + 381log (|2]?) . (3.8)

This kind of change of variables was discussed in the context of F-term inflation [41]. In
this parametrization of the field space, ® is defined only in |®| > 1. Inflation happens at
large |®|, and the phase component is absorbed by the Higgs mechanism. According to
the general discussion of pole inflation [12, 20], which includes a-attractor, potential can
be flattened by a pole of the coefficient of kinetic term. To compare it with this notion, it
may be useful to redefine the field ® — & = 1/,

K = —3alog (— log <](i>|2>) — 35 log <|<i>]2) . (3.9)

In this parametrization, ® is defined only in 0 < |®| < 1, and inflation occurs near ® = 0.

"Equation (4.31) of ref. [16] contains a typo: either the term inside the logarithm or the second term
should be multiplied by minus one.

8Tt is possible to rewrite eq. (3.6) in such a way that shift symmetry of the superfield ¢ = log(A)
corresponds to the shift symmetry of the canonical inflaton up to Kahler transformation,

K 7galog (2470 4@ D) ga@ + ) +38(c” + €?). (3.7)

In this expression, each of the first two terms is not gauge invariant, but it is when added up.

-8 —



Let us see how this model circumvents the issue discussed above. The Ké&hler metric
following from eq. (3.9) has a second order pole multiplied by logarithmic singularity, so
the kinetic term is

~ 2
Lx = sa 2’@ﬂﬂ (:Sazﬁhéﬂ). (3.10)
B2 <log|<i>|2> |©[* (log |@[?)

Actually, the first derivative of the Kéahler potential has a pole of first order, but it is
cancelled by the Killing vector X; [cf. eq. (2.4)] because the pole is at the origin,

_ﬁ 3a 2_gQ< 3 >2
V=7 <3ﬁ_+logﬁﬂ2) <_.2 3p oglof) | (3.11)

Of course, we cannot simply take K = —3alog|®[?. Although the first order pole is

cancelled similarly, the Ké&hler metric vanishes.

o= ﬁlog (g log |<I>|2> , (3.12)

99232 2 ’
V= 5 [1 — exp (— 3@@)] . (3.13)

The canonical inflaton is

and the potential becomes

As is clear from this potential, for ae — oo this approaches to the quadratic chaotic inflation
model. For o < 1, on the other hand, this shows the attractor behavior:

2 12c

il _ 3.14
N, T N2 (3.14)

ne=1-—

We clarify an approximate global symmetry hidden in the Kéhler potential (3.8)

or (3.9). First, note that, in the plateau-type potentials, which asymptotes to a con-

stant in the large field limit, canonical inflaton ¢ has an approximate shift symmetry

¢ — ¢ = ¢ — ¢ where ¢ is a transformation parameter. In the case of D-term attractor,

é = +/3a/2log[(A+A)/+/2], so the shift symmetry of the canonical inflaton corresponds to

scale symmetry of A =log®, i.e. A — A’ = e~ V2/302 A In this respect of scale symmetry

in a-attractor, see ref. [13]. This in turn implies that the inflaton part of the theory has a
symmetry under the “power transformation”

d— @ =/ (3.15)

where é = ¢V2/3%¢_ This symmetry is respected by the inflaton kinetic and potential terms,
but not necessarily respected by other fields. By the power transformation (3.15), the form
of the Kahler potential (3.8) changes as

K = —3alog (+log (|®]?)) + 331og (|@)
= —3alog (+1log (|2'1?)) — 3alogé + 3¢S log (|2]*) . (3.16)



That is, this is a Kéhler transformation and rescaling of 8. The constant Kéhler trans-
formation does not affect the inflaton Lagrangian. Let us separately consider the inflaton
kinetic term and potential. The kinetic term depends only on the term proportional to «
because log |®|> = log ® + log ®* is a sum of (anti)holomorphic terms. Thus, the kinetic
term is invariant. The dominant contribution to the inflaton potential comes from the
term proportional to 5. The rescaling of 3 is compensated by the rescaling of U(1) charge
of the inflaton due to eq. (3.15). Thus, the dominant (constant) term in the potential is
invariant. Alternatively, one can define the accompanying transformation of vector super-
field V' — V' = V/¢, so that the gauge invariant combination transforms covariantly like
(@*eV®) = (&"*eV'@")¢. In this case, the U(1) charge of the inflaton is not changed, but
the normalization of gauge kinetic term changes as g%WW = %W’W’ . Because of this
rescaling of the gauge coupling (combined with the rescaling of £ in the Kahler potential),
the resultant D-term is invariant. The term proportional to « breaks the symmetry softly
to make a non-trivial (non-constant) inflationary potential.

