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1 Introduction and general idea

Deep inelastic scattering (DIS) of leptons from hadrons has played a key role in understand-

ing the hadron structure, by providing compelling experimental evidence which confirmed

predictions from Quantum Chromodynamics (QCD). In this process an incoming lepton

with four-momentum kµ, being k0 ≡ E, emits a virtual photon with four-momentum

qµ = kµ− k′µ. This virtual photon is absorbed by a hadron with four-momentum Pµ. DIS

is an inclusive process, i.e. while the outgoing lepton four-momentum k′µ (with k′0 ≡ E′)

is measured, the final hadronic state is not. The differential cross section is proportional to

the Lorentz contraction of a leptonic tensor lµν with a hadronic tensor Wµν(P, q)h′ h. The

leptonic tensor is straightforwardly calculated from Quantum Electrodynamics, and for a

spin-1
2 lepton it reads

lµν = 2 [kµk′ν + kνk′µ − ηµν(k · k′ +m2
l )− i εµναβ qα slβ ] , (1.1)
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where slβ and ml indicate the leptonic spin and mass, respectively. On the other hand, the

hadronic tensor is expressed in terms of the commutator of two electromagnetic currents

inside the hadron. Thus, its computation pertains to the domain of QCD at strong coupling

and therefore it cannot be obtained by using perturbative Quantum Field Theory (pQFT)

methods. This is precisely where the gauge/string duality ideas become useful in this

context [1].

The definition of the hadronic tensor is given by the following expression

Wµν(P, q)h′ h = i

∫
d4x eiq.x 〈P, h′|[Jµ(x), Jν(0)]|P, h〉 , (1.2)

where Pµ and PµX stand for the hadronic initial and final momenta, h and h′ are the polar-

izations of the initial and final hadronic states. In four-dimensional Minkowski spacetime1

we have the on-shell conditions M2 = −P 2 and M2
X = −P 2

X , where we have written the ini-

tial and final hadronic squared masses, respectively. The hadronic tensor can be rewritten

as a sum of a small set of terms which come from the most general Lorentz-tensor decom-

position of Wµν(P, q)h′ h, satisfying parity invariance and time reversal symmetry. In this

expansion the factors multiplying each single term are called structure functions. From

them it is possible to extract the parton distribution functions, which give the probability

that a hadron contains a given constituent with a given fraction x of its total momentum

Pµ. This number x is the so-called Bjorken parameter defined as

x ≡ − q2

2P · q
, (1.3)

and also we define the parameter tB as

tB ≡
P 2

q2
, (1.4)

whose absolute value is very small in the DIS regime.

If the hadrons were composed by massless partons the probability of finding a parton

with a momentum xPµ would be given by the parton distribution function f(x, q2). More-

over, if the partons were free the distribution functions would become independent of q2,

leading to the Bjorken scaling. However, due to the interactions the parton distribution

functions in QCD depend on both x and q2. Notice that the hadronic structure functions

are dimensionless functions depending on P 2, P · q and q2, being their functional depen-

dence recast in terms of q2, x and tB. The physical ranges for these variables are 0 < x ≤ 1

and tB ≤ 0.

Since there are not known holographic dual models representing dynamical baryons we

focus on spin-zero and polarized spin-one hadrons, for which there are such models. For

spin-zero hadrons the most general Lorentz-tensor decomposition is [2, 3]2

W scalar
µν = F1

(
ηµν −

qµqν
q2

)
− F2

P · q

(
Pµ +

qµ
2x

)(
Pν +

qν
2x

)
. (1.5)

1We use the mostly-plus signature for the flat spacetime metric.
2This expression and eq. (1.6) for polarized vector mesons differ from the corresponding ones from [2, 3]

by a few signs. This is due to the fact that we use of a mostly-plus metric.
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We can just neglect terms proportional to qµ and qν since they vanish upon contraction

with the leptonic tensor, since the leptonic current is conserved.

On the other hand, for polarized spin-one hadrons the most general form of the

hadronic tensor is [3]

W vector
µν = F1 ηµν −

F2

P · q
PµPν + b1rµν −

b2
6

(sµν + tµν + uµν)− b3
2

(sµν − uµν) (1.6)

−b4
2

(sµν − tµν)− i g1

P · q
εµνλσ q

λ sσ − i g2

(P · q)2
εµνλσ q

λ (P · q sσ − s · q P σ) ,

where F1, F2, g1, g2, b1, b2, b3 and b4 are the eight structure functions for polarized spin-one

hadrons. In the above equation we have dropped terms proportional to qµ and qν , since

as before they vanish when they are contracted with lµν . We have also used the following

definitions

rµν ≡
1

(P · q)2

(
q · ζ∗ q · ζ − 1

3
(P · q)2κ̃

)
ηµν , (1.7)

sµν ≡
2

(P · q)3

(
q · ζ∗ q · ζ − 1

3
(P · q)2κ̃

)
PµPν , (1.8)

tµν ≡
1

2(P · q)2

(
q · ζ∗ Pµζν + q · ζ∗ Pνζµ

+q · ζ Pµζ∗ν + q · ζ Pνζ∗µ −
4

3
(P · q)PµPν

)
, (1.9)

uµν ≡
1

P · q

(
ζ∗µζν + ζ∗νζµ −

2

3
M2ηµν −

2

3
PµPν

)
, (1.10)

being κ̃ = 1 − 4x2 tB while sσ is a four-vector analogous to the spin four-vector in the

case of spin-1
2 fields defined as sσ ≡ − i

M2 ε
σαβτ ζ∗αζβPτ . We can see the dependence on the

initial and final hadronic polarization vectors denoted by ζµ and ζ∗µ. The transversality

condition P · ζ = 0 is satisfied, while the hadronic polarization vectors are normalized such

that ζ · ζ∗ = M2.

One should also notice that DIS amplitudes can be obtained by taking the imaginary

part of the forward Compton scattering amplitudes. This allows one to consider the tensor3

Tµν(P, q)h′ h = i

∫
d4x eiq.x 〈P,Q|T̂ (Jµ(x) Jν(0))|P,Q〉 , (1.11)

where Jµ and Jν are the electromagnetic current operators, and Q is the charge of the

hadron. T̂ (Ô1Ô2) stands for time-ordered product between the operators Ô1 and Ô2, and

the tilde indicates the Fourier transform of the electromagnetic current operator. The

tensor Tµν ≡ Tµν(P, q)h′ h has identical symmetry properties as the hadronic tensor, thus

having a Lorentz-tensor structure similar to Wµν(P, q)h′ h. The optical theorem leads to

Fj = 2π ImF̃j , (1.12)

3Current-current correlation functions in the DIS regime of an N = 4 SYM plasma have been considered

in [4] and by including α′3-corrections in [5]. In addition, in the hydrodynamical regime of an N = 4 SYM

plasma this kind of correlation functions is necessary in order to obtain the electrical conductivity [6], which

has also been studied by including α′3-corrections from string theory [7–10].
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where F̃j is the j-th structure function of the Tµν tensor, while Fj is the one corresponding

to the Wµν tensor.

As pointed out before, in order to calculate the hadronic tensor one cannot approach

the problem in terms of perturbative QCD, since the parton distribution functions depend

on soft QCD dynamics. Polchinski and Strassler [1] developed a proposal to calculate the

hadronic tensor for glueballs by using the gauge/string theory duality. They obtained the

structure functions for glueballs in a deformation of the large N limit of SU(N) N = 4 SYM

theory, which leads to the N = 1∗ SYM theory [11]. Their calculation holds in the strongly

coupled regime of the gauge theory, i.e. when the ’t Hooft coupling λ = g2
YMN satisfies

1 � λ � N . There are four kinematical regimes depending on the values of the Bjorken

parameter. The supergravity regime holds when 1/
√
λ � x < 1 (x = 1 corresponds to

elastic scattering). The second kinematic regime holds provided that exp (−
√
λ) � x �

1/
√
λ, and in that case the holographic dual description corresponds to excited strings. In

the third regime one considers exponentially small values of x, which corresponds to the

case when the size of the strings are comparable to the AdS5 scale R. This is a subtle but

interesting parameter region because the interaction can no longer be considered local. In

this region there is an effect due to the strings growth which is studied in terms of a diffusion

operator. There is a fourth regime where | lnx|λ−1/2 > ln(Λ/q), being q the momentum

transfer and Λ the confining IR scale. In this case the world-sheet renormalization group

can be used to include the effect of strings growth. It is worth mentioning that the general

picture in the planar limit of the strongly coupled gauge field theory corresponds to the

scattering to a lepton by an entire hadron. Within the last three regimes the calculations

have to be done in terms of superstring theory scattering amplitudes as we will discuss in

detail in the following sections for holographic mesons. Alternatively, the calculation can

be carried out in a different way, in terms of an effective Lagrangian which contains a four-

point interaction vertex. This effective Lagrangian is derived from the four-point string

theory scattering amplitude which is written in terms of the product of a kinematic factor

and a pre-factor. The kinematic factor can be straightforwardly derived by extracting the

coefficient of the graviton pole of the t-channel. This can be done within the low-energy

limit of string theory. On the other hand, the pre-factor contains the α′-dependence through

gamma functions. This calculation in fact goes beyond the supergravity approximation.

Obtaining the structure functions in the whole physical range of the Bjorken parameter

is very interesting, particularly at small x. From the study of the moments of the structure

functions F1 and F2 it can be inferred that the structure functions should have a component

with a narrow peak around x = 0. Moreover, there is a more physical argument supporting

this behavior [12], which can be described as follows. First, let us consider weakly cou-

pled gauge theory where the interactions produce splitting of partons and, therefore, the

structure functions increase as the Bjorken parameter decreases. As the coupling constant

increases the evolution of the structure functions becomes more rapid. At strong coupling

we cannot use the parton model. However, one might think that this trend, which leads

to an even more rapid evolution towards small x, should still hold. This has indeed been

confirmed for the glueball structure functions by using a string theory calculation [1].

Now, the questions are whether or not it is possible to extract the eight structure func-

tions from holographic dynamical hadrons, and what can be said about the x-dependence of

– 4 –



J
H
E
P
0
5
(
2
0
1
5
)
0
0
1

Figure 1. A schematic picture of the holographic dual description of DIS in the 1/
√
λ � x < 1

regime. B denotes vector mesons, r is the radial coordinate, r0 is the IR cutoff, rinteraction is where

the graviton-meson interaction occurs (the position of the D7-brane), and rBoundary is where the

actual field theory DIS process takes place. In this figure l denotes leptons, dashed lines indicate

virtual photons. This is a holographic dual representation of the forward Compton scattering,

related to DIS through the optical theorem.

the structure functions for small and exponentially small values of the Bjorken parameter.

We can address these questions in the planar limit and at strong coupling. As commented

before, since there are not known holographic dual models of dynamical baryons, it is then

compelling to consider dynamical scalar and polarized vector mesons. This is interesting

for several reasons. One is to understand the structure of the holographic dual mesons.

Also, we are interested in looking for general properties, i.e. properties which either do not

depend on the particular holographic dual model, or depend on it in such a way that we

can say something about what would happen to the structure functions of QCD mesons in

the large N limit.

