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1 Introduction

One of the most remarkable concepts in theoretical physics is duality — the fact that the
same physical theory admits more than one description in terms of different degrees of
freedom. Arguably, one of the most interesting examples of duality is bosonization in two
dimensions which evolved from an equivalence of the quantum perturbative expansions [1],
to include the solitonic sector of the theory [2], to a more algebraic understanding of
the equivalence in terms of currents [3]. As a path integral equivalence, two-dimensional
bosonization was completely formulated in [4, 5] wherein through a set of transformations
the fermionic partition function was mapped into the bosonic partition function. These
serve as one of the very few examples where a duality between two theories can be proved as
an equivalence of partition functions using a series of transformations in the path integral
rather that making a conjecture and checking some of its implications.

For many physically important consequences the conjecture and check approach is
completely satisfactory as the AdS/CFT correspondence abundantly shows. However,
conceptually this approach lacks some clarity and finality. Some of these path-integral
techniques used to establish two-dimensional bosonization have also been applied to three
dimensional systems. In particular, equivalence, in a certain limit, between very massive
fermions and a Chern-Simons theory was established [6, 7].

Recently, renewed attention has been paid to three dimensional vector models, that
is models with matter fields in the fundamental representation of U(/N). This interest is
largely motivated by the Higher Spin/Vector Model duality (for a review see [8]). In a very
precise sense this duality is a baby version of the more established AdS/CFT correspon-
dence stating the equivalence between strings in AdSs x S° and N = 4 super Yang Mills
in four dimensions. Independently of the original motivation for the renewed interest in
3D vector models, some important properties and relationships among these models have
been established or conjectured using purely field theoretical tools.

One such example is a new generalized level/rank duality for Chern-Simons theories
coupled to bosonic or fermionic matter fields relating U(NV) level k£ Chern-Simons coupled
to critical bosons to U(k) level N Chern-Simons coupled to free fermions [9-11]. This
interesting conjecture was preceded or accompanied by important work, such as, [12-15];
it has naturally motivated investigations into various cleanly defined field theoretic question
for vector models coupled to Chern-Simons theories [16-21]

In this manuscript we revisit duality transformations in 3D fermionic and bosonic
vector models following prescriptions formulated and applied in, for example, [6] using the
large N approximation. In section 2 we review duality as a bosonization of 3D fermions, we
also comment on some extensions and generalizations to more elaborate fermionic theories.
In section 3 we apply the dualization techniques to fermions by gauging a U(N) global
symmetry. Section 4 applies similar techniques to bosonic vector models with scalars in
the fundamental representation of U(N). In section 5, we compare the dual actions and
verify that they respect the level/rank equivalence of Chern-Simons theories coupled to
vector matter fields in the large NV limit. In sections 6 and 7 we present a discussion of the
effective actions beyond the large N limit and find that the duality does not generically hold



at this level. We conclude in section 8 highlighting a number of interesting open problems
that we hope dualization might shed some light on. Some technical considerations are
presented in a series of appendices.

2 Review of duality transformations for 3D fermions

In this section we review the duality algorithm in the case of 3D fermions [6]. Our aim
is to set up the stage for the algorithms and some of the techniques we will apply and
extend in this paper. The starting point is the action of a massive fermion coupled to an
external field:

Sy = /di”w (@+m+J.M,) 0, (2.1)

where J,, is a collection of external fields and M), is a collection of appropriate Dirac matri-
ces, e.g., J,M# = ia,y". The corresponding quantum theory is defined via its Euclidean
path integral

Zy = /D¢D¢exp(—s¢). (2.2)

To dualize the above theory one takes the following steps:

1. Enlarge the fermion theory by gauging the global U(1) symmetry ¢ — ¢4 using a
gauge field A4,,.

2. Constrain the field strength of the corresponding gauge potential, A,, to vanish by
introducing a Lagrange multiplier, A,,.

This procedure leads to the following extended action
Lo =Ly +ipy" A, + PO, A N, (2.3)

where A, is the Lagrange multiplier enforcing the vanishing of the field strength. The
main statement of the duality transformation is that the extended master action (2.3) is
equivalent to the original one (2.1)and also leads to the dual action:

e The original action is recovered by integrating out the Lagrange multiplier which
implies that A, is pure gauge. Integrating over A, which is gauge equivalent to zero
amounts to choosing a gauge where A, is zero leading to the original action.

e To obtain the dual theory (the bosonized action) one needs to first integrate out the
fields ¢ and A,. The theory that corresponds to A, is the dual theory.

One subtlety in the above dualization procedure resides in global aspects as there
might be flat connections that are not smoothly connected to the trivial connection [22];
this obstruction is characterized by the first fundamental group of spacetime. For example,
for applications to duality among field theories at finite temperature the above prescription
will be insufficient. In this manuscript we restrict ourselves to situations where this subtlety
can be neglected.



The central object is the dual field A,, whose effective action is defined as

exp (iSx (A, J)) = / DYDY DA, exp (iSc (¥, A, J, A)). (2.4)

The main result of [6] consists on evaluating the above integral fairly explicitly. The
limit discussed in [6] corresponds to an expansion in the inverse fermion mass, 1/m. The
leading term in the 1/m expansion is

exp (ip(A)) = / (] exp (—i / By (9, — iA, + m)w>

= exp (; k / B e A0\A, + .. ) : (2.5)

where k = sign(m)/(87)? and the ellipsis stands for terms that vanish in the infinite mass
m limit, e. g., |—7711|F w Y. Note that we only write explicitly the lowest dimension operator
in the action. The last step is integrating with respect to A,. Let us consider J, = a,, as
done in [6] to emphasized that we are referring to an applied electromagnetic field. The

integration over the field A, becomes algebraic and the final results is:
exp (iSx (A, a)) = / (dA, ] exp (z’FF(a LAY i / d%ewa#AyA,,) ,

1
SA(A7 a) = _/d3$€ﬂ>\V <2]{:A#a)\1\l, —Fa#a)\AV) . (26)

Thus, the dual theory, which can also be interpreted as the bosonized version of the original
fermionic theory, turns our to be an Abelian Chern-Simons theory coupled to an external
field a,. It is, therefore, established that for distances long compared with its Compton
wavelength the fermionic theory is dual/equivalent to a Chern-Simons theory. Note that
as a result of the algebraic integration of the gauge field A, the Chern-Simons level of the
effective theory appears as 1/k with respect to the result of integrating out the fermions.
We will pay particular attention to the Chern-Simons level in more general cases.

2.1 Comments and extensions of fermionic duality in 3D

There are several refinements and extensions of the duality transformation presented above,
we recall some which will be useful in subsequent sections. Fradkin and Schaposnik con-
sidered the massive Thirring model, i.e., massive fermions with a four-fermion interaction.
Using similar techniques they established a duality, to leading order in 1/m, between the
massive Thirring model and Maxwell-Chern-Simons theory [7]. The main technical ingre-
dient that allows to treat the four fermion interaction is its representation as a Gaussian
integration over a vector field. The corresponding identity is a rewriting of the four fermion
interaction (.J, = ¥y,9) as:

2
exp (gQ/d?’:L‘J“Ju) = /DAM exp </d3 (;A#AuﬂLgJHAu))- (2.7)

A similar ‘un-completing the square’ identity was used to treat the duality of the 2d Thirring
model in [4].



An extension of these dualities to the case of massless fermions was discussed in [23].
The issues of non-locality can not be avoided in this case. Namely, the effective action
obtained by integrating out the fermions leads to a series of inverse powers of (#)~! with
no mass to regulated those terms [23]. There is no natural way to separate scales and
therefore terms like F,, (—0)~'/2F" are not suppressed.

With the hope of clarifying the relevance of the large mass limit, it is also worth
pointing out an important perspective in the integration over massless fermions and the
appearance of a Chern-Simons theory just like in the infinite mass case [24, 25]. To evaluate
the effective action (integration over fermionic degrees of freedom) at zero fermion mass
one requires a regularization because of ultraviolet divergences. The regularization could
be taken to be Pauli-Villars S_7[A, m = 0] = Seg[A,m = 0] — A}l_r}noo Seft[A, M]. The Pauli-
Villars regularization respects gauge invariance. In the M — oo limit the second term
leads to the induced Chern-Simon action. Basically, similarly to the situation with the
chiral anomaly in four dimensions, maintaining gauge invariance leads to parity breaking.
Thus, the appearance of a Chern-Simons term in the context of integrating out massless
fermions seems generic. There are many physical applications where the manipulations we
describe are central. Recently, for example, they have been applied in the hope of finding
an effective field theory for topological insulators [26].

