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ABSTRACT: F-theory compactified on singular, elliptically fibered Calabi-Yau five-folds
gives rise to two-dimensional gauge theories preserving N = (0,2) supersymmetry. In
this paper we initiate the study of such compactifications and determine the dictionary
between the geometric data of the elliptic fibration and the 2d gauge theory such as the
matter content in terms of (0, 2) superfields and their supersymmetric couplings. We study
this setup both from a gauge-theoretic point of view, in terms of the partially twisted
7-brane theory, and provide a global geometric description based on the structure of the
elliptic fibration and its singularities. Global consistency conditions are determined and
checked against the dual M-theory compactification to one dimension. This includes a
discussion of gauge anomalies, the structure of the Green-Schwarz terms and the Chern-
Simons couplings in the dual M-theory supersymmetric quantum mechanics. Furthermore,
by interpreting the resulting 2d (0, 2) theories as heterotic worldsheet theories, we propose
a correspondence between the geometric data of elliptically fibered Calabi-Yau five-folds
and the target space of a heterotic gauged linear sigma-model (GLSM). In particular the
correspondence between the Landau-Ginsburg and sigma-model phase of a 2d (0,2) GLSM
is realized via different T-branes or gluing data in F-theory.
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1 Introduction

Two-dimensional N = (0, 2) supersymmetric gauge theories occupy a sweetspot in field the-
ory and string theory. Their relation to superconformal field theories in higher dimensions
is in part responsible for the recently revived interest in their dynamics. At the same time,
in combination with conformal invariance, two-dimensional field theories with (0, 2) super-
symmetry lie at the very heart of string theory since they describe the worldsheet of the
heterotic theories. Following the seminal paper [1] much interest was sparked also in non-
conformal (0,2) gauge theories which flow to a (0,2) superconformal field theory (SCFT)
in the infrared. Recent years have seen intensified efforts to understand the properties
of 2d (0,2) theories from first principles, as well as through the connection with higher-
dimensional theories. For instance, defects of supersymmetric three-dimensional gauge
theories are described in terms of 2d (0,2) theories [2]. Another avenue is to consider the
dimensional reduction of supersymmetric gauge theories, such as 4d N = 1 theories [3, 4]
or twisted reductions of 4d N = 4 theories [5-7]. Among the most intriguing connections



is the relation to the enigmatic 6d (0,2) theory which captures the effective theory of M5-
branes. Dimensionally reducing the 6d (0, 2) theory to 2d on a four-manifold (embedded as
a co-associate cycle in a G9 manifold) results in a (0, 2) supersymmetric gauge theory [8, 9],
whose characteristics are encoded in the geometry of the four-manifold. Much progress has
been made in uncovering the properties of such theories.

An alternative way to obtain large, and at times comprehensive, classes of gauge
theories is to geometrically engineer these within string theory. Geometric engineering
of 2d N = (0,2) gauge theories has thus far been somewhat confined to a sparce set
of examples. Compatifications of Type II and heterotic supergravity to two dimensions,
mostly with focus on models with four supercharges, have been analyzed e.g. in [10-16],
and [17-20] have obtained (0,2) models from D1-branes at local singularities. Here, our
goal is to develop a geometric engineering framework for 2d N = (0,2) theories which
generates both a large class of examples and potentially even a classification by means of
constraining the gauge theory from the geometry of the compactification spaces.

In the 20 years after its uncovering, F-theory [21-23] has established itself as a powerful
framework for geometric engineering of gauge theories in even dimensions, specifically 8d,
6d, and 4d. Recent work has exemplified the strength of this approach, which resulted in a
classification of 6d N = (0,1) SCFTs [24]. Thus far, entirely unexplored are compactifica-
tions of F-theory to two dimensions, whose analysis we initiate in this paper by constructing
2d N = (0,2) theories from F-theory on elliptically fibered Calabi-Yau five-folds Y.

As for any geometric engineering framework, we first have to develop the precise cor-
respondence between the gauge theoretic ingredients in 2d and the intricate structures of
the underlying five-fold geometry. Going beyond the geometric realization of gauge theo-
ries, this approach even offers the prospect of interpreting the 2d (0, 2) theory obtained by
F-theory compactification on Y5 as a (heterotic) worldsheet theory in its own right, thereby
establishing a new correspondence between the original compactification space Y5 and the
target space associated with the resulting 2d heterotic worldsheet theory. To pursue this
program, much of our interest will be focused on the elliptic fiber of the Calabi-Yau variety
Y5, as this will govern the gauge degrees of freedom, matter and supersymmetric couplings
in 2d and geometrically encode the 7-brane degrees of freedom in F-theory.

In carrying out this program we benefit from the considerable progress that has been
achieved in the study of lower-dimensional elliptic Calabi-Yau varieties in analysing 6d and
4d vacua with N = 1 supersymmetry. The latter case was partially motivated by the con-
struction of phenomenologically relevant string vacua [25-27] (for recent reviews of F-theory
see e.g. [28-30]). The advances made in this active field of studying F-theory on Calabi-
Yau three- and four-folds will provide an ideal setting to venture into the study of elliptic
Calabi-Yau five-folds. The geometric lessons learned on lower-dimensional compactification
spaces will serve as crucial input into our analysis. But various higher-dimensional intrica-
cies will be encountered along the way, making five-folds a much richer class of Calabi-Yau
varieties than the ones thus far studied. This is mirrored in the more complex structure
of the 2d N = (0,2) landscape of gauge theories. In particular, the theories we set out to
study seem to be genuine (0, 2) models insofar as they are not in any way closely related to
N = (2,2) theories, which for many constructions in the past have been the starting point
in the construction of (0,2) theories.



There are various approaches to studying the 2d theories that emerge from F-theory on
Calabi-Yau five-folds. A gauge theory with gauge group G arises as the world-volume theory
of 7-branes wrapping a complex three-fold M¢ (i.e., counting real dimensions, a six-cycle)
in the complex dimension four base By of the elliptic fibration. From this point of view, the
2d theory is described as a partially topologically twisted 8d supersymmetric Yang-Mills
(SYM) theory, where the twist is along the compact directions. The supersymmetric vacua
of this gauge theory are characterized in terms of generalized Hitchin equations on Mg for
a Higgs bundle (A, ¢). Such a gauge theoretic point of view, which also formed the basis
of the work [25-27] on four-dimensional F-theory compactifications, is particularly useful
in determining the precise correspondence between the geometric data of Mg and the 2d
spectrum. We therefore begin our analysis by studying the dimensional reduction of the
partially topologically twisted 8d SYM theory to 2d.

Much of the properties of 7-branes in the F-theory compactification are encoded in
the geometry of the elliptic fiber, in particular its singularities above Mg. Aspects of the
base of the fibration will for this paper not play a central role, but are key to the study of
superconformal points [31]. Due to the absence of a first-principle formulation of F-theory,
dualities are of particular importance in identifying the compactification data. The most
important of these is the duality with M-theory, compactified on the Calabi-Yau five-fold
Y5 to one dimension, which yields an N = 2 supersymmetric quantum mechanics. The
super-mechanics obtained from M-theory on smooth, not necessarily elliptically fibered
Calabi-Yau five-folds has been studied in [32]. As we will discuss, in the presence of a fi-
bration structure this super-mechanics theory lifts to a 2d N = (0, 2) theory in the F-theory
limit of vanishing fiber volume. Amongst other things, this approach will turn out to be
useful in studying the global consistency conditions of the compactification, the rich struc-
ture of gauge anomalies in chiral gauge theories and the inclusion of gauge backgrounds in
form of M-theory fluxes. The perturbative limit of the F-theory construction is described
by a Type IIB orientifold on a Calabi-Yau four-fold. This point of view provides us with
invaluable intuition in particular in studying the sector of D3-branes, whose dynamics in
the dual M-theory compactification, where they correspond to M2-branes, is considerably
more elusive. Another useful approach in studying F-theory compactifications is to con-
sider heterotic/F-theory duality, which is applicable when the base By of the five-fold is a
P!-fibration over B3. The 2d (0, 2) F-theory vacuum is then mapped to the theory obtained
from compactification of the heterotic string over an elliptic fibration over Bs. The Higgs
bundles and their spectral covers that we discuss for the 7-branes in Calabi-Yau five-folds
should then have a counterpart in terms of spectral covers for the heterotic duals. The
exploration of this duality is left for future work.!

The theories we obtain from F-theory by combining these various angles have the
following structure. There are two sources for the vector multiplets: from the gauge fields
on the 7-branes as well as from extra D3-branes wrapping holomorphic curves inside Bjy.
Charged massless matter arises by dimensional reduction of the bulk modes, by which

Note that the correspondence with heterotic GLSMs which we will discuss in this paper is of a different
nature than this more canonical heterotic/F-theory duality.



we mean the gauge degrees of freedom along the worldvolume of the 7-branes (and in
principle also the D3-branes), from [p, g]-string excitations localised at the intersection of
two 7-branes over a complex surface (which will be referred to as surface matter), and from
[p, q]-strings at the intersection points between the 7- and the D3-branes, respectively. This
matter organizes into 2d (0,2) chiral and Fermi multiplets, which are counted by certain
cohomology groups that we determine.

The matter interacts via non-derivative couplings allowed by the (0,2) structure of
the effective theory which can be computed by evaluating the overlap of the internal zero-
mode wavefunctions. Apart from pure 7-brane bulk and bulk-surface matter couplings,
such interactions localize at the intersection of matter surfaces. Holomorphic couplings
charcterized in terms of the fields E' and J arise from both codimension three and four
loci in the base, which give rise to cubic and quartic couplings, respectively. The pure
surface-matter couplings arise from the wavefunction overlap at distinguished curves in
the base over which the singularity structure of the fiber enhances further. Generically,
at such codimension three loci several types of gauge invariant interactions coalesce due
to the strong fiber enhancement. The interactions have contributions at leading order
from the point of view of the 7-brane theory, which give rise to so-called E- and J-type
couplings in the 2d theory. These are always cubic in nature. More general interactions
arise by integrating out massive fields. We indicate this latter point in an example which
realizes the quintic hypersurface sigma-model. At points in the base of the fibration, i.e.
over codimension four loci in the five-fold, additional quartic interactions arise.

The specific multiplicities of massless charged matter depends, apart from the topology
of the wrapped cycles, on the gauge background, which translates, via M /F-theory duality,
into 3-form gauge data. Even in the absence of gauge fluxes, chirality of the theory requires
the cancellation of gauge anomalies. In particular, the 3-form tadpole cancellation condition
from M-theory determines the total class of curves wrapped by the D3/M2-branes in such
a way that the complete matter from both the 7-branes and the D3-branes is anomaly-
free. The structure of anomaly cancellation for abelian gauge symmetries is considerably
enriched due to a wealth of Green-Schwarz terms, which we discuss from the IIB and
the M-theory perspective. Finally we find a powerful check of our expressions derived for
the chiral index of massless matter by analyzing the Chern-Simons terms in the M-theory
super-mechanics and comparing it with the 1-loop generated Chern-Simons obtained from
F-theory. This is the 1d/2d analogue of the higher-dimensional correspondence of [33—41].

We close this paper with an outlook towards superconformal theories and the relation
to gauged linear sigma-models (GLSMs), which have been central in the understanding
of the moduli space of 2d (0,2) theories [1]. Some evidence will be given in support of a
new correspondence between F-theory compactifications on elliptic Calabi-Yau five-folds
Ys with G4-flux and heterotic compactifications on three-folds with vector bundles. The
idea is here to interpret the 2d (0,2) theory obtained by F-theory compactifiation on
Y5 as the GLSM which flows in the infra-red to the non-linear sigma-model describing
the propagation of the heterotic string on a Calabi-Yau target space. The simplest such
models correspond to heterotic sigma-models on toric hypersurfaces. From the F-theory
point of view, the underlying GLSMs are somewhat complementary to the ones discussed



in the main part of the paper, as there is no non-abelian gauge group. The only gauge
degrees of freedom are from U(1)s, which are realized in terms of rational sections of elliptic
fibrations. In addition, GLSMs with non-abelian gauge groups do correspond to interesting
heterotic theories, e.g. on hypersurfaces of Grassmannians [1] or even more general varieties
(see e.g. [42—44] and references therein), and it will be an interesting avenue of research to
relate these models with the 2d (0,2) F-theory models obtained in this paper.

Irrespective of the gauge group of the GLSM, the above correspondence suggests that
the various phases of the GLSM are realized in terms of different F-theory Higgs bundle
configurations (A, ®) which were termed gluing branes or T-branes [45-50]. These are
off-diagonal background values for the Higgs field. Schematically, we find the following
identification of GLSM phases, focusing here for simplicity on the GLSM associated with
a degree n hypersurface in CP" ! of [1]:

NLSM — phase GLSM LG — phase
o gluing . gluing _
G = Q) data G = U(l) data G = ZS (11)
(A, @) (A4, 2) (A, @)

Here, the GLSM with U(1) gauge group arises from a compactification with rank one
Mordell-Weil group (MW), and trivial Tate-Shafarevich (TS) group. The special phases
of the GLSM correponding to the non-linear sigma-model (NLSM) as well as the Landau-
Ginzburg (LG) phase are reached by turning on gluing data on the 7-brane theory in
the Calabi-Yau five-fold, which are non-diagonalizable vevs for the Higgs field. While
developing such a correspondence in greater depth will be the subject of future work [31],
we shall provide more details on this idea already, in section 12.2.

The paper is organized as follows: after setting the stage in section 2 with a reminder
on F-theory as well as 2d (0, 2) theories, we begin our analysis in sections 3 and 4 by first
analyzing the compactification of the partially twisted 7-brane theory. Here we characterize
the dimensional reduction to a 2d N = (0, 2) supersymmetric theory with gauge and matter
degrees of freedom in terms of geometric data on the 7-brane compactification cycle. Some
of the details of the computations are relegated to appendix A. The sector of D3-branes
wrapping curves in the compactification space is the subject of section 5. In section 6, we
describe these theories from the point of view of the elliptic Calabi-Yau five-fold underlying
the F-theory compactification and identify the gauge theoretic data with the geometric
properties of the elliptic fiber. Fluxes, global consistency conditions such as anomalies and
tadpoles and the Chern-Simons couplings are discussed in sections 8, 9 and 10. A large set
of examples can be found in sections 7 and 11, with some of the technical details provided
in appendix B. In section 12 we give a brief outline of the relation of this new class of 2d
(0,2) theories with 2d SCFTs in the infrared [31], as well as a more detailed exposition
of the correspondence addressed in (1.1). The weakly coupled description of the F-theory
compactification in terms of Type IIB orientifolds can be found in appendix C. We conclude
in section 13 with a list of future research directions originating from the present paper.

Note added. After this article appeared on the arxiv, [51] was submitted, which has
some overlap with the results presented here.



2 F-theory, five-folds and (0, 2) models

The purpose of this paper is to study the effective theory of F-theory compactified on an
elliptically fibered Calabi-Yau five-fold to R%!. The low energy effective theory in 2d is
a supersymmetric gauge theory which preserves two chiral supercharges. The dictionary
between geometric properties of the Calabi-Yau and the gauge theoretic data, which will be
estabilished in the course of the next sections, will allow us to construct a rich class of (0, 2)
supersymmetric gauge theories. This section will serve as an overview of the general setup
underlying these constructions, as well as a summary of the methods, such as dualities to
M-theory, which will be instrumental in the following. We will also give a brief review of
2d gauge theories with (0,2) supersymmetry.

2.1 F-theory on Calabi-Yau five-folds

We construct two-dimensional F-theory [21-23], i.e. non-perturbative Type IIB, vacua by
dimensional reduction on elliptically fibered Calabi-Yau varieties Y5 of complex dimension
five. Schematically, such varieties Y5 are of the form

m: E, — Y;

! (2.1)
By

where E. is the elliptic fiber. We consider non-trivial fibrations, whereby the base By is a
complex four-dimensional Kahler cycle, with non-trivial canonical class. We shall assume
that the fibration has a zero-section, corresponding a map og from the base to the fiber.
This in particular implies the existence of a Weierstrass form for Y2

V=a3+ fazt+¢25, (2.2)

with f, g sections of suitable powers of the anti-canonical bundle of the base, K 541. The zero-
section is then realized by z = 0.3 The identification of the complex structure of the elliptic
fiber with the axio-dilaton 7 of type IIB implies that non-trivial fibrations correspond to
vacua with varying string coupling, resulting in not necessarily perturbative vacua. The
natural action of SL(2,7Z) on the complex structure of elliptic curves geometrizes thereby
the S-duality of type IIB string theory.

Singularities of the elliptic fiber correspond to divergences in the axio-dilaton sourced
by the presence of 7-branes. More precisely, the 7-branes correspond to logarithmic sin-
gularities creating branch-cuts in the the transverse directions to the branes, and the
axio-dilaton undergoes an SL(2,Z) monodromy. Singularities over complex codimension

2Projectivizing this in PlQS[zw,y] realizes the zero-section as z = 0, also sometimes referred to as
w = 0 in the literature. As the F-theory aficionado will appreciate, the present notation was reached in
a diplomatic settlement, whereby the authors agreed to denote the zero-section by z = 0, whereas the
exceptional sections of the resolutions will be referred to as (;.

3All that follows can be generalized to settings without a zero-section, so-called genus-one fibrations,
along the lines of [52-61]. Genus-one fibrations give rise to F-theory models with discrete gauge groups,
which will become of some importance for us in section 12.2.



Singularities above codim 2d N = (0,2) Gauge Theory

Gauge group G
2 Matter (chiral and Fermi) in R ® R
Bulk-surface matter couplings: F and J

3 Holomorphic matter couplings: E and J

4 Holomorphic matter couplings: E and J

Table 1. Identification of singularities in the elliptic fibrations above codimension d loci in the
base By of the elliptic Calabi-Yau five-fold with 2d gauge theoretic data.

one in By thus correpond to 7-branes wrapped on complex three-cycles Mg times RM! and
give rise to the gauge degrees of freedom in the two-dimensional theory. The singularities
are characterized in terms of the vanishing of the discriminant of the Weierstrass equation

A =4f3+274%. (2.3)

The gauge algebra g is encoded in the type of singularity above Mg, which can be deter-
mined from the vanishing orders of (f, g, A) along these loci.* We will show as a very first
step that the world-volume theory of the 7-branes, i.e. 8d SYM, compactified on a complex
three-cycle indeed gives rise to a 2d (0,2) supersymmetric theory, whose supersymmetric
vacua have a characterization in terms of a Hitchin-type equation. Singularities appearing
in codimension two in the base will be shown to correspond to additional matter sectors
— which can be thought of as arising from intersecting 7-branes. So far the dictionary is
very much alike to the compactification on Calabi-Yau three- and four-folds. The distinc-
tion to these earlier cases manifests itself in higher codimension. Like the four-fold case,
where codimension three points in the three-dimensional base give rise to cubic Yukawa
couplings, here we will find that the cubic holomorphic interactions are generated in codi-
mension three — this time over curves in the base. Over point in codimension four, the
only additional couplings are quartic. This is summarized in table 1.

In the absence of a first principle definition of F-theory, much of the analysis relies either
on inferring properties from the effective 7-brane theory, as will be studied in section 3,
relations to perturbative string theories, or dualities. Surprisingly few backgrounds of this
type have been studied in the past. Related perturbative constructions have appeared
in [13] in type ITA and IIB on Calabi-Yau four-folds, which preserve N = (2,2) and
N = (0,4), respectively, and torus orbifolds in [15]. Compactifications on Calabi-Yau
five-folds first appeared, in a rather different context, in [63].

Of particular relevance to understanding the low energy effective theory is the duality
to M-theory compactified on elliptic Calabi-Yau five-folds. M/F-duality corresponds to
taking the volume of the elliptic fiber in the M-theory compactification to zero, which

4For the present purposes it will not be necessary to distinguish between the gauge algebra g and the
gauge group G. See e.g. [62] for how this distinction arises in F-theory.



results in a non-perturbative IIB background in 10d:

M-theory on Yj M F-theory on Yj
1 \ (2.4)
RAN% —0
1d Super-Mechanics I 2d (0,2) Gauge Theory

Here the F-theory limit of taking the volume of the elliptic fiber to zero corresponds in
the M-theory/IIA language to the zero radius limit R4 — 0, or equivalently, after T-
duality, to the decompactification limit in IIB, which lifts the supersymmetric Quantum
Mechanics to a 2d N = (0, 2) gauge theory. Compactifications of M-theory on smooth (not
necessarily elliptically fibered) Calabi-Yau five-folds to supersymmetric quantum mechanics
were studied in [32]. Applied to elliptic five-folds, these quantum mechanical models are
related by M/F-theory duality to the 2d (0,2) theories studied in this paper. For our
purposes, this duality plays a crucial role in identifying D3-brane contributions, which in
M-theory correspond to M2-branes, Chern-Simons couplings in section 10 as well as fluxes
and tadpole cancellation conditions in section 9.

2.2 Two-dimensional N = (0, 2) theories

In this final overview part, we summarize some properties of 2d (0, 2) theories, mostly for
future reference and to setup our nomenclature. The conventions followed throughout are
those in [1]. We consider RM! with coordinates (y°,y') or y= = y® & y' and derivatives
0+ = 0y = 91 and denote by SO(1,1), the two-dimensional Lorentz group. An N = (0, 2)
supersymmetric theory in two dimensions has negative chirality supersymmetry variation
parameters e_ and €_, and corresponding supercharges of positive chirality. There are
three multiplets in an N = (0,2) theory: the vector multiplet, the chiral multiplet with
components (¢, x+) and the Fermi multiplet with leading fermionic component p_. The
fermions in the chiral multiplet (as well as its complex conjugate) have positive 2d chirality,
whereas they have negative chirality in the Fermi multiplet.

The (0,2) superspace coordinates have positive chirality and will be denoted by 6%
and 6. The 2d N = (0,2) supersymmetry variations with respect to (e_,é_) are

Sp=—V2e x4 0p = +V2e_ x4
ox4 = iV2(Dg + D1)pé_ 6X+ = —iV2(Dg + D1)pe_ (2.5)
Sp— =V2e_G—ie_E 6p_ =2 _G+ic_E.

Here Dg + D; denotes the gauge covariantisation of dy 4+ d;. The expansion of the vector
superfield (in a Wess-Zumino type gauge) is

V = (vg—wv1) — 2i0"7_ —2i0Tn_ +2070"D . (2.6)
We will occasionally also make use of the superfield

Vi =60"0"(vo+v1), (2.7)



as well as the field strength
T=-2(n-—i0"(D—iFp)—i0 0" 0m_) . (2.8)
The chiral and conjugate-chiral superfields enjoy the expansion

= p+ V20 x; —i0T0 (Do + Dy)g

_ _ _ 2.9
¢ =9~ V20" x4 +i0707 (Do + D1)o, (29

and a Fermi superfield and its conjugate take the form
P=p_ —V20"G —i0T0"(Dy+ Dy)p_ — V20TE 210)

P=p_—V20"G+i0t0 (Do + Dy)p- — V201E.

Here E is a holomorphic function of the chiral superfields, which, like ® and G, is an
auxiliary field. The kinetic term of a chiral multiplet ®;, taken for simplicity to be charged
under a U(1) gauge group with charge @, is

1

Lo =—3 /d2yd29 ®; (0p — 01 +1Q;V) @; (2.11)
= /dzy (—!DM%F +iX+i DXt — 1QiV20im— X+ + 1QiV20i- Xt + Qisoi@i@) .
A general (0,2) theory with Fermi multiplets P, and chiral multiplets ®; can exhibit non-

trivial superpotential couplings, also sometimes referred to as J-term couplings. These
take the form

1
L’ = —/d2 dot P, J%(®;)|s4_o — c.C., 2.12
/2 ) (®i)lg+—o ( )
which in components reads
L’ = —/de (GQJ“ + p—,aX+,z‘gJ(p> —c.c.. (2.13)

The superpotential J%(®;) is a holomorphic function of the chiral superfields and is subject
to the constraint
Tr JYP)E,(P) =0, (2.14)

where E, is the holomorphic combination of chiral superfields appearing in the definition
of the Fermi superfields. Together with D,P, = v/2E, with D, the gauge covariant
derivative in superspace [1] this constraint ensures that (2.12) represents a supersymmetric
interaction. The kinetic term and some of the interactions for the Fermi multiplet arise from

1 _
Lt = —2/d2yd29 PP. (2.15)

The induced interaction terms can be summarized as

. _ OFE OE _
Lt — —/de (p— aSOAX-‘r,i + a(px+,m-> . (2.16)




Note that in addition to these standard couplings, the following type of interactions
/dQGPPi) Dp_p_(Do+D1)p+... (2.17)

induce derivative couplings, which do not affect the scalar potential.
Let us also indicate the kinetic term for the gauge field strength, for simplicity written
only for an abelian gauge field,
Ly =

- 1 1 1
2 2 _ 2 2 . 2
—ga | Pyd0TT =5 /d y <2F01 -0y + 5D ) . (2.18)

Of special importance for us is the Fayet-Iliopoulos (FI) term for an abelian gauge field

1 0 0 .
1 /dé?+ (tY|gr_g+cc)=—1D+ ﬂF()l, t= o + ir. (2.19)
In supergravity the constant FI parameter ¢ will be promoted to a chiral superfield.
The superpotential, the Fermi interactions and the FI term then result in a scalar

potential
I 2 2 2
V= —2629 + Ea (|77 + | Eal?) , (2.20)

where the G, auxiliary fields have been integrated out and the U(1) D-term is

With the FI parameter ¢ replaced by a chiral superfield, this induces a scalar potential for
its imaginary part. In the following, we will identify how each of these fields arises from
the 7-brane theory reduced on a three-cycle in a Calabi-Yau five-fold, and determine the
geometric origin of the couplings J as well as E.

3 Partially twisted 8d Super-Yang-Mills theory

We begin our exploration of 2d (0, 2) theories from F-theory by considering the gauge theory
approximation, where the degrees of freedom are only those realized on 7-branes. The 8d
supersymmetric Yang-Mills theory (SYM) with gauge group G on the world-volume of a
stack of 7-branes will be dimensionally reduced on a complex three-cycle Mg in the Calabi-
Yau five-fold Ys. To preserve supersymmetry in the transverse R one has to perform a
partial topological twist. This means that the R-symmetry of the 8d SYM is combined
with a subgroup of the holonomy group acting on the tangent bundle of Mg in such a way
that some of the supercharges become scalars under this new, twisted symmetry and are
thus globally well-defined. This process was studied for 7-branes wrapped on four-cycles in
Calabi-Yau four-folds in [25-27]. We will find that the vacua of this partially twisted SYM
theory are characterized in terms of generalized Hitchin equations on M¢g. Furthermore, we
determine the spectrum of the theory and formulate it in terms of 2d (0, 2) supermultiplets.
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3.1 Scalar supercharges

The effective theory on a stack of 7-branes wrapping a Kéhler three-cycle Mg is a partially
twisted 8d N =1 SYM theory with gauge group G. It can be obtained from compactifica-
tion of 10d SYM by decomposing the 10d gauge potential and the gaugino field as
SO(I, 9)L — SO(l, 7)L X U(l)R
Ay 10 —» 8@ 1,0P1 5 (3.1)
v 16 — 8C+1 o8 _1 ,
where 149 = & are the two scalars in 8d. Upon dimensional reduction on a compact
six-manifold, the Lorentz group is further reduced as follows
SO(1,7). — SO(1,1)r x SO(6)r,
8 — 1,091 5@ 6
8¢ — 4. @Z_l
8 — 410 Z+1 .

(3.2)

Since in the present case the six-cycle is in fact a Ké&hler three-cycle, the holonomy is
reduced further to U(3), resulting in

SO(6), — SU(3)r x U(1)g
4 - 133, (3.3)
6 - 3,003 5.
Putting it all together the spinors decompose as
SO(1,7), x U(l)g — SU(3)r x SO(1,1);, x (U(1)r x U(1)R)
841 — L1z 1®14,31®31,-11P3_1,11 (3.4)
8_1 = 1.43-1®11,_3_1P3_1._1-1D31,1-1.
To find a singlet supercharge we need to twist U(1)y with the U(1) R-symmetry, which

leaves us with the two possible choices Jiwist = % (Jr, = 3JR). We fix conventions by defining
the twisted U(1) generator as

1
Jiwist = 5 (Jr +3JR) , (3.5)

where the generator was normalized such that it act as F1 on the (anti-)holomorphic
cotangent bundle of Mg. This twist gives rise to two supersymmetry parameters e_ and
€_ of the same (negative) chirality in 2d,

- = 1310w s € = 113,100 - (3.6)

Correspondingly, the supercharges are right chiral, and form the foundation for the (0, 2)
supersymmetry of the theory in two dimensions. Note that €_ originates from 4_; contained
in 8¢ while e_ originates from 4_; contained in 8. Our conventions here follow [1] in that
the supersymmetry parameters generating the (0,2) SUSY transformations have negative
2d chirality.
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3.2 Field content and supersymmetry

The dimensionally reduced partially twisted 8d SYM theory has the following spectrum

SO(1,7)L x U(1)g — SUB)L x SO(1,1)r x U(1)twist
8% = 120D 190 ® (30:1 D 30,-1) = (vo,v1,0a,a)
Pr=1812 — lot3DLlo—3= (24 =p,0_ =) (3.7)
8°11 = 11,00 113® 310D 311 = (7, X+, -, V)
8% _1 — 1081, 3®3_1.2®31,-1 = (N, X4, p—, V) -
These fields give rise to the bulk matter.® Interpreting the charge under U(1)wist as minus

the degree of the form, i.e. charge n < 0 corresponds to Q"9 (Mg) and n > 0 to QO™ (Mg),
the spectrum of the twisted theory is counted by the following cohomology groups on Mg:

Cohomology Bosons Fermions Multiplet
(0,0 vt =0,1 n_,n_ Vector
H1O) g gO1) m, G Yy Vpms Conjugate-chiral + Chiral (Wilson lines)
H20) ¢ g(0.2) - Py P—rmit Fermi + Conjugate-Fermi
HGO @ HO3 | o, @rmns | X4kmns Xakmn | Chiral + Conjugate-chiral (deformations of M)

(3.8)

The subscripts + denote the 2d chirality of the fermions. In the fourth column we

have indicated how these degrees of freedom organize into (0,2) multiplets according to

the conventions set out in section 2.2. These assignments follow from the supersymmetry

variations of the fields which will be presented in section 3.4. In particular we are finding
two types of chiral superfields in the present case given by

® =@ +V20 . — i (Do + D)
- (3.9)
A=a+ V20", —i0T0T (Do + Dy)a,

where a corresponds to the internal components of the gauge field.