In [13] we began with this research programme for dynamical holographic scalar and

polarized vector mesons with one flavor, by considering different flavor Dp-brane models

in type IIB and type IIA superstring theories. Then, in [14] we generalized these investi-

gations to the case of several flavors, which is indeed a non-trivial generalization, and also

by obtaining the corresponding next-to-leading order Lagrangians in the 1/N and Nf/N

expansions. In those papers we have considered different holographic dual models leading

to different confining gauge theories. Particularly, we have studied the D3D7-brane model

dual to anN = 2 supersymmetric Yang-Mills theory with fundamental quarks [15], and also

the gauge theories which are dual to the D4D8D8-brane model of Sakai and Sugimoto [16]

and the D4D6D6-brane model [17], respectively. For all these different confining gauge

theories, we have obtained the corresponding scalar and polarized vector meson structure

functions in the supergravity limit, i.e. in the kinematic region where 1/
√
λ � x < 1. A

schematic picture of the holographic dual description of the forward Compton scattering

within this parametric (pure supergravity) regime is depicted in figure 1.
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We have found several interesting results. On the one hand, we have obtained new

relations among several of the eight different structure functions of each polarized vector

meson. On the other hand, we have found that these relations are independent of the

model: there could be a universal structure for holographic scalar and vector mesons. The

reason for this behavior is the fact that the dynamics of holographic dual models with probe

flavor Dp-branes is controlled by the Dirac-Born-Infeld (DBI) action. Although for each

particular model the DBI action changes its dimension and also the structure of the gauge

fields and the induced metric, it renders model-independent Callan-Gross type relations for

different Dp-brane models when 1/
√
λ� x < 1, for instance F2 = 2F1. Notice though that

for small-x the Callan-Gross relation from QCD has an extra x-factor: F2 = 2xF1. Thus,

it is expected that this additional factor should be present for small x in the holographic

dual description.

The next question is how to calculate the referred scalar and polarized vector meson

structure functions at small and exponentially small values of x. This is the task we carry

out in the present work. The calculations we perform hold in the planar limit of the

gauge theory. Notice that for simplicity we restrict ourselves to the case of Nf = 1, i.e.

single-flavored mesons.

We address three main issues. As mentioned before, one is about the behavior of the

structure functions at small and exponentially small x, in order to see if the rapid evolution

towards small values of x at strong coupling is confirmed for dynamical holographic mesons.

Secondly, we show that for each holographic dual model we consider one may extract the

Callan-Gross relation between F1 and F2, of the form F2 ∼ 2xF1, and similar additional

relations among other structure functions. In fact as it happens with the glueballs [1]

we find that there is also an extra x-independent (but model dependent) factor on the

right hand side. Thirdly, we show how general these relations are, i.e. we discuss on their

model-independent behavior. In order to carry out our programme we have to calculate

the structure functions by using superstring theory. This has to be done in terms of the

scattering amplitudes of two closed and two open strings. We will show the details in the

following sections.

In section 2 we study DIS of leptons by scalar mesons. Then, in section 3 we carry out

the calculation of the hadronic tensor of polarized vector mesons, including the structure

functions and their relations at small values of the Bjorken parameter x from string theory.

We begin with the four-point scattering amplitudes of two open and two closed strings,

A2o2c,scalar
4 , in flat spacetime. This has two terms with two factors each: a kinematic one

and a pre-factor which carries the α′-dependence. In the parametric regime we consider

there is only one relevant term and from its kinematic factor one can obtain an effective four-

point interaction Lagrangian. This Lagrangian describes an effective interaction between

two gravitons and two scalar mesons. In the case of vector mesons the corresponding

string theory scattering amplitude, A2o2c,vector
4 , has several terms with two factors each: a

kinematic one and a pre-factor. Again, we argue that there is only one relevant term and

explain how one can obtain an effective four-point interaction Lagrangian. This Lagrangian

describes an effective interaction between two gravitons and two polarized vector mesons.

We should emphasize that this flat spacetime calculation is directly related to the scattering

– 6 –
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Figure 2. Schematic picture of the holographic dual description of DIS in the exp
(
−
√
λ
)
�

x� 1/
√
λ regime. Here the graviton exchanged between the three-graviton vertex and the meson-

meson-graviton vertex represents a single Pomeron exchange in the dual gauge theory.

process in our curved background. This is so because in the small x regime the size of the

strings is small compared to the AdS curvature. As we shall see later this implies that the

interaction can be considered local.

From the string theory scattering amplitude A2o2c
4 one can proceed in two different

ways. In the first place, one can take the limit t̃ → 0, where t̃ is the ten-dimensional

t-channel Mandelstam variable. From it one can obtain an effective Lagrangian, for which

the relevant terms within the kinematic regime we describe consist of several four-point

interaction vertices. Then, from this Lagrangian one can calculate the hadronic tensor for

small and exponentially small values of x. There is a second approach which we comment

as follows. Let us consider the low-energy action of superstring theory, the Dp-brane

action and the interaction between open and closed superstrings. Then, let us consider the

α′ → 0 limit. From this low-energy theory we derive the graviton and meson propagators

and also the interaction vertices. Then, we explicitly calculate the s-, t- and u-channels. It

turns out that the coefficient of the t-channel graviton pole gives the same effective four-

point interaction Lagrangian mentioned above up to an α′-dependent factor. A schematic

representation of this process is depicted in figure 2. We carry out this calculation in full

detail, and discuss its connection with the string theory four-point scattering amplitude.

Then, from these effective Lagrangians we derive the hadronic tensors of different

mesons. Finally, we calculate the structure functions for scalar and polarized vector mesons.

Particularly, for polarized vector mesons we obtain the alluded eight structure functions

at small and exponentially small x values. Very interestingly, we obtain new relations of

the Callan-Gross type for several structure functions. These relations have similarities for

all Dp-brane models we consider. This suggests a universal behavior which would possibly

hold in the large N limit of QCD.

In sections 2 and 3 we carry out all the mentioned calculations for the specific case of

the D3D7-brane model. We also comment on the exponentially small x regime. In section 4

– 7 –



J
H
E
P
0
5
(
2
0
1
5
)
0
0
1

we extend all these results, expressing them in a compact general form which also holds for

the D4D6D6-brane model and for the D4D8D8-brane model. Discussions and conclusions

are presented in section 5.

2 DIS from scalar mesons at small x from string theory

Let us consider the four-momentum of the hadron Pµ, and the virtual photon four-

momentum qµ, where q2 > 0. Recall that the s-channel Mandelstam variable in the

four-dimensional gauge theory is given by

s = −(P + q)2 = q2

(
1

x
− 1− tB

)
' q2

(
1

x
− 1

)
, (2.1)

where we have considered the situation where |P 2| � q2 (i.e. |tB| � 1).

Since the gauge theory under consideration has a known string theory dual description,

we will describe the deep inelastic scattering of an electron from a scalar meson with one

flavor in terms of its holographic dual D3D7-brane model. The ten-dimensional background

metric is

ds2 =
r2

R2
ηµν dx

µdxν +
R2

r2
dr2 +R2 dΩ2

5 , (2.2)

where the radius of the five-sphere and the scale of the AdS5 satifies R4 = 4πgcNα
′2. The

usual four-dimensional coordinates are xµ = (x0, . . . , x3). The induced metric on the probe

D7-brane is given by

ds2
D7 =

r2

R2
ηµν dx

µdxν +
R2

r2
dr2 +R2 dΩ2

3 , (2.3)

which is the asymptotic form of the metric when r is much larger than the distance between

the D7-brane and the N D3-branes. Scalar and vector mesons correspond to excitations of

open strings ending on the probe D7-brane. The dynamics of the D7-brane fluctuations is

described by the DBI action

SD7 = −T7

∫
d8ξ

√
−det(P̂ [g]ab + 2πα′Fab) , (2.4)

where gab stands for the metric (2.3), T7 is the D7-brane tension. In addition, P̂ denotes

the pullback of the background fields on the D7-brane world-volume.

The ten-dimensional s-channel Mandelstam variable satisfies

s̃ ≤ −gµν(P + q)µ(P + q)ν =
1√

4πgcNα′2

(
1

x
− 1

)
. (2.5)

The hadronic tensor can be extracted from the calculation of the four-point correlation

function of two photons and two scalar mesons. While in the supergravity calculation there

is a sum over intermediate states [13, 14], when we focus on the string theory calculation

there is an implicit sum which is obtained by considering the imaginary part of the forward

four-point scattering amplitude.
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In the dual string theory model photons are represented by gravitons, h, with polar-

izations hMN = (1/2)(AMvN +ANvM ) where Am is a U(1) gauge field propagating along

0, . . . , 4 coordinates in the bulk.4 For the D3D7-brane model vi is a constant Killing vector

on the three-sphere.5 In superstring theory gravitons correspond to closed strings. On the

other hand, scalar mesons are represented by open strings attached to the flavor D7-brane.

Then, one has to calculate the four-point string theory scattering amplitude of two open

and two closed strings, A2o2c,scalar
4 . As mentioned before, this amplitude can be expressed

in terms of two terms with two factors each. One is a kinematic factor, K2o2c,scalar
i . The

other one is a pre-factor P2o2c,scalar
i which has the usual gamma function structure, and it

gives the α′-dependence:

A2o2c,scalar
4 = P2o2c,scalar

1 K2o2c,scalar
1 + P2o2c,scalar

2 K2o2c,scalar
2 . (2.6)

Within the kinematic regime we are interested in the second term is not relevant. We focus

on the first term because this is the only one having a pole in the t-channel [18].

Since we are interested in the hadronic tensor, we want to calculate the imaginary part

of the forward scattering amplitude. Essentially, we must evaluate K2o2c,scalar
1 at t̃ = 0.

This can be done in two ways. On the one hand, we can take A2o2c,scalar
4 and replace

hmi (the graviton, i.e. a closed string) by Amvi, and also consider X which is the scalar

fluctuation represented by an open string. Thus, in principle, one obtains an effective four-

point interaction Lagrangian Leff
hhXX from which the hadronic tensor can be calculated.

On the other hand, Leff
hhXX is also given by the coefficient of the t-channel graviton pole

multiplied by a pre-factor with the α′-dependence. This second approach can be thought

of as the low-energy calculation of the four-point scattering amplitude, i.e. in the α′ → 0

limit. For this calculation one considers the graviton propagator and the graviton three-

point vertex derived from type IIB supergravity action, and also the graviton-XX vertex

derived from the Dirac-Born-Infeld action with scalar fluctuations on the flavor brane.

Notice that in what follows the momenta ka of the fields, the graviton polarizations h,

and the polarization of the vector mesons ε (in section 3) are parallel to the flavor D7-brane

directions. On the other hand, the scalar mesons represent fluctuations perpendicular to

the flavor D7-brane world-volume coordinates.

2.1 Four-point open-closed string theory amplitude

In order to obtain the tree-level scattering amplitude of two closed strings representing

two gravitons, and two open strings which represent two scalar (or vector) mesons, we

have to carry out a path integral with the corresponding vertex operator insertions on

the world-sheet. In this case the world-sheet is a disk. In [18] it has been shown how any

amplitude of open and closed strings can be mapped to pure open string amplitudes.6 This

4We use indices M,N from 0, . . . , 9; m,n from 0, . . . , 4; a, b from 0, . . . , p; µ, ν from 0, . . . , 3; i, j from

5, . . . , p and I, J from p+ 1, . . . , 9.
5For the D4D6D6-brane model and D4D8D8-brane model vi will be a constant Killing vector on S2 and

S4, respectively.
6Note that these amplitudes were obtained in flat spacetime. We will explain their relation to curved

spacetime amplitudes later.
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implies that disk amplitudes, which involve fields in the gauge multiplets and fields in the

supergravity multiplet, are related to pure amplitudes involving only members from the

gauge multiplets. The world-sheet tree-level diagram of an S-matrix for the open-closed

string theory interaction can be conformally mapped to a surface with one boundary. Then,

following the Riemann mapping theorem this surface is equivalent to the unit disk D =

{z ∈ C|, |z| ≤ 1}. By using the Möbius transformation z → i(1+z)(1−z)−1 this disk can be

conformally mapped on the upper (complex) half-plane H+ = {z ∈ C|, Im(z) ≥ 0}. Then,

vertex operators create the string states corresponding to asymptotic states in the string

theory S-matrix formulation. Since in theories with Dp-branes massless fields correspond

to open string excitations on the Dp-brane world-volume, the disk tree-level diagram is

attached to the Dp-brane world-volume. For closed string excitations, on the other hand,

they propagate in the bulk of the ten-dimensional spacetime and they are inserted in the

interior of the disk D. Thus, the open string vertex operators Vo(xi) are inserted at the

positions xi on the boundary of D, where xi is a real parameter. On the other hand, the

closed string vertex operators Vc(z̄i, zi) are inserted at the positions zi inside the disk D.