As a final remark on the D-term a-attractor model, we comment on the connection to
FI term. Explicitly writing the vector superfield, we can rewrite the Kéhler potential (3.8)
as

K = —3alog [log (®*e" ®)] + 3Blog |®|* + 38V. (3.17)

As the last term implies, it is as if we have an FI term proportional to 8. This explains why
we can have a constant in the D-term potential. However, it is accompanied by the log |®|?
term, and the Kahler potential itself is gauge invariant. This combination does not cause
the problem of gauge non-invariant supercurrent supermultiplet, which is characteristic
of an FI term [42, 43] (see also ref. [44]). Another way to see similarity to FI term is
to apply Kéahler transformation. Suppose there is a nonzero superpotential. By Ké&hler
transformation, we can transfer the second term in (3.8) into the superpotential,

K — K' = —3alog [log (2*e"®)] + 38V and W — W' = &*W. (3.18)

This is the same form as a gauged U(1) R-symmetric theory with a field-independent FI
term proportional to 5. However, as discussed e.g. in refs. [45, 46], this is an imposter of
field-independent FI term due to the Kéahler transformation, because the original Kéhler
potential and superpotential are separately gauge invariant and the constant term is orig-
inated from the K;X; term in the D-term potential. In this sense, this is classified as
a “field-dependent” FI term although it is actually constant (field-independent). On the
other hand, the exponential term in the canonical inflaton potential is originated from the
term dependent on « in the Kéhler potential, which has a very similar form to the case of
the standard field-dependent FI term [47]. Usually, the modulus field on which the FI term
depends is supposed to be stabilized by some mechanism to make the FI term effectively
constant (but it is a nontrivial task, see e.g. refs. [45, 48]). In the case of D-term attractor
model, such stabilization is no longer required because there is a truly constant term sep-
arately and the modulus is identified as the inflaton which slowly rolls down the potential.

,10,



3.2 Modification of D-term o-attractor model

If we identify ® as a usual chiral superfield charged under U(1) symmetry, we want to be
able to describe not only the Higgs phase (in which U(1) symmetry is spontaneously broken)
but also the Coulomb phase (in which U(1) symmetry is unbroken). In the Coulomb phase,
the value of charged fields vanish. In ref. [16], it was called de-Higgsed phase, and it was
only recovered when g = 0. To enlarge the field space to include the Coulomb phase, we
modify eq. (3.8),

K = —3alog {Jr log<’y - \@12)] +3B1log (v + 7). (3.19)
For example, consider the case v = 1. Now, the field ® is defined everywhere (including

® = 0) as long as |®| is finite. Inflationary dynamics is unchanged because inflation happens
at |®| > 1. Alternatively, one has

|2/ 2]
K = -3alog |—log | ——=—= || —3Blog | ———=— | , (3.20)
14 ~|®|? 1+ |P|?

where v = 1 and ® is defined everywhere except ® = 0.

We can understand the validity of the above modification by looking back the structure
of the kinetic term (3.10) and the potential (3.11) for ® before the modification, i.e. v = 0.
The kinetic term of ® has a pole at the origin as well as ®, but inflation occurs at large
|®|. Since the form of the kinetic term is the same as ®, and the potential is similar to that
of ®, similar flattening happens also for ®. Although we cannot extend the field domain
of & to ® = 0 without affecting the pole at ® = 0, we can extend the field domain of ® to
|®| < 1 by adding a parameter « as in eq. (3.19) to remove the pole at & = 0, since the pole
at ® = 0 does not do any essential role for flattening of the potential. In this way, we can
have an example of D-term attractor models which is also defined at the Coulomb phase.

For completeness, we introduce other fields to cancel gauge anomaly, and demonstrate
stabilization of these fields during inflation. We will rewrite & — &, and introduce an
oppositely charged field ®_ and a neutral superfield S. The stabilization of these additional
fields turns out to be tricky, which will be discussed separately in section 3.3.

