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1 Introduction

Due to the unstable nature of the weakly decaying hyperons there are no scattering experi-

ments with hyperons in the initial state. However, they naturally occur in the final state, for

instance in baryon-antibaryon pair production via electron-positron annihilation e+e− −→
B̄B, in deeply virtual exclusive meson electroproduction γ∗p −→ K+Λ, K+Σ0, K0Σ+,

and in decays of heavy quarkonia to baryon-antibaryon pairs like J/Ψ, Υ −→ B̄B. The
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standard way to parametrize the nonperturbative information contained in such exclusive

processes are (transition) generalized parton distributions or ordinary form factors. At high

momentum transfer the contributions from Fock states containing more than the minimal

number of partons are power-suppressed and the process can be approximated by a con-

volution of the involved distribution amplitudes (DAs) with the process-dependent hard

scattering kernel. The requirement of large momentum transfer, the instability of the final

state hadrons and the fact that distribution amplitudes only occur in convolutions require

high luminosity and high granularity detectors to extract information on the hyperon DAs

from experiment.

Another type of process where hyperon DAs are involved are the exclusive rare decays

of b-baryons, like Ξb, Λb, Σb and Ωb, into octet baryons (plus γ, l+l−, . . . ). Due to the

large mass difference one can hope that higher order Fock states are sufficiently suppressed

to allow for a description by three-quark DAs. Since the bottom baryons are produced

with increasing rates at LHC and at B-factories worldwide, we have to expect that ever

more precise experimental results will be available in future, even for rare decays containing

flavor-changing neutral currents, which are sensitive to new physics. Notwithstanding the

fact that b-baryons are produced at much lower rates than b-mesons, they are not less

interesting since they allow for an examination of the helicity structure of the b −→ s

transition and thus complement the measurements in the meson sector [1]. As shown in

refs. [2, 3] there are possible scenarios where deviations from the standard model are not

seen in the branching ratio of Λb −→ Λl+l− but only in the Λ baryon polarization. It

is therefore mandatory to establish a theoretical basis for the description of such decays,

and the knowledge of hyperon DAs is one important ingredient. Even the higher twist

components can yield relevant contributions [4]. Note that constraining the shape of wave

functions by calculating the moments of the DAs with lattice QCD plays an even more

important role for hyperons than for nucleons, since experimental bounds are less strict

than in the nucleon sector.

A first parametrization of the leading twist contributions in hyperon wave functions was

already presented in ref. [5]. A complete parametrization (including all contributions from

higher twist) of baryon-to-vacuum matrix elements was first performed for the case of the

nucleon in ref. [6], where it turned out that higher twist contributions can yield substantial

effects in the baryon sector, since the corresponding normalization constants λN
1 and λN

2 are

large compared to the leading twist wave function normalization constant fN . The same

procedure has later on been reused in refs. [7, 8] to give similar parametrizations for matrix

elements of the hyperons in the baryon octet, namely Σ±, Σ0, Ξ−, Ξ0 and Λ. Our work

unifies these different approaches and we find relations between the distribution amplitudes

for different baryons even if SU(3)f symmetry is broken. The obtained relations are exact

including terms up to first order in the quark masses. In this sense we call our results

model-independent. However, one should keep in mind that higher order contributions

which lie beyond the accuracy of our analysis are model-dependent indeed, since they are

affected by the neglection of higher order terms during operator construction and by the

choice of the regularization scheme.
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As shown in refs. [7, 8] one has to introduce six additional DAs if one extends the

formalism from the nucleon doublet to the complete baryon octet. Our results show that

these additional DAs are determined by the eight independent DAs already known from

the nucleon sector. I.e., if one knows the eight standard DAs (and their dependence on the

mass splitting between light and strange quarks) for the Λ and for at least two types of octet

baryons with nonzero isospin, one can predict all the rest. Using the parametrization given

in refs. [9–11], where contributions of Wandzura-Wilczek type [12] are taken into account,

and applying the approximation advocated in ref. [9], where contributions that can mix

with four-particle operators are systematically neglected, we need only 43 parameters to

describe the complete set of baryon octet DAs, including their dependence on the splitting

between light and strange quark mass. For details see section 5.3. This amounts to a

significant reduction of parameters compared to an ad hoc linear extrapolation without

the knowledge of SU(3)f symmetry breaking, which would require 72 parameters for the

given setup. Therefore our results are useful for the extrapolation of lattice data. In a first

step it can be checked whether the nontrivial relations between the different DAs that we

have obtained are realised in lattice simulations. If this is the case to a satisfactory degree,

one can perform a simultaneous fit to all DAs, which, owing to the significant reduction

of parameters mentioned above, has much higher precision. Note that the parameters

occurring in the approximation described above are determined by the zeroth, first and

second moments of the leading twist DAs and by the zeroth and first moments of twist 4

DAs, which are, apart from the first moments of the higher twist amplitudes, within reach

of state of the art lattice simulations (see ref. [13]).

Let us note that SU(3)f breaking effects can be of considerable strength: e.g. sum

rule estimations of the symmetry breaking for leading twist wave function normalization

constants range from ∼ 10%, see ref. [5], to ∼ 50%. The latter is obtained if one takes

the values for fΣ and fΞ from refs. [7, 8]. In ref. [5] it is stated that the impact on the

shape of the wave function is even larger (at a scale of 1 GeV). One therefore has to

expect substantial effects also at intermediate scales which are relevant for phenomenolog-

ical computations. We expect lattice QCD calculations to provide quantitative results for

SU(3)f breaking effects at physical mean quark mass in the near future. These will provide

the means to determine the strength of the symmetry breaking terms in our formalism,

allowing us to draw more definite conclusions.

At this point we want to highlight a conclusion that can be drawn from our results,

which is of conceptual importance and also affects the nucleon sector: we find that the

nonanalytic chiral behaviour of moments of DAs does not depend on the twist of the

amplitude. Instead, the leading chiral logarithms in the chiral-odd sector are determined by

the type of amplitude to which the corresponding moment contributes. The ones occurring

in ΦB
+,i (Φ

B
−,i) amplitudes, which will be defined in eq. (5.7), have the same chiral logarithms

as fB (λB
1 ). The odd moments of the leading twist DA therefore behave like λB

1 instead of

fB, which is quite contrary to the intuitional expectation. The shape parameters occurring

in ref. [9] can all be assigned uniquely to one of the two classes, which means that the

destinction between moments described above is to some extent already present in currently

used parametrizations.
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This work is organized as follows: in section 2 we present some fundamental definitions

to lay the base for the parametrization of the nonlocal three-quark operators in terms of

baryon and meson fields, which is performed in section 3. A sketch of the leading one-loop

baryon chiral perturbation theory (BChPT) calculation is given in section 4, where we

also explain how we have matched our results to the standard DAs given in ref. [6]. In

section 5 we present our main results. We provide a definition for DAs that do not mix

under chiral extrapolation and naturally embed the Λ baryon. The result section is to the

most part self-contained such that the reader can skip the details of the derivation at will.

We summarize in section 6.

2 Fundamental definitions

There exist various possible realizations of chiral symmetry, which all lead to equal results.

In the following we only present the definitions we use in this work. For a detailed treatment

of the effective field theory framework we refer to [14–19]. The pseudoscalar fields are

contained in

u =
√
U = exp

(

i

2F0
λaφa

)

= exp

(

i

2F0
φ

)

, (2.1)

where λ1, . . . , λ8 are Gell-Mann matrices and F0 is the pion decay constant in the three-

flavor chiral limit, which corresponds to the convention where Fπ = F0+O(m2
π,m

2
K ,m2

η) ≈
92 MeV. The matrix φ can be written in terms of meson fields

φ =
√
2







1√
2
π0 + 1√

6
η π+ K+

π− − 1√
2
π0 + 1√

6
η K0

K− K0 − 2√
6
η






. (2.2)

The 3× 3 matrix B contains the baryon octet:

B =







1√
2
Σ0 + 1√

6
Λ Σ+ p

Σ− − 1√
2
Σ0 + 1√

6
Λ n

Ξ− Ξ0 − 2√
6
Λ







≡ κpp+ κnn+ κΣ−Σ− + κΣ0Σ0 + κΣ+Σ+ + κΞ−Ξ− + κΞ0Ξ0 + κΛΛ ,

(2.3)

where the second line defines the matrices κB. Let us from now on use X ∈ {L,R} and, as

a convenient notation, L̄ = R and R̄ = L. Where they are not used as an index, L and R

are meant to be elements of SU(3)L/R. Defining uR = u and uL = u† the transformation

properties of meson and baryon fields under chiral rotations read

uX
χ̂−→ XuXK† = KuXX̄† , (2.4a)

B
χ̂−→ KBK† , (2.4b)

with the so-called compensator field K, which is a common, nonlinear realization of chiral

symmetry [17, 20]. The covariant derivative acting on a baryon field is defined as

DµB = ∂µB + [Γµ, B] , (2.5)
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Γ ηPΓ ηCΓ ηhΓ η5Γ
1 1 −1 1 1

γ5 −1 −1 −1 1

γµ (−1)µ 1 1 −1

γµγ5 −(−1)µ −1 1 −1

σµν (−1)µ(−1)ν 1 1 1

Table 1. The constants ηPΓ , η
C
Γ , η

h
Γ and η5Γ characterizing the symmetry properties of the elements

of the Clifford algebra, where (−1)µ is 1 for µ = 0 and −1 for µ = 1, 2, 3.

where Γµ is called the chiral connection and is given by

Γµ =
1

2

(

u†∂µu+ u∂µu
†) . (2.6)

The chiral vielbein uµ and the quark mass insertions χ± are defined as

uµ = i
(

u†∂µu− u∂µu
†) , (2.7a)

χ± = u†χu† ± uχ†u , (2.7b)

where χ = 2B0M includes the quark mass matrix, and transform under chiral rotations as

follows:

uµ
χ̂−→ KuµK

† , (2.8a)

χ±
χ̂−→ Kχ±K

† . (2.8b)

Finally we define for the elements of the Clifford algebra in a unitary representation

Γ = ηPΓ γ0Γγ0 , (2.9a)

ΓT = ηCΓCΓC , (2.9b)

Γ† = ηhΓγ0Γγ0 , (2.9c)

Γ = η5Γγ5Γγ5 , (2.9d)

where C = iγ2γ0 is the charge conjugation matrix. The different η’s are collected in table 1.

3 Operator construction

In this section we will construct the light-cone (n is a lightlike four-vector) three-quark

operator

qaα(a1n)q
b
β(a2n)q

c
γ(a3n) , (3.1)

in terms of baryon octet and meson octet fields. The antisymmetrization in color indices

(which makes the operator a color singlet) and the Wilson lines connecting the quark fields

(providing gauge invariance) are not written out explicitly. a, b, c are flavor and α, β, γ

– 5 –
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Dirac indices. Note that there are many possible parametrizations owing to the freedom

of choice one has by neglecting higher order effects. The task is therefore not only to find

a parametrization, but to find one that is most convenient for the loop calculation to be

performed and can be easily matched to the standard decomposition given in ref. [6]. For

the parametrization of the nonlocal operator one needs functions, where the moments of the

functions play the role of low energy constants (LECs). For the parametrization presented

below these functions can be easily matched to standard distribution amplitudes.

3.1 Symmetry properties

To perform the construction of an operator within the effective theory we have to know its

symmetry properties. To make use of chiral symmetry it is convenient to split the quark

fields in left- and right-handed parts

qaα(a1n)q
b
β(a2n)q

c
γ(a3n) = Oabc

RR,αβγ(a1, a2, a3) +Oabc
LL,αβγ(a1, a2, a3)

+Oabc
RL,αβγ(a1, a2, a3) +Oabc

LR,αβγ(a1, a2, a3)

+Ocab
RL,γαβ(a3, a1, a2) +Ocab

LR,γαβ(a3, a1, a2)

+Obca
RL,βγα(a2, a3, a1) +Obca

LR,βγα(a2, a3, a1) ,

(3.2)

where the operators OXY for X, Y ∈ {L,R} are given by

Oabc
XY,αβγ(a1, a2, a3) = qaX,α(a1n)q

b
X,β(a2n)q

c
Y,γ(a3n) , (3.3)

where the left-/right-handed quark fields are defined as qL/R = γL/R q with the projection

matrices γL/R = (1∓ γ5)/2. These operators can be characterized by their transformation

properties under parity transformation (p̂), charge (ĉ) and hermitian (†) conjugation and

chiral rotations (χ̂):

Oabc
XY,αβγ(a1, a2, a3)

p̂−→ (γ0)αα′(γ0)ββ′(γ0)γγ′Oabc
X̄Ȳ ,α′β′γ′(a1, a2, a3) , (3.4a)

Oabc
XY,αβγ(a1, a2, a3)

ĉ † p̂−→ −Cαα′Cββ′Cγγ′Oabc
XY,α′β′γ′(a1, a2, a3) , (3.4b)

Oabc
XY,αβγ(a1, a2, a3)

χ̂−→ Xaa′Xbb′Ycc′Oa′b′c′

XY,αβγ(a1, a2, a3) , (3.4c)

where in eq. (3.4b) charge conjugation is performed first. Additionally we know that each

operator transforms under a translation in n-direction as

Oabc
XY,αβγ(a1+ δa, a2+ δa, a3+ δa) = exp

{

i δa n · P̂
}

Oabc
XY,αβγ(a1, a2, a3) exp

{

−i δa n · P̂
}

,

(3.5)

where P̂ is the momentum operator which acts as a generator of translations. Another

symmetry of the three-quark operators defined in eq. (3.3) is the invariance under the

exchange of the quark in the first and the second position or even an invariance under

exchange of all three quarks in case of the operators containing right-handed or left-handed

fields exclusively. On top of this the operator is invariant if one simultaneously rescales

ai −→ λai and nµ −→ nµ/λ, which we will call scaling property.
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i Γi
A ⊗ Γi

B ηhΓ,i = ηCΓ,i ηC
ΓA,i

η5
ΓB ,i

dmi dni

1 i1⊗ /n −1 −1 −1 2 −1

2 1⊗ 1 1 −1 1 1 0

3 σ∂n ⊗ /n 1 1 −1 2 −2

4 σµn ⊗ γµ 1 1 −1 2 −1

5 σµν ⊗ σµν 1 1 1 1 0

6 iσ∂n ⊗ 1 −1 1 1 1 −1

7 σµ∂ ⊗ σµn 1 1 1 1 −1

8 σµ∂ ⊗ γµ 1 1 −1 0 0

9 σµn ⊗ σµn 1 1 1 3 −2

Table 2. List of Γi
A ⊗ Γi

B . ηPΓ,i = 1 by choice (see comment in the text). We have multiplied

structures 1 and 6 with a factor of i such that ηhΓ,i = ηCΓ,i for all structures and, thus, ηhPC
Γ,i = 1.