The open string theory vertex operators are7

V (−1)
o (x, εµ, p) = goe

−φεµψ
µeip·X(x) , (2.7)

V (0)
o (x, εµ, p) = go(2α

′)−1/2εµ
(
i∂xX

µ + 2α′p · ψψµ
)
eip·X(x) , (2.8)

while for closed strings we have

V (−1,−1)
c (z, z̄;hµν , q) = gce

−φ̃(z̄)e−φ(z)hµνψ̃
µ(z̄)ψν(z)eiq·X(z̄,z) , (2.9)

V (0,0)
c (z, z̄;hµν , q) = −gc

2

α′
hµν

(
i∂̄Xµ +

α′

2
q · ψ̃ψ̃µ(z̄)

)
×
(
i∂Xν +

α′

2
q · ψψν(z)

)
eiq·X(z̄,z) . (2.10)

In the present notation Xµ and ψµ are the bosonic and fermionic fields on the world-

sheet, while φ and φ̃ are the ghost fields which come from the Fadeev-Popov quantization

of superstring theory.8 The open and closed string couplings are go and gc, respectively,

with gc = g2
o .

Using these conventions the string theory scattering amplitude corresponding to two

open strings, which are associated with excitation modes of a flavor Dp-brane, and two

closed strings, which correspond to fields in the bulk, is given by the integral (2.11) over

the disk. If we were interested in 1/N corrections, the corresponding corrections to the

tree-level string theory scattering amplitudes would be given by the integrals over different

inequivalent topologies. In addition, in the scattering amplitude we have to include the

normal ordering of each vertex operator. Thus, in what follows whenever we write V we

7When considering more than one Dp-brane there is an additional factor which accounts for the non-

Abelian structure. In the present case Nf = 1 therefore this factor is just 1.
8Note that here we use the index notation of [18].

– 10 –



J
H
E
P
0
5
(
2
0
1
5
)
0
0
1

mean : V :

Astring(h1, h4, ε2, ε3) =

∫
∂H+

dx

∫
∂H+

dy

∫
z∈H+

dzdz̄

∫
w∈H+

dwdw̄ 〈c(z)c̃(z̄)

×V (0,0)
c (z, z̄;h1µν , k1)V (−1,−1)

c (w, w̄;h4µν , k4)(c(x)− c(y))

×V (0)
o (x, ε2µ, k2)V (0)

o (y, ε3µ, k3)〉, (2.11)

where c and c̃ are ghost fields. There are two real parameters associated with the insertions

of the open string vertex operators and two complex parameters corresponding to the

insertions of two closed string vertex operators. The world-sheet SL(2, R) symmetry group

allows us to fix three real parameters. Therefore, the number of integrals reduces to just

three. Thus, a possibility is to set x → −∞, y = 1 and Re(w) = 0 (i.e. w̄ = −w). In

addition, let us briefly comment on the vacuum expectation value in eq. (2.11), which

corresponds to a path integral over the fields on the world-sheet which we schematically

represent as Φ ≡ {X,ψ, ψ̃, φ, φ̃, c, c̃}. Then, we have

〈f [X,ψ, ψ̃, φ, φ̃, c, c̃]〉 ≡
∫
DΦ eiS[Φ]f [Φ] , (2.12)

which can be factorized as follows

S[Φ] = S[X,ψ, ψ̃, φ, φ̃, c, c̃] = SX [X] + Sψ[ψ, ψ̃] + Sφ[φ, φ̃] + Sc[c, c̃] . (2.13)

This implies that each path integral can be done separately. Thus, in order to calculate the

scattering amplitude (2.11) we can use the following expectation values of the fields [18–20]

〈Xµ(z)Xν(w)〉 = −2α′ηµν ln(z − w),

〈Xµ(z)X̃ν(w̄)〉 = −2α′Dµν ln(z − w̄),

〈ψµ(z)ψν(w)〉 = ηµν(z − w)−1,

〈ψµ(z)ψ̃ν(w̄)〉 = Dµν(z − w̄)−1,

〈φ(z)φ(w)〉 = − ln(z − w),

〈φ(z)φ̃(w̄)〉 = − ln(z − w̄),

〈c(w1)c(w2)c(z)〉 = Cghost(w1 − w2)(w1 − z)(w2 − z),

〈c(w1)c(w2)c̃(z̄)〉 = Cghost(w1 − w2)(w1 − z̄)(w2 − z̄),

where Dµν is a diagonal matrix whose elements are 1 in the directions parallel to the flavor

Dp-brane and −1 in the perpendicular directions. Thus, we have all the ingredients to

calculate the expectation value in (2.11)

〈c(z)c̃(z̄)(c(x)− c(y))〉〈e−φ̃(z̄)e−φ(z)〉g2
c

2

α′
g2
o

1

2α′
h1µνh4ρσε2αε3β

×〈ψ̃µ(z̄)ψν(z)eik1·X(z̄,z)

(
i∂̄Xρ+

α′

2
k4 · ψ̃ψ̃ρ(w̄)

)(
i∂Xσ+

α′

2
k4 · ψψσ(w)

)
eik4·X(w̄,w)

×
(
i∂xX

α + 2α′k2 · ψψα
)
eik2·X(x)

(
i∂yX

β + 2α′k3 · ψψβ
)
eik3·X(y)〉. (2.14)
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We have to obtain all the Wick’s contractions for 16 different terms. An important sim-

plification comes from the fact that the contraction of two fields at the same point on the

disk vanishes. The calculation is rather complicated but in the case of scalar mesons there

is only one non-vanishing term. This is due to the fact that its corresponding polarizations

(which are non-vanishing only in the perpendicular directions to the Dp-brane) are them-

selves perpendicular to all momenta as well as to all the rest of the polarizations of the

fields. An early result was obtained by Fotopoulos and Tseytlin in [20] within the regime

where superstring theory can be described by supergravity. In this case the integral was

carried out close to the singularities. We perform similar calculations in the following sec-

tion. More recently, in an extensive work Stieberger obtained the exact result [18], which

can be split into two terms as anticipated in eq. (2.6), where

P2o2c,scalar
1 =

∫ +∞

−∞
dxx2(1 + ix)u−1(1− ix)u−1 (2.15)

×
∫
C
d2z (1− z)s(1− z̄)s(z + ix)

t
2
−1(z − ix)

t
2
−1(z̄ + ix)

t
2
−1(z̄ − ix)

t
2
−1,

while K2o2c,scalar
1 can be obtained as the sum of the scattering amplitudes associted with the

different Feynman diagrams from the supergravity calculation [20]. We only write the first

term because in the kinematic regime which we are interested in only this term is relevant.

The pre-factor needed in order to construct the effective action of two closed-two open

strings interaction is formally given by the small t̃ and large s̃ limit of expression (2.15).9

However, since it is rather difficult to deal with we will give several arguments to support

the assumption that, in the scalar case, this pre-factor takes the same form that it has in

the case of glueballs, i.e.

πα′

4

∞∑
m=0

δ

(
m− α′s̃

4

)
(m)α

′ t̃/4, (2.16)

where we have omitted the 1/t̃ term which leads to the t-channel as the dominant contribu-

tion and focused on the imaginary part that singles out the exchange of excited strings [1].

In [21] it has been shown that in this parameter regime the s̃-dependence always gives

a factor(
α′s̃

4

)α′ t̃/4
=

∫ ∞
0

dmδ

(
m− α′s̃

4

)
(m)α

′ t̃/4 ≈
∞∑
m=1

δ

(
m− α′s̃

4

)
(m)α

′ t̃/4. (2.17)

In the last step we have considered the fact that when x � 1/
√
λ the integral and the

sum are not very different. Note that in the small x regime the factor (m)α
′ t̃/4 is order

one [1]. This approximation breaks down in the exponentially small regime. There is also

a factor carrying the pole in t̃. In fact, the OPE expansion of the operators involved in

this process have been studied both for a pair of closed superstrings [21] and for open

9Recall that as we are dealing with massless particles s̃ + t̃ + ũ = 0, here the absolute value of ũ ≈ −s̃
also becomes large.
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Figure 3. The four Feynman diagrams corresponding to the holographic calculation of the four-

point amplitude: s-, u-, and t-channels plus the contact interaction. Wavy lines represent gravitons,

h1, h4 and the off-shell one. Dashed lines represent scalar mesons, X2 and X3. ki indicates the

momenta of the fields.

superstrings [22, 23]. In both cases it is shown that this function gives a factor of the form

Γ
(
−1− α′ t̃

4

)
Γ
(

2 + α′ t̃
4

) eiπ(1−α′t/4) ∝ − 1

α′t̃
+O(1), (2.18)

where the last result comes from the small t̃ expansion. Therefore, this supports the fact

that we can neglect other possible terms in A2o2c,scalar
4 and A2o2c,vector

4 , besides the one

which does not vanish in the α′ → 0 limit. In addition, the OPE analysis also singles out

the term where the polarizations of incoming gravitons and mesons (h and ε) are contracted

among themselves as follows: (h1h4)(ε2ε3). As we will see, this is in complete agreement

with our calculations.

Finally, the assumption about the pre-factor is also supported a posteriori by our

results: as will be demonstrated in the following sections, the kinematic part of the effective

Lagrangian in the scalar meson case is identical to the one of [1] for glueballs. In addition,

we have seen that from the string theory point of view the initial vertex operator integral,

which leads to the full scattering amplitude at genus zero, is the same for scalar and vector

mesons. This is because the only difference is given by the polarization vectors. This fact

suggests the use of the same pre-factor as for the case of glueballs.

2.2 Four-point graviton-scalar meson tree-level amplitudes from supergravity

We begin with the action

SDBI = −T7

∫
d8ξ

√
−det

(
P̂ [g]ab + (2πα′)Fab

)
, (2.19)
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and

√
−g ≈

√
−g0

[
1 +

1

2
H − 1

4
Ha
bH

b
a +

1

8
H2 +

1

6
Ha
bH

b
cH

c
a −

1

8
HHa

bH
b
a +

1

48
H3

]
, (2.20)

where H ≡ Ha
a stands for trace of this tensor field. There are eight coordinates which are

parallel to the D7-brane, and two perpendicular ones, x8 and x9. We can describe the de-

grees of freedom of the system by identifying ξa ≡ Xa with a = 0, . . . , 7 and reinterpreting

the (8, 9)-coordinates as scalar fields XI with I = 1, 2. Their variation parametrize fluctu-

ations of the D7-brane along its normal directions. By using this static parametrization,

and by ignoring all vector fields Fab, we identify the fields in our theory with the metric

perturbations associated with the graviton and the scalar fields as follows

Hab → ĝab ≡ gab + 2gI(a∂b)X
I + gIJ ∂aX

I∂bX
J , (2.21)

gab = ηab + 2κhab , gIJ = δIJ + 2κhIJ , gaI = 2κhaI . (2.22)

Now we will focus on the case where the graviton polarization is parallel to the D7-brane,

which implies that hIJ = haI = 0. By expanding SDBI, we obtain three of the necessary

ingredients for the calculation of the tree-level Feynman diagrams, which are shown in

figure 3. These diagrams are analogous to those obtained in the low-energy limit of a

closed string theory, when considering graviton-dilaton interactions, namely: the kinetic

term associated with the scalar fields and the interactions of the type hXX and hhXX.