Now, let us discuss the properties of the generalized D-term attractor models and their
predictions of (ng,r). For completeness, we also consider possibilities other than v = 1.
The Kahler potential is given by

K = —3alog [log (’y + |<1>+|2>} +3B1log (v + |2+]?), (3.21)

for real and positive constants of «, 5, and a real constant . We consider the region where
v+ |®,|? > 1 otherwise the Kiihler potential (3.21) becomes complex (except for even «).
Writing ¢ = v/2|®.|, we obtain the following kinetic term and D-term potential:

el [ap?/2 +~log (v + ¢*/2) (Blog (v + ¢*/2) — a)] (3ﬂ90)2, (3.22)

(7 + 92/2)2 [log (v + ¢2/2)]? 2

— 11 —



=% (255) (- mrm) (.29

The potential becomes flat for ¢ — oo. Although the kinetic term also approaches to 0,
the dependence on ¢ is rather weak due to the term with «, and actually we can realize a
successful inflation. There are some noticeable features in this model.

e For v < 0, both the kinetic term and potential positively diverge at ¢ = ¢, where
ep = V2(1— 7). (3.24)

The region of ¢ < ¢, and ¢ > ¢, are separated by the infinite potential barrier. The
potential has a minimum with vanishing cosmological constant at ¢ = ¢,, where

e o))

Since both v and 8 are positive, we always have ¢,, > ¢, and the potential becomes

flat for ¢ — co. Depending on parameters, there may be additional extremal points
of the potential. The equation which specifies such points is the same as one that
determines the points where the kinetic term coefficient vanishes, namely

ap?® /2 +vlog (v + ¢*/2) (Blog (v + ¢*/2) —a) = 0. (3.26)

For sufficiently small 5 for fixed « (or large « for fixed [3), there are no solutions to
the above equation in the region ¢ > ¢,. Then, we do not have additional minima
or maxima of the potential, and also the kinetic term has the physical sign. In this
case, slow-roll inflation is possible in the plateau region ¢ > ¢, which is smoothly
connected to the vacuum at ¢ = ¢,,.

e For 0 <+ < 1, it is similar to the v < 0 case, but the kinetic term is positive definite.
There is a minimum of the potential at ¢ = ¢,, with V = 0, and the potential
asymptotes to a positive constant at the large field region. However, there are no
additional extrema for any « and  in this case.

e For v =1, ¢, becomes 0 and the potential at ¢ = 0 has a finite value V' (0) = 9g%a2 /2.
The kinetic term also remains finite at that point. The potential minimum is still
given by (3.25). This is a symmetry-breaking type potential.

e For 1 <~ < exp(a/B), there are two potential minima at ¢ = 0 and ¢, with V' =0,
which are separated by a finite potential barrier whose maximum is at ¢ = ¢ <
©m. Here, ¢ is determined as a solution to eq. (3.26). At this point, the kinetic
term vanishes. Since the kinetic term becomes negative for ¢ < ¢, we must be
careful about the dynamics after inflation. Indeed, the height of the potential barrier
satisfies V(¢p) < V(0)]4=1 = 9g°a?/2, which never exceeds the vacuum energy during
inflation V(p — o0) = 9¢25%/2 if 3 > a. In such a case the inflaton field climbs over
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the potential barrier to enter the range ¢ < ¢ after inflation, taking a wrong sign of
the kinetic term. This problem can be avoided if & > /3 and ~ is sufficiently close to 1.7

e For exp(a/B) < 7, the kinetic term is regular in all the field space and there is only
one minimum of the potential at ¢ = 0 with V' = 0. In the large v limit, the po-
tential in terms of the canonical field is approximated as that of the minimal model,
V ~ ¢?¢*/8, in the leading order of 1/~ expansion.

Using the method described in appendix A, we calculated the prediction of (ng,r),
which is shown in figure 2. We see that the predicted values for ng and r nicely fit the
observational results, especially for a < 1. Let us discuss a limiting case with ¢?/2 >
v,v1log(p?/2), and (vB/a)log®(¢?/2). In this limit the canonical field is given by

/ Voo ————dp = ﬁlog % . (3.27)

@log 2/2) Iog (%)

In terms of the canonical field, the potential reduces to eq. (3.13) and hence the same
prediction (3.14) is recovered. The field value of ¢ at the e-folding number N, is given by

PN, ~ V2exp ( 2;;) : (3.28)

For consistency of the approximation, we should have

exp <345> > 7, % and ozlﬁ' (3.29)
When these conditions are not satisfied, e.g. with large 5 and nonzero =, there are sizable
corrections to the above potential. An example of (ng,r) prediction for such a case with
8 = « is shown in figure 2.