3.3 Massless spectrum

With no gauge field backgrounds turned on, all bulk multiplets transform in the adjoint
representation of the 7-brane gauge group G. The spectrum (3.8) counts both all massless
particles in the adjoint and their complex conjugate states in the same representation. The
latter can be viewed as the associated anti-particles. The independent massless states are
counted by the cohomology groups

HOP)(Mg) = H* (Mg, @, ) = HY(Mg) . (3.10)
Let us introduce the notation

(Prma)zero—mode = Z " ® él}mﬁ,n ) (3.11)
K

5Here the term bulk refers to the theory on the entire complex three-cycle Mq, and not to the gravita-
tional theory on the ambient Calabi-Yau into which M¢ is embedded.
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with @ the 2d field associated with one of the dimH g(Mg) zero modes and éfwmﬁ the
associated internal wavefunction. A similar notation will be used for the other fields. We
will suppress the ‘flavor index’ k unless it is explicitly required.

The complex conjugate zero-mode multiplets are counted by the cohomology groups

H®O(Mg) = m = Hg(MG)*, (3.12)

which are the complex conjugate of the cohomology groups H g (Mg).

More generally, we can consider configurations with a non-trivial gauge background
turned on along M. These configurations are described by a non-trivial principal gauge
bundle L. Such gauge flux breaks the original gauge group G into a product of residual
gauge groups H,,. Correspondingly, the spectrum decomposes into irreducible representa-

tions R of unbroken gauge groups,

Adj(G) — EPR. (3.13)
R

These representations include the adjoint representation Adj(H,,) of each remnant gauge
group factor H,,. Reality of Adj(G) implies that in (3.13) every complex representation
R # R is accompanied by its conjugate representation R, and in this case the matter in
R and R is independent. The independent massless matter states in representation R are
counted by the cohomology groups

HOP)(Mg, Lr) = HY(Mg, Lr), (3.14)

for some vector bundle Ly which descends from the principal gauge bundle L. Their anti-
particles are counted by the complex conjugate groups. For R # R, there are independent
matter states in the representation R from the appearance of R in (3.13). Since Lg =Ly
the latter are counted by

HOP)(Mg, Ly) = HE (Mg, L), (3.15)

and their anti-particles in representation R are counted by the complex conjugate groups.
The massless fermionic bulk particles in representation R and their anti-particles are in
summary accounted for by the following cohomology groups:

Cohomology Fermions @ Anti-Fermions
Hj(Mg, Lr) ® H)(Mg, Lr)* R g R
HY (Mg, Lg) ® H}(Mg, Lr)* ¢5 & J)_f} (3.16)
H:(Mg,Lr) ® H3(Mg, Lr)* o pR
H}(Mg, Lr) ® H3(Mg, Lr)* ok

Note again that e.g. the particles w}} and 1/35} are just complex conjugate to each other. For
R # R there is an analogous table with Lg replaced by LR for the states in representation
R and their anti-particles in representation R.
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According to the Hirzebruch-Riemann-Roch theorem the index x(Mg,Lr) takes
the form

X(Mg, Lr) = h}(Mg, Lr) — h(Mg, Lr) + h3(Mg, Lr) — h3(Mg, Lr)

- /M ch(Lr)Td(Me)

17
= irk(LR) /MG C1(MG)02(MG)+112/MG C1(LR)(C%(Mg)+02(MG)) (3.17)

+ % /MG cho (L) 1 (Mg) + /MG chy(LR) .

Similarly, again for R # R,
(M L) = 5pik(In) [ M) @(Ma) =35 [ alin) (o) + cio)

+ % /MG ChQ(LR) C1 (Mg) — /MG Chg(LR) s

(3.18)

where we have used that chy(Lg) = (1) chy(LR).

3.4 Supersymmetry variations and Hitchin equations

The supersymmetry variations of the dimensionally reduced and partially topologically
twisted 8d SYM theory are derived in appendix A.3. We start with the 10d SYM
Lagrangian

' T (ITY Dy 0) (3.19)

1
Liog = ———=Tr (FMNFMN) ~ 32

4g2

whose associated action is invariant under the supersymmetry variations

0AN = —tel y U
1 (3.20)
o0 = §FMNFMN€,

and apply the dimensional reduction and twist as explained in section 3.1. In terms of the
twisted fields, the supersymmetry variations of the bosonic fields follow as

0Pkmn = _\/§€—X+ kmn
Sam = —V2e_4pm (3.21)
0(vg — 1) = 2ie_n_ — 2ie_n_.

For the fermionic fields we find the variations

OX 1 fmn = —1V26- Dy P SX+kmn = 1V26_ Dy gnn
5 m = iV2E_Dyam = iV2EF,m m = —iV2e_Diay = —iV2e_Fup, (3.22)
on— = e_(Fo1 +iD) 07— = é_(Fo1 —iD)
0p—mn = €—Fpp + € (alW)mn 0p—mn = E—F*ﬁ—ﬁ—(ézt@)mﬁ .
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Here we have defined the derivative D4+ = Dg &+ D1 as well as the D-term
D = —(Fo3 + Fu5 + For — Fy) - (3.23)

Supersymmetric vacua are characterized in terms of the vanishing of the fermions as well as
their supersymmetry variations. These BPS equations constrain both the internal profile
of the fields and the field components in 2d. From Jd._p_ and d¢_p_ we obtain the condition
that the field strength F' along the compact directions along Mg must have no (0,2) and
(2,0) components Fn = Frn = 0, i.e. the vacuum expectation values satisfy

FEO = p02) — . (3.24)

Similarly, the vacuum configuration ¢,,,x on Mg is subject to the constraint (82;@)7% =
(éga)mﬁ = 0, which is equivalent to

dap =0,  9:5=0. (3.25)

Note that our identification of p_,,, as a Fermi as opposed to a conjugate Fermi field is a
matter of convention and corresponds to identifying the holomorphic expression (82 )mn
as the Fermi F-auxiliary field in the off-shell formulation in agreement with (2.5). Alter-
natively one can view the expression Fi5, which is holomorphic in the chiral superfields,
as the F-field, thereby exchanging the role of p and p.

The variations of ¥ and x result in the BPS equations

D+SO = D+(ﬁ = 0, D+a = D+a =0. (326)

Regarding the D-term, note that Fyg = [®g, ®g] = £[p, ¢]. For the remaining terms, let J
be the Kahler form of the three-fold Mg, whereby with our choice of coordinates and metric
JM = jg™" we can write in holomorphic coordinates 2z, = {x2 + ix3, T4 + iT5, T6 + iT7}
i

*gzgmﬁFmﬁ*2

[0, ] (3.27)

With the help of the identity

g™ Foin = J AxFa, = (%J) A Fagg = (n—11)!Jn_1 A Fug, (3.28)
with n = 3 for Mg, the D-term becomes
9 :%(JAJAFMG+[¢,¢]). (3.29)
The resulting D-term condition for the BPS vacuum is
JNJINFy, + e, 0 =0, (3.30)

and generalizes the Hitchin equation [64] from compactifications of 4d SYM on a Riemann
surface to 8d SYM on a complex three-dimensional Kéhler cycle.
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A background satisfying (3.24), (3.25) and (3.30) gives rise to a 2d (0,2) supersym-
metric gauge theory. In this theory, the supersymmetry transformations of the 2d bosonic
field fluctuations around the vacuum values take the form

S =—V2e x4 6 = +V2e x4+
(SCL = —\/iefﬂhr 56_1 = +\/§E7?Z+ (331)
dvg = —0v] = Ge_T_ — 1€_n—

and those of the fermion variations are

0%y = —iv2e_ (Do + D1)@ Sxs = iV2e_ (Do + D)y

8¢y = iV2é_(Do+ Di)a 0hy = —iv2e (Do + D1)a (3:32)
on- = e_Fo 01— = €_Fp

op— =0 op— =0.

The 2d supersymmetry variations are in agreement with the general form (2.5) of the
supersymmetry variations for the chiral and Fermi multiplets and justify our identification
of the 2d superfields. In particular, since we are imposing (3.24) and (3.25) as part of the
defining properties of the vacuum, the auxiliary fields G(°-) and E("-) vanish at this level.

3.5 Higgs bundles and Hitchin systems

The solutions to the F- and D-term equations are generalizations of Hitchin equations for
a Higgs bundle (A, ®) over the complex three-cycle M with the following properties

F(Q)O) — F(O’z) — 0

Dip=Dip=Dia=D;a=0
+¢ +¥ + + (3.33)
@agpzﬁa¢:0

JANJINF+[p, 0 =0.

Put differently, the BPS vacua of the twisted 8d SYM theory can be given an interpretation
in terms of a gauge field configuration defined by a bundle with connection A and an adjoint-
valued Higgs field . These take values in a higher rank gauge algebra g O g which contains
the gauge algebra g of the 2d gauge theory. The F-term conditions ensure holomorphy of
the Higgs bundle, whereas the D-term equations are stability conditions. One important
caveat is that this approximation in terms of a gauge theory is exact in the limit when the
volume of the three-cycle My is large, and the stability condition is expected to receive
corrections beyond this.

The first note-worthy point is that this characterization holds for 7-branes in any
F-theory compactification.® The Higgs bundle encodes the local geometry of Mg embedded
into the five-fold in terms of a local ALE-fibration over Mg: the (1, 1)-forms in the ALE

SWhenever a heterotic dual exists, the corresponding spectral cover description of the Higgs bundle maps
to the spectral cover of the heterotic vector bundle. But this is in no way a necessary condition for a local
spectral cover description to exist. For an in depth discussion of the duality from this point of view see [65].
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fiber associate the deformations of the complex structure Q%° to the Higgs field vevs in the
Cartan subalgebra (CSA) of the gauge algebra

00 = 3" W™ A, (3.34)
CSA

and the gauge field configurations arise from the three-form Cs. The simplest class of
solutions have ¢ = 0, resulting in flat gauge fields. The second simplest class has non-trivial
v, with [p, ] = 0, in which case the vacua can be characterized in terms of the spectral data
of the Higgs field. The spectral cover defined as det(A\1 — ¢) = 0 is an n-sheeted covering
of Mq. Likewise, the gauge bundle can be constructed from line bundles over the spectral
cover, and in the case of four-folds has been discussed in much detail e.g. in [66, 67]. The
local geometry defined by the Higgs bundle allows in particular now to transition from the
gauge theoretic description of the 7-branes to a full geometric construction of the Calabi-
Yau five-fold. More specifically, the coefficients in the spectral cover have a close relation
to the coefficients in the description of the elliptic fibration in terms of the so-called Tate
form. Developing the spectral covers for these generalized Higgs bundles certainly deserves
further consideration in the future.

3.6 Supersymmetric bulk couplings

The supersymmetric couplings in a general (0,2) theory have been reviewed in section 2.2
and can take the form L7 and LY summarized in (2.13) and (2.16), respectively. In
our context, cubic Yukawa type couplings descend from the second term in the gauge
interaction (3.19) of the 10d SYM from which we have obtained the (0,2) 2d theory by
reduction and twisting. This can be seen explicitly by plugging the decomposition of the
10d gaugino and the 10d gauge field into the interaction term (3.19). From the perspective
of the theory prior to twisting, the resulting couplings realize the different possibilities of
forming a singlet with respect to the structure group U(3) of the Kéhler three-cycle M.
Those interaction terms involving the 2d gaugino are part of the 2d SYM interactions. The
remaining ones are actual Yukawa couplings.

By decomposition we find two possible types of such Yukawa terms. The first type
of Yukawas corresponds to the existence of a U(3)-invariant interaction 1 ® 3 ® 3. From
the perspective of the twisted theory this translates into the possibility of forming a (3, 3)
form on Mg from the internal wavefunctions, which can then be integrated to obtain the
coupling. Inspection of the form degrees of the internal wavefunctions reveals that the only
possible cubic interaction of this type is of the form (2.16) and given by

Sl()lljl)k = faue/d?y o (go“ Vi + XY ae) + c.c. (3.35)

with couplings
fa,ue = / ﬁl}m@ A (@kmn,u A 72%,6) 5 (3'36)
Mg

in an expansion of the form (3.11). We are suppressing gauge indices and a gauge invariant
contraction of the involved representations is understood. Algebraically, this way of taking
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the overlap of the internal wavefunction corresponds to the canonical map

Il

HE(Mc) x H5 (M) x Hy(Ma, Kn,) — Hi(Ma, Ky,,) = C, (3.37)

where the last step uses the identification Hg(M(;, Kur,) = H*3(Mg), which can be inte-
grated over Mq. The first two cohomology groups count the zero modes py, , and ¥  and
the third counts QGrmn,, € Hg(Mg)* = Hg(Mg, Kr,,) (or the respective éuperpartners),
as summarized in (3.16). The interaction being of the form L’ it induces a modification
of the Fermi auxiliary E-field as

EPY) = _f,, ®LA°. (3.38)

Interestingly, there exists another type of Yukawa couplings, which group theoretically
realizes the existence of the singlet 505@730‘35 37 with respect to the structure group SU(3) C
SU(3) x U(1)4wist acting on the tangent bundle of Mg. By dimensional reduction of the
10d SYM interactions, we find that this corresponds to a superpotential coupling

J
St = Basy / d*y p* a’ Y1 + c.c. (3.39)
with
gaBy = / ﬁkmnﬁ,a A dl}ﬂfj A 1/}771,7 . (340)
Mg
Again we are suppressing the suitably contracted gauge indices. Here
ﬁkmnﬁ,a = (Q : ﬁa)kmnﬁ (341)

is the element of H (%(Mg,K M) obtained from the (2,0) form pgy, o by contraction with
the (3,3) form Q on M. Indeed, by Serre duality

H(Mg)" = (H (Mo, Kne)") = Hy(Ma, Karg) (3.42)

In the sequel we will usually omit the tilde when we apply operations of this form. Such a
coupling realizes the canonical map

Hi (M) & HY(Mg) & HY(Ma, Ky,) — Ha(Ma, Kug) = C. (3.43)
The superpotential associated with (3.39) is
J(p‘i) = —8apy Aﬁ A7 (3.44)

Note that this coupling is only quadratic in the fields. In (0,2) theories that arise from
(2,2) supersymmetric ones by deformation, it is known [1] that J = dpW, where W is a
general gauge invariant holomorphic function of the chiral superfields corresponding to the
superpotential of the (2,2) theory. In a GLSM interpretation of the (0,2) theory, the locus
J = 0 determines the target space of the heterotic string as a hypersurface in an ambient
space (as well as part of the gauge bundle data), and the form of J is thus of quite some
importance. In this paper, we started our analysis with the 8d SYM theory, taking only
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the ‘renormalizable’ couplings with us induced by the gauge kinetic terms in 8d. Including
higher order terms obtained by integrating out massive fields, as well as non-perturbative
contributions, we expect more general couplings to be generated in the effective theory
in 2d. In particular, this should give rise to more general GLSMs with non-trivial target
manifolds. This will be discussed in more depth in section 12.
Finally, we should address the supersymmetry condition Tr E-J = 0 (see (2.14)). Both
E- and J-couplings arise from the kinetic terms in the 8d SYM action upon dimensional
reduction. The off-shell action of the dimensionally reduced 2d theory will be determined
in [31]. Supersymmetry of the 2d theory, which follows from the higher dimensional super-
symmetry, combined with the twisted reduction implies that the couplings f and g cannot
be independent but have to be such that Tr E- J = 0. The condition in terms of component
fields reads
TeE - J =[5 fIm fo g gase ®F A A] AS, =0, (3.45)

where we have now made the gauge algebra indices i, j,... of the adjoint valued fields
manifest and f“* are the structure constants. One would indeed expect the geometry to
imply the condition Tr F/ - J = 0 automatically, and it would be interesting to find its

precise geometric origin.

4 Matter from the 6d defect theory

Additional matter arises from defects in the 8d SYM theory. Such defects correspond to
intersections of the 7-brane stack on Mg with flavor 7-branes wrapping different cycles.
Two Kahler three-cycles inside the base B4 of our F-theory compactification generically
intersect over a Kéhler surface Sg C Mg, along which such matter will therefore be
localized. The theory living on such a defect is an N = (1,0) 6d SYM theory with an SU(2)
R-symmetry. We will couple this theory to the bulk theory by performing a topological twist
compatible with (0, 2) supersymmetry in two dimensions. As in F-theory compactifications
to four dimensions [25-27] one can think of this theory as a gauge theory with enhanced
gauge symmetry due to the collision of the two 7-brane stacks. Extra degrees of freedom
due to generically multi-pronged strings stretched between both branes localize on Sr and
give rise to additional matter charged under the 7-brane gauge group. In terms of the Higgs
bundle, the matter surfaces are characterized by the vanishing of sections associated to ¢,
i.e. sections of Kj,. These are precisely the loci where some of the Higgs field vevs vanish
and the gauge algebra is locally enhanced, thus resulting in matter through Higgsing the
adjoint of the higher-dimensional gauge algebra to g. After specifying the topological twist
along Sgr, we will now determine this charged matter, along with its F- and J-interactions
both with the bulk matter and the interactions of surface matter only.

4.1 Spectrum of matter fields

We adopt the convention that the supercharges of 6d N = (1,0) supersymmetry trans-
form as a (4,2g) under SO(1,5)r, x SU(2)r (see e.g. [68]). The associated supersymmetry
parameters then transform as a (4,2pg). The vector fields of the 6d theory will be identi-
fied with the restriction to Sr of the vector fields on the two intersecting 7-brane stacks.
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Extra matter states from strings localised on Sgr organize into a hypermultiplet in the
6d SYM theory in representation R of the gauge group. With the above choice of su-
persymmetry parameters the fermions in the hypermultiplet transform as (4,1r) and the
scalars as (1,2R).

In coupling this theory to the 7-brane bulk theory we identify the R-symmetry obtained
from the latter with a U(1)g subgroup of SU(2)g. Upon compactification on the complex
Kéhler two-cycle Sg, SO(1,5)r decomposes into SO(1,1); x SU(2) x U(1)y, where the
naive internal tangent bundle structure group SO(4) is reduced to U(2) ~ SU(2) x U(1),
due to Kahlerity of Sg. The decomposition of the 6d supersymmetry parameters and of the
hypermultiplet then yields the following supersymmetry parameters and matter content in
two dimensions:

SU@2)k x SO(15),  — U x (SU2) x U(1), x SO(1, 1))
(2,49) - (Apoel)e® (1+1,—{€9 1.41®2041) (4.1)
(1,4) = Lo41,41 D 1o-1,41 D 2001 = (04,74, /i)
(2,1) — 1_100@1lp100= (S, T).

In order for the theory on Sgr to preserve the same supersymmetries as the twisted bulk
theory, it must be topologically twisted in such a way that two negative chirality scalar
supersymmetry parameters transform as singlets under the twisted U(1). For the choice

Jiwist = Ju1), — Ju)g s (4.2)

the spinors 149 41,1 @ 1_1_1,—1 from the first line have the desired property. Their R-
charges identify these as the supersymmetry parameters é_ and e_ of R-charge +1 and —1
in the 2d (0,2) theory (see (3.6))

e =1i141,-1, e-=111-1. (4.3)

The decomposition of the hypermultiplet fermion in (4.1) gives rise to two positive-chirality
fermions &4 and 74 and one negative-chirality fermion zi—. From the scalar superpartners
we obtain two complex scalars S and T'. As we will see below, the fields (T, 7) and (S, 5 )
organize into a chiral superfield 7~ and, respectively, a conjugate chiral multiplet S, while
i— forms the lowest component of a conjugate Fermi multiplet.

To identify the cohomology groups associated with these multiplets, note first that, as
in the bulk theory, a section of Q%9 (Sg) has twist charge ¢ > 0. That is, sections of Q01
are being identified with sections of the holomorphic tangent bundle. If a field transforms
as a spinor on SR, its twist charge receives an extra contribution of —1 from each factor
of the spin bundle K él/f 7

"This can be seen by locally decomposing the tangent bundle of the surface Sg as Tsp = T1 @ T via the
splitting principle, see e.g. appendix A of [27]. This corresponds to viewing Sgr locally as a product of two
complex curves. In one complex dimension, massless Dirac spinors transform as sections of K/? ¢ K~1/2
with K'/2 = T~'/2. Identifying sections of the tangent bundle T with fields of twist charge +1, sections of
K'/? then carry twist charge f% in one complex dimension. Using the splitting principle massless spinors on
the surface Sr transform as sections of (Kll/2 @Kfl/g) ® (K21/2 @K;UQ). The summands Kl_l/2 ®K2_1/2,

Kf1/2 ® K§/2 @ Kll/2 ® K{l/Q and Kll/2 ® K21/2 carry twist charge 1, 0 and —1, respectively.
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It is therefore consistent to interpret, in absence of gauge flux, the fermions
(04,74, i—) appearing in (4.1) with twist charges (1, —1, 0) as elements of Hg(SR, VEsg),
Hg(SR, V/Ksg) and H(%(SR, V/Ksg), respectively. This also fits with the twist charges of
the scalar superpartners 1" and S. The above assignments lead to a consistent spectrum
and are also in perfect agreement with the embedding of the 6d defect into the 8d bulk
theory as will be discussed momentarily.

In order for this interpretation to make sense we are assuming that, in absence of
gauge flux, the Kéhler surface Sg is spin, ¢1(Kgg) = 0 € H?(SR, Z2), such that the spin
bundle /Kg is well-defined as an honest line bundle. The requirement of Sr being spin
is modified in the presence of a non-trivial gauge bundle. Indeed, suppose the 6d hyper-
multiplet transforms as a representation R of the bulk gauge group. For non-zero gauge
flux each field in representation R is valued in a bundle Lg. Then Hg(SR, Ly ® \/KisR)
and Hg(SR, Lr® \/KigR) respectively count chiral multiplets (7', 74 )r and conjugate chi-
ral multiplets (5,5, )R in representation R, while H(%(SR, Lr ® \/Kgg) counts conjugate
Fermi multiplets with lowest component i in representation R. The complex conjugate
cohomology groups can be determined using Serre duality as follows

H(Sr, Lr @ /Ksg)* (H2 i(Sg, Lk ® \/Ksg) ) ~ H27/(Sr, Ly @ /Ksg)

and count the respective anti-particles in representation R. The structure of the massless
localised spectrum can then be summarized as follows:

Cohomology ‘ Fermions @ Anti-Fermions
HY(Sr, Lr ® /Ks) ® Hy(Sr, Lr ® \/Kgg)* Rorf (4.5)
é(SR,LR®\/@ EBH (Sr, Lr ® \/Ksg)* ,EBEB,ul;
HZ(Sr, Lr @ \/Ksg) ® H(Sr, Lr ® \/Ksg)* R ool

In general only the bundle Ly ® \/KigR must be well-defined as an integer quantized
bundle even if both factors individually may not be. This must be guaranteed in a glob-
ally consistent F-theory compactification by the tadpole constraints and the Freed-Witten
quantization condition on the gauge fluxes.

For a smooth surface Sg the chiral index x(Sgr,R) is computed via the Hirzebruch-
Riemann-Roch theorem as

X(SR,R)— %SRyLR®\/KSR SR7LR®VKSR —I—h SR;LR®\/KSR

:/ <112 (Cl(SR) +02(SR))+ c1(Sr)ci(Lr ® KS/ )+cha(Sr, Lr © Ké/2)>

-[ () (- gritem) ) + fyeatsi) + () -t ) ). (46)

Note that the appearance of only even powers of ¢; (Lgr) ensures that x(Sgr, R) = x(Sr,R),
where the latter is defined in terms of the conjugate gauge bundle L. This expression,
which is valid a priori for smooth matter surfaces, receives corrections in the presence of
singularities, as will be discussed in section 6.5.
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Consistency of this spectrum with the bulk spectrum can be seen as follows. From the
perspective of the theory on Mg, the surface Sg can be viewed as a defect, and the surface
matter corresponds to zero-modes trapped along this defect. The defect zero modes are
related to the bulk field zero modes (3.16) in the same way as described in [25] for a one-
dimensional defect inside a surface wrapped by a 7-brane. In this correspondence, the fields
whose bulk zero modes transform in H'(Mg) give rise to defect zero modes transforming
as sections of the normal bundle Ngg /57, of the matter surface in the divisor Mg. As
explained at the beginning of this section, the matter surfaces Sgr are loci characterized
by an enhanced gauge group, i.e. vanishing of Higgs vevs (). These are sections of the
canonical class Kj, of Mg. Thus the normal bundle of Sg in M is isomorphic to Ky, .
Together with adjunction

Ksg = Knglsg ® NSR/MG ) (4.7)

this yields Ngg /ar, = K;g ° [25]. This results in the ‘identifications’

Py € H(%(Mg,LR) - Tr GHg(SR7LR®K;‘1/3)
po€ Hi (Mg, L) — fi- € Hy(Sr,Lr ® K?) (48)
bt GHg(MG7LR) — o4+ GH%(SR,LR@)K;I/{Q%

in agreement with the spectrum (4.5) obtained through the twisted defect theory.

Finally, note that the specific representation R in which the defect matter transforms
can be deduced geometrically as described in section 6, but a priori it seems that there is
an ambiguity in assigning matter the representation R as opposed to its conjugate R. This
ambiguity is merely a matter of convention because changing R and R exchanges the role
of the two independent chiral superfields S and 7 as well as of the Fermi field u_ and its
conjugate, thereby exchanging the role of the F and J-type couplings associated with p.

4.2 SUSY variation and BPS equations

To prove that the fermionic and scalar fields organize into 2d (0, 2) superfields as claimed
above we must decompose the 6d (1,0) supersymmetry variation taking into account the
identification (4.3). The 6d SUSY variation of the hypermultiplet fermions ¥ transforming
as (4,1) of SO(1,5) x SU(2)g is (see e.g. [68])

60 = —iv/2E4y" D, el . (4.9)

The subscripts A, B = 1,2 refer to the SU(2)r symmetry representation of the 6d su-
persymmetry parameters €4 transforming in a (4,2) and of the hypermultiplet scalars
®p transforming as the (1,2), and e4B is the anti-symmetric tensor. After applying the
decomposition (4.1) one finds, much like the analysis in appendix A,

61y = iV2(Dg + D1)T €
654 = —iv/2 (Do + D1)Se_ (4.10)
S = /2 (a DT — e DQS) .
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These variations are expressed in terms of the 2 4+ 4-dimensional fields, which for simplicity
we denote by the same symbol as their 2d components. In this spirit the index & = 1,2
refers to the doublet structure of fi— under the internal SU(2)-structure group, as is clear
from (4.1). The BPS equations are obtained by separately setting to zero the fermionic
variations with respect to e_ and é_. The vacuum expectation values have to satisfy the
BPS equation

oAT =0, 045 =0. (4.11)
Solutions to these equations describe the string vacuum which gives rise to the effective
(0,2) supersymmetric theory in 2d. In this theory, the 2-dimensional components of the
scalars are furthermore subject to the BPS equations

(Do+D)T =0, (Dy+D1)S=0. (4.12)

The supersymmetry variations indeed confirm our assertion that out of a single 6d hy-
permultiplet one obtains one chiral (conjugate chiral) 2d (0,2) superfield with fermionic
component 7, (54) and scalar component 7' (S), and in addition one 2d conjugate (0,2)
Fermi superfield with lowest component ji_. The variation of fi_ is furthermore in per-
fect agreement with the form of the variation of p_ and the bulk-surface matter corre-
spondence (4.8). In the vacuum defined by solutions to (4.11) the auxiliary fields in this

conjugate Fermi multiplet vanish at this point of the analysis.

4.3 Bulk-surface matter interactions

The localised matter just described interacts with the bulk matter of table (3.8). At
the level of cubic non-derivative couplings, these interactions derive from the bulk cou-
plings (3.35) and (3.39) by treating the matter on Sgr as localised zero-modes originating
from the bulk modes as in (4.8). In this approach, which has been introduced for F-theory
compactifications to 4d in [25, 27], one views the configuration of 7-branes intersecting over
Sr as a Higgs bundle over Mg with spatially varying Higgs field ¢. By cataloguing all
possible resulting couplings we find

_ o) (J)
5 bulk+matter — Sbulk+matter + 5 bulk-+matter

F _
Sl(aul)k+matter = bagy / d*y p* (Tf ST +ol Tﬁ) + c.c.
2. -6 v (4.13)
+ e(we/d y o (S7YS + ola’) +c.c.

(J) _ 2 4 € B e
Sbulk—i—matter - Caﬂe/d Yyp_ <TB ¢+ + TLa > +c.c..