In cases where four-vectors are used in the place of Lorentz indices the notation means that the

corresponding Lorentz index is contracted with the index of the vector; e.g. σ∂n = σµν∂µnν .

3.2 Low energy operators

Using the previously defined fields uR and uL we can write down the operators, which

contribute to baryon-to-vacuum matrix elements of three-quark currents at leading one-

loop level and have correct transformation properties under chiral rotations in the following

compact form:

Oabc
XY,αβγ(a1, a2, a3) =

∫

[dx]
∑

i,j

kj
∑

k=1

F i,j,k
XY (x1, x2, x3) Γ

i,XXY
αβγδ Bj,k,XXY

δ,abc (z) , (3.6)

where the correct transformation behaviour under translations in n-direction is ensured by

zµ = nµ
∑

xiai and the constraint that x1 + x2 + x3 = 1 in

∫

[dx] =

∫

dx1dx2dx3 δ
(

1−
∑

xi
)

, (3.7)

where the integrations run from 0 to 1. The F ’s are functions of x1, x2, x3 only and kj is

given in table 3. The Γ’s are defined as

Γi,XY Z
αβγδ = (γXΓi

AγY C)αβ(γZΓ
i
B(i/∂)

dmi )γδ(n · ∂)dni , (3.8)

where Γi
A, Γ

i
B, d

m
i and dni can be taken from table 2. The occurring derivatives act on the

B’s. We have introduced adequate powers of i/∂ to have functions F of mass dimension 2,

which is compatible with the standard mass dimension of distribution amplitudes. Using

i/∂ (which leads to a factor mB in the final result) instead of the baryon mass in the

chiral limit m0 (which would be the standard choice) has the advantage that it allows for

a straightforward matching of our parametrization to the general decomposition given in

ref. [6] and to refs. [7, 8] (see also section 4.3). The power of (n · ∂) is chosen such that the

scaling property is fulfilled. Note that in the chiral-odd sector one can actually write down

– 7 –
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j Bj
1,δ Bj

2 Bj
3 tracej kj

1 Bδ 1 1 1 3

2 Bδ 1 1 tr {χ+}m−2
0 3

3 Bδ χ̃+m
−2
0 1 1 6

Table 3. In this table we list only terms which contribute to the one-loop calculation of baryon-

to-vacuum matrix elements of the operator. χ̃+ is defined as χ+ − tr {χ+} /3. This is a convenient

choice since this combination (in a leading one-loop calculation) vanishes along the symmetric line,

where mu = md = ms.

more structures, which have the form Γi,XY X
βγαδ or Γi,Y XX

γαβδ . However, these structures are

not independent. They can be rewritten in terms of Γi,XXY
αβγδ using Fierz transformation.

In order to reduce the Γ’s to the minimal set given in table 2 one has to use the identity

σµνγ5 = i
2ε

µνρσσρσ and the fact that it is sufficient to construct structures of positive

parity (see explanation below eq. (3.15)). Additionally one has to use that multiplying

both structures Γi
A and Γi

B with a γ5 does not lead to a new, independent structure owing

to the projection with γL/R in eq. (3.8).

The B’s in eq. (3.6) are defined as

Bj,k,XY Z
δ,abc = (uX)aa′(uY )bb′(uZ)cc′B

j,k
δ,a′b′c′ , (3.9)

where

Bj,1
δ,abc = (Bj

1,δ)aa′(B
j
2)bb′(B

j
3)cc′εa′b′c′ × tracej , (3.10a)

Bj,2
δ,abc = (Bj

3)aa′(B
j
1,δ)bb′(B

j
2)cc′εa′b′c′ × tracej , (3.10b)

Bj,3
δ,abc = (Bj

2)aa′(B
j
3)bb′(B

j
1,δ)cc′εa′b′c′ × tracej , (3.10c)

Bj,4
δ,abc = (Bj

2)aa′(B
j
1,δ)bb′(B

j
3)cc′εa′b′c′ × tracej , (3.10d)

Bj,5
δ,abc = (Bj

1,δ)aa′(B
j
3)bb′(B

j
2)cc′εa′b′c′ × tracej , (3.10e)

Bj,6
δ,abc = (Bj

3)aa′(B
j
2)bb′(B

j
1,δ)cc′εa′b′c′ × tracej . (3.10f)

For cases where Bj
2 = Bj

3 we only use Bj,1
δ,abc, B

j,2
δ,abc and Bj,3

δ,abc and thus kj = 3. The different

possible combinations of B’s can be taken from table 3. All baryon and meson fields which

are connected to each other (by a summation over a shared flavor index) have to be at

the same spacetime position, owing to the fact that the compensator field K is a local

transformation. However, chiral symmetry actually also allows for the possibility that the

trace term in B is situated at a different spacetime position as the rest of the operator. We

consider this possibility in appendix D and show that such a parametrization only differs in

higher order terms. Note that no structures of the form [Bδ, χ̃+], {Bδ, χ̃+}, or tr {Bδχ̃+}
occur in table 3, since they can be reexpressed in terms of the third structure, which

means that we have only one second order structure (j = 3) that is responsible for SU(3)f
breaking. Also the operators which describe the behaviour along the SU(3)f symmetric

line (j = 1, 2) are not linearly independent, but the situation is more complicated in this

– 8 –
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case: since operators of the same class (i.e. same j but different k) are related to each other

(see eq. (3.30)) one has to take care that the symmetry properties of the operator under

quark exchange are respected. Therefore, we postpone this discussion to section 3.4.

There are no covariant derivatives acting on the baryon field within the B’s. In ap-

pendix D we show that they can always be traded for derivatives acting on the whole

structure plus higher order contributions, which can be neglected. This fact will turn out

to be very convenient for calculating loop contributions, since the derivatives acting on the

complete structure do not lead to additional loop momenta in the integrals.

The effective operator given in eq. (3.6) already transforms correctly under chiral ro-

tations and translations along the light-cone vector n. It also fulfills the scaling property.

The remaining symmetry properties given in section 3.1 will now be implemented by con-

straining the functions F . We consider

Bj,k,XY Z
δ,abc

p̂−→ (γ0)δδ′B
j,k,X̄Ȳ Z̄
δ′,abc , (3.11a)

Bj,k,XY Z
δ,abc

ĉ † p̂−→ −Cδδ′B
j,k,XY Z
δ′,abc , (3.11b)

and

Γi,XY Z
αβγδ

p̂−→ −ηPΓ,i (γ0)αα′(γ0)ββ′(γ0)γγ′ Γi,X̄Ȳ Z̄
α′β′γ′δ′ (γ0)δ′δ , (3.12a)

Γi,XY Z
αβγδ

ĉ † p̂−→ −ηhPC
Γ,i Cαα′Cββ′Cγγ′ Γi,XY Z

α′β′γ′δ′ Cδ′δ . (3.12b)

Eqs. (3.11b) and (3.12b) yield (together with eqs. (3.4b) and (3.6) and since ηhPC
Γ = 1)

(

F i,j,k
XY

)∗
= F i,j,k

XY , (3.13)

which would mean that the F ’s are real-valued. However this argument relies on the

assumption that one gets no additional phases from charge conjugation of quarks and

baryons, which is not necessarily true. If we allow for such additional phases the above

equation has to be generalized to

(

F i,j,k
XY eiθ

)∗
= F i,j,k

XY eiθ , (3.14)

where we have an additional overall phase which is equal for all distribution amplitudes.

However, this additional phase is unphysical and can be dropped. Eqs. (3.11a) and (3.12a)

yield (together with eqs. (3.4a) and (3.6) and since ηPΓ = 1)

F i,j,k
X̄Ȳ

= −F i,j,k
XY . (3.15)

Therefore we only have to differentiate between chiral-even F i,j,k
RR = −F i,j,k

LL ≡ F i,j,k
even and

chiral-odd F i,j,k
LR = −F i,j,k

RL ≡ F i,j,k
odd . Notice that we have chosen to only construct structures

ΓA ⊗ ΓB which have positive parity. The negative parity structures, which one can obtain

by multiplying all ΓB with a γ5, would lead to the same operators since eq. (3.15) then

would yield an extra minus sign.
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3.3 Symmetry under exchange of quark fields

In this section we use the symmetry of the original three-quark operators under exchange

of quark fields with the same handedness to reduce the number of amplitudes. Using the

constraint that the operators have to be equal under exchange of the first and the second

quark yields

j = 1, 2: F i,j,1
XY (x1, x2, x3) = −ηCΓA,iF

i,j,2
XY (x2, x1, x3) , (3.16a)

F i,j,3
XY (x1, x2, x3) = −ηCΓA,iF

i,j,3
XY (x2, x1, x3) , (3.16b)

j = 3: F i,3,1
XY (x1, x2, x3) = −ηCΓA,iF

i,3,4
XY (x2, x1, x3) , (3.16c)

F i,3,2
XY (x1, x2, x3) = −ηCΓA,iF

i,3,5
XY (x2, x1, x3) , (3.16d)

F i,3,3
XY (x1, x2, x3) = −ηCΓA,iF

i,3,6
XY (x2, x1, x3) . (3.16e)

In the chiral-odd sector one now uses these relations to eliminate F i,j,2
XY (if j = 1, 2) and

F i,3,4/5/6
XY . Additionally we can use that

(γY ΓAγXC)γβ(γXΓB)αδ = 0 , if X 6= Y and ΓA ∈ {1, γ5, σµν} . (3.17)

Using Fierz transformation this leads to

Γ3,XXY
αβγδ = Γ4,XXY

αβγδ +
1

2
Γ9,XXY
αβγδ , (3.18a)

Γ5,XXY
αβγδ = 0 , (3.18b)

Γ6,XXY
αβγδ = Γ4,XXY

αβγδ − Γ7,XXY
αβγδ , (3.18c)

if X 6= Y . Therefore we have the freedom to choose

F3,j,k
odd (x1, x2, x3) = F5,j,k

odd (x1, x2, x3) = F6,j,k
odd (x1, x2, x3) = 0 . (3.19)

In the chiral-even sector the projection with γL/R leads to similar constraints. The coun-

terpart of eq. (3.17) reads

(γXΓAγXC)γβ(γXΓB)αδ = 0 , if ΓA ∈ {γµ, γµγ5} . (3.20)

With a Fierz transformation one obtains

Γ7,XXX
αβγδ = −Γ4,XXX

αβγδ +
1

2
Γ5,XXX
αβγδ + Γ6,XXX

αβγδ , (3.21a)

Γ8,XXX
αβγδ = −1

4
Γ5,XXX
αβγδ , (3.21b)

Γ9,XXX
αβγδ = 0 . (3.21c)

Therefore, we can choose

F7,j,k
even (x1, x2, x3) = F8,j,k

even (x1, x2, x3) = F9,j,k
even (x1, x2, x3) = 0 . (3.22)
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The operators containing left-/right-handed quarks exclusively also have to be invariant

under an exchange of the first and the last quark. Performing a Fierz transformation and

using the identities given above we find

Γi,XXX
γβαδ =

6
∑

i′=1

Γi′,XXX
αβγδ ci

′i . (3.23)

The matrix c is given by

c =



















1
2 0 −1

2 −3
2 0 −1

2

0 1
2 0 0 6 −1

2

0 0 1 0 0 0

−1
2 0 −1

2 −1
2 0 −1

2

0 1
8 0 0 −1

2
1
8

0 0 0 0 0 1



















. (3.24)

By the use of this relation the symmetry property of the operator under exchange of the

first and the last quark translates to the following constraints on the amplitudes:

j = 1, 2: F i,j,1
XX (x1, x2, x3) = −

6
∑

i′=1

cii
′F i′,j,3

XX (x3, x2, x1) , (3.25a)

F i,j,2
XX (x1, x2, x3) = −

6
∑

i′=1

cii
′F i′,j,2

XX (x3, x2, x1) , (3.25b)

F i,j,3
XX (x1, x2, x3) = −

6
∑

i′=1

cii
′F i′,j,1

XX (x3, x2, x1) , (3.25c)

j = 3: F i,3,1
XX (x1, x2, x3) = −

6
∑

i′=1

cii
′F i′,3,6

XX (x3, x2, x1) , (3.25d)

F i,3,2
XX (x1, x2, x3) = −

6
∑

i′=1

cii
′F i′,3,4

XX (x3, x2, x1) , (3.25e)

F i,3,3
XX (x1, x2, x3) = −

6
∑

i′=1

cii
′F i′,3,5

XX (x3, x2, x1) , (3.25f)

F i,3,4
XX (x1, x2, x3) = −

6
∑

i′=1

cii
′F i′,3,2

XX (x3, x2, x1) , (3.25g)

F i,3,5
XX (x1, x2, x3) = −

6
∑

i′=1

cii
′F i′,3,3

XX (x3, x2, x1) , (3.25h)

F i,3,6
XX (x1, x2, x3) = −

6
∑

i′=1

cii
′F i′,3,1

XX (x3, x2, x1) . (3.25i)
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Using these equations one finds for the operator with j = 3 that one can eliminate all

amplitudes apart from F i,3,1
XX , by using the following relations recursively:

F i,3,2
XX (x1, x2, x3) = ηCΓA,i

6
∑

i′=1

cii
′F i′,3,3

XX (x3, x1, x2) , (3.26a)

F i,3,3
XX (x1, x2, x3) = ηCΓA,i

6
∑

i′=1

cii
′F i′,3,1

XX (x3, x1, x2) , (3.26b)

F i,3,4
XX (x1, x2, x3) = −ηCΓA,iF

i,3,1
XX (x2, x1, x3) , (3.26c)

F i,3,5
XX (x1, x2, x3) = −ηCΓA,iF

i,3,2
XX (x2, x1, x3) , (3.26d)

F i,3,6
XX (x1, x2, x3) = −ηCΓA,iF

i,3,3
XX (x2, x1, x3) , (3.26e)

For the operators with j = 1, 2 we can eliminate

F i,j,2
XX (x1, x2, x3) = −ηCΓA,iF

i,j,1
XX (x2, x1, x3) , (3.27a)

F i,j,3
XX (x1, x2, x3) = −

6
∑

i′=1

cii
′F i′,j,1

XX (x3, x2, x1) , (3.27b)

and additionally

F1,j,1
XX (x1, x2, x3) = F3,j,1

XX (x1, x2, x3) + F4,j,1
XX (x1, x2, x3)− 2F4,j,1

XX (x1, x3, x2)