Let us comment on the meaning of the parameters and curvature of the Kahler mani-
fold specified by eq. (3.19). v parametrizes deformation from the original D-term attractor
model (3.8). In the absence of 7, a defines the curvature of the K&hler manifold (3.2),
and controls the way the inflaton is normalized. This, in turn, determines the slope of the
potential and hence the tensor-to-scalar ratio. Meanwhile, 5 controls the overall normal-
ization of the potential. In the presence of v, the Kéhler curvature now depends on the
field value ¢ as well as the parameters «, 5, and v. The exact expression is too long to
be displayed here, but we can discuss some limits. First of all, the limit v — 0 or ¢ — o©
reduces to the undeformed result, R = —2/(3«). This reflects the fact that the effects
of the deformation is minor in the large field limit. The opposite limit v — oo leads to
R =2/(38). However, in this limit, the tensor-to-scalar ratio is approximately independent
of 3, as discussed above. Thus, with general v, the Kahler curvature is not directly related
to the inflationary observables.

9 Alternatively, this may be solved by introducing an F-term potential for inflaton since it contains the
inverse of Kéahler metric, which becomes infinitely large as ¢ — ¢y.
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Figure 2. (ng,r) for v = 0 (purple solid), 0.1 (orange dashed), and 1 (blue dotted), where we have
assumed o = (. Lighter and darker lines correspond to the cases with N, = 50 and 60, respectively.
For each line, we varied 5 = 1-10°. Green curves represent 68% and 95% confidence regions of the
Planck TT+lowP+BKP+lensing+BAO+JLA+H, constraint (adopted from figure 21 of ref. [4]).

3.3 Stabilization of other fields

As mentioned before, there are additional fields ®_ and S, which must be stabilized during
inflation. Here, we consider the following superpotential,

W =AS5o, P_. (3.30)
The masses of ®_ and S in the canonical basis during inflation are given by [see eq. (2.18)]

2,2
2 B A
- ) SS @—@— 2 ’

(3.31)

If we naively extend the Kéhler potential (3.21) by introducing additional fields,
K = —3alog [log <7 + @2+ |22+ \812)] +33 log(’er D4 >+ |P_|* + |S|2>, (3.32)

masses of ®_ and S become

21\ 3(B+1) 2 2 —3a
@ A ®
m?g,F = méﬂF o~ <2 > o5 <log (2 >> . (3.33)

Here and hereafter, our main interest is the attractor regime, so we have neglected v and
assumed 3log(¢?/2) > a. Note that in the non-canonical basis, ¢ exponentially grows as
exp(2N,/3[3) as seen from eq. (3.28). Thus we find that

3o
mF g =mg_p o< exp (4(66+1)Ne> (Zﬁe) . (3.34)

It means that their masses become at least ¢©Ve) times larger during the last N, ~ 60

e-foldings, and that they easily exceed the Planck scale. This situation is similar to that
of the polynomial models described in section 2.
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The difficulty described above can be alleviated if we introduce the following terms in
addition to eq. (3.32),
HISI? (124574 4 @ [2+). (3.35)

In this case, masses from F-term potential read

22 SOQ —3a

Note that the exponentially large factor eX K(Ii @7902 o pihtd

¢~ (66+4) " Tn order to avoid the appearance of super-Planckian masses before the end of

. -1
is canceled by K g5 X

inflation, we require the following condition,

22 /33)\ 3%
36h<45> < 1. (3.37)

It is also necessary to check that the F-term masses (3.36) actually stabilize ®_ and
S against a negative contribution from D-term potential and the Hubble friction. Due to
the additional terms in egs. (3.32) and (3.35), the D-term potential is modified as follows,

_ 92[ 3(124 ]2 — |2 ) ( _ a )
2 [y + 1P+ 22+ S log(y + |4 [* + 2> + |S[?)
2
13-+ 2P ([0 = o5+ | (3.38)
which leads to the following masses for ®_ and S in the canonical basis,
m%{)ﬂD ~ —6g°8 and m%yD ~ 39%B(38 + 2). (3.39)

