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1 Introduction

One of the remarkable aspects of gravity is the fact that classical black hole solutions have
a finite entropy. The question of how this entropy is encoded in the geometry of the black
hole solution is a longstanding problem which has motivated much recent research. In
Einstein gravity, the answer to this question is given in terms of the celebrated Bekenstein-
Hawking formula S = ﬁ which gives a simple way of reading off the entropy of a black



hole solution from its horizon area. Despite a variety of efforts, a formula of such generality
is not yet known for higher derivative gravity.

A formula applicable to specific limits is however known — an important progress in
this direction is the Wald formula [1-7] applicable to time-independent geometries which

is constructed by demanding the first law of thermodynamics.!

Wald gave a particular
prescription in the context of the Noether procedure? whereby he identified an appropriate
Noether charge at the horizon as the entropy. The Wald formula has had many successes:
microscopic computations of entropy (via say Sen’s entropy function formalism for extremal
black holes [16-18]) reduce to Wald entropy in appropriate limits. Entanglement entropy
computations in AdS/CFT exhibit Wald-like formula with corrections [19, 20] thus giving a
geometric realization of the interplay between thermal entropy and entanglement entropy.
Attempts to generalize the Wald formula to time-dependent situations however runs into
various ambiguities and the physical principle to resolve these ambiguities are still unknown.

The main obstacle to using AdS/CFT to resolve these questions is the fact that time-
dependent entropies are difficult to compute even in field theory. It thus seems essential that
we find simple time-dependent situations where we can study how entropy is geometrized in
gravity. A simple situation which might be tractable is the entropy associated with anoma-
lies in field theory. The robustness of anomalies could allow us to understand quantitatively
the associated anomaly even in time-dependent cases [21]. AdS/CFT then maps this situa-
tion to the case of gravitational solutions in the presence of Chern-Simons terms. One thus
hopes that understanding Wald-type entropy that arises from Chern-Simons terms might
lead us to a better understanding of the geometric entropy and the way to generalize it.

The original derivation by Wald assumes covariant Lagrangians and hence excludes
Chern-Simons terms. The Lee-Iyer-Wald formalism for constructing Noether charge was
later extended to theories with Chern-Simons terms by Tachikawa [22] (this proposal was
then worked out in detail by Bonora-Cvitan-Prester-Pallua-Smolic [23]) which we will re-
view when we compare with our results. This Tachikawa’s extension, however, is not man-
ifestly covariant and it runs aground with issues of covariance [23] in dimensions greater
than three.3

In this work, we will trace these issues to the use of a non-covariant pre-symplectic
structure on the space of solutions. Our main motivation in this work is to demonstrate
that, with higher dimensional Chern-Simons terms, one can instead choose a manifestly
covariant pre-symplectic structure and implement the Noether procedure in a manifestly
covariant way.* Using our pre-symplectic current we will then re-derive the final entropy

"Whether Wald entropy obeys the second law of thermodynamics is however still an open question.

2By this we mean the collection of various formalisms which rely on some version of Noether charge
— apart from the treatment by Lee-Iyer-Wald [4, 8], there are related methods commonly attributed to
Abbott-Deser-Tekin [9-12] and Barnich-Brandt-Compére [13-15].

3Most of the applications of Tachikawa’s prescription has been for the pure gravitational Chern-Simons
term in AdSs where the covariance of the final results can be easily demonstrated. In fact, the three
dimensional gravitational Chern-Simons term has been widely studied [24-30] in the context of topologically
massive gravity. See [23, 31-35] also for discussions on higher dimensional Chern-Simons terms.

4We remind the reader that the issue of covariance of charges in the presence of Chern-Simons terms is
often a subtle issue [36]. What we are interested in roughly corresponds to what Marolf calls the ‘Maxwell
charge’. From the dual CF'T point of view, we want a Noether procedure that would compute for us the
covariant currents.



formula proposed in [22] without having to choose special gauges/coordinates systems (as
is necessary in the method described in [22, 23]).

In fact, this is a general lesson which underscores why Chern-Simons terms serve as
stringent tests for any generalized entropy proposal: most constructions and ideas about
how the Wald formula should be generalized often do not work for Chern-Simons terms
because of covariance issues. Our hope is that our analysis in this paper would help us tease
out the essential features of the Noether procedure that survive this ‘Chern-Simons’ test
so that we can be guided as to how we should go about generalizing it in time-dependent
situations.

We will divide the rest of this introduction into four different subsections. In the subsec-
tion that follows we begin by introducing Einstein-Maxwell-Chern-Simons system a la [37].
The aim is to introduce notation as well to present the reader with a specific context where
our results can be used. In the subsequent subsection we quickly introduce the essential
ideas of the Noether formalism that the reader would need to understand the third subsec-
tion summarizing of our results. In the final subsection, we provide the outline of this paper.

System under study. A main motivation for this paper is our recent work in [37] where
using fluid/gravity correspondence, we constructed a class of AdS black hole solutions
for Einstein-Maxwell-Chern-Simons equations in AdSy, 1. That construction was in turn
motivated by recent advances in the field theory side on how Lorentz anomalies enter into
hydrodynamics [38-47]. Since we will develop our covariant prescription in the context of
this system, we begin by reviewing it.

We consider the simplest class of gravitational systems in AdS;41 with Chern-Simons
terms with an action

1 1
/dde V-G [1677(? (R—2A,) - 4g2FabFab] + /ICS{A,F,F,R} ) (1.1)
N EM

where the Chern-Simons part of the Lagrangian is denoted as Icg which is a d + 1 form.
Since Chern-Simons terms are odd forms, this necessarily implies that d = 2n with n an
integer. This action then leads to the equations of motion:

1
Rab - 5 (R - 2Acc) Gab = 8ﬂ—GN [(T]\/[)ab + (TH)ab} ?

DbFab = 9123M (JH)a )

(1.2)

where G, is an asymptotically AdS,; metric with d = 2n, Fy;, is the Maxwell field strength
defined from the vector potential A, via Fy, = 0,4y — OpAe. All our expressions in this
work equally well apply to the Yang-Mills system where Fj, = 0,4, — OpAq + [Aa, Ap) -
With this in mind, we use Dy to denote the gauge covariant derivative. Here, G, and g,,,
are the Newton and Maxwell couplings respectively. The cosmological constant is taken to
be negative and is given by A, = —d(d — 1)/2 where the AdS radius is set to one.
The Maxwell energy-momentum tensor (T,,)% in the above equation takes the form
ab 1 ac b 1 ab cd
(T,,)¥" =—— |F“F C_ZG FqF |, (1.3)

2
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whereas (Tr)q and (Jgr), are the energy-momentum tensor and the Maxwell charge cur-
rent obtained by varying the Chern-Simons part of the action. We will call these currents
as Hall currents. The bulk Hall currents are more conveniently written in terms of the
formal (d 4+ 2)-form Popr = dIcg, the anomaly polynomial of the dual CFT. We note
that the anomaly polynomial depends only on the Maxwell field strength two-form F' and
the curvature two-form R%,, both of which are covariant. On the other hand, the Chern-
Simons form Icg depends on F and R%, as well as non-covariant quantities, i.e. the gauge
field one-form A or the connection one-form I'*;, . We define the spin Hall current (X H)Cba
and the charge Hall current (Jz)¢ corresponding to Icg as

T o (3;»55 T) ,
b
1.4
I =Un) *de. = — 9Pcrr : .
¢ oF

By varying the Chern-Simons Lagrangian Icg with respect to the metric G, we can
obtain the energy-momentum tensor associated with the Hall current (sometimes called
the generalized Cotton tensor [48]) which is written as (Ty)® = V(X))

In [37], we found charged rotating black hole solutions of this system of equations in
a fluid/gravity expansion. In this paper, we will construct a Noether charge prescription
which will allow us to assign energy, charge and entropy for these solutions. While this
paper deals with the formal aspects of this construction including the crucial issue of
covariance, in an accompanying paper [49] we utilize this construction to compute the
charges and entropy of our solutions and match them against CF'T predictions.

Noether formalism. Let us begin by reviewing how the Noether formalism allows us
to compute energy, entropy etc. Since we will be discussing this formalism extensively in
the main text (with an eye towards Chern-Simons terms), we will be necessarily brief just
outlining the main ideas needed for the rest of this introduction. Further, we will phrase
the formalism in a language well-adopted to AdS/CFT and fluid/gravity correspondence.

Associated with every diffeomorphism or gauge transformation parametrized by
{¢€2, A}, there is a co-dimension two form §Q,,.,,... which is linear in variations of AdS
fields: we will call it the differential Noether charge. The symbol § denotes that it is linear
in variations of the fields and that it is not necessarily an integrable variation, viz., in
general, §Q....... # 6Q for any Q.

Further, the Noether formalism implies that the exterior derivative of the differen-
tial Noether charge dfQ,..,... associated with a {£% A} is proportional on-shell to Lie
derivatives of the fields along that {£*, A}. The tensor of proportionality is given by a
co-dimension one form called the pre-symplectic current 52stympl. The pre-symplectic
current is proportional to the product of two field variations as its notation indicates
and it is antisymmetric under the exchange of the field variations. We can then write
ngQNoether = —Mxﬂpsympl where the subscript x indicates that the second variation has
been converted into a Lie-derivative along {{%, A}.

The differential Noether charge §Q,..,., When restricted to a hypersurface in AdS
becomes a co-dimension one form. We first consider §Q...,, .. associated with a diffeomor-



phism/gauge transformation {£% A} which acts on the dual CFT as a symmetry trans-
formation {&pr, ASFTY, ie., {£€%, A} fall off slowly enough near the boundary of AdS that
they act non-trivially on the boundary. We have

{€a7 A}’OO = {ggFT) ACFT} .

Here |, denotes that the evaluation is carried out at the boundary. The §Q,,.,,.. of such
a {£% A} is then restricted to a radial slice near the boundary of AdS and evaluated on-
shell, i.e., we evaluate it on a solution to the gravity equations with the field variations
satisfying linearized equations. This on-shell differential Noether charge then encodes the
information about the energy-momentum and charge differences in the neighborhood of
the state under consideration. More precisely, we have

6QNocthcr ’OO = [nVO'ggFTdngT + (ACFT + S(O;FTASAFT) 5']gFT] *CFTd';UN + d( . ) I (15)

where {Ttur, Jher } are the (expectation values of ) energy-momentum tensor and the charge
current of the dual CFT, {n,,, AS""} are the corresponding metric/gauge field sources in
the CFT and *°" represents the CFT Hodge-dual operator acting on forms.® Here 6T/ py
for example, is to be understood as the difference in (the expectation value of) energy-
momentum tensor in the neighborhood of the dual CFT state. The term d(...) at the end
of eq. (1.5) indicates that eq. (1.5) is supposed to be valid up to an addition of an exact form.