Notice that since the scalar term in H is quadratic, we only need to do the expansion up to

third order. Also recall that the three-graviton vertex and the graviton propagator come

directly from the closed string theory action [20, 24, 25].10

The first order in the expansion above gives a kinetic term T7
2 ∂aX∂

aX.11 Therefore,

the propagator is

PIJ(k) ≡ 〈XIXJ〉 = −i δIJ
T7k2

. (2.23)

The second and third orders in the expansion produce the following interaction Lagrangians

LhXX = T7κ

[
1

2
h∂aX∂aX − hab∂bX∂aX

]
, (2.24)

LhhXX = T7κ
2

[
1

4
h2∂aX∂aX + 2habh

b
c∂
cX∂aX − hhab∂bX∂aX −

1

2
habh

b
a∂

cX∂cX

]
, (2.25)

where h = haa. Notice that for the contact term VhhXX we can ignore terms with a factor

haa since the external gravitons are on-shell and therefore traceless. However, this does not

hold for the VhXX vertex since in the t-channel diagram this vertex exchanges a virtual

graviton with the three-graviton vertex.12 Let us call k1 and k2 the incoming momenta of

10This is so because the corrections coming from SDBI are sub-leading.
11From now on, we drop indices I and J whenever they are summed, by using the Kronecker delta δIJ .
12In order to write down the three-graviton vertex coupled to an off-shell graviton one has to consider that

in the expansion above hIJ does not vanish. This adds an extra term which however does not contribute

due to the graviton propagator structure [20].
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the scalar field, then we obtain

V ab,IJ
hXX = iT7κ δ

IJ

[
1

2
ηab(k1 · k2)− (ka1k

b
2 + kb1k

a
2) + · · ·

]
(2.26)

V ab,cd,IJ
hhXX (k1, k2) = 4iT7κ

2 δIJ
[
ηbc(ka1k

d
2 + kd1k

a
2)− 1

2
ηacηbd(k1 · k2)

]
, (2.27)

where dots indicate irrelevant terms. For instance, the scattering amplitude related to the

contact diagram (subindex c indicates contact term) is given by

Ac(k1, k2, k3, k4) = h1ab h4de δIJ V
ab,de,IJ
hhXX (k2, k3)

= iκ2T7 [4(k2h1h4k3) + 4(k3h1h4k2)− 2(h1h4)(k2 · k3)] , (2.28)

where indices of factors within parentheses are totally contracted. In addition, in order

to calculate the scattering amplitudes corresponding to the s- and u-channels from the

previous vertices, and by using the transversal character of the polarizations, momentum

conservation and the dispersion relations for massless particles, we obtain the following re-

sults13

As(k1, k2, k3, k4) = h1ab h4cd δIJ V
ab,IK
hXX (k2,−k1 − k2)PKL(−k1 − k2)V cd,LJ(k1 + k2, k3)

= −iκ2T7
4

s
(k2h1k2)(k3h4k3) , (2.29)

Au(k1, k2, k3, k4) = h1ab h4cd δIJ V
ab,JK
hXX (k3,−k1 − k3)PKL(−k1 − k3)V cd,LI(k1 + k3, k2)

= −iκ2T7
4

u
(k3h1k3)(k2h4k2) , (2.30)

where s = −2k1 · k2 = −2k3 · k4 while u = −2k1 · k3 = −2k2 · k4.

Now, let us consider the t-channel. We need three pieces: the three-graviton vertex

derived from Lhhh, the graviton propagator which is derived from L∂
2

hh, and the three-point

interaction vertex with one graviton and two scalars derived from LhXX which we have

already obtained. The graviton that connects the three-graviton vertex from Lhhh and

the interaction vertex VhXX is off-shell, and therefore we cannot neglect the first term.

Also, note that since we will contract this vertex with the graviton propagator it is not

necessary to symmetrize the vertex in the α and β Lorentz indices. This vertex must then

be contracted with a factor Sρσ,γδ,αβ(k1, k4) obtained for example by Sannan [25], which

corresponds to the contraction of the off-shell graviton propagator and the three-graviton

vertex. We must also contract this factor with the polarizations of the external gravitons

h1 and h4. The resulting factor is

h1ρσh4γδS
ρσ,γδ,αβ(k1, k4) =

−κ
[

1

2
(h1h4)αβ +

1

2
(h1h4)βα +

1

t

(
(k1h4)α(k4h1)β + (k1h4)β(k4h1)α

)
−(h1h4)

t

(
kα1 k

β
1 + kα4 k

β
4 +

1

2
kα4 k

β
1 +

1

2
kα1 k

β
4

)
− 1

t

(
(k1h4k1)hαβ1 + (k4h1k4)hαβ4

)
+

1

t

(
(k1h4h1)αkβ1 + (k1h4h1)βkα1 + (k4h1h4)αkβ4 + (k4h1h4)βkα4

)]
. (2.31)

13Notice that whenever we write s, t, u in the string theory scattering amplitudes we actually mean s̃, t̃,

ũ, since these are the actual ten-dimensional Mandelstam variables.
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As mentioned before we take α, β → a, b and contract this result with the vertex V ab,I,J
hXX ,

obtaining the t-channel amplitude for the process

At(k1, k2, k3, k4) = h1cdh4efS
cd,df,ab(k1, k4)V ab,I,J

hXX (k2, k3)δIJ =

−2iκ2T7

sut

[
1

4
(h1h4)(t2 + u2 + s2) + u[(k3h1h4k1) + (k4h1h4k2)] (2.32)

+s[(k2h1h4k1) + (k4h1h4k3)] + t[(k2h1h4k3) + (k3h1h4k2)− (k4h1h4k1)]

+2 [(k4h1k2)(k3h4k1)+(k4h1k3)(k2h4k1)−(k4h1k4)(k2h4k3)− (k2h1k3)(k1h4k1)]

]
,

being t = −2k1 · k4 = −2k2 · k3. Notice that (su)−1 has been factorized for convenience,

however the graviton pole of the t-channel does appear.

The total tree-level scattering amplitude associated with this process is Atotal = Ac +

As +Au +At. As we shall see later, this structure coincides with the scattering amplitude

of closed string theory with two gravitons and two dilatons up to a global factor su. This

means that, since the Feynman diagrams are the same, Atotal reproduces the kinematic

factor of the closed string theory four-point scattering amplitude obtained from the world-

sheet integration of the expectation value of four string theory vertex operators described

in the previous section. In fact, the four-point closed string scattering amplitude is a known

result given by

Aclosed
4 = −iπ2gcα

′3
Γ
(
−α′s

4

)
Γ
(
−α′u

4

)
Γ
(
−α′t

4

)
Γ
(
1 + α′s

4

)
Γ
(
1 + α′u

4

)
Γ
(
1 + α′t

4

) ×Kclosed
4 , (2.33)

where the pre-factor is proportional to (stu)−1 at first order in α′. On the other hand,

Kclosed
4 is a kinematic factor which contains the polarizations. This does not depend on α′

and can be separated into kinematic factors associated with open string theory scattering

amplitudes as

Kclosed
4 (k1, k2, k3, k4) ∝ Kopen

4

(
1

2
k1,

1

2
k2,

1

2
k3,

1

2
k4

)
×Kopen

4

(
1

2
k1,

1

2
k2,

1

2
k3,

1

2
k4

)
.

(2.34)

We can explicitly calculate the scattering amplitude14 from Kopen
4 which can be found

in [26], and replace the graviton polarizations as hMN
1 and hMN

2 , using the transversality

condition and the fact that on-shell gravitons are traceless. The dilatons’ polarizations are

also transversal

1√
8
φ2

(
ηMN − kM2 k̄2

N − kN2 k̄2
M
)
,

1√
8
φ3

(
ηMN − kM3 k̄3

N − kN3 k̄3
M
)
.

The auxiliary momenta k̄2 and k̄3 satisfy the following relations k̄2 · k̄2 = k̄3 · k̄3 = 0 and

k2 · k̄2 = k3 · k̄3 = 1. The only reason to include them is in order to have transversal

14We have done this calculation of the string theory scattering amplitudes by using a field-theory moti-

vated approach to symbolic computer algebra called Cadabra [27, 28].
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polarizations. Thus, although they are important within the intermediate steps in the

explicit calculations they never appear in the final results. Therefore, it is said that these

momenta decouple from any physical process.

Recall that we want to study string theory scattering amplitudes in a curved spacetime.

It is then important to think of the validity of the calculations that we perform since we

do it for the string theory scattering amplitudes in flat spacetime. In order to answer

this question we may separate the fields of the conformal theory on the world-sheet from

the interaction, by considering the zero modes separated from the excited modes, i.e.

XM (τ, σ) = xM + X̃M (τ, σ). At a fixed point xM , the Gaussian integral over the modes

X̃M is exactly the same as the one we would have in flat spacetime15 rendering a local

amplitude iAlocal(x
M ). Thus, if we integrate over the zero modes, i.e. in flat spacetime, we

obtain an S-matrix of the form

S = i

∫
d10x

√
−g Alocal(x

M ). (2.35)

This is equivalent to say that the interaction is approximately local, and this holds because

the scale α′ is small compared to the spacetime curvature. This local approximation breaks

down when x becomes exponentially small [21].

2.3 Effective Lagrangian with four-point interactions

The idea now is to obtain an effective action with four-point interactions involving two

gravitons and two scalar mesons (see figure 4). Thus, we have to start from the four-

point string theory scattering amplitude that we have discussed before. It is important

to recall that since the Bjorken parameter is small in the DIS regime we consider, i.e.

t ≈ 0 is very small, the Mandelstam variables u and s become very large. On the one

hand, it is necessary to perform appropriate approximations on the pre-factor which we

will discuss later. On the other hand, we have to find the leading terms coming from

the kinematic factor, which are those that produce the t-channel scattering amplitude in

the supergravity approximation. Since we look for a four-point interaction Lagrangian we

can start by writing a list of the terms which, a posteriori, will be necessary in order to

reproduce the t-channel scattering amplitude at leading order in the t ≈ 0 approximation.

These are

LA = ∂nhmp∂
nhmp∂MX∂

MX → (h1h4)t2,

LB = ∂mhpr∂nhpr∂mX∂nX →
1

2
(h1h4)(s2 + u2),

LC = ∂mh
np∂nh

m
p ∂MX∂

MX → −2t(k4k1h4k1),

LD = ∂mhpr∂ph
n
r ∂mX∂nX → −

1

2
s [(k4h1h4k3) + (k2h1h4k1)]

−1

2
u [(k3h1h4k1) + (k4h1h4k2)] ,

15The Ramond-Ramond fields induce perturbations which are sub-leading in the present regime, with
R2

α′ =
√
λ� 1, therefore we do not need to consider them.

– 17 –



J
H
E
P
0
5
(
2
0
1
5
)
0
0
1

LE = ∂phmr∂ph
n
r ∂mX∂nX → −t[(k2h1h4k3) + (k3h1h4k2)],

LF = ∂ph
rm∂rh

pn∂mX∂nX → 2[(k2h1k4)(k3h4k1) + (k3h1k4)(k2h4k1)],

LG = hrp∂r∂ph
mn∂mX∂nX → 2[(k1h4k1)(k2h1k3) + (k4h1k4)(k2h4k3)]. (2.36)

By comparison with the coefficient of the t-channel graviton pole we can write the following

effective Lagrangian

Leff ∝
1

4
× LA +

1

2
× LB +

1

2
× LC − 2× LD − 1× LE + 1× LF − 1× LG. (2.37)

There is also a global factor su which, for convenience, we will include in the pre-factor.