The extension of the duality transformation to higher dimensions was also described
in [6]. Technically, the path integral can be explicitly performed in the large fermion mass
limit and the obtained bosonic theory is found to be that of a rank (d — 1) antisymmetric
Kalb-Ramond-type gauge potential. In 3d, as we have shown, the result is the Chern-
Simons action; in dimensions higher than three the action is non-local.

Another important extension of the duality transformation reviewed at the beginning
of this section is its generalization to the non-Abelian case. Namely, in [27], following
steps analogous to those of [7], the dual of the massive SU(N) Thirring model was con-
structed. The result, up to 1/m corrections, is a complicated action which becomes level
k =1, SU(N) Chern-Simons theory only in the limit of vanishing four-fermion coupling.

3 Duality in U(IN) fermionic vector model

Given the global U(N) symmetry of the fermionic vector model we follow the steps outlined
above to construct a dual theory. Namely, we gauge the symmetry; impose that the gauge
field has vanishing curvature and then eliminate the gauge field and the original funda-
mental fermion writing an action only for the Lagrange multiplier which is, by definition,
the dual action.

The starting point is the action of a single fermion in the fundamental representation
of U(N)

5= [ @aﬁw T V(W)) . (3.1)

We now gauge the global U(N) symmetry and add a Lagrange multiplier, A, imposing



the vanishing of the field strength, Fjj,. The resulting action takes the following form:

S = / & <ﬂ7<v“8u — LAST )+ V() + e“””FEuA3>' (3.2)

Let us now explain a modification with which we shall work. The Higher Spin/Vector
Model dualities such as those originally proposed in [28, 29] focused on the singlet sector
of vector models. One natural way to zoom in on the singlet sector is through coupling to
a gauge field whose dynamics is governed by a Chern-Simons term. Moreover, there is a
number of exciting new results in the studies of vector models coupled to Chern-Simons.
For example, they have been solved in the large N ’t Hooft limit in [12] (see also [10]
and [15]).

Therefore, we now consider a theory of a fundamental fermion interacting with U(V)
level k Chern-Simons theory. From the point of view of duality one could think of this
situation as having a fermion with global U(N) symmetry that one wishes to dualize.
Following the standard recipe one would gauge that symmetry and demand that the gauge
field have vanishing curvature; the new ingredient would be that one adds a kinetic term
in the form of the Chern-Simons action for this gauge field. The complete action we wish
to study is, in either perspective:

. . ik 2i
Sg = / &P {zpfy“Duq/z—i—V(zpw)%—e‘”ngyAz—i— Z%TEWPTI« <AM8,,AP - ;AMAVAP> ] (3.3)

If we integrate out the Lagrange multiplier Af, first we simply have that the gauge field
is pure gauge and then we can simply fix the gauge that leaves us with the initial action
of fermions with U(NN) global symmetry. Modulo topological subtleties which we avoid
by considering a space with no boundary where the Chern-Simons theory might become
dynamical.

We now consider integrating in a different order, namely we would like to integrate in
the path integral the fermions and gauge fields and consider the remaining theory of the
Lagrange multiplier as the dual theory to the fermionic vector model.

The master theory is defined as:

A / DAS Dy DyDA, exp (- / 3z [1/7(7“(9# —iANT Y, )0 + V (Yy) 4 P F NS
" 0;
Ty (Aua,,Ap = ;ANA,,AP> D
= / DALZT[A]. (3.4)

In what follows we will describe approximations to the above path integral with the
hope of developing a clear intuition into the properties of Z¥[A].

3.1 Large mass limit: an insight into the dual theory

To build up our intuition about the type of dual answer we can get it is instructive to
consider the particular case of massive fermions, where the potential V (1¢) just leads to



a mass term. Let us consider integrating over the fermionic degrees of freedom before we
integrate out the gauge field. In the large mass limit we have:

ZE A8 so0 = / DA% DDy exp [ / &x (Y(id +m + id)y + P FL,AG) — S0
~ / DA exp (Sg;j(A) + / d3x6“”pF/‘jVAp> , (3.5)

where the Chern-Simons level is Ak = k1 — k with k1 = NTrls = 2N, where 15 is the
identity matrix in the space of Dirac gamma matrices. We have used that in the large mass
limit the integration over fermions leads to a Chern-Simons action for the corresponding
gauge field. This is a fairly standard computation which can be found, for example, in [30].
We provide a brief review of the calculation in appendix A for self-completeness and to fix
out notation.

The next step is to integrate over the gauge field. With this aim, we find it convenient
to take the light cone gauge

1
V2

In the line-cone gauge the gluon self-energy vanishes and the Chern-Simons actions becomes

A_ (A1 + A2) = 0. (3.6)

S5 = % / Pz A%0_Aj. (3.7)

The path integral takes the following form:

2F (A = [ DAL DAY (3.8)
. 3 a % ab __ pab pc b a Ta a Ta
exp d°z | AS 27r5 O — fPN ) A3+ AT F g + ASFY ) |,
where
Frw = 0ul\y — O, (3.9)
The integration of A4 leads to the following equation for A§:
Ak
(25aba_ - f“bcAc_) Ay + Fry=0. (3.10)
77

Denoting N® the inverse of the operator multiplying Ag in the equation above, i.e.,
Ak
(5@03_ . ) Ng = 08, (3.11)
27
the final result for the partition function of the dual theory in this limit is:
ZE A s = / DA% exp (SK3 (A) + P F4,A,) | (3.12)

- / DA% DA§ exp (Ai <§f5@ba_ — faP.AC ) Ab 4+ AL F + Ag}"i_>



The partition function turns out to be

-1
ZﬁMMHw_/DM<®%€ﬁW&—f%M)><m%—/fﬂwvgﬂ;>

(3.13)
A few comments about this answer are in order. The above expression has been
obtained in the large mass limit and therefore it is expected to capture phenomena in the
long wave length range. One might object that the action does not look appropriately non
Abelian, in the sense that Fy, = 9,A} — 0,Aj, does not contain the expected commutator
term. The answer to this seeming puzzle is simply that the natural object to dualize the
action would be a Kalb-Ramond 2-form field (£}, A**") we are simply rewriting the action
in terms of the dual field A7 = €,/ Al .

3.2 Light-cone gauge and the large-IN limit

We now consider integrating the fermionic degrees of freedom in the large N limit. First,
we implement the integration over the gauge fields using the light-cone gauge: A_ = 0.
The action reduces to

g - / i {Wa,ﬂp AL A+ S ALO_ A+ V()
+M&M—@&M—M&M+%&M+Mﬁ%mﬂ,
:/ﬁ%ﬁWQw+vww+A1@E+£Aﬂ%+ﬁmMA9
rA3(g + 7). (3.14)

where
Ji = —ipy, T (3.15)

The action is linear in A, (it is also linear in A3) and we will integrate it out by using
its equation of motion:

%&ﬁ+ﬁ+&@—@m+m¢M&ﬂ. (3.16)

One limit of this equation (A = 0) was treated in [14] we will return to this limit repeatedly
as a source of technical and conceptual intuition. We rewrite the equation as:

k
(ﬁW&—W¢ﬁ£=ﬁ+P3 (3.17)

Let us formally define the solution to be

4= NO(JE + FPy), (3.18)



where N is the same tensor that appeared already in eq. (3.11) with the small difference

of the Chern-Simons level. Substituting in the action we arrive at

S = / B [zz (7’% — iNDFb T 4 iNab.Fﬁ+'y_Tb> b+ V()

_Nablz_)’YfTbWZ'Y?,Ta@D _ Nabfg+f33:|

The dual theory takes the following form:

(3.19)

-1
ZFIN] = / DD det <4’;5ab8_ — fob.AC ) exp (VY + V() + A5(JS + FL_))

- / DD exp (z; (waﬂ — NP T 4 iN“bFﬁ+’y_Tb> b+ V()

-1

. . k
—Nabz/ry_szpmgTw) x det <47T6“b8_ — A > exp (~NUFLFL,).

(3.20)

Before proceeding to integrate over fermions we already notice the appearance, in the last

line in (3.20), of part of the structure that showed up in the large mass limit. In particular,

the last line is proving to be a recurrent structure of the effective action for the field A}, in

various limits.