The essential insight due to Wald is that, at least as far as time-independent solutions
go, the same differential Noether charge for an appropriate {{%, A} evaluated at the horizon
gives the entropy of the solution. To give a more precise statement, we begin with the
time-like Killing symmetry/gauge transformation {3, A ;} which leaves invariant the time-
independent state under question. We will assume further that the black hole horizon is
a Killing horizon for {3%, A;} with 3% having a surface gravity normalized to 27. This
implies that 8% = 0 at the bifurcation surface and

{GuB'B* =0, B'Vi\B*=21B", A,+B"4, =0}  at the horizon, (1.6)

where {Ggp, Aq} represent the bulk metric/gauge field. Roughly, one can think of 3¢ as
the ‘inverse temperature’ vector — more precisely its norm gives the length of the thermal
circle in the corresponding Euclidean solution. Thus, it is null at the horizon where the
Euclidean solution caps off and near the AdS boundary it is a time-like vector whose norm
gives the inverse temperature of the dual CFT.

For a time-independent solution in fluid /gravity correspondence, {3, A4} can be com-
puted in a boundary derivative expansion. In the usual ingoing Eddington-Finkelstein
coordinates used in fluid/gravity correspondence, we get the expansion:

a b 1 CFT @ CFT ut
{ﬁ 7A,5 +16Ab}|ooz{:@CFT7Al3 +BCFTAO¢ }: ?7? +.o.
where {u#,T,u} are the velocity, temperature and chemical potential fields of the CFT
fluid. Wald argued that the on-shell Q... corresponding to such a {3 A} gives the

5For details regarding our conventions for differential forms, the reader can consult appendix B.1.



entropy of the solution when restricted to the horizon,viz.,

5QNocthcr ’hor = 6J§7CFT *CFde)u' + d( ° ) ? (17)

where Jg’CFT is the entropy current of the dual CFT. Here the symbol |, represents an
evaluation of §Q,_ ... corresponding to {B% A} at the horizon on-shell, followed by a
pullback of the answer to the boundary along ingoing null geodesics (in accordance with
the usual fluid/gravity prescription for the CFT entropy current [50]). This expression
then provides us with a way of computing the entropy current for higher derivative
fluid /gravity correspondence.

The advantage of assigning entropy via differential Noether charge is that the first
law of thermodynamics follows immediately as a consequence of the Noether formalism.
Since for time-independent solutions the differential Noether charge is closed on-shell, viz.,
dngQNoether = 0, eq. (1.7) can equally well be evaluated near the boundary of AdS. Using
eq. (1.5) we can then write

ZQNoether |hor = ZQNoether |OO

) . (1.8)
_ [ny(,ggFT(sTgFT + (AST 4 B ASTT) 0Jer | ¥ day +d(.. )

Comparing equations eq. (1.8) against eq. (1.7), we immediately get the CFT first law of
thermodynamics:

6J§,CFT + nVO'IBgFT(STg}I:T + (AZFT + IBgFTAgFT) 5JgFT =0. (1'9)

When the gravity Lagrangian L is manifestly covariant, i.e. if it does not contain
Chern-Simons terms, and if eq. (1.7) is integrated over the bifurcation surface, we can
remove the variations to write (by denoting L = Ly for later purpose) [2, 4]

6L
SWald = /B.f 2mep” 5R:Z:d e / Teepr " dy, (1.10)
1

where the left integral is over the bifurcation surface whereas the right integral is over

a time slice in the CFT.% Here £ is the binormal at the bifurcation surface defined via
Vo |pit = 2me,” and 51%“"
Riemann tensor as an 1ndependent field . In time-independent solutions, the integral over

refers to a functional differentiation of the Lagrangian treating

the bifurcation surface can be replaced by a suitable integral over an arbitrary time slice
of the horizon [3].

Although this is the most common form of Wald entropy used in the literature, it is
inapplicable precisely in the systems we are interested in, where L contains Chern-Simons
terms. For these systems, Tachikawa [22] has proposed that eq. (1.10) be modified to

o0

0Lcov _cq ok—2 OPoFT
SWald-TachikaWa = /B1 27T€b (SRab dgc +/B Z87Tk FN(dFN) W

=1 (1.11)
= /S ‘]S CFT *CFde/M

SFor a differential form V', the definition of V is given in eq. (B.11).




where Loy is the covariant part of the gravity Lagrangian and Pcrr = dIcg encodes the
information about the Chern-Simons part. Further, we have written the answer in terms
of the normal bundle connection I'y and its curvature Ry = dI'y on the bifurcation

surface with

1
, Ry = {eabR“b] =dly. (1.12)

1
FN = [5abI‘“b] 5
Bif

2 Bif

Heuristically, we can motivate the correction in eq. (1.11) from the Chern-Simons terms
by thinking of it as descending from a Wald-like formula in one-dimension higher.” In [22],
Tachikawa outlined an algorithm for modifying Iyer-Wald’s derivation [2, 4] in order to
directly derive eq. (1.11) along with an explicit derivation in AdSs case. This algorithm
was later implemented in higher dimensions by Bonora et al. [23] who however found that
it resulted in extra non-covariant contributions to eq. (1.11) which vanish only in special
coordinate systems.® This work is motivated by this unsatisfactory state of affairs and to

provide a manifestly covariant Noether formalism to derive eq. (1.11).

Summary of results. In this part, we will summarize our strategy to derive eq. (1.11).
We will begin in section 2 by assigning a covariant pre-symplectic structure over the solu-
tions of Einstein-Maxwell-Chern-Simons equations in eq. (1.2). As we have emphasized be-
fore, this is the crucial step in our formalism that makes it different from the algorithm pro-
posed by Tachikawa [22] which instead works with a non-covariant pre-symplectic structure.

In order to write down the pre-symplectic current for Chern-Simons terms, we intro-
duce generalized Hall conductivity tensors {6§F , &I};R, &I}}F , 6§R} which describe how the
Hall currents (defined in eq. (1.4)) vary with field-strengths/curvatures. Let us consider a
general variation of the field strengths/curvatures - in any dimensions, we can write the

corresponding variation in the Hall currents as

1 — 1 efa 1 efa
ﬁ (S ( —G J(]I;[) = 5 (5'§F) f . (SFef + 5 (5§R)Z f 6Rghef,
1.14
L 5(\/71 (Si)% ) = Lgrmyere g, 4 L (gRm)heI spe e
2 m - H c - 2 O-H )C ef + 2 (O-H cg hef -

It follows from the definition of Hall currents in eq. (1.4) that these Hall conductivities
dices (i.e., efa indices in the equations above): hence, they can be thought of as tensor-

,&IIER} are completely antisymmetric in their last three contravariant in-

valued three-forms. Their Hodge-duals are (2n — 2)-forms in AdSg,+1 and they have a
simple expression in terms of Popr, the anomaly polynomial of the dual CFT:

(o

FF 82PCFT RR\b9 __ 82'PCFT FR\Y
" (%) (o)

*Pcorr
_ g
= OFOF H Jch — 8RcbaRhg ) H (O'RF)h (1‘15)

v = oFoRh,

"This follows from an identity which holds on the higher-dimensional bifurcation surface:

o« OPcrr

2
TEY aRab

—d { > 8k Dy (dl )™ 2 apc”] (1.13)
Bif

0 trR?*
k=1

Bif

8We note that although the integrand in eq. (1.11) is not covariant, its integral over the bifurcation
surface is covariant modulo global issues.



In terms of these Hall conductivities, we choose a manifestly covariant pre-symplectic
current corresponding to Chern-Simons terms:

2= a
(6 QPSympl)H
_1t g V=G (2)®) 5:C 11, V=G (2)®)] 5:Gs
2v=G 2v=G (1.16)
efa bhefa
+ 01 Ac - (8T 5 Ap + 6T (G177 5,0,

+ 814 (G5 509,y — 54, - (55T

H /g

Iy

We will then construct in section 3 a covariant Noether charge consistent with this
pre-symplectic current which takes the form

(’gaNil;hcr)H - [Vhfg( RR)ZcClabf + (A +E&°A,) - ( FR)Zabf } 5chf

+ [Vags @)+ (A g an) - (5T ] 04y
+ % [(ZH) (cd) aé»b - (EH)(cd)b ga] em

;\/i {FGCUZ ( “Cb+2‘;§‘c+2§§b)],

(1.17)

_l’_

or in terms of differential forms

O*Porr
OR*0R¢,
I*Pcrr
ORY,0F

+ (A +icA)-

o*P
(6QNoether)H = 61—‘6(1 /\ |:Vb€a ﬂ :|

OFO0R¢,
O*Pcerr }

+6A- [vbga TEOF

+ (A +icA) -
(1.18)

- %mcd (Sg) D i dx,

1 1
— ¢ [Qch (25 + S5+ 2) o (dwa dm] .

In particular, we will show in section 4 that this differential Noether charge on a bifurcation
surface reduces to the Tachikawa formula (the Chern-Simons contribution in eq. (1.11)).

Outline. The organization of the rest of this paper is as follows. In section 2, we construct
a pre-symplectic current which leads to a manifestly covariant differential Noether charge
in section 3. In particular, we integrate this charge at the bifurcation surface to derive
the Tachikawa formula for black hole entropy in section 4. In section 5, we review the
generalization of Lee-Iyer-Wald method to Chern-Simons terms as proposed by Tachikawa
and compare with our formulation. We conclude this paper with some future directions in
section 6. For reader’s convenience, we provide the detail of the derivation of the differential
Noether charge for Chern-Simons terms in appendix A. In appendix B we summarize our
notation for differential forms and present our formulation in this language.



2 Pre-symplectic current

We will begin our discussion of the Noether procedure which has two main ingredients:
the first is a pre-symplectic structure on the space of solutions we are interested in and the
second being the construction of the Noether charge. The main result of this section is the
construction of a covariant pre-symplectic current in the presence of higher dimensional
Chern-Simons terms.

First, in subsection 2.1, we will introduce the idea of a pre-sympletic current. An
explicit example of a pre-sympletic current in the Einstein-Maxwell theory will be given in
subsection 2.2. Then we will review in subsection 2.3 the discussion of Lee-Iyer-Wald [4,
8] in the case of Einstein-Maxwell system while the generalization of the Lee-Iyer-Wald
construction to Chern-Simons terms will be presented in section 5. As we will see, however,
such a pre-symplectic current in the presence of Chern-Simons terms is non-covariant.
We will thus propose a construction of a manifestly covariant pre-symplectic current in
subsection 2.4.

2.1 Basic idea

We start with a dynamical system whose equations of motion we collectively represent by
§E€. To be specific, let us consider a theory with dynamical fields being the metric G, and
a gauge field A,. Then, we can write the equations of motion as

-1
§€ = 5 9Gab T + 64, J%, (2.1)

where {T%,.J%} are some appropriate functionals of the fields {Ggap, Aq}. The symbol §
denotes the fact that §&€ involves one variation of fields. By solutions of these equations
of motion, we mean those configurations of {Ggp, A,} which satisfy {79, J*} = 0. For
example, for the Einstein-Maxwell-Chern-Simons system we are interested in, the equations
of motion take the form 7% = (T%)giy Max +T% = 0 and J* = (J*)gin-Max +J% = 0 where

1 1 1 1
(T)Ein-Max = — R — —(R—2A)G™| + —— |F*“ - F’.— —G"Fq- F|
8wG 2 2 4
1
(J)Bin-Max = ——— DpF'*,
EM

(2.2)

and the Hall contributions T4 and J¢, are given in eq. (1.4) and just below.
The next data we will need is the pre-symplectic current® denoted by (152ﬁpsympl)a.
This is defined such that!”
9~ “ 1 = 1 =
Vald Bp)* = =5 0 (V=G 6t ) - b (V=6#He), 3

9The adjective ‘symplectic’ here refers to the fact that this current can be used to define a symplectic

structure on the space of configurations thus allowing us to treat the space of configurations like a
phase-space. The adjective ‘pre’ here refers to the fact that to define the symplectic structure, often
some more work is needed — for example, it is often the case that we have to identify the configurations
which are gauge equivalent before we can define a sensible symplectic structure. We will ignore such
complications in the rest of this paper.