We are employing here a similar decomposition as in (3.11) such that the superscripts
denote the different zero modes (‘families’) of the respective type as counted by the coho-
mology groups in tables (3.16) and (4.5). The couplings are gauge invariant due to the
existence of a singlet in the tensor product Adj® R® R and a gauge invariant contraction
is understood. The two couplings (4.13) are induced from the bulk E- and J-type interac-
tions by replacing two of the bulk fields with corresponding surface localised zero modes,
whereas the third bulk field is merely restricted to Sr, where it couples to the localised
matter modes.
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The coupling constants are computed by taking the overlap of the internal wavefunction
associated with each zero mode and integrating over the surface Sgr,

baﬁv = / ﬁm&,a A (%mn,,@ S”y + 5-7 Tmn,ﬁ)
SR
€5ve = / /jm,é A ( Amn,'y A &ﬁ,e + é—mn,'y A dﬁ,e) (414)
SR

Cspe = / ﬂm,& A <Tmn,5 A 1/37—1,5 + 7A—mn,ﬁ A dﬁ,e) .
SR

Here we have made the form indices m,n and m,n on Sg explicit for the hatted, internal

wavefunctions (but not the additional spinor indices). These derive from the degrees of the

cohomology groups counting the respective matter states For instance, the Wavefunction

7 transforms as an element of Hg(Sz, Lr ® @) SR, LR ® \/KigR (see

Since elements of Q% have ¢ anti-holomorphic indlces the complex conjugate of the

cohomology group H(%(SR, L3 ®+/Ksy) counts (2,0) forms with values in (L ® /Kgg )*
Equivalently, the first coupling in (4.14) realizes the map

(SR,LR® vV EKsg) @H (Sr, Ly ® \/Ksg) EBH (Sr,Adj) — H? 5(Sr, Ksg) =C,
(4.15)
where

# € Hy(Sm, Lr ® \/Ksg)

S € Hg(SR,LR & V KSR)* = Hg(‘S’Ra L;{ @ V KSR) P
and Hg(SR, Adj) in (4.15) appears due to the restriction of p € Hg(Mg, Adj) to Sg. In
the last step of (4.15) we identify Hg(SR, Ksy) = H*?(Sr) and integrate over Sg. The
third coupling (and similarly the second one) corresponds to the canonical map

(4.16)

H3(Sr, L} ® \/Ksg) ® HY(Sr, Lr ® /Ksg) ® H5(Sr,Adj) — H3(Sr, Ksg)=C
(4.17)
for the cohomology groups
[t € H5(Sr, Lr ® \/Kgg)* = H;(Sr, L ® v/Ksg) (4.18)

T S Hé(SR,LR & 4/ KSR )
and with HI(SR, Adj) arising from the restriction of ¢ € Hé(Mg, Adj) to Sr.

The coupling S}g ) derives from an interaction of the form (2.16) if we modify

ulk+matter
the auxiliary field E(°-) associated with the bulk Fermi multiplet of p_ as
EPY) = £, HA° —b,p, TS, (4.19)

where again suitable contraction of gauge indices is understood. The first term in E®Y)
reproduces the pure bulk couplings (3.35). Furthermore we find a contribution

EW) = _e5, 87 A (4.20)
Likewise, the coupling S]gu%k tmatter 1Plies a superpotential of the form
Jue ) = —csp T A (4.21)

in addition to the pure bulk superpotential (3.44).
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4.4 Cubic surface-matter interactions

Apart from these cubic interactions with the bulk matter states, there are cubic interactions
involving only the localised matter fields. As will be discussed more in section 6.3, these
interactions are localised at the intersection of matter surfaces over curves in the base, i.e. in
codimension three in B4. We will summarize the resulting couplings here. The F-couplings
have a contribution from three matter surfaces intersecting over a curve, associated to three
representations R;, as follows
Ray ,0
R(l k) R(L b

EU™) — dye (Ra,Ru,Ray) (2 za7) (4.22)
where Z can be a chiral superfield S or T such that the above coupling is gauge invariant.
Likewise, the bulk J-coupling induces a cubic matter surface superpotential

Ry, e Ry,,
J(MRbl,é) = —hsey (Ry, Ro, Ry,) (Zb2b2 2" 7) : (4.23)

Both interactions are induced by the bulk E- and .J-type interactions (3.35) and (3.39).
Note that the supersymmetry requirement Tr £ - J = 0 has to hold for the combination of
all F- and J-couplings.

5 D3-brane sector

In addition to 7-branes on complex three-cycles, F-theory compactifications to 2d contain
spacetime-filling D3-branes wrapping holomorphic curves in the base By of the elliptic
fibration. In the dual M-theory compactification, such D3-branes correspond to spacetime-
filling M2-branes. In 2d compactifications these D3 /M2-branes are of particular importance
because of the appearance of chiral matter at the intersection with the 7-branes. This
fundamentally distinguishes the 3-7 sector from its analogue in higher-dimensional theories.

The theory on a D3-brane is 4d N =4 SYM. To properly describe its coupling to the
7T-brane sector derived in the previous sections, we must perform a compatible topological
twist for this theory, similarly to the coupling of 6d (1,0) theory at the intersection of two
7-branes. This analysis will be presented in [31]. For the purpose of this article it suffices
to get a handle on the matter in the 3-7 sector, and we here take the following simplified
approach. The DBI part of the 3-brane action

Sps = 27r/ e~ ?y/det(g + (2F), (5.1)
3 Jps

identifies the 2d gauge coupling for the effective gauge theory of a D3-brane compactified
on a curve C’ﬁm as
% = e ?Vol(CE,) 2, (5.2)
9b3
with the volume Vol(CﬁQ) measured in units of 5. The gauge theory on the 3-brane
is therefore weakly coupled as long as the product of the string coupling e™? = Im(r)
times the volume of the wrapped curve is sufficiently large. Let us first assume that the
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3-brane admits such a weakly-coupled description. In perturbative string theory, a single
spacetime-filling 3-brane contributes a U(1) gauge group factor to the total gauge group
in 2 dimensions. Massless matter charged both under the 7-brane and the 3-brane gauge
group arises from the spectrum of massless strings at the intersection of the two types
of branes. Generically, the complex three-cycle wrapped by the 7-brane and the complex
3-brane curve C’ﬁQ intersect in an isolated number of points on By. In perturbative string
theory, the open strings in the 3-7 sector are subject to mixed Dirichlet-Neumann boundary

conditions in all eight internal real dimensions. The vacuum energy for the Neveu-Schwarz
1
5.
Consequently, the massless string spectrum contains only the fermionic excitations

ground state is thus ayg = —% + % =

from the Ramond-Ramond sector with ag = 0. In the 2d (0,2) theory this gives rise to a
negative-chirality spinor v_ which forms the lowest-lying component of a Fermi multiplet.
Apart from subtleties from SL(2,Z) monodromies to be discussed momentarily the number
of such 3-7 Fermi multiplets is given by the number of intersection points

/ Me] A [CB,). (5.3)
By

The Fermi multiplets transform in the fundamental representation of the non-abelian gauge
group G realized on the 7-brane and carry charge —1 under the abelian gauge group on
the 3-brane. We will denote this representation as R3_7. The 3-7 brane matter can be
summarized as follows:

Cohomology ‘ Fermions @ Anti-Fermions

I/E{377 ® 175_{377 (5'4)

H3(Mq N Ci,) & HY(Mg N Cfy)*

The assignment of representation R3_7 to the Fermi multiplet component, as opposed
to its conjugate, is a matter of convention. As will be discussed at the end of section 9.5,
the appearance of this matter induces a gauge anomaly for the D3-brane U(1) factor, which
is cancelled by a Green-Schwarz mechanism rendering the U(1) massive.

In addition, there is matter from the bulk sector of the D3-branes in the adjoint
representation of the D3-brane gauge group [31]. For single D3-branes with a (massive)
U(1) gauge symmetry, this matter is uncharged under the 2d gauge group and we therefore
do not consider it further here.

Generically, the 3-7-matter sector cannot interact with the 7-7 matter via supersym-
metric cubic non-derivative couplings of the form (2.13) or (2.16). Such interactions would
require two chiral field insertions, which must come from the 7-7 sector as the 3-7 sector
only contains Fermi multiplets. But generically, the D3-branes intersect the 7-brane cycle
Mg away from the codimension one matter surfaces so that the only gauge invariant in-
teractions would be of the form Adj ® Rs_7 ® R3_7, in contradiction with the required
structure of the couplings. The same argument prevents such couplings between the modes
from the 3-7 sector and from the D3-D3 sector.

In general F-theory compactifications the axio-dilaton varies over the base Bj and
strong coupling effects become relevant, when Im(7) = O(1) even though we stress again
that it is the combination (5.2) rather than Im(7) itself which controls the gauge coupling on
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the 3-brane. In particular, the above perturbative derivation of the spectrum is expected to
remain valid as long as the volume of Cﬁ2 is large enough and /or the 3-branes do not extend
into regions of small Im(7). A detailed analysis of D3-branes including non-perturbative
regimes will appear in [69]. However, even in such situations SL(2,Z) monodromies in 7
do leave their imprint on the 3-7 sector: in particular, the number of multiplets in the 3-7
sector is in general only a fraction ﬁ(g) of the number of geometrical intersection points
i} B, Mc] A [CE,] due to the appearance of monodromies of order ord(g) around the 7-brane
locus. While the effect of these monodromies is automatically taken into account in the
description of the 7-branes in the language of the elliptic fibration, it needs to be accounted
for separately for the 3-7 sector, which after all is not geometrised in F/M-theory. We will
encounter examples of this effect in sections 11.4 and 11.5, where we consider the global
consistency of an SO(10) and an Eg model, respectively, and test our description of the
3-7 sector by computing the contribution to the 7-brane gauge anomalies. We view this
computation as a non-trivial check of our approach. This being said, when the D3-brane
itself becomes strongly coupled an analysis in the spirit of [70, 71] is more appropriate and

will be part of [69].

6 Elliptic five-folds and 2d gauge theories

So far we have described 2d (0,2) F-theory compactifications from the perspective of the
topologically twisted field theory realized on stacks of 7-branes and their intersections. This
captures the local properties of the F-theory compactification, in the sense of decoupled
gravity and without taking into account global consistency of the theory. We now embed
this construction into a globally consistent compactification of F-theory to two dimensions.
The effective theory of such compactifications is conveniently approached via duality with
M-theory compactified on the very same elliptically fibered Calabi-Yau five-fold Y5, via
M/F-duality (2.4). In the sequel we summarize some of the salient features of such com-
patifications. Much of the material in sections 6.1 (apart from the specific relation to the
dual 1d M-theory compactification) and 6.2 follows in close analogy with F-theory compact-
ifications to six and four dimensions, and we review this here for the reader’s convenience.
In section 6.3 we develop the structure of surface localised couplings, which is very spe-
cific to compactifications to two dimensions, and in the remaining sections we put special
emphasis on some peculiarities on five-folds as compared to their lower-dimensional cousins.

6.1 Dictionary

The setup we consider was already outlined in section 2.1. The 7-brane gauge theory lives
on a complex three-cycle (divisor) Mg in the base By of the elliptic Calabi-Yau five-fold
Y5, which is characterized in terms of the vanishing of the discriminant A of the elliptic
fibration to order n > 0, i.e.

A=0(¢), where (y=0: Mg C By. (6.1)

The singularity type in the fiber above such codimension one loci, and thus the gauge
algebra g on the 7-brane world-volume, is characterized in terms of the Kodaira type of
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the fiber. One way to determine this is to consider the [p, q] 7-brane composition of such
singularity and the resulting monodromy of the axio-dilaton. The [p, g]-strings give rise to
precisely the adjoint of the gauge algebra g [72-75]. Somewhat more directly, the gauge
degrees of freedom can be understood from the dual M-theory picture in terms of the
dimensional reduction of C3 and wrapped M2-branes [33]. To characterize these degrees
of freedom, it is useful to determine the fiber type by means of resolving the singularities.
The resolved fibers are collections of rational curves, i.e. P's, which intersect in (up to a few
low rank oddities) affine Dynkin diagrams of an ADE Lie algebra g and can be associated
to its simple roots «;,

P's above codim 1 loci Mg “— Simple roots «; of g. (6.2)

This Kodaira fiber type in turn determines the gauge algebra of the 2d gauge theory. In
M-theory the non-abelian gauge bosons arise from M2-branes wrapped on the P's and the
gauge bosons associated with the Cartan subalgebra of g stem from reduction of C5 along
the (1,1) forms w' related to these fibral curves

ngAiAwi+.... (63)

The (1, 1) forms are dual to the divisors which are obtained by fibering the rational curves
IP’} over the discriminant component and which intersect with the fibral curves in the
negative Cartan matrix of the gauge algebra g. In turn, each fibral curve is associated
with a simple root of g. In the M-theory compactification to one dimension the resolution
of the singular fiber corresponds to moving onto the ‘Coulomb branch’ along which the
wrapped M2-brane modes become massive. The structure of this Coulomb branch will
have a similarly elegant description as in 6d and 4d [76-80]. In the F-theory limit, which
takes the volume of the fibral curves to zero, these wrapped M2-branes become massless
gauge degrees of freedom.

Before discussing this point further, let us turn to the charged matter fields arising
from singularities above codimension two loci, i.e. complex surfaces Sg C Mg in the base
By. These can be thought of as 7-brane intersections, or loci of enhancements of the
singularities in the elliptic fibration. The geometric process that characterizes the matter
fields is the splitting of rational curves in the fiber above codimension two loci in the
base, along which the order of vanishing of the discriminant increases. Representation-
theoretically, this means that some of the P's associated to simple roots become reducible
above codimension two loci, and split into weights of representations R of the gauge algebra
g. From the point of view of the 2d theory, the states originating in M-theory from wrapped
M2-branes on these fibral curves correspond to matter fields in the associated representation

P's above codim 2 loci Sg > Matter in Representation R.. (6.4)

The fibers above such codimension two matter surfaces Sg C Mg will be described in
section 6.2, where we characterize the fibral curves associated to matter in terms of their
intersections as carrying charges associated to the weights of the representation R.
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We now discuss in more detail the relation between the 2d field theory and the (14 0)-
dimensional theory obtained from M-theory compactified on Y5, which is a supersymmetric
quantum mechanics (SQM) with two supercharges. The SQM resulting from M-theory
compactification on smooth, not necessarily elliptically fibered, Calabi-Yau five-folds has
been studied in [32]. In our context, we need to implement the fibration structure of Y
and in addition uplift the (1 + 0)-dimensional theory to a 2d field theory by taking the
F-theory limit. We reserve a detailed analysis to [31] and for the purpose of this paper it
suffices to summarize simply the identification between these theories. The 1d SQM has
two types of ‘bosonic’ multiplets [32]: the 2a multiplet, which has a real scalar, fermion
and auxiliary field f, and the 2b multiplet, comprised of a complex scalar and fermion
(in this case the auxiliary field is not an independent degree of freedom). In addition we
will need a fermionic 2b multiplet with a fermion as its lowest component and otherwise
only auxiliary fields [32]. This 1d super-mechanics is related to the 2d (0,2) field theory
obtained from F-theory by dimensional reduction of the latter on a circle S*. Upon circle
reduction, a 2d (0, 2) Fermi descends to a fermionic 2b multiplet in the super-mechanics. A
2d chiral superfield can either descend to a 2b multiplet or to a 2a multiplet together with
a 1-form potential in the super-mechanics theory. A 2d vector multiplet either descends to
a 2a multiplet plus 1-form, or to a 2b multiplet. All these possibilities are indeed at work.

Consider first an off-shell vector multiplet in the 2d F-theory associated with one of the
Cartan U(1) gauge factors. The vector component along the compactification S becomes
a real scalar in a 2a multiplet, which is precisely the volume modulus of the associated
resolution P! in the elliptic fiber. Their number is given by hl1(Ys) — h11(By) — 1, where
we are subtracting the base Kéhler moduli and the modulus associated with the generic
fiber class.® Resolving the fiber gives vevs to these 2a scalar fields, which corresponds to
moving onto a Coulomb branch of the 1d SQM. On the other hand, we can reduce Cj
along w' as in (6.3), which in one dimension gives rise to a ‘1d vector’ A;. Despite being
non-dynamical, this field will play an important role in our discussion of Chern-Simons
couplings and global consistency conditions in section 9.1. Lifting this to F-theory, the
hY1(Ys) — hb1(By) — 1 vectors A; yield the second off-shell vector degree of freedom of the
2d (0, 2) vector multiplets. This is summarized in the first line of table 2.

For completeness let us also give the identification of the remaining moduli fields
which are uncharged under g and which are thus not part of the gauge theory considered
so far: the h!!(By4) Kihler moduli of the F-theory compactification organize into 2d (0, 2)
chiral multiplets with complex scalar fields || p,(J NJNJ+iJ ACy). Here D, denote the
independent divisor classes of B4. In the 1d super-mechanics obtained from M-theory these
chiral multiplets dualize into 2a multiplets plus vectors A, from reduction of C3 along the
dual 2-forms w®. If the F-theory allows for a perturbative IIB limit defined on a Calabi-Yau
four-fold, this number equals the number of orientifold even divisors h%!(B,) = hil(le).
The modulus associated with the universal fiber volume and the associated 1-form Ay
uplifts to components of the gravity multiplet in 2d. Among the %b?’ (Ys) 2b multiplets

8In presence of extra rational sections, this quantity counts the number of Cartan and extra non-Cartan
U(1) gauge groups, as in higher-dimensional reductions [23].
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# 1d SQM from M-theory | 2d (0,2) SYM from F-theory
RYY(Ys) — Wb (By) — 1 2a multiplet + A; gauge multiplet
ht1(By) 2a multiplet + A, chiral multiplet
$(B3(Ys) — b3(By)) 2b multiplet chiral multiplet
103(By) 2b multiplet vector multiplet
Rt (Ys) 2b multiplet chiral multiplet
h31(Ys) fermionic 2b multiplet Fermi multiplet

Table 2. Identification of multiplets in the 1d SQM obtained from M-theory on an elliptically
fibered Calabi-Yau five-fold Y5 with those in the 2d (0,2) theory obtained form F-theory on Ys.

whose scalar components combine the degrees of freedom from reduction of C3 along the
independent 3-forms [32] in M-theory, 5(b3(Ys) — b*(B4)) 2b multiplets uplift to 2d (0, 2)
chiral multiplets associated with reduction of the F-theory Co and Bs-fields along hl_’l(X4)
and the remaining ones contain the degrees of freedom from reduction of Cy into 2d (0, 2)
vector multiplets. The complex structure moduli arise as h*!(Y5) 2b multiplets [32] in
M-theory, which become chiral multiplets in F-theory. Finally, there are h3!(Y3) fermionic
degrees of freedom sitting in a fermionic 2b multiplet in M-theory [32] and in a Fermi
multiplet in F-theory.

6.2 Geometry of singular fibers

We will now give a more in-depth characterization of the singular fibers in elliptic five-folds.
The fibers in elliptic Calabi-Yau n-folds in codimension one have a canonical description
in terms of Kodaira fibers [81, 82], which associate to the singular fibers a Lie algebra g.
Likewise the situation in codimension two is by now very well understood — see [83-85]
for early discussions in explicit resolutions of Calabi-Yau four-folds and [86] for an analysis
of codimension two in Calabi-Yau three-folds. In fact, the general characterization of the
fibers is in terms of representation-theoretic data of g [77]. What will be crucial in our
analysis is the precise relation between curve classes above codimension one and two loci
in the base. The notation in this section will be that of [77, 78].

Above codimension one, along a component M¢g of the discriminant A in the base
By of the elliptic fibration Y5, the rational curves associated to the simple roots «; of the
non-abelian Lie algebra g will be denoted by F;, i = 1,...,rk(g). The so-called Cartan
divisors, obtained by fibering these rational curves over M, will be denoted by D; with
the following intersection property

D; -y, F; = —Cjy; (6.5)

in terms of the Cartan matrix Cj; of g. The curve Fj associated to the extended node ayg
will be intersected by the section of the elliptic fibration, and we define the singular limit
m Y — Ying as the limit where all fiber components are shrunk to zero volume, except
for Fy, which intersects the section. We furthermore define the relative Mori cone NE(7)
as the cone containing all curves that are contracted by the singular limit.

— 30 —



This setup in codimension one gets modified along codimension two loci in the base,
where the singularity of the elliptic fibration gets enhanced. The main effect is that rational
curves in the codimension one fiber can become reducible. These rational curves intersect
with the Cartan divisors in terms of the weights of representations of g. The simplest
instances is that of an I, (or SU(n)) fiber in codimension one, with fundamental matter
n, which corresponds to a splitting of the fibers along the matter locus as

F = Cr+05,, (6.6)

for some i. Here C’Z-i are rational curves which correspond to fundamental weights L; and
—L;y1. What will be relevant in our context is that M2-branes wrapping F; along codimen-
sion one and M2-branes wrapping the curves C’Z-i are in fact not going to be independent
states. The relevant notion is that of the generating set of the relative cone of curves.
More generally (6.6) is replaced by a splitting into curves CiR for a representation R

and associated weight AR, a = 1,..., dim(R). The effective curves are either associated to
the simple roots F; or to weights with specific sign assignments

€ R — {%}
R R (6.7)
A - e(A),
and the associated curves are characterized by the weight as well as a sign
cif;aR), a=1,---,dimR. (6.8)

For each of the dim R states in representation R let AR be the rk(g)-component weight

vector in the Cartan Weyl basis. Intersecting these with the Cartan divisors D; results in
)\R

D; -y, C,E\%L“) = (A My

ar

i=1,---,1kg. (6.9)

Here AR denotes the ith component of the weight vector of A®. The consistent sign
assignments (6.7) are encoded in the box graphs. The physical significance of these sign
functions is that for e(AR) = £1, the state with weight A\E arises from an M2-brane (anti-
M2-brane) wrapping the effective curve C =) .

It was shown in [77] that the extremal generators of the relative cone of effective curves
in codimension two are obtained in terms of data encoded in the so-called box graphs,and

that this relative cone takes the form?

P z. (6.10)

L EKHDL

The set of extremal generators ¢ € Kgp, is given by those rational curves F; which remain

&)

irreducible above the codimension two loci, as well as the curves C s(a which arise in

the splitting along codimension two loci associated to representatlons R with weights A.

9For each codimension two locus there is a well defined cone of this kind. But if there are codimension
three or four loci, there can be identifications and the set of extremal generators may be reduced [77].
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From this analysis, it follows that the fibers in codimension two can be either of standard
Kodaira type or monodromy-reduced Kodaira fibers [77].

So far we have only assumed the existence of a zero-section oy, but in general an
elliptic fibration can have extra rational sections. These generate the Mordell-Weil group
MW (Y5). Its rank M counts the number of non-Cartan U(1) gauge group factors on Y5 [23]
as will be reviewed momentarily. In the presence of extra rational sections o,, additional
curves in the fiber arise over codimension two loci in By. At the level of homology, a basis
of Hy(Y5) is therefore composed of a basis of Hy(By) together with the class of the generic
fiber §, a basis of the effective curves g}, of the fiber, as well as a basis of effective curves
Cg,m=1,... M, in the presence of M additional independent sections o,.

We also introduce a dual basis of divisors

a=1,...,h%(By)
D, i=1,...,1k(g) (6.11)
Sy, 0=1,..., M = 1k(MW(Y3)).

N

Here DELB) denotes the pullback of a basis of divisors from By, D; are the Cartan divisors
associated with the non-abelian gauge algebra (g) and Sy represents a divisor whose only
non-trivial intersection number with the above set of curves is

Soy, T=1. (6.12)

If Y5 is an elliptic fibration, Sy is the class of the divisor defined by the zero-section og, but
a divisor Sy can be defined also in absence of a zero-section. To each additional section o,
the Shioda maps associates a divisor

Sm:Um*UO*DB*ZniDi, (613)
K3

where the coefficients n; are determined such that S, has trivial intersection with the
F;, and Dp denotes a suitable base divisor. The significance of this divisor 5,, is that
expansion of the M-theory 3-form Cs in terms of its dual 2-form gives rise to the gauge
potentials of extra, non-Cartan U(1),, gauge group factors, as studied for explicit fibrations

recently e.g. in [41, 55, 78, 85, 87-103].
Note that the Shioda-divisors \S,, have non-trivial intersections with the fibral curves

R
C’/E\E{\ «). These intersection numbers compute the U(1),, charges of the matter fields as-
¢ R
sociated to C’ig‘ =) The intersection possibilities for fibers in codimension two with the

Shioda-divisors Sm, 1.e. the U(1) charges of matter fields, can be characterized compre-
hensively in terms of the splitting of the fibers in codimension two [78]. The models with
additional rational sections provide the framework for realizing GLSMs with abelian gauge
groups, as will be discussed in section 12.2.

6.3 Cubic matter Couplings

Finally we are in a position to complete the general discussion of supersymmetric cubic
couplings in the 2d theory. In sections 3.6 and 4.3 we had analyzed such interactions
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between the bulk matter states and, respectively, between bulk and surface matter. In
addition, the sector of holomorphic couplings includes triple interaction terms involving
only matter fields localised on matter surfaces. Such interactions can arise when two or
more matter surfaces Sgr, in By intersect such that the internal wavefunctions describing
the matter zero-modes can overlap and produce a gauge invariant coupling. The triple
coupling originates in the bulk Yukawa interactions (3.35) and (3.39) by again treating the
internal wavefunctions of the surface matter as localised bulk zero modes in the presence
of a non-trivial Higgs bundle. This way we anticipate that the possible Yukawa couplings
can only be of the form (4.22) or (4.23).

Generically, triple intersections of matter surfaces occur already in complex codimen-
sion three, i.e. over complex curves . The significance of these codimension three loci is
that here fibral curves C)\R,L- associated to matter in representations with weights Ar, split,
i.e. become reducible

C)\Rl — C)\R2 + C)\R3 . (6.14)

When this happens the singularity of the fiber enhances further. Such a splitting (or, viewed
in the reverse, joining) is a necessary condition for a coupling between matter associated
with M2-branes wrapped on CARi to occur. Indeed, above a codimension three curve
YR, RyR3 = MN;iSR,; the fiber enhancement is compatible with a gauge invariant contraction

RioRsdRs — C. (6.15)

To realize a coupling over a curve ¥ it must be possible to produce a (1,1) form from
the internal matter wave-functions, which can then be integrated over ¥. Let us again
perform a decomposition of the form (3.11) for the zero-modes of the surface matter. As
for a superpotential, a coupling of the form fz R TR27Rs where for field i we dualized
with (4.4), corresponds to a map

H (2, Ly, © KY? yz) @ HO (2, Lr, ® K. \E> @ H° (z, Lr, ® K> yz> ~C, (6.16)

SR, Srg

which exists by assumption of gauge invariance (6.15) for a suitable assignment of represen-
tations to the fields. This leads to a superpotential coupling arising from the deformation
of the bulk coupling (3.44) of the form

/dzil/ hsey (R1RoR3) pf <TEQ’€ TR 4 £t TR“) (6.17)
with
hse, (R1R2R3) = / B A TR2 A 7Rs (6.18)
b
The associated superpotential is topological and takes the form

J(MRL(S) = _héev(RlR2R3) (TRQ’E TRgﬁ) . (6.19)

Note that as long as allowed by gauge invariance, similar couplings exist for, more generally,
Z given by either 7 or S. For instance there can be any such couplings

(i 7y = ~hioer(RiRaRy) (zg‘“ zgf‘w) . (6.20)
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Furthermore, there is an E-type coupling induced by (3.35). For a matter spectrum con-
sistent with (6.17) the possible gauge invariant E-terms are

/ d*y dse,(R1RoR3) iB° ((75176 TR 4 7187 SR“) (6.21)
with coupling constant
~R N ~
dsey (R1R2R3) = /E/hs PAGE AT (6.22)
plus an analogous term with Ro and Rg exchanged. To see these couplings we must

use (4.4) for the mode associated with the superfields of type S and apply a similar logic
as in (6.16). These couplings imply an extra term in the F-auxiliary field

Ry,
E(M7 ) D) —d(;w(RlRQRg) (SRl’e TRS’W) (6.23)
Ry,
and similarly for E(”‘ ) As before, more generally, there can be E-type interactions
Ry,
EU) — _ds, (RiRaRy) (zf‘lve z?f‘m) (6.24)

as long as gauge invariance allows it.

In five-folds, additional fiber splittings occur in complex codimension four, when two
or more of the codimension three curves X intersect in a set of isolated points. Here the
fibre splittings allow for a combination of two types of couplings into quartic couplings.
While such couplings are always allowed field theoretically, here they localised at a point
in the base. The precise structure of these couplings will be exemplified in section 7.1.

Supersymmetry requires that the final structure of J- and E-type couplings must be

Tr (Z E° Ja> =0 (6.25)

is satisfied with the index a running over all massless Fermi multiplets.

such that the constraint

6.4 Monodromy and non-minimality

There are several effects which make the structure of higher-codimension fibers more in-
tricate for five-folds. Particularly relevant for later considerations are the existence of
additional monodromies in the fibers as well as non-minimality arising in codimension four.

Monodromy is the effect that locally two curves may appear independent, but globally
are identified. As already observed [77] in codimension two, monodromies can yield non-
Kodaira fibers, which was shown to always occur whenever the local enhancement is to an
algebra g such that the commutant of the gauge algebra in g is non-abelian, e.g. su(2) for
su(6) C eg, corresponding to A36 matter.

This continues to hold in higher codimension. In particular, for five-folds new mon-
odromy reductions of the fibers can occur in codimension three. The effect can be easily
explained by considering for instance an SU(n) model with I, fiber in codimension one,
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which has I, fibers in codimension three. In [104]'° it was shown that these always have
fiber components that are quadratic equations above codimensions three loci

boa?® + baCop_12 + beCa_; =0, (6.26)

where (51 is one of the resolution divisors and b; are certain sections on the base. For
a four-fold, this happens over a point, such that the quadratic can be factored into two
irreducible components as first observed in [83],'' and the fiber is a Kodaira I},. In higher-
dimensional elliptic varieties the quadratic does not factor globally, and the two components
are generically identified under monodromy of the quadratic equation. This results in
non-Kodaira I fibers in codimension three in five-folds. For a generic SU(n) model in
particular, the fiber in codimension three will be a monodromy reduced fiber with two
of the multiplicity one curves getting identified. The condition for the monodromy to
be absent is simply the vanishing of the discriminant b3 — 4bobg = 0. We will show this
explicitly for SU(5) in section 7.