We have a formal expression for the dual action in eq. (3.20), to achieve a better

understanding and to prepare the groundwork for the large N limit, it is convenient to

study in more detail the group structure for the operator N as follows. The natural

decomposition of any algebra valued two-tensor should be:
Nab — 5abN0 + Z'fachlc + dach2c'
Using the fact that

a k CAC a
N (27T5bda_ — A_) Af = Aj

we find

Using the identity
fdanfabc]ebde — ance

we find coupled system of equations for N{*, N,

ikNTO_
2

—ifICACNT = NOAS + dUAC NG,

k(N? — NSO
2w N2

— [YNCNG = idAC N,

(3.21)

(3.22)

(3.23)

(3.24)

(3.25)

(3.26)



These equations should be taken in the formal sense due to the presence of 0_ . We
will discuss other aspects of N, or equivalentely of the integro-differential equation for
Aa(A) in appendix C. Now, in this basis the quartic fermion term in the previous action

(3.19) becomes:

5 = / P [ (#a — (PN + P FEN + VNG (FE T + F2 oy Tb>)¢+V<W>

— (0PN + if " NT + d™N5) (T ¢apys T — J-"“Jr}"bg)} (3.27)
where Ny = N§T N = NPT,

First, observe that the terms which have explicit coefficient of + vanish in the N — oo
limit. Next, we exploit the fact that Nj ~ O(3). We also observe that from the coupled
equatlons for N7 and N5 it follows that N7 is suppressed by powers of or higher powers
of L %, and that N> is suppressed by 73 or higher powers of L %+ Therefore, all the terms in the
actions involving A, except the universal term N ab Fa Jr.7-"33, are subleading in the limit
N — 00,k — o0, Wlth JIX fixed. This universal term remains untouched because we are not
integrating over Aj.

The main obstruction to a full integration of the fermionic fields remains the term
quartic in fermions. The starting identity in the large-N integration is a simple extension of
the Hubbard-Stratonovich identity [14]. Here we assume the bi-local structure 1 (x)y(y)
as discussed in detail in [14] which highlights the connection to higher spin fields [31];
we also do not write explicitly integration over spacetime variables. However, we assume
both implicitly.

1= /DaoDa5 <a0 - iviﬁw> ) <a - 2;[@71#> (3.28)
= /DQODQDMODM+ exp <2i,u0 (Oéo - Q}V@W)) + 2ipg <a - 2;,¢7¢)>> :

The partition function is given by
3

7 k_sab ab Ac d _
- / DyDype™ e exp [ / (2;)]31/1(—61)7“61#%!)((1)
dSP d3 d3 STiN
/(27r)3 (2:)13 (2:)23 k(plﬂ_z pQ)_f—(Papl)ff(—P,pz)] (3.29)

Inserting the identity back in the partition function it becomes

= /DaoDa_DMOD,u+ exp (z’/(2,u+.a_ + 2u0.a0)> X

d3P d3p1 d3p2 8miN
N _(P -P
X exXp ( / 27T)3 k’(pl ) ( ’pl)a(]( ap2)) X
X / DDy exp <—Tr log (faaba_ — fob.AC >) X (3.30)
/I

d>qd*P - P . 353 =Pt Ao
XeXP(/W¢<—2—Q><W qu(2m)°0°(P) — i N N

A=Fe— Fos P
kP kP )w< 2 +q>>

,10,



rescaling

po=Npo, fy=Npy (3.31)

In the large N limit the path integral is dominated by the saddle point solutions and
assuming Poincare invariance on these saddle point solutions we get

(a0(P,p1)) =(2m)°8° (P)ao(p1), (o (P,p1)) =(27)%6°(P)a—(p1)
(ipo (P, p1)) =(2m)*6*(P)So(p1), (ip—(P,p1)) =(2m)6°(P)S_(p1) (3.32)

At this vacuum configuration of the singlet fields the partition function becomes

= /DaODaD,uon+ exp (i/(2,u+.oz + 2,u0.o<0)> X

d3p]_ d3p2 87TZN —Trl ab ab c
N 3 08 (75300 —fPcAS)
X exp ( v / Ny — e (pl)ao(pg)) X

8qd’
xexp<_/d( d)éDiZ( P —q) (" qu+7E++20)(2ﬂ)353(P)w(_123+q)>

= /DaoDa_DMODu+ exp (i/(2,u+.a_ + 2,u0.a0)> X

d3p1 d3p2 8miN —Trl ilsaba,—f‘lbd\c)
o (VY [ By - )

X exp ( VN / ﬁ log det (i qy + v-S4 + Eo> (3.33)
and
d3q
—i/ﬂ-a = V/ 2n)? < —2¥4 (q)a—(q) — 220((1)@40(61)) (3.34)

Where V = (27)363(0) and we have used the following identity for fermionic Gaussian
integration

3
/D?/JD’(/) f (2,r3¢'( p)A(p)¥(p) _ SVIngg,logdetA(p) (335)

All these pieces combine to give the effective action

d3
Sefr :NV(—/(2 E log det (iv"'q, +v-X+ + Xo)

d*p1 d’py 8milN
/ (2n)? (@n)? ks — po)_ P20 @2)

3
+/ (3753 (=281 (9)a—(9) = 2Eo(q)ao(q))> (3.36)

Varying S action with respect to a_, ag and putting the resulting equations back we
get the following gap equations

= —2m g ! T !
Zrlp) = -2 A/ P r—a- (un +EF(q)>
o d3q 1 o
Yri(p) = 2771/\/ o) = q)_Tr(i’y“qM n ZF(q)> (3.37)

— 11 —



and the full dual effective action

’ r
sarlt) = NV [ 555 { - tomdetvtan + 500 +

H + S[A] (3.38)

where
S[A] = —/d3xN“b]:“+_7:b3 — Trlog (f&“ba_ — f“bcAc> (3.39)
7y

which does not contribute to the gap equations in the Large N limit.

The precise evaluation of the first line in eq. (3.38) which is the planar free energy has
been the main result of a series of works starting with [12] and elaborated upon in, for
example, [11, 14-16]. The main conclusion is that Xz (q) can be computed exactly in the
large N limit and it corresponds to the self-energy of the fermions. The large-N approach
that we have followed here has also been corroborated by a Schwinger-Dyson equation
perspective in some of the works cited above.

It is worth noting that the large mass limit of the previous subsection can be recovered
here as well before integrating out the gauge field. The gap equation for og shows that pg
becomes the mass as read off from the potential. A diagrammatic argument leads to the
action for p,, us to be a Chern-Simons action. The other gap equations identify A, A3
with py and p3. We thus recover precisely the same result as in the previous subsection.

4 Duality for bosonic vector models

We begin with the following action corresponding to a single fundamental boson
1 - _
So = / d (28,@8% + U<¢¢>> . (4.1)

We proceed to gauge the global U(N) symmetry by introducing a gauge field A, and adding
a Lagrange multiplier A to the action that enforces the vanishing of the field strength

S = / 3z <Du¢_SD“¢ +U(pop) + e“”pFWAp>, (4.2)

where
D¢ = 0,0™ — i A Too, Dyu¢ = 0,¢™ +iATu9. (4.3)
With the same motivation of the previous section we add a Chern-Simons term, the full

starting action becomes

S = / &3z [8u¢8“¢ +ALTY 4 ASALBTOTC G + P By A, + U ()

+%6“VpTr <AM8VA,) - ?AMAVA,,> ] . (4.4)

where

JE = i(QgTaauﬁb - (8u¢_5)Ta¢)- (4.5)
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As in the previous sections our aim is to integrate out the bosonic field ¢ and the gauge
field A}, leaving a dual action for Afj. We first proceed to integrate out the gauge field.
The most efficient way is using the light-cone gauge (A_ = 0). In the light-cone gauge the
action becomes

S = / dx [ — ¢ (2040_ + 03) p + ALI® + A§JS + AGARGT T ) — O_A%AG

k
FO_AGAYL + (93A% — DL AG + furc AFAT)AY + 5 AL0- A3 (4.6)
where
J;f = i(¢T“8#¢ - (8u¢)Ta¢)- (4.7)
The action is linear in A% whose corresponding equation of motion leads to
k
(%6‘”’8_ — f®.AC ) A+ T+ Foy = 0. (4.8)

We assume that the solution of this equation is of the form
4= N®J° + FPy), (4.9)

where N is the, by now ubiquotous, formal tensor which appeared in egs. (3.11)
and (3.17). Note that in this case the Chern-Simons level enters exactly as in the case
of as in eq. (3.17). Substituting this solution into the action one arrives at

S = —¢(20,0_+03) ¢
+N(TE + FP) (IS + FLo)
+NCNY(JC 4 Fe) (T + Fho)dT T ¢ (4.10)

Similar to the fermionic case, to gain intuition into the dual action we expand the tensorial
structures in N by substituting

N = 6°No + i f* N + d**N5. (4.11)
to get

S =—¢(20,0-+05) ¢
(0N + i fUNT + d™NG) (T2 + F23)(J5 + FS)
+(5acNO + ifacclqu + dacclN201)<5bdN0 + Z-fbdlelch + dbdlele)
X (JC 4 Feq)(JL + Fho)dT T (4.12)

It is possible to integrate the bosons in the large N limit by using an extended version
of Hubbard-Stratonovich. We implement the Hubbard-Stratonovich identity at the level

of path integral as
1 -
1= /D,uDa exp (iu <a — Nqbgi))) (4.13)
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Here we assume the bi-local structure ¢'(x)¢’(y) as discussed in detail in [14] which high-
lights the connection to higher spin fields [31]; we simply do not write explicitly the de-
pendence in the coordinates.