+ F6,j,1
XX (x1, x2, x3) ,

(3.28a)

F2,j,1
XX (x1, x2, x3) = −4F5,j,1

XX (x1, x2, x3) + 8F5,j,1
XX (x1, x3, x2) + F6,j,1

XX (x1, x2, x3) , (3.28b)

F3,j,1
XX (x1, x2, x3) = −F3,j,1

XX (x1, x3, x2) , (3.28c)

F6,j,1
XX (x1, x2, x3) = −F6,j,1

XX (x1, x3, x2) . (3.28d)

From the fact that the local operator at the origin, where a1 = a2 = a3 = 0, is indepen-

dent of the light-cone vector n one can deduce constraints for the zeroth moments of the

distribution amplitudes

∫

[dx]F i,j,k
XY (x1, x2, x3) = 0 , for i = 1, 3, 4, 6, 7, 9 . (3.29)

3.4 Elimination of linearly dependent structures

To avoid overparametrization we will now annihilate linearly dependent structures of those

given in table 3. Considering all possible three-quark operators and all baryons from the

octet, one finds (for j = 1, 2) that only two out of the three structures Bj,1
δ,abc, B

j,2
δ,abc and

Bj,3
δ,abc are linearly independent, since one has

0 = Bj,1
δ,abc +Bj,2

δ,abc +Bj,3
δ,abc . (3.30)

– 12 –



J
H
E
P
0
5
(
2
0
1
5
)
0
7
3

In the chiral-odd sector we can use this relation to replace Bj,3
δ,abc = −Bj,1

δ,abc −Bj,2
δ,abc, which

is equivalent to the replacement

F i,j,1
odd (x1, x2, x3) −→ F̃ i,j,1

odd (x1, x2, x3) ≡ F i,j,1
odd (x1, x2, x3)−F i,j,3

odd (x1, x2, x3) , (3.31a)

F i,j,2
odd (x1, x2, x3) −→ F̃ i,j,2

odd (x1, x2, x3) ≡ F i,j,2
odd (x1, x2, x3)−F i,j,3

odd (x1, x2, x3) , (3.31b)

F i,j,3
odd (x1, x2, x3) −→ F̃ i,j,3

odd (x1, x2, x3) ≡ 0 . (3.31c)

Using eqs. (3.16a) and (3.16b) one finds that the new functions have the same symmetry

properties as the old ones. Therefore we can choose

F i,j,3
odd (x1, x2, x3) = 0 , j = 1, 2 , (3.32)

in accordance with symmetry properties and without loss of generality. In the chiral-

even sector the situation is different since the amplitudes are already constrained by the

symmetry under exchange of the first and the third quark. An elimination of one structure

in favor of the two others would therefore not lead to a simplification. Instead one just

obtains a reparametrization of the problem for which it would be hard to implement the

symmetry properties under exchange of the first and the last quark.

4 Calculation at leading one-loop order

In this section we describe the leading one-loop calculation. In section 4.3 we explain how

we have matched to the standard DAs defined in ref. [6].

4.1 Meson masses and the Z-factor

We work in the limit of exact isospin symmetry, where mu = md ≡ ml. Using the standard

leading order meson Lagrangian (see e.g. [16, 21]) one finds for the meson masses the

standard Gell-Mann-Oakes-Renner relations

m2
π = 2B0ml = m2

i=1,2,3 = 2B0(m̄q − δml) , (4.1a)

m2
K = B0(ml +ms) = m2

i=4,...,7 = B0(2m̄q + δml) , (4.1b)

m2
η =

B0

3
(2ml + 4ms) = m2

i=8 = 2B0(m̄q + δml) , (4.1c)

where

m̄q =
1

3
(2ml +ms) , (4.2a)

δml = m̄q −ml , (4.2b)

and B0 is the LEC proportional to the quark condensate in the chiral limit. As additional

ingredient we need the first order meson-baryon Lagrangian, which we take from ref. [22]

(this version differs from refs. [18, 21] by a minus sign in the terms containing D and F in

order to be consistent with the standard sign convention gA ≈ D + F > 0):

L
(1)
MB = tr

{

B̄γµiD
µB

}

−m0 tr
{

B̄B
}

+
D

2
tr
{

B̄γµγ5{uµ, B}
}

+
F

2
tr
{

B̄γµγ5[u
µ, B]

}

. (4.3)
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(a)

p p

1 1

p− q

q

(b)

Figure 1. Feynman diagrams needed for the calculation of the self-energy.

For our calculation we need the baryon-meson-baryon vertex for an incoming baryon B,

an outgoing baryon B′ and an incoming meson (the k-th one in the Cartesian basis) with

momentum q, which is given by

−1

2F0
/qγ5 tr

{

κTB′(D{λk, κB}+ F [λk, κB])
}

. (4.4)

The self-energy to third chiral order is given by the sum of the irreducible diagrams shown

in figure 1 (where external legs are to be amputated) multiplied with an i. The contribution

of diagram (b) (in figure 1), which is relevant for the calculation of the Z-factor is given by

i× (b) = 3gB,πf(mπ,m0, /p) + 4gB,Kf(mK ,m0, /p) + gB,ηf(mη,m0, /p) , (4.5)

where

f(m,m0, /p) =
−1

4F 2
0

(

(p2 −m2
0)/pI

(1)
11 (m,m0, /p) + (/p+m0)

(

I01(m0, /p)−m2I11(m,m0, /p)
))

.

(4.6)

The loop functions Ikl and I
(1)
kl are defined as in ref. [23] and the coefficients are given by

gN,π = (D + F )2 , gN,K =
5

6
D2 −DF +

3

2
F 2 , gN,η =

1

3
(D − 3F )2 ,

gΣ,π =
4

9
(D2 + 6F 2) , gΣ,K = D2 + F 2 , gΣ,η =

4

3
D2 ,

gΞ,π = (D − F )2 , gΞ,K =
5

6
D2 +DF +

3

2
F 2 , gΞ,η =

1

3
(D + 3F )2 ,

gΛ,π =
4

3
D2 , gΛ,K =

1

3
(D2 + 9F 2) , gΛ,η =

4

3
D2 . (4.7)

These constants fulfill the constraints that the sums

3gB,π + 4gB,K + gB,η =
4

3
(5D2 + 9F 2) , (4.8a)

2gN,M + 3gΣ,M + 2gΞ,M + gΛ,M =
4

3
(5D2 + 9F 2) , (4.8b)

are independent of the baryon/meson species. This yields similar baryon masses and Z-

factors along the line of equal quark masses and is a consequence of SU(3)f symmetry. For
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a detailed study of baryon masses under symmetry breaking see [24]. The square root of

the Z-factor needed in our calculation is given by

√

ZB =̇ 1 +
1

2
Σ′
B , (4.9)

where the prime indicates taking a derivative with respect to /p and substituting /p → mB,

while

Σ′
B(m̄q, δml) = 3gB,πf

′(mπ,m0,mB) + 4gB,Kf ′(mK ,m0,mB) + gB,ηf
′(mη,m0,mB)

≡ Σ′⋆(m̄q) + ∆Σ′
B(m̄q, δml) , (4.10)

with

Σ′⋆(m̄q) = Σ′
B(m̄q, 0) = (3gB,π + 4gB,K + gB,η)f

′(m⋆
m,m0,mB) (4.11a)

=
4

3
(5D2 + 9F 2)f ′(m⋆

m,m0,mB) =̇
4

3
(5D2 + 9F 2)f ′(m⋆

m,m⋆
b ,m

⋆
b) ,

∆Σ′
B(m̄q, δml) = Σ′

B(m̄q, δml)− Σ′
B(m̄q, 0)

= 3gB,πf
′(mπ,m0,mB) + 4gB,Kf ′(mK ,m0,mB) + gB,ηf

′(mη,m0,mB)

− 4

3
(5D2 + 9F 2)f ′(m⋆

m,m0,mB)

=̇ 3gB,πf
′(mπ,m

⋆
b ,m

⋆
b) + 4gB,Kf ′(mK ,m⋆

b ,m
⋆
b) + gB,ηf

′(mη,m
⋆
b ,m

⋆
b)

− 4

3
(5D2 + 9F 2)f ′(m⋆

m,m⋆
b ,m

⋆
b) , (4.11b)

where m⋆
m/b = m⋆

m/b(m̄q) is the meson/baryon mass along the symmetric line (δml = 0).

The dotted equal sign =̇ means equal up to terms which are of higher order than our

level of accuracy (which is second order in chiral power counting). For explicit results see

appendix A.

4.2 Baryon-to-vacuum matrix elements of three-quark operators

In this section we describe the actual loop calculation. From a simple power counting

argument one finds that at leading one-loop level the only contributing graphs are the

ones shown in figure 2. One easily observes that the second order operator insertions only

occur without additional mesons. Therefore we only have to compute the vertices where

a single baryon couples to the operator. Contributions with additional mesons only occur

for the leading order operator insertion (j = 1). For the BChPT calculation mainly the

structure Bj,k,XY Z
δ,abc is relevant. Graph (d) of figure 2 is an exception because the extra

γ5 from the baryon-meson-baryon vertex has to be canceled with a γ5 from the Dirac

structure of the operator. The calculation gets simplified considerably if one uses the fact

that (by construction) the Bj,k,XY Z
δ,abc with k 6= 1 can be obtained from the case k = 1 by a

permutation of indices:

Bj,2,XY Z
δ,abc = Bj,1,Y ZX

δ,bca , Bj,3,XY Z
δ,abc = Bj,1,ZXY

δ,cab , Bj,4,XY Z
δ,abc = −Bj,1,Y XZ

δ,bac ,

Bj,5,XY Z
δ,abc = −Bj,1,XZY

δ,acb , Bj,6,XY Z
δ,abc = −Bj,1,ZY X

δ,cba , (4.12)
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(b)
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0 1

p− q

q
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Figure 2. Feynman diagrams needed for the calculation of the baryon-to-vacuum matrix ele-

ments. The squares depict the operator insertions given in eqs. (4.14), the circle stands for the

vertex from the meson-baryon Lagrangian given in eq. (4.4) and the dashed/solid lines represent

mesons/baryons. Diagram (a) has to be multiplied with
√
Z. However, one knows that at higher

orders all of the diagrams will receive a
√
Z contribution, which can be used as an argument in

favor of the factorized version of our results (see eq. (5.18) in section 5).

which means that we actually only have to calculate the case k = 1. Defining

(−1)X ≡
{

+1 , for X = R

−1 , for X = L
, (4.13)

we can write down the relevant operator insertions in a quite economic way:

B1,1,XY Z
δ,abc (z)

∣

∣

∣

∣

Bǫ(p)

= (κB)
aa′εa

′bce−ip · zδδǫ , (4.14a)

B1,1,XY Z
δ,abc (z)

∣

∣

∣

∣

Bǫ(p−q)φk(q)

=
i

2F0

[

(−1)X(λkκB)
aa′δbb

′

δcc
′

+ (−1)Y (κB)
aa′(λk)bb

′

δcc
′

+ (−1)Z(κB)
aa′δbb

′

(λk)cc
′
]

εa
′b′c′e−ip · zδδǫ , (4.14b)

B1,1,XY Z
δ,abc (z)

∣

∣

∣

∣

Bǫ(p−q1−q2)φk(q1)φl(q2)

=

=
−1

16F 2
0

[

({λk, λl}κB)aa
′

δbb
′

δcc
′

+ (κB)
aa′({λk, λl})bb′δcc′ + (κB)

aa′δbb
′

({λk, λl})cc′

+ 2(−1)X(−1)Y (λ
kκB)

aa′(λl)bb
′

δcc
′

+ 2(−1)X(−1)Z(λ
kκB)

aa′δbb
′

(λl)cc
′

+ 2(−1)Y (−1)Z(κB)
aa′(λk)bb

′

(λl)cc
′

+ 2(−1)X(−1)Y (λ
lκB)

aa′(λk)bb
′

δcc
′

+ 2(−1)X(−1)Z(λ
lκB)

aa′δbb
′

(λk)cc
′

+ 2(−1)Y (−1)Z(κB)
aa′(λl)bb

′

(λk)cc
′
]

× εa
′b′c′e−ip · zδδǫ . (4.14c)
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The second order tree-level operator insertions read

B2,1,XY Z
δ,abc (z)

∣

∣

∣

∣

Bǫ(p)

= 4B0m
−2
0 tr {M} (κB)aa

′

εa
′bce−ip · zδδǫ , (4.14d)

B3,1,XY Z
δ,abc (z)

∣

∣

∣

∣

Bǫ(p)

= 4B0m
−2
0 (κB)

aa′M̃bb′εa
′b′ce−ip · zδδǫ , (4.14e)

where M̃ = M−tr {M}/3. After performing the loop calculation one finds that the results

can be expressed as

〈0|Oabc
RR,αβγ(a1, a2, a3) +Oabc

LL,αβγ(a1, a2, a3)|B(p, s)〉 =

=

∫

[dx]e−i n · p∑k xkak
∑

i

Γi,even
αβγδ u

B
δ (p, s)h

i,abc
B,even(x1, x2, x3) ,

(4.15a)

〈0|Oabc
RL,αβγ(a1, a2, a3) +Oabc

LR,αβγ(a1, a2, a3)|B(p, s)〉 =

=

∫

[dx]e−i n · p∑k xkak
∑

i

Γi,odd
αβγδu

B
δ (p, s)h

i,abc
B,odd(x1, x2, x3) ,

(4.15b)

where uBδ (p, s) is the baryon spinor,

Γi,even
αβγδ = Γi,RRR

αβγδ − Γi,LLL
αβγδ , (4.16a)

Γi,odd
αβγδ = Γi,LLR

αβγδ − Γi,RRL
αβγδ , (4.16b)

and

hi,abcB,even(x1, x2, x3) =
∑

j,k

cj,k,abcB,RRRF i,j,k
even(x1, x2, x3) , (4.17a)

hi,abcB,odd(x1, x2, x3) =
∑

j,k

cj,k,abcB,LLRF
i,j,k
odd (x1, x2, x3) . (4.17b)

The coefficients cj,k,abcB,XY Z inherit the property that the ones with k 6= 1 can be obtained from

the case k = 1 by a permutation of indices:

cj,2,abcB,XY Z = cj,1,bcaB,Y ZX , cj,3,abcB,XY Z = cj,1,cabB,ZXY , cj,4,abcB,XY Z = −cj,1,bacB,Y XZ ,

cj,5,abcB,XY Z = −cj,1,acbB,XZY , cj,6,abcB,XY Z = −cj,1,cbaB,ZY X . (4.18)
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For those with k = 1 we find

c1,1,abcB,XY Z = c1,1,abcB,XY Z

∣

∣

∣

∣

(a)

+ c1,1,abcB,XY Z

∣

∣

∣

∣

(c)

+ c1,1,abcB,XY Z

∣

∣

∣

∣

(d)

, (4.19a)

c1,1,abcB,XY Z

∣

∣

∣

∣

(a)

=
√

ZB(κB)
aa′εa

′bc , (4.19b)

c1,1,abcB,XY Z

∣

∣

∣

∣

(c)

=
−1

8F 2
0

∑

k

[

(λkλkκB)
aa′δbb

′

δcc
′

+ (κB)
aa′(λkλk)bb

′

δcc
′

+ (κB)
aa′δbb

′

(λkλk)cc
′

+ 2(−1)X(−1)Y (λ
kκB)

aa′(λk)bb
′

δcc
′

+ 2(−1)X(−1)Z(λ
kκB)

aa′δbb
′

(λk)cc
′

+ 2(−1)Y (−1)Z(κB)
aa′(λk)bb

′

(λk)cc
′
]

εa
′b′c′I10(ml) , (4.19c)

c1,1,abcB,XY Z

∣

∣

∣

∣

(d)

=
−1

4F 2
0

∑

k,B̃

[

(−1)X(λkκB̃)
aa′δbb

′

δcc
′

+ (−1)Y (κB̃)
aa′(λk)bb

′

δcc
′

+ (−1)Z(κB̃)
aa′δbb

′

(λk)cc
′
]

tr
{

κT
B̃
(D{λk, κB}+ F [λk, κB])

}

(4.19d)

×
(

I10(mk)+(m2
B−m2

0)I11(mk,m0,mB)−mB(mB +m0)I
(1)
11 (mk,m0,mB)

)

.