Now, the metric perturbation we consider is hab ≡ 1
2(Aavb + Abva), where Am is a U(1)

gauge field while vi is a constant Killing vector on S3. Recall that the D7-brane wraps this

sphere, therefore we can rewrite the effective Lagrangian using the following identities

∂bhac∂
bhac =

1

2
vcvc∂bAa∂

bAa , ∂ahcd∂bhcd =
1

2
vcvc∂

aAd∂
bAd,

∂ch
da∂dh

cb =
1

4
vavb∂cA

d∂dA
c , ∂ah

bc∂bh
a
c =

1

4
vcvc∂aA

b∂bA
a,

∂ahcd∂ch
b
d =

1

4
vdvd∂

aAc∂cA
b , ∂chad∂ch

b
d =

1

4
(vdvd∂

cAa∂cA
b + vavb∂cAd∂cAd).

Once a graviton polarization is chosen in this way the term LG vanishes. By taking into

account that the terms in the scattering amplitude which are proportional to t are irrelevant

in the present regime, we can write an explicitly gauge invariant effective Lagrangian for

the gauge field Am. Thus, we have

Leff ∝
1

4

[
2 vivi ∂mX∂

pX FmnFpn + vivj ∂iX∂jX FmnFmn
]
, (2.38)

where Fmn = ∂mAn−∂nAm. In this Lagrangian16 the most important term is the first one

since it leads to terms proportional to s2 and s in the scattering amplitude. As we shall

see in section 3, there is an analogous effective Lagrangian for vector mesons.

2.4 Hadronic tensor at small x for scalar mesons

We can use the same approximation as in [1], namely: based on the the effective La-

grangian (2.38) we can construct an effective action in curved spacetime by contracting all

indices with the ten-dimensional metric in curved spacetime and also by multiplying by

the squared root of the determinant of that metric as usual. Therefore, we begin with17

n∗µnνImexcT
µν =

πα′

8

∞∑
m=1

∫
dΩ3 dr

√
−gvivi∂kX∗(P )∂nX(P )F ∗kp(q)F

p
n(q)δ

(
m− α′s̃

4

)
.

(2.39)

16We have explicitly checked that there is a misprint in the sign of the second term in eq. (82) in

reference [1]. We have done the explicit calculations both for glueballs as in [1] and for scalar mesons in

two different ways and we have confirmed our results. However, fortunately these terms do not contribute

to the calculation of the structure functions. Neither we include a third term which goes like t which is

present in eq. (82) of reference [1].
17Notice that within the present kinematic regime, where 1/ exp

√
λ� x� 1/

√
λ, s̃ is taken as a scalar

quantity and not as a differential operator [1].
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Figure 4. Effective four-point interaction. Wavy lines represent on-shell gravitons. Dashed lines

represent scalar mesons.

We have omitted the integrals in the four-dimensional spacetime x0, · · ·, x3 since we have

already used momentum conservation. The solutions to the field equations are [13]

Aµ(q) = nµf(r)eiq·x , (2.40)

Ar(q) =
−iq · n
q2

f ′(r)eiq·x , (2.41)

X l =
cli

ΛR3

( r

ΛR2

)−∆
Y l(Ω3)eiP ·x , (2.42)

where ∆ stands for the scaling dimension of the meson fields and ci is a dimensionless

constant. By using ω = qR2/r we can write f = ωK1(ω), where K1 is the modified Bessel

function of the second kind. In order to simplify the notation we drop the label l which is

associated with the spherical harmonic. Recall that this index identifies each meson. The

corresponding field strengths are

Fµν = i(qµAν − qνAµ) = i(qµnν − qνnµ)f(r)eiq·x , (2.43)

Fµr = i

(
qµ − nµ

q2

q · n

)
Ar =

(
q · n
q2

qµ − nµ
)
f ′(r)eiq·x , (2.44)

∂νX = iPνX , ∂rX =
−∆

r
X , (2.45)

from which we can construct the different pieces involved in the effective Lagrangian

F ∗rpF
p
r =

R2

r2
ηρσF ∗rρFrσ =

R2

r2
(f ′)2

[
(n · n∗)− (q · n)(q · n∗)

q2

]
, (2.46)

F ∗rpF
p
µ =

R2

r2
ηρσF ∗rρFµσ = i

R2

r2
ff ′qµ

[
(n · n∗)− (q · n)(q · n∗)

q2

]
, (2.47)

F ∗µpF
p
ν =

R2

r2
ηρσF ∗µρFνσ +

r2

R2
F ∗µrFνr

=
R2

r2
f2
[
qµqν(n∗ · n) + n∗µnνq

2 − qµnν(q · n∗)− qνn∗µ(q · n)
]

(2.48)

+
r2

R2
(f ′)2

[
n∗µnν + qµqν

(q · n)(q · n∗)
q4

− qµnν
(q · n∗)
q2

− qνn∗µ
(q · n)

q2

]
=

(
n∗µ − qµ

q · n∗

q2

)(
nν − qν

q · n
q2

)
ω4

R2
[K2

0 (ω) +K2
1 (ω)]

+qµqν

(
n∗ · n− (q · n)(q · n∗)

q2

)
ω4

q2R2
K2

1 (ω) ,
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and

∂rX∗(P )∂rX(P ) =
r2∆2

R4
|X|2, ∂µX∗(P )∂rX(P ) = − i∆

r
Pµ|X|2, (2.49)

∂µX∗(P )∂νX(P ) =
R4

r4
PµP ν |X|2 . (2.50)

Now, since we want to calculate Tµν , and then to contract it with the leptonic tensor, all

terms with factors q · n and/or q · n∗ will vanish. Therefore, we only need to expand the

effective Lagrangian in terms of the solutions of the fields. In this way we can express the

effective four-point interaction Lagrangian as

Leff
4 = Leff

4,A + Leff
4,B + Leff

4,C + Leff
4,D , (2.51)

where

Leff
4,A = ∂rX∗(P )∂rX(P )F ∗rpF

p
r =

∆2

R2
(f ′)2(n · n∗)|X|2 ,

Leff
4,B = ∂µX∗(P )∂rX(P )F ∗µpF

p
r =

R2∆

r3
ff ′(n · n∗)|X|2(P · q) = Leff

4,C ,

Leff
4,D = ∂µX∗(P )∂νX(P )F ∗µpF

p
ν =

R4|X|2

r4
×
[
R2

r2
(n · n∗)f2(P · q)2

+

(
R2

r2
q2f2 +

r2

R2
(f ′)2

)
(P · n)(P · n∗)

]
.

It is worth noting that the terms Leff
4,A, Leff

4,B and Leff
4,C are sub-leading in comparison with

the term in Leff
4,D associated with (n·n∗). This term contains a factor (P ·q)2 ∝ s2, therefore

one can neglect the contribution from Leff
4,A, Leff

4,B and Leff
4,C .18 Now, in order to obtain the

imaginary part of Tµν we have to extract the polarizations n and n∗. The factors in front

of the tensors ηµν and PµP ν will result in the contributions to the structure functions F1

and F2, respectively. Thus, we obtain

ImexcT
µν =

πα′

8

∞∑
m=1

∫
dΩ3 dr

√
−gab vivi δ

(
m− α′s̃

4

)
×
{
PµP ν×

[
R4|X|2

r4

(
R2

r2
q2f2+

r2

R2
(f ′)2

)]
+ηµν ×

[
R6|X|2

r6
f2(P · q)2

]}
.

(2.52)

2.5 New relations between F1 and F2 at small x

Our final goal in this section is to calculate the structure functions F1 and F2 out of com-

parison of equation (2.52) with the Lorentz-tensor decomposition of the spin-zero hadronic

tensor presented in the Introduction. Recall that we use the expression (2.39) for the

imaginary part of Tµν , which has an integral in the radial coordinate r and in the angular

variables on S3. Thus, we have a normalization condition for the spherical harmonics on

18This is analogous to what happens to the second and the third terms in eq. (82) of reference [1], which

do not contribute to the hadronic tensor calculation as mentioned in a previous footnote.
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S3 (a similar condition holds for any Sp−4 in the general case that we will consider in

section 4) ∫
dΩ3

√
g̃viv

iY (Ω3)Y ∗(Ω3) = ρ3R
2, (2.53)

as well as the following result for the integral of the square of the modified Bessel function

of the second kind weighted by integer powers of its argument

Ij,n =

∫ ∞
0

dω ωnK2
j (ω) , (2.54)

where ω = qR2

r . Also, we can define the two following useful integrals

I1 =
πα′

8

∞∑
m=1

R6q2

∫
dΩ3dr

√
g8viv

i|X|2 f
2(r)

r6
δ

(
m− α′sR2

4r2

)
, (2.55)

I0 =
πα′

8

∞∑
m=1

R2

∫
dΩ3dr

√
g8viv

i|X|2 (f ′(r))2

r2
δ

(
m− α′sR2

4r2

)
. (2.56)

In order to study I1 we use the following definitions r0 = ΛR2, r2
m = α′sR2

4m , f(r(ω)) =

ωK1(ω) and f ′(r) = ∂rf(r) = ω3

qR2K0(ω), also eq. (2.53). For rm and ω we can replace

the sum by an integral in m and we also can carry out an integral in ω which becomes

ωm = qR2

rm
. It must be taken into account that

dm =
ω

2x
√

4πgcN
dω .

So, the explicit calculation of I1 is as follows

I1 =
πα′

8Λ2
|ci|2ρ3R

5
∞∑
m=1

∫
dr
( r
R

)3
(
r

r0

)−2∆ f2(r)

r6

δ(r − rm)

|α′sR2

2r3
|

= ρ3|ci|2
π

4sΛ2

(
Λ2

q2

)∆ ∞∑
m=1

ω2∆+2K2
1 (ω)

≈ ρ3|ci|2
π

4sΛ2

(
Λ2

q2

)∆ ∫ ∞
1

dω

2x
√

4πgcN
ω2∆+3K2

1 (ω)

= ρ3|ci|2
π

4sq2

(
Λ2

q2

)∆−1
Λ2

2x
√

4πgcN
I1,2∆+3 . (2.57)

Similarly, we can calculate the other integral. Recall that s = −(P+q)2 = q2(−1+ 1
x−tB) ≈

q2

x . Thus, we obtain

I1 = ρ3|ci|2
π

8

(
Λ2

q2

)∆−1
1√

4πgcN
I1,2∆+3 , (2.58)

I0 = ρ3|ci|2
π

8

(
Λ2

q2

)∆−1
1√

4πgcN
I0,2∆+3 . (2.59)
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Finally, the comparison with the scalar hadronic tensor given in the Introduction allows us

to extract the structure functions.

F1 =
π2

16x2
ρ3|ci|2

(
Λ2

q2

)∆−1
1√

4πgcN
I1,2∆+3 (2.60)

F2 =
π2

8x
ρ3|ci|2

(
Λ2

q2

)∆−1
1√

4πgcN
(I0,2∆+3 + I1,2∆+3) . (2.61)

Schematically they are F1 ∝ 1
x2
I1 and F2 ∝ 1

x(I1 + I0). From these functions we straight-

forwardly obtain a Callan-Gross type relation

F2 = 2xF1

(
1 +

I0

I1

)
= 2xF1

2∆ + 3

∆ + 2
, (2.62)

where we have used the identity I1,n = n+1
n−1I0,n. Notice that the usual Callan-Gross relation

in QCD is F2 = 2xF1 while here, like for glueballs in [1], there is an extra factor which

only depends on the scaling dimensions of the scalar mesons ∆ = l + 2.

2.6 Exponentially small x region

When we considered the parametric region exp (−
√
λ)� x� 1/

√
λ we dropped the factor

s̃α
′ t̃/2. This factor becomes very important when x � exp (−

√
λ). So, let us study the

strong coupling regime 1 � λ � N , and let us take exponentially large values of the

ten-dimensional Maldestam variable s̃ such that log s√
λ

is held fixed.