A second point to note is that in order for the singular five-fold to admit a flat Calabi-
Yau resolution there must be no non-minimal singular loci. Non-minimal fiber enhancement
occurs for vanishing orders of the Weierstrass model of the form ord(f,g,A) > (4,6,12).
We will oftentimes re-express the Weierstrass model in Tate-form (7.1), with the role of f
and ¢ taken by the Tate coefficients b; transforming as certain sections on By. In terms
of these, the condition for non-minimality is that ord(b;; A) > (1,2,3,4,6;12). Compared
to Calabi-Yau three- and four-folds, for five-folds new constraints arise from requiring that
no such non-minimal enhancement occurs in codimension four. In numerous models this
implies that certain intersection loci in the base need to be trivial.

As an example consider a IV* fiber in codimension one, realizing an Eg gauge theory
with a Tate model with vanishing orders ord(b;; A) = (1,2,2,3,5;8). The fiber enhances
in codimension two to E7; realized by a type III* fiber, and in codimension three to Eg
with vanishing orders (1,2,3,4,5;10). The only codimension four locus is bg = 0, which
results in a non-minimal fiber. In the following we will always remove such non-minimal
loci by excluding such intersection points, in addition to the known non-minimal fibrations
in codimension two and three as listed in [104]. Removing such loci plays in particular a
role, e.g in computing the anomalies and tadpole conditions.

6.5 Singularity of higher codimension loci

Singularities of matter surfaces, i.e. codimension two loci in the base, can lead to corrections
to the matter chiralities x(Sr,R) in (4.6). The expression in (4.6) is applicable if there are
no singularities on the matter surfaces. We will now explain where these effects come from,
and provide examples for the corrected chirality formulas in the context of SU(n) models.
Without fluxes, i.e. for Lg = O, the expression (4.6) for the chirality can be rewritten via

19See (3.27) of [104], which is the equation for the fiber in codimension three for all I,, to I};, enhancements.

" This absence of monodromy-reduction was already observed in the four-fold case for SU(5) in [83, 84],
for general I; in [104] and lower rank cases in [105]. The relevance of these non-monodromy-reduced fibers
for the generation of couplings was elucidated in [106].
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the adjunction formula as
1
X(Sr,R) = 52 M - [Sr] - (2¢2 — A + [Sr)® + MZ) (6.27)

where the matter surface Sg on the 7-brane divisor Mg is written as the intersection of
Mg with a divisor whose class we denote by slight abuse of notation also by [Sgr] and
¢i = ¢;(By). However, this expression does not account for contributions from singular
matter surfaces. Let us define the elliptic fibration via a Tate form as in (7.1). Generically,
singular matter surfaces arise whenever the divisor defining the codimension two locus on
Mg is the vanishing locus of a non-trivial polynomial in the coefficients b; in the Tate form
as opposed to merely a monomial of b;. The classic example is SU(2k + 1), where the
fundamental matter arises along a surface Sayx11 given by the intersection of Mg with the
vanishing locus of

P = b2bg — bybsbs + bob3 . (6.28)

There are now two effects: first, the codimension two locus P = 0 is singular along b; =
bs = 0. This implies a curve of double points along

C1 = Mg - [b1] - [bs] (6.29)

in the base B4. Second, the discriminant of P, viewed as a degree 2 polynomial in by
and bs, is
§ = b3 — 4bybg . (6.30)

Whenever § = 0, the polynomial P becomes a perfect square P = 72, and there is a
double curve
Cy = Mg - [P]-[4]. (6.31)

To account for the contributions of the singular curves we need to compute the Euler
characteristic x(C1) and x(C2) and add these to the naive chirality formula (6.27). Note
that these may not be smooth and thus computing these contributions in general will
require a more extensive treatment of such singularities.

Furthermore, these two curves can intersect above points M¢ - [b1] - [b3] - [0]. A re-
lated effect was observed in the context of four-dimensional IIB orientifold models with
pinch-point singularities along Whitney divisors wrapped by orientifold-invariant 7-branes
in [107]. The correction to the Euler characteristic was determined by a local resolution,
which essentially determines the contributions by counting the number of such pinch points.
In our context the situation is somewhat more refined. In our case the correct expression
for the chiral index of the fundamental representation of SU(2k + 1) is

A (Sarei1, 2K + 1) = \(Soper 1, 2k + 1) — éMG oIl (P14 ). (6.32)

Likewise for SU(2k) we find the fundamental matter at P = b3 + bybgby — bgb? = 0, which
is singular along b; = by = 0 and has discriminant § = b3 + 4bg. The corrected chirality
count is then

(8210 2 = X (a1, 2) — <M+ o] ] - ([P] +19]) (633
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Another example is one with gauge group SO(10): here the matter surfaces are all smooth,
given by bs = 0 for the spin representation and by = 0 for the fundamental, however
there is a contribution from singular curves in codimension three, b3 = 6 = 0 where now
0= bZ — 4bobg. This gives a contribution

X(S16,16)*'* = x(S16,16) + %MG - [ba] - [ba] - [0]. (6.34)

These correction terms have been somewhat empirically determined, by checking consis-
tency of the anomaly and Chern-Simons constraints derived in section 11. It would be
very interesting to determine the found expressions from first principles by for instance
resolving these singularities such as in [107].

7 Example fibrations

Before we proceed with an in depth characterization of global consistency conditions of
F-theory on Calabi-Yau five-folds, it will be useful to have a few examples in mind. These
examples will be developed further in view of their global consistency in the second example
section 11. We will discuss here mainly the geometry of fibrations with non-abelian ADE
type groups, with a focus on the odd SU(2k + 1) gauge groups, and discuss the correspond-
ing geometry and 2d field theory associated to them. A second class of examples have,
in addition to non-abelian gauge group factors, one additional rational section. Further
theories with SU(2k), SO(2n) and exceptional groups are discussed in appendix B and
section 11.

7.1 SU(2k + 1) theories

We begin our exploration of examples with SU(2k + 1) theories. Geometrically, an
SU(2k+ 1) gauge group is realized by Ioi4q fibers in codimension one. In general, we
will not work with the Weierstrass form (2.2), but with the so-called Tate form [108, 109]

y2 + bixy + byy = 23 4 box?® + by + bg, (7.1)

which is a simple coordinate change away from the Weierstrass form. It has the crucial
advantage that the vanishing orders of the coefficients b; (which are sections of suitable line-
bundles over the base) imply, without further tuning, the singularity type of the fibration.
For instance the SU(2k +1) theories have vanishing orders ord¢, (b;) = (0,1, k,k+1,2k+1),
whereas the Weierstrass form would require a suitable tuning to arrive at ord¢,(f,g,A) =
(0,0,2k + 1). This is what allows resolving these models by toric resolutions [110, 111] as
exemplified for Calabi-Yau four-folds in [112, 113]. The resolutions for these general fibers
have been discussed in detail in [104], up to codimension three. In the resolutions for five-
folds, however, interesting new effects occur due to additional monodromies in the fibers.

Here we start with the prototypical example of SU(5) to illustrate the type of fibers
that occur, including the ones in codimension four. This example is particularly nice, as
it has a rich class of higher codimension enhancements, including exceptional loci. The
fibration is realized in terms of a Tate model

Y2 + by + b3y = 2% + baox? + balix + (s (7.2)
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with the singularity locus above (5 = 0. The classes of the coefficients b; are

1] =c1, [b2]) =2¢1 — Mg, [b3] =3c1 —2Mg, [bs) =4c1 —3Mg, [bg] = 6¢c1 —5Mc.
(7.3)

The discriminant is
A =b7 (bab3 — bibgbs + bibs) (5 + O((5) - (7.4)

Note that the discriminant locus P = bgb§ — bi1bgby + b%bG = ( is singular at by = b3 = 0,
and there will be corrections to the chirality formulas as discussed in section 6.5. The
complete enhancement patterns, including the putative unhiggsed gauge group in higher
codimension, are summarized as follows:

_ SO(10): b =0
Codim 2 :
SU(6) :  b2bg — bibsby + bob2 = 0
SO(12): by =b3=0
Codim 3 : (12) P (7.5)
E6 : bl = bQ =0
SO(14) : by = by = b2 — 4bybg = 0

Codim 4 :
E;: by=by=0b3=0

To determine the actual fiber structure, as well as various topological quantities such as

Chern classes, we resolve the model with the following resolution sequence!?

(%, y,C0;C1) » (z,y,C15C2), (y,¢1583) (y,C2:Ca) - (7.6)

Applied to the standard Tate form the sections are associated to the simple roots via
the correspondence ((p, C1,C2,(3,C1) <> (o, a1, g, a4, a3). This corresponds to the toric
triangulation introduced in [85, 114] as T1; and in this algebraic form appeared in [104]. In
the following, all resolutions and intersection computations are computed in Smooth [115].
As introduced earlier, we denote the rational curves in the fiber associated to the simple
roots «; by F;. The codimension two fibers correspond to the following splittings'?

Local Enhancement | Fiber Type | Codim 2 Locus Fiber Splitting

F, = CL+Cy,

Fy —» CH+F +Cy;
SU(6) I P=0 Py — Cf +Cf

SO(10) I by =0 (7.7)

12Using the notation in [104], (z,y,(1;¢2) corresponds to the blowup of x = y = (1 = 0, where the
exceptional section of the blowup is (. Small resolutions are (y, (1;(2) etc.

13To compare with the analysis of this splitting in the appendix of [85], we give the map to the notation
therein: C() — w, b1 — al,bz — a1, bz — a3,2, bs — Qa4,3, be — a6,5, F; — Pll, CZt} — P%4, C?;l — P%B7
Cy — Pip, Cf +C; — Pi, + Pip. The toric resolution coordinates e; of [85] are associated with the
Cartan divisors E;, called D; in the present paper. Furthermore, to ease comparison with [78, 79], this is
the resolution/Coulomb phase 8 for the anti-symmetric representation and II for the fundamental.
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Here C (sz) corresponds to the weight +L; (£(L; + L;)) of the fundamental (anti-
symmetric) representation. In figure 1, the associated fibers are shown including multi-
plicities and intersections. The resolution corresponds to the Coulomb phases/box graphs
in figure 2.

In codimension three these further split as follows (continuing the splitting from the
codimension two locus b; = 0):

Local Enhancement | Fiber Type | Codim 3 Locus Fiber Splitting
Cr; — Cy+Cf

E IV* hon by =b=0 7.8
6 ono 1 2 F3 N C:;r + 04, ( )
SO(12) I ono bi=bs=0 |F — Cy+C
Here C is defined by a quadratic equation,
C: C2bg + C3wby 4 22by = 0, (7.9)

and corresponds to a curve intersecting C5, twice. Note that in four-folds, this would
be a fiber above a codimension three locus, i.e. a point, where the quadratic factors into
two lines [83]. These codimension three loci realize interactions of the type 10 x 10 x 5
and 5 x 5 x 10, respectively. We will determine the precise couplings in terms of E and
J terms below.

The codimension four fibers can be best understood by considering the enhancement
from the Fg locus with IV *

o ono Hbers. The extremal generators of the relative cone of

effective curves there are

Krv:x

mono

={F,C),,C{,Cr,Ca ), (7.10)

which intersect in the monodromy reduced fiber shown in figure 1. Along the codimension

four locus by = by = bg = 0 the descriminant goes up to ¢J, and the IV .,

fibers split as

I e by=by=0b3=0: Cy — Cy+Cf, (7.11)

mono

where the local enhancement is to Fr and the extremal generators of the relative cone of
effective curves are

Krrrx

mono

={F,Cy,,Cf,Cr,CF ). (7.12)
Equivalently, the splitting from I3 to III} is

C — CL+Cf, O = Cf +Cf . (7.13)

The fiber is shown in figure 1. It is a monodromy reduced I1I* fiber, which arises from
the underlying Kodaira fiber by removing the component with multiplicity 4 and one of
the multiplicity 3 ones. Note that C has the same intersections as C;r , but these seem to
be distinct curves.

These codimension four splittings of fibral curves have the following interpretation:
starting with the codimension three coupling 10 x 10 x 5 corresponding to the Ejg en-
hancement, we see that the curve C) associated to the 5 splits further into the curves Cy,
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codim 1 codim 2 codim 3 codim 4

(&

Il IZ mono

Figure 1. Codimension one to four fibers of an F-theory model with gauge group SU(5) realized
by an I5 fiber in codimension one. Lines correspond to rational curves, and multiple lines indicate
the multiplicities of the fiber components. In codimension two, the fibers correspond to local
enhancements to SU(6) and SO(10), respectively, and are given in terms of Kodaira fibers. All
higher codimension fibers have monodromy reduction: compared to the standard Kodaira fiber,
components are absent due to monodromies. The resolution shown here is encoded in the box
graph in figure 2, and is realized in terms of the blowup sequence (7.6).

and C3, associated to states in the representations 10 and 5, respectively. This generates
a quartic coupling mediated by an M2-brane wrapping the interpolating 3-chain bounded
by all these curves, much alike the codimension three case [84, 106]. Note that the 3-chain
is localized above the codimension four point, and its volume vanishes in the F-theory
limit. Similar reasoning applies to the splitting from I3 to III*. In summary, the two
codimension four loci realize quartic interactions of the type

10x10x10x5  and 5xb5x5x1 (7.14)

localized over the point of F7 enhancement.

Finally, consider the splitting along b3 — 4babg = 0 of the matter locus by = bg = 0.
This is precisely the discriminant of (7.9), and thus all that happens at this locus is that
the curve C' in the enhancement from I factors

Igmono : bl = b3 = bzzl - 4b2b6 =0: é — C; + é:;r . (715)

Note that this is again a monodromy-reduced fiber, where one of the multiplicity two sets
of curves is absent. All codimension three and four fibers follow the monodromy-reduction
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rules set out in [77, 116] that they are given in terms of Kodaira fibers where nodes of the
affine Dynkin diagram are deleted (irrespective of higher multiplicities). In the presence of
singlets at this point, this would correspond to a coupling 55 1, but in absence of an extra
U(1) group no such singlet states are available.

The chiralities for the two matter curves are

x(b1,10) = ﬂclMG (202 + Mg)

x(P,5) = ﬂMG (8c1 — 5M¢) (—80c1 Mg + 63t + 2¢o + 26 M) (7.16)

1
+ éclMG (1661 — 11MG') (301 — QMG')

1
= 5 Ma (271e1 M — 5 (76¢3 + c2) Mg + 180} + 8cacy — 65M%)

where for the fundamental matter we included the correction due to the singular matter
locus (6.32). For later global considerations, note that the fourth Chern class in this
resolution is

Mg -y, ca(Ys) = Mg -, (360c — 750¢; M + 525¢1 M& + 12¢p¢1 — 120M) . (7.17)

The even SU(2k) theories proceed similarly, and we derive some of the details for the
example SU(6) in the appendix B.1.

7.2 2d gauge theories

Let us exemplify the structure of the 2d (0, 2) theories obtained for the above SU(5) model
(without any gauge backgrounds turned on). We assume that there is only one D3-brane
in the model wrapping a single curve in By. In this situation, the D3-sector contributes
at best a massive U(1) gauge multiplet to the 2d theory (see the discussion at the end
of section 9.5). At the massless level, apart from the SU(5) gauge multiplet, the theory
contains charged massless matter fields as summarized in the following table:

Matter Rep | Massless Fields Muliplicity
24 p2 da =1,...,*(Msy(s))
24 A% = (a24,wi‘*) pg=1,... (MSU(5))
24 % = (p*, x3) ry=1,... hS(MSU(S))
10 p1o io =1,...,h" (810, /Ks1o)
10 T = (719,719 | jg=1,...h%(S10, V/Ksyo) (7.18)
10 S10 = (S10 510) | ko =1,...,h%(S10, /Ks10)
5 i la=1,...,h(S5,/Ks;)
5 T5 = (T5,75) mg =1,...h%(S5, /Ksg;)
5 85 = (55,0%) ny=1,...,h%(Ss, /Kss)
5 Ve Sa =1,... ah%(MSU(5) nca,)

The last line refers to the 3-7 matter discussed in section 5.
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At the level of cubic non-derivative couplings, the ‘bulk’ matter in the 24 interacts
via pure bulk couplings of the from (3.35) and (3.39) as well as via bulk-surface interac-
tions (4.13). Let us choose the convention that the different types of matter fields localised
along Sy transform in representation 10 versus 10 as displayed in (7.18), and similarly
for 5 versus 5. With the assignment given above, the surface matter in the 10 and 5 rep-
resentations couples in addition via E- and J-type interactions as discussed in section 6.3.
At generic position of the D3-branes, no E- and J-type couplings are possible involving
the Fermi multiplets 3 for the reasons given in section 5. The allowed couplings lead to
the following ansétze for the auxiliary F-fields,

_ (Pt 24.p5 5,24, 10,55 10,k 2 5.ms ob,n
E = fgupyr, AXPI ORI £ by g TIPSO 4 bY , TPTOS
o ey _ 10,j5 <B,n 2 5,mg 75,75 10,k 424,p
E ZWMT S df g, TP TP + eZak%s v A24Py (7.19)
,ui O‘) _ 5,m 10,5 10,mg 10,5 5,m~ A24,p
—E! =d} ., T T 4d],, 5 ST S 6], S5 AP
and for the superpotential J
_g(p*Ph) _ 24.p5 24,p
J = gqap;apr PATH
o 10,ky 75,m 2 5ms o5,m 10,55 424,p
_J'ulo,z‘& k,ym,ys T 7+hz mgmsy SHMESHTY 4 Cz aJBPy T PA K (720)
o 10,]5 5,7 10,55 710,5 5 ,mg A24,p
J/f,’l& lamhs S + hlaJBJwT T+ ClameWT A“HPy

The bulk couplings f and g and the bulk-surface couplings b, ¢! and e’ are computed as
wavefunction overlaps as in (3.36), (3.40) and (4.14), while the surface matter couplings
d’ and h' arise from the overlaps at codimension three curves, (6.22) and (6.18). In
addition we have seen quartic interactions from the codimension four points in the base of
the fibrations.

Supersymmetry requires that the explicit form of the couplings as determined from
the wavefunction overlaps must be compatible with the constraint

10 ’La
> B Jmm+ZE T sia = 0. (7.21)
2
Since the precise information about the couplings is encoded entirely in the geometry

of the internal wavefunctions, consistency of the compactification will ensure that the
constraint (7.21) is indeed satisfied.

7.3 SU(2k 4+ 1) x U(1) theories

We have seen that the monodromy in (7.9) is due to the quadratic equation describing the
fiber above the codimension three locus by = b3 = 0. We can force the monodromy to be
reduced by considering bg = 0 or ba = 0. The former is exactly the so-called U(1)-restricted
Tate model of [87], which has gauge group SU(5) x U(1). In addition to the resolutions
n (7.6), we also blow up (z,y;s), where s = 0 corresponds to the additional rational
section that gives rise to the abelian gauge factor. Resolutions of this SU(5) x U(1) model
including the complete set of curve splittings in codimension two and three have been
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discussed torically in [85] and from algebraic resolutions in [100], to which we refer for
more details. The complete set of fiber splittings, i.e. all resolutions, determined in terms
of Coulomb phases for models with U(1)s can be found in [78].
In fact we can state more generally that any model with I5x 11 singularity in codimen-
sion one with a U(1)-restriction
bg =0 (7.22)

in the Tate model guarantees that the monodromy in the I}, codimension three fiber is
absent, as can be readily seen from the factorization of the locus (6.26). We will show
later on that this class of models is globally consistent and anomaly free. Furthermore, the
matter loci are all smooth and there are no singular contributions to the chiral index of
the surface matter.

8 The flux sector

8.1 Four-form fluxes on five-folds

An important ingredient in F/M-theory compactifications on Calabi-Yau five-folds is the
flux background, which is the vacuum expectation value for the field strength G4 = dC'5 of
the M-theory 3-form potential. Let us first briefly review the situation on a general Calabi-
Yau five-fold as studied in [32]. The M-theory flux is described by an element Gy € H*(Y3)
subject to the Freed-Witten quantization condition [117]

1
Gt 5oa(Ys) € HY(Ys,7). (8.1)

Important aspects of this quantization condition have been discussed in detail for elliptically
fibered four-folds in [118, 119]. On a Calabi-Yau five-fold H*(Y3) splits into H3!(Y3),
H?2(Ys) and H'3(Y3). As shown in [32], in order for the M-theory compactification on Y3
to preserve two supercharges, the (3,1) and (1, 3) flux components must vanish and thus

1
Gy + 5C2(Y5) e HY(Ys,Z) N H*?(Y3). (8.2)

The remaining (2, 2) flux induces, in the effective N = 2 super-mechanics, a scalar potential
for the Kahler moduli of Y5 that derives from the superpotential [32]

Wihux = GyNINITNJ. (8.3)
Y5

Let us now specialise to M-theory compactifications on elliptically fibered Calabi-
Yau five-folds. By M/F-theory duality (2.4), G4 flux encodes both the analogue of the
Type IIB/F-theory closed string Neveu-Schwarz and Ramond-Ramond fluxes and the gauge
fluxes on the 7-branes. In order for G4 to uplift to these types fluxes in the F-theory vacuum,
it must satisfy the transversality constraints

GyNSyAws=0 and GiANws=0, Ywye HYBy), wg € HS(By). (8.4)
Y5 Y5
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These are the direct analogue of the familiar constraints first discussed in [120] for G4-fluxes
in M/F-theory compactifications on Calabi-Yau four-folds to 3/4 dimensions. In the first
condition, Sy denotes the divisor defined around (6.12) associated with the zero-section of
the elliptic fibration.' It rules out fluxes with all legs in the base as these would not survive
the M /F-theory scaling limit. This is consistent with the absence of 4-form fluxes on the
compactification space of F-theory/Type IIB vacua. The second constraint ensures that
the flux does not have two legs along the generic fiber as such flux would break Poincaré
invariance in the dual F-theory. If we insist that the flux do not break the non-abelian
gauge symmetry on the 7-branes, we demand in addition that

GiAD; Awy =0 Vwy € HY(By). (8.5)

Y5

In this work we are primarily interested in G4 fluxes which uplift to gauge flux along the
7-branes in F-theory. The constraint that G4 be of (2,2) type reproduces the BPS condi-
tion (3.24) that the associated gauge flux be of (1,1) type. The supersymmetry condition
induced by the superpotential (8.3) in M-theory uplifts in F-theory to the requirement that

Gy NS, NIJgANJg =0 (8.6)
Y5

for all classes S,, generating a U(1),, gauge symmetry via the Shioda map (6.13). Jp is
the Kéahler potential on the base By. To see this expand the Kéahler form of Y5 as

J =1pSp + Zthm + Z tiD; + Jp (8.7)

and require that the derivative of (8.3) with respect to the Kéhler moduli tg,ty,,t; and
the Kahler moduli on the base vanish. In the F-theory limit, where tg — 0, ¢,,, — 0 and
t; — 0, the only non-trivial constraint for fluxes satisfying (8.4) and (8.5) is (8.6). Note
that (8.6) corresponds to the BPS condition of vanishing D-term (3.29) (for trivial charged
matter field VEVs). From the perspective of the 2d (0,2) theory obtained from F-theory
this amounts to the vanishing of the flux-induced field-dependent U(1),, Fayet-Iliopoulos
term as will be discussed after (9.40).

8.2 Extracting gauge bundles from G4

The flux associated with a non-trivial gauge background has been described in sections 3
and 4 as the field strength of a line or in general vector bundle on the complex three-
cycle Mq wrapped by the 7-brane. Suitable powers of this bundle enter the cohomology
groups (3.16) and (4.5) counting, respectively, charged bulk matter along Mg and charged
matter at the intersection Sg of two 7-branes. The description of fluxes in terms of a gauge
bundle sharply localised along individual 7-brane cycles is correct when the structure group
of the associated bundle is contained in one of the non-abelian gauge groups of the model.
Most gauge fluxes, however, are not of this form. This is because they are either associated
to massless non-Cartan abelian gauge symmetries, or given in terms of even more general
elements of H??(Y5) with no connection to a massless gauge symmetry at all. As argued
in [114], the latter type of flux is to be interpreted as the F-theory analogue of gauge flux

4The part of Sp in genus-one fibrations without a section is taken by a suitable modification of the
divisor class describing the embedding of the base By into Y5 as analysed in [60].
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associated with geometrically massive U(1) symmetries in the sense of [121]. While such
fluxes are not localised in any way along the non-abelian 7-brane cycles Mg, the matter
spectra (3.16) and (4.5) only depend on the restriction of the gauge flux to the matter
loci in question. It is therefore sufficient to extract these gauge data from a globally
specified 4-form flux. Quite generally, since we are working on the Coulomb branch of
the M-theory, i.e. on a resolved Calabi-Yau five-fold, we can only access the abelian gauge
data. The bundles we can extract from G4 are therefore necessarily line as opposed to
higher rank vector bundles. Possible extensions to including non-abelian gauge data were
obtained in [45, 46, 48-50].

Consider matter in representation R localised on a surface Sg. The line bundle Ly
whose cohomology groups count this matter as in (4.5) is related to the gauge flux G4 as

R
follows: pick a fibral curve Ci(rf‘“) associated with one of the weights A} and assume for

definiteness that e(AR) = 1. Integration of G4 over this fibral curve gives rise to a 2-form on
Sr which precisely describes the gauge flux to which the matter states in representation
R couple. This intuitive notion can be formalized as in [122] by describing the gauge
data on Y in terms of an element G of CH?(Yj3), the rational equivalence class of complex
codimension two cycles on Y;. The cohomology class associated with G is precisely the
gauge flux G4 € H?%(Y}), but viewed as an element of CH?(Y5) G contains considerably
more information including that of the ‘Wilson line’ backgrounds of the 3-form Cj3. The
fibration of C’f\il{\ &) over S describes by itself an element Cr of CH?(Y3). At the level of
intersection theory within the Chow ring, the notion of integrating G4 over the fiber curve
C/E\iR)\aR)
rise to an element in CHI(SR), the group of line bundles on Sgr, which we identify with
Lr." The result is independent of the choice of AR inside the weight system of R. The

cohomology groups of Ly then count the massless matter according to (4.5) in presence

amounts to taking the pullback of G to Cr and projecting onto Sgr. This gives

of gauge data encoded in G. This procedure will be exemplified in section 11.2. A similar
construction extracts the line bundles relevant for the bulk sector in (3.16).
The chiral index (4.6) associated with these cohomology groups can be written as

X(SR) = X(SR)‘cl(LR)ZO + X(SRNﬂux : (88)

In absence of singularities of the type discussed in section 6.5, the flux-dependent part

takes the form )

Sl = 5 [ AlEn). (39)

In section 10 we will see that this piece is now directly related to the integrals %(G4 NG4) v,
D; with D; the Cartan divisors given by fibering the resolution P's, F};, over the 7-branes
or, in the presence of abelian gauge groups, to the integrals %(G4 A Gy) vy Sm with Sy,
defined in (6.13). For instance suppose that a fibral F; associated with the simple root «;
splits into C;r Uy, in the fiber over Sg such that the latter appear in the weight system

5More precisely viewing Cr and G as elements of CH3(Y3), this intersection-theoretic process defines an
element of CHs43-5(Y5|sg ), whose projection to Sgr is an element of CH;(Sr) ~ CHl(SR) = Pic(Sr). See
sections 2.4 and 3.1 in [122] for more details on the analogous construction on Calabi-Yau four-folds.
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of only the representation R (and of no other representation). Then we will find that
1 1
— =G4 NGy vy Di = / cl(LR)Q. (8.10)
2 2 Jsg

More generally, the methods developed in section 10 will allow us to systematically express
the expression on the left as a linear combination of x(Sr,)|aux for several representations
R;. We leave it as an interesting task for future work to derive these identities directly
from the intersection theoretic relation between Lr and G4 outlined above.

9 Global consistency conditions and anomalies

We are now in a position to study the global consistency conditions for the construction of
2d F-theory vacua. The D3-bane tadpole, which will be analysed in section 9.1 is crucial
for cancellation of gauge anomalies in the 2d (0,2) theory because of the chiral nature
of matter from strings stretched between the D3- and 7-branes. The gauge anomalies
will be discussed in detail in section 9.2. In particular we will uncover a rich pattern of
Green-Schwarz and Stiickelberg type couplings, which are essential in the context of abelian
gauge anomalies.

9.1 Tadpole constraints

The effective supergravity action for 11d M-theory on R x Y5 contains two types of topo-
logical couplings of the 3-form potential C3 with field strength Gy,

1
Sn = 21 </ d"zy/=gR - / Ga N *G4> + Stop » (9.1)
RxYs 2 RxYs

where Siop has the contributions

Stop = SM2 + Scurv

Smz = —2m /ny5 C3 A 6([Crrz)) (9.2)

1 1
Seurv = 271‘/ Cs A <C4 Y5) — =G4 A G4> .

Here [Cy2] denotes the class of all curves on Ys wrapped by M2-branes. The non-compact
part of the M2-brane worldvolume fills the time direction RY? of the effective super-
mechanics theory. We are working in units in which the 11d Planck length ¢, = 1.
In general we allow for a non-trivial 4-form flux G4 € H??(Y5) as introduced in section 8.