In the contribution from graph (d) commuting γ5 from the vertex with the Dirac structure

in the operator yields η5
ΓB ,i

(−1)d
m
i = −1 (compare table 2). In operators of type OXR the

γ5 has no effect owing to γRγ5 = γR. The relative sign in the vertex in operators of type

OX̄L is compensated by γLγ5 = −γL. Therefore the result only contains structures of the

form given in eq. (4.16). This is no coincidence but has to happen in order to obtain a

result that behaves correctly under parity transformation. For the second order tree-level

contributions we find

c2,1,abcB,XY Z = 4B0m
−2
0 tr {M} (κB)aa

′

εa
′bc , (4.19e)

c3,1,abcB,XY Z = 4B0m
−2
0 (κB)

aa′M̃bb′εa
′b′c . (4.19f)

Using eq. (3.2) the matrix element of the complete three-quark operator reads

〈0|qaα(a1n)qbβ(a2n)qcγ(a3n)|B(p, s)〉 =

=

∫

[dx]e−i n · p∑k xkak
∑

i

(

Γi,even
αβγδ h

i,abc
B,even(x1, x2, x3) + Γi,odd

αβγδh
i,abc
B,odd(x1, x2, x3)

+ Γi,odd
γαβδh

i,cab
B,odd(x3, x1, x2) + Γi,odd

βγαδh
i,bca
B,odd(x2, x3, x1)

)

uBδ (p, s) .

(4.20)

4.3 Projection onto standard DAs

In this section we relate our parametrization of the baryon-to-vacuum matrix element,

which was guided by the behaviour under chiral rotations, to the general decomposition

given in ref. [6], which is more convenient for daily use. To do so we have contracted

both our result (eq. (4.20)) and formula (2.3) of ref. [6] with Dirac structures of the form

ΓA
αβ ⊗ ΓB

γ′γ . It is sufficient to use structures where Lorentz indices are either contracted
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between ΓA and ΓB or with the light-cone vector n or the momentum p. Afterwards

we have used the identity /puB(p) = mBu
B(p) and have matched the prefactors of the

remaining Dirac structures (γ5 and /nγ5). Using twist-projection, we obtain the results for

the distribution amplitudes SB
i , PB

i , AB
i , V

B
i and TB

i which are independent of the scalar

product n · p, due to the scaling property described in section 3.1 (For the details of the

twist-projection we refer to [6]). We have collected these lengthy matching relations in

appendix E. The amplitudes have the following symmetry properties under exchange of

the first and the second variable

SB
i (x1, x2, x3) = −(−1)BS

B
i (x2, x1, x3) ,

PB
i (x1, x2, x3) = −(−1)BP

B
i (x2, x1, x3) ,

AB
i (x1, x2, x3) = −(−1)BA

B
i (x2, x1, x3) ,

V B
i (x1, x2, x3) = +(−1)BV

B
i (x2, x1, x3) ,

TB
i (x1, x2, x3) = +(−1)BT

B
i (x2, x1, x3) , (4.21)

where we use

(−1)B ≡
{

+1 , for B 6= Λ

−1 , for B = Λ
, (4.22)

for brevity. To obtain these nice symmetry properties one has to choose the flavor content

in the operator as p =̂ uud, n =̂ ddu, Σ+ =̂ uus, Σ0 =̂ uds, Σ− =̂ dds, Ξ0 =̂ ssu, Ξ− =̂ ssd,

Λ =̂ uds, where the order of the flavors is relevant. The different sign for the Λ originates

from the antisymmetry of the isospin singlet state.

5 Results

In this section we present our results and provide a definition for DAs that do not mix under

chiral extrapolation. In section 5.3 we work out an explicit parametrization of baryon octet

DAs, where we follow the approach presented in refs. [9–11].

5.1 General strategy and choice of distribution amplitudes

We will split up every distribution amplitude in the following way:

DA(m̄q, δml) = DA(m̄q, 0) +
(

DA(m̄q, δml)−DA(m̄q, 0)
)

≡ DA⋆(m̄q) + ∆DA(m̄q, δml) ,
(5.1a)

DA⋆(m̄q) = DA⋆(0) +
(

DA⋆(m̄q)−DA⋆(0)
)

≡ DA◦ +∆DA⋆(m̄q) ,
(5.1b)

where the main idea is to use the second formula to parametrize everything in terms of

the DAs at the symmetric point, which are measurable on the lattice as opposed to the

amplitudes in the chiral limit. Lattice simulations where the mean quark mass is fixed at

its physical value while δml is varied are already available for hadron masses and some
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form factors [25–27]. Corresponding simulations for the baryon octet DAs treated in this

work are in progress. This strategy has the additional advantage that one gets rid of the

parameters that describe the behaviour under variation of the mean quark mass. For the

presentation of the results it turns out to be convenient to write down the second order

tree-level and the loop contribution separately. We define for all baryons

∆DA = ∆DAloop + δm ∆DAtree , (5.2)

where

δm =
4B0δml

m⋆
b
2 . (5.3)

Then we use the fact that we can rewrite ∆DA in terms of m⋆
b and DA⋆ using the cor-

responding expansions in m̄q. For a specific set of DAs, which do not mix under chiral

extrapolation (see below), this allows us to rewrite the loop contribution as the DA along

the symmetric line multiplied with a loop function f such that the results have the form

DA(m̄q, δml) = DA⋆(m̄q)(1 + f) + δm ∆DAtree . (5.4)

By virtue of SU(3)f symmetry we find the following relations between DAs along the line

of symmetric quark masses mu = md = ms:

2TB⋆
1/6(x1, x2, x3) = (−1)B

[

V B⋆
1/6 −AB⋆

1/6

]

(x1, x3, x2)

+
[

V B⋆
1/6 −AB⋆

1/6

]

(x2, x3, x1) ,
(5.5a)

[

TB⋆
3/4 + TB⋆

7/8 + SB⋆
1/2 − PB⋆

1/2

]

(x1, x2, x3) =
[

V B⋆
2/5 −AB⋆

2/5

]

(x2, x3, x1)

+
[

V B⋆
3/4 −AB⋆

3/4

]

(x3, x1, x2) ,
(5.5b)

2TB⋆
2/5(x1, x2, x3) =

[

TB⋆
3/4 − TB⋆

7/8 + SB⋆
1/2 + PB⋆

1/2

]

(x3, x1, x2)

+
[

TB⋆
3/4 − TB⋆

7/8 + SB⋆
1/2 + PB⋆

1/2

]

(x3, x2, x1) .
(5.5c)

Note that we do not impose these relations. They are automatically fulfilled by our calcula-

tion (loop contributions included). For the nucleons these relations are fulfilled exactly also

for δml 6= 0 owing to isospin symmetry (again this is also true for the loop contributions),

which was already shown in ref. [6]. If we were only interested in the SU(3)f symmetric case

(or in nucleons only), it would therefore be enough to define the independent amplitudes as

ΦB
3/6(x1, x2, x3) =

[

V B
1/6 −AB

1/6

]

(x1, x2, x3) , (5.6a)

ΦB
4/5(x1, x2, x3) =

[

V B
2/5 −AB

2/5

]

(x1, x2, x3) , (5.6b)

ΨB
4/5(x1, x2, x3) =

[

V B
3/4 −AB

3/4

]

(x1, x2, x3) , (5.6c)

ΞB
4/5(x1, x2, x3) =

[

TB
3/4 − TB

7/8 + SB
1/2 + PB

1/2

]

(x1, x2, x3) , (5.6d)

where the ΦB
i and ΨB

i describe the coupling to chiral-odd operators, while the ΞB
i describe

the chiral-even sector. The subscript indicates the twist. As it turns out the amplitudes

ΦB
i , Ψ

B
i and ΞB

i are not yet the optimal choice for a description of the complete baryon
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octet, since they mix under chiral extrapolation. Additionally one finds that it is very

convenient to use differing definitions for the Λ, which we choose in such a way that the

DAs of the Λ coincide with the DAs of the other octet baryons in the limit of equal quark

masses. Therefore we define

ΦB
±,3/6(x1, x2, x3) =

c±B
2

([

V B
1/6 −AB

1/6

]

(x1, x2, x3)±
[

V B
1/6 −AB

1/6

]

(x3, x2, x1)
)

, (5.7a)

ΦB
±,4/5(x1, x2, x3) = c±B

([

V B
2/5 −AB

2/5

]

(x1, x2, x3)± (−1)B
[

V B
3/4 −AB

3/4

]

(x2, x3, x1)
)

, (5.7b)

ΞB
±,4/5(x1, x2, x3) = 3(−1)Bc

±
B

([

TB
3/4 − TB

7/8 + SB
1/2 + PB

1/2

]

(x1, x2, x3)

±
[

TB
3/4 − TB

7/8 + SB
1/2 + PB

1/2

]

(x1, x3, x2)
)

, (5.7c)

where

c+B =







1 , for B 6= Λ
√

2
3 , for B = Λ

, c−B =

{

1 , for B 6= Λ

−
√
6 , for B = Λ

. (5.8)

Being interested in SU(3)f violation one can not use the constraints given in eq. (5.5) and

therefore one needs six additional DAs. Our choice are (up to differing prefactors for the

Λ and exchange of variables) the left-hand sides in eq. (5.5) since they coincide with the

DAs in eq. (5.7) in the SU(3)f symmetric limit. We define

ΠB
3/6(x1, x2, x3) = c−B(−1)B TB

1/6(x1, x3, x2) , (5.9a)

ΠB
4/5(x1, x2, x3) = c−B

[

TB
3/4 + TB

7/8 + SB
1/2 − PB

1/2

]

(x3, x1, x2) , (5.9b)

ΥB
4/5(x1, x2, x3) = 6c−B TB

2/5(x3, x2, x1) , (5.9c)

where the Πi describe the chiral-odd sector, while the Υi describe the chiral-even part. For

each octet baryon the standard DAs can be decomposed into the amplitudes defined in

eqs. (5.7) and (5.9) (see appendix B). We find that the DAs for different nucleons, Σ’s and

Ξ’s are related to each other exactly by isospin symmetry. Therefore we define

DAN ≡ DAp = −DAn , (5.10a)

DAΣ ≡ DAΣ−

= −DAΣ+

=
√
2DAΣ0

, (5.10b)

DAΞ ≡ DAΞ0

= −DAΞ−

, (5.10c)

and give the results only for DAN , DAΣ, DAΞ and DAΛ. In the SU(3)f symmetric limit

all these DAs can be related to those of the nucleon:

Φ⋆
+,i ≡ ΦN⋆

+,i = ΦΣ⋆
+,i = ΦΞ⋆

+,i = ΦΛ⋆
+,i = ΠN⋆

i = ΠΣ⋆
i = ΠΞ⋆

i , (5.11a)

Φ⋆
−,i ≡ ΦN⋆

−,i = ΦΣ⋆
−,i = ΦΞ⋆

−,i = ΦΛ⋆
−,i = ΠΛ⋆

i , (5.11b)

Ξ⋆
+,i ≡ ΞN⋆

+,i = ΞΣ⋆
+,i = ΞΞ⋆

+,i = ΞΛ⋆
+,i = ΥN⋆

i = ΥΣ⋆
i = ΥΞ⋆

i , (5.11c)

Ξ⋆
−,i ≡ ΞN⋆

−,i = ΞΣ⋆
−,i = ΞΞ⋆

−,i = ΞΛ⋆
−,i = ΥΛ⋆

i . (5.11d)
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5.2 Minimal parametrization of baryon octet distribution amplitudes

The choice of DAs presented in the previous section allows us to write down our results in

a very compact form:

ΦB
±,i = Φ⋆

±,i

(

1 + 1
2∆Σ′

B +∆gBΦ±

)

+ δm ∆ΦB
±,i , (5.12a)

ΞB
±,i = Ξ⋆

±,i

(

1 + 1
2∆Σ′

B +∆gBΞ

)

+ δm ∆ΞB
±,i , (5.12b)

ΠB
i = Φ⋆

±B ,i

(

1 + 1
2∆Σ′

B +∆gBΠ

)

+ δm ∆ΠB
i , (5.12c)

ΥB
i = Ξ⋆

±B ,i

(

1 + 1
2∆Σ′

B +∆gBΞ

)

+ δm ∆ΥB
i , (5.12d)

where “±B” stands for “+” if B 6= Λ and for “−” if B = Λ. The second term in the

equations above originates from quark mass insertions, while the first term (or, to be

more precise, ∆Σ′
B and ∆gBDA) is generated by meson loops and contains chiral logarithms.