'“We note that our pre-symplectic current is negative of the one introduced by Lee-Wald [8].



i.e., the divergence of the pre-symplectic current is equal to the anti-symmetrized variation
of the equations of motion. The symbol #> denotes the fact that (62§P8ympl)a involves two
variations of the underlying fields. In our example with eq. (2.1), this equation becomes

V(Do) = b1 |V=G T™| 6:Gup — b [V=G 1| 81Gay

5 F (2.4)

1
2 m
+ m& [m Ja] 094, —ﬁ% [\/j Ja} 0144

We note that given arbitrary equations of motion, the existence of a pre-symplectic

current is not always guaranteed. However, as we will show below, if, for example, the
equations of motion are derived by varying a manifestly covariant Lagrangian, then we are
guaranteed at least to have a candidate for a pre-symplectic current [4, 8].

We now proceed towards finding the pre-symplectic current for the system we are in-
terested in: the Einstein-Maxwell Chern-Simons theory. As a prelude, we will first examine
the simpler case of the Einstein-Maxwell theory.

2.2 Pre-symplectic current for Einstein-Maxwell theory

The equations of motion for the Einstein-Maxwell theory are given by

_ 1 1 1
in-Max — _*6 a b _ = —2A ab
($€)Ein-M Gap X o G. [R 5 (R ) G }
+ 5Gab X —— 1 [F“C Fb, — L ped. F.q G“b} (2.5)
EIW 4
—0A,- TDbF“b.

EM

The most commonly used pre-symplectic current for this system is

(62§Pa5yn)pl )Ein—Max =

! 1) —G 1)

ae "\ 8rG ae. 2\ sxG
1G51<V;G 1G52<”2_GFab>-51Ab.

We will show in the next subsection that this current obeys eq. (2.3).

V-G

Gc[aab]> 50 — Gc[a5}> Ol% (g

+ Fab> . 52Ab —

EM EM

2.3 Lee-Iyer-Wald prescription: pre-symplectic potential

It is often convenient to derive the pre-symplectic current from a pre-symplectic potential
denoted by §6 via

PSympl

2= a
6 QPSympl = \/;61 v 62 PSympl \/7

The existence of such a pre-symplectic potential is closely related to the existence of

olV=GhoL | e

an underlying Lagrangian from which the equations of motion can be derived. To see this,
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we take the divergence of eq. (2.7) so that eq. (2.3) becomes

T [V7O (hE+VudBL,) | = 0 [VE (hE 4 00,,,) }(- |
2.8

This is the integrability condition for the existence of a Lagrangian density L such that

§E+ V.40, = \/% s[v=az]. (2.9)
Thus, the pre-symplectic potential can be thought of as the boundary term that needs to
be subtracted from the variation of the Lagrangian density to get the equations of motion.
This demonstrates that, for any equations of motion obtained from a Lagrangian, we can
define a pre-symplectic potential and in turn a pre-symplectic current.

Let us illustrate this with the example of Einstein-Maxwell theory. The standard
Einstein-Maxwell Lagrangian density is given by

_ 1 1
JI— R—2M\)— —5—Fy-F®
Ein-Max 167TGN ( cc) 4921\/[ ab
1 Gc[a(;b] A 1 Frab (2.10)
= _ d. et —Fy
b8 G, 8rG, 4 9ens
Varying this and adding an appropriate boundary term give the Einstein-Maxwell equa-
tions,viz.,
1 - Gc[a5 b] Fab .
e 0 {V -G LEin—Max} +Va { < Gd oT% + 04y ¢ = (FE)minMax - (2.11)
E]\J
We can thus take the pre-symplectic potential as'!
W Gc[aég} 4 Fab
B (6@P5ympl)Einfl\lax = 87_[_GN 5P cb + 6Ab . (214)

E M

Varying this potential, we get the pre-symplectic current that we quoted before in eq. (2.6).
By construction, this pre-symplectic current then satisfies eq. (2.3).

1Tt is sometimes convenient to write this pre-symplectic potential as

—a 0Ly, 0Ly,
(6 PSympl)EimMax = 26Fd‘3b E‘;_Max + 25Ab : Ein-Max ) (212)
OR%cqp OF

and the corresponding pre-symplectic current as

(5 QPSymp])Ein Max —

1 a Em Max d /_ E]n Max d
G (2 8Rdwb ) Pl e = \/—G (2 aRdcab e (2.13)

1 Ein-Max | | 1
ot (o) e

Written in this form, these Lee-Iyer-Wald pre-symplectic potential and current extend to Lovelock theories.

(2\/7 E;‘ Iv[mx) S0 Ay .

ab
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Given a Lagrangian density, this method then directly gives a candidate for a
pre-symplectic current. We note that the pre-symplectic potential computed via an
integration by parts as shown above often depends on the order of integration by parts.
A crucial part of the Lee-Tyer-Wald prescription [4, 8] is, in fact, to prescribe a particular
order of integration by parts which produces covariant pre-symplectic potentials for
manifestly covariant Lagrangians. This, for example, excludes Chern-Simons terms which
are of interest to us in this paper.

2.4 Pre-symplectic current for Hall currents

Now we want to choose an appropriate pre-symplectic structure for the Hall current con-
tribution (i.e, terms in equations of motion coming from varying Chern-Simons terms).
This can be done via the Lee-Iyer-Wald prescription [4, 8] which we had described in our
previous subsection. This is the pre-symplectic structure chosen by Tachikawa [22, 23].
We will compute this pre-symplectic current explicitly in section 5 and show that such a
prescription results in a non-covariant answer in dimensions greater than three.

We note that a non-covariant pre-symplectic current is a serious shortcoming. Usually,
we try to derive the symplectic structure on the space of solutions by identifying the
directions under which the pre-symplectic current is degenerate or non-invertible. With
the non-covariant pre-symplectic current, this procedure would in general result in a
situation whereby two configurations which are gauge equivalent can no more be identified
as a single physical configuration. This breakdown of gauge redundancy would then render
the theory inconsistent.

In light of these complications, we will adopt in this subsection an alternate procedure
which produces a manifestly covariant pre-symplectic current that solves eq. (2.3). We
will refer the reader to section 5 for a comparison of our answer to the one obtained by
Tachikawa’s extension of the Lee-Iyer-Wald prescription.

The Hall current contribution to the equations of motion (coming from a variation of
Chern-Simons terms) is given by

= 1
(65)}1 - §5Gab (TH)ab + (514@ . J(I{I

1 o 1 , (2.15)
=V, |:25Gbc (ZH)( ‘ a:| + §5Fcba (ZH)a .+ 0A, - J(II'-I .
In the second equality, we have used
]' 1 ao)c 1 C a
§5Gab(TH)ab = Vc |:2 (EH)( b) 5Gab:| =+ 5(51“ ba (EH) bc, (2.16)

which is obtained from the following relation related to the anti-symmetric property of the
spin Hall current (S5)? = — (25)%%

ST % (S1)% 0 = —VabGie (S1)P = —(VedGap) ()¢ (2.17)

Our strategy for the construction of the pre-symplectic current is as follows: we begin
by computing the anti-symmetrized variation of eq. (2.15) which should be equal to the

— 12 —



divergence of the corresponding contribution to a pre-symplectic current (see eq. (2.3)) .
We use this fact to write down a manifestly covariant pre-symplectic current which has the
correct divergence. We first get

=01 [V=G (), | - 50V (418), ]

=V, {2\/17 {m (EH)(bC)a} 02Gpe —

1 1
5= 0 V=G ()| 16 }
SWare 2 (Xm) 1G,
1 1 1 1
5= 01 V=G (Sa) | 82T — 5= 02 V=G (Ti)™ ] 61T
WAkl (Zu) L Ware ks (Xn) 1%
1 1
81 [VEG I ada - =0 [V=G Iy ] 014,
— 1 H 2 —G 2 H 1
The first line on the right hand side is already in the form of a total divergence. To simplify
the next two lines, we consider a general variation of the charge and spin Hall currents:

m 6 (V=G Jy) =
1

Vel ab ) _ 1 befa 1 R\ bhefa
5ﬁ5( -G (Xn) bc)25(0§ ) 5Fef+2( H ) 0R%het ,

where the tensors {655, 5% R RF RR} are the generalized Hall conductivities defined in
q. (1.15).

Before proceeding, we consider an example to see how these conductivity tensors look

(2.18)

l\')\»i

(GEF) I 6y + L (@) RO,
(2.19)

like. Let us take the mixed Chern-Simons term with the anomaly polynomial Popr =
¢y, F? A tr[R? in AdS; as an example. Then the corresponding charge and spin Hall
currents are given by

bib
2 38& ' 2C1C2C364Fl>1572RefclczRfe03047
( ) (2.20)
abibobsbycica b
M (2!)35 Fb1b2Fb3b4R ccica -

Joy = —2¢,

(By)%, = —4c

These expressions can then be varied to give the generalized Hall conductivities

_ b 1

(JgF)a "= —2e (2!)2gab661C2C3C4R6f0162Rf603C4 )

_ FR\eabc _ RF\ eabc 1 bebib
(o’H )f — (UH )f — _4CM (2') E_:a c01 20162Fb1b2RefclcQ, (2‘21)
_RR)\egabc 1 bebbobab
(JH )fh = _2CJW(525:]2 (2|)2 apennns 4Fblbng3b4 .

Thus, given the Hall currents, it is straightforward to compute the conductivity tensors.
A useful property of the conductivity tensors is that their covariant divergence (taken

with respect to one of its form indices) is zero:

D, (757" =0, D, (7k )Zefa:m
_Rp\befa Ry bhefa (2.22)
D (o) 0, D, (a7 .

,13,



Further, they satisfy reciprocity type relations

o- (FF)efa B=5- (FF)efa o,

_ bhef _ hbe f _ bef _ bef
(JIIER)cge ‘ = (UgR)gce ‘ ? (O-I};R)ce ‘ = (O-I}-EF)Ce ‘ -

(2.23)

Here {a, B} are two arbitrary scalars transforming in the adjoint representation of the
gauge group. We will need later another set of identities which are useful in getting back
the Hall currents from the Hall conductivities:
b heab
O = 0y = (7)™ Fep + (07) " Rt
1 b _ RF\ceab cheab
- iéf(zH)acd = (UH )d 'Fef + ( Oy )dg Rghef :
All these identities can be easily checked for the example of the mixed Chern-Simons term
in AdSy.
We now turn to using these properties of the generalized Hall conductivities to write

- (2.24)
3 $(XH)"a

down a covariant pre-symplectic current for arbitrary Chern-Simons terms. The fourth
and third lines of eq. (2.18) are rewritten respectively as

51 [F JH] 5y A \/L(sg [@ Jjﬂ 51 A

= Va |04, (FF)“ef 624y

F

‘v, {5114 (e fIvR)Z,aef 5Ty — G A, (a_gR);Laef 51thf} (2.25)
- g () E 4y (o)) iy,
and
01 VG (B)™ ] 5T — 5 62 VT (Su)™ ] 61T
2 m 2V-G
-V, [5lr e (R rghf] (2.26)

_ h _ h
+ 552Pgha (URF)gaef ' 61Fef - §5lrgha (URF)gaef : 62Fef .