In this case, the approximations we were considering before break down because the

interaction can no longer be considered local in the AdS space. What happens in this

regime is that the former parameter t̃ becomes a differential operator. Therefore, it must

be replaced by

α′t̃→ α′∇2 = α′
(
R2t

r2
+∇2

⊥

)
(2.63)

because we are taking into account the momentum transfer in the transverse directions [1,

21]. Consequently, we have to consider a factor

mα′ t̃/2 ∼ (α′s̃)α
′ t̃/2 ∼ x−α′ t̃/2 ∼ x−α′∇2/2, (2.64)

within the pre-factor. As in references [1, 21] the transverse Laplacian is proportional to

1/R2. Thus, the added term is of order 1/
√
λ. The idea is that in this parametric regime of

the Bjorken variable a Pomeron is exchanged in the t-channel. By taking into account the

transverse momentum transfer it is possible to obtain the leading correction to the strong

coupling limit to the intercept 2. It turns out that s̃α
′ t̃/2 becomes a diffusion operator. We

have to diagonalize the differential operator (2.63) in order to obtain the Regge exponents.

In the first place, the scalar Laplacian operator acting on a field of spin j schematically

denoted by Φj is given by

∇2
0Φj =

1√
−g

∂M [
√
−ggMN∂NΦj ] , (2.65)
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where gMN is the ten-dimensional metric. Given the curved spacetime AdS5 ×W 5, being

W 5 a compact Einstein manifold, the metric is

ds2 =
r2

R2
ηµνdx

µdxν +
R2

r2
dr2 +R2ds2

W . (2.66)

Thus, we have the differential operator written as

α′∇2
0 = α′

R2

r2
t+

α′

R2
(r2∂2

r + 5r∂r) + α′∇2
W . (2.67)

Now, let us perform a simple change of variables eu = r/r0, being r0 = ΛR2 the IR cutoff.

The covariant Laplacian operator acting on the field Φj is defined as

α′D̂2
jΦj = α′e2ju∇2

0[e−2juΦj ] . (2.68)

Then, in the present case for j = 2 we obtain the explicit form of the covariant Laplacian

given by

α′D̂2 =
1√
λ
t e−2uR2 +

1√
λ

(∂2
u − 4) + α′∇2

W , (2.69)

where we have dropped the subindex j = 2 from the operator D̂2. Then, following [1] we

modify eq. (2.39) in order to include the effect of the diffusion operator s̃α
′ t̃/2 ∼ x−α

′ t̃/2.

Thus, we have the integral

n∗µnνImexcT
µν =

πα′

8

∞∑
m=1

∫
dΩ3 dr

√
−gvivi F ∗kp(q)F pn(q)

×
(
α′s̃

4

)α′ t̃/2 (
∂kX∗(P )∂nX(P )

)
δ

(
m− α′s̃

4

)
.

The action of x−α
′ t̃/2 on ∂kX∗(P )∂nX(P ) is essentially given by D̂2

(
∂kX∗(P )∂nX(P )

)
which is proportional to P kPnD̂2(X∗(P )X(P )). So, the exponential of D̂2 is non-local, and

the diffusion time is ln x. Now, the point is that when x is exponentially small the geometric

structure corresponding to the region r0 where the conformal symmetry is broken becomes

relevant. In this region we continue using the same expressions for the field strength because

they are not affected by the conformal symmetry breaking due to their exponential falloff.19

Then, we obtain the expression for the structure functions

F1 =
π2α′R2q2

16x2
JD3D7

1 , (2.70)

F2 =
π2α′R2q2

8x
(JD3D7

0 + JD3D7
1 ) , (2.71)

where the integrals are

JD3D7
j =

∫
dω

∫
dΩ3

√
ĝΩ3v

iviω
3K2

j (ω)

(
α′s̃

4

)α′ t̃/2
(X∗X) . (2.72)

19The asymptotic form of Kα(y) goes like
√
π/(2y) exp(−y) for y � |α2 − 1/4|.
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Now, let us consider the limit for x being exponentially small, then in eq. (2.64) we can

replace the differential operator −∇2 = −D2 by its the smallest eigenvalue ζ. Therefore,

the expected behaviour for the structure functions is recovered since F1 ∝ x−2+α′ζ/2 and

F2 ∝ x−1+α′ζ/2, where the Pomeron intercept is identified as 2 − α′ζ/2.

Next, in order to solve the integrals JD3D7
j we have to study the falloff of the lowest

eigenfunction of ∇2
0 which is r−4 and then the corresponding one of the lowest eigenfunction

of ∇2, which is r−2. Thus, the integrals are dominated by ω ≈ 1 leading to

JD3D7
j ∝

∫
dω

∫
dΩ3

√
ĝΩ3v

iviω
3K2

j (ω)r−2 . (2.73)

Finally we obtain

F1 =
π2

16x2
ρ3|ci|2

(
Λ2

q2

)∆−1
1√

4πgcN
I1,2∆+3 x

α′ζ/2 ∝ x−(2+α′|ζ|/2) , (2.74)

F2 =
π2

8x
ρ3|ci|2

(
Λ2

q2

)∆−1
1√

4πgcN
(I0,2∆+3 + I1,2∆+3)xα

′ζ/2 ∝ x−(1+α′|ζ|/2) , (2.75)

where the eigenvalue of the diffusion operator is ζ = 4
R2 (1 − ∆2) ≤ 0. In addition, the

Callan-Gross type relation is the same as when exp (−
√
λ)� x� 1/

√
λ

F2 = 2xF1

(
1 +

I0

I1

)
= 2xF1

2∆ + 3

∆ + 2
.

In the case of vector mesons the calculations are similar to those presented here for

scalar mesons. The Callan-Gross type relations are the same as the ones obtained in the

regime where exp (−
√
λ) � x � 1/

√
λ, which are discussed in section 3. The difference

now is that the eigenvalue of the diffusion operator changes.

3 DIS from vector mesons at small x from string theory

In the low-energy regime parallel fluctuations on a single flavor Dp-brane world-volume are

described by a U(1) gauge field Ba. This gauge field is interpreted as the holographic dual

description of a vector meson composed by a quark and an anti-quark with U(1) flavor

symmetry, i.e. the U(1) gauge symmetry on the Dp-brane world-volume becomes a U(1)

global (flavor) symmetry in the dual gauge theory description. In string theory a dynamical

meson is described by an oriented open string whose endpoints are attached to a flavor

Dp-brane.

We are interested in obtaining the hadronic tensor for polarized vector mesons. It is

easy to check that the hadronic tensor (1.6) can be split into a symmetric plus an anti-

symmetric parts as follows

Wµν(P, q)vector
h′ h = WS

µν(P, q)h′ h +WA
µν(P, q)h′ h . (3.1)
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In the limit |t| � 1 (κ̃ ' 1) these contributions can be written as

WS
µν =

{
F1 +

[
(q · ζ∗)(q · ζ)

(P · q)2
− 1

3

]
b1 +

P 2

9(P · q)
(−b2 + 3b3)

}
ηµν (3.2)

−

{
3F2 +

(q · ζ)(q · ζ∗)
(P · q)2

(b2 + 3b3 + 3b4)− b2

}
PµPν

3(P · q)

+(−b2 + 3b3)
(ζµζ

∗
ν + ζ∗µζν)

6(P · q)
+

(−b2 + 3b4)

12(P · q)2
[(q · ζ∗)(Pµζν + ζµPν) + c.c.] ,

WA
µν =

[
g1 +

q2P 2

(P · q)2
g2

]
ζ∗µζν − ζ∗νζµ

P 2
+ [(q · ζ∗)(ζµP ν − ζνPµ) + c.c.]

g1

P 2(P · q)
, (3.3)

where c.c. denotes complex conjugate.

In order to construct the hadronic tensor for vector mesons we consider the four-point

scattering amplitude of two open and two closed strings A2o2c,vector
4 . As before the closed

strings which are gravitons in a particular polarization state represent two virtual photons,

while the open strings represent vector mesons on the flavor Dp-brane. The calculation

we describe below holds for both type IIA and type IIB string theory Dp-brane models.

However, in order to give a concrete example we first consider the D3D7-brane system.

Then, in section 4 we derive a more general expression which also holds for the D4D6D6-

brane and D4D8D8-brane systems. Notice that although in this section we consider vector

mesons, we also recover the results for scalar mesons presented in section 2, as a particular

simpler case of this formalism, which is also a consistency check of our calculations.

3.1 Four-point graviton-vector meson tree-level amplitudes

Let us consider the four-point scattering amplitude of two open and two closed strings

A2o2c,vector
4 . We consider the leading contribution, i.e. genus zero surface, which corresponds

to the planar limit in the dual gauge theory. We may split A2o2c,vector
4 as sum of several

contributions [18]

A2o2c,vector
4 = P2o2c,vector

1 K2o2c,vector
1 + P2o2c,vector

2 K2o2c,vector
2 + · · · . (3.4)

As in the previous section we can obtain an effective four-point interaction Lagrangian

involving two vector mesons Leff
hhBB, by evaluating K2o2c,vector

1 |t̃=0. This effective Lagrangian

describes the interaction of two gravitons in certain polarization states and two Ba fields

(representing the holographic dual of two vector mesons).

Alternatively, we can proceed in a different way. One may consider the low-energy limit

of the full string theory action, containing open strings attached to Dp-branes, closed strings

in the background, and open-closed strings interactions, by considering the α′ → 0 limit.

This leads to the ten-dimensional supergravity action, Ssugra, which contains gravitons (and

also the dilaton and the antisymmetric tensor field) and the Dirac-Born-Infeld action as

the low-energy limit of the flavor brane, SDBI. On the one hand, from Ssugra we obtain

the graviton propagator and the graviton interaction vertices. In addition, SDBI leads to

the Ba gauge field propagator on the brane world-volume. Also, from SDBI we extract a

four-point interaction term LhhBB and a three-point interaction term LhBB, which lead to
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the corresponding interaction vertices. Now, with these building blocks we can draw all the

Feynman diagrams which contribute at tree level: the four-point contact term, and the s-,

u- and t-channels, respectively. The graviton pole of the t-channel gives the kinematic part

of the effective Lagrangian Leff
hhBB mentioned above. In the present case recall that two

limits have been taken, α′ → 0 and then t̃→ 0, which in addition to the pre-factor render

Leff
hhBB. This pre-factor has been derived in [18] in terms of integrals in the world-sheet. We

can assume that it is similar to the corresponding pre-factor obtained for scalar mesons. We

have done the calculations of the hadronic tensor under this assumption, obtaining results

which are consistent with those obtained for glueballs in [1]. Although this assumption

seems to be a caveat of the calculations presented here, we think that the eight structure

functions and the relations among them that we have obtained provide strong evidence in

favor of its validity. We plan to further investigate this assumption in a future work.

3.2 Four-point graviton-vector meson tree-level amplitudes from supergravity

Let us start from the Dirac-Born-Infeld action of a single flavor D7-brane as in section 2.2

SDBI = −T7

∫
d8ξ

√
−det

(
P̂ [g]ab + (2πα′)Fab

)
.

One can expand the squared root in the DBI action at third order obtaining the same

equation (2.20), which we repeat here to make easier the reading

√
−g ≈

√
−g0

[
1 +

1

2
H − 1

4
Ha
bH

b
a +

1

8
H2 +

1

6
Ha
bH

b
cH

c
a −

1

8
HHa

bH
b
a +

1

48
H3

]
,

where H ≡ Ha
a is the trace and g0 is the unperturbed background metric. The next order

in the expansion above is given by the following set of terms

√
−g0

[
1

384
H4 +

1

32
Ha
bH

b
a(H

c
dH

d
c −H2) +

1

12
HHa

bH
b
cH

c
a −

1

8
Ha
bH

b
cH

c
dH

d
a

]
. (3.5)

These quartic interaction terms allow one to obtain a four-point interaction term in the

low-energy Lagrangian. In order to do it let us consider the case where (g0)ab = ηab. If

we consider the static gauge and choose the graviton polarizations to be parallel to the

D7-brane, we can set

Hab → 2κhab + (2πα′)Gab , (3.6)

where the U(1) field strength on the D7-brane is Gab = ∂aBb − ∂bBa.20

Now we can straightforwardly extract the Lagrangian term associated with the quartic

interaction hhBB (shown in figure 5 along with the rest of the vector meson diagrams)

which reads as

LhhBB = T7κ
2

[
1

8
h2GabGab + 2hhabGbcG

c
a

−1

4
habhabG

cdGcd − habhcdGbcGda − 2habhbcG
cdGda

]
. (3.7)

– 26 –



J
H
E
P
0
5
(
2
0
1
5
)
0
0
1

Figure 5. The four Feynman diagrams corresponding to the holographic calculation of the four-

point amplitude in the vector meson case. The later are represented by solid lines.