Given a basis {ws}, a = 1,...,h(LD(Y5) of 2-forms on Ys we can expand Cs as C3 =
Y aAa ANwq + ..., where A, denote 1-form potentials in R. Under this expansion the
couplings (9.2) induce the (1 + 0)-dimensional analogue of a Chern-Simons coupling [32],

Siop =27 / A A (kS + KO ) (9.3)
o R
ki = | wa n8((Cu) (9.4)
Y5
o / A Lo -taine (9.5)
curv — Y5 wOé 24 C4 5 2 4 4 . .
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In section 9.4 we will see that the Chern-Simons couplings for the 1-form fields A,,
a=1,...,H"}(By), arise by dimensional reduction of a classical topological coupling in
2d F-theory upon circle reduction to M-theory. By contrast, the Chern-Simons terms for
the remaining 1-forms, studied in detail in section 10, have no analogue in the 2d (0,2)
theory obtained from F-theory. They are induced at the quantum level in the process of
this circle reduction. Irrespective of their origin, in (14-0) dimensions the Chern-Simons
couplings constitute tadpoles for A, and must therefore vanish. This results in the (14-0)-
dimensional analogue [32] of the M2-brane tadpole cancellation condition familiar from
higher-dimensional M-theory compactifications

5([Copa]) = 2174@4(1/5) - %G4 N (9.6)
This tadpole condition can only be satisfied for §([Cy2]) € H8(Ys,Z). Otherwise, the
compactification is inconsistent and must be discarded. In section 4.1 we had encoun-
tered another integrality condition for consistency of the spectrum: the bundles Lg ® K ég 2
appearing in the cohomology groups in (4.5) counting massless matter states at the intersec-
tion of two 7-branes must also be integer quantized. We conjecture that this is guaranteed
whenever G4 + 3¢3(Y5) € H*(Y5,Z) and the right-hand side of (9.6) is integer-quantized.
Indeed, c4(Y5) is sensitive to the global details of the 7-brane configuration.

We can now decompose the class [Cy2] appearing on the left-hand side of (9.6) into a
base component [Cf,] € Hy(B,) and a remaining fibral part. M2-branes wrapping curves
on the base By dualize, upon M/F-theory duality, to D3-branes wrapping the same curve
and filling the two spacetime dimensions of F-theory compactified on Y5. Supersymmetry
requires that this base class be effective on By

(Ol = 5 [es(¥5)] — 51Ga A Gl 2 0. 97)

This ensures that the D3-brane tadpole can be canceled with D3-branes only, as opposed
to anti-D3-branes. As in higher-dimensional compactifications this implies a bound on the
allowed Gy-flux.

By contrast, the components of [Cyz] along the fiber dualize to matter particles in
the 2d F-theory compactification. In fact, there exists an intriguing interpretation of the
righthand side of the tadpole equation (9.6) regarding its uplift to F-theory, which is the
subject of section 10.

9.2 Anomalies in 2d

Two-dimensional gauge theories exhibit gauge and gravitational anomalies [123]. These
are generated by anomalous 1-loop diagrams with two exterior legs for the field strength
F or two exterior legs for the curvature tensor R. In keeping with the general approach of
this paper, we focus on the anomalies in the gauge sector, postponing a discussion of the
more supergravity related questions concerning the gravitational anomaly to [31].

The gauge anomalies receive contributions from massless charged chiral fermions run-
ning in the loop and from self-dual scalar fields which couple linearly to an abelian gauge
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potential. As lucidly reviewed e.g. in [7] the contribution from a canonically normalised
Weyl fermion in representation R with action

EWeyl = w(iv”au - iAuT(R))w (9'8)

to the non-conservation of the gauge current takes the form
na 1 3a b b _uv
aMJ = g Tr(’y TRTR) F,LLVE y (99)

with a,b Lie algebra indices and 3 the chirality matrix in 2 dimensions. Here we are
working in the renormalisation scheme defined in appendix B of [7]. Let us therefore define
the anomaly coefficient of a single Weyl fermion of chirality P = £1 in representation
R to be

AR,P)=PC(R) with trT&T% = C(R) ™. (9.10)

It is worth noting that C(R) = C(R) so that the anomaly contributions from chiral
fermions in real representations do not automatically vanish, unlike in 4n dimensions. For
example, for the group G = SU(n) these anomaly coefficients take the form

n—2
5

G =8SU(n): C(Adj)=n, C(n)= = C(A%n) = (9.11)
For completeness, let us add that the contribution from an (anti-)self-dual scalar field
of charge ¢ linearly coupled to a U(1) gauge field via

1 q
Escalar 28u¢6 ¢ + \/;‘_8 ¢Au ) (912)

to the gauge anomaly equals that of an (anti-)chiral Weyl fermion

1
e q* F e (9.13)

The anomaly is induced at tree-level by linear exchange of a scalar propagating between two
gauge potential insertions. Equivalently, after fermionisation of the current ﬁ@utﬁ — Pyt
the anomaly is induced at the 1-loop level by the associated chiral fermionic degree of free-
dom. Since the scalar fields in the chiral multiplets of the (0, 2) theories under consideration
comprise both a self-dual and an anti-self-dual contribution, the only contributions to the
gauge anomalies arise from the Weyl fermions.

9.3 Non-abelian gauge anomalies from charged matter

Consider first the gauge anomalies associated with the non-abelian gauge group G realized
on a 7-brane wrapping the divisor Mg on the base of the Calabi-Yau five-fold. The anomaly
receives contributions from all charged chiral and anti-chiral fermions localised in the bulk
of Mg, those at the intersection surfaces of Mg with the other branes in the model and
from the fermions at the intersection of My with the 3-branes

Atotal = Abulk + Asurface + A3—7 . (914)
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Let us begin with the anomaly Ay, induced by the states in the bulk. The fermionic bulk
matter content is given in table (3.16). To compute the contribution to the anomalies we
take into account the Weyl fermions (as opposed to the anti-fermions) in every represen-
tation R appearing in the decomposition (3.13). In absence of gauge flux, this is just the
adjoint representation of GG, but in general there will be contributions from all irreducible
representations of the unbroken bulk gauge groups. Taking into account the sign from the
chirality of the matter states in (3.16), the contribution from each representation R is

Apuk(R) = =C(R)x (Mg, Lr) , (9.15)

with x (Mg, Lr) given in (3.17). For instance if the gauge flux on Mg breaks G — H x U(1)
such that Adj, — Adjy @ @(R @ R), then the contribution to the anomalies of H is

Apuic = Apuk(Adjg) + Y (Apux(R) + Apa(R)) (9.16)
R

with

1
v Adin) = =37 C(Adin) [ ei(Me) ea(Mo)
G

3 (Apu(R) + Apu(R)) = — S C(R) /

[ ee) (112 wk(Lg) ea(Mer) + chg(LR)> .
R R G

(9.17)

The anomaly contribution from the localised massless matter spectrum on a matter
surface Sg is given by

Asurface(R) = C(R)X(SR> LR) ) (918)

with x(Smr,Lr) as in (4.6) (for smooth Sr). Note the relative sign compared to (9.15).
This sums up to

-Asurface = Z Asurface (R) (9.19)
R

_ ER: C(R) /S ! <c§<sR) <112_;rk<LR)) +1i2cz(sR)+ (;c%(LR) - cQ(LR)>> -

Finally, the Fermi multiplets (5.4) in the 3-7 sector in representation R yield a con-
tribution to the gauge anomalies of the form

1

—L_om) /B Mg A [CB)

As-1 = ord(G)

(9.20)
1 1 1
=@ C(R) [94[MG] A (24[64(Y5)]B = 5lGaA G4]B) :

The sign is a consequence of the negative chirality of the fermions. The integral counts the

number of intersection points between the curve class CﬁQ on B wrapped by the D3/M2-

branes and the 7-brane cycle supporting the non-abelian gauge group in question, and the
1

prefactor > d(@) accounting for SL(2, Z) monodromies was discussed at the end of section 5.
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In the last equation we have implemented the result (9.7) for Cf, assuming cancellation
of the D3/M2-brane tadpole. The contribution of the 3-7 string sector to the anomalies
is a notable difference to F-theory compactifications to four dimensions, where the 3-7
spectrum is always non-chiral.

9.4 Non-abelian anomaly cancellation via anomaly inflow

In a consistent compactification all non-abelian gauge anomaly contributions must auto-
matically cancel each other

Abulk + -Asurface + -A3—7 =0. (921)

In fact, non-abelian anomaly cancellation is a direct consequence of the tadpole cancellation
condition (9.6), thanks to the mechanism of anomaly inflow [124-126] applied to 7-branes
in the F-theory/Type IIB setting: let us integrate both sides of (9.6) over the class Mg of
the 7-brane supporting the non-abelian gauge group G and multiply by —C'(R3_7) to find

1 1
— C(R3_7) Ma Y 015[2 = —C(R3_7) Mg Yy (24[04(Y5)] — §G4 VAN G4> . (9.22)
Assuming an SL(2,Z) monodromy factor ﬁ(w = 1 to begin with, the lefthand side is

the 3-7 anomaly contribution Az_7 determined in (9.20). The righthand side uplifts, in
F-theory, to the projection onto Mg of the flux and curvature induced couplings of the
IIB/F-theory Ramond-Ramond 4-form C} in the presence of 7-branes. This can be made
precise if the F-theory vacuum admits a description in terms of a IIB orientifold on a
Calabi-Yau four-fold X4 (but is true more generally). Such perturbative situations are
discussed in detail in appendix C. The Chern-Simons couplings of a 7-brane and O7-plane
on X4 to Cy are given by (C.1). Upon dimensional reduction to 2d Cy is expanded into
a basis of orientifold even 2-forms of X4 as C4 = c§w,. Summing over all 7-branes in
the vacuum results in a coupling of the top-forms c§ in the 2d effective theory. Since
the basis of orientifold even 2-forms uplifts to a basis of H'!(By4) in F-theory, we can
directly identify these couplings with couplings in the 2d F-theory vacuum up to a factor
of % explained e.g. in [114].1® Upon circle reduction to M-theory, the 2-forms ¢% with
one leg along the compactifcation circle S reproduce the 1-forms A,, a = 1,...,hY(By)
in M-theory obtained by reduction of the M-theory 3-form C3 along a basis of H''!(By).
This identifies the 7-brane Chern-Simons couplings (C.1) as the origin of the curvature and
flux-dependent part of the 1d Chern-Simons couplings (9.5) for this subclass A, of 1-forms.
The particular choice w, = [Mg] singles out the projection of the K-theoretic Ramond-
Ramond 4-form charges of the 7-branes and the O7-plane onto the 7-brane carrying non-
abelian gauge group G. The role of these Ramond-Ramond charges in the worlvolume
theory of the 7-branes is to cancel the gauge (and gravitational) anomalies due to chiral

1
ord(g)
image branes as well as the D3-branes and their images wrap cycles not invariant under the orientifold action

The simplifying assumption that 1 corresponds to a configuration where the D7-branes and

so that no additional relative correction factor is necessary in comparing the D3 and and the D7-sector. In
particular the non-abelian part of the 7-brane gauge group is SU(n).
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fermions localised at the intersection of 7-branes in Type IIB/F-theory [124-126]. This
includes the bulk matter (3.16) as a special case, viewed as matter at the intersection
of the 7-brane with itself. It follows that the righthand side of (9.22) equals minus the
contribution of the full 7-7 sector to the non-abelian gauge anomalies, —(Apuk + Asurface)s
thereby establishing anomaly cancellation. The aforementioned factor of % from the IIB/F-
theory correspondence reproduces the factor C(Rs_7) for 3-7 matter in the fundamental
representation of SU(n) as expected for F-theory models with a IIB limit.

Despite our explicit reference to a weak coupling limit, we expect the correspondence
between the correctly interpreted Ramond-Ramond charges and the 2d anomaly cancel-
lation to hold more generally, where now also non-trivial SL(2,Z) monodromy factors

1( ) # 1 must be taken into account. Various examples including some with ﬁ@ # 1

ord(g
will be presented in section 11.

9.5 2d abelian anomalies and the GSS mechanism

The structure of abelian gauge anomalies is considerably enriched by the possibility of a
Green-Schwarz mechanism as described first in [17, 18] for the (0, 2) worldvolume theory of
D1-branes at singularities and studied in (0, 2) linear sigma models relevant for heterotic
compactifications in [127-131]. It is convenient to phrase the discussion in superspace:
under a U(1) gauge transformation, the vector superfields V' and V, defined in (2.6), (2.7)
transform as

1 - 1 -

with A a chiral superfield. A U(1) gauge anomaly corresponds to a gauge variance of the
quantum effective action W of the form (see e.g. [130] for a careful derivation)

AW = A / d>y doT AT + c.c.. (9.24)
167

The anomaly coefficient A is the specialization of (9.10) to the case of a U(1) gauge theory
with charged Weyl fermions of chirality P; and charge g; given by

A=Y Pa?, (9.25)

with obvious generalizations to mixed abelian anomalies. In addition to this 1-loop induced
quantum anomaly, the U(1) anomaly can receive a contribution from the variation of a
classically non-gauge invariant interaction term [127-131] of the form

Sgs =m / d?ydoT®Y + c.c.. (9.26)
This is the generalization of the Fl-term (2.19) with the the FI parameter promoted to a

chiral ® superfield. Such interaction induces an anomaly of the action provided ® trans-
forms under the U(1) gauge symmetry as

5P = D + gA, (9.27)
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such that
daSas =qm /dzy d9TAY + c.c.. (9.28)

The scalar components of the Green-Schwarz interaction are given by

Sas D 4m/d2y < — D Im(p) + F01Re(<p)) , (9.29)

with ¢ the scalar component in ®. This identifies Re(y) as an axionic scalar field whose
linear coupling to the field strength F' is the hallmark of the Green-Schwarz mechanism.

For real A the transformation (9.27) can be viewed as a gauging of the shift symmetry
of the axion Re(y). In any event the gauging (9.27) requires a suitable modification of the
kinetic term for ® such as to keep the latter gauge invariant. In the present context we
can take this kinetic term to be [131]

Sstuckelberg = / d*y do™ <(21i((1) — ) - qV+> (a;(cb + @) + qv>> : (9.30)

This gauge invariant coupling induces, amongst other things, a quadratic Stiickelberg mass
term for the gauge potential proportional to ¢2. It also contributes interactions similar
to (9.29) of the form

SStuckelberg O 2C]/d2y (Q Im(p) + F01Re(@)>- (9.31)

Note the crucial relative sign difference between both terms in brackets compared to (9.29).
It is this sign which distinguishes the Green-Schwarz and the Stiickelberg interactions. Fur-
thermore, we would like to stress that the gauging (9.27) and the resulting gauge invariant
modification of the kinetic term (9.30) do not require the existence of the anomalous
Green-Schwarz coupling (9.26). As in higher-dimensional theories, a Stiickelberg massive
U(1) field need not be anomalous in the sense that the 1-loop fermionic gauge anomaly
is cancelled by a tree-level gauge variance of Green-Schwarz type. By contrast, for the
Green-Schwarz term to contribute to the anomaly, the gauging (9.27) and (9.30) are of
course required.

Combining (9.29) and (9.31) we see that the sum of the Green-Schwarz and the
Stiickelberg couplings 4m + 2q can be determined from the coefficient of the axionic cou-
pling Re(p) Fo in the effective action — which we will refer to as Green-Schwarz-Stiickelberg
(GSS) couplings. To uniquely determine m and ¢ individually further information is re-
quired, e.g. by inspecting also the D-term couplings of Im(yp). A complete analysis of
this type is beyond the scope of this paper and will appear in future work. It suffices
here to outline the origin of the axionic couplings in the F-theory compactifications under
consideration, to which we turn in the next section.

9.6 Origin of the GSS-couplings in M /F-theory

In 2d F-theory compactifications the axionic scalar fields ¢ = Re(p”) participating in
the Green-Schwarz mechanism arise by KK reduction of the F-theory/Type IIB Ramond-
Ramond forms. This can be made very precise in the special case of a Type IIB orientifold

~52 -



on a Calabi-Yau four-fold X4 with stacks of D7-branes along complex three-cycles D; with
individual U(1) gauge field strengths Fj. As shown in appendix C.1 there can in general
be four different types of GSS-couplings in the 7-brane sector from reduction of Cg, Cy, Co
and Cy. They take the form

Sass D ;Qm /RM Fy=— ; Qi /RL1 deP N A; = — ;Qm /RL1 «deP N Ay, (9.32)

where we have introduced the dual axionic fields ¢°. The different types of couplings are
listed in (C.9), (C.12), (C.15) and (C.17), respectively. Of these only (C.12) possesses
a straightforward derivation via M/F-theory duality. This is the coupling to the axions
obtained by dimensional reduction of the IIB/F-theory self-dual 4-form Cj along a basis of
Hi’2 (X4). The relevant U(1) fields in this context are those linear combinations U(1),, of
U(1); gauge potentials which are massless in the absence of gauge flux. These geometrically
massless U(1) gauge fields can be recovered in M-theory by expansion of C3 as

Cy=Am A Spm + ... (9.33)

with Sy, the U(1),, generating divisor class (6.13). Under F/M-theory duality the GSS
terms (9.32) become couplings in the 1d super-mechanics obtained by dimensional reduction
of M-theory of the form

Sehs = —Qum / %de? Ay, . (9.34)
R

One obvious source for such interactions is the G4 dependent piece in the 11d Chern-Simons
term (9.5),

Stux = —2% / C3sNGyNGy. (9.35)

k

The dual scalars ¢* are obtained by dimensional reduction of the M-theory 6-form Cjg

magnetically dual to Cs
Co=>_ &ay,  with {&} a basis of H>(V5). (9.36)
k
To make contact with (9.35) we express one copy of G4 as G4 = %119G7 = *114dCs and
expand
x11q G7 = *119dCg = *11dd(5k AN (I)k) = *1dd5k N *y W = *1dd5k N Wy . (9.37)

Here we have introduced the basis {wy.} of H*?(Y3) dual to {@;}. Reducing furthermore
C3 as in (9.33) this results in a coupling

— ka/ xdc® A,,, where Qpm = 27 | Sy AGa A wg. (9.38)
R Ys

The couplings Qg in (9.38) from M-theory are to be identified with the eponymous objects
from the IIB/F-theory reduction obtained in (C.12) if we specify

wy € H**(By). (9.39)
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Indeed the basis of Hi’Q(X4) involved in the reduction of Cy4 in the Type IIB derivation
uplifts to a basis of H%?(B4) with By the base of the elliptic fibration Y5. As in the Type
IIB limit, there are no contributions from 4-forms in H3!(By) because Gy is of (2,2)-type.

In view of the general structure (9.29) and (9.31) the axions c¥

must form the real part
of a chiral multiplet in the 2d (0,2) theory. The origin of c* as axionic modes of Cy suggests
that the imaginary part of the scalar component is related to the scalars t* obtained by

reduction of J A J along the basis wy. Thus
Re(p)f ~ cF «—— Cg = Zék W
k

(9.40)
Im(p)f ~tF s JTAT = Ztkwk.
k

The couplings of Im* in (9.29) and (9.31) yield a contribution to the scalar potential (2.20)
which is minimized, for zero non-linearly charged matter fields, if the flux-induced D-term
vanishes. The flux-induced D-term has already been derived from the supersymmetry
variations as the first term in (3.29). This expression translates into the object st Ga A
Sm A Jg A Jp from the M-theory perspective, and it is exactly this form which is in
agreement with the proposal (9.40) for the Im(p)* moduli together with (9.38). A full
supergravity analysis of both the Green-Schwarz and the Stiickelberg couplings and the
relation to Kéhler moduli will appear in [31].

Let us briefly comment on the M-theory origin of the remaining Green-Schwarz cou-
plings (C.9), (C.15) and (C.17). First, Type IIB U(1) symmetries which possess a ge-
ometric Stiickelberg coupling (C.9) are massive already in absence of gauge flux. As in
compactifications to 3/4 dimensions, their mass is at the KK scale and a description of
their gauge potential requires the introduction of non-harmonic forms [87, 121]. In partic-
ular such U(1) symmetries are not associated with extra rational sections on the elliptic
fibration [99, 106]. What is new compared to the 3/4 dimensional situation is the ap-
pearance also of higher curvature geometric Stiickelberg terms (C.15). By contrast, the
flux-dependent Green-Schwarz terms in (C.15) can be non-vanishing already in absence of
a geometric Stiickelberg mass term. These interactions should therefore have a description
in M-theory reduction with harmonic forms. In Type IIB, these terms must involve, for
geometrically massless U(1)s, orientifold odd gauge fluxes, which are notoriously difficult to
uplift to F-theory [99, 106, 132]. Finally the coupling (C.17) involves the axion Cy, which
is geometrised in F-theory as the real part of the axio-dilaton 7 = Cy + gls. Couplings of
this sort are particularly challenging to extract via M-theory (see e.g. [133]), and we leave a
derivation of all these Green-Schwarz couplings as an interesting challenge for future work.

We conclude this section by stressing that we have so far focused on the U(1) gauge
groups from the 7-brane sector. The D3-brane sector naively contributes a U(1) gauge
group from each single D3-brane wrapping a holomorphic curve C’ﬁQ as well. In Type 11B
theory these U(1)s receive a Green-Schwarz-Stiickelberg term (C.16) from the coupling to
C provided the homology class of the wrapped curve in the IIB Calabi-Yau four-fold is
not orientifold invariant. In fact, anomaly cancellation for the D3-brane U(1) gauge group
requires this GSS mechanism to be in work in order to cancel the anomalies from the 3-7
sector: the latter contains only charged Fermi multiplets (5.4) at the intersection of the
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D3-branes with all 7-branes in the theory, and these contribute with the same sign to the
anomaly. In absence of such homology-odd contributions to the curve class, the only other
consistent option is that the U(1) is projected out such that no U(1) anomaly arises in the
first place. This is the case if the D3-brane curve is invariant as a whole under the orientifold
action. In both situations, the U(1) is massive from the perspective of the low-energy
effective action. It will be interesting to study this more from the F-theory perspective [31].

10 Chern-Simons couplings from M /F-duality

We now come to an interpretation of the Chern-Simons couplings (9.3) in the light of
F/M-theory duality (2.4), which relates the supersymmetric quantum mechanics obtained
by the reduction of M-theory on the resolved Calabi-Yau five-fold Y5 to the 2d (0, 2) field
theory obtained by F-theory compactification on the same space.

Our first aim is to understand the Chern-Simons terms 27 [ Ay k2., involving the

curv
1-forms A, obtained by expanding C3 = A, A w®, where w® is a basis of 2-forms dual
to the divisors listed in (6.11). In section 9.4 we already identified the F-theory origin
of the couplings involving the 1-forms A,, a = 1,...,h ' (By), in the M-theory effective
super-mechanics with couplings of the Ramond-Ramond four-form in F-theory induced
by the 7-branes of the system. To understand the remaining Chern-Simons couplings,
recall that at the level of effective field theories, the precise F/M-theory match is obtained
by compactifying the 2d F-theory effective action on a circle S!, similarly to the circle
reduction relating F/M-theory in d = 6/5 [34, 37, 39] and d = 4/3 [35, 36, 41, 134]
spacetime dimensions. As reviewed in section 6.1, the fact that we are working not on a
singular elliptic fibration, but on its resolution corresponds to the fact that the M-theory
effective action is on its Coulomb branch, on which the non-abelian part g of the gauge
algebra is broken to its Cartan subalgebra with massless gauge potentials A;.

For notational simplicity let us first assume that this g constitutes the full gauge algebra

in F-theory, and analyze the couplings 27 [ A; k! i=1,...,tk(g). The generalization

curv?
including extra non-Cartan u(1),, gauge potentials will be detailed momentarily. Consider,
as in the discussion around (6.9), a representation R of g, described by the weight vector
)\aR fora=1,...,dim(R). The charge of the a-th state in this representation with respect

to the Cartan u(1); is given by
R
Qi = My = £(AF) Dy v Ci. (10.1)

a

For e(AR) = 1(—1) the fibral curve Cig‘“R) is wrapped by the (anti-)M2-brane associated
with the state under consideration, as explained in section 6.2.

Upon circle reduction, a charged particle in 2d gives rise to a KK zero-mode in 1d plus
a tower of KK-states. The mass of the fermionic KK zero-mode of the a-th state is given by

rk(g) rk(g)

anjgj Z)\

g) (10.2)
e(A\R
_3 v O =0 [T
Jj=1 R

a
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The &; denote the vacuum expectation values of scalar fields parametrizing the Coulomb
branch of the supersymmetric quantum mechanics. From the discussion in section 6.1 we
recall that these scalars are the volume moduli of the resolution P's F;. Correspondingly,
the last equation relates this field theoretic expression to the volume of the fibral curve
wrapped by the M2-brane associated to the state with charge )\C%-. Note that this fermion
mass can be positive or negative depending on the sign e(AR). The mass at the n-th KK
level is then given by

mp (AR = mo(AR) +n / J. (10.3)

S

Indeed, while the KK zero-modes originate from M2-branes wrapping fibral curves with
vanishing intersection with the divisor Sy characterized by Sy - F = 1 (see the discussion
around (6.12)), the KK-tower arises by adding to this curve class n powers of the class of
the generic fiber §.

We are interested in the M-theory effective action at energies below the smallest mass of
wrapped M2-brane states. At this energy, all massive M2-brane states have been integrated
out and we are left with the massless fields only. The latter include the 1-form potentials
A; in the Cartan subalgebra, which remain unbroken along the Coulomb branch. The
effective action of the massless modes is to be compared with the circle reduction of the 2d
F-theory effective action, where all massive modes are integrated out. In this process the

%

curvature and flux induced Chern-Simons terms 27 [ A; k.,

in (9.5) are reproduced by
integrating out the massive fermionic modes charged under A; in the S'-reduction of the F-
theory effective action. The relevant diagrams arise at 1-loop level only [33]. This parallels
the match of the Chern-Simons couplings in 5 [33, 34] and 3 [35] dimensions obtained by
M-theory compactifications on Calabi-Yau three-folds and four-folds, respectively, with the
1-loop terms obtained from F-theory in 6 [37-40] and 4 [36, 41] dimensions reduced on an

S1. In other words there exists a match

1d from M-theory : k., — 2d from F-theory on S' : li—loop , (10.4)
where kll'floop denotes the 1-loop induced Chern-Simons term from integrating out massive

states in F-theory reduced on an S*.
Taking the chiral nature of the 2d theory into account, the result for the 1-loop am-
plitude we are encountering here is

dim(R)
. 1 _ .
Loy = —5 2 (1 = 7R) D daisign(mo(AY)). (10.5)
R a=1

Indeed, a single massive fermion in representation R yields a correction

dim(R)
. 1 _
5ki—loop = _§P Gai Slgn(m(AaR)) s (106)
a=1

where P = 41 denotes the 2d chirality of the fermion. This is the direct analogue of
the higher-dimensional expressions determined in [33-35, 38]. Assuming a mass hierarchy
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between the Coulomb-branch masses and the masses of all KK-states, |mg| < |m,,|, each
KK-state at level n comes with an opposite sign compared to the KK-state at level —n for
n # 0. As stressed in [40] this assumption corresponds to the zero-section of the fibration
being holomorphic as opposed to rational. We henceforth assume that the fibration has
a holomorphic zero-section, if possible at the expense of going to a birational model as
demonstrated in [96].'7 Under this assumption all that remains is the contribution from
the KK zero modes (10.5).

This field theoretic relation can be expressed in geometric terms with the help of (10.1)

and (10.2). In particular from (10.2) we identify the sign contribution as'®
sign (mo(AR)) = e(AF). (10.7)
Equating the resulting expression for k:ifloop with the M-theoretic formula (9.5) for kZ.,
we therefore conclude that
1 1 ] dim(R)
- Ry R
D; -y, <24[C4(Y5)] - §G4 A G4> =3 %: (nfk — ng) 221 e(Aa) Aas
a=
(10.8)

dim(R)
1 B R
:—55:(”§—”R) > Di'Y5C§§a) ;
R a=1

where the chiralities are related to the chiral indices x as

(10.9)

L —x(Mg,R) bulk matter
nk —ng =

+x(Sr,R) surface matter.

The chiral index (Mg, R) for a representation R in the bulk is given by (3.17), while the
chiral index x(Sgr,R) for a representation localised on a smooth surface in codimension
two is given by (4.6). Note that the sum runs over all particles which become massive along
the Coulomb branch and, for simple g, only receives contributions from those particles for
which not all e(AR) are of the same sign. This implies that the particles from the 3-7
strings do not contribute as will be discussed further in [31].

This expression readily generalizes to situations with gauge algebra

M
08 P u@)m. (10.10)

m=1
Every representation R carries in addition charge Q = (@1, ..., Q) under the non-Cartan
U(1),,. This includes singlets under g with charges @,, # 0. The charges can again be

written as
Rq
Rq E(/\” )

Qm=c(a”) Sm 5 CRg 7 (10.11)

171t would be interesting to determine under which conditions a smooth birational model with a holo-
morphic zero-section exists.
18See [77] for the precise identification of the sign of the volume integral with the signs € in the box graphs.
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and are of course independent of the choice of a. In particular, identifying the 1-loop CS

m
1—loop

the U(1),, gauge potentials A, results in

m

o associated with

coupling k with the M-theoretic expression for the couplings k

1 1 1 dim(R) (e
_ + — e
Sm .Y5 (24[64(}/5)] - §G4 /\ G4) — _5 RZ(nRQ - ’I’LRQ) Zl Sm .Y5 CAaRQ
Q a=
(10.12)
The terms in brackets are simply
dim(R) R

1 Sm vs Ci?‘g = Qm(2N;:(Rq) — dim(Rq)), (10.13)

with Ny (Rq) denoting the number of positive weights for representation Rq.

In section 6.5 we had seen that the expression (4.6) for the chiral index on matter
surfaces is a priori valid only if Sy is smooth and is in general modified in the presence of
singularities. While in principle the correction terms can be derived on purely geometric
grounds by passing to a suitable normalization of the singular surface, it is in fact simpler
to indirectly read off the chiralities by solving (10.8) for the individual x(Sg). This is
indeed what we have done to determine the correction factors presented in section 6.5.