After repeating the steps we did for fermonic action we get the following result for the
gap equation for the bosonic theory.

3, 73
Xp(p) = / (Céﬂ_)lg (C;:)Q [02(197 q1,q2) + C2(q1,p, ¢2) + C2(Q1,Q2,p>]

1 1
X
@ +3s(q) @ +s(q2)

(4.14)

where

(p1 +p3)—(p2 + p3)-
(p1 —p3)—(p2 — p3)-

Calpr, pas ps) = 4722 ( T <coupzmg[<<5¢>3]>) (4.15)

and the effective action

d3q 2 Xp(q)
S.g[A] = NV log(¢2 + 2+ % -Z }}+SA 4.16
Tt L/(%ﬂ3{og% 4+ >e() 343 + 45+ Tp(q) A1)
where
S[A] = _/d%:Nab]-"aJr}"b;g — Trlog <4k5ab8_ — fabc/\c) (4.17)
T

Which is identical to (3.39). Again the S[A] does not contribute to the gap equations at
leading order in NV in the large- N limit. The first line in eq. (4.16), that is, the free energy

of the scalar plus Chern-Simons theory has been discussed in the literature extensively [9,
11, 14, 16].

5 Comments on level /rank duality with matter

Let us briefly recall in a schematic way the two dual theories

ZFA] = /D&D@z) det N exp [/d?’:c (b + V(i) + A§(J§ +Fi_))] (5.1)
/ D Dip det N exp[ d3 (B + V() + N(IE + Foy)(J5 + Fi ))}

ZﬂM:/Dﬁmmmw%m{ ¢W¢W@M+MUﬁI“)AM%WW@}
/D¢D¢det N exp [/d?’ ¢v2¢+vw¢) + NO(JE + FP) (T + Fo)

+ NoNb(Je 4 Fe )(J + fﬁg)gz’)T“Tbgs) ] (5.2)

Since the path integral above can not be performed rigorously we now consider various
approximations leading to or enriching the intuition of level /rank duality
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5.1 ’t Hooft limit

In this subsection we consider the 't Hooft limit: N,k — oo with A = N/k held fixed.
In the previous sections we have discussed the dual theory in the ’t Hooft limit and we
have found that it simplifies to the duality that has been discussed before plus an effective
theory for the field Ajj. The level/rank duality with matter is simply a consequence of
the part independent of the field A, which has been discussed extensively in the literature
plus, the form in which the tensor N enters in the action for Aj, . Namely, given that the
level of the Chern-Simons action enters, in the large-N limit as N ~ §(0_)"1/k + ...
we conclude that level /rank, at this level simply exchanges k <> N.

5.2 Small field approximation

Level /rank duality with matter translate to a relation between the theories Z¥'[A] and
ZB[A]. In the large-N limit we simply reduce the duality to the statements present in the
literature. We now discuss a small field expansion in A; this is, a priori, different from
the large N limit approximation. Since there is a lot of evidence about this duality in the
case of zero Lagrange multiplier field A = 0, it makes sense to explore a perturbative, in
A, approach. If we formally take A — 0 in the above expressions we simply recover the

k -1

N = (5%) . (5.3)
27

Consequently, its determinant becomes a field-independent (A-independent) factor which

we drop.

ZFIA = 0] = / DD exp { / d*p (wpw + V(wzp)ir]ing ] (5.4)
ZBIA - 0] = /DqEqu exp [/d3p( — op°6+V(99)

2
+2]:pl_JEJ§ 4 <2;> pl_(p _1q)_ szﬁgz)Taqusﬂ (5.5)

These vector models have been extensively studied and the level/rank duality with
matter has been verified in observables following from these models including the finite
temperature free energies [11, 12, 16]. It is worth highlighting a key conceptual novelty
of the actions in egs. (5.4) and (5.5). Namely, their mild non-locality as witnessed by the
powers of inverse momenta: 1/p_. This is similar to the nonlocality that appears in the
dual theories where one schematically has, at leading order, 73 F¢_ /p_.

The momentum space equation for A§(p) takes a similar form in the fermionic eq. (3.16)
or bosonic case eq. (4.8):

d3q

30 in- A40) = 17 [ SN @ A=)+ 120 = Fr) = 0. (56)

In appendix C, we solve this equation as an expansion in A. The main result is that
before taking the large N limit there is a hierarchy pointing to an equivalence between the
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fermionic and bosonic theory. We do not pursue this analysis in this manuscript but it
lays the foundation for a possible comparison at finite N between the dual effective actions
ZF[A] and ZB[A].

6 Comments on % corrections
The discussion of % corrections for the case A%(z) = 0 is the standard one, i.e. one

first integrates out the matter and gets an effective action in terms of the auxiliary fields
Y, a [14]. The saddle points are computed from this effective action and finally the effective
action for the auxiliary fields is evaluated around the saddle points. By discarding the terms
in this expansion which are higher order in % one gets the non-local kinetic term for the
auxiliary fields. The propagator for the auxiliary field is then used to perform the full path
integral upto order %

For our framework where Af(z) # 0, we do not want to integrate out everything,
rather we want an effective action in terms of the dual field Af(z). This effective action
can be expanded diagrammatically with AZ(ac) vertices generating external lines for various
n—point amplitudes. These amplitudes will cary group theory factors which will generate
their N-dependence. It is in this sense that expansion of the effective action in powers of
Af,(x) can be considered a % expansion with A =0,1,....

As a first step towards computing % corrections, the large-N saddle points are com-
puted for p, a’s from equations (3.36), (4.14). In the next step the integrand of the original

path integral is expanded in power series in % around the large-N saddle points.

6.1 Bosonic effective action

We start by considering the bosonic case

Lo= [ B [Bp0R 400 + 2 )P (-p) + )P0
L G )Y ) + NUF () (<)
[ [
+ ,SZZ;_ F23(0)F5(@)d(r) T T ¢(—p — g — ) (6.1)

The above action explicitly contains % corrections which are made manifest by also

introducing « and ¥ through Hubbard-Stratonovich transformation by the identi-
ties (3.28), (4.13). Writing out everything explicitly upto % corrections

3
So= [ ook {¢<—P1><<P1>§ F(POR)G(PY)

N 27\ /d3P2
N(P)_ | (2n)3

(2P + PL)sd(—Py)F_y(P)d(Ps — P1)>]

<_ S QP+ P)_G(-Po)F (~P)6(Ps + )

,16,



+Nm')\/ dP g P ((—P1 +qa+@)-(Pi+q +q)s
(2m)3 (2m)3 (2m)3 (—q1 + q2)—
1 () ()

N (P >a(P, q1)a(—P, q2)

+f g’jgNa%Pl)fzg(Pnfi_(—Pl)

+N(2mi)2\2 / Bh &h Pg Pgy Pgy
(2m)3 (2m)? (2m)3 (2m)3 (2m)?
" <(P1 — P —2(q1 +¢2)-(2P1 + P2 +2(q1 + g3))-
(Pr+ Py —2q1 + 2q2) - (P2 — 2q1 + 2q3) -
1 2q)-(PiA2(Pe+ @2 tg3)- 1 2(P— P —2(q1 +q2))-(a3)- )

N (P1)—(Py —2g2 + 2q3)— N (P + P)_(P1+ P> —2q1 + 2q2) -

xa(Pr,q1)o(Pa, @2)o(—P1 — P, q3)
d3P1 d3P2 d3Q1 1
+N(27)% \? /
CTVX | (n)? (2n)? (2r)? (P1)_(— Py — Py
Xa(Pz,m) Fo3(P)Fl3(—P1 — P)
N N2

(6.2)

6.2 Fermionic effective action

The fermonic starting point is

3
Sy = /é&,iﬁ(—p)v“qw(p)

_|_]§pﬂ-j(ja () Fe_(—p) + 5 (—p) F4(p))

+/§Z<5“b(ji(p)j§(—p) + F3(p)F (=) (63)

It is crucial to highlight that in terms of currents we already see a difference with respect
to the bosonic case, namely the 3rd line in equation (6.1). Using the auxiliary field « for
the fermonic case gives upto % corrections

3
so=| éﬁ)[&(—a)wlﬁ)ma)

T 3 _ B
+N?Pf\)_/(6127{;23(1/}<_P2)}—+—(—p)’Y—w(PQ‘i‘Pl)+1/J(—P2)f_373(P1)1p(P2—Pl))
Pq1 &gy

] 1
+N2m>\/ @) (@) <(q1 — qg)_a_(Pbm)Oz(—Ph(Jz)

% (Pi) a_(Pr,q1)as(Pr, qQ))]
3
+/ é?ili’»Nab(Pﬁfaa(Pl)fi(—Pl) (04
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6.3 Saddle points

Our strategy consists in constructing the effective actions as an expansion around the
large— N saddle points.