H H

By substituting egs. (2.25) and (2.26) into eq. (2.18), we finally obtain the pre-
symplectic current for our formulation:

25 a
(6 QPSympl ) H

11

== 51 V=G (2p)be 6Gc— V=G (1) 5,G)e
2@1[ (Z) }2” 2@ [ (E) e (2.27)
+ 614 - (EF)T" 6147 + 61T% - (6FF) 11 5,19,

+ 01 A (GER)ITT 6510, — 534, (FR)TT 61T

This current is manifestly covariant (recall that variations of the gauge field and Christoffel
connection transform covariantly) and, by construction, it satisfies

Val$ Dyl = 0 [V2G (5E), | — 02 [V=G (18),] . (229)

V-G

V-G
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as required. Eq. (2.27) is the main result of this section. In the next section, we will use
this pre-symplectic current to formulate a manifestly covariant differential Noether charge.

3 Noether charge

Here, we will proceed to the construction of the differential Noether charge for an arbi-
trary diffeomorphism/gauge transformation. After introducing our notations for diffeomor-
phism/gauge transformation in subsection 3.1, we outline the basic idea behind the notion
of differential Noether charge in subsection 3.2. As an example, we take up the well-known
Lee-Iyer-Wald construction of differential Noether charge for the Einstein-Maxwell system
in subsection 3.3. We then turn to sketch the derivation of differential Noether charge for
Chern-Simons terms in subsection 3.4 relegating most of the details to appendix A.

3.1 Diffeomorphisms and gauge transformations

We begin this subsection by introducing our notation for diffeomorphisms and gauge trans-
formations. We will adopt here a notation which admits a natural generalization to non-
Abelian gauge transformations.

Given a covariant tensor ©%, transforming in a specific representation of the gauge
group, the action of diffecomorphisms and gauge transformations is defined via

6 O% = L% + (0%, A
= £°0.0% — (0:.£%) O°% + O% (0p€°) + [0%, A] (3.1)
= £ (VO + [Ae, %)) — (0c€”) O + O (0pE°) + [0%, A + E°A] .

Here £¢ denotes Lie derivative with respect to the vector £* parametrizing diffeomorphism,
while A is the gauge parameter in the adjoint representation of the gauge group and the
commutator [A,-] is the natural adjoint action of the gauge group. We use y = {£%, A} to
jointly denote diffeomorphisms and gauge transformations. In the last line of eq. (3.1), we
have defined the covariant derivative

V0% = 0:0% + '.0% — 1%,.0%, (3.2)

and the corresponding gauge covariant derivative is D.0% = V.0% + [A., O%]. We note
that the above transformations in eq. (3.1) are covariant provided &* transforms like a
vector and if the combination A 4 £°A, transforms covariantly like a scalar in the adjoint
representation.

We have chosen an anti-hermitian basis for the Lie algebra and we have suppressed
all gauge indices for convenience. We can write A = —iT'y (AReal)A etc. with T4 being the
standard hermitian gauge group generators. Further, a trace over gauge indices is indicated
by “”, a ‘center dot’. For example, if A, = AY(—iT¢) and J¢ = JC(iT¢), then A, - J* =
AC JeP Ty (TeTp). In this anti-hermitian convention, Abelian gauge fields are purely
imaginary, i.e., if A, is an Abelian gauge field, then A, = —i(A;)Real- The corresponding
Abelian current would be J* = i(J%)Real S0 that Ay - J% = (Ag)Real (J*)Real- The Abelian
action on a field ¥, with Abelian charge ¢ is given by [A, ¥ ] = AV, = —ig(A)Rea1 V-
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We now turn to the action of J, on various quantities. We can write the transformation
of background gauge field /metric as

0 Ag = LeAg + [Aa, Al + 04N = 0\ + [Ag, A] + A0, + £°0.Aq
= 0a (A +&°Ac) + [Aa, A+ EA]+EFoa
0 Gap = £eGap = Gep0aE° + GacOpE” + £0.Gap
= Vs + Vi,

(3.3)

where Fy; denotes the field strength for A,.
The Christoffel connection I'%,., being the unique torsionless and metric-compatible
connection, is completely determined by the background metric G, as

I = =G (0,Geq + 0:Gaq — 04Gac) - (3.4)

N =

We will use this connection and the associated covariant derivative from now on unless
specified. For the Christoffel connection, the transformation is

O e = %Gad (Vi (Vea + Vo) + Ve (Voéa + Va&y) — Va (Ve + V)] (3.5)

= vcvbga + deabdc .

The field strength Fy; and the curvature tensor RY . transform as covariant tensors under
gauge transformations and diffeomorphisms. We also note that variations of gauge field
and Christoffel connection, i.e. 4, and 0I'%., transform covariantly.

It is sometimes convenient to focus only on the non-covariant part of transformations
and drop the covariant parts. We denote this part by defining

FRomeoV () =6y (o) — £e(o) = [, AL (3.6)

It follows from eq. (3.1) that 6y°"°*V©% = 0 for any covariant tensor field ©%,. The
connections, on the other hand, transform non-covariantly as

FUOMCNV A, = 9N, SOV, = 9,067 . (3.7)

3.2 Differential Noether charge

We begin with eq. (2.3) where we take the second variation to be the diffeomorphism/gauge
variation J, generated by x = {£%, A}:

_ 1 _ 1 _

Vo (38, Q) = = (x/—G 5 & ) - =5 <\/—G i€ ) . (3.8)

This implies that V, (§ 6X§P8ympl)a ~ ( on-shell, i.e., once we impose the equations of motion

§€ =0 . Here we have used the symbol ~ to denote that the equality holds only on-shell.

Assuming that there are no cohomological obstructions, the statement
Va($#y Qpg,mp)® = 0 implies that there exists a (§Q @ such that

Noether)

B vb (JaNoether)ab = wéxﬁPSympl)a (3'9)
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with (6@Noether)“b = —(éaNoether)b“. We will call a (6@Noether)ab that satisfies the above equa-
tion as the differential Noether charge associated with the diffeomorphism/gauge variation
0. Our aim is to construct the differential Noether charge for the Einstein-Maxwell-Chern-
Simons system so that one can use it to assign charges to solutions of this system.

Often in the construction of the differential Noether charge, it is convenient to work
off-shell and impose the equations of motion §€ = 0 only at the end. In order to do this,
we need to lift eq. (3.9) to an off-shell statement. In case of covariant equations of motion,
this can be done using Noether’s theorem.

Assuming §€ transforms as a scalar under diffeomorphism/gauge transformations, the
second term on the right hand side of eq. (3.8) becomes

\/% 5, (\TG i€ ) = (Va9)PE + €9V, (§E) = V, (€2 §E ) | (3.10)

so that we can write eq. (3.8) as

Vo [ 34 Do) + € 4] = 20 (VG AE ). (3.11)
We then turn our attention to the right hand side of eq. (3.11). To simplify this
term we now invoke Noether’s theorem (see [15] for example). Noether’s theorem asserts
the following: If the system under question is invariant under the diffeomorphism/gauge
variation 0, generated by x = {£%, A},*2 then there exists a Noether current N such that
JXE = VN  Further, we can always choose an on-shell-vanishing N¢, i.e., a Noether
current N such that N* ~ 0.
To illustrate this, we consider the example where the only dynamical fields are metric
and gauge fields. We then have

- 1
§.& = 5Tabaxc;ab +J% 6 Aq

1
=TV + Ty - F + J% - Do (A + E°A) + =T (V& — Vi)

2
— V., [ngb“ T (A §CAC)} (3.12)
— & [VbT“b —Jy- F“b} — (DaJ%) - (A + €°AL)
+ % (T“b . Tb“> Vobs.

If the equations of motion describe a system which is diffeomorphism/gauge invariant, then
we have the following Bianchi identities (which hold off-shell):

V% = J, - F 7% = b D,J*=0. (3.13)
We can therefore choose the on-shell-vanishing Noether current as

N = &T% 4 J%. (A + £°A,) . (3.14)

2The reader should note that theories with Chern-Simons terms are included in this set.
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Let us now use such a Noether current to simplify eq. (3.11) to

o [ (383 Qpgymp)” +E“ $E ] = V4 6 (V=G N“)] : (3.15)

7o

(88, D) + £° JE — f(s (F Na)} - (3.16)

This is the off-shell generalization of the statement VQ(MXQPSWN)“ ~ (. The statement
~V, (4Q,.,. )" ~ (8832 ) then generalizes off-shell to

—Vy (’gémether)ab = (MXstympl) +& e~ \F 0 <\ﬁ Na) (3.17)

or

1 _ _ _ _

ﬁ 6 < _G Na) - (56XQPSymPl)a + fa 68 + vb (JQNocthcr)ab : (318)

This expression shows that (JQNoether)“b can be thought of as the surface contribution to

the variation of the Noether current N¢, thus justifying the name ‘differential Noether

charge’. In the following subsections, we will apply the above Noether procedure to the
Einstein-Maxwell-Chern-Simons system.

3.3 Differential Noether charge for Einstein-Maxwell system

Our goal in this subsection is to compute the differential Noether charge for Einstein-
Maxwell system. We begin by writing down the on-shell vanishing Noether current for this

System:
a gb a 1 a
(N")Bin-Max = TR R% — 5 (R—2A..)6;
3.19)
b A+ E°A (
5 [F“ Fy. — L pped. chag} _ A+ A +2§ ) -DyF.
gE]\[ 4 gE]bI

This current is, by construction, proportional to the Einstein-Maxwell equations of motion.
Hence, it vanishes on any solution of Einstein-Maxwell system (thus the adjective ‘on-shell
vanishing’).

Let us rewrite this Noether current in a suggestive way:

1
(Na)Ein—Max = 5‘1 |: (R - 2ACC) FCd ch:|
167TGN 4 ]‘gM 520,
a = | e¢bpac o ab
8G R% +g [gF  Fye (A+§A)DbF}.

EM

We recognize the standard Einstein-Maxwell Lagrangian density (see eq. (2.10)) in the first
line of eq. (3.20). On the other hand we can rewrite the second line of eq. (3.20) using the
following identities:

F® .5 Ay = F% . Dy (A+ €A + F° - £°F,

3.21
=V (A‘i‘écAc)'Fab +£bFac'Fbc_(A+§cAc)'DbFab7 ( )
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and

Glast 5,14, = Gt vV et + Gest) ¢/ RY,

~-v, (Gc[a(;Z] chd) _¢hRe, . (3.22)
so that we have the following expression for the Noether current (N®)gin-Max:
(N®)Bin-Max = §*L Gc[a(sf) 6, T + ng“b -0y Ap
L el et s L g (n e 529
—Vb{S a. 0; V& + gEMF (A—|—§AC)}.