Two fields are stabilized if the total masses m%ﬂ rt m?{,ﬂ p and m% rt m% p remain
larger than H? ~ V/3 ~ 3¢?3?/2 during inflation. Since the negative contribution méﬂ D
dominates over H? for B < 4, it is sufficient to require that mé_, P> —m?b_’ p- From this
condition, we find

38h \ 4N,

Furthermore, some parameters are constrained by the requirement that they explain the

2 3a
A < 35 > > 6¢%8. (3.40)

amplitude of the observed power spectrum of the curvature perturbation [5],

174 992ﬂ4 <p2 2 9252]\72 o
= ~ 1 — ~ € ~22x%x107". 3.41
Pe= Samte = banza [0\ 2 Ao 8 (3:41)
Combining egs. (3.37), (3.40) and (3.41), we obtain
72r2aA, (4N \3* A2 4\
< — <3 — 3.42
NZ <3B> h<6<36) | (342

where Ay = 2.2 x 1079.
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The condition (3.42) is easily satisfied for &« ~ 5 < 1. On the other hand, if the
power exponent of |®, |2 in eq. (3.35) is some integer, the value of 3 is constrained, and its
smallest value is § = 1/3. In this case, larger values for a and/or smaller values for g are
required in order to satisfy the condition (3.41), but « cannot be arbitrarily large since it
easily conflicts with the constraint (3.42). Furthermore, a larger value of « leads to a large
tensor to scalar ratio [see eq. (3.14)], which also conflicts with observational results.

4 Kahler potential for D-term pole inflation

The a-attractor is characterized by a second order pole in the coefficient of the inflaton
kinetic term [12]. Its prediction is ns = 1 — 2/N, and r = 12«/N2. This is generalized to
poles of arbitrary order [12, 20, 21]. When the inflaton field C has a pole of order p in the
kinetic term, we redefine the origin of the field so that the pole coincides with the origin.
Then, we have the following inflaton Lagrangian,

(Vo) e=12 (9,0) - V(o). (4.1)
2Cr

For the sign of the kinetic term to be physical, a, with even p has to be positive. For odd p,

if a, is negative, we redefine C' — —C" and a, — —ay,, and drop the primes. Thus, without

loss of generality, we can assume a, > 0 and C' > 0. The parameter o of the a-attractor is

related to ag as ag = 3a/2. If the potential has a positive finite value at its origin and is

smoothly connected to a vacuum,'” the spectral index and tensor-to-scalar ratio are given

by [12]

1
P 8a! p—1
r= P -, (4.2)

(p_l)Nt; (p_l)p%lNepj

ng=1-—

where @, is rescaled by the ratio of the constant and linear terms in V(C), a, =
ap(—2a/b)P~2 (see eq. (4.6) below where a and b are introduced).

In this section, we derive the form of Kéhler potential leading to pole inflation of order
p in the case of D-term inflation. In ref. [20], the form of Kéhler potential is studied for
p = 2 with higher order pole corrections. We discuss general p, and derive the Kéahler
potential in terms of the ordinary U(1) charged field ®. We investigate effects of higher
order poles in the next subsection.

Using the general prescription given in ref. [16], we can construct any monotonically
increasing potential. The canonical inflaton potential for pole inflation is known [20], so
we can construct Kéhler potential leading to the potential. Though equivalent, we focus
in the following analysis more on the variable C' having a pole in the kinetic term because
it is the essence of pole inflation.

10For more general cases in which the potential also has a pole at C' = 0, the canonical potential becomes
an exponential term (power-law inflation) or monomial (chaotic inflation) [21, 49]. In this paper, we are
mainly interested in plateau-type potentials, and do not consider singular potentials. See section 4.1,
however, for a pole with a small coefficient as a small shift-symmetry breaking effect.
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To derive the conditions on the Kéahler potential, it is useful to deal with a shift-
symmetric field A = log(®) because derivative of K with respect to A and its conjugate
are same,

K(AA) = K(A+A), Ky = Kj. (4.3)

Similar relations hold for higher derivatives. We therefore introduce a real variable C' =
A+ A as in ref. [16], and the Kéhler potential is effectively a function of a single variable,
K=K(C).