Owing to our choice of DAs the functions ∆gBDA, which are listed in appendix A together

with ∆Σ′
B, do not depend on the twist of the amplitude. ∆gBDA and ∆Σ′

B vanish for

equal quark masses (δm = 0). The nontrivial dependence on the mean quark mass of

the distribution amplitudes Φ⋆
±,i and Ξ⋆

±,i is presented in section 5.4. The amplitudes

describing the tree-level contribution to the SU(3)f symmetry breaking are not completely

free. It holds for all distribution amplitudes

∆DAΞ = −∆DAN −∆DAΣ . (5.13)

Furthermore, the amplitudes ∆ΠB
i and ∆ΥB

i can be expressed in terms of ∆ΦB
±,i and ∆ΞB

±,i:

∆ΠN
i = ∆ΦN

+,i , ∆ΥN
i = ∆ΞN

+,i , (5.14a)

∆ΠΣ
i = −1

2
∆ΦΣ

+,i −
3

2
∆ΦΛ

+,i , ∆ΥΣ
i = −1

2
∆ΞΣ

+,i −
3

2
∆ΞΛ

+,i , (5.14b)

∆ΠΛ
i = −1

2
∆ΦΛ

−,i −
3

2
∆ΦΣ

−,i , ∆ΥΛ
i = −1

2
∆ΞΛ

−,i −
3

2
∆ΞΣ

−,i , (5.14c)

which means that the ΠB
i and ΥB

i are completely fixed by the other amplitudes. The

divergencies of leading one-loop order contained in ∆Σ′
B and ∆gBDA can be canceled by the

introduction of counterterms

∆ΦB
±,i −→

m⋆
b
2cBΦ±

24F 2
⋆

Φ⋆
±,iL+∆ΦB,ren.

±,i (µ) , ∆ΞB
±,i −→

m⋆
b
2cBΞ

24F 2
⋆

Ξ⋆
±,iL+∆ΞB,ren.

±,i (µ) , (5.15)

where L contains the divergence and the typical constants of the modified minimal sub-

traction scheme (see eq. (A.5)). F⋆ is the meson decay constant in the SU(3)f symmetric

limit. The coefficients cBDA are given by

cNΦ± = −9(D2 + 10DF − 3F 2)− 23∓ 24 , cNΞ = −9(D2 + 10DF − 3F 2) + 9 ,

cΣΦ± = 18(D2 − 3F 2) + 10± 12 , cΣΞ = −cΛΞ = 18(D2 − 3F 2)− 18 ,

cΛΦ± = −18(D2 − 3F 2)− 26± 12 . (5.16)
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Note that we give no values for cΞΦ± and cΞΞ, since the renormalization of the corresponding

amplitudes is already fixed via eq. (5.13). The renormalized amplitudes acquire a depen-

dence on the chiral renormalization scale µ, which exactly cancels the scale dependence of

the leading chiral logarithms:

µ
∂

∂µ
∆ΦB,ren.

±,i (µ) =
−1

(4π)2
m⋆

b
2cBΦ±

24F 2
⋆

Φ⋆
±,i , µ

∂

∂µ
∆ΞB,ren.

±,i (µ) =
−1

(4π)2
m⋆

b
2cBΞ

24F 2
⋆

Ξ⋆
±,i . (5.17)

The replacements given in eq. (5.15) also have to cancel the divergencies in the distribution

amplitudes for the Ξ baryon and the ΠB
i and ΥB

i distribution amplitudes, which is the case

and can be seen as a nontrivial check of our calculation. The higher order divergencies,

which are contained in our result as a consequence of using IR-regularization [28], have to

be set to zero by hand. This introduces an unphysical scale dependence in higher order

terms, which is usually solved by fixing the scale at a typical hadronic value like 1 GeV.

A variation of this scale within reasonable bounds, say between 0.8 GeV and 1.2 GeV, can

be used to estimate higher order effects.

If we neglect higher order contributions, we can rewrite eqs. (5.12) in such a way that

the complete nonanalytic behaviour is encoded in an overall prefactor:

ΦB
±,i =̇

√

ZB

Z⋆

(

1 + ∆gBΦ±

)(

Φ⋆
±,i + δm ∆ΦB

±,i

)

, (5.18a)

ΞB
±,i =̇

√

ZB

Z⋆

(

1 + ∆gBΞ

)(

Ξ⋆
±,i + δm ∆ΞB

±,i

)

, (5.18b)

ΠB
i =̇

√

ZB

Z⋆

(

1 + ∆gBΠ

)(

Φ⋆
±B ,i + δm ∆ΠB

i

)

, (5.18c)

ΥB
i =̇

√

ZB

Z⋆

(

1 + ∆gBΞ

)(

Ξ⋆
±B ,i + δm ∆ΥB

i

)

, (5.18d)

where

√

ZB

Z⋆
=̇ 1 +

1

2
∆Σ′

B . (5.19)

From eq. (5.18) it follows directly that at leading one-loop order the complete nonanalytic

structure is contained in the normalization of the distribution amplitudes, while their shape

only exhibits the simple dependence on δm shown in eq. (5.25). Therefore leading finite

volume effects do only affect the normalization. We want to emphasize that this is only

true by virtue of our specific choice of DAs. A similar behaviour was found for the meson

sector (see refs. [29, 30]). The zeroth moments of the given DAs are not independent, due to

eq. (3.29). In particular all DAs which correspond to operators of certain symmetry classes

are normalized by the same wave function normalization constants independent of the twist

of the corresponding amplitude. The zeroth moments define the following normalization
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constants:

fB =

∫

[dx]ΦB
+,i(x1, x2, x3) =

√

ZB

Z⋆

(

1 + ∆gBΦ+

)(

f⋆ + δm ∆fB
)

, (5.20a)

λB
1 =

∫

[dx]ΦB
−,4/5(x1, x2, x3) =

√

ZB

Z⋆

(

1 + ∆gBΦ−

)(

λ⋆
1 + δm ∆λB

1

)

, (5.20b)

λB
2 =

∫

[dx]ΞB
+,4/5(x1, x2, x3) =

√

ZB

Z⋆

(

1 + ∆gBΞ

)(

λ⋆
2 + δm ∆λB

2

)

, (5.20c)

and

fΣ
T =

∫

[dx]ΠΣ
i (x1, x2, x3) =

√

ZΣ

Z⋆

(

1 + ∆gΣΠ

)(

f⋆ + δm ∆fΣ
T

)

, (5.20d)

fΞ
T =

∫

[dx]ΠΞ
i (x1, x2, x3) =

√

ZΞ

Z⋆

(

1 + ∆gΞΠ

)(

f⋆ + δm ∆fΞ
T

)

, (5.20e)

λΛ
T =

∫

[dx]ΠΛ
4/5(x1, x2, x3) =

√

ZΛ

Z⋆

(

1 + ∆gΛΠ

)(

λ⋆
1 + δm ∆λΛ

T

)

. (5.20f)

For the remaining zeroth moments one finds

fN =

∫

[dx]ΠN
i (x1, x2, x3) , (5.20g)

0 =

∫

[dx]ΦB
−,3/6(x1, x2, x3) =

∫

[dx]ΞB
−,4/5(x1, x2, x3) =

∫

[dx]ΠΛ
3/6(x1, x2, x3) , (5.20h)

∫

[dx]ΥB
4/5(x1, x2, x3) =

{

λB
2 , for B 6= Λ

0 , for B = Λ
. (5.20i)

Due to eq. (5.14),

∆fΣ
T = −3

2
∆fΛ − 1

2
∆fΣ , ∆fΞ

T =
3

2
∆fΛ +

1

2
∆fΣ −∆fN ,

∆λΛ
T = −1

2
∆λΛ

1 − 3

2
∆λΣ

1 . (5.21)

In the equations above we have introduced convenient new definitions of fΛ, λΛ
1 , λ

Λ
2 , f

Σ
T ,

fΞ
T and λΛ

T such that, in the limit of exact SU(3)f symmetry,

f⋆ = fN = fΣ = fΞ = fΛ = fΣ
T = fΞ

T , (5.22a)

λ⋆
1 = λN

1 = λΣ
1 = λΞ

1 = λΛ
1 = λΛ

T , (5.22b)

λ⋆
2 = λN

2 = λΣ
2 = λΞ

2 = λΛ
2 . (5.22c)

If the reader favors a different definition he or she can easily read off the conversion factor

from eq. (5.7), noting that additional signs can arise from eq. (5.10) if one uses different

baryons for the definition of the distribution amplitudes, and that one has to take into

account additional factors originating from differing definitions of Si, Pi, Vi, Ai and Ti

(we use the definitions of ref. [6]). We have performed this matching procedure for the

constants defined in refs. [5, 6] (see appendix C). Note that the constants fΣ
T , f

Ξ
T and λΛ

T

given above are (at leading one-loop accuracy) completely fixed by fB and λB
1 . However,
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without the knowledge of the SU(3)f breaking effects one would have to define them as

additional free normalization constants. f⋆, ∆fB, λ⋆
i and ∆λB

i are given by

f⋆ =

∫

[dx]Φ⋆
+,i(x1, x2, x3) , ∆fB =

∫

[dx]∆ΦB
+,i(x1, x2, x3) , (5.23a)

λ⋆
1 =

∫

[dx]Φ⋆
−,4/5(x1, x2, x3) , ∆λB

1 =

∫

[dx]∆ΦB
−,4/5(x1, x2, x3) , (5.23b)

λ⋆
2 =

∫

[dx]Ξ⋆
+,4/5(x1, x2, x3) , ∆λB

2 =

∫

[dx]∆ΞB
+,4/5(x1, x2, x3) , (5.23c)

where, as a consequence of eq. (5.13) (first line) and eq. (3.29) (second line) one has

∆fΞ = −∆fΣ −∆fN , ∆λΞ
1 = −∆λΣ

1 −∆λN
1 , ∆λΞ

2 = −∆λΣ
2 −∆λN

2 ,

∆λΛ
2 = −∆λΣ

2 . (5.24)

The zeroth moments of ΦB
−,3/6 and ΠΛ

3/6 (ΞB
−,4/5 and ΥΛ

4/5) vanish by construction, since

they are antisymmetric under exchange of x1 and x3 (x2 and x3). One possible approach

would be to normalize these amplitudes by their first moments. However, our main goal is

to divide the DAs by normalization constants in such a way that the nonanalytic prefactor

is canceled. This can be achieved without the definition of additional constants, since

all prefactors present in eqs. (5.18) also occur in eqs. (5.20). Explicitly, one can consider

the ratios

ΦB
+,i

fB
=

Φ⋆
+,i + δm ∆ΦB

+,i

f⋆ + δm ∆fB
,

ΦB
−,i

λB
1

=
Φ⋆
−,i + δm ∆ΦB

−,i

λ⋆
1 + δm ∆λB

1

, (5.25a)

ΠN
i

fN
=

Φ⋆
+,i + δm ∆ΦN

+,i

f⋆ + δm ∆fN
,

ΠΛ
i

λΛ
T

=
Φ⋆
−,i + δm ∆ΠΛ

i

λ⋆
1 + δm ∆λΛ

T

, (5.25b)

Π
Σ/Ξ
i

f
Σ/Ξ
T

=
Φ⋆
+,i + δm ∆Π

Σ/Ξ
i

f⋆ + δm ∆f
Σ/Ξ
T

, (5.25c)

ΞB
±,i

λB
2

=
Ξ⋆
±,i + δm ∆ΞB

±,i

λ⋆
2 + δm ∆λB

2

,
ΥB

i

λB
2

=
Ξ⋆
±B ,i + δm ∆ΥB

i

λ⋆
2 + δm ∆λB

2

. (5.25d)

The idea behind the latter choice is to normalize all DAs with similar behaviour under

chiral extrapolation (including the ones with vanishing zeroth moment) with the same

normalization constant containing the complete nonanalytic behaviour. In this way one

obtains a one-to-one correspondence between a normalization constant and a certain chiral

behaviour. Note that, following this argument, some of the moments of the leading twist DA

ΦB
3 = ΦB

+,3+ΦB
−,3 should be normalized with λB

1 instead of fB. Otherwise the corresponding

shape parameters do contain chiral logarithms.

5.3 Example of application

In this section we will work out explicit expressions for the DAs defined in eqs. (5.7)

and (5.9) in terms of the shape parameters given in refs. [9–11], where contributions of

Wandzura-Wilczek type [12] are taken into account explicitly. For brevity we apply the
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approximation advocated in ref. [9], where contributions that can mix with four-particle

operators are systematically neglected. We use the definitions of said references and we

define additionally

Pnk(x1, x2, x3) = pnkPnk(x3, x2, x1) , (5.26)

where pnk = ±1, depending on n and k. This definition is possible since the polynomials

Pnk have definite parity under exchange of x1 and x3 [9]. We will call the polynomials with

pnk = +1 (pnk = −1) even (odd). For the DAs we find

ΦB
+,3 = fBΦB,t=3

+,3 , (5.27a)

ΦB
−,3 = λB

1 Φ
B,t=3
−,3 , (5.27b)

ΦB
+,4 = fB

(

ΦB,WW3

+,4 +ΦB,t=4
+,4

)

, ΞB
±,4 = λB

2 Ξ
B,t=4
±,4 , (5.27c)

ΦB
−,4 = λB

1

(

ΦB,WW3

−,4 +ΦB,t=4
−,4

)

, (5.27d)

ΦB
+,5 = fB

(

ΦB,WW3

+,5 +ΦB,WW4

+,5 +ΦB,t=5
+,5

)

, ΞB
±,5 = λB

2

(

ΞB,WW4

±,5 + ΞB,t=5
±,5

)

, (5.27e)

ΦB
−,5 = λB

1

(

ΦB,WW3

−,5 +ΦB,WW4

−,5 +ΦB,t=5
−,5

)

, (5.27f)

where all chiral logarithms are contained in the prefactors. Analogous expressions for the

Π and Υ DAs will be given below in eq. (5.34). Genuine twist 5 contributions (ΦB,t=5
±,5 ,

ΞB,t=5
±,5 ) will be neglected in this approximation. Also twist 6 DAs are neglected; one could

in principle take into account Wandzura-Wilczek contributions to the twist 6 DAs, but

the corresponding expressions are not known yet. The shape of the DAs is given by the

genuine twist 3 and twist 4 contributions

ΦB,t=3
+,3 (x1, x2, x3) = 120x1x2x3

∑

n,k≤n

pnk=+1

ϕB
nkPnk(x1, x2, x3) , (5.28a)

ΦB,t=3
−,3 (x1, x2, x3) = 120x1x2x3

∑

n,k≤n

pnk=−1

ϕ̃B
nkPnk(x1, x2, x3) , (5.28b)

ΦB,t=4
+,4 (x1, x2, x3) = 24x1x2

(

10

3
(2x1 − x2 − 2x3)η̃

B
11 + . . .