We recognize that the pre-symplectic potential for the Einstein-Maxwell system (see
eq. (2.14) with the variation set equal to a diffeomorphism/gauge variation) is

0° a sb] d 1 ab
— (84O g,y ) Bin-Max = g 6, 0% + ——F% . 5, Ay . (3.24)
X~ PSympl 87TGN X %M X
Further, defining
7= ab d 1 ab c
- in-Max = c —F% (A AC s 3.25
(Ky Ein-M = G V£ + 2 (A+E°AL) (3.25)

which is often termed the Komar charge, we can write the Einstein-Maxwell contribution
to the Noether current in the following form:
(N)gintax = {€°L = (B Bpapup)” + VK| (3.26)
We will call this form of decomposition for the on-shell-vanishing Noether current as the
Komar decomposition.
The Komar decomposition exists for any covariant Lagrangian.'®> To see why this

might be the case, we consider the divergence of the vector £4L — (6X@Psympl)“:

[fa ( X PSyn]pl)a] =V, (gaz) \/— (\/7 L) 6 = 6 5 (328)

where we have used the fact that, if L is a scalar, then (v/—G)~'d, (V=G L) = V, (¢°L).
This shows that the vector ¢*L — (JX@PSympl)a is a Noether current by itself (we note
however that it is not on-shell vanishing). The Komar decomposition then follows from
the statement that any two Noether currents differ by a total divergence.

The Komar decomposition plays an important role in the Lee-Iyer-Wald method for
computing differential Noether charge. We consider a general variation applied to the
Komar decomposition written in the form

7 ab aT pa) a a
— VK = &L — (§4Opgymm)” — N (3.29)

13For example, if we rewrite the Einstein-Maxwell Komar charge as

OL i .
Tmimdtax (A 4 £°A,) 2
mads (A +¢°AL) (3:27)

. 9L,
(K" )Bin-Max = 2 Vg 42

then this form can be extended to Lovelock theories.
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Then we get

v, [\/% 6 (V=G ICX‘“’)]

a 1 T 1 0 a 1 a
=" =9 (v=61)- — V=G (1Orsym)’] - —9 (V=6 ).
We now use eq. (2.9) as well as the following relation to rewrite the first and second terms
on the right hand side:

1
50 [VC ,Br)]
1 = a o a
= ﬁ 5)( [m (JQPSympl) } - (6¢3‘XQPSympl)
= (6épsymp1)avb€b + gbvb(é‘épsympl)“ - (vbéa)(6@PSympl)b - (56X§P8ympl)a

=-Vy [fa(fg@PSympl)b - (J@PSympl)agb] + gavb<6@PSympl)b - (JJXQPSympl)a :

(3.30)

(3.31)

Here we have assumed (JXQ ¢ transforms like a vector and is invariant under gauge

PSympl)
transformations. Substituting these relations back into eq. (3.30), we get

-V, {F (\/7 T ab) +e(fo psympl)b B (69psympl)a5b]
= (55X§p5ympl)a + &% € — ﬁé (@ Na) )

From this expression, we can then identify the differential Noether charge according to the

(3.32)

Lee-Iyer-Wald prescription (for systems with covariant Lagrangian and symplectic poten-
tial) as

1 / 2= ab a(¢n ya) a

JQNoether - \/j 6 ( _G ICX ) +§ (ﬁePsympl)b - (6@P8ympl) é‘b (333)

For the Einstein-Maxwell system, by using eqs. (2.14) and (3.25), this differential
Noether charge is written as

ab

(FQoetner ) in rtex
1
-7 ) [\/I <

d ab c
e Vel 5k (A+£Ac)>]

EM

1 (3.34)
_ éa |:Gc[b5f] 6chf + 7be . 5Af:|
8rG d .
1 1 e, L oy
+£° [ Gelaghh ord o + ——F . 5A;| .
87G i /

3.4 Differential Noether charge for Chern-Simons terms

A differential Noether charge for theories with Chern-Simons terms was constructed by
Tachikawa by generalizing the Lee-Iyer-Wald method [22, 23]. As we will demonstrate in
section 5, this charge however turns out to be non-covariant. In this subsection, we will
instead construct a manifestly covariant differential Noether charge.
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We now proceed to evaluate the contribution to the differential Noether charge from
Chern-Simons terms by directly using its relation with the pre-symplectic current:

= V@ 1 = (B8 D)+ E°(FE) — ——==6 [ V=G N | . (3.35)

The Hall contribution N9 to the on-shell vanishing Noether current for this system is
given by
Ng, = &(Ta)™ + (A +€°A40) - Iy

acl ac ca 1 bc)a
-V, [ & (Zo" + Sl + EH”)} + 55 0\ Ghe (3.36)

OV (S) (A A T
Using this along with our covariant expression for the pre-symplectic current, we get

(é‘é‘xﬁPSympl)?{ + fa(JE)H - \/I NLIl{:|

L(g{
Ve
= —Vb{ 5 [(EH) (cdagh _ga () }5ch

; \/56[7 (V=G Gur (255" + 3l + 755" }

+¢&° [25chb (Su)* 4+ 0 A, - J?{}

(3.37)

1 / 1 d ac c (]
- \/—G(S[ -G <2Vc5 (ZH) d+(A+§ Ac) JH) }
+0A, - ()T 5 Ap 4 8T - (GFF)IT 6,19,
+ A, - ( )hefa ) thf—(S A, ( gR)Zefa 5thf.

The details of the computation that lead to this expression can be found in appendix A.

We can then express the right hand side of eq. (3.37) as a total divergence to give

(FQrr)tt = [thg (R 4 (A0 A) - (a5 } o

+ [V (P 4 (A eca) - (05F) ™ ] 4

+ % [(EH) (cd)a g _ (EH)(cd)bga] 5G (3.38)
+ ;\/%5 [\ﬁG Ged (E“Cb + e zggb)} ,

which is a manifestly covariant differential Noether charge as required. In appendix B, we
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convert the above expression into differential forms:

. o O*Porr . PPcrr
($Quoetner )i = 0T A [be oRor, T M A SEape ]
WO*Perr , PPcrr
#OA- [V (A EE

) (3.39)
~ 590G (2 i) DG da,
1 1

~¢dg [Qch (Z‘}fb + xbee | 2;;”) 51 (da A dxb)] .
This manifestly covariant differential Noether charge is the main result of this paper.

In the next section, we evaluate this differential Noether charge at the bifurcation
surface to derive the Tachikawa formula (see eq. (1.11)). In an accompanying paper [49],
we will use eq. (3.39) to covariantly assign both entropy and charges to the black hole

solutions found in [37] and compare them against the dual CFT expectations.

4 A covariant derivation of Tachikawa formula

In this section, we give a covariant derivation of the Tachikawa formula described in
eq. (1.11) using our differential Noether charge eq. (3.39). Our derivation here is aimed
at neatly sidestepping various issues raised by Bonora et al. [23] regarding Tachikawa’s
extension of the Lee-TIyer-Wald method. In particular, unlike the derivation in [23], we do
not have to pass to special coordinates/gauges in order to suppress various non-covariant
contributions that arise in Tachikawa’s proposal.

Let us begin by recalling that at the bifurcation surface we have £%|gir = 0 and (A +
§9Aq)IBit = Ay + B%Ay = 0. Thus eq. (3.39) reduces to

82'PCFT 62PCFT
o= 2w |0 Yye—F——— + A —— | . 4.1
(FQueumer) | pie = —2me%s |04 oo e +0A - 5 e o (4.1)
Here we have used
V" |git = 2mep® = —2mey, (4.2)

where ¢ is the binormal to the bifurcation surface. Furthermore, following [2, 4], we have
de%, = 0, since &%|pir = 0 while 06* = 0 everywhere.

For simplicity, let us first start with the single trace case where Popr = ¢, Fl/\tr[RQk]
in AdSg,,4+1 with n = 2k + 11 — 1. Derivatives of the anomaly polynomial with respect to
the curvature two-form and the U(1) field strength are given respectively by

2
g;c;}’l; — CM (2kl)Fl_1 A (R2k—1)ba’
b
) 4.3)
82PC 2k—2 - . (
SRR = o PRI A S (R (B2,
m=0
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where we take (R%)’. = 6°.. Substituting the above into eq. (4.1) yields*

2k—2
(BQuouiner ) | gy = —27C,, (2K) {Fl A tr[STR* 2 e R™HSA-F' Atr[e RP )
m=0
(4.4)
Let us now discuss the pull-backs of I' and R onto the bifurcation surface. Since
Veap = 0 at the bifurcation surface, the induced metrics on the tangent and normal bundle
are also covariantly constant. Therefore, the restriction of the covariant derivative onto the
tangent (normal) bundle is equal to the covariant derivative constructed out of the tangent
(normal) bundle metric. This implies that at the bifurcation surface e% R’ = R%¢’. =
—e%eb . Ry where —2Ry = tr(eR)|git- The normal bundle curvature Ry satisfies Ry =
dT N where —2T'y = tr (eT) |pir.1®> We will exploit below this factorization between the
normal and tangent bundle at the bifurcation surface.
Using this, at the bifurcation we have R?**=2-mc¢R™ = R%_Qs and tr (ER%*l) =
—2R3F. These allow us to rewrite eq. (4.4) in the following form:

(BQuouiner) |y = 27Cy, (2k) R A {—(Zk — 1)F' A tx[oTe] + 21 6A- FI1 A RN}
— 87k c,, R%2 A {(zk —1)F'AGTyN + 1A F71 A drN}
— 87k ¢, R*2 A {(Qk: —1)F' ATy + L 6F - F'=L A rN}
+ 8k c,, d [z SA-F=1A rNRﬁv’f—ﬂ
= 5| 87k TNRE2 A ¢ ]
+ 8k c,, d{(2k: — ) F' ATNR¥* 3Ty +16A- F=1 5 I‘NR?\’;‘Q}

_ OPcFT
_ 2k—2
=5 |8mk TR > A 500 trR%] +d(...),

(4.5)

which agrees with the result of Tachikawa in [22].

We now use induction to generalize this formula to the case with multiple traces.
First, we denote the anomaly polynomial as Popr = P A tr[R?0] and assume that P
contributes to the black hole entropy via the Tachikawa formula. For example, for the
anomaly polynomial Popr = ¢,, F! A tr[R?*1] A tr[R?0], the term P is given by P =
¢,y F' A tr[R?*1]. Now we will show that Pcpr also contributes to the entropy via the

141n the following, the binormal ¢ inside the traces should be interpreted as the matrix £%.

15To show Ry = dI‘N7 we can use the decomposition of the binormal ., = paBy — Baps for vectors p
and B satisfying p.p® = B.08% = 0 and p®B, = 1 at the bifurcation surface. Then using an equivalent
definition of I'ny = p Vcﬁbdfc , one can show that Ry = dI'x. For more details on the properties of the
normal bundle at the bifurcation surface, see [51].
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Tachikawa formula as in the last line of eq. (4.5). In this case, eq. (4.1) becomes

(6QNoether)H‘Bif = 5 (Z 87Tk I‘NR?\?_Z /\ aP ) + d( . )] /\ tr[RQkO]

— d trR2k
+PA [ 5 (&mo I‘NR%“’_Q) +d.. .)] (4.6)
oP 2ko—1 2ho—1 oP
— (2ko) {tr léI‘aR] 2w A tr |:€R } + tr [5I‘R } A 2mtr SRl (

The first line above correspond to the terms where both of the derivatives on the anomaly
polynomial (with respect to the curvature two-form) act on P while the second line cor-
responds to the terms where both derivatives act on tr[R?**]. The two terms in the third
line account for the cases where one derivative acts on P while the other on tr[RZ0].