This C' does not necessarily coincide with C' introduced above, so ¢ = C(C). The
coefficient of the kinetic term is given by the Kéhler metric, so we require

K" (dC\* a
= <~> =2 (4.4)
2 \dC cr
where prime denotes differentiation with respect to C. Since A transforms by a constant
shift under U(1) transformation, the D-term potential is given by

2
g "2
V== (K)". 4.5
() (1.5
Therefore, K’ should be a regular function of C at the origin. Expanding it up to a first
order, we obtain

K' =b+aC. (4.6)

The relative sign of a and b should be negative because otherwise inflaton C' keeps roll
down to the origin, and inflation does not end. Combining egs. (4.4) and (4.6), we obtain

1
2a p—1
K' = - 4.

where we neglect an integration constant which can be absorbed by the shift of C. Inte-
grating the above equation, we find the following form for the Kéahler potential,

Ko+ bC — 2a3 log |C| (p=2),
K= 1 (20, )\ 7T p=2 (4.8)
Ko+bC = 253 (25)77 (—aC)pt (p#2),

where C = A + A = log|®|?, and K is an integration constant. For p = 2, we reproduce
egs. (3.8) or (3.9) depending on the sign of b (or C') with identification Ky = 0, b = £33,
and az = 3a/2.

Although we can define the transformation of C' or ® corresponding to the shift of
canonical inflaton ¢, we do not find a simple formula or interpretation for the cases with
p# 2.

As demonstrated in section 2.2 and section 3.3, we can introduce fields for anomaly
cancellation and stabilize them during inflation. It is a straightforward generalization, so
we do not repeat it here.
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4.1 Symmetry breaking effects

Next, we consider effects of higher order poles as symmetry breaking effects [20],

ey (G B0 e w

where ¢ > p without loss of generality, and we assume % > % during inflation because
otherwise the effect of pole of order p can be negligible and the previous discussion applies
with substitution p = g. We treat the a, term as a perturbation. The observational effect

on (ns, r) due to this perturbation is given by the following shifts [20]

q—2p+1

_ _ —1 —1 p—1 a/ q—2p+1
sn, — =P P P —1) QNPT (4.10)
a,r=1(q — 1)
q—2
8(gq—p—1)(p—1)rta, w2
o Sla—p ﬂ)(p )7 ag ’ (4.11)
ap»~1(q—1)
where af, = a,(—2a/b)’~? and a} = a,(—2a/b)1"2.
Due to the existence of higher order poles, eq. (4.4) is replaced with
K" (dC\?
= <~) =y e (4.12)
2 \dC cr (4

Up to the first order in a,, the additional term in the Kahler potential is

p—q+1

—(p—1)a, 2a, \ Pt q=2
AK = — -1 4.1
G020 \p—1) )
In the case of a-attractor (p = 2), this reduces to
— — =2
AK = 2 aCy" (4.14)
(¢—1)(g—2) \ 3c

Thus, higher order terms with respect to C' = A + A = log |®|? in the Kihler potential can
be interpreted as symmetry breaking terms.

One may also consider a pole in the potential suppressed by a small number as another
source of shift symmetry breaking. In this case, eq. (4.6) is replaced with

K = Ci +b+aC, (4.15)

where we assume the first term is subdominant to the second term during observable length
of inflation. This leads to s-th and (s — 1)-th order poles in the potential at the first order
of ¢. The latter is subdominant assuming the term b is dominant in eq. (4.15) during
inflation. Such a term affects ng and r [21],

s ST D@+ 25)b, <p - 1N6> o (4.16)

(p+ s)aj,
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s—p+1

S — 8s(p + 25)bs (p— 1Ne> p—1 | (4.17)

(p + s)ay, ay,

where by = (2¢/b) x (—2a/b)® measures the relative magnitude of the singular term in the
potential. Combining eq. (4.15) with eq. (4.4), we can similarly obtain the correction to
the Kéhler potential up to a first order in c,

pts—1

2 2 —(p—1 -1
AK = - 2Pt 29)a ( (p )“C> o (4.18)
a(p+s)(p+s—1) 2ap
In the case of a-attractor (p = 2), this reduces to
. s+1
AK = -0 aCy (4.19)
a(s+2) \ 3«

These are also higher order terms in C'. The similarity to the case of a higher order pole
in the kinetic term can be understood as follows. In eq. (4.15), one can redefine the field
as aC’ = aC + ¢C~*. This eliminates the pole in the potential, but it induces a pole in
the kinetic term. Thus, to the first order of ¢, one can map the Lagrangian to the form of
eq. (4.9). In this way, small perturbation as a form of higher order terms o< C™ (n > 1)
in the Kahler potential are equivalent to the shift symmetry breaking effect in terms of
the canonical inflaton field ¢, which can be interpreted either as an additional pole in the
kinetic term or as a pole in the potential in terms of an intermediate field C.