What is left is a discussion of the CS-coupling involving the U(1) potential Ay asso-
ciated with the expansion C'5 = Ag A Sy. As in higher-dimensional settings, this gauge
potential Ay corresponds to the KK U(1) from the perspective of the circle reduction of
F- to M-theory. This sector and its relation to the 2d gravitational anomalies will be
discussed in [31].

So far we have only explained the origin of the couplings kcyrv in (9.5) in the light of
F/M-theory duality. By contrast, the couplings kyje in (9.4) are induced, in M-theory, by
the massive M2-branes wrapping fibral curves on Y5. In the M-theory effective action at en-
ergies below the Coulomb branch scale, these massive states are not present any more, and
consequently also their couplings kyo to the massless gauge fields are to be discarded below
this energy scale. It is only at energies comparable to the Coulomb branch mass parameter
that the massive M2-states become relevant and the couplings ko complete the effective
action. At this mass scale the tadpole equation (9.6) follows from the effective action.

Since it is the M-theory effective action at energies below the Coulomb branch mass
parameter which maps to F-theory on S!, the couplings k2 cannot be reproduced from
the F-theory circle reduction. Likewise, the tadpole constraint (9.6) evaluated along the
fibral part of the homology of Y5 has no analogue in F-theory: it is a consistency condition
only of the M-theory compactification on Y5. An M-theory compactification violating this
does not give rise to a consistent vacuum to begin with and therefore has no F-theory
dual. This is the F/M-theory analogue of the observation of [10] (see also [13]) that Type
ITA string theory compactified on a Calabi-Yau four-fold to 2 dimensions is subject to a
tadpole constraint resulting from a term

Stia O By AN Xg. (10.14)
RL9
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This coupling enforces the inclusion of a certain number of spacetime-filling fundamental
strings in the 2d effective action to cancel the tadpole for Bs. By contrast, Type IIB string
theory compactified on the same four-fold does not know of such a tadpole constraint
because no corresponding coupling exists in the Type IIB effective action. Comparing the
Type ITA and IIB vacua in 2 dimensions by T-duality maps the background strings required
in the Type ITA theory to momentum modes of massless particles in Type IIB [10, 13].
While in this way the particle content of the Type IIB theory automatically gives rise to
the correct number of spacetime-filling Type IIA strings required to cancel the Type ITA
tadpole, the couplings (10.14) are not reproduced in this 2d/2d T-duality map. Similarly
the 2d/1d map between F /M-theory can reproduce only (9.5) but not (9.4) for the reasons
detailed above.

11 Examples: global consistency

In this section we will exemplify the global consistency conditions derived in this paper for
2d F-theory compactifications. As a first step we will discuss the general computational
method to determine the Chern-Simons terms in concrete models. By explicitly match-
ing both sides of our prediction (10.8) for these terms via F/M-theory duality we provide
a strong general consistency check of the entire framework. In particular we will verify
the corrections discussed in section 6.5 for the chiral index of surface localised matter in
presence of singularities. By analyzing the non-abelian gauge anomalies we will further-
more determine the subtle monodromy factors arising in coupling the D3-brane and the
7-brane sector.

We begin with SU(2k + 1) examples, with and without an additional U(1), and in the
appendix B.1 show consistency of an SU(6) class of models along the same lines. We then
provide an example with SO(10) and with Fg gauge group.

11.1 Intersections for SU(2k + 1) CS-terms

Before we can check the gauge anomaly and Chern-Simons terms (10.8), we determine
some useful identities for the intersection ring in SU(2k + 1) fibrations with fundamental
and anti-symmetric matter. We are interested in the expression in the last bracket of the
righthand side of (10.8).

Let L;, i =1,---,2k+1 be the weights of the fundamental representation, which satisfy
L;- Lj = —6;; and the tracelessness condition ) L; = 0. Then it is easy to verify that!?

2k+1
D Chivi Di=— Y €ildij— bijr1) = gjr1 — €5 (11.1)
L; i=1

If Cr, and Cp, , of this particular resolution have the same sign, then the result is 0, else,
the result is —2. This has one non-trivial contribution coming from the simple root «;,

19We adopt here the convention, more appropriate for the geometric analysis, that the simple roots square
to —2. This will directly give rise to the intersection ring, which is precisely —1 times the representation-
theoretic convention. All group theory conventions are otherwise those in [135].
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and associated D;, which splits in codimension two. It is clear that the contributions arise
precisely from the extremal generators of the cone of effective curves, i.e. elements of Kgp,.
In summary for the fundamental we find

. 0 if F} does not split
> Cl v Dj= . . (11.2)
T ‘ —2 if F} splits.
Likewise for the anti-symmetric representation
2k+1
€i,j
D Ci v De=— Y eij(Gik = Sinr1 + 0k — Ojntn)
L; j i,jil,i<j (113)
=- Z ik — Eik+1 T Z €kj — Ekj+l-
i<k >k

Again, the only non-zero contributions arise for those k for which F} splits and the result
is given by summing over the extremal generators.

Consider for example SU(5). Then the intersections of the fundamental 5 and anti-
symmetric 10 representations take the following form,

.
E Cr' vy D, = {e2 —€1,63 — 2,64 — €3,65 — 4}y,
L;

—€13 — €14 — €15+ €23+ €24 +e25 k=1

114
—€12+ €13 — €24 — €25+ €34 +E35 k=2 (11.4)

Crp. vy D =
T Y —€13+€14— €23+ €24 —€35+¢e45 k=3

—€14+ €15 — €24+ 625 —€34+6E35 k=4.

For instance for €1, = 1 and all others —1 this is (—6,0,0,0), and the contributions from
C’i o k= 3,4,5 equal those of Ci i consistent with the fact that only Fi splits. For
e1r = 1 and e 3 = 1 and all else —1, we obtain (—4,0,—2,0) (or reversed order, depending
on the assignment of roots to rational curves). In this case both F} and Fj3 split. We will
determine similar relations for the Eg and SO(10) examples in the following.

11.2 Global consistency of SU(5) x U(1)

After this intersection-theoretic preparation we can now explicitly address the global con-
sistency of the U(1)-restricted SU(2k + 1)-models. The reason why we begin with this class
of fibrations is because here no subtleties due to singular matter surfaces or monodromy
factors in the D3-brane sector arise, nor are there any non-minimal loci in codimension
three or four. For definiteness we specialise to k = 2 in the geometric realization, including
resolution, reviewed in section 7,2° however, the result holds more generally.

20For all models we will only present one resolution and perform all computations therein. For SU(5) x
U(1) we focus on the one introduced as T1; in [85] and summarized in section 7. Of course, there are
generically several small resolutions. The complete network of resolutions for this model was determined
in [76, 79]. Changing the resolution does not affect the singular F-theory limit, but it will change some of
the details of our analysis such as c4(Ys) and the expressions in (10.8). Of course the global consistency is
independent of the resolution.
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As a warmup we check that the SU(5) anomaly (9.21) cancels. The first contribution
is from the 3-7 strings. Their number is given by Mg -y; ca(Ys). This intersection can be
computed in the specific resolution under consideration to be

Mg -y, ca(Ya) = Mg -p, (144¢; — 264¢; Mg + 12c1co + 162e1 ME — 30ME),  (11.5)

where all Chern classes without any specifications are taken for the base of the fibration,
¢; = ¢;(By). Then the anomaly contribution from the 3-7 sector is
Agr= (=L rig s ca(vy) (11.6)
3—7 — 9 24 G 'Ys C4\ X5 ; .

where we have used that the 3-7 strings are in the fundamental representation of SU(5)
with anomaly coefficient C(5) = 3.

The matter surfaces Sg contribute as follows. There are three SU(5)-charged matter
loci corresponding to 10 and two 5 representations with classes

10_1 : MG . [bl] = MG - C1
5,3 : MG . [bg] = MG . (301 - 2Mg) (117)
59 : Mg - [b1b4 — bgbg] = Mg - (501 — 3Mg) .
The subscripts denote the charges under the non-Cartan U(1)x associated with the
divisor [85]
Sx =5(cx —o9—c1)+2D1+4D3+6D3 + 3Dy (11.8)
This is the image of the extra rational section ox under the Shioda map (6.13). In addition
there exists a charged singlet localised at a matter surface away from the SU(5) brane

with class
1,5 : [bg} . [b4] == (361 - 2Mg) . (461 - 3Mg) . (119)

Let us first consider a configuration with vanishing gauge flux, G4 = 0. In this case, the
chiral indices for the charged matter surfaces are

1
X10_; = ﬂclMG (262 + Mé)

1
X5 = 57 Mo (31 — 2Mg) (—12c1 M + 8¢5 + 2¢o + 5ME)
1 (11.10)
X5, = 75 Ma (5e1 = 3Mg) (=15¢1 Mg + 12¢3 + ¢ + 5ME)
1
X15 =57 (41 — 3Me) (3er — 2M¢) (24¢3 + 2¢5 — 36c1 Mg + 13ME) .
They contribute
3 1 1
Asurface = §X10_1 + §X5_3 + 5)(52 (11.11)

to the SU(5) anomaly, with the numerical coefficients being the anomaly coefficients
C(10)=532,C(5)=3. Finally, the bulk contribution from the adjoint is, using C(24)=5,2!
)
Abulk = =5xpulk = — 5 Ma (1 = Mg) (Mg (Mg —c1) +c2) - (11.12)
21 The factor of —1 is because xpuk = X(Mc) = 30_,(—1)"h*(M¢) counts minus the number of chiral
plus the number of anti-chiral bulk fermions in the adjoint of SU(5).
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With the help of these expressions we verify the identity
A3—7 + Abulk + Asurface =0 ) (1113)

which precisely reproduces the anomaly cancellation condition (9.21).

Likewise the relations (10.8) and (10.12) from the Chern-Simons analysis are automat-
ically satisfied without any fluxes. For this note the following intersection relations in the
resolution under consideration?? between c4(Ys) and the Cartan divisors D; as well as the
U(l)X divisor SX,

c1(Ys) - Dy = —dey MG + 2¢F ME + 2coME — 2¢1c2 Mg + 2 M
cs(Ys) - Do = =3¢ M2 + 22 ME + 2co ME + 2 M
cs(Ys) - Dy = 175¢1 M2, — 272 ME — 8ca ME + 1443 Mg + 14cica Mg — 38 M. (11.14)
C4(Y5) - Dy = —261Mg + QC%Mé + 262Mé + 2cicoMa + 2Mé ‘
ca(Ys) - Sx = 720¢14+60cico —2016¢3 Mg —84c¢ co Mg +2136¢2 ME +30c ME —
—1011e; M + 180ME .
These can be expressed in terms of the matter chiralities for G4 = 0 as
1
ﬂ&;(}%) - D1 = —2Xpuik
1
ﬂC4(Y5) * Dy = —2xpux + X10_4
1
ﬂ64(Y5) - D3 = —2Xbuk + X5_5 + X5, (11.15)
1
ﬂc4(Y5) Dy = —2Xpuk + 2X10_,
1 3 5
ﬂa;(Ys)) -Sx = X5 T X5 F X1

The first four equations precisely reproduce the predicted relations (10.8), given the split-
tings of the fibers in codimension two and the general relations (11.4). To see this for the
bulk contribution we take into account that

> Divy, Fo=-2, (11.16)

acAt

where the sum is over all 10 generators associated to the positive roots o € AT in the
adjoint of su(5). This relation holds for all D;, and a similar one exists for the negative
roots a € A~. Together with the additional sign in (10.9) and the factor of —% in (10.8)
this reproduces (11.15). As for the matter contributions, F3 splits along both 5 matter
loci, which thus contribute to the Chern-Simons term related to D3, while F5 and Fy split
for the 10-representation. The associated box graphs are shown in figure 2, from which one
can read off the signs that enter into the general expressions for the Chern-Simons terms.

2ZNote that the specific expressions are resolution dependent, but the agreement with the F-theory
predictions of course is not.
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Figure 2. Box Graph for the 5 (on the left) and 10 (right) representation of SU(5) corresponding
to the fiber in codimension two of the resolution discussed in section 7.1. Each box corresponds
to a weight of the representations. The action of the roots «; connects the weights into this
representation graph. The coloring corresponds to the signs blue € = + and yellow € = —, indicating
that C’io‘) is an effective curve.

More precisely, the geometric intersection numbers between the Cartan divisors and the
curves are determined as explained in section 11.1%3

10_
Ag !

10 - )
Z Dz 'Ys C)\lo_l = (Oa _27 Oa _4)
a=1 @
(11.17)
> € )\22 5 € )\273
;Di Ys C>é2 ) :(O’Ov_QaO):;Di Y5 C)\( >a

5_3
a

in perfect agreement with (10.8) and (11.15).

Finally the last equation in (11.15) can be understood in terms of (10.12). For the 10-
representation the number of positive and negative weights is equal in the resolution under
consideration so that this state does not contribute, whereas for both 5 representations
N, (5) = 2. As for the singlet, we have in fact N, (1_5) = 1.2

Let us now exemplify the inclusion of G4 flux by considering the gauge flux associated
with the non-Cartan U(1). It takes the form [85]

Gy =FASx, (11.18)

with Sx defined in (11.8) and F € H'(B,) an arbitrary class parametrizing the flux. The
procedure outlined in section 8.2 identifies the line bundles counting localised matter in
representation Rq as [85]

Cl(LR) = QF’SRQ . (1119)
Since the bulk matter is uncharged under the extra U(1), the flux on the SU(5) locus

Mg induced by such Gy is trivial. We can then check explicitly that the relations (10.8)
continue to hold in the presence of G4 by accounting for the flux-dependent correction

Z3This can also be seen directly from the explicit analysis in the appendix of [85].
24Indeed, the effective fibral curve wrapped by the rational section ox over the singlet matter locus gives
rise to a state of charge —5 [85].
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in the chiralities of the matter states appearing on the lefthand side as in (8.9). To be
maximally explicit, we find

1
—§(G4 A G4) -D1=0
1 1 9
—§(G4 VAN G4) - Dy = §ClF Mg
1 47
—5(GaAGa) - D3 = ?chQMG — 15F? M2 (11.20)

1
—§(G4 VAN G4) -Dy = ClFQMG

1 1083
—§(G4 AGy) - Sx = 375c3F? — a1 F? Mg + 195F* M,
and therefore confirm that
1
—§(G4 A G4) -D1=0
1
*§(G4 A G4) . D2 == X].O—l |ﬂuX
1
—§(G4 NGy) - D3 = X5_3|aux + X5. |fux (11.21)
1
—§(G4 A G4) . D4 =2 X10,1 |ﬂux
1 3 5
_§(G4 A G4) . SX = _§X5,3’ﬁux + X52’ﬂux + §X1,5 ’ﬂuxa
with
1 9 1 9 1 9
X10/fux = 5 F2 Xslfux = 5 4F%,  X5_slaux = B 9F~. (11.22)
S10_, Ss, Ss5_4

Likewise, the flux-induced contributions to the SU(5) gauge anomaly cancel automatically.
More generally, similar arguments hold for all SU(2k+1) x U(1) gauge groups obtained
from U(1)-restricted Tate forms, i.e. bg = 0.

11.3 Global consistency of SU(5) models

Somewhat more subtle is the global consistency of the generic SU(2k + 1) model without
U(1)-restriction. Let us illustrate this for SU(5), assuming again that there are no gauge
fluxes. Compared to the analysis for the model with U(1)-restriction in section 11.2, there
are only two matter loci by =0 and P = b%bﬁ — b1bybs + bzbg = 0. The chiral index of the
fundamental matter acquires additional contributions, as discussed in section 6.5, and the
expressions for x (b1, 10) and x(P,5) are summarized in (7.16). The contributions to the
anomaly (9.14) are as follows

1
Az_7 = _ZSMG - c4(Ys)
5
Apulk = —5Xbulk = —ﬂMG(q — M¢)(Mg(Mg — c1) + ¢2) (11.23)

3 1
Asurface = 5 X(b17 10) + 5 X<P7 5) .
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With the value for ¢4(Y5) obtained in (7.17), it is straightforward to check that these terms
cancel to satisfy (9.14). It is crucial for the cancellation that there are the additional
contribution from the singularities of the matter surface P that contribute to x(P,5). The
additional term, which is given in (6.32), is key to cancel both the anomaly as well for
satisfying the relations arising from the Chern-Simons analysis (10.8) and (10.12). To
check the latter, note that the intersection ring gives the following intersections between
¢4(Y5) and the Cartan divisors Dj;, again, in the resolution of section 7

cs(Ys) - Dy = —dey MR + 26 MG + 2co MG — 2c1ca Mg + 2ME,

ca(Ys) - Dy = —3¢i M + 262 MZ, + 2co ME + 2M 2

cs(Ys) - D3 = 538¢c; MZ, — 758 MZ — 8caMZ + 360 Mg + 14cicoMg — 128 M
cs(Ys) - Dy = =21 M2 + 263 ME + 2coME + 2c1co Mg + 2M, .

(11.24)
The Chern-Simons relations imply that these can be written in terms of linear combinations
of the chiralities, with coefficients as dictated by the general analysis in section 11.1. Indeed,
the following relations hold

—c4(Y5) - D1 = —2Xpulk
ﬂ%(}%) - Dy = —2xpuk + x(b1,10)

(11.25)
—c4(Ys5) - D3 = —2xpul + 2x(b1,10)

—ca(Ys) - Dy = —2xpuix + X(P,5),

where we note again that the last equation crucially makes use of the additional contribu-
tions from the singularities in (6.32). Similar relations hold for the remaining SU(2k + 1)
models without U(1) restriction.

11.4 Global consistency of SO(10) models

The models with SO(10) or more general SO(2n) gauge group can be studied along similar
lines. The interest here is in exemplifying the subtleties in the D3-brane sector, as already
discussed in section 5. The Tate form for SO(10) (or rather Spin(10)) has vanishing orders
(1,1,2,3,5), ie.

y2 + xyb1(o + yb;;Cg =23+ $2b2<0 + :cb4Cg + b6C05 , (11.26)

whose discriminant is

A =b33¢ +0(8) - (11.27)

We resolve the model as in appendix B.2 of [104], and summarize here only the dif-
ferences and additional information we need to study the consistency of the five-fold
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compactification. The enhancement patterns are as follows:

SO(12): b3 =0
Codim 2 :
Eg: by=0
SO(14) : by = b2 — 4bobg = 0
Codim 3.: § SOU = bs = by = dbabo (11.28)
E7Z bQZbgzo
SO(16) : by = b2 — 4bobg = 2by — b2by = 0
Codim 4 : ( ) 3 4 276 4 172
Eg: b2:b3:b4:0.

There are two matter loci given by intersection of Mg with by = 0, which gives rise to
the spin representation 16, and with b3 = 0, above which the fundamental matter 10
is localized.

To check the anomaly note first that the group theoretic anomaly contributions of the
relevant representations of SO(10) are

C(Adj) = 4, 0(10):%, C(16) =1. (11.29)

The key point, discussed in section 5, is that the contribution from the D3-branes is only

a fraction of what one would naively expect based on counting the number of geometrical
1

intersection points with the 7-branes. The fraction is determined by — @) where ord(g) is

the order of the SL(2, Z) monodromy around the 7-branes. For SO(2n) groups, this is 1/2.%
Thus we have

1 1
A = 1 C(10) (—MMG - 04) , (11.30)
where
Mg -y, ca(Ys) = Mg -, (—=756¢1 Mg + 528¢c ME + 360¢; + 12cac) — 120M2) . (11.31)

The remaining contributions are

. 1
Apuk = —C(Ad]) Xpuk = EMG (c1 = Mg) (Mg (Mg — 1) + ¢2)

(11.32)
Agsurtace = C(16) x(b2,16) + C(10) x (b3, 10)
with matter chiralities
1
x(b2,16) = ﬂMG (2¢1 — Mg) (—4erMe +2 (c2 + Mé) + 3c})
1
+ — Mg (4¢1 — 3Mg)? (3¢; — 2Mg) (11.33)

4
1
x(bs3,10) = ﬂMG (3c1 —2Mg) (—1261MG + 80% + 2¢o + 5Mg~) .

Z5This factor can be understood from the perspective of a Type IIB orientifold as follows: D7-branes
producing a gauge group SO(2n) necessarily lie on top of the O7-plane, while the D3-branes are generically
not contained in the O7-plane. Matter between the D3-brane and the D7-brane stack is mapped to matter
between the image D3-brane and the same D7-brane stack. This requires a factor of % to avoid overcounting
the D3-D7- matter compared to the matter in the D7-brane sector. Interestingly, this reasoning seems to
remain valid even for SO(2n) without a weakly coupled description such as the SO(10) model with a spinor
representation.
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Figure 3. Box Graph for the 10 representation of SO(10) corresponding to the fiber in codimension
two of the SO(10) model. Each box corresponds to a weight of the 10. The action of the roots
«; connects the weights into this representation graph. The coloring corresponds to the signs blue
€ = + and yellow € = —, indicating that Cio‘) is an effective curve.

Note that the terms in the second line of x(b2,16) are those arising from the singulari-
ties of the higher codimension loci (6.34). Putting these terms together, we see that the
anomaly cancels

As—7 + Apuik + Asurface = 0. (11.34)

Furthermore, we check the identities implied by the 1-loop Chern-Simons terms. Using the
resolution, we find the intersections between the Cartan divisors and c4(Y5)

cs(Ys) - Dy = —dey ME + 263 MG + 2co MG — 2c1co Mg + 2ME,

cs(Ys) - Dy = —dey MG + 263 ME + 2co ME — 2¢1co Mg + 2ME

ca(Ys) - D3 = 12¢; M3, — 2062 ME — 2coME + 1263 Mg + 6¢1co Mg — 2ME,

cs(Ys) - Dy = —dey MR + 263 MG + 2co MG — 2c1ca Mg + 2ME,

ca(Ys) - D5 = 524ci M3 — 7263 MZ — 6o ME + 336¢3 Mg + 10¢icoMg — 126 M, .

(11.35)
These formulae can be expressed in terms of chiralities of the matter surfaces as follows

1
—c4(Ys5) - D1 = —2Xpbulk

24

1

ﬂ%(YE) * Dy = —2xpuk

ﬂc4(y5) - D3 = —2xpu + 2x(b3, 16) (11.36)
1

ﬂc4(Y5) Dy = —2xpux

1

ﬂc4(Y5) - D5 = —2xbuik + 2x(b2,10) .

We now confirm these from the resolution of the fiber and the intersections of the
effective curves associated to the matter represetations Cff with the Cartan divisors Dy,. For
the 10 representation, it was shown in [77] that there are precisely two possible resolutions,
for which either as or ay split. In the resolution above, the former case is realized, and the
associated box graph of the fiber in codimension two is shown in figure 3. As for SU(5),
the L; are fundamental weights, and a; = L; — L;4q, for ¢ = 1,--- /4 and a5 = L4 + Ls.
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From this we compute the sum that enters the Chern-Simons couplings to be
10 -(10)
Z Dk Ys C,\l(la = (07 07 07 07 _4>k . (1137)
a=1

Finally, we need to check the intersections in the fiber realizing the 16 of SO(10). The
box graphs for this case are determined in [116]. The resolution is such that F3 splits
corresponding to the box graph and the only contribution arises from intersections with
this, giving rise to

16
=(13°)
Z Dk Ys C,\lﬁa = (07 07 _47 07 0>k . (1138)
a=1

Combining these expressions, (11.37) and (11.38), we obtain precisely the desired re-
sult (11.36), confirming our general analysis.

11.5 Models with exceptional gauge group

For elliptic five-folds, the exceptional theories generically lead to non-minimal enhance-
ment loci in codimension four (and already in codimension two and three for F; and Eg,
respectively). We briefly discuss the salient properties of these models. The resolutions are
summarized in appendix B.2. For Eg the codimension four locus b3 = by = bg = 0 is non-
minimal and thus we impose that these intersection points are absent in the base four-fold:

M - [ba] - [bs] - [bs] = 0. (11.39)

The anomaly and Chern-Simons relations can be checked and shown to be satisfied: the
group theoretic anomaly factors for Eg are

C(Ad)) =2,  C(27) = % (11.40)
The anomaly from the 3-7 sector is then
As_7 = —Or;(g) C(27) 5 (e1v, Mg)
1 (11.41)
= il B (=774¢; M + 549c1 M& + 360ci + 12201 — 126M3)
and the single matter locus b3 = 0 that gives rise to the 27 representation has
x(b3,27) = i Me (3c1 — 2Mg) (—12e1 Mg + 8¢5 + 2¢o + 5ME) . (11.42)
Then the anomaly indeed cancels
As-7+ (b3, 27) + 2xpu = 0 (11.43)
with - dl(g) = %. The naive expected value based on the Z3 monodromy around an Eg locus

would be 1/3, but the monodromy is in general also sensitive to higher-codimension singular
fibers.?6 It would be interesting to precisely understand the origin of this monodromy
reduction in more detail.

26The analogue of the perturbative orientifold reasoning sketched in footnote 25 would be in terms of the
non-perturbative Zs ‘orientifold’ of [136].
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Figure 4. Box Graph for the 27 representation of Fg corresponding to the fiber in codimension
two of the Eg model. Each box corresponds to a weight of the 27, as listed in (11.45). The action
of the roots «; connects the weights into this representation graph. The coloring corresponds to
the signs blue € = + and yellow € = —, indicating that C’ip‘) is an effective curve.

Finally, we can check also the relations from the Chern-Simons couplings. The inter-
sections of ¢4(Y5) with the Cartan divisors D; are summarized in (B.16). These satisfy the

relations
1
ﬂ%(%) - D1 = —=2xpuk + 2x(b3, 27)
1
ﬂc4(Y5) - Dy = —2xpuk + x(b3,27)
1
ﬂax(}%) - D3 = —2Xpulk
: (11.44)
ﬂ64(3’5,) Dy = —2Xpuk + x(b3,27)
1
ﬂ%(ys) - D5 = —2Xbulk
1

ﬂc4(Y5) - Dg = —2xpuik + x(b3, 27) .
In the expression for D5 we made use of the absence of the non-minimal loci (11.39).
We now show that this is in agreement with the general analysis from the fiber under
consideration. To determine the sign assignments of the weights of the effective curves
>\27
C’/E\g7z ) of the 27 representation, recall that these arrange in a representation graph as
shown in figure 4. The resolution that we consider is given in terms of the sign assignments
shown in the figure, where blue/yellow corresponds to ¢ = +. The notation here is as
follows (for a more detailed exposition of these matters related to box graphs and fibers we

refer the reader to [77]): L;, i =0,---,6 as in SU(n), and furthermore 3Ly — (L1 + L2 +
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L3y + Ly + Ls + Lg) = 0, for these to represent the roots and weights of Eg. The simple
roots are then o; = L; — L;yq fori =1,--- ;5 and ag = Ly — L1 — Lo — L3. The weights
of the 27 can be written in terms of

L i=1,--.6
27 @) 2Lo—) Lj (11.45)
i#i
(i)  Lo—Li—Lj

and they are connected as in figure 4 by the action of the simple roots. The coloring/sign-
assignment of the graph dictates which curves are effective. Using this data, we can then
compute the intersections relevant for the Chern-Simons couplings to be

27 27
> Dy, Cigij ) _ (—4,-2,0,-2,0,—2)y . (11.46)
a=1

These are precisely the values that enter into the linear combination in (11.44), thus con-
firming our general expressions (10.8) and (11.15).

Regarding models with gauge group E7 and Ejg, it must be ensured that all non-
minimal loci in codimension two and three are absent. This requires that the corresponding
intersections of the discriminant components vanish. In these instances, we nevertheless
obtain non-trivial gauge theories through bulk matter and its couplings. The resolutions
and codimension two fiber properties for the £; model with matter in the 56 representation
as well as the Fg model can be found in [104], with the box graphs characterizing the fibers
above the codimension two loci in the E7 model classified in [77]. We expect there to be
bulk-matter-surface interactions, and global consistency is ensured by restricting to models
where potential non-minimal loci are absent.

12 Superconformal theories and GLSM

There are many applications of the constructions obtained in this paper from the perspec-
tive of 2d field theory, of which we outline two in this section: first we briefly comment
on the relation between our models and (0, 2) superconformal field theories, including an
outlook on the possible geometric realization of strongly coupled 2d theories from F-theory.
Second, we interpret the 2d (0,2) models obtained from F-theory as heterotic worldsheet
theories, relating in particular the celebrated Calabi-Yau-Landau-Ginzburg correspondence
via 2d gauge theories of [1] to different Higgs bundle configurations in F-theory.

12.1 (0,2) SCFTs

The 2d theories studied in this paper are (0,2) supersymmetric, but in general not super-
conformal. In particular the gauge theory is super-renormalisable with a coupling gym of
mass dimension one. On general grounds, such theories become weakly coupled in the UV,
where they flow to a trivial fixed-point, and strongly coupled in the IR. This raises the
question of the existence of a strongly coupled superconformal fixed point in the IR. For
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(2,2) gauged linear sigma models (GLSM), such a superconformal fixed-point is believed
to exist in the IR and to describe the non-linear sigma model underlying Type II com-
pactifications on a Calabi-Yau space [1, 137]. For (0,2) GLSMs, superconformal invariance
might be broken, corresponding to the appearance of a destabilizing superpotential in the
N =1 effective action describing the heterotic sigma model [138].