As a next step, we use

—27(2ko) A tr[e R?F0~1] = 8k R0~
8'ﬁ _ > 2k—1 a'P (47)
—27 tr 1681%] = kz:ISWk RN A W,

to write the last line of eq. (4.6) as

51“87)] 8ko R3O+ (2ko)tr TR0 | A3 87k B3 A oP
k=1

tr 5
0 trR2k

OR

oP

oP ko— - S -
—tr [53] 8mko TN RN + (2ko)tr[SRR* A "8k RY ' A TR

OR P

oP 2ko—2 o171\ - 2k—2 OP
= 0P A 8tkg Ty R~ 4 tr[R*0] A 3 8tk RAF1 A _oP d
= TRy L NIty + otr| ] Zﬂ' N (‘3trR2k+ (...).
k=1
(4.8)
Finally, substituting the above expression into eq. (4.6), we obtain
s =4 Oogkr RZ=2 A Lid A tr[ R0
( QNoether)H‘Bif - k; Q N N W r[ }
+P A6 (Sho TNRAO?)
- - - _ oP (4.9)
+ 6P A8mkg TR + 0te[R*™] A > 8k Ry A 5o T )
k=1
> —o . OPcrr
=4 k Ty R22 d...
(;fh vRy A S | TG

which proves the Tachikawa formula for Chern-Simons contribution to entropy.
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5 Tachikawa’s extension of Lee-lyer-Wald method: a comparison

Now, we will review the generalization of the Lee-Iyer-Wald method to Chern-Simons
terms as proposed by Tachikawa [22]. The reader should also consult [23] where a detailed
exposition of this method is given. Since the discussion below is somewhat long and
technical, we will begin by summarizing what we do in this section.

5.1 Summary of this section

The primary aim of this section is to take our discussion about the formulation of Noether
charge for theories with Chern-Simons terms and link it with the previous proposals in
the literature - mainly the references [22, 23]. We begin with an explicit implementation
of Tachikawa’s prescription for the most general Chern-Simons term. Our analysis can be
thought of as a straightforward generalization of the analysis in [23].

We will show that our Noether charge agrees with the Noether charge of [22] in AdS3
where Tachikawa’s extension has been primarily applied. However, Tachikawa’s extension
for the formulation of Noether charge deviates from our method in higher dimensions
by various additional non-covariant contributions which we will explicitly compute below.
Thus, our prescription neatly resolves this non-covariance issue with higher dimensional
Chern-Simons terms that was noted by the authors of [23].

We will now present two main analytical results of this section that lead to the
conclusions above. The first is the relation between our covariant pre-symplectic cur-
rent (62stympl) , and the non-covariant pre-symplectic current (J2stymp1)LWT from
Tachikawa’s extension:

(JZQPSympl)g/VT = (JZQPSympl)H

32105 82IC’S
d61A - 59 A + 6T ——C5 5,19
* { A oFor A T O R 0Re, h} (5.1)
82105 82105
A6 A ——95 5,19, — 54— 519
" { Y 9FoRe, T " Y 9FORy, "}

Since the derivatives of the Chern-Simons action Iog in eq. (5.1) contain A or I'%;, this
expression shows that (529psympl)§WT is non-covariant in AdSs and higher!'® and that
non-covariance enters as a boundary contribution.

The second result we derive is the relation between our covariant differential Noether
charge ($Q..ie.) s and the non-covariant differential Noether charge (§Q.....) V" from

6We note that the non-covariant contributions vanish for AdSs.
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Tachikawa’s extension:

(6QNoether)1{{WT = (ZQNoether)H
2 2
_ {5A- 0" Ics -5XA+61"CbaI¢5 th}

OFOF OR,ORY), X
_ {5A : a‘;f;%ih 59, — 6, A - 822;25% 51“%} (5.2)
+ d{éZ e S;Ig‘; (A +icA) + 5r0b%vhg9}
+d{5A : (m VhE? +5r9ha‘91;IhC;F : (A+i§A)} .

IWT
H

non-covariance enters both as a bulk and a boundary contribution. The boundary contri-

This expression shows that (§Qy.....) is non-covariant in AdSs and higher and that
bution is however ambiguous in Tachikawa’s extension which is represented by an arbitrary
term §Z in the expression above.

In the rest of this section, we will derive these analytical results. Since the non-
covariance of Tachikawa’s extension complicates the formulation of Noether charge for
general Chern-Simons terms, we will work entirely with differential forms throughout this

section.

5.2 Pre-symplectic current in Tachikawa’s extension

As a first step of the comparison, we compute the deviation of the pre-symplectic currents
constructed by Tachikawa’s extension from ours.

For the Chern-Simons terms, the Lagrangian form is given by L, = Ics. The corre-
sponding equations of motion form are given by converting eq. (2.15) into differential forms:

(ﬁg)H - _<6E)H 1
5.3
=—d %Eg‘;”)%aab *dze| — %51“% (*Sy)le—06A *Jy. (5:3)

The pre-symplectic potential § Opsympl is given as

0lcs dlcs
8Rab—l-(;A- 5F

Following Tachikawa [22], we then define the pre-symplectic current as
2
(6 QPSympl)LWT = _51(52@P5ymp1)1.1 + 52(61@P8ymp1)}1
1 1
= —551 [(ZH)(bC)a *d$aj| 0oGpe + 552 [(EH)(bc)a *dxa] 01Gpe

1 av)c * a
§Opsympl = §qub) 0Gap *dxe + 0TY,

+ 0 Aol A+ 5T (o) 5T,

H

+0A- (O'ZR)Z 029y, — 02 A - (GgR)Z 019, (5.5)
(92105 62-[03

-0 A ey ———

aFor AT v R o R,

PIcs PIcs

OFORY, OFO0RY,,

+d{51A~ (52rgh}

+d{51A- 0919, — 52 A - (51th} ,
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where we have used the following identities to simplify the expression:

pp O?Popr  9*Ics  9*Icg D <82ICS>

Tu T TOFOF ~ 0AOF ' OF0A OFOF

RF)b _ *Pcrr _ O*Ics *Ics D *Ics

¢ ORYWOF oY, 0F  0OR*0A ORY“OF )’
PRyl _ O*Pcrr _ *Ics *Ics D *Ics
¢ OF0Rc; 0AORc; OFOIc, OFORc; )’

( RR)bd o 82PCFT 82105 82ICS . D < 82105 >

= HR,ORC; OTWORS, = ORYOT, OR,ORC,

Comparing against the pre-symplectic current (62stymp1) , derived in eq. (B.31), the
relation between these two pre-symplectic currents is given by

0?1, 0?1,
(5 2psyump)) VT = (5 Qpsyupl) , +d {5“4 ' 8F801i (02 A 5111%81'%,80139;152F9h}
0?Ics ’ 0?Ics g
+d{5“‘“ 8FoRs, O1h — A Grape AT h} :

(5.7)

Unlike (62stymp1) 4, the current (62stymp1)1{{WT is not covariant under gauge and
diffeomorphisms in AdS;41 for d > 4. Since it is covariant up to a boundary contribution,
the pre-symplectic structure defined via its integral would be invariant. As we will see
below, however, these boundary contributions do contribute to the Noether charge thus
affecting the covariance of §Q,. ., .. Discarding by hand this non-covariant boundary
contribution in (JZstympl)fiWT, we get back (62stymp1) b

5.3 Komar decomposition for Chern-Simons terms

We next move on to the Komar decomposition. Following [22] we begin by constructing

two differential forms =, and 52X defined vial”

5;OH—COVICS — dEX ,

08y = 02" ($Opsympl) ; + dFSy . o8
A direct computation gives
=, =A- 881515 + Dpt" Zﬁi —dy,
§3, =0A - [S;Igj A ém aﬁ] (5.9)
+ 6T%, [ af;fb%; At nggf‘cd ad56] —8Y +d§Z,

where Y and §Z are arbitrary forms undetermined by this procedure. We note that =,
encodes the consistent anomaly of the dual CFT and thus we will refer to =, as the
consistent anomaly form.

"We note that our §¥, is negative of the one used in in [22, 23].
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Using these forms, we can write
—d"'N,, = (§,&),; = oy Ics — d($,Opsympt) ; = d [tcIcs + By — (§,Opsympl) | - (5.10)
The Komar decomposition takes the form
— N, =iclcs + By — (§,Opsympl) ; + Ay . (5.11)

Here N, is the Chern-Simons part of the on-shell vanishing Noether current (see eq. (3.36))
given by

1 1 1
"N, =d [2& (s + =l + 3 o (@a A dwb)] + 5850\ Gre *da

. (5.12)
VS a+ (M icA) Tn
This gives the Komar charge as
oI, . oI,
(Ky)y =Y + Vit =52 4 (A +icA) - =22
1 1,
— St (SH0+ T+ S) 5 (dwa A dy)

We note that the Komar term in this case is completely ambiguous by an addition
of an arbitrary form Y. Further, we remind the reader that, as emphasized by Bonora
et al. [23], this expression does not directly lead to the analogue of Wald entropy, unless
the form Y is suitably chosen and one works in a special set of coordinates/gauges. More
explicitly, this can be done in a two-step process:

1. First, fix various ambiguities in Tachikawa’s extension (the objects Y and §Z above)
so that the forms Z, and §X, are proportional to dA and d(9,&°).

2. Next, pass to a certain special gauges/coordinate systems where dA = 0 and
d(0,£%) = 0 at the bifurcation surface, so that the forms Z, and §%, in the non-

covariant Tachikawa’s extension vanish.

Once the forms =, and 6ZX are made to vanish by these two steps, one can derive an
effective Komar charge for Chern-Simons terms from which one can derive the Tachikawa
formula for Chern Simons contribution to entropy in this special set of gauges/co-
ordinates [23].

5.4 Differential Noether charge for Chern-Simons terms in Tachikawa’s ex-
tension

Finally, we evaluate the difference between the differential Noether charges constructed by
the two methods.

We begin with the Komar decomposition for the Chern-Simons term eq. (5.11) which
we rewrite as

B d(’CX)H = iﬁICS + E’X - (JX@PSympl)H + *NH . (514)
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Now we consider the variation of this expression. By using

o [Ex - (JX@PSympl)H] - dfgzx
= 5;0n_cov(68PSymP1)H - 5X(6@P8ympl)H + (JJXQPSympl)éWT (515)
- (65XQPSympl)2WT - igd(é‘@PSympl)H - di&(JQPSympl)H 5

and
i¢dIcs + dig(§Opsympl) ; = ic(8E),; + 1ed(FOpsymp1) ; + dig($Opsympl), ,  (5.16)
we have the following expression:
— d[01C, + §%y — ied Opsympl] | = ($8, Qpsymp1)y, * +8c(§E), + 0N, . (5.17)
Thus, we obtain the differential Noether charge according to Tachikawa’s prescription as
(BQuoeine )it T = 0(IC\)yy + 83y — i (§Opsymp) , - (5.18)

Using egs. (5.4), (5.9) and (5.13), this simplifies to
(F Qe YT = ST A [ Vi€ (R + (At icA) - (o) |
+O0A- | Vig? (o)) + (A +icA) - (ofF) |
- %wcd (Sg) D i dx,

1 1
— &5 [2G6d (Z5 + Sl + 258") 57" (da A dxb)}

- {5A S;IaF 5 A + 51“%%5@9,1} (5.19)
- {5A : 8(19?;?% 5T, — 5, A - a‘?gfgh 5rgh}

+d {52 +0A- gjfg; (A +icA) + 51‘%%%{%

+d {6A : m Vie? + 5r9h881;%‘°’F (A igA)} .