Notice that the first two terms in LhhBB will not contribute to the amplitude because

the graviton polarization is traceless. We can show that the contact diagram gives an

amplitude of the form

Avector
c (h1, h4, ε2, ε3) = (3.8)

−iT7κ
2[2(h1h4)[(ε2k3)(ε3k2) + (k2k3)(ε2ε3)]

+4[(k2h1k3)(ε2h4ε3) + (ε2h1ε3)(k2h4k3)− (ε2h1k3)(ε3h4k2)− (ε3h1k2)(ε2h4k3)]

+4[(k2k3)(ε2h1h4ε3) + (k2k3)(ε3h1h4ε2) + (ε2ε3)(k2h1h4k3) + (ε2ε3)(k3h1h4k2)]

−4[(ε2k3)(ε3h1h4k2)(ε2k3)(k2h1h4ε3) + (ε3k2)(ε2h1h4k3) + (ε3k2)(k3h1h4ε2)]].

There are no terms like (ε2h1k2) since they can only come from the term habGab in LhhBB.

However, this term trivially vanishes because the graviton is a symmetric tensor and the

field strength is an antisymmetric one. Thus, we have obtained a contact term with two

external gravitons and two external vector mesons.

3.3 The s- and u-channels

In order to calculate the Feynman diagrams corresponding to the s- and u-channels indi-

cated in figure 5, we only need to know the interaction vertex between a graviton and two

gauge fields on the D7-brane, LhBB, and the gauge field propagator, which we obtain from

the U(1) gauge field kinetic term LBB. Both are computed by using similar methods as

described in the previous section. Thus, we obtain

LBB = −T7

4
GabGab , LhBB = T7κ

[
1

4
hGabGab + habGbcG

c
a

]
. (3.9)

20Notice that the field strength Fmn = ∂mAn − ∂nAm corresponds to the on-shell graviton, having used

the Ansatz h ∼ Av.
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From the kinetic term for the U(1) gauge field Ba, the gauge field propagator is Dab(k) =

−iηab/(T7k
2). On the other hand, since there are on-shell gravitons the three-point inter-

action vertex can be derived from LhBB, obtaining

V ab,c,d
hBB (k2, k3) = 2iκT7

[
ηdbkc3k

a
2 + ηcbkd2k

a
3 − ηcdka2kb3 − (k2 · k3)ηcaηdb

]
, (3.10)

where k2 and k3 are the momenta of the incoming vector mesons on the D7-brane world-

volume. By joining the VhBB vertex with a gauge field (vector meson) propagator one

constructs the s-channel Feynman diagram in the low-energy theory. The s-channel four-

point amplitude displayed in figure 5 is given by

As(h1, h4, ε2, ε3)

= h1gkh4cdε2eε3fV
gk,e,a
hAA (k2,−k1 − k2)Dab(k1 + k2)V cd,b,f

hAA (k1 + k2, k3)

= −4iκ2T7

s

[
−1

2
[t(k2h1ε2)(k3h4ε3) + s[(k2h1k2)(ε2h4ε3)− (k3h1ε2)(k3h4ε3)

+(ε2h1ε3)(k3h4k3)]] +
1

2
s[(ε2k1)(k2h1h4ε3) + (ε3k4)(ε2h1h4k3)]

+(ε2k1)(ε3k4)(k2h1h4k3) + (k2h1ε2)[(ε3k4)(k2h4k3)− (ε3k2)(k3h4k3)]

+(ε2k1)(k2h1k3)[(k3h4ε3)− (k3h4k3)] + (k2h1k2)[(ε2ε3)(k3h4k3)

−(ε2k3)(k3h4ε3)− (ε3k4)(k3h4ε2)] +
1

4
s2(ε2h1h4ε3)

]
. (3.11)

The u-channel four-point amplitude is straightforwardly obtained from As(h1, h4, ε2, ε3) as

indicated below

Au(h1, h4, ε2, ε3) = As(2↔ 3, u↔ s) . (3.12)

3.4 The t-channel

Let us now focus on the t-channel. We need three pieces: the three-graviton vertex derived

from Lhhh, the graviton propagator which is derived from L∂
2

hh, and the three-point inter-

action vertex with one graviton and two gauge fields derived from LhBB which we have

obtained in the previous section. Since the graviton connecting the three-graviton vertex

from Lhhh and the interaction vertex from LhBB is an off-shell one, we cannot neglect the

first term. Thus, we obtain the following graviton-vector meson vertex

V ab,c,d
hBB (k1, k2) = 2iT7κ

×
[
ηdbkc2k

a
1 + ηcbkd1k

a
2 − ηcdka1kb2 − (k1 · k2)ηcaηdb +

1

2
ηab(ηcd(k1 · k2)− kc1kd2)

]
.

This vertex must then be contracted with eq. (2.31). Now, we just contract this result with

the vertex V ab,c,d
hBB , in order to obtain the t-channel amplitude

At = h1gkh4cdS
gk,cd

ab(k1, k4)V ab,e,f
hBB (k2, k3)ε2eε3f . (3.13)
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Next, let us briefly comment on the two gravitons and two vector mesons tree-level scatter-

ing amplitude. First, notice that At gives the following contribution to the two gravitons

and two vector mesons string theory scattering amplitude:

At =
4iκ2T7

t
× 1

2
(h1h4)

[(
s+

1

2
u

)
[(ε2k3)(ε3k1) + (ε2k4)(ε3k2)]

+

(
u+

1

2
s

)
[(ε2k3)(ε3k4) + (ε2k1)(ε3k2)]− 1

2
t[2(ε2k1)(ε3k1) + 2(ε2k4)(ε3k4)

+(ε2k4)(ε3k1) + (ε2k1)(ε3k4) + 3(ε2k3)(ε3k2)] −1

2
(ε2ε3)[u2 + s2 + su]

]
+(ε2ε3)

[
(k2h1k3)(k1h4k1) + (k4h1k4)(k2h4k3)− (k4h1k3)(k2h4k1)

−(k4h1k2)(k3h4k1) +
1

2
u[(k2h1h4k1) + (k4h1h4k3)] +

1

2
s[(k3h1h4k1) + (k4h1h4k2)]

−1

2
t[(k3h1h4k2) + (k2h1h4k3) + (k4h1h4k1)]

]
−1

2
t [(ε2h1ε3)(k1h4k1) + (k4h1k4)(ε2h4ε3)] +

1

4
t2 [(ε2h1h4ε3) + (ε3h1h4ε2)]

+
1

2
(ε2k3) [−2(k4h1k4)(ε3h4k2)− 2(ε3h1k2)(k1h4k1) + 2(k4h1k2)(ε3h4k1)

+2(ε3h1k4)(k1h4k2) + t(k2h1h4ε3) + t(ε3h1h4k2)− s(ε3h1h4k1)− u(k4h1h4ε3)]

+
1

2
(ε3k2) [−2(k4h1k4)(ε2h4k3)− 2(ε2h1k3)(k1h4k1) + 2(k4h1k3)(ε2h4k1)

+2(ε2h1k4)(k1h4k3) + t(k3h1h4ε2) + t(ε2h1h4k3)− u(ε2h1h4k1)− s(k4h1h4ε2)]

+
1

2
[(ε2h1h4k1)(ε3k1) + (ε3h1h4k1)(ε2k1) + (k4h1h4ε2)(ε3k4) + (k4h1h4ε3)(ε2k4)

+(ε2h1k4)(ε3h4k1) + (ε3h1k4)(ε2h4k1)] + [(k3h1h4k1)(ε2k4)(ε3k2)

+(k2h1h4k1)(ε2k3)(ε3k4) + (k2h4h1k4)(ε2k3)(ε3k1) + (k3h4h1k4)(ε2k1)(ε3k2)

−(k4h1h4k1)(ε2k3)(ε3k2)] (3.14)

This expression can be checked by noting that if we only keep terms which have the factor

(ε2ε3), we should recover the previous results for scalar mesons. A similar comment also

holds for the other tree-level amplitudes Ac, As and Au. This is because the string theory

calculation turns out to be the same, recall that in the case of scalar mesons the polarization

is perpendicular to the brane world-volume coordinates. Therefore, the rest of momenta

and the graviton polarizations can only be contracted among themselves.

3.5 Effective four-point interaction Lagrangian for vector mesons

Now, we proceed in an analogous way as we have done for the scalar mesons. The difference

is that the calculations are much more involved. We first list the terms which are necessary

to reproduce the coefficient of the t-channel graviton pole. The process involves four

external fields, two gravitons and two vector mesons. Recall that the vector mesons are
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massless modes of open strings, and their polarizations are parallel to the flavor-brane

world-volume. There are two types of such terms. On the one hand, there are terms

similar to the case of the scalar mesons, so we already know their amplitudes, and we will

not repeat them here. The only difference from these terms in comparison with the scalar

case is that there is an extra factor of the form (ε2ε3). On the other hand, there is also a

new type of terms, for which in the first and second part of the Lagrangian they share 0,

2 or 4 indices. These terms are21

L1 = ∂aBb∂
bBa∂dhef∂dhef → −2t(h1h4)(ε2k3)(ε3k2)

L2 = ∂aBb∂
bBa∂dhef∂fhde → 4(ε2k3)(ε3k2)(k4h1h4k1)

L3 = ∂aB
d∂aBe∂dh

cf∂ehcf → −t(h1h4)[(ε2k1)(ε3k4) + (ε2k4)(ε3k1)]

L4 = ∂aB
d∂aBe∂dh

cf∂chef → −
1

2
t [(ε2k1)(k4h1h4ε3) + (ε3k1)(k4h1h4ε2)

+(ε2k4)(ε3h1h4k1) + (ε3k4)(ε2h1h4k1)]

L5 = ∂aB
d∂aBe∂chdf∂ch

f
e →

1

2
t2[(ε2h1h4ε3) + (ε3h1h4ε2)]

L6 = ∂aB
d∂aBe∂chdf∂

fhec → −t[(ε2h1k4)(ε3h4k1) + (ε3h1k4)(ε2h4k1)]

L7 = ∂dBa∂
aBe∂dh

cf∂ehcf →
1

2
(h1h4) [−s((ε2k1)(ε3k2) + (ε2k3)(ε3k4))

−u((ε2k3)(ε3k1) + (ε2k4)(ε3k2))]

L8 = ∂dBa∂
aBe∂chdf∂ch

f
e → −

1

2
t [(ε2k3)((ε3h1h4k2) + (k2h1h4ε3))

+(ε3k2)((ε2h1h4k3) + (k3h1h4ε2))]

L9 = ∂dBa∂
aBe∂chdf∂

fhec → (ε2k3)[(ε3h1k4)(k2h4k1) + (k2h1k4)(ε3h4k1)]

+(ε3k2)[(ε2h1k4)(k3h4k1) + (k3h1k4)(ε2h4k1)]

L10 = ∂dBa∂
aBe∂dh

cf∂chef → −
1

2
s[(ε2k3)(k4h1h4ε3) + (ε3k2)(ε2h1h4k1)]

−1

2
u[(ε2k3)(ε3h1h4k1) + (ε3k2)(k4h1h4ε2)]

L11 = ∂dBa∂
aBe∂eh

cf∂chdf → (ε2k3)[(ε3k1)(k4h1h4k2) + (ε3k4)(k2h1h4k1)]

+(ε3k2)[(ε2k1)(k4h1h4k3) + (ε2k4)(k3h1h4k1)]

L12 = ∂aB
d∂aBehfg∂f∂ghde → −t[(ε2h1ε3)(k1h4k1) + (k4h1k4)(ε2h4ε3)]

L13 = ∂dBa∂
aBehfg∂f∂ghde → (ε2k3)[(k4h1k4)(ε3h4k2) + (ε3h1k2)(k1h4k1)]

+(ε3k2)[(k4h1k4)(ε2h4k3) + (ε2h1k3)(k1h4k1)]

21This list does not include all possible terms but only those which are necessary for the construction of

an effective four-point interaction Lagrangian for vector mesons describing the t-channel amplitude.
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Figure 6. The effective four-point interaction. Wavy lines represent two on-shell gravitons while

solid lines represent vector mesons.