5 Conclusion and discussions

In this paper we have tried to construct a concrete model of D-term inflation based on
attractor models. First, we have shown that simple models of D-term chaotic inflation do
not fit the current data, unfortunately. In addition, we have pointed out that the effective
masses of S and ®_ during inflation is exponentially large and typically beyond the Planck
scale, which might destroy the validity of the calculations due to quantum gravity effects.
As shown explicitly, higher order corrections to the Kéahler potential improve the fit to
the data and succeed in suppressing masses of the additional fields adequately. However,
without symmetry reason, these corrections are uncontrollable.

Then, we have revisited the D-term inflationary attractor models in this paper. These
attractor models can be realized in the context of pole inflation with a second order pole in
the kinetic term. However, we have seen the limitation on the structure of Kéhler potential
for D-term inflationary attractor models. Actually, it is not automatically guaranteed that
a sufficiently flat potential is obtained even if one specifies a Kéhler potential which leads
to a second order pole in the kinetic term. This is because the D-term potential is also
determined by the Kahler potential. We have extended the models in order to construct a
workable example, in which K&hler potential is defined in Coulomb phase as well as in Higgs
phase, gauge anomaly is cancelled and other required fields including the stabilizer field are
stabilized during inflation. These can be viewed as a first step of UV completing the D-term
attractor models. For these models with plateau type potentials, understanding the origin
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of shift symmetry for canonical inflaton is important. We pointed out that it is a symmetry
under the transformation ® = ®’¢ for the a-attractor (pole inflation with p = 2) case.
Finally let us discuss the reheating of the universe in our model (3.21). In particular,
let us consider the case of v < 1, in which the global potential minimum is given by
© = ¢om (3.25) and S = ®_ = 0.'' After inflation, inflaton begins to oscillate around
the minimum of the potential. The inflaton and gauge boson masses around the potential

622 2/2 2
2 2 m

_ _ 6975 ¥ ) 1
o =my = 273 (5.1)

Since SUSY is preserved at the minimum, the masses of the inflaton and the gauge boson,

minimum are given by

m

which are both members of a massive gauge supermultiplet, are same. Inflaton does not
decay into gauge bosons or gauginos for the kinematical reason. To reheat the standard
model sector, we may introduce a (small) kinetic mixing between the gauge bosons of
the U(1) and the standard model hypercharge U(1)y. Then the inflaton or hidden gauge
bosons decay into the standard model U(1)y gauge boson pair through the mixing. The
case of v = 1 is similar, but the cosmic string may be formed. When v > exp(«/f3), the
inflaton is massless at the vacuum, and reheating becomes nontrivial.
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A Slow-roll inflation in non-canonical basis

Let us consider the Lagrangian with a non-canonical scalar field

(V=0)" £ = L) @up) ~ V(). (A1)

The canonical field is
o= [ Vite. (A.2)

but often this integral cannot be analytically performed. Thus it may be convenient to
consider the inflaton dynamics in a non-canonical basis.
The equation of motion is
. fe . B
f90+7+3Hf90+V<p—0. (A3)

1At the potential minimum, the Kahler metric K4 3 becomes zero and the physical mass of S diverges.

To avoid this, we may introduce a small correction, e.g., K ~ ¢|®,|*|®_|%. Although it can mildly affect
the Kéhler potential (3.35) required for safely stabilizing the inflationary path, the qualitative discussion
remains intact.
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The subscript ¢ denotes the derivative with respect to ¢. The Friedmann equation is