Here we have also used the identities for the generalized Hall conductivities summarized
in eq. (5.6). Comparing this expression against eq. (B.32), the deviation of the differential
Noether charge constructed by Tachikawa’s extension from ours is:

32105 aQICS
IWT ) ) T T
(5QNoether) (JQNoether) {5A aFaF 5XA + 6 b 8RcbaRgh 6X h }

32105 azICS
—0A - ———=— 619, -0, A ——— 5TY
{ OFoRs, " "~ %% 9FoR, h}

0?*Ics *Ics (5.20)
. . 3 c - Y g
+d{¢$z+5A 5F6 (A+z§A)+5rbaRcb8Rghvh§ }
821 82[05
9 . ),
+d{6A 3FOR5. vg a 0.0 (A+z5A)}.
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We note that unlike (§Qy o) (FQuoeine )2V T is not covariant. Further this non-
covariance shows up even if one discards the boundary contributions (which is justified
when we are interested only in the integral of §Q...,... over a closed surface). In fact,

this non-covariance can be directly traced to the non-covariant terms in the pre-symplectic

IwT

7 in eq. (5.5). Thus, choosing a covariant pre-symplectic current

2
current (§ Qpsympl)
(JQstympl) ,, automatically guarantees a §Q,_.,,., which is covariant up to boundary con-

tributions.

6 Conclusions and discussions

In this paper, we have proposed a new formulation of a differential Noether charge for
theories in the presence of Chern-Simons terms. Our formulation realizes a manifestly
covariant pre-symplectic current and differential Noether charge. We have also presented
a manifestly covariant derivation of the Tachikawa formula for Chern-Simons contribution
to entropy. When contrasted against Tachikawa’s extension that we reviewed in section 5,
our derivation has the additional merit of being relatively simple and straightforward.

The critical reader might wonder about the ambiguities in our construction. We have
chosen a specific pre-symplectic current and a differential Noether charge solely guided by
covariance and in case of Chern-Simons terms, this is indeed a stringent constraint which
almost uniquely determines our choice. This is in contrast with Tachikawa’s extension
of the Lee-Iyer-Wald procedure where the ambiguities in the definition of the charge are
resolved by an explicit prescription which unfortunately gives a non-covariant answer for
Chern-Simons terms (see section 5).

A more systematic prescription is provided by the Barnich-Brandt-Compere formal-
ism [13-15] where a particular differential operator (called the homotopy operator) is con-
structed to resolve such ambiguities. It would be an interesting test to see whether Barnich-
Brandt-Compere method gives a covariant pre-symplectic current and differential Noether
charge for Chern-Simons terms. Given that the homotopy operator is itself not manifestly
covariant, this would be a highly non-trivial check for Barnich-Brandt-Compere formalism.
Further, a rederivation of our expressions using the homotopy operator would then remove
much of the ambiguities in our construction. An encouraging sign in this direction is the
fact that for Abelian gauge Chern-Simons terms, our prescription already agrees with the
answer previously derived via the homotopy operator [52].

A further advantage to rederiving our construction in the Barnich-Brandt-Compere
formalism would be the following: it would then be straightforward to demonstrate that our
expression naturally incorporates algebra of currents in the dual CFT. The current algebra
of a CFT with anomalies exhibits central terms known as Schwinger terms whose structure
is completely fixed by the anomaly coefficients. It would be interesting to show that our
differential Noether charge correctly reproduces this current algebra structure. Further,
we might be able to extend to Chern-Simons terms other standard results in the homotopy
operator formalism. For example, it would be interesting to derive the generalized Smarr
relation [53] relevant for Chern-Simons terms. A related question is whether there is a
Wald-like formula for asymptotic charges [54, 55] of Chern-Simons terms.
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Another direction in which our results can be generalized is to extend them to p-forms
with Green-Schwarz couplings. Green-Schwarz couplings can often be traded for Chern-
Simons couplings by passing to a description in terms of a dual p-form [17, 22, 56]. It
would be interesting to see whether our method can be used to obtain the same answer
without dualizing.

We now turn to a largely unexplored set of questions of much current interest —
questions about the interplay between anomalies and entanglement entropy. Recently,
motivated by the generalized gravitational entropy method [57, 58], much progress has
been made in understanding how higher-derivative terms in gravity Lagrangians enter
holographic entanglement entropy [19, 20]. However, much of this effort has been focused
on covariant Lagrangians and much less is understood about Chern-Simons terms (see
however [59] for the case of the gravitational Chern-Simons term in AdSs3). Some of the
questions one would like answered in this context are:

e Can one obtain the entanglement entropy formula for Chern-Simons terms by a
dimensional reduction? If yes, what are the extrinsic curvature correction to the
Tachikawa formula? In AdSs, the authors of [59] have argued that the Tachikawa
formula receives no corrections. It would be interesting to see whether the same holds
in higher dimensions by evaluating Chern-Simons terms on the squashed cone metric.

e Can one reproduce the bulk Chern-Simons equations of motion from entanglement
entropy a la [60, 61]7

e If one computes the anomaly contributions to the entanglement entropy equation [62,
63], are they independent of the coupling? These terms would then be the analogue
of anomaly-induced terms in hydrodynamics.

e The structure of anomaly-induced terms in hydrodynamics is captured by a replace-
ment rule [41, 44] which was recently proved by formal Euclidean methods in [43, 46].
Is there a simpler and a more physically transparent proof using anomaly-induced
entanglement entropy?

As a first step towards answering these questions, one would first like to check that the
expressions proposed in this paper, when evaluated over the fluid/gravity solutions of [37]
correctly reproduce the anomaly-induced hydrodynamics. That, dear reader, will be the
subject of our accompanying paper [49]!
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A Detailed computation of (§Q......)H
This appendix summarizes the detailed derivation of our result for the differential Noether

charge in eq. (3.38). We begin by writing down the Hall part of the pre-symplectic current
with the second variation set equal to the diffeomorphism/gauge variation d, generated by

X = {ga’ A}

(393 osyum )

1 11
= ——§ |V=G )" 6,Ghe — =——= 0, |V=C ()| 6Ge
2V-G [ () ]Xb 2V/-G X{ (E) ’ (A1)
+0A - (BT 5 Ay 4 0T - (BT 6,19
+0Ac - (58RI 5,19, — 5 A (557" 619,

We will begin by simplifying the first line in eq. (A.1):

;& 5[V=G (5] 6,Goe — A 0 [V ()] 6 -
_ ;\/;G 6 (V=G (=) 8, G| - ;\/i? 5 [V=G ()™ 5G .
The second term on the right hand side of eq. (A.2) evaluates to
| o0 oo
= (V) (5) D 6Ga + L€V [(E) D 6Ca] — (V1) (B) D G
=-V, {; & @) - (2m) e 6ch} + &V [; <2H><Cd)”6ch] (A.3)

= -V, { € ) - () ) 5ch} + €6 Gea(Ti)

—_

- §§a5chb ),
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where we have used eq. (2.16). Thus, the first line in eq. (A.1) can be written as

1 1 c)a c)a
rveel V=G (2] 5o F o [V=G (5)] 6Gie
_ vb {; {fa (EH)(Cd)b - (EH)(Cd afb} 5ch} - igadch(TH)Cd (A4)
+%£“5chb (St d+\& [m ()5, Gbc] '

After rewriting (#4, Dogymp)% by using eq. (A.4), we add to it the term £Y(FE), =
(1/2)€%6G (T i) + €26 4y - Iy to get

(3 sy )y + E°(FE)
=V {2 & @) — ()¢ 6ch}

;M;G 5 (V=G 5G] (AD)

efa c bhefa
+0A. - ( FF) -0 Af+51“ be * ( RR)Cg -0 thf
FRr\hefa FRr\hefa
04 ()T 09, — 5 A, (5FR) " 19,

1
+&° [M‘dcb (Sa)" a+ 04 Jl}{} +

We should subtract from this expression the variation of the Hall contribution N% to
the on-shell vanishing Noether current, which is given by

N = &(Tr)™ + (A +€°40) - Y
v, [ & (zabcmbﬁuz%”ﬂ (Voo + Vo) S0
+ fvcgb (Sa)*p+ (A +EA) - I (A.6)
_ [ ¢, (Zacb +xbae 4 E%b)} n %Egc)aéxGbc
+ ivcﬁd (Em)*a+ (A+EA)- Iy

Subtracting the variation of this expression from eq. (A.5), we get

a 1 a
(s )i + € FE) s =~ =50 V=GN |

_ Vb{ % |:£a (ZH)(cd)b o (ZH)(Cd)a 6b:| 5ch

1
- \/—G

+ ¢@ [25rdcb ()% g+ 64, - JI}I}
1

- = 5 [\/@ <1Vc£d (Za)*a+ (A+E°A) - J%) ]

[F G (Eacb 4 e _’_Z%b)} }
(A7)

bhefa

+0Ac - (G5F)T" 0 Ap + 0T - (RR) T 5,1,
+0Ac - (G5 5,19, — 5, A (G5 5T,

g
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Now we want to express the right hand side of the above expression as a total divergence.

Let us begin by simplifying the first two lines outside the divergence in eq. (A.7):

[ 0T (Sm)™ 4+ 5 A - JH]
3 VG (5Veet a3y ) |
%5ch (57 (B 4 = 0} (Sm)* ) + 64 (5?J%_5?J%>}

s [\/j J}ﬂ > (A.8)

I

7Y

—~
g

I
N/
DN |

<
7853

ISH

-

(%)

V=G En)d] + (e ea) =

= (3T (5 + 00 (21, ) R
— (0T (7Y + 0y - (75)) - € P
+ (vhgg (FRR)E 4 (A refa f) : (agR)jf“b) V.oT4,,
+ (Vag? (@) (A €FAp) - (a5F)) - Voo,

where we have used egs. (2.19) and (2.24). Next, we shift the covariant derivatives from
V.6T%, and V.04, by an integration by parts to obtain

1 c
IS [25rdcb ()% g+ 64, - JI}I]

Lo (fre o nrean ) |

+0A - (68T 5 Ay 4 0T - (B7) 5,19

+ 04 (a5 5,109, — 5 A (551" 619, (A9)
= Vo{ (Vae? (B5R)" + (A+5fAf) ( R ort,

+ (Vg @R 4 (Al Ap) - (FT)) 04, |
_ —Vb{ (Vhﬁg( R)hcfab (A +E°A,) - (5 R) cfab 5chf

+ (Vg (BN (h+gea) - (5 ) aay )

9

Combining all the terms together, we finally obtain

Q) = 8 Ty + 0D, — = [VENG] L (A0)
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with

Qo) = [V (1R 4 (A €24, - (57" | oTs

+ [V (@B (A v eeA) - (05F)™ ] 54y

+ % [(EH)(cd)a gb o (EH)(Cd)b é-a:| 6Gleg

+ ;\/%6 V=G Gur (T35 + 3l +258") | -

B Differential forms and Noether charge

(A.11)

In this appendix, we summarize our notation for the differential forms and present the

formulation of the Noether charge in differential forms.