A perturbative criterion for existence of a superconformal fixed point in (0,2) GLSMs
has been given in [139] (see also [140]): it involves the existence of a very specific non-
anomalous U(1)r symmetry. This U(1) symmetry can be constructed as the linear com-
bination of the naive U(1)r symmetry associated with the (0,2) supersymmetry algebra
and any further global U(1) symmetry present in the model. Let us parametrise the charges
under this U(1)z symmetry of the various chiral multiplets ®; = (¢;, ¢ ;), the Fermi mul-
tiplets with fermions A_, and the gauge multiplet with gaugino n_ as

Qr(pi) = —a, Qr(V4i) =1 -y, Qr(A-0) = —aq, Qr(n-)=-1. (12.1)

Then the criterion for existence of a superconformal IR fixed-point is that this U(1)g
symmetry is free of mixed anomalies and that the charges must be related to the degrees
of homogeneity of the superpotential J, and auxiliary E%fields as [139]

. aJe . O,
0+ P =T —adot ) @it = E. (12.2)

An obvious first step in analyzing the possible superconformal IR fixed points in our context
is therefore the study the existence of such a non-anomalous U(1) g symmetry [31]. This in
particular exemplifies the importance of a complete and quantitative understanding of the
Green-Schwarz mechanism for abelian symmetries. An alternative approach to determining
the R-symmetry of the SCFT fixed-point is via c-maximisation as explored in [6, 7].

In the 2d (0, 2) theories constructed in this paper, the gauge coupling is directly related
to the volume of the complex three-cycle Mg wrapped by the 7-branes, measured in string
units, 921 ~ (2Vol(Mg). A similar relation holds for the Yang-Mills coupling for the

YM -
gauge group factors associated with the D3-branes in the model, as summarized in (5.2).

The flow to the strong coupling regime gyn — oo can thus be engineered by taking the
limit of shrinking complex three- and one-cycle volumes. The shrinking of a complex
three-cycle Mg to zero volume is compatible with Mg shrinking to a complex two-cycle,
a one-cycle or even collapsing to a point on By. As this happens, M5-brane instantons
wrapped along Mg will become light and are expected to correct the dynamics of the (0, 2)
theory. The engineering of the strong coupling regime for 6d (0,1) theories by collapsing
curves wrapped by 7-branes in F-theory has recently sparked a lot of interest [24, 141]. The
light modes associated with Mb-instantons encountered in the 2d context are the analogue
of the mysterious tensionless strings from wrapped Mb-branes along the collapsing curves
in 6d. It will be interesting to study these effects, the relation to the existence of a strongly
coupled superconformal sector and the possible classification of collapsing divisors on the
base By in [31].
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12.2 GLSM phases as T-branes/gluing data

Part of the fascination of 2d (0,2) gauge theories realized in terms of GLSMs is due to
their role in interpolating [1] between non-linear sigma models (NLSMs) describing, for
instance, the propagation of the heterotic string on a target space Xyt with non-trivial
gauge bundle Vit and a Landau-Ginzburg (LG) model, which can oftentimes be solved
exactly. The GLSMs appearing in this context in principle fall within the class of 2d (0, 2)
F-theory models considered in this paper. By interpreting the heterotic worldsheet GLSM
as an F-theory compactification on an elliptic fibration Y3, we find a correspondence

F-theory

(Xheta Vhet) (Y5a G4) (123)

between the heterotic target space Xyt and gauge bundle V}e¢ on the one hand, and the
F-theory five-fold Y5 and extra gauge data G4 on the other hand. As one example of this
correspondence, we will now relate the NLSM-LG-duality of [1] for the heterotic string to
a change in the underlying F-theory Higgs bundle data.

The 2d F-theory models allow for two different regimes: the first regime corresponds
to a strict field theory limit with the 2d (0, 2) supergravity decoupled. The other is where
we do not decouple supergravity, in which case we will have to integrate over all field
configurations. We now discuss both possibilities. The decoupling limit is achieved by
taking the base By of the elliptic five-fold Y5 to be non-compact while keeping the 7-brane
volumes finite such that the 2d Newton constant goes to zero.?” In this limit the geometric
Kahler and complex structure moduli become non-dynamical fields and decouple from
the gauge sector on the 7-branes. The resulting 2d gauge theory can then in principle
be interpreted as a heterotic GLSM, in a fashion which we will discuss in more detail
below. The second regime corresponds to a finite base volume such that the 2d (0,2)
supergravity sector remains dynamical. As it stands this sector differs from conventional
heterotic worldsheet theories prior to gauge fixing because in the latter only an N = (0, 1)
supersymmetry sector is local. It will therefore be interesting to study the implications
of local N = (0,2) supersymmetry, possibly in terms of a super-critical string theory as
suggested in [51]. Furthermore in this sector also the geometric moduli are fully dynamical.
The relevance of this is?® that dynamical massless scalar fields in 2d quantum field theory
cannot take a definite field value due to the well-known logarithmic infra-red divergence
in their correlators. Rather, all field configurations must be integrated over in a quantum
description of such theories. As far as the geometric moduli are concerned, this suggests
that all regions of moduli space must be taken into account unless a dynamical stabilization
mechanism gives rise to a mass term of the modulus in question.

After these general remarks let us first briefly review the perhaps simplest example
of a (0,2) GLSM [1]. Its associated NLSM describes the heterotic string propagating on
the quintic Calabi-Yau three-fold Xyt = P* [5] coupled to a rank three vector bundle. The

*"Note that Newton’s constant in 2d is dimensionless. It is proportional to 1/vol(Bs) with vol(By)
measured in string units.
2We thank Cumrun Vafa for discussions on this point. See also [51].
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gauge group is just one U(1), with fields charged as follows:

Field Type | U(1) Charge
®;,i=1,---,5 | Chiral +1
P,i=1,---,5 | Fermi +1 (12.4)
N Chiral -5
Py Fermi -5
by Chiral 0

The Yukawa couplings in this model are determined by the auxiliary fields E; = E(P-9) and
superpotentials J! = Jp_;- These are taken to be the lowest order, but at least quadratic
polynomials which are allowed by the gauge charges, subject to the constraint F;J* = 0 and
otherwise generic.? Higher order terms compatible with the gauge charges are considered
irrelevant in the RG sense [1] and are therefore discarded. This fixes

E =®% Ey=®g %

Jh =0y T(,) JO = P(®;), (12.5)

with P(®;) and J*(®;) homogeneous polynomials in ®; of degrees 5 and 4, respectively.
These must obey the above constraint £;J¢=0. The induced scalar potential takes the form

V=Ver+Vp
Vi = P> + Z leo*| T +Z |Eil* + | Eof?

2
(Z“Pz’2_5‘9@0‘2 ) )

with r the Fayet-Iliopoulos (FI) parameter of the U(1) gauge group with gauge coupling e.

The NLSM phase corresponds to the limit where r > 0: the D- and F-term constraints
enforce ¢ =0, but ), |i|> =7 and P = 0. This suggests interpreting the charged scalar
fields ¢; as homogeneous coordinates of the space P* = (C®)*/U(1). The NLSM target
space is the hypersurface Xt : P = 0 C P4 The gauge bundle is determined via the
remaining E— and J-fields (see e.g. [142] for a review). Note that in the NLSM phase,
the GLSM gauge group is completely broken by the VEV of ¢;. On the other hand, for
r < 0 the GLSM flows to a Landau-Ginzburg orbifold model with |¢g|* = —% and ¢; = 0.
Here the gauge group U(1) is broken to the discrete remnant Zs because of the charge
Qo = —5 of pg.

To realize such GLSMs from F-theory, with only an abelian gauge group, our starting

(12.6)

point is an elliptic Calabi-Yau five-fold Y5 with Mordell-Weil group of rank one, realizing
the U(1) gauge group. This ensures the existence of one independent rational section o
in addition to the zero-section og. The U(1) gauge group of the GLSM is then obtained by
expanding the M-theory 3-form along the harmonic 2-form dual to the class S7 obtained

29 Genericity implies transversality of the polynomials as detailed in [1].
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from o) via the Shioda map, as reviewed around (6.13). This makes direct contact with
the recent advances [41, 55, 78, 85, 87—-103] in the construction of elliptic fibrations with
extra abelian gauge group factors for F-theory. We will outline the fiber structure of Y5 at
the end of this section.

Of central importance in the NLSM-LG correspondence is the FI parameter r. As
described in section 8.1, a field-dependent FI term arises in 2d F-theory models with G4
flux from the gauging of the axionic shift symmetry of axionic fields on Y5. This term is
simply the contribution of the charged Kéahler moduli to the D-term and given by

r o G4/\Sl/\JB/\JB:/ FADgANJgAJp, (12.7)
Ys By
with Jpg the Kéahler form on the base By of Y5. The divisor class Dy on By describes
the 7-brane effectively associated with the U(1) gauge group and the class FF € HY1(By)
parametrises the flux on Dp. Both classes are determined by evaluating the expression
after the first equality in the above equation [85].
Let us first consider the decoupling limit, in which
vol(By) = / Jh — 00, 212
By

The first two limits ensure that 2d gravity decouples and some of the Kahler moduli become

— 00,  vol(Dp) :/ J3 finite . (12.8)
Dp

non-dynamical, while by the last condition the U(1) gauge coupling stays finite. The Kéhler
moduli dependent D-term remains finite in this limit.

As noted in [143] in the context for 4d N = 1 theories, the existence of an FI term can
be compatible with a decoupling limit, as long as one gauges the S-multiplet introduced
therein. We expect this result to hold similarly in 2d (0, 2) theories In addition to the
requirement of keeping a constant Fl-parameter, and sending 2 > and the volume of By to
infinity, we also have to require that the K&hler modulus couphng in the D-term r becomes
non-dynamical, i.e. that its kinetic term diverges in this limit.?* It would be particularly
interesting to construct an example of a geometry which allows for such a decoupling, and
a constant FI-parameter in the field theory.?! By contrast, no such challenge arises for the
interesting, though much less studied, class of GLSMs with simple gauge groups, which
naturally arise from F-theory. Since the FI parameter in the GLSM is associated with the
Kahler moduli of the target space, such models should correspond rather to non-geometric
heterotic theories, and it would be very interesting to investigate these in the future.

Consider next the complementary regime, with 2d (0,2) supergravity not decoupled.
As remarked above, a full description requires now integrating over all possible values of
the moduli space (unless a dynamical stabilization mechanism is at work which induces a
physical mass for the 2d scalars) [51]. Despite this caveat, we see that for suitable fluxes®?
the Kéhler moduli dependent D-term (12.7) evaluates, in different regimes of the Kéhler
moduli space, to different values of r, interpolating between and including the regions
r> 0andr <0.

30We thank Shamit Kachru for useful discussions on this point.
31A 4d example would for instance be realized in the context of the P11136[12] geometry studied in [144],

where one can show that the D-term receives contributions from two moduli, one of which becomes non-
dynamical in the limit of one of the cycles going to infinity whilst the other stays finite.
32For F = Fy — F, with F; and F» both effective the sign on r depends on the K&hler moduli.
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These regions correspond to the NLSM and the LG phase and realize the two possible
ways of Higgsing the U(1) gauge group with the matter content (12.4). As the spectrum
is chiral due to the fluxes, the vevs correspond to so-called Higgs bundle configurations,
which are non-diagonalizable and were termed gluing data or T-branes [45-50]. Indeed,
as pointed out in [48], globally, the different gluing configurations correspond to different
types of fluxes. The NLSM-LG correspondence has then an interpretation in terms of
different gauge theory backgrounds, given in terms of gluing data (or, equivalently, T-
brane) configurations of the 7-brane theories in the five-fold:

NLSM — phase GLSM LG — phase
. gluing - gluing _
G = (D data G = U(l) data G= Z5 (129)
(A, ®) (4,9) (4,9)

We now exemplify the fiber structure of the F-theory elliptic fibration Y; leading to
the GLSM with matter content (12.4). As noted already, to engineer such a model we
require an elliptic fibration with one additional rational section, without any non-abelian
enhancements in codimension one. The singular fiber in codimension one is therefore a
Kodaira I fiber. Along codimension two the singularity enhances to I and generates the
suitable charged matter. Let us denote the two fiber components in codimension two by
C?*, which have the property that C*-C~ = 2. The enhacement from codimension one to
two is in terms of the splitting

R — Ct+0, (12.10)

where Fj is the single nodal fiber component of the I; fiber. The possible U(1) charges
for such models have been classified in [78]. For Calabi-Yau three-folds the constraints on
the normal bundle degrees of contractible rational curves imply a finite range of matter
charges.?? For four- and five-folds, no analogous restriction on the normal bundle is known
for contractible curves. Nevertheless, the charges can be determined as a function of the
normal bundle degree [78]. Let us briefly summarize how the results therein would realize
the spectrum in (12.4). Let oo and o1 be the two sections of the model, with o; - Fy = 1.
The U(1) generator is given by S; = 01 — 0¢g + Dp for a suitable base divisor Dg. The
charges of the singlet fields 14, are then obtained by

(01 —09) - C* = +¢q. (12.11)

In codimension two, the section can either transversally intersect the fiber components C'*+,
or contain them C* C . In such cases, the intersection number depends on the normal
bundle of the curve C* in the divisor o. The summary of this analysis is given in figure 17
in 78], for

Net )y, =00 0@ 0(1) © O(-3)

(12.12)
Ne-jy, =00 0@ 0(-1) ® O(-1).

33The normal bundle in the Calabi-Yau three-fold of a contractible rational curve can only be N¢g /Yy =
O(p) ® O(—2 —p) for p=—1,0,1 [145, 146].
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I q=15 q=0 q=t1

Figure 5. The codimension two I fibers, realizing matter with charges ¢ = F5,0,4+1. The
left-most picture shows the I fiber, with the two rational curves C'* intersecting in two points.
The remaining fiber diagrams show how the charges are realized in terms of sections intersecting
or containing the curves C*. Blue/red corresponds to the sections o and oy, respectively. The
numbers next to fiber components contained (colored) in sections are the degrees of the normal
bundle of the curve in the section.

The charges ¢ = —5,0, 1 required for the GLSM in (12.4) can be obtained from the fiber
configurations shown in figure 5.

To obtain the exact spectrum including multiplicities in (12.4), we first need to find
a realization of this model in terms of an explicit fibration giving rise to the codimension
two fibers in figure 5. The above fibers are not unique in realizing these charges, and
the complete set can be obtained from [78]. In addition multiplicities will be generated
from fluxes. More precisely, we need to determine a gauge field background such that
the cohomology groups counting matter with all charges other than the ones in (12.4) is
trivial. The construction of such an elliptic fibration realizing these fiber types will be an
interesting challenge in the future.

In a model with the exact matter content (12.4), the E- and J-fields follow from the
structure of matter interactions described in section 6.3. In that section, we focused on
cubic E- and J-type interactions, assuming that suitable massless matter exists to form
cubic gauge invariant interactions. For the spectrum (12.4), however, no such cubic J-type
interactions are possible. Cubic interactions of the fields ®; with charge 1 must necessarily
involve fields of charge smaller than 5, whose mass sits at the KK scale for suitable gauge
flux, as we assume here. Integrating out these massive states will lead to higher-order
effective couplings of the form (12.5) as these are the leading order gauge invariant couplings
involving the massless spectrum (12.4). Furthermore, if the original cubic couplings satisfy
the constraint E;J° = 0, this condition cannot be violated by integrating out massive states
in a supersymmetric manner.

While we have focused on the simplest example of a GLSM, there are many gener-
alizations to be explored. For instance, GLSMs describing the heterotic string on hyper-
surfaces or complete intersections within toric spaces correspond, via the map (12.3), to
F-theory compactifications with a richer variety of charged matter and higher Mordell-
Weil group rank. Consider for example the GLSM whose associated NLSM has as its
target space the CICY

L ] . (12.13)

2 21

]P>2

Xhet = [ P4
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This is a complete intersection of three hypersurfaces of degrees (1,2), (1,2) and (1,1)
inside P2 x P4, The GLSM is a U(1) x U(1) gauge theory with the following fields:

Field Type | U(1) x U(1) Charge
®;,i=1,---,3 | Chiral (1,0)
P,i=1,---,3 | Fermi (1,0)

®,,, m=1,---,5 | Chiral (0,1)

Pn,m=1,---,5 | Fermi (0,1)

o A=1,2 | Chiral (—1,-2) (12.14)
0 » ) )

P A=1,2 | Fermi (—1,-2)
ol Chiral (—1,-1)
PO(B) Fermi (—1,-1)

5 Chiral (0,0)

In particular, the homogeneous coordinates of the ambient space factors P? and P* are
identified with the GLSM fields ®;, i = 1,...,3 and ®,,, m = 1,..., 5, respectively. This
GLSM can be obtained from F-theory compactified on a five-fold Y5 with Mordell-Weil
group of rank two. In fact, the required type of fibration fits into the class [92, 93, 95, 96]
constructed as an explicit hypersurface in a BloP?-fibration, but now with a base four-fold
Bj. In this model there are six types of localised charged matter representations with
charges £(1,0), £(0,1), £(1,2), £(1,1), £(0,2), £(1, —1) from fiber enhancements to I
along surfaces. The structure of the associated fibers is depicted e.g. in figure 2 of [96].
To interpret the 2d (0,2) theory obtained from F-theory on this class of fibrations as the
above GLSM, we must invoke suitable flux ensuring the precise spectrum (12.14) of massless
fields, while all matter with charges (0,2), (1, —1) must become massive. The neutral field
> can be identified with a suitable supergravity mode. The required J-couplings follow
from the cubic gauge invariant couplings allowed by the fiber structure [92, 93, 95, 96] upon
integrating out the massive states of charge (0,2) and (1, —1).

More generally, for complete intersections in toric varieties, the number of scalings is
reflected in the number of U(1)s of the GLSM and thus the rank of the Mordell-Weil group
of the Calabi-Yau five-fold. The degree of each of the defining equations of the CICY gives
a constraint on the U(1) charges of the theory. The interplay between the charges both in
concrete models such as e.g. [55, 92, 93, 95, 96, 98, 102, 147], as well as using the abstract
classification of U(1)" charges in [78], will be developed and explored in [31].

Complementary to this, F-theory models with gauge group U(n) ~ SU(n) x U(1)/Z,
should describe the GLSMs underlying heterotic string propagation on Grassmannians [1].
Many more interesting possibilities which can be engineered from F-theory are described
e.g. in [42-44] and references therein. It will be interesting to study the large class of
GLSM gauge groups arising in F-theory from the perspective of the dual heterotic NLSM
in the future.
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13 Conclusions and future directions

F-theory on Calabi-Yau five-folds provides a rich class of (0, 2) supersymmetric string vacua
in two dimensions. In this paper we have initiated the exploration of such 2d (0, 2) F-theory
vacua by laying out the correspondence between the field theoretic data of the 2d gauge
theories and the geometry of the underlying elliptically fibered Calabi-Yau five-fold Ys.
We have applied two central tools in arriving at this dictionary: the first is the analysis
of the 8d SYM theory on a stack of 7-branes, dimensionally reduced and topologically
twisted along an internal Kéhler three-cycle. This way we have determined the spectrum
of charged massless (0,2) multiplets and their non-derivative interactions in agreement
with the structure of (0,2) supersymmetry. Secondly, in a global compactification this
gauge and charged matter sector is encoded in the geometry of the elliptic fibers of Yj
and their singularities. Non-trivial gauge backgrounds translate into M-theory four-form
fluxes. Utilitizing M /F-theory duality, we were able to derive a rich set of global consistency
conditions, and checked the validity of our approach in terms of models with ADE-type
gauge groups, including also additional abelian gauge group factors. From these results,
many exciting avenues for exploring this new class of 2d (0, 2) theories open up.

1. Derivation of the Supergravity Spectrum: the main focus of this first analysis has
been on the gauge theoretic data of the 2d (0, 2) theories and therefore on the charged
sector. However, as demonstrated for instance by the intricate structure of Green-
Schwarz terms in the presence of U(1) gauge symmetry, the gauge sector cannot
always be analyzed in complete isolation from the supergravity modes arising from
the Calabi-Yau five-fold. An identification of the spectra in M-theory and F-theory
can be found in section 6.1, but it wold be particularly interesting to derive the
structure of superfields in the 2d (0,2) supergravity in full detail and match these
with the dual N = 2 super-mechanics [32] obtained from M-theory.

2. Geometry of higher-dimensional elliptic Calabi-Yau varieties: our understanding of
five-folds in this paper builds upon the recent progress in describing the geometry of
elliptically fibered three- and four-folds. Nevertheless, as we have seen, the higher-
codimension fibers offer several new effects, and an in-depth analysis of these is
mandatory in order to fully understand the gauge-geometry dictionary. Our analysis
here has focused on the fiber structure without any reference to the specifics of the
base By of the elliptic five-fold. However, fundamental questions such as the criteria
for non-Higgsability of singularities, as analysed for three- and four-folds in [148-153],
depend on the specifics of the base. Understanding which four-folds B4 can serve as
base spaces for consistent elliptically fibered Calai-Yau five-folds is thus an important
step towards classifying the resulting 2d (0, 2) theories.

3. D3-brane sector: apart from the 7-brane sector, gauge and matter degrees of free-
dom arise from D3-branes wrapping holomorphic curves on the base By. These are
particularly important because the matter in the 3-7 sector contributes to the gauge
anomalies of the chiral 2d (0,2) theory. Unlike the 7-branes, the D3-brane sector is
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not automatically encoded in the geometry of the elliptic fibration. It is considerably
harder to approach via duality with M-theory, where the D3-branes dualize to M2-
branes. In this paper we have treated the D3-brane sector purely perturbatively. A
priori this is only an accurate description for certain types of singularities. Interest-
ingly, this approach nonetheless gives a consistent spectrum of 3-7 strings even for
F-theory models without an orientifold limit upon inclusion of appropriate SL(2,7Z)
monodromy factors. Generalizing our treatment of the D3-brane sector to arbitrary
monodromies of the axio-dilaton 7 will be an important step towards understanding
this sector completely and will be addressed in [31] on the basis of a topological twist
similar to the analysis of the 7-brane sector.?*

4. Relation to 2d SCFTs and strong coupling limit: as briefly recalled in section 12, the
existence of a superconformal IR fixed point is far from trivial for 2d (0,2) theories.
It will be interesting to apply the techniques of [139] or [6, 7] in order to address
this question for the 2d (0,2) models obtained from F-theory [31]. The results of
these papers suggest that only a subclass of the 2d (0,2) theories obtainable from
F-theory may flow to a strongly coupled IR SCFT, and it would be exciting to de-
velop methods for their classification. Another, possibly related direction is to study
the strong coupling regime of the 2d (0,2) models in the limit of vanishing volume
of the base three-cycles wrapped by the 7-branes and likewise of the holomorphic
curves wrapped by the D3-branes. In this context the aforementioned study of the
base properties will play a crucial role in pursuing the ambitious long-term goal of
obtaining a classification of the 2d (0,2) SCFTs obtainable via F-theory.

5. Heterotic/F-theory duality: while we have started exploring 2d F-theory vacua from
the perspective of duality with M-theory as well as in their Type IIB description,
another angle is via duality to the heterotic string. This requires the base By to be
P!-fibered over a three-fold Bs. The dual heterotic theory is defined by compactifi-
cation on a Calabi-Yau four-fold Z4 which is elliptically fibered over Bs. It will be
interesting to extend the construction of heterotic gauge bundles via spectral covers
known for Calabi-Yau three-folds [156] to Calabi-Yau four-folds. More generally, one
should systematically explore the construction of 2d (0, 2) gauge theories obtained via
heterotic compactification on possibly not elliptically fibered Calabi-Yau four-folds.

6. Relation to (0,2) worldsheet theories: as the study of the 2d (0,2) theories obtained
from F-theory progresses, it will be crucial to determine the relation between this class
of models and the (0,2) theories considered in the literature as heterotic worldsheet
theories. As discussed in section 12.2, engineering a GLSM [1] with only abelian gauge
multiplets from F-theory requires a fibration with a non-trivial Mordell-Weil group of
rational sections as these are responsible for abelian gauge symmetries in the effective
theory, but without additional non-abelian singularities. Since the heterotic target
space geometry and gauge bundle are determined by the J and E-type interactions of
the GLSM it will be important to understand the structure of couplings in more detail,

34Studies of related D3-brane setups with varying coupling can be found in [154, 155].
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including also non-perturbative corrections. The ease with which non-abelian gauge
groups appear in F-theory suggests studying also the associated heterotic worldsheet
interpretation of the associated GLSMs.

The synthesis of the last three directions laid out above may well establish 2d (0,2)
theories as a link in a new duality between Calabi-Yau spaces of different dimensions: as we
have seen, the geometry (plus extra M-theory data such as fluxes) of an elliptic Calabi-Yau
five-fold defines a 2d (0,2) gauge theory. If this theory has an IR SCFT fixed-point, it
should admit an interpretation as the worldsheet theory of the heterotic string describing
compactification on another Calabi-Yau space, together with a gauge bundle modulo the
caveats we have described. The information of this effective heterotic compactification
geometry must therefore be related to the geometry of the elliptic five-fold in a non-trivial
manner. It will be exciting to explore this new connection in the future.
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A Conventions and supersymmetry variations

In this appendix we will summarize our conventions in the main text regarding the 8d SYM
theory and its dimensional reduction and topological twist.

A.1 Conventions

We construct the 8d SYM theory by dimensionally reducing 10d SYM. The twisted re-
duction of the 8d theory is then performed by further reducing on a (Euclidean signature)
6-cycle. It is therefore useful to build the 10D Gamma matrices T'™ for SO(1,9) starting
with the SO(6) gamma matrices 4 as follows

M=o (ic')®1g
F1:U®00®18

M=oc®@o®y™, m=2,---,7 (A1)
M =0"®1
M=ol ®1,

where the abbreviation was used

O':<_1O>, 00:<01), 01:((,) _i>. (A.2)
0 1 1 0 i 0

— 80 —



These satisfy the standard 10d Clifford algebra
{TM TN} = opMN (A.3)

The dimensional reduction from 10d to 8d is along x® and z”, and the transverse directions
after the reduction along Mg are z° and x!'. The chirality operators in each of the relevant
dimensions will be useful in the following and are

Doy =TT, Tgy=4T?T3...T7, Tgg=T9ql6q=:iIY...T7,

(A.4)
Tioq = Dol ... Ty.

The conventions for the Lorentzian chirality matrices are I'y = i * [[T; with d = 2k + 2.
In the Euclidean chirality matrix I'gq we have chosen the prefactor ¢ in order to ensure that
I'sqg = '9q gq. Furthermore define the R-symmetry generator as

I'p=—ilsly, (A.5)

which is the chirality matrix in the Euclidean 8 — 9 plane, and I'ygq = I'syI'r. Reality
conditions on spinors are imposed with

B =131°1"1? (A.6)

with the properties

B*B=1, B=BT, (A7)
and the charge conjugation matrix in 10d is
C = BT° (A.8)
The 10d 32-component spinor can be written as
Wioa = (W, 970 0T gt 0T T )T, (A.9)

where the first superscript denotes the 2d chirality, i.e. the eigenvalue with respect to I'gq,
and the second superscript denotes the R-charge.

The 10d positive and negative chirality spinors, defined with respect to I'194, decompose
into 8d spinors with R-charges +1 according to

16 = 8“TR 1 857k = (¢tF,0,0,47,0,901,477,0)

16 ) ) A.10
16 =84 7 4+ 87 = (0,97, v~ F,0,0%7,0,0,477), (410
where
80+R—\11+++xp = (0,0, 1,0,0,0,0
8GR — \II+_
(A.11)

gtr =t 4 T
8 R =0+ ¥

0t =1,0,0,0,0,0

= ( )
=(0,0,0,0,%"7,0,0,977)
= (0 )
=(0,0,0,0,0,9"7,277,0).
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Each of the ¥ (¥) transform as 4 (4) under SO(6). Let « = 1,--- ;4 and & = 1,--- ,4 be
indices labeling the four components of 4 and 4, respectively. Then for instance

Ut = (1%,0,0,0,0,0,0,0), v = (0,0,0,%~7%,0,0,0,0). (A.12)

The Majorana condition on the ten-dimensional spinors is

U* = BY, (A.13)
in particular
BUtt =§
. (A.14)
BYTT =V .