1
wq)? =0, a(g) = e
(@) = M/ 2q1q-, pi(q) = —iXqy
v _ - ¥ 1
a_(q)¥ =-Tr—————, a(q)? = —Tr- 6.5
@ Yt — iIAN?q4 @ gt + AV2q4q- (6.5)
and the propagator for bosonic theory after including large— N corrections
1

ap(p) = 1? (6.6)

For the fermonic propagator after including large N corrections

—i(y=(p)+ (1 = A2) + ()= + (P)373) + A(2p+p_)?
p2

ar(p) = (6.7)

6.4 1-loop contribution to subleading order in %

Reminding ourselves of the gap equations for fermionic theory

1
¥ = —2mi\ | &° —T
F,+(p) ™ / xaf r(w@ +ZF+ (]:b Tb’)/ _|_]:b Tb’}/g))

. 1 v_
» =27\ | dx—Tr 6.8
F,I(p) Iy / ZEa_ (’Y"au . e (}_b Tb7 n ]__b Tb73)> ( )

with Xp =¥ v_ + Yo and for bosonic theory

d3 d3
Yg(p) = / L {C (P, q1,92) + Ca(q1,p, q2) + Ca(qu, Q2,P)] ap(q1)ap(ge),

(2m)* (2m)?
(6.9)
where in position space ag can be written as
1
ap =Tr e (6.10)
0% + g + g5 (FL_TOv- + FL3TPy3) + ggye F s s TeTb’
where now the Tr is a trace on both the position space and color space.
Next making the shifts around the saddle points (6.5)

Y. — Y, —iXg,, Yo — Yo + A\gs, (6.11)

where now 24, ¥ are of order O(3)

Sébff = NV( - /d3a: log det (7“8“ —iA20 - + A0,

21
-5 T (FY TPy FPTlys) + -2 + 20>
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/ d>p1 d®po 8miN
(2m)? (2m)? k(p1 — p2)-

3
+/(;i7:l)3(—2(2+(Q) —iXq+)a—(q) — 2(Zo(q) + Aqs)ao(q))) (6.12)

a—(p1)ao(p2))

So the fermion effective action evaluated at the large—N (N — oo) saddle points becomes

2
S lsaddie = NV< — / d3z log det (waﬂ — i)\28+7_+/\65—%
/ Lo Epz  STiN 0 ag(pe))
(2m)3 (27 k(py — pa)_ — PVAOW2

(FL_Tly_+F,T bv:a))

+/ (;ljrg)ls (2iN%q a_(q) — 2)\%0&0(61))>. (6.13)

Similarly, expanding around the large N saddle point of bosonic auxiliary field X5

2
Sg)ﬁ = NV[/d?)ngr log (33 + 054X+ ﬁ(}—i—Tb'ﬁ + Fb Tby3)
(277-)2 a b rpab
+(k8_)2]:_3]:_3T T

3 3 3
/ ((;:)13 (273)23 (C;Tq;g Ca(q1,92,93)aB(q1)aB(g2)ap(g3)

- [ S saasta) an
where Xp is of order O(%;). Now at the large N (N — oo) saddle point X5 = 0
2
S Jsaddie = NV[ / d3zTr log <a§ + 02+ ﬁ(ﬂj’%_ + Fb L Ts)
(2m)? b b
e 7T
g TPl

/d3Q1 d3qx d3qs
(2m)3 (2m)3 (2m)3

6.5 A small digression to functional determinants

Ca(q1, g2, Q3)OéB(Q1)OéB(qQ)@B(Q3)] . (6.15)

The functional determinants arising in QFT calculations can be expanded in terms of
Feynman diagrams. For example the differential operator for a massive Dirac field in the
background of auxiliary field ¢(z) can be written as

Z(¢) = Det(—id, " +m — gp(z)) = e~ Lzt aT¥C" (6.16)
upto a factor which is independent of the background field ¢(x). Where
TrG" = g"/d3x1d3$2 o dBaptr(S(zy — 22)d(x2) ... S(xy — x1)0(21)) (6.17)

1
upt+m*
This is precisely the diagrammatic approach we develop in appendix D as adapted to

where S is the free field Dirac propagator S(p) =

our case.
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7 Evaluation of the effective actions at the saddle points

It is obvious from the saddle point solutions (6.5) that the fermonic saddle point depends on
the large N ’t Hooft coupling constant A\ = %, whereas the bosonic saddle point is trivial.
As a consequence when the fermonic effective action S;pﬂ is evaluated at the saddle point
and one tries to get the effective interactions for the dual field A by evaluating 1 — point,
2 — point. ..n — point functions, certain extra interactions are generated which depend on
the various powers of the coupling constant A. However, it can be shown that these extra
Feynman integrals vanish.

To elaborate let us consider SZH

Settlsadate = N V< - / d’xTrlog(v#8, — iA* 04— + A0s)
1 2T
Tr1l 1-—
s < (VRO — iN2Dyy— + NDs) kO
/ d®py d®py  8miN
(2m)3 (27)3 k(p1 — p2)—

-|-/ (;ng?) (2iX%q a_(q) — 2Agsao(q)) + O<;;> terms>. (7.1)

(Fo_Tby_ + }"bgbeyg)>

a_(p1)ao(p2)

Now, the second line in eq. (7.1) can be evaluated by Feynman diagram technique to
find n — point function of the dual field A and obviously these diagrams will contain A
dependence arising from the full fermonic propagator. However, the claim made above is
that at least to order O(%) in the diagrammatic expansion this fermonic propagator can
be replaced by the free propagator in the second line.

S;bff’saddle = NV( - /d3IL‘TI' 10g(7“3u - i)\26+7, + A@s)

1 2T b b b b
— T°~_ T
() ko e IR T)
+/ d3p1 d3py 8miN

(2m)3 (2m)3 k(p1 — p2)-

+/(;li§3(2i)‘2q+a—(q)_QAQSOJO(q))"i_O(]i[) terms) (7.2)

+Trlog (1 —

a—(p1)ao(pz)

Now we write the bosonic action to make a comparison

S% Jsaddie = NV[ / d*zTrlog(0? + 83)

1 2
+Tr log <1 + m <ka(]:i_Tb7 + ]:33Tb,73)
S 3 -
27)? “ o
+(§€8_))2]-"_3F§3T Tb>) (7.3)

d3 d3 a3
n / @1 dq2 d°q3

27) (21)7 (27)3 Ca(qr, a2, a3)aB(q1)as(g2)as(g3)+0 <]1]> terms]
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2m)2

It is clear that the two effective actions for A differ in the term ﬁ}"ﬂ;}"ﬁ?j“ﬁ’ This
term to leading order in large N generates a tadpole diagram which gives zero contribution
in the Dimensional regularization scheme which we use. However, from next to leading
order in the large N expansion this vertex generates Feynman diagrams which have no
counter part in the fermonic theory. Therefore the theories start deviating from duality at
this order.

There is an important and rather crucial point here. When the vertex
%}"ﬁ?,}"ﬁg,T“Tb is not present, the set of diagrams generated might match. One could
argue that this is indeed what happens for the critical theory because the origin of this
vertex is the same as that of (¢¢)? coupling which arises from integrating out the Chern
Simons gauge field Aﬁ(a:) in the bosonic action. It will be interesting to analyze this issue
in more detail but it goes beyond our interests.

8 Conclusions

In this manuscript we have used a constructive approach to investigate connections among
3D vector theories. We have, in particular, addressed some aspects of bosonization in
three dimensions and the level/rank duality. We have considered integration in various
limits but most prominently the large N limit employing some of the standard techniques.
Besides defining formally the dual theories to the fermionic and scalar U(N') vector models
we were able to identify the two dual theories and show that they agree in the large N
limit exhibiting explicitly a level /rank duality for these systems. This provides a concrete
evidence for the validity of the conjectured duality among the different vector models in
the large N limit.

There are a number of questions that would be interesting to pursue. The large N limit
always raises the question of 1/N corrections. We have shown that the large N limit is well
defined. A deeper study of 1/N corrections, for which our work is a first step, is particularly
pressing given the claims that the level/rank duality with matter might extend to finite
N [10, 16]. In sections 6 and 7 we present an admittedly scant approach to the effective
actions beyond the leading order in N. We find that, generically, the effective fermionic
and bosonic actions do differ at this level. The main culprit being the contribution of
a particular vertex in the diagrammatic approach as elaborated in appendix D. We have
provided a scant evidence that the duality fails to hold beyond the large N leading order.