)

, (5.28c)

ΦB,t=4
−,4 (x1, x2, x3) = 24x1x2

(

ηB00 + 2(2− 5x2)η
B
10 + . . .

)

, (5.28d)

ΞB,t=4
+,4 (x1, x2, x3) = 24x2x3

(

ξB00 −
9

4
(1− 5x1)ξ

B
10 + . . .

)

, (5.28e)

ΞB,t=4
−,4 (x1, x2, x3) = 24x2x3

(

−45

4
(x2 − x3)ξ

B
10 + . . .

)

, (5.28f)
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and the Wandzura-Wilczek contributions (see refs. [9–11])

ΦB,WW3

+,4 (x1, x2, x3) = −
∑

n,k≤n

pnk=+1

240ϕB
nk

(n+ 2)(n+ 3)

(

n+ 2− ∂

∂x3

)

x1x2x3Pnk(x1, x2, x3) , (5.29a)

ΦB,WW3

−,4 (x1, x2, x3) = −
∑

n,k≤n

pnk=−1

240ϕ̃B
nk

(n+ 2)(n+ 3)

(

n+ 2− ∂

∂x3

)

x1x2x3Pnk(x1, x2, x3) , (5.29b)

ΦB,WW3

+,5 (x1, x2, x3) =
∑

n,k≤n

pnk=+1

240ϕB
nk

(n+ 2)(n+ 3)

[(

n+ 2− ∂

∂x1

)(

n+ 1− ∂

∂x2

)

− (n+ 2)2
]

× x1x2x3Pnk(x1, x2, x3) , (5.29c)

ΦB,WW3

−,5 (x1, x2, x3) =
∑

n,k≤n

pnk=−1

240ϕ̃B
nk

(n+ 2)(n+ 3)

[(

n+ 2− ∂

∂x1

)(

n+ 1− ∂

∂x2

)

− (n+ 2)2
]

× x1x2x3Pnk(x1, x2, x3) , (5.29d)

ΦB,WW4

+,5 (x1, x2, x3) = 4x3
(

5(x21 + 2x2x3 − x23)η̃
B
11 + . . .

)

, (5.29e)

ΦB,WW4

−,5 (x1, x2, x3) = 4x3(1− x2)
(

2ηB00 + 3(1− 5x2)η
B
10 + . . .

)

, (5.29f)

ΞB,WW4

+,5 (x1, x2, x3) = 4x1(1 + x1)ξ
B
00 −

27

2
(4− 4x1 + x21 − 5x31)ξ

B
10 + . . . , (5.29g)

ΞB,WW4

−,5 (x1, x2, x3) = −12x1(x2 − x3)ξ
B
00 +

27

2
(5− x1 + 5x21)(x2 − x3)ξ

B
10 + . . . , (5.29h)

where the summation over n starts from 0 and, generally, goes to infinity, but is truncated

at n = 2 in the approximation of ref. [9].1 Note that our separation into “+” and “−”

amplitudes at leading twist level corresponds to a separation of even and odd polynomials.

The normalization constants are still defined such that ηB00 = ϕB
00 = ξB00 = 1, which are only

kept for a cleaner notation. Note also that the introduction of ϕ̃B
nk and η̃Bnk only amounts to

a redefinition of the shape parameters occurring in ΦB,t=3
−,3 , ΦB,WW3

−,4 and ΦB,WW3

−,5 by a factor

of fB/λB
1 and the ones occurring in ΦB,t=4

+,4 and ΦB,WW4

+,5 by a factor of λB
1 /f

B with respect

to ref. [9] (the corresponding anomalous dimensions have to be adjusted accordingly):

ϕ̃B
nk =

fB

λB
1

ϕB
nk , η̃Bnk =

λB
1

fB
ηBnk . (5.30)

1We do not take into account possible quark mass corrections to eq. (5.29) and eq. (5.38) below (compare

e.g. refs. [31, 32] where such computations have been performed for vector-meson and pseudoscalar-meson

DAs), since they can (by definition) be absorbed into the genuine higher twist terms in eq. (5.27) and (5.34).

Let us note in passing that our general result does not rely on the separation of Wandzura-Wilczek and

genuine higher twist terms at all, since the calculation within chiral perturbation theory does not distinguish

between these contributions.

– 27 –



J
H
E
P
0
5
(
2
0
1
5
)
0
7
3

The dependence of the shape parameters on the quark mass splitting takes the follow-

ing form

ϕB
nk =

ϕ⋆
nk + δm ∆ϕB

nk

f⋆ + δm ∆fB
, if pnk = +1 , ϕ̃B

nk =
ϕ̃⋆
nk + δm ∆ϕ̃B

nk

λ⋆
1 + δm ∆λB

1

, if pnk = −1 , (5.31a)

η̃B11 =
η̃⋆11 + δm ∆η̃B11
f⋆ + δm ∆fB

, ηB10 =
η⋆10 + δm ∆ηB10
λ⋆
1 + δm ∆λB

1

, (5.31b)

ξB10 =
ξ⋆10 + δm ∆ξB10
λ⋆
2 + δm ∆λB

2

, (5.31c)

which corresponds directly to eq. (5.25), while the dependence of the normalization con-

stants is given in eq. (5.20). The parameters describing SU(3)f symmetry breaking are

restricted by eq. (5.13) such that

∆xΞnk = −∆xNnk −∆xΣnk , for x ∈ {ϕ, ϕ̃, η, η̃, ξ} . (5.32)

For the original twist 3 and 4 DAs given in ref. [6] (see also eq. (5.6)) the new choice of

normalization yields

ΦN
3 (x1, x2, x3) =

(

ΦN
+,3 +ΦN

−,3

)

(x1, x2, x3)

= fNΦN,t=3
+,3 (x1, x2, x3) + λN

1 ΦN,t=3
−,3 (x1, x2, x3) ,

(5.33a)

ΦN
4 (x1, x2, x3) =

1

2

(

ΦN
+,4 +ΦN

−,4

)

(x1, x2, x3) (5.33b)

=
fN

2

(

ΦN,WW3

+,4 +ΦN,t=4
+,4

)

(x1, x2, x3) +
λN
1

2

(

ΦN,t=4
−,4 +ΦN,WW3

−,4

)

(x1, x2, x3) ,

ΨN
4 (x1, x2, x3) =

1

2

(

ΦN
+,4 − ΦN

−,4

)

(x3, x1, x2) (5.33c)

=
fN

2

(

ΦN,WW3

+,4 +ΦN,t=4
+,4

)

(x3, x1, x2)−
λN
1

2

(

ΦN,t=4
−,4 +ΦN,WW3

−,4

)

(x3, x1, x2) ,

ΞN
4 (x1, x2, x3) =

1

6

(

ΞN
+,4 + ΞN

−,4

)

(x1, x2, x3)

=
λN
2

6

(

ΞN,t=4
+,4 + ΞN,t=4

−,4

)

(x1, x2, x3) ,

(5.33d)

where, as discussed above, the normalization of the odd moments of the leading twist

amplitude with λN
1 (instead of fN ) appropriately reflects their chiral behaviour. Note that

this is consistent with an earlier two-flavor BChPT calculation, where it was found that

the odd first and second moments of the leading twist amplitude have the same chiral

logarithms as λN
1 (see appendix of ref. [13]).

For a description of the complete baryon octet one also needs the Π and Υ DAs defined

in eq. (5.9), which are relevant for the hyperons. These are completely fixed by the Φ± and
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Ξ DAs. Consequently, the following equations do not contain any additional parameters:

ΠN
i = ΦN

+,i , ΥN
i = ΞN

+,i , (5.34a)

Π
Σ/Ξ
3 = f

Σ/Ξ
T Π

Σ/Ξ,t=3
3 , (5.34b)

ΠΛ
3 = λΛ

TΠ
Λ,t=3
3 , (5.34c)

Π
Σ/Ξ
4 = f

Σ/Ξ
T

(

Π
Σ/Ξ,WW3

4 +Π
Σ/Ξ,t=4
4

)

, ΥB
4 = λB

2 Υ
B,t=4
4 , (5.34d)

ΠΛ
4 = λΛ

T

(

ΠΛ,WW3

4 +ΠΛ,t=4
4

)

, (5.34e)

Π
Σ/Ξ
5 = f

Σ/Ξ
T

(

Π
Σ/Ξ,WW3

5 +Π
Σ/Ξ,WW4

5 +Π
Σ/Ξ,t=5
5

)

, ΥB
5 = λB

2

(

ΥB,WW4

5 +ΥB,t=5
5

)

,

(5.34f)

ΠΛ
5 = λΛ

T

(

ΠΛ,WW3

5 +ΠΛ,WW4

5 +ΠΛ,t=5
5

)

, (5.34g)

where the genuine twist 5 contributions ΠB,t=5
5 and ΥB,t=5

5 will be neglected as above. The

genuine twist 3 and twist 4 contributions are

Π
Σ/Ξ,t=3
3 (x1, x2, x3) = 120x1x2x3

∑

n,k≤n

pnk=+1

π
Σ/Ξ
nk Pnk(x1, x2, x3) , (5.35a)

ΠΛ,t=3
3 (x1, x2, x3) = 120x1x2x3

∑

n,k≤n

pnk=−1

π̃Λ
nkPnk(x1, x2, x3) , (5.35b)

Π
Σ/Ξ,t=4
4 (x1, x2, x3) = 24x1x2

(

10

3
(2x1 − x2 − 2x3)ζ̃

Σ/Ξ
11 + . . .

)

, (5.35c)

ΠΛ,t=4
4 (x1, x2, x3) = 24x1x2

(

ζΛ00 + 2(2− 5x2)ζ
Λ
10 + . . .

)

, (5.35d)

Υ
Σ/Ξ,t=4
4 (x1, x2, x3) = 24x2x3

(

υ
Σ/Ξ
00 − 9

4
(1− 5x1)υ

Σ/Ξ
10 + . . .

)

, (5.35e)

ΥΛ,t=4
4 (x1, x2, x3) = 24x2x3

(

−45

4
(x2 − x3)υ

Λ
10 + . . .

)

. (5.35f)

The shape parameters are fixed:

π
Σ/Ξ
nk =

ϕ⋆
nk + δm ∆π

Σ/Ξ
nk

f⋆ + δm ∆f
Σ/Ξ
T

, π̃Λ
nk =

ϕ̃⋆
nk + δm ∆π̃Λ

nk

λ⋆
1 + δm ∆λΛ

T

, (5.36a)

ζ̃
Σ/Ξ
11 =

η̃⋆11 + δm ∆ζ̃
Σ/Ξ
11

f⋆ + δm ∆f
Σ/Ξ
T

, ζΛ10 =
η⋆10 + δm ∆ζΛ10
λ⋆
1 + δm ∆λΛ

T

, (5.36b)

υB10 =
ξ⋆10 + δm ∆υB10
λ⋆
2 + δm ∆λB

2

, (5.36c)

where ∆f
Σ/Ξ
T and ∆λΛ

T are defined in eq. (5.21). The parameters describing SU(3)f sym-

– 29 –



J
H
E
P
0
5
(
2
0
1
5
)
0
7
3

metry breaking can be determined by eqs. (5.13) and (5.14):

∆πΣ
nk = −1

2
∆ϕΣ

nk −
3

2
∆ϕΛ

nk , ∆π̃Λ
nk = −1

2
∆ϕ̃Λ

nk −
3

2
∆ϕ̃Σ

nk ,

∆πΞ
nk =

3

2
∆ϕΛ

nk +
1

2
∆ϕΣ

nk −∆ϕN
nk , (5.37a)

∆ζ̃Σ11 = −1

2
∆η̃Σ11 −

3

2
∆η̃Λ11 , ∆ζΛ10 = −1

2
∆ηΛ10 −

3

2
∆ηΣ10 ,

∆ζ̃Ξ11 =
3

2
∆η̃Λ11 +

1

2
∆η̃Σ11 −∆η̃N11 , (5.37b)

∆υΣ10 = −1

2
∆ξΣ10 −

3

2
∆ξΛ10 , ∆υΛ10 = −1

2
∆ξΛ10 −

3

2
∆ξΣ10 ,

∆υΞ10 =
3

2
∆ξΛ10 +

1

2
∆ξΣ10 −∆ξN10 . (5.37c)

The Wandzura-Wilczek contributions take the form

Π
Σ/Ξ,WW3

4 (x1, x2, x3) =−
∑

n,k≤n

pnk=+1

240π
Σ/Ξ
nk

(n+ 2)(n+ 3)

(

n+2− ∂

∂x3

)

x1x2x3Pnk(x1, x2, x3) , (5.38a)

ΠΛ,WW3

4 (x1, x2, x3) =−
∑

n,k≤n

pnk=−1

240π̃Λ
nk

(n+2)(n+3)

(

n+2− ∂

∂x3

)

x1x2x3Pnk(x1, x2, x3) , (5.38b)

Π
Σ/Ξ,WW3

5 (x1, x2, x3) =
∑

n,k≤n

pnk=+1

240π
Σ/Ξ
nk

(n+ 2)(n+ 3)

[(

n+ 2− ∂

∂x1

)(

n+ 1− ∂

∂x2

)

− (n+ 2)2
]

× x1x2x3Pnk(x1, x2, x3) , (5.38c)

ΠΛ,WW3

5 (x1, x2, x3) =
∑

n,k≤n

pnk=−1

240π̃Λ
nk

(n+ 2)(n+ 3)

[(

n+ 2− ∂

∂x1

)(

n+ 1− ∂

∂x2

)

− (n+ 2)2
]

× x1x2x3Pnk(x1, x2, x3) , (5.38d)

Π
Σ/Ξ,WW4

5 (x1, x2, x3) = 4x3
(

5(x21 + 2x2x3 − x23)ζ̃
Σ/Ξ
11 + . . .

)

, (5.38e)

ΠΛ,WW4

5 (x1, x2, x3) = 4x3(1− x2)
(

2ζΛ00 + 3(1− 5x2)ζ
Λ
10 + . . .

)

, (5.38f)

Υ
Σ/Ξ,WW4

5 (x1, x2, x3) = 4x1(1 + x1)υ
Σ/Ξ
00 − 27

2
(4− 4x1 + x21 − 5x31)υ

Σ/Ξ
10 + . . . , (5.38g)

ΥΛ,WW4

5 (x1, x2, x3) = −12x1(x2 − x3)υ
Λ
00 +

27

2
(5− x1 + 5x21)(x2 − x3)υ

Λ
10 + . . . .