The conjugate spinor is then defined to be
U =0T’ =v7C. (A.15)
Furthermore, acting with charge conjuation C' = BI'Y yields

V=9, ¥ =0tt, T =0, T =ut, (A.16)

i.e. the conjugate spinor to ¥*+ transforms in 4, and has SO(1,1) and U(1)g charges —1.
Using the block form of the charge conjugation matrix, the conjugate of a 32-component
positive chirality Majorana-Weyl spinor is found to be given by

= ((0,97), (577,00, (=977,0),(0,—477))
= ((07 sz_)—H_)? (¢_+’ O)a (—¢+_, O)a (07 _@Z_}__))
in terms of its constituent SO(6) Weyl spinors. The latter are given for instance by

Voo = (1,02, ¥3,01) = (W) = (—va, 3, —b2, ¥1), (A.18)
W) = (' 2 4% 1) = (™) = (P4, =%, 4%, =), (A.19)

We will make frequent use of the decomposition of the vector and spinor representations
under SU(4) — SU(3) x U(1), under which

(A.17)

4 -3 1+ 13, 4_1—>31+1_3, 6—)324—3_2. (A.QO)

Let us fix the embedding of SU(3) into SU(4) by the convention that for the 4 representa-
tion, i.e. the anti-chiral spinor 1%, we identify

(W12, 4%) 31, e 1. (A.21)

Since the product of an anti-chiral spinor ¢* with the conjugate of a chiral spinor,
Pa®, forms a singlet, this implies that for the conjugate spinor the components 1/_)4 and
(1/_11, 1/72, 1/73) correspond to the singlet and the triplet, respectively. Remembering the rela-
tion (A.18) defining the conjugate spinor we conclude that

(=1, 3, —92) < 3_1, b1 +— 13 (A.22)
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With conventions fixed like this, the decomposition of the vector representation of
SO(6) is determined uniquely. Given a vector A,,, m = 2,...,7, we interpret its com-
ponents in terms of the antisymmetric 6 of SU(4) and its conjugate with the help of the
conjugate SO(6) gamma matrices

0 Ag + 1Az Aq+iAs Ag 4+ iAs
—Ag — 1Ay 0 Ay —iA3 —Ay + 145
Ap(ym)” = A.23
%: (m)d —Ay—iAs —Ay+iAs 0 Ag —iAq (4.23)
—Ay —1A3 Ay —iAs —Ag + 1Ay 0
0 —Ag —i1A7; —A4—iAs —Ag +iAs
. Ag +iAr 0 —Ay —iAs Ay —iAs
A (i) = : A.24
; <7m) B Ay +iAs5 Ag + A3 0 —Ag + 1Ay ( )
Ay —iAs —Ays+iAs Ag—iAr 0

In the decomposition 6 — 35 + 3_5, the 3_5 corresponds to the two-index anti-symmetric
representation of SU(3). With the anti-fundamental representation 3 fixed to be associated
with spinors indices 1,2,3 by (A.21), there exists a singlet in the product

(32)f (B (B_)¥el™ 4 B,9€1,2,3 (A.25)
For example, the component (32)3 must correspond to the entry in the representation (A.24)
of the antisymmetric 6 of SU(4) which contracts with the component 3! ; and 32, i.e. the
entry associated with (%Tn)?i). In all this yields the identification

) om Am('an)dQ Ay +iAs
AP= | S AL | = —Ai—ids «— 3.,. (A.26)
>om Am('ﬁn)zi) Ag +1A7

Applying analogous reasoning to the representation 3o, or simply using that its com-
ponents are the complex conjugate of those of 3_5, we furthermore identify

Zm Am(’Ym)Qg Ay —iA3
Ag=| X, Anlm)s | =| —Ada+ids s 3. (A.27)
Zm Am (’Ym)34 A6 - Z‘A7

A.2 Variations

The variation of ®g and ®g is given by

605 = ET8W = e 4 ($F )4 + FT) 0, — (F 1) — T Ha(@H)Y (A.28)
= (E)a(@)d + (e — () E T — (7 )a(d )8 (A.29)
and
o —iE) I — (e e (@ (A30)
= —i(E e (@) —i(e )My T — i)t —i(E e ) (A.31)

00y =TI W = —iz—— 4 ()% —i(FF) %Y
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and thus

i 5(Dg + i®g) = 2 (Fu‘ﬁ— +s—?¢r—) =2(e Pt p ey, (A.32)
i 6(Ps — ig) = —2 (Fzﬁ* +5T+z/’f+) — 2 (et e P). (A33)
The variation of A, takes the form
640 = (0, )y ( v ) +(F0) (=) ( 0 ) (A.34)
0 G+
+ (=6 1,0)(—ym) ( QEE ) + (0, = )y, ( %_ ) _ (A.35)

With this we find

(Eﬂ:j:)i 1ii + (Eii)z; witi
i0Agles =2 | ()07 — ()05 (A.36)
(gii)?, f[i + (gﬁ:j:)4 wéti

and

() @)+ ()T
i(SAg"ijF —9 <6i¥)1(¢i$)2 _ (eiﬂF):i(zZiﬂF)zl
() QT + ()2 ()
1

(A.37)

After the twist only the terms involving (¢"1); and (€~)! survive as these correspond

to singlets of SU(3). The other variations i A%| 11 and i§Ag|4+ only contain combinations
of € which do not survive the twist.

A.3 Supersymmetry variations for twisted theory

To derive the supersymmetry variations in 2d, we start with the 10d SYM theory

1 T
Lioq = —4—92Tr (Fyn FMY) — Q—gQTr (TrM Dy V) , (A.38)

which is invariant under the supersymmetry variations
0AN = —tel v

1 (A.39)
oV = 5FM]\,FMNe.

Using the spinor and gamma-matrix decompositions in the last section, and noting that
the supercharges that remain after the twist are

€~ =¢€ E.=¢€ T, (A.40)
the variations of the gauge field Ajs reduce as follows
i0Bg = e W = e () — e Ty,

i (AA1)
16y = €17 W = —ie™ 4 (¢F )t —ie Ty
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and thus

8(Pg +idPg) = 5p = —2ie Pt = —V2e_x,, (A.42)
6(Pg — i®g) =0 = +2ie Tt = +vV2e v .
The variation of the 6d gauge field A,, takes the form
. __ Pt 4 0
10Am = (0,6 )vm ( 0 ) + (=€ 7,0)(—ym) ( o+ ) . (A.43)

Projecting onto the chiral and anti-chiral spinor components in 3 and 3, respectively, yields

0Ay =da =21 e__¢;'+ = —V2e 1y, (A.44)
0As =da = —21 E_"'q/_};* = +V2e 1, . '
Furthermore, the variation of the 2d vector field components are
dvg = —0v] = G€_T_ —i€_1n_ . (A.45)

Likewise the gaugino variation 6W¥ reduces to

0
. . Foe + Fi6 —i(For+ Fi7)
—Foys — Fig+1Fy9 + o F; ’ ’ i ’ ’
Ut = ¢_ ( 0.8 1’80 0.9 1,9 ) +€e_ Foa+F1q—1 (F(),5 + F175)
3 .
! Foo+ Fio—i(Foz+ Fi3)
028
020
) Foo+ Fio+i(Foz + Fi3) 023
SUTT =¢_ —Fos4—Fr14— Z'(F075 + F175) + €e_ Fog + Fig+ i(Fo,g + Flyg)
Foe+ Fig+ Z'(Foj + F177) Og
0Og
024
O25

—Foq1 +i(Fos+Fus+Fs7—Fgo)

. Fss+ Frog+i(Fso— Frg)
__ Fyy—F35+1i(Fys5 + F _ ' ’ i ’
ow =€_ 2,4 35 ( 2,5 3’4) +€_ F4’8 + F579 + 1 (F479 — F578)

F37—Fog—i(For+ Fs6) .
’ ’ . ’ ’ Fos+ F39+i(Fog — F
Fyo— Fs7+i(Fa7+ F56) 28 59 04( 9 38)

04

012
012 :
—Fog +iFyg —iF38 — Fag Frp— Fue +i(Fur + Fsg)

_ . . _ F37—Fye+i(For+ Fap)
Ut =e_ | Fig—iF Fsg+ F: - ’ ’ ’ ’
€ 48 —tly9 tils58+ 59 |+ € Fys — Foa+i (Fos + Fya)

—Fegs+ilgg —iFrg — F .
08 6’817 8 9 —Fo1 —i(Fos+Fys+Fs7—Fgyo)
016

(A.46)

where the subscript of ¥ indicates 2d chirality and R-symmetry charges, respectively, i.e.
these are the projections of the 10d spinor onto the components with these 2d chiralities
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and R-symmetry. Furthermore, we projected onto either 4 or 4. Rewriting this in terms
of the component fields (3.8) the variation of 0¥ and 6W__ gives rise to

1

(hpi_—i_ = —= 5)2_1_ = —6_(D0 + Dl)(‘pg - Z‘I’g) = —€_ (D() + Dl)@
z\/§
1
= =—e_(D DA, = —€e_(D D
0ty iﬂ&m €-(Do+ D1)Ag = —€-(Do+ D1)a (A7)
(5¢1__ =—0n_ = 6_(—F01 + Z'(F273 + F475 + F677 — F&g)) = 6_(—F()1 — ’l@)

b, =op- = e_é:g@DBAj +e_Dydy

— 1
+— _ - . -
(5¢4 = E (5X+ = 6_(D0 + D1)<(I)8 + 1@9) = 6_(D0 + Dl)(p
B 1
= __"_ — e _
(Swg = Z\/i (5¢+ —6_(D0+D1)Ag_€_(D0+D1)a (A48)

51;4_+ = —0n- =€e_(—Fn —i(Foz+ Fus+ Fs7— Fgy)) = e_(—Fpn +1iD)
577ljg_+ =dp_ = E_EQ@DéAl —e_Dg®_,

where ¢ is the invariant tensor of SU(3), satisfying 5gﬁi = —£gﬁ, which enables the
isomorphism between A?3 and 3. The variations of ¥_, and ¥, _ yield the conjugates to
these variations.

B Examples: SU(6) and Es

We collect various useful properties of elliptic fibrations, their singularity resolution, and
intersection rings in the following. Whenever possible we refer back to the general analysis
of resolutions in [104], which applies to four-folds, and only give details whenever necessary
for the five-fold case.

B.1 SU(6) theories
For illustration consider SU(6). Again the general k resolutions have appeared in [104].
The Tate form is

y? + zyby + ybsCe = 2® 4 2%boCo + wbaCS + beCS (B.1)

The classes of the coefficients are

[bl] = C1, [bQ] = 261 - Mg, [bg] = 361 - 3Mg, [b4] = 461 - 3Mg, [bg] = 661 - 6MG
(B.2)

From the discriminant
A = by (ba (b1bs + ba) — bibe) (g (B.3)
+ b3by (8bibsby + 863 — b3 (b3 + 12bg)) ]
— 8 (b3 (—2b1bsbs — 2b7 + b7 (b3 + 6bg))) ¢
+(—16b3 (b3+4bg ) + (b1bg+2bs) (—32b1b3bs — 3203 +b3 (b3+36b5)) ) ¢ +O0(Co) ™,
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we identify the two codimension two loci by = 0, which corresponds to matter in the
A%?6=16, and Pg = by bgb4—|—bi—b%b6 = 0 associated with the fundamental 6 representations.
Consider the resolution sequence

(mayacO;C1)7 (x7y7C1;C2)’ (‘T7y, <2;<3)7 (yaC1;C4)7 (y> 62a<5) (B4)

The exceptional sections correspond to the simple roots

(a, o1, a2, a3, g, a5) < (Co, C1, G2, (3, C5,Ca) - (B.5)

Again the antisymmetric matter is localized along b; = 0, and the fundamental matter at
Pg = bi + b1b1by — b%b(; = 0. In codimension four, this model has a non-minimal locus
by = by = by = 0, where the Tate form vanishing orders are (1,2,3,4,6). Thus, we need to
remove this non-minimal locus

[bl] . [bg] . [b4] =C1 - (461 - 3Mg) . (261 - Mg) =0. (BG)

The fiber splittings were derived in general in [104] in codimension two and three. As can
be seen from the codimension three fibers therein, the codimension three enhancement to
I, i.e. to a D-type singularity, is again monodromy reduced, as the fiber is characterized
in terms of a quadratic equation. In the above resolution c4(Y5) is computed to be

Mg -y, ca(Ys) = Mg -, (360c — 894ci M¢: + 12¢1co + 7531 MG — 210M2) . (B.7)

Anomaly cancellation can be checked with the following expressions for the chiralities of
the matter, for trivial gauge bundle:

1
Xbulk = ﬂMG (c1 — Mg) (—e1Me + co + ME)
1
x(b1,15) = ﬁclMG (2c2 + M3) (B.8)

1 in
X(Ps.6) = 15 M (der — 3Mc) (~96¢1Me + 63¢] +2¢5 + 3TME) +x5™

The corrections due to the higher codimension singular loci take the form given in (6.33),
which accounts for the singular matter locus P along by = by = 0 and the additional
contributions from the double curves when § = bg + bg = 0,

; 1
Xg &= —chMG (7Tc1 — 6Mg) (4eg — 3Mg) . (B.9)
The anomaly contributions are, including the group theory factors,

1
Asurface = 2X(b17 15) + §X(P67 6) 5 -Abulk = _6Xbulk7 (BlO)

and cancel the contribution from Az_7 detailed in (B.7).
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The Chern-Simons terms are easily computed as well

cs(Ys) - Dy = —dey MG + 26 ME + 2coME — 2¢1¢oMg + 2ME

ca(Ys) - Do = —3ci M3 + 263 M2 + 2co MZ + 2ME

ca(Ys) - D3 = 760c) ME, — 874ct ME — 10ca ME + 336¢; M + 14c1co Mg — 220 M
ca(Ys) - Dy = 6y M — 28¢EME + 2co ME + 24¢3 Mg + 2 M

ca(Ys) - Ds = —2¢; M + 262 ME + 2coME + 2¢1coMg + 2M, .

(B.11)
The box graphs (from which we determine ), C\Djy,) for the even SU(2k) groups have
been determined in [77], and confirm that the intersections of the Cartan divisors with
¢4(Y5) can be written in terms of the chiralities as

1
ﬂc4(Y5) - D1 = —2Xpulk

1
ﬁ64(y5) - Dy = —2xbuk + x(b1,15)

1
ﬂ&;(YE)) - D3 = —=2xpuk + x(Fs, 6) (B.12)

1
ﬂ64(y5) - Dy = —2xpuk + x(b1,15)

1
ﬂc4(Y5) - D5 = —2xpuk + 2x(b1,15).

B.2 FEg theories

Finally, we discuss some properties of the exceptional gauge groups, which appear in the
main text in section 11.5. The Eg Tate form with vanishings (1,2,2,3,5) is

y? + b1Cory + baCoy = o3 4 baCla? + baClx + b6 - (B.13)

The only matter locus in codimension one above (5 = 0 is b3 = 0, which gives rise to matter
in the 27. We resolve the model with the following chain of blowups

(‘T7 Y, <0a Cl) ) (:Ca Y, Cl; CQ) ) (y’ <1a <3) ) (ya CZ; C4) ) (CZ? <3; C5) ) (C?n C4; Cﬁ) ) (<3a C5; <7) .
(B.14)
The simple roots are associated to the exceptional sections, and thus Cartan divisors, as

follows>®

(a1, az, a3, a4, a5, a6,00) <> (G4, G6,C7, G55 G2, €1, Co) - (B.15)
With this ordering, the intersections with c4(Y5) are

cs(Ys) - Dy = 538¢c; M2, — 758 MZ — 8coaMZ + 360 Mg + 14cicaMg — 128 M,
ca(Ys) - Dy = 35¢1 M, — 502 ME — 2coME + 2463 Mg + 4cycaMg — 8ME,

cs(Ys) - Dy = —dey MR + 26 MG + 2co MG — 2c1ca Mg + 2ME,

ca(Ys) - Dy = 35¢1 MZ, — 503 ME — 2coMZ + 2463 Mg + 4cyeaMg — 8ME,

cs(Ys) - Dy = —3ci M2 + 2¢3 ME + 2co ME + 2 M.

C4<Y5) - Dg = —401Mg + QC%MC% + QCQM% —2c1c0Mg + 2Mé .

(B.16)
These are matched with the chiralities in (11.44).

3Note that in this resolution ¢; = 0 implies (3 = 0, so these are not independent divisors.
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C Type IIB orientifolds on four-folds with D7 and D3-branes

In this appendix we describe the weak coupling Type IIB orientifold limit of the 2-dimen-
sional F-theory compactifications considered in the bulk of this work. In particular we
will uncover a rich structure of Green-Schwarz-type couplings emanating from the Chern-
Simons couplings of the branes. Much of the discussion in this appendix parallels the
analysis in [107, 157] for 4-dimensional Type IIB compactifications on Calabi-Yau three-
folds. We refer to this work and references therein for generalities on Type IIB orientifold
compactifications with 7-branes.

Consider therefore a Type IIB orientifold compactification on a Calabi-Yau four-fold
X4, endowed with a holomorphic involution o : X4 — X4. Its fix-point locus is given
by an OT7-plane wrapping a holomorphic divisor, i.e. a complex three-cycle, Dpor C X4.
For simplicity we assume the absence of O3-planes, which would wrap holomorphic curves
on Xy; these are easily included into the framework. A stack of n coincident D7-branes
branes wrapping a divisor D; at generic position relative to the orientifold plane carries
a U(n) gauge group. By generic we mean that D; # D; with D} = o(D;) the orientifold
image divisor. Invariant branes give rise to gauge groups of type Sp(n) or SO(n). Divisors
wrapped by single branes invariant under ¢ as a whole, but not pointwise, are of Whitney
umbrella type and exhibit a codimension one locus of double point singularities at the
intersection with the O7-plane [107].

The singularity modifies the naive result for the Ramond-Ramond charges of such
singular branes as detailed in [107] for divisors on Calabi-Yau three-folds, where the locus
of double point singularities is a curve. This computation must be generalized to divisors
on four-folds, where now the higher-dimensional nature of the singularities along a surface
as opposed to a curve must be taken into account. For simplicity we avoid this technical
complication by focusing on non-invariant brane divisors D; # D}, which are assumed to
be smooth.

The induced brane charges of this setup are computed by expanding the Chern-Simons
action for the D7-branes and the O7-plane,

~

Spr = 277/ treas Z Al I’Egg
D7
(C.1)
TO7)
So7r = —167?/ C
! 07%; 2 41\107)

Here TD7 and ND7 denote the tangent and normal space to the D7-brane (and similarly
for the O7-plane) and F = F 4 1*Bs in terms of the field strength F' of the D7-brane and
the pullback of the B-field. We are working in conventions where ¢; = 1. The relevant
terms in the A-roof genus and the Hirzebruch L-genus are

A(TD) =1 - ipl(TD) - i(c%(TD) —9%(TD)) + ... o
L(TD) =1+ %pl(TD) =1+ %(c%(TD) — 9%(TD)) + ..., '
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together with analogous terms for the normal bundles. As a result of the adjunction formula
c1(TD) = —c1(ND) for a holomorphic divisor D on a Calabi-Yau four-fold X4 and the fact
that c2(ND) = 0 the curvature terms follow as

A(TDT) 1 L(iTOT) 1

— =14+ —co(D7 ————=1—-—c(07 C.3

A(NDT) 2127 L(INOT7) 15207 (C-3)
where all omitted terms are forms of degree 8 or higher. Under the orientifold action the
field strength on each brane is mapped to its cousin on the orientifold image brane

Fi— —F = —0"F;, (C.4)

where the minus sign is due to the worldsheet parity action. Furthermore, recall that Bs,
(5 and Cy are orientifold odd, while Cy, C4 and Cg are orientifold even.

In general the compactification also includes a number of D3-branes filling R*! and
wrapping holomorphic curves Cz on X4. The D3-brane action takes a similar form

A(TD3)
S = —2 t 271' C —_— C5
b 7r/Ds e Z *#\ A(ND3)’ ()

where the relative minus sign is crucial. For a D3-brane wrapping a complex curve on X4
the geometric curvature terms vanish for dimensional reasons.

C.1 Tadpoles and Green-Schwarz terms

Let us now systematically reduce the Chern-Simons interactions to 2 dimensions. From
the coupling of Cg one deduces the standard condition for cancellation of the

D7 —tadpole: > ni(Di + D) = 8Dor. (C.6)

Next reduce the orientifold-odd 6-form Cg in terms of a basis {wfﬁ’_)} of H%(X4) and
{w](\?[’_)} of HY(X,) as
Cs = ¢4 A wj(;l’f) + ! w](\?[’f) , (C.7)

where c5 and ¢} are the associated 2-forms and axionic scalar fields in the 2-dimensional
field theory. Inserted into the Chern-Simons actions, this ansatz results in two types of
terms, one of which is a tadpole for c’24 In order for the compactification to describe a

consistent vacuum we must require the cancellation of this

D5 — tadpole : Z </ trF; /\w%’_) _/ trF; Awff’_)> 2o0. (C.8)
D; 4

)

As in compactifications to 4 dimensions, the D5-tadpole constrains the choice of consistent
gauge fluxes in Type IIB orientifolds, while it is automatically satisfied in the F/M-theory
description of G4-fluxes as elements of H*(Y5). The second type of terms couple the axions
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cM via Green-Schwarz-Stiickelberg type interactions to the abelian part of the 7-brane

gauge field strengths F; along R!,
585)1 = Z/l ) Qui ¢y trF;, Qi = / w](\g’_) —/ w§\64’_) . (C.9)
M, 7 RY D; ;

These terms are the 2-dimensional analogue of the geometric Stiickelberg mass terms whose
uplift to F-theory has been studied in detail in [121] for compactifications to 4 spacetime
dimensions. Note that these couplings can be non-zero only if D; # D) in homology.

A similar expansion of the self-dual, orientifold even 4-form Cj involves a basis {w((12’+)}
of H2(X4) and {w,(€4’+)} of HY(Xy),
Cy= Z A AwPh) + Z ct w,(:l’ﬂ. (C.10)
a k

The tadpole for c§ receives contributions from all D7-branes, D3-branes and the O7-plane.
The total class C' =) = Cz of all curves wrapped by the D3-branes is thus determined by
requiring cancellation of this

n;

D3 — tadpole : =
3 — tadpole c+C 224

i

+Y s (D nuF2 DA, (C.11)

1
(Di A ca(D;) + D; A CQ(.D;)) + 6DO7 A c2(Dor)

Furthermore we observe a flux-induced Green-Schwarz-Stiickelberg term for the abelian
part of the 7-brane field strengths F; along RY! of the form

1
Sea = Z/ Qrich trFi,  Qri = — (/ trFi A w,g4’+)+/ trF, A w,(g4’+)> . (C.12)
P R1,1 47T D; be

Note that H*(X,) contains both a (3,1) and (1, 3) subspace and a (2,2) subspace. Since
BPS conditions exclude internal gauge fields of (2,0) and (0, 2) Hodge type, only the terms

associated with
wi ) e B2 (X)) (C.13)

contribute to (C.12) in a supersymmetric vacuum.
From expansion of Cy in terms of a basis {w[(?’_)} of H%(X,),

Cy=> dhwr, (C.14)

p

we receive first another contribution to the Green-Schwarz-Stiickelberg coupling of the
7-brane U(1) fields,

3
S8 = S /}RL1 Qpi L trF}, (C.15)
p’/[/

1,1 . 1 1 .
= trF2 + —co(D;) ) Aw® )—/ trF2 + —co(D)) ) Aw>T)
@ /D (247r2 AT )> “p o \gam2 ™ e J ey
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The curvature induced terms are non-zero only if D; # D) in homology, in which case (C.15)
contributes to the geometric Stiickelberg mass terms for F; in addition to (C.9). For the
flux-induced part to be non-vanishing we need either D; # D! or F; # F| in homology.?
There is also a geometric Green-Schwarz-Stiickelberg term for the U(1) gauge fields origi-

nating from the D3-branes,

1 1 _ _
S(GS);,DE; = Z/Rm Qzp trFz=, Qzp = o (/C_ W) — /C/ wi® )> : (C.16)

which is non-zero for Cz # CL in homology.
It is worthwhile noting that there can be no F1 or D1-brane tadpole induced because Ba
and Cy are orientifold-odd and thus their 2-form components along R%! are projected out.
Finally, the zero-form Cj yields another contribution to the Green-Schwarz terms of
the 7-brane gauge fields,

4
Sés) = Z/RM Qo; Co trF; (C.17)

1 3 1 1 13 1 / /
i = ; ic2(D; ; ic2(Dj) |
o /D (24(27r)3trfl 132 e )>+ / ,(24(27r)3t”r1Jr48(27r)t”T & Z)>

g 2

and of the D3-brane U(1) fields,
5(2) = Z/ Qo= Co trF= Qo= = —/ itl‘f; — / itI‘J:./: . (018)
GS,D3 — JR11 - - - 47 = i 4 -

However, a non-trivial gauge flux on the D3-brane necessarily induces a D-term. For vanish-
ing VEVSs of the localised charged matter states, this is not consistent with supersymmetry.
More information on the D3-brane system will be provided in [31].

C.2 Anomaly cancellation in a prototypical example

In the remainder of this section we restrict ourselves to a simple example of a brane
setup with n 7-branes along a divisor W and one extra D7-brane along the divisor D,
each accompanied by their orientifold images. The 7-brane tadpole cancellation condition
requires that

n(W +W')+ (D + D') =8 Dor. (C.19)

We assume that all divisors can be chosen to be smooth, which must be verified in concrete
examples. Modulo Stiickelberg masses for the abelian gauge group factors, the gauge
group from the 7-brane sector is now U(n) x U(1). The uplift of such models to F-theory
contains either massless or Stiickelberg massive U(1) factors in addition to an SU(n) gauge
group [114].

36Here we view the class F; as a class on X4 pulled back to D;. This is justified because the part of F;
which is not in the image of the pullback map does not contribute to (C.15).
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The total class of all wrapped spacetime-filling D3-branes is determined by (C.11),
which becomes

C+ C/ = Qgeom + anuge;
Qgeom = i (n (CQ(W) AW + CZ(W,) A W,) + (Cz(D) AND + CQ(D/) VAN D,))
(C.20)

1
+ 662@07) A Dor,

Qgauge = 1 (cho(Lw ) AW + cha(Lyy) AW') + cha(Lp) A D + cha(Lp) A D'

Here we have introduced the line bundle Ly with curvature ¢1(Ly ) = %tr}"@- (and likewise
for Lp). For simplicity we are again assuming vanishing closed string 3-form flux and
absence of O3-planes. It is convenient to organise the D3-brane curve class and its image as

1
C = 21 (neca(W) AW + ca(D) A D + 2c2(Do7) A Dor) + cho(Lw) AW + cha(Lp) A D,

1

/—7
0_24(

nCQ<W/) A W/+CQ(D/) A D/+262<D07) A D07) —i—ChQ(L{/I/) AW+ Chg(LID) AD'.
(0.21)

To compute the spectrum in the D7-D7-brane sector, we work in the upstairs geometry
prior to orientifolding. The analysis of sections 3 and 4.1, especially the results (3.16)
and (4.5), carry over immediately. Alternatively at weak coupling an explicit analysis of
open string vertex operators along the lines of [158] can be performed. The contributions
of the bulk and surface matter to the SU(n) gauge anomalies are:

Locus | Representation | SU(n) - anomaly contribution

w Adjo —nx(W)

w’ Adjg o —nx(W)

D n_ 3 D

wWn 7n 1,1 12 X(Wﬂ ) (0‘22)
W nD n_ g §X(WQDI)
W'nD nj % X(W’ N D)
wW'nD ny g T x(W'ND)
wnw’ A’ny 2 x 22 (WNW)

The subscripts denote the charge under U(1) C U(n) and the U(1) gauge group on D. The
first two lines denote the bulk spectrum on the SU(n) D7-branes and their image, which we
count as independent since we are working upstairs prior to taking the orientifold quotient.
Independent fundamental matter is localised at W N D and W N D'. This matter is mapped
to the matter at W' N D' and W’ N D under the orientifold action. Furthermore we are
assuming for simplicity that the intersection of W with W’ is entirely contained inside the
orientifold plane and therefore carries antisymmetric matter only.®” In order to make this

3"More generally, W N W' = W N OT + Crest- The locus Cress, which is not contained inside the O7-
plane, gives rise to matter in the symmetric and the antisymmetric representation of U(n). This matter
locus uplifts to a self-intersection of the I,, discriminant locus in F-theory and is thus absent in generic

Tate models.
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assumption we impose that W W’ — W O7 = 0 € H*(X4). This constraint decomposes
into two independent relations to be satisfied by the orientifold even and odd components
Wi € H3(Xy) of W. Decomposing W = Wy + W_, W' = W, — W_ and using that
W_ A O7 =0 in homology since orientifold odd classes pull back trivially to the O7-plane
(see e.g. [157] in the present context), we arrive at the two constraints

i(w +WW + W) — %(W FWNOT =0 € HY(Xy), .
%(W—W’)(W—W’) =0¢e HY(Xy), '

to be imposed in all expressions that follow. Since we are working upstairs and counting
the adjoint and the fundamental matter twice, we must do the same for the anti-symmetric
matter. The group theoretic factors are the ones given in (9.11). The relevant chiral indices
are given in (3.17) and (4.6). For instance, for vanishing gauge flux F = 0 the expressions
reduce to

1

x(W) = 2

/ o1 (Wea (W), (C.24)
%%

(W A D) = /wm AV 0 D) kea(W 1 D)+ Ler(W 1 D)er(Kiphd)+ 5 (Kl
These formulae assume are valid for smooth three-cycle W and matter loci WND, WND’,
where the standard form of the Hirzebruch-Riemann-Roch index theorem is valid. In the
presence of singularities correction terms may become necessary.

The D3-branes wrapping the curve class C' and the image D3-branes intersect each
of the 7-branes in a set of points. At each point a Fermi multiplet in the fundamental
representation of the D7-brane gauge group is localised. In the upstairs geometry we thus
find the following charged matter in the D3-D7 sector, where the subscripts denote the
charges under U(1) € U(n) and under the U(1) gauge group realized on the D3-branes
(assuming that the latter come as single branes as opposed to stacks):

Locus | Representation | SU(n) anomaly contribution
wnc N -3 [, CAW
wnc! Ny -5 [x, C'AW (C.25)
w'nc ni -5 [x,CAW
w'nc’ ny —5 [, O AW

The anomaly contributions from all sources of matter sum up to zero if we impose
the D7-brane tadpole cancellation condition (C.19) as well as the two constraints (C.23)
underlying the spectrum (C.22).

Likewise one systematically check anomaly cancellation in the presence of gauge flux.
In general, unless W = W’ and D = D’ in homology, the gauge flux is subject to the D5
-tadpole cancellation condition (C.8) and this constraint is crucial in order for the spectrum
to be free of anomalies. Consider as the simplest example a setup where W = W’ and
D = D’ in homology together with a line bundle Lp on D whose first Chern class is the
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pullback of some divisor class on X4. The extra contribution due this gauge flux is first
from the change of the chiral index counting matter localised on W N D and W N D’ (plus
images), see (4.6), and second due to the change in the D3-brane tadpole (C.21) and the
resulting extra number of charged multiplets in the D7-D3-brane sector. Both effects are
found to precisely cancel,

1
AA = +3 chy(Lp) (WD+WD'+W'D+W'D') + (C.26)

+ (—;) ChQ(LD) (DW +DW' + D'W' + D/W) =0. (C27)

Generalisations to other flux configurations along these lines are immediate.
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