Given that one of the strongest evidence for level/rank duality with matter consists
in the matching of the corresponding finite temperature free energies [11, 12, 16], it would
be interesting to consider the path integral dualization procedure used here for finite tem-
perature backgrounds. It was pointed almost two decades ago [22, 32] that the dualization
procedure in non-contractible spaces, where pure gauge connections are not necessarily
trivial, need a careful treatment. This pertains, in particular, for spaces with 71 (X) # 0
which is precisely the case with the thermal circle. We hope to return to this interesting
question in the near future.

Lastly, even though our approach is consistent with the vector model/higher spin
duality, it does not directly address this duality. One important question would be to
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identify the role of the extra dimension in Vasiliev’s theory under these dualities. There
are some tantalizing hints connecting the non-local aspects of the duality with a higher
dimensional theory. It would be very interesting to pursue this line. Although a more
covariant approach, than the one presented here and rooted in the light-cone gauge, would
arguably be required.
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A Integrating fermions and Chern-Simons theory

The integral over fermions in 3d is a fairly standard computation, see for example [30]. We
reproduce part of it here just to render the manuscript more self-contained and to clarify
our normalizations.
Set[A,m] = Nylndet(id + A 4+ m)
= Nylndet [(i@ +m)(1+ (id + m) ' 4)]
= Nylndet(id +m) + Nylogdet(1 + (i +m)~* A)
~ Nylndet(1+ (ig +m) 1 A), (A1)

where the first term in the penultimate line can be neglected because it is A independent
and we are looking for an effective theory of A. Expanding the determinant:

Sef[A,m] = N;TrIn(1 + (id + m)flA)

~ N;Tr <i$imA) - %NfTr (i@—ll—mAi(/?—ls-mA> + ... (A.2)

The first term corresponds to a tadpole, the second term contributes to

uadratic 1 d3p v
S A m] = 3Ny [ A DI () Au(p),
&k prk—-m  F-m
pv _ n v
(e, m) / e xR m2 ! R Em? (A.3)

The parity odd part can be computed exactly in the large mass (m — o0), long wavelength
limit (p — 0).
T4 (p,m) ~ ePp 1 m L0 r (A.4)
’ P47 |m)| ' '
The three gluon diagram leads to
cubic N d3p d3p v
SHY[A,m] = ;/(2171_)(5214#(291)1411(172)14,0(1)1 —p2)I"P(p1,p2,m),  (A.5)
43k p1+%_m v ¢1+4¢2+%_m pk_m

THve = Tr~*
(p1, P2, m) /(277)3 o (pl—l—k)?—i—mzfy (p1 +p2+k)2+m27 k2 4+ m?’
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The relevant odd component, in the large mass limit (m > pi1,p2):

1 m p2
uvp . v
[0aq (p1,p2,m) ~ _ZEWGM F+0 <m2> . (A.6)

B Functional integration and an obstruction

Schematically the integrals that are being computed are often of the form:
/ DA% DA% exp (Ai( NS AL+ T + FOl) 4+ AS(JS + fi,))
= / DAGS(f*AC A+ % + F23) exp (AS(J§ + F_))

= (det(77A%)) " exp (MU(I% + FE)(J§ + FE). (B.1)

Note that the last integration over A§ requires that we solve the argument of the delta
function but then the results will contain det™(f®.A°). Note that this contribution to
the measure is reinterpreted in two-dimensions as a dilaton shift. Namely,

1
® > @ — o Indet M, (B.2)

B.1 Fermions: a singularity for light-cone integration without Chern-Simons

When treating gauge fields in three dimensions there are usually significant simplifica-
tions in the light-cone gauge; this can be seen in the Yang-Mills case [33] but also in the
Chern-Simons coupled to matter context that we are interested in [12]. Here we consider
a fermionic action without Chern-Simons coupling (kK — 0). Given the expected simpli-
fications it is tempting to attempt to first of all integrate the gauge field in the master
action (3.4). In the light-cone gauge, A_ = 0, the action takes the form (k = 0):

S = P + V(i) + A% (Jﬁ T+ fabe A’:Ag) +AS(JE4+ ), (B3)

where J = —itpy, T and Fiy = Ay — O, Ay, The resulting action is linear in A4 and
we could consider integrating it out as in the previous subsection which would yield

Foy+ J% — f4. A0 = 0. (B.4)

However, the matrix fu, = fapeAS is not invertible. One can check that its determinant
vanishes.! Similar structures with the corresponding determinants appear in the context
of non-Abelian T-duaity in string theory [22, 34, 35].

The obstruction above, nevertheless, teaches us an important lesson about the inter-
mediate structure of the dual theory. If we were able to solve eq. (B.4) we would obtain
that A§ ~ J¢ + F23; substituting this back into the action would lead to four-fermion
interactions. The singularity also teaches us that (k # 0), that is, coupling to a Chern-
Simons term precisely provides the regularization we seek that allows to invert eq. (B.4)
and that, indeed, eliminating the gauge field leads to an intermediate action containing
four-fermion interactions arising as the product of fermionic currents.

We thank Y. Lozano for important comments regarding gauge invariance on this point.
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B.2 Bosons: a singularity for light-cone integration without Chern-Simons

Let us show that, as in the fermionic case, there is an obstruction to using the light-cone
gauge and integrating the gauge field degrees of freedom in the absence of a Chern-Simons
term (k — 0). One might have expected that perhaps the difference in couplings could
have ameliorated this problem. In the light-cone gauge the action becomes (k = 0):

5= /d3x [~ 62000 +08) 6+ ALIE + YIS + ASARGTOT s
~O-ATAG + 0-AGAL + (B3A% — 04 A5 + [ AN (B5)

where J} was defined above in eq. (4.5).
The action is linear in A% whose equation of motion leads to

Foy 4+ J% — f4. A0 = 0. (B.6)

This equation is similar to eq. (B.4), the only difference is the construction the current
which was fermionic in the case of eq. (B.4) and it is bosonic here. The problem is, as
before, that fop = fapcAS is not invertible. Note that the presence of quadratic in A4 terms
which are absent in the fermionic case do not modify the above statement as it relies only
in integration over A% .

We speculate that this singular limit, & — 0, is teaching us about the scalings for
which the theory can ultimately be well defined. It would be particularly interesting to
return to this question in the face of claims that the level/rank duality with matter holds
for finite N [11, 12, 16]. Clearly, the scaling of k& becomes an important issue.

C Momentum space actions

We consider the presentation of various actions in momentum space. We use:

3 .
O(z) = / (%g TP (p). (C.1)

The action in momentum space following from a fundamental fermion coupled to U(V)
level k Chern-Simons action in the light-cone gauge was discussed in [14] in a slightly more
general setup of supersymmetric theories.

5= / Bz (P + A TS) (C.2)
where A§ satisfies the equation
Ko a0 (C.3)
or T '

In momentum space the above equation is solved by

21

A3(p) = T J2(p). (C.4)
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Plugging this expression in the above action, it can be rewritten as:

3
S = / (3175’3¢<—q>¢w<q>

¥ s 3s —2mi - _
+Tr/ (;iw]))3 (;lw)?’ (;lw)?) k]2)_ U(=r)y=T"%(p + 1)P(=s)13T"¢(—p + 5). (C.5)

The full action that we consider in the main text is:

S = / P { P T (AMaVAp—zZAMAVAP>

1 (§ — PAYT Y +m) ¥ + V() + PTe(FlA,) |- (C.6)

The momentum space equation for A§(p) is

3
3o in- AYp) = 1 [ S @) A=)+ ) - F) =0 (C)

C.1 Perturbative solution in A

Assuming that the zeroth oder solution, that is, the solution without A is known: A§(p) =
27iJ*(p)/(kp-) . Then, the Neumann series solution of the above integral equations for
A%(p),upto third order in } (where k is the Chern-Simons level), will be

A3(p)” = ;Zfﬂ »)
IR 0) e [ A ) T -0
ﬁ " P / (;ljr) A_(q)k(p?fiq) F(r—q)
:Zf e / (Cé?;f)l:z (Cfﬂ_p;g A% (p1) A% (p2)
o omi

X JBp—p1—p
kE(p—p1)-k(p—p1—p2)- ( 1= P2))
271

, PPp1 dpy a
Fp e [ A A )
y 27 27

k(p—p1)-k(p—p1—p2)-
Note that in the above equation, the first line is the zeroth (no factors of A) order solution.
The first line contains one power of A while the second and third contain two powers of
A. The third line contains three powers of A; this way of organizing the expansion teaches
us the general form in which powers of A can appear, including when they appear only
through F5_.

A schematic form of the solution for As is as follows:

F32(p—p1—p2) (C8)
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1 1
+k2f/A]-"3 + k3f2/(A)2J
1 1
+ﬁf2 /(A—)2]:3— + k4f3/(A—)3J—

+...+ .