(5.38h)

To conclude this section we want to point out the merits of our calculation. First of all,

we found that the behaviour under chiral extrapolation of a certain moment correlates to

its parity in the sense of eq. (5.26). Therefore it is advantageous to normalize the odd

moments of the leading twist DA with λB
1 instead of fB. Quantitatively more important,

however, is the significant reduction of parameters: we find that (within the approximation

used above) we only need 43 parameters to describe the complete set of baryon octet three-

quark DAs (including their dependence on the quark mass splitting). In contrast, an ad hoc
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linear extrapolation without the knowledge of SU(3)f symmetry breaking would require

72 parameters for the given setup, since one can not make use of eqs. (5.21), (5.24), (5.32)

and (5.37).

5.4 Dependence on the mean quark mass

The distribution amplitudes Φ⋆
±,i and Ξ⋆

±,i have a nontrivial dependence on the mean quark

mass m̄q. This is not really interesting from a phenomenological point of view, since the

number of independent distribution amplitudes can not be further reduced compared to

eq. (5.18), even if one expands everything around the chiral limit. However, the dependence

is of importance for the analysis of lattice data if one wants to include data points from

simulations with unphysical mean quark mass. The mass dependence reads

Φ⋆
±,i = Φ◦

±,i

(

1 + 1
2Σ

′⋆ + g⋆Φ±

)

+ m̄∆Φ⋆
±,i , (5.39a)

Ξ⋆
±,i = Ξ◦

±,i

(

1 + 1
2Σ

′⋆ + g⋆Ξ

)

+ m̄∆Ξ⋆
±,i , (5.39b)

where

m̄ =
12B0m̄q

m⋆
b
2 . (5.40)

g⋆Φ±, g
⋆
Ξ and Σ′⋆ are functions of the mean quark mass that can be taken from appendix A.

The divergencies occurring at linear order in the mean quark mass can be canceled via the

following introduction of counterterms

∆Φ⋆
±,i −→

m⋆
b
2c⋆Φ±

24F 2
⋆

Φ◦
±,iL+∆Φ⋆,ren.

±,i (µ) , ∆Ξ⋆
±,i −→

m⋆
b
2c⋆Ξ

24F 2
⋆

Ξ◦
±,iL+∆Ξ⋆,ren.

±,i (µ) , (5.41)

where L contains the divergence (see appendix A) and the coefficients are

c⋆Φ± =
4

3

(

6(5D2 + 9F 2) + 13± 6
)

, c⋆Ξ =
4

3

(

6(5D2 + 9F 2) + 9
)

. (5.42)

This leads to the following scale dependence in the renormalized amplitudes:

µ
∂

∂µ
∆Φ⋆,ren.

±,i (µ) =
−1

(4π)2
m⋆

b
2c⋆Φ±

24F 2
⋆

Φ◦
±,i , µ

∂

∂µ
∆Ξ⋆,ren.

±,i (µ) =
−1

(4π)2
m⋆

b
2c⋆Ξ

24F 2
⋆

Ξ◦
±,i . (5.43)

The divergencies occurring together with higher orders of the quark masses have to be

canceled by hand as discussed in section 5.2. If one takes eq. (5.39) and plugs it into

eq. (5.18) one finds (up to terms of higher order)

ΦB
±,i =̇

√

ZB

(

1 + g⋆Φ± +∆gBΦ±

)(

Φ◦
±,i + m̄ ∆Φ⋆

±,i + δm ∆ΦB
±,i

)

, (5.44a)

ΞB
±,i =̇

√

ZB

(

1 + g⋆Ξ +∆gBΞ

)(

Ξ◦
±,i + m̄ ∆Ξ⋆

±,i + δm ∆ΞB
±,i

)

, (5.44b)

ΠB
i =̇

√

ZB

(

1 + g⋆Φ±B
+∆gBΠ

)(

Φ◦
±B ,i + m̄ ∆Φ⋆

±B ,i + δm ∆ΠB
i

)

, (5.44c)

ΥB
i =̇

√

ZB

(

1 + g⋆Ξ +∆gBΞ

)(

Ξ◦
±B ,i + m̄ ∆Ξ⋆

±B ,i + δm ∆ΥB
i

)

, (5.44d)
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where

√

ZB =̇ 1 +
1

2
Σ′⋆ +

1

2
∆Σ′

B . (5.45)

Starting from this point everything can be worked out analogously to the case of fixed

mean quark mass.

6 Summary

In this work we have presented the first analysis of baryon octet light-cone DAs in the

framework of three-flavor BChPT. At next-to-leading order accuracy in the chiral counting

scheme, we obtain the leading quark mass dependence and (automatically) the leading

SU(3)f breaking effects. Describing the baryon octet simultaneously we are able to unify

and systemize the efforts made in refs. [5–8, 33].

An important insight to be gained from our results is of qualitative nature: in the

chiral odd sector the chiral behaviour (i.e. the contained chiral logarithms) of a specific

moment does not depend on its twist, but on whether it contributes to the ΦB
+,i or ΦB

−,i

amplitudes (see eq. (5.7)). Those contributing to the “+” (“−”) amplitudes have the same

chiral logarithms as fB (λB
1 ). Therefore the odd moments of the leading twist DA behave

like λB
1 instead of (as one might have expected) fB. This result is consistent with an earlier

two-flavor calculation, where it was found that the odd first and second moments of the

leading twist DA have the same chiral logarithms as λN
1 (see appendix of ref. [13]).

In section 5 we provide a set of DAs that parametrize the complete baryon octet

(including the Λ baryon) in a minimal way and do not mix under chiral extrapolation.

Eqs. (5.18) and (5.44) are our main results. They describe the quark mass dependence of

the baryon octet DAs (including all higher twist amplitudes) in a very compact manner.

Eq. (5.20) contains explicit extrapolation formulas for the wave function normalization

constants, while the dependence on the quark mass splitting of the shape parameters,

which describe contributions of higher conformal spin, is shown in eqs. (5.31) and (5.36).

The results will be of particular importance for the interpretation and extrapolation of

forthcoming lattice QCD data, due to the significant decrease in number of parameters

(compare section 5.3). For the same reason our results are relevant for QCD sum rule

analyses and for model building.
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A Loop contributions

The functions g⋆DA and ∆gBDA are given by

6F 2
⋆ g

⋆
Φ+ = −19H1(m

⋆
m) + 2(5D + 6F )H2(m

⋆
m) ,

6F 2
⋆ g

⋆
Φ− = −7H1(m

⋆
m)− 10DH2(m

⋆
m) ,

6F 2
⋆ g

⋆
Ξ = −9H1(m

⋆
m)− 18F H2(m

⋆
m) ,

24F 2
⋆∆gNΦ+ = −57∆H1(mπ)− 18∆H1(mK)−∆H1(mη) + 30(D + F )∆H2(mπ)

+ 12(D + F )∆H2(mK) + (−2D + 6F )∆H2(mη) ,

24F 2
⋆∆gΣΦ+ = −12∆H1(mπ)− 60∆H1(mK)− 4∆H1(mη) + 24D∆H2(mπ)

+ 24(D + 2F )∆H2(mK)− 8D∆H2(mη) ,

24F 2
⋆∆gΞΦ+ = −9∆H1(mπ)− 66∆H1(mK)−∆H1(mη) + 18(−D + F )∆H2(mπ)

+ (60D + 36F )∆H2(mK)− 2(D + 3F )∆H2(mη) ,

24F 2
⋆∆gΛΦ+ = −36∆H1(mπ)− 36∆H1(mK)− 4∆H1(mη) + 24D∆H2(mπ)

+ 8(D + 6F )∆H2(mK) + 8D∆H2(mη) ,

24F 2
⋆∆gNΦ− = −9∆H1(mπ)− 18∆H1(mK)−∆H1(mη)− 18(D + F )∆H2(mπ)

+ (−20D + 12F )∆H2(mK) + (−2D + 6F )∆H2(mη) ,

24F 2
⋆∆gΣΦ− = −12∆H1(mπ)− 12∆H1(mK)− 4∆H1(mη)− 8D∆H2(mπ)

− 24D∆H2(mK)− 8D∆H2(mη) ,

24F 2
⋆∆gΞΦ− = −9∆H1(mπ)− 18∆H1(mK)−∆H1(mη) + 18(−D + F )∆H2(mπ)

− 4(5D + 3F )∆H2(mK)− 2(D + 3F )∆H2(mη) ,

24F 2
⋆∆gΛΦ− = −36∆H1(mπ) + 12∆H1(mK)− 4∆H1(mη)− 72D∆H2(mπ)

+ 24D∆H2(mK) + 8D∆H2(mη) ,

∆gNΠ = ∆gNΦ+ ,

24F 2
⋆∆gΣΠ = −24∆H1(mπ)− 36∆H1(mK)− 16∆H1(mη) + 48F ∆H2(mπ)

+ 24D∆H2(mK) + 16D∆H2(mη) ,

24F 2
⋆∆gΞΠ = −9∆H1(mπ)− 42∆H1(mK)− 25∆H1(mη) + 18(D − F )∆H2(mπ)

+ 12(D + 3F )∆H2(mK) + 10(D + 3F )∆H2(mη) ,

24F 2
⋆∆gΛΠ = −12∆H1(mK)− 16∆H1(mη)− 24D∆H2(mK)− 16D∆H2(mη) ,

24F 2
⋆∆gNΞ = −9∆H1(mπ)− 18∆H1(mK)− 9∆H1(mη)− 18(D + F )∆H2(mπ)

+ 12(D − 3F )∆H2(mK) + 6(D − 3F )∆H2(mη) ,

24F 2
⋆∆gΣΞ = −24∆H1(mπ)− 12∆H1(mK)− 48F ∆H2(mπ)− 24F ∆H2(mK) ,

24F 2
⋆∆gΞΞ = −9∆H1(mπ)− 18∆H1(mK)− 9∆H1(mη) + 18(D − F )∆H2(mπ)

− 12(D + 3F )∆H2(mK)− 6(D + 3F )∆H2(mη) ,

24F 2
⋆∆gΛΞ = −36∆H1(mK)− 72F ∆H2(mK) . (A.1)
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The Z-factor contributions are given by

Σ′⋆ =
4

3
(5D2 + 9F 2)H3(m

⋆
m) ,

∆Σ′
B = 3gB,π ∆H3(mπ) + 4gB,K ∆H3(mK) + gB,η ∆H3(mη) , (A.2)

where the coefficients gB,M are defined in eq. (4.7). The auxiliary functions ∆Hk are

defined as

∆Hk(m) = Hk(m)−Hk(m
⋆
m) , (A.3)

with

H1(m) = 2m2

[

L+
1

32π2
log

(

m2

µ2

)]

, (A.4a)

H2(m) =
m4

m⋆
b
2

[

L+
1

32π2
log

(

m2

µ2

)]

− m4

32π2m⋆
b
2 +

m3

8π2m⋆
b

√

1− m2

4m⋆
b
2 arccos

(

− m

2m⋆
b

)

,

(A.4b)

H3(m) = −3m2

2F 2
⋆

(

1− 2m2

3m⋆
b
2

)[

L+
1

32π2
log

(

m2

µ2

)]

− m2

32F 2
⋆ π

2

+
3m3

32F 2
⋆m

⋆
bπ

2

(

1− m2

3m⋆
b
2

)

√

1− m2

4m⋆
b
2

arccos

(

− m2

2m⋆
b
2

)

.

(A.4c)

L contains the divergence and the finite constants typical for the modified minimal sub-

traction scheme in 4− ǫ dimensions:

L ≡ −1

(4π)2

(

1

ǫ
+

1

2
(1 + log (4π)− γE)

)

. (A.5)

Note that we have shown that the divergencies of leading one-loop order can be canceled.

For practical purposes one can therefore set L to zero everywhere if one simultaneously

replaces the corresponding DAs by the renormalized ones (compare section 5). Within our

level of accuracy it is legitimate to replace m⋆
b and F⋆ by their values at the symmetric

point, where m̄q = m̄phys
q .

B Handbook of distribution amplitudes

In this section we express the the 24 standard DAs occurring in the general decomposition

derived in ref. [6] (SB
i , PB

i , V B
i , AB

i , T
B
i ) in terms of the DAs defined in section 5. The

equations given below follow directly from the definition of the DAs in eqs. (5.7) and (5.9)

together with the symmetry properties of the standard DAs under exchange of the first and
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the second variable given in eq. (4.21). For the twist 3 and twist 6 amplitudes one finds

V B
1/6=

1

2

(ΦB
+,3/6(x1,x2,x3)

c+B
+

ΦB
−,3/6(x1,x2,x3)

c−B

)

+
(−1)B

2

(ΦB
+,3/6(x2,x1,x3)

c+B
+

ΦB
−,3/6(x2,x1,x3)

c−B

)

,

AB
1/6=−1

2

(ΦB
+,3/6(x1,x2,x3)

c+B
+
ΦB
−,3/6(x1,x2,x3)

c−B

)

+
(−1)B

2

(ΦB
+,3/6(x2,x1,x3)

c+B
+
ΦB
−,3/6(x2,x1,x3)

c−B

)

,

TB
1/6=(−1)B

ΠB
3/6(x1,x3,x2)

c−B
, (B.1)

where the DAs on the l.h.s. are functions of (x1, x2, x3). The twist 4 and twist 5 ampli-

tudes read

SB
1/2=

(−1)B
24

(ΞB
+,4/5(x1,x2,x3)

c+B
+
ΞB
−,4/5(x1,x2,x3)

c−B

)

− 1

24

(ΞB
+,4/5(x2,x1,x3)

c+B
+
ΞB
−,4/5(x2,x1,x3)

c−B

)

+
1

4

(ΠB
4/5(x2,x3,x1)

c−B
− (−1)B

ΠB
4/5(x1,x3,x2)

c−B

)

,

PB
1/2=

(−1)B
24

(ΞB
+,4/5(x1,x2,x3)

c+B
+
ΞB
−,4/5(x1,x2,x3)

c−B

)

− 1

24

(ΞB
+,4/5(x2,x1,x3)

c+B
+
ΞB
−,4/5(x2,x1,x3)

c−B

)

− 1

4

(ΠB
4/5(x2,x3,x1)

c−B
− (−1)B

ΠB
4/5(x1,x3,x2)

c−B

)

,

V B
2/5=

1

4

(ΦB
+,4/5(x1,x2,x3)

c+B
+
ΦB
−,4/5(x1,x2,x3)

c−B

)

+
(−1)B

4

(ΦB
+,4/5(x2,x1,x3)

c+B
+
ΦB
−,4/5(x2,x1,x3)

c−B

)

,

AB
2/5=−1

4

(ΦB
+,4/5(x1,x2,x3)

c+B
+
ΦB
−,4/5(x1,x2,x3)

c−B

)