22
3SMEH? = f% 4V (A.4)
In the slow-roll limit, we have
S3Hfp +V, =0, (A.5)
3SMAH? = V. (A.6)
The slow-roll consistency conditions are
€< 1, ‘n—§’<<1, (A7)
where ) ) ) )
MG MRV MRV, (A3
= of A N R P 7 '
The slow-roll equation is rewritten in terms of the e-folding N, as
dy Vo
- A9
dN. 3H2f’ (8.9)
so N, is calculated as
max[‘PNe y‘Pend} f
Ne :/ —dep, (A.10)
min[‘)DNe?50end} 26

where @enq and @, are the field values at the end of inflation and at N, e-foldings before
that. According to the J IV formalism [50-53], the curvature perturbation is evaluated as

C(7) = AN, (7) = T0PE) (A.11)

¥

Note that it is the canonical field 0, not dy, that obtains long wave quantum fluctuation
of Hine/(27) during inflation:

- - ad - 27‘(2 Hjn 2
<(5g0k5g0k/> = (27T)35(k + k‘l)ﬁlp&g, ’Pg@ = < 27Tf> . (A.12)

Then we obtain the dimensionless power spectrum of the curvature perturbation as

Hi\? £ 14
P < 5 ) Poe = 190 MV2 ~ 24m2Mpe (A.13)

The scalar spectral index is given by

dInP¢ dy dInP;
1= - - —¢ A.14
s dink _ dN, dp Ge +2n =& (A-14)

The tensor-to-scalar ratio is given by

r = 16e. (A.15)
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B Generic scalar potential in D-term inflation

In this section we explicitly construct a “generic scalar potential” as an explicit realization
of ref. [16] in terms of Higgs fields @, and ®_. In contrast to the original model, it is
well-defined at & = 0 and ¢_ = 0. Let us consider the following Kahler potential

K =3 = [in (14 b4 )] (B.1)

In the small field limit ®, — 0, this is expanded as K ~ |®, |? 4 (const) x [®,|*+..., but
in the large field limit the behavior is significantly modified. From this Kéahler potential

we obtain
Ky, = cn[In(1+b,|® ﬂ]Mﬂ (B.2)
e e L+ b,
n— n—lb%q) 240,10 (1 4+ b,|PL|?
Ko g, =Y cn[In(1+by |04 )] 2 (n = Dby|®+| ( [®4F%) (B.3)

(14 ba|®4[?)?

Note that the Kéhler metric is regular at &, — 0 for ¢; # 0. The fields are canonically
normalized in the limit ®; — 0 for ¢; = 1/b;. The D-term potential for &, with &_ =0
is given by

2
2 2
g n—1 bn|(1) |
Vp = (}n:cn [In (1 + b, |®4 )] an'fh'Q) . (B.4)

Let us consider the limit b,|®,|*> > 1. If ¢, (n > 2) are non-zero, it is easy to see

that the canonical field becomes ¢ ~ In . Actually for ca > |c3], |e4l, . . ., the kinetic term
becomes )
(Oup)
ﬁK ~ C9 1:02 . <B5)

Therefore we have ¢ ~ \/2calnp. Then from eq. (B.4) we obtain the D-term potential
just as polynomial of @,

V2 2 ’
Ve og?@® (14 054 2052 B.6
29" ¥ < + (@)3/2@—'— C% ¥ (B.6)

where we assumed ¢ >> |e3] > |e4| and neglected ¢, with n = 1 and n > 5. Thus we obtain
a polynomial type potential. It is obvious that we can also obtain more general form by
choosing ¢,, appropriately.

To illustrate impacts of this type of model, we solved the dynamics of ¢ = v/2|® |
assuming ®_ = 0. For numerical calculation we take b, = b =10, co =1 and g = 1. The
result is shown in figure 3 for ¢4 = 0,2 x 107%4,3 x 1074, and 5 x 10~%. For each line, we
varied —c3 = 0—4 x 102 within the range satisfying Vi, > 0 for the whole last 60 e-foldings.

The stability of S and ®_ during inflation is a nontrivial issue also in this model, but
we can arrange the superpotential and Kéhler potential so that they are stabilized at the
origin while avoiding too large masses in a similar fashion to that of section 2.2.
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Figure 3. (n,,r) for ¢y = 0 (purple solid), 2 x 10~* (orange dashed), 3 x 10~* (blue dotted), and
5x10~* (red dot-dashed). For each line, we varied —c3 = 0—4 x 1072, Green curves represent 68%
and 95% confidence regions of the Planck TT+lowP+BKP+lensing+BAO+JLA+Hy constraint
(adopted from figure 21 of ref. [4]).
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