B.1 Notation: differential forms

It is often useful to shift to the language of differential forms (denoted by bold letters in

this paper) which is a more efficient way of dealing with antisymmetric tensor indices. In

this appendix, we summarize our conventions for differential forms.

e We will denote the volume form on the spacetime by

de\/G Sign[G] = fmsaoal,,,adwo Adz™ A ... A dz®

where G denotes the determinant of the metric and Sign[G] is its signature.

(B.1)

For pseudo-Riemannian metrics describing spacetime, we have Sign[G| = —1 and we
take £,4,1 4a-1 = —/—G where r is the (spatial) holographic direction with r — oo
corresponds to the conformal boundary of AdS;y;. The epsilon tensor for the dual
CFTy on R (with the flat metric) is taken to be g;,1 a1 = —1.

e We define the Hodge-dual of a p-form V' via

Sign[G] bibo..b
(*V)a1a2...(ld+1,p = p' VI-Jle...bPE 1920 pala2-..ad+17p 9 (B2)
or, in other words,
Sign|G
*V - p‘(dl—;g-nl[—]p)' %1b2..-bp 6blb2mbpa1az...OLdJrlfp dxal A d‘raQ A d$ad+1_p : (B3)

We note that the definition above is equivalent to

Sign[G]

a a a —
m €b1b2~--bpa1(12-~~0«d+17p dx LA d.f 200N d.T d+1 p,

(B.4)

* (dmbl ANdxp, ... dl'bp) =
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or

1
da® Ada? . datr=—— g@102-Gap1pbriba by * (alar:a1 Ndzq, . . ./\dmade)

(d+1-p)!
(—1)pld+1-p)

(d4+1-p)! ghbe-bpmaz dati—p * (dmal NdZg, . . '/\dxad+1—p) .

(B.5)

For the boundary CFTy, our convention for the Hodge-dual *°"" is given by similar
expression as in eq. (B.2) but with Gy, replaced by the flat metric on R4~b1 and
the bulk epsilon tensor replaced by the boundary epsilon tensor as discussed below
eq. (B.1).

e One of the main uses of eq. (B.5) is in translating expressions of the following form

into components
V=ANAsN...NAy. (B.6)

Here V is a (d + 1 — p)-form , A is a ¢;-form, Ay is a go-form etc. such that
k
> izq1 ¢ = p. We have

V=A1 NAsA...N Ay
1
= m(Al)al...aql (AQ)bl...qu oo (Ak)fl...qu
dz®™ A ..dx®n Adabt .o dabe AL daft AL dada (B.7)
1
alg!. . q!(d+1—p)!

(Al)al---aql (A2)b1...bq2 - (Ak)fynqu* (dxcl A\ d$c2 N dwcd+l_p) ,

50162...cd+1_pa1...aq1b1...bq2...fl...qu

so that the component of V' is written as

ez Cati—p — 1 Eclcz...cd+1_pa1...aq1b1...bq2...f1...qu

q1lga!. .. ! (B.8)
(A1)ar..aq, (A2)by. by - (AR 11 gy, -

e Given two p-forms V7 and V,, we have

1
Vi AV, = da/—G o (Vi) ereane, (Vo) 127 (B.9)

e Given a p-form V] and a ¢-form V5 with ¢ > p, we have

ViR Ve = e (V. (V)7 00 (g, A, )
(B.10)
e Given a p-form V', we introduce a form V such that V' = —*V. In components, we
have 1
Varas.age_, = —Hé?alaz...adﬂ,pblb?'“prble...bp. (B.11)
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For a k-form U, a result we will need is

UANV
! v 1
= 7UC c2...C V a1a2...ad4+1—-p—kC€1C€2...Ck
fl ez (V) T p——

!*(ala:a1 A A dxad+17p7k) )
(B.12)
Another result we will need is 3.V = * (V' A ) for any vector {* whose dual one-form
is given by & = Ggp £%da®.
B.2 Noether charge formalism in differential forms

It is straightforward to convert our equations about the Noether charge formulation to
differential forms using the formulae given in appendix B.1.

We begin by defining the equation of motion form via §€ = —(§&€) *1 and the pre-
symplectic form as the Hodge-dual of the pre-symplectic current by the use of the relation
Jzﬂpgympl = —(52§P5ympl)“ *dx,. All the other forms are defined in a similar fashion
following eq. (B.11). The basic equation eq. (2.3) about the divergence of the pre-symplectic
current becomes

d(F* Qpsympt) = 61(62€) — 82(61E) . (B.13)

We note that various factor of /—G are naturally taken into account in the language of
forms.

By introducing the form corresponding to the pre-symplectic potential as 6@pgymp1,
eq. (2.7) is written as

2
8 Qpsympl = —01($2Opsymp1) + 52($1 Opsympl) - (B.14)
Noether’s theorem then assumes the form

d*N=—-§E, *N~O, (B.15)

X
while the Komar decomposition eq. (3.29) is of the form

—dKy =i¢L — §,Opgymp + "N (B.16)
Next, the defining equation eq. (3.17) for the differential Noether charge becomes

—d (‘gQNoether) = JJXQPSympl + 7/568 + 5(*N) . (Bl?)

Finally, in terms of the Komar charge, the Lee-Iyer-Wald differential Noether charge is (by
converting eq. (3.33) to differential forms):

JQNocthcr - 6’CX - iﬁé‘@PSympl . (B18)
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B.3 Einstein-Maxwell contribution

Here we rewrite the derivation of the Einstein-Maxwell Noether charge in differential forms.
We first begin with the Lagrangian form for the Einstein-Maxwell theory defined via

L 1.

Ein-Max _LEin—Max

Thus eq. (2.10) becomes

*(dz® A day) A 1
L. =R, A cc*q] FA*F B.19
Ein-Max a ].67TGN + 87TGN + 292 ) ( )

EM

where we have introduced Maxwell field strength two-form F' = (1/2)F,, dz® A daz® and
curvature two-form R%, = (1/2)R%.qdz® A dz?. Later, we will also use gauge field one-
form A = A,dz* and connection one-form I'*, = I'*,.dz¢. We denote products of curvature
two-forms as (R*)%, = R%, AR, A... AN R%2, _ A R% 1, and hence tr[R¥] = (R¥)?,
is understood as a matrix-trace.

We remind the reader that given our orientation convention in AdS, we have *1 =
—v/—G d** 'z and hence the Einstein-Maxwell action is given by

*(dx® A dxy) A 1
. _ L . _ Rba /\ ( cc *1 F *F .
SEmeax / Ein-Max / |: 167TGN + 87TGN " 29}2:71\/1 "

The corresponding pre-symplectic potential in eq. (2.14) becomes

(6@P8ymp1)Ein—Max = _(6@P8ympl)gin_1wax *d'ra
*(dz®* A dxy) *F
= > HCIC Y
167G, 42 (B.20)
OL . OL..
= §Tb, T BinMax 4 5 A . ZBin-Max
oRY, OF
and the Hodge-dual of the pre-symplectic current in eq. (2.6) is
(* Qesympl i riax = — (5 Doyt o aran "4
PSympl)gin-Max — PSympl/ Ein-Max La
*(dz® A dap) *F
— I‘ba (7 A-
[ L% 02 < 167G, ) oA -0 (@Mﬂ (B.21)
* a *F
_ 52I‘ba 5 M +65A -6, )
167G, .
Moving on to the Komar charge, we have
— 1 = ab *
(’CX)Ein—Max = _E(ICX)Ein—Max (dxa A dxb)
*(dx® N dx . *F
SV "(dz? A dy) +(A+icA) - — (B.22)

167G,

EM

oL . OL.,
= V& 78%21“ + (A +igA) - =2
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The Einstein-Maxwell contribution to the differential Noether charge in eq. (3.34) can
be written in terms of forms as

(é‘QNocthcr ) Ein-Max

== (JQNoether)Em Max (daja’ A dmb)

dz® Nd . *F .
=5 [ vaeh D) (e } (B-23)
N EM
*(dx® A dxp) *F
167G, oA

gE]vI

— [ or’,

which can be simplified further to give

<6QNoether)Ein»Max
1y [*(da® A day) . *F
— vt g | N DAE A 45 A) -8
5 Vet [ se, | TATEA) 7 (B.24)
> x a *F
Lo, W N
2 887Gy [/

B.4 Hall contribution

As the next step, we rewrite the derivation of the Hall contribution to the Noether charge
in differential forms. We start with the defining equation for the Hall conductivities in
eq. (2.19) which can be stated in terms of forms as

—5(*Iy) = 6F - oFF £ 5RI, A (FF)"
1 , (B.25)
—59 ()’ c=0F - (o)) + 6R) A (oFF)

H

We can now use the expression for the Hall currents

OPcFT 1 b
Ju = 5F ("Xu) .=

(B.26)

to get the generalized Hall conducetivities
rr _ O*Porr (o) = PPcrr
H T Jeh T 9RO ORM

PP
FR\I _ (o RF\I _ O PCFT
(U ) (UH )h - aFaRhg'

(B.27)

To restate the property eq. (2.24), we first rewrite it by contracting with an arbitrary
vector &7
heab
) ¢RIy se
cheab

I — Jhet = (6FFY Y eIy 4 (6

» (B.28)
%(EH)“Cdfb—%(EH)bcdfaz ("), 3 Fre+ (o RR)

¢RIy .
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We can now multiply both sides by —(1/2)*(dz, A dxp,) and use *(V A §) = i¢*V for an

arbitrary form V' to get

. . h .
—’LE*JH = O'gF . lé‘F + (UI};R)Q ’LgRgh,

.1 c RF\¢ RR\¢h .
—te5("Bu)'a= (0,7 ), deF + (0,7),, &R,
or

. OPcrr  O*Pcrr . *Pcerr .

- G F 4+ SO R
“oF oFoF " T gFome, Wt
. OPcrr  O*Pcrr . P*Pcrr .

- iF + —CFT Ry
“omrd, ~ oRLoF " ' oRLoms, VM

which is just the statement that the operator 2¢ acts as a derivation.
Next, the pre-symplectic current in eq. (2.27) becomes

2 25 a
(6 QPSympl)H = _(5 QPSympl)H “dz,

1 1
= —551 |:(EH>(bC)a *d.l‘a:| (SngC + 5(52 [(ZH)(bc)a *dl'a] 61Gbc

H

+ 8 Aol A+ HT - (o) 5T,

+ A (oF™)! 6,19, — 64 (FR)! §T9),.

(B.29)

(B.30)

(B.31)

Finally, the expression for Hall contribution to the differential Noether charge given in

eq. (A.11) becomes

(BQuuner) it = ST A [V (FR)1 4 (A + i A) - (o7 |
+OA- Vg (o)) + (A +icA) - (o] |

H

1
— i(sGCd (ZH)(Cd)a ié*d.%'a

1 1
—&ds [2ch (zjtfb + xhae 4 Z‘ﬁ‘b) o1 (da N d:nb)} .

(B.32)
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