YA WL e (AR (©9)

After plugging the solution given by eq. (C.8) back into the action we will analyze the
terms of order kQ and k5 and show that they are subleasing in the Large-N limit in the
singlet sector of the theory. The key identity we will use repeatedly is

5ab . N .
a z b ik z abe (reyi sk
N abc (e ) abc (e abc (e 7
+mdb(:r)§5l N2 czb(:r)al—N2 db(T)ké
i abc eyt i abc (e 7
o FUTOS — S foe(T)Ss) (C.10)

Before writing out the result of plugging the expression for A3 in eq. (C.8) in the action
let us first describe, schematically, the possible terms:

S =8W 4 gB)

— AL + AgdAg) (C.11)
with
1
4 _ =
S kJ_J3
1 1
+%.7:3_J3 + ﬁfA_J_Jg

1 1
+ﬁfA,}‘3,J3 + EfQ(A,)QJ,Jg

1
o AT e T AT s (C.12)

i

This structure follows immediately from the structure of the solution of Az in eq. (C.9).
Also

Sos = @J_w_qﬁ

k:2]:3 ¢>J—¢+ ]:3 ¢F3- ¢>+k3f/\ J_¢J_¢

b Py BN bt A Fy BT g+ PR GT 6 (C3)

The above expression contains the zeroth, first and second order corresponding to each
line. Terms begin to proliferate starting at third order where we have contribution from
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products of first and second order terms in addition to intrinsically third order terms in As:
S = AP F BT 0+ 15 AP 6T
b Fe BN Fy o+ o Fs 62T 9
+%fA_J_q_ﬁfA_]-'3_¢+ %fA_J_J)fQ(A_)zJ_gb (C.14)

Let us now present the explicit form of some of the schematic terms above with all the
indices and momentum factors:
% fA_J_¢J_ ¢ =

1 [ EBpdqd3rd®prdPwiddwy 27 20 2w
4 / (2m)18 kp— kg k(p—p1)-
[6(r)¢(wi +p — p1)][d(~w1) A(p1)d(w2 + @)][P(~w2)d(—p — g —7)]

1 [ EpdPqd®rd®pid3widPwy 2mi 2mi 27
4 / (2m)18 kp— kg k(p—p1)-
[p(~w1)p(w2 + @)][@(r)Alp1)d(wi +p — p1)][@(—w2)d(—p — g — )]

2wi +p—p1)- (2w +q)—

Qw1 +p—p1)-(2w2 +q)-

%.7—"3_&]_(1) =
1 / dBpd3qd3rdiw, 2mi 2mi
2 (2m)12 kp_ kq_
[6(—w1)Fs—(0)o(—p — g — 7)][6(r)p(wi + p)]
1 [ EpdPqd®rd®w; 2mi 2mi
2 / (2m)12 kp_ kq_ (

[0(r) F5-(p)¢ (w1 + @)][é(—w1)p(—p — g — )] (C.15)

(2w1 +p)-

2w +q)—

Also:
T OFA T b+ A Fy 5T 6=
1 / d3pd3qd3rd3p1d3w1 2mi 27 211
2 (2m)ts kp— kq— k(p —p1)-
[@(r)p(wi +p — p)][P(—w1)A(p1) F3—(q)d(—p — g — 7]
1 / d3pd3qd3rd3p1d3w1 2mwi 27 271
2 (@m)o kp- kg k(p—p1)-
[p(—w1)p(—p — q —)|[¢p(r)Fs—(p — p1)A(p1)d(w1 + q]

(2wi+p—p1)

+ (2w1 +q)

1 [ BpdPqdPrd3pidPwy 2mi 216 2mi
5 ) (2wi +p—p1)

2 (2m)15 kp_ kq_ k(p—p1)-

[@(r)A(p1)d(wi + p — p1)][d(—w1)Fz—(q)p(—p — q — )] (C.16)
1 [ BpdPqdPrd3pid3wy 2mi 216 2mi

2 / (2m)15 kp— kq_ k(p — p1)-— (21 +q)

[p(—w1)p(—p — g — 1)][o(r)A(p1) Fs—(p — p1)p(wi + q)]
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1 / Bpd2qd3rd3qdPwidPwsy 210 2mi 271

4 (2m)1® kp— kq- k(g —q1)-
[0(r) (w1 + p)][d(—w2)A(g1)p(—p — ¢ — 7)][P(—w1)d(w2 + ¢ — q1)]

1 / Bpdqd®rd®qd3w, 2mi 2mi 271

2 (2m)1> kp— kq- k(g —q1)-

(2w1 + P)[d(r)p(wr + p)][P(—w1) Fz— (¢ — q)Mq)p(—p — g — )] + ...

(2w1 +p)(2w2 +q — q1)

When we plug in the perturbative solution for A§(p) in the action for the fundamental
bosons and fermions, we observe that at nth order the types of terms involving Lagrange
multiplier field A are exhausted by the following combinations in momentum space (Note
that we will use Einstein summation convention):

For the fundamental boson action:

[@TT2T . T"mPAL AN . A% (C.17)

[QT T T ... T A A2 NS ... A™](p)
[T T2 . To=m@A T A2 A% AOn—m][pTonmtt T A=t A% (C.18)

[T T2T . T A AN . A ]($9)(d0)
[@TT2T% .. To=m AT A2 NS An=m][@Ten=mtt T @A™+l A% ()
[T T2T . Tt pATAP2A®S AW =[@T 011 T pAr—1 A% ]

[T +1 . T A+t . A% (C.19)

For the fundamental fermion action:
[Py T T2T% . T p AT A2 A% .. A (C.20)
[y T T*2T . T A A2 A% . AT (Y1)

[y T 72T To=mh A ANR2ADS | NOr=m][fpTon=m+t | TOnqh\On—m+l  An]
[Py TOT®2T% ,, Tom—mep A A2NS  AWm=m][hyzTOn—m+1 | TonqgpA%n—mt1  A%n]

(C.21)
where T is the generator of SU(N) in the fundamental representation.
The universal piece:
1
E}"g_]-ﬁr_ (C.22)

C.2 Large N analysis

First we prove the following identity
(T0T92T% . T%) = O G]) 4 Farazby phiashy pbaasbs - pbu—ranbapbe (1 23)
where a1, ....,ap,b1,...,b, run from 1 to N2 — 1 , Faebe = %(dabC + i fo%¢) with gebe, fabe

being structure constants of SU(N) Lie algebra.
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Proof. First few cases are manifestly true

a1az

T a2 — 6]\7 + parazbipb
5a1a2Ta3 Fa1a2a3

Tera2as — N + N + Fa1a2l71 Fb1a3b2Tb2
jaraz §jazas jaraz Fa3a4b3Tb3 Fa1a2a37a4 F“la?bl Fb1a3a4
T TCIQT&BT(I4 — N2 + ~ i - n :
+ Fa1a2b1 Fblagbz Fb2a4b3Tb3 (024)

Odd n: assume that the assertion is true for T%17T9%2T%  T%-1 je.

1 1 1
TR Tl :O< n_1>+0<n_1>++0(>
N7 N 1 N

+Fa1tl2b1 Fb1asb2Fb2tl4b3 o an72an71bn71Tbn71 (0‘25)

then

TUTRTS T = [(TYT2T .. T 1T

-(o{) +o i) ++0(3)

+Fa1a2b1 Fb1a352F52a4b3 o Fb7t2an1banbn1:| Tan>

1 1 1
~0( )+ 0 () + 4o ()

+Fa1a2b1 Fb1a3szbza4b3 o anflanbnTbn (0.26)

where in going from second to third line we used the special case n = 2 of the assertion.
Even n: assume that the assertion is true for T®1 7T . T%%-1 je.