+
(−1)B

4

(ΦB
+,4/5(x2,x1,x3)

c+B
+
ΦB
−,4/5(x2,x1,x3)

c−B

)

,

V B
3/4=

(−1)B
4

(ΦB
+,4/5(x3,x1,x2)

c+B
−
ΦB
−,4/5(x3,x1,x2)

c−B

)

+
1

4

(ΦB
+,4/5(x3,x2,x1)

c+B
−
ΦB
−,4/5(x3,x2,x1)

c−B

)

,

AB
3/4=−(−1)B

4

(ΦB
+,4/5(x3,x1,x2)

c+B
−
ΦB
−,4/5(x3,x1,x2)

c−B

)

+
1

4

(ΦB
+,4/5(x3,x2,x1)

c+B
−
ΦB
−,4/5(x3,x2,x1)

c−B

)

,

TB
2/5=

ΥB
4/5(x3,x2,x1)

6c−B
,

TB
3/4=

(−1)B
24

(ΞB
+,4/5(x1,x2,x3)

c+B
+
ΞB
−,4/5(x1,x2,x3)

c−B

)

+
1

24

(ΞB
+,4/5(x2,x1,x3)

c+B
+
ΞB
−,4/5(x2,x1,x3)

c−B

)

+
1

4

(ΠB
4/5(x2,x3,x1)

c−B
+ (−1)B

ΠB
4/5(x1,x3,x2)

c−B

)

,

TB
7/8=−(−1)B

24

(ΞB
+,4/5(x1,x2,x3)

c+B
+
ΞB
−,4/5(x1,x2,x3)

c−B

)

− 1

24

(ΞB
+,4/5(x2,x1,x3)

c+B
+
ΞB
−,4/5(x2,x1,x3)

c−B

)

+
1

4

(ΠB
4/5(x2,x3,x1)

c−B
+ (−1)B

ΠB
4/5(x1,x3,x2)

c−B

)

. (B.2)
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C Matching to other definitions in the literature

Since we use the same definitions as ref. [6] it is no surprise that

fN = fN ([6]) , λN
1 = λ1([6]) , λN

2 = λ2([6]) . (C.1)

We can also match some of our constants to the leading twist normalization constants given

in ref. [5]. Note that for the Σ and Ξ a relative minus sign originates from the fact that

ref. [5] uses Σ+ and Ξ− for the definition, while our choice is Σ− and Ξ0 in order to have

the same sign as for the proton.

fN = fN ([5]) , (C.2a)

fΣ = −fΣ([5]) , fΣ
T = −fT

Σ ([5]) , (C.2b)

fΞ = −fΞ([5]) , fΞ
T = −fT

Ξ ([5]) , (C.2c)

fΛ =

√

2

3
fΛ([5]) ,

∫

[dx]x1Φ
Λ
−,3(x1, x2, x3) =

√
6fT

Λ ([5]) . (C.2d)

Due to some misprints, obvious errors and inconsistencies within refs. [7, 8, 33] we are not

able to give reliable matching formulas for their definitions.

D Some construction details

In the first part of this section we will describe why we can trade covariant derivatives acting

on the baryon field for normal derivatives acting on the complete current. This choice is

very convenient since the external derivatives (in contrast to the covariant derivatives acting

on the baryon field) do not lead to additional loop momenta in the integrals. To show that

this formulation only differs in higher order contributions we use the identities

εabc = uaa′ubb′ucc′ε
a′b′c′ , (D.1a)

εabc = (u†)aa′(u
†)bb′(u

†)cc′ε
a′b′c′ , (D.1b)

0 =
(

(∂µu)aa′ubb′ucc′ + uaa′(∂µu)bb′ucc′ + uaa′ubb′(∂µu)cc′
)

εa
′b′c′ , (D.1c)

0 =
(

(∂µu
†)aa′(u

†)bb′(u
†)cc′ + (u†)aa′(∂µu

†)bb′(u
†)cc′ + (u†)aa′(u

†)bb′(∂µu
†)cc′

)

εa
′b′c′ ,

(D.1d)

which follow from det(u) = 1. From these one obtains

(DµB)aa′ε
a′bc =

(

(∂µB)aa′δbb′δcc′ + (ΓµB)aa′δbb′δcc′ − (BΓµ)aa′δbb′δcc′
)

εa
′b′c′

=
(

(∂µB)aa′δbb′δcc′ + (ΓµB)aa′δbb′δcc′ + (B)aa′(Γµ)bb′δcc′

+ (B)aa′δbb′(Γµ)cc′
)

εa
′b′c′ .

(D.2)

Additionally we need

∂µuX = uX(uX̄∂µuX) = uX

(

Γµ − (−1)X
i

2
uµ

)

=̇ uXΓµ , (D.3a)

∂µXM = DµXM − [Γµ, XM ] =̇ −[Γµ, XM ] , for XM ∈ {uν , χ±} . (D.3b)
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Putting everything together we find for a general structure with arbitrary mesonic building

blocks X1, X2, X3 ∈ {uν , χ±}

(uXX1DµB)aa′(uY X2)bb′(uZX3)cc′ε
a′b′c′

=
(

(uXX1∂µB)aa′(uY X2)bb′(uZX3)cc′ + (uXX1ΓµB)aa′(uY X2)bb′(uZX3)cc′

+ (uXX1B)aa′(uY X2Γµ)bb′(uZX3)cc′ + (uXX1B)aa′(uY X2)bb′(uZX3Γµ)cc′
)

εa
′b′c′

=̇ ∂µ
(

(uXX1B)aa′(uY X2)bb′(uZX3)cc′
)

εa
′b′c′ . (D.4)

In the last step we have used

uXX1Γµ =̇ uX∂µX1 + uXΓµX1 =̇ uX∂µX1 + (∂µuX)X1 = ∂µ(uXX1) , (D.5)

and the same for uY X2 and uZX3.

In the following we will argue that structures involving baryon and meson fields at

different positions can be dropped. We can choose the structure containing the baryon to

be situated at x, while we call the second position y such that we can write schematically

B(x, y) = f(x)g(y), where g only contains mesonic building blocks. Every derivative acting

on g therefore has to be counted as first order in the chiral power counting. It follows

trivially that

f(x)g(y) = f(x)
(

g(x) + (x− y) · ∂g(x) + . . .
)

=̇ f(x)g(x) . (D.6)

E Matching relations

In this section we provide the result of the matching described in section 4.3, which is needed

in intermediate steps of our calculation (in practical applications one can always use the

readily evaluated expressions shown in appendix B). For the twist projected amplitudes

introduced in ref. [6] one finds

SB
1 = 2h2,abcB,even(x1,x2,x3) + 2h2,abcB,odd(x1,x2,x3) ,

SB
2 = −4h1,abcB,even(x1,x2,x3) + 2h2,abcB,even(x1,x2,x3) − 4h1,abcB,odd(x1,x2,x3) + 2h2,abcB,odd(x1,x2,x3) ,

PB
1 = 2h2,abcB,even(x1,x2,x3) − 2h2,abcB,odd(x1,x2,x3) ,

PB
2 = −4h1,abcB,even(x1,x2,x3) + 2h2,abcB,even(x1,x2,x3) + 4h1,abcB,odd(x1,x2,x3) − 2h2,abcB,odd(x1,x2,x3) ,

V B
1 = −4h8,bcaB,odd(x2,x3,x1) − 4h8,cabB,odd(x3,x1,x2) ,

V B
2 = 2h2,bcaB,odd(x2,x3,x1) + 2h7,bcaB,odd(x2,x3,x1) − 2h8,bcaB,odd(x2,x3,x1)

− 2h2,cabB,odd(x3,x1,x2) + 2h7,cabB,odd(x3,x1,x2) − 2h8,cabB,odd(x3,x1,x2) ,

V B
3 = −2h2,bcaB,odd(x2,x3,x1) + 2h7,bcaB,odd(x2,x3,x1) − 2h8,bcaB,odd(x2,x3,x1)

+ 2h2,cabB,odd(x3,x1,x2) + 2h7,cabB,odd(x3,x1,x2) − 2h8,cabB,odd(x3,x1,x2) ,

V B
4 = 4h1,bcaB,odd(x2,x3,x1) − 2h2,bcaB,odd(x2,x3,x1) + 4h4,bcaB,odd(x2,x3,x1) + 2h7,bcaB,odd(x2,x3,x1)

− 2h8,bcaB,odd(x2,x3,x1) − 4h1,cabB,odd(x3,x1,x2) + 2h2,cabB,odd(x3,x1,x2) + 4h4,cabB,odd(x3,x1,x2)

+ 2h7,cabB,odd(x3,x1,x2) − 2h8,cabB,odd(x3,x1,x2) ,
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V B
5 = −4h1,bcaB,odd(x2,x3,x1) + 2h2,bcaB,odd(x2,x3,x1) + 4h4,bcaB,odd(x2,x3,x1) + 2h7,bcaB,odd(x2,x3,x1)

− 2h8,bcaB,odd(x2,x3,x1) + 4h1,cabB,odd(x3,x1,x2) − 2h2,cabB,odd(x3,x1,x2) + 4h4,cabB,odd(x3,x1,x2)

+ 2h7,cabB,odd(x3,x1,x2) − 2h8,cabB,odd(x3,x1,x2) ,

V B
6 = 8h4,bcaB,odd(x2,x3,x1) + 8h7,bcaB,odd(x2,x3,x1) − 4h8,bcaB,odd(x2,x3,x1) − 16h9,bcaB,odd(x2,x3,x1)

+ 8h4,cabB,odd(x3,x1,x2) + 8h7,cabB,odd(x3,x1,x2) − 4h8,cabB,odd(x3,x1,x2) − 16h9,cabB,odd(x3,x1,x2) ,

AB
1 = 4h8,cabB,odd(x3,x1,x2) − 4h8,bcaB,odd(x2,x3,x1) ,

AB
2 = 2h2,bcaB,odd(x2,x3,x1) + 2h7,bcaB,odd(x2,x3,x1) − 2h8,bcaB,odd(x2,x3,x1)

+ 2h2,cabB,odd(x3,x1,x2) − 2h7,cabB,odd(x3,x1,x2) + 2h8,cabB,odd(x3,x1,x2) ,

AB
3 = 2h2,bcaB,odd(x2,x3,x1) − 2h7,bcaB,odd(x2,x3,x1) + 2h8,bcaB,odd(x2,x3,x1)

+ 2h2,cabB,odd(x3,x1,x2) + 2h7,cabB,odd(x3,x1,x2) − 2h8,cabB,odd(x3,x1,x2) ,

AB
4 = −4h1,bcaB,odd(x2,x3,x1) + 2h2,bcaB,odd(x2,x3,x1) − 4h4,bcaB,odd(x2,x3,x1) − 2h7,bcaB,odd(x2,x3,x1)

+ 2h8,bcaB,odd(x2,x3,x1) − 4h1,cabB,odd(x3,x1,x2) + 2h2,cabB,odd(x3,x1,x2) + 4h4,cabB,odd(x3,x1,x2)

+ 2h7,cabB,odd(x3,x1,x2) − 2h8,cabB,odd(x3,x1,x2) ,

AB
5 = −4h1,bcaB,odd(x2,x3,x1) + 2h2,bcaB,odd(x2,x3,x1) + 4h4,bcaB,odd(x2,x3,x1) + 2h7,bcaB,odd(x2,x3,x1)

− 2h8,bcaB,odd(x2,x3,x1) − 4h1,cabB,odd(x3,x1,x2) + 2h2,cabB,odd(x3,x1,x2) − 4h4,cabB,odd(x3,x1,x2)

− 2h7,cabB,odd(x3,x1,x2) + 2h8,cabB,odd(x3,x1,x2) ,

AB
6 = 8h4,bcaB,odd(x2,x3,x1) + 8h7,bcaB,odd(x2,x3,x1) − 4h8,bcaB,odd(x2,x3,x1) − 16h9,bcaB,odd(x2,x3,x1)

− 8h4,cabB,odd(x3,x1,x2) − 8h7,cabB,odd(x3,x1,x2) + 4h8,cabB,odd(x3,x1,x2) + 16h9,cabB,odd(x3,x1,x2) ,

TB
1 = 4h8,abcB,odd(x1,x2,x3) ,

TB
2 = −16h5,abcB,even(x1,x2,x3) ,

TB
3 = −8h5,abcB,even(x1,x2,x3) + 2h6,abcB,even(x1,x2,x3) − 2h7,abcB,odd(x1,x2,x3) + 2h8,abcB,odd(x1,x2,x3) ,

TB
4 = −4h3,abcB,even(x1,x2,x3) − 4h4,abcB,even(x1,x2,x3) − 8h5,abcB,even(x1,x2,x3) − 2h6,abcB,even(x1,x2,x3)

− 4h4,abcB,odd(x1,x2,x3) − 2h7,abcB,odd(x1,x2,x3) + 2h8,abcB,odd(x1,x2,x3) ,

TB
5 = −8h4,abcB,even(x1,x2,x3) − 16h5,abcB,even(x1,x2,x3) ,

TB
6 = −8h4,abcB,odd(x1,x2,x3) − 8h7,abcB,odd(x1,x2,x3) + 4h8,abcB,odd(x1,x2,x3) + 16h9,abcB,odd(x1,x2,x3) ,

TB
7 = 8h5,abcB,even(x1,x2,x3) − 2h6,abcB,even(x1,x2,x3) − 2h7,abcB,odd(x1,x2,x3) + 2h8,abcB,odd(x1,x2,x3) ,

TB
8 = 4h3,abcB,even(x1,x2,x3) + 4h4,abcB,even(x1,x2,x3) + 8h5,abcB,even(x1,x2,x3) + 2h6,abcB,even(x1,x2,x3)

− 4h4,abcB,odd(x1,x2,x3) − 2h7,abcB,odd(x1,x2,x3) + 2h8,abcB,odd(x1,x2,x3) , (E.1)

where the DAs on the l.h.s. are functions of (x1, x2, x3). The functions on the r.h.s. are

given in eq. (4.17). For the flavor indices a, b, c on the r.h.s. one has to insert the flavors

of the operators for which the l.h.s. is defined. A standard choice is p =̂ uud, n =̂ ddu,

Σ+ =̂ uus, Σ0 =̂ uds, Σ− =̂ dds, Ξ0 =̂ ssu, Ξ− =̂ ssd, Λ =̂ uds, where the order of the

flavors is relevant for the symmetry properties of the DAs.
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function normalization constants, Eur. Phys. J. A 47 (2011) 149 [arXiv:1106.3440]

[INSPIRE].
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