1 1 1
TalTGQTa:’)...Tan_l == O T h—2 Tan—l +O T ++O e
N7z N7 1 N

+Fa1azbl Fb1a3b2Fb2a4b3 B .an—QQn—lbn—lTbn—l (C.27)

then

TOUTRTS | T = [(TUTT% . T 1T%)]

N (e )

_|_Fa1a2b1Fb1a3b2Fb2a4ba o an2anlbn1Tbnl:| Tan>

:o<ng>+o<N§_1>+“'+O<zlv>

+Fa1a2b1 Fblasszb2a4b3 o anflanbnTbn (0.28)

where in going from second to third line we again used the special case n = 2 of the
assertion 0
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This shows that in the large N limit

lim (7979279 T%) = paiazb pbiasbs phaasbs - pobn—1anbnbn (C.29)

N—o0

Now using this assertion we can see that

[(Z)TUJTU‘QTU'S o Ta"(bAalAazAaS o Aa"] _ (ETb”(;S[(Falmbl Fbiasbz pbaasbs  pbn—2an-1bn—1
Fbn—1anbn pa1 paz pas A (C.30)

but ¢T°¢ does not belong to the singlet sector, hence this term is subleasing in the
large N-limit.
Next the expression
[T T2T . T mpA T AN . An=m][@pT =+l T pA%=—mtl  A%] (C.31)
reduces in the limit N — oo to
Fee2bt  pbaom—1Gn—mbn—m pan—m410n-—m+2bn—mi1 .anflanbninnfmng_sTbngb (C.32)
Using eq. (C.10) it is easy to see that

Fa1tlzb1 o anf'mflanfrnbnfmFan7m+1anfm+2bnfm+1 o anflanbnqubnfng)a)Tbnqb

1 1
This shows that expressions of the form
PTN .. T ppT =141 TIn-m@GTn-m T (C.34)

will be even more subleading in the large N limit.
The analysis of the fermionic terms similarly goes through.
Let us analyze S[A]

S[A] = — / BaN*PFe, FPy — Trlog (f&aba_ — fabCAc_> (C.35)
77
now suppressing the indices
k ab ab Ac k
Trlog | —d"0- — f¥.A° ) = Trlog | —I0- — fA_
47 4

— Trlog (4”) + Trlog <I - 47”%‘) (C.36)

ko_ ko_

and making a series expansion

_AmfA_

AmfA_ 2 (=)= )"
Trlog <1— kg, ) = —Trnz::l - i (C.37)

We have analyzed terms of the form f™A"™/k™. For odd n, in the large N limit, their
contribution vanishes. For even n one can explicitly demonstrate that the answer is only a
function of A = N/k. Therefore the N <+ k symmetry is preserved in this expansion.
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D Diagramatic expansion of the effective actions upto (’)(%)

D.1 One point amplitude

It is important to keep in mind that there is an overall factor of N for each vertex, because
both and bosons and fermions are in the fundamental representations of U(/V). This is
accounted for as an overall factor of N in the effective actions. Also the bosonic and
fermonic propagators are large N exact.

Bosonic theory:

T 3 3
(1) [ ks e (PR + )+ 57 )2 +0))
(D.1)

Fermionic theory:

:_T&«(TG)QW/ d’p dpy 1
(2m) (2m)3 p2p_

- (272 ) s + 27 (D)) ) (D2)
These amplitudes for Feynman diagrams corresponding to one-point functions vanish due

to symmetry properties of the integrands and the regularization scheme [12] we are using

Bp 1
| = 0:3)

Scaling with number of colors N: if the Lagrange multiplier field A® and the Chern

in which

Simons gauge field A® have the same large N scaling.
Under this scaling, the 1-point amplitudes for A® are of O(%).

D.2 Two point amplitude

Bosonic theory:

~rmn Dpnnn

_1(277)2/ Pp &Pp 1 1
2 k2 ) (212 (21)2 p2 (p1 + p) %07

><Tr[<fi_(p)Tb;(2p1 +p)— + F ()T (2p1 + p)g)

x (fi_<—p>Ta<p1> T fﬁ3<—p>T“<2p1>3>] (D.4)
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_ (27)? / dBp dBp; 11

k2 (2m)3 (27)3 2 12 x T K]'_gzz,(p)]:gg(—P)TaTb)] (D.5)

This tadpole diagram evaluates to zero.

Fermionic theory:

~nn(Ornnn

_L(m? / dp d'pp 11
2 k2 ) (2m)3 (2m)3 p2 (p1 + p)2(p1)?

X ( —i(y=(p1 + D)+ (1 = A*) + (p1 + )7+ + (p1 + P)373) + A2(p1 + D)+ (p1 +p)—>%>
x (fif(—p)T Y-+ ffg(—p)T“%)

X (= =)+ (1= X2 + (1)1 + ()37) + A1)+ (p1)-)? )| (D.6)

Te| (FL_(p)T*7- + F4(p)T"s)

Scaling with number of colors IN: 2-point amplitudes of A* are of O(1).

D.3 Three point amplitude

Bosonic theory:

12’ / dp Pqg Py 1 1
3 k) (2m)3(2m)3 (27)3 p_g_(—p — q)— (p1 + )2 (p1 +p + q)2(p1)?
<[ (PTG 4 ) + P+ o)

1
<(F @I - + P T+ )

< <f1_<—p QT () + Foy(—p - q)Ta<2pl>3)} (D7)
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B 1(277)3 / dBp &g Py 1 1
2 B ) @) (2n)? 27)2 p_q-(—p—q)- (p1 + P+ 9)*(p)?

< | (PP

X (fi_(—p - Q)TC%(QPI +p+q) - +Fi(—p—)T°(2pm +p+ q)3>} (D-8)

Fermionic theory:

_1(2n)° / Ep Bqg dPp 1 1
3 k3 ) (2m)3 (2m)2 (27)3 p_q—(—p — @)— (P +P)*(p1 + P+ @)% (11)?

X Tr Kfi(p)T“fy_ + f%,(p)T“v:»,)

X

S
N——

—i(y=(p1 + )+ (1 = A*) + (p1 + )7+ + (p1 + P)373) + A2(p1 + D)+ (1 +p)-)

x| —i(y=(p1 +p+ @)+ (1 =N+ (p1 +p+ Q) -7+ + (P11 + P+ 2)373)

)

X <fj_(—p — )Ty + Fi3(—p — Q)Tc%)

(
X (fi_(Q)Tbv + Fs(q)T %)
(

N|=

+A2P1+p+ @)+ (p1+p+q)-)

D=

x ( i) (L= X2+ (1) e+ (1)as) + A1) (1))

I

Scaling with number of colors N: 3-point amplitudes are of O(%) Note that
Te(TTPT¢) = if® + d®¢ and A"APA°f%¢ will of order less than 3. Therefore in three
point functions only A?APAd®¢ will enter at O(3).
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D.4 Four point amplitude

Bosonic theory:

B 1(2%)4 / dBp dq¢ &ds dPpy 1 1
4 K (2m)3 (2m)2 (2m)3 (27)3 p_q_s_(—p —q — s)— (p1 + p)?(p1 + P+ q)?
1

X
(pr+p+a+s)2m1)?
1
< (P2 01 + P02 )
1
x (fi(Q)T"z(?pl +p+q) -+ F () T°2p1+p+ Q)3>
1
X <~7:—bk—(3)Tb2(2p1 +p+qg+s)-+ fgg(Q)Tb@Pl +p+qg+ 8)3)

% (Fo_(=p—q— )T(p1)- + Foy(—p—q s>T“<2p1>3)} (D.10)

B 1(27r)4 / Bp Bqg Bs Ep 1 1
3 KA (2m)3 (2m)3 (2m)3 (27)3 p—q—s—(—p—q —s)— (p1 + p + q)?
1

“rtp+ats)(p)
< (PP

1
X (fi—(S)T°2(2p1 +p+q+s)-+Fi3(@)T(2p1 +p+q+ 8)3>

X (fi_(—p —q—8)T%p1)- + Fly(—p—q-— S)Td(2p1)3>} (D.11)
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B 1(2%)4/ dBp ddq &Bs dp 1 1
(

T2 k4

2m)3 (2m)3 (27)3 (27)3 p_q-s—(—p —q — 5)— (p1 + 5)?
x Tr Kfcg(p)fdg(q)TCTd> X (}"ag(s)}"bg(—p —q— s)T“Tb>]
(D.12)

1
X
(p1 +p+q+s)?

Fermionic theory:

4 kA

1(271')4/ dBp &g PBs dPp 1 1
(2m)3 (2m)3 (27)3 (27)3 p—g—s—(—p —q — s)— (p1 +p)?(p1 + p + q)?

e (L 0T+ )T )

o +p+q+8) (p1)?
—(p1+p)+(1 = N) + (p1+ p) -7+ + (p1 +P)373) + A2(p1 + p)4+(p1 + 1))

(i
x(f T + F24(q)T"s)
(~i

1 Ap+@)+(1 =X+ (p1+p+ )7+ (71 +p+q)373)
+A2p1+p+ Q) +(p1+p+q)-)

)
) (FE_()To + Fy(s)T %)

X(—i(V—(pl +p+q+8)+(L=A)+(p1+p+qg+8)-7++ 1 +p+q+5)37)

S

X

)

X

N

AP +p+gts)(m+ptat 8)—)%>
X (fi_(—p —q— )T+ Fl(-p—q-— S)Td'yg)

X ( —i(y=(p1)+ (1 = X*) + (p1) =7+ + (p1)373) + A2(p1)+(p1)-)

N

)} (D.13)

Scaling with number of colors N: 4-point amplitudes are also of O(%)
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