L14 = ∂aB
d∂aBehfg∂d∂ehfg → −t(h1h4)[(ε2k1)(ε3k1) + (ε2k4)(ε3k4)] .

Now, by taking into account these terms and using four-momentum conservation and on-

shell transversal propagation, the effective Lagrangian associated to the coefficient of the

t-channel amplitude up to a global factor can be written as22

−1

4
× L1 −

1

4
× L2 +

1

4
× L3 + 1× L4 +

1

2
× L5 −

1

2
× L6 +

1

2
× L7 − 1× L8 + 1× L9

−1× L10 + 1× L11 +
1

2
× L12 − 1× L13 +

1

2
× L14 .

This expression does not include the part analogous to the scalar meson, neither the terms

associated with (k1h4k1) and (k4h1k4) factors which vanish under the condition that the

graviton is hmi → Amvi. The effective four-point interaction is depicted in figure 6.

In the kinematic regime we are interested in, s � t, the first order in the scattering

amplitude in DIS at small x is given by terms proportional to s2/t. This is analogous

to considering terms proportional to s2 in the scattering amplitude associated to the t-

channel. For dilatons, scalar and vector mesons there is only one term which has these

properties: the one with a factor (h1h4) s
2

t . There is another possible term in the vector

case, corresponding to an amplitude proportional to s2[(ε2h1h4e3) + (ε3h1h4ε2)], but such

a term does not appear in the coefficient of the t-channel amplitude. This means that to

this order all terms in the effective Lagrangian above are sub-leading, and therefore we

neglect them. On the other hand, if we were to consider terms of order s, we would have

to include the corresponding terms in the Lagrangian. Then, the only relevant term within

this kinematic regime and at this order is

∂aBc∂
bBc ∂ahnq∂bhnq = ∂aBc∂

bBc ∂aAn∂bAn viv
i . (3.15)

However, we want to write a gauge invariant Lagrangian. Thus, we use Gab = ∂aBb −
∂bBa and Fmn = ∂mAn − ∂nAm. Then, we must consider the following gauge invariant

effective Lagrangian

GacG
bc F anFbn , (3.16)

which should be multiplied by an appropriate global factor.

22Notice that due to momentum conservation this form is not unique. However all these possible effective

Lagrangians are equivalent.
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3.6 Hadronic tensor at small x for vector mesons

Next, we want to explicitly obtain the hadronic tensor for polarized vector mesons at

strong coupling and small x values, and the corresponding eight structure functions. We

will obtain it from the effective four-point interaction Lagrangian of eq. (3.16). By using

the same conventions as [1] for the incoming and outgoing fields we have to consider the

complex conjugate of one h and one Ba fields.

Recall that in the four-point string theory scattering amplitude A2o2c,vector
4 we argue

that only the first term is relevant for the kinematic regime we are interested in. Thus,

effectively we have

A2o2c,vector
4 ' P2o2c,vector

1 K2o2c,vector
1 , (3.17)

where K2o2c,vector
1 is given in terms of eq. (3.16), while P2o2c,vector

1 can be taken to be the

same as P2o2c,scalar
1 which is the corresponding pre-factor for scalar mesons. This pre-factor

is associated with the generic dependence of the amplitudes with the kinematic invariants

s = −u and t at small x, i.e. t� s since x = − q2

2P ·q , and also with the exchange of excited

string modes. Thus, we consider

n∗µnνImexcT
µν =

πα′

8

∞∑
m=1

∫
dΩ3 dr

√
−gviviG∗mq(P )Gnq (P )F ∗mp(q)F

p
n(q)δ

(
m− α′s̃

4

)
,

(3.18)

where all indices are contracted with the full eight-dimensional metric. Notice that we

omit the integrals in the four-dimensional space x0, · · ·, x3 since they only lead to the

four-momentum conservation delta functions. The solutions to the field equations are [13]

Aµ(q) = nµf(r)eiq·x (3.19)

Ar(q) =
−iq · n
q2

f ′(r)eiq·x (3.20)

Bl
µ =

ζµ
Λ

cli
ΛR3

( r

ΛR2

)−∆
Y l(Ω3)eiP ·x =

ζµ
Λ
X l (3.21)

Bl
r = 0 , (3.22)

where the two first lines are the same as in the scalar field case since they correspond

to the Am gauge field representing the virtual photon. As for the scalar mesons we use

ω = qR2/r, so we can can write f = ωK1(ω), where K1 is the modified Bessel function of

the second kind. We drop the label l which identifies each meson [13, 14].

The corresponding field strengths are23

Gµν = i(PµBν − PνBµ) =
i

Λ
(Pµζν − Pνζµ)X (3.23)

Gµr = −∂rBµ =
∆

Λr
ζµX , Gµi = −∂iBµ =

ζµ
Λ
∂iX , (3.24)

23Equations for the field strength F are the same as in the scalar case in section 2, so we do not reproduce

them here.
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from which we can construct the different pieces involved in the effective Lagrangian

G∗rqG
q
r =

R2

r2
ηρσG∗rρGrσ =

R2∆2

Λ2r4
(ζ · ζ∗)XX∗ (3.25)

G∗µqG
q
r =

R2

r2
ηρσG∗µρGrσ = i

R2∆

Λ2r3
(ζ · ζ∗)XX∗Pµ (3.26)

G∗µqG
q
ν =

R2

r2
ηρσG∗µρGνσ +

r2

R2
G∗µrGνr +

1

R2
g̃ijGµiGνj

=
R2

Λ2r2
(ζ · ζ∗)XX∗PµPν +

(
R2P 2

r2
+

Σ2

R2

)
XX∗

Λ2
ζ∗µζν , (3.27)

where we have defined Σ2 ≡ ∆2 +∆(∆−2) due to the presence of the angular derivatives.24

Recall that ∆ is a function of the index l, and so is Σ. Next, we have to contract Tµν

with the leptonic tensor, thus all terms with factors q · n and/or q · n∗ will vanish. In

this way, we only need to expand the effective Lagrangian G∗mq(P )Gnq (P )F ∗mp(q)F
p
n(q) =

gmugnvgqq
′
gpp
′
G∗uq(P )Gvq′(P )F ∗mp(q)Fnp′(q) in terms of the solutions of the fields. In the

same way as for scalar mesons we can express the effective four-point interaction La-

grangian as

Leff,v
4 = Leff,v

4,A + Leff,v
4,B + Leff,v

4,C + Leff,v
4,D , (3.28)

Leff,v
4,A =

r4

R4
G∗rqG

q
rF
∗
rpF

p
r =

∆2

Λ2r2
(f ′)2(ζ · ζ∗)(n · n∗)|X|2 (3.29)

Leff,v
4,B = Leff,v

4,C = ηµνG∗µqG
q
rF
∗
µpF

p
r =

R4∆

Λ2r5
ff ′(ζ · ζ∗)(n · n∗)|X|2(P · q) (3.30)

Leff,v
4,D =

R4

r4
ηµρηνσG∗ρqG

q
σF
∗
µpF

p
ν

=
R4|X|2

r4Λ2
×
[
R4

r4
(ζ · ζ∗)(n · n∗)f2(P · q)2+

(
R4

r4
q2f2+(f ′)2

)
(ζ · ζ∗)(P · n)(P · n∗)

+

(
R4

r4
P 2 +

Σ2

r2

)
f2(n · n∗)(q · ζ)(q · ζ∗)

+

(
R4

r4
P 2q2f2 + P 2(f ′)2 +

Σ2

r2
q2f2 +

Σ2r2

R4
(f ′)2

)
(n∗ · ζ∗)(n · ζ)

]
. (3.31)

As for the scalar mesons, the terms Leff,v
4,A , Leff,v

4,B and Leff,v
4,C are sub-leading compared with

the term in Leff,v
4,D associated with n ·n∗. This is because it is multiplied by a factor (P · q)2.

Therefore, we neglect the contribution from Leff,v
4,A , Leff,v

4,B and Leff,v
4,C . The next point is to

extract the polarizations n and n∗. There are factors in front of the tensors ηµν , PµP ν

and ζ∗µζν = 1
2(ζ∗µζν + ζ∗νζµ) + 1

2(ζ∗µζν − ζ∗νζµ). The last one contributes to the anti-

symmetric part of the result. Also the condition (ζ∗ ·ζ) = −P 2 is satisfied. Then, we arrive

24Here we have in fact carried out an integration by parts that in this notation should be done later, but

the result is the same. We have also used gij = R2g̃ij and some usual spherical harmonic properties.
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to the following expression

ImexcT
µν =

πα′

8

∞∑
m=1

∫
dΩ3dr

√
−g8v

iviδ

(
m− α′s̃

4

)
×PµP ν ×

[
R4|X|2

r4Λ2

(
R4

r4
q2f2 + (f ′)2

)
(ζ · ζ∗)

]
+

[
1

2
(ζ∗µζν + ζ∗νζµ) +

1

2
(ζ∗µζν − ζ∗νζµ)

]
×R

4|X|2

r4Λ2

[
R4

r4
P 2q2f2 + P 2(f ′)2 +

Σ2

r2
q2f2 +

Σ2r2

R4
(f ′)2

]
+ ηµν × R4|X|2

r4Λ2

[
R4

r4
f2(ζ · ζ∗)(P · q)2 +

(
R4

r4
P 2 +

Σ2

r2

)
f2(q · ζ)(q · ζ∗)

+(ζ · ζ∗)
(
r2Σ2

R4
(f ′)2 + 2

Σ

r
ff ′(P · q)

)]
. (3.32)

In order to obtain the structure functions for the polarized vector mesons we use the

Lorentz-tensor decomposition of the hadronic tensor (3.1) in terms of its symmetric and

its anti-symmetric parts.

3.7 New relations of vector meson structure functions

As for the scalar mesons we use an expression analogous to (2.39) for the imaginary part

of Tµν , which has the integral in the radial coordinate r and in the angular variables on a

three-sphere. The integrals are25

I1 =
π2α′

4

∞∑
m=1

R4

Λ2
Σ2q2

∫
dΩ3dr

√
g8v

ivi|X|2
f2(r)

r6
δ

(
m− α′sR2

4r2

)
, (3.33)

I0 =
π2α′

4

∞∑
m=1

Σ2

Λ2
q2

∫
dΩ3dr

√
g8v

ivi|X|2
(f ′(r))2

r2
δ

(
m− α′sR2

4r2

)
, (3.34)

Ĩ1 =
π2α′

4

∞∑
m=1

R8

Λ2
P 2q4

∫
dΩ3dr

√
g8v

ivi|X|2
f2(r)

r8
δ

(
m− α′sR2

4r2

)
, (3.35)

Ĩ0 =
π2α′

4

∞∑
m=1

R4

Λ2
P 2q2

∫
dΩ3dr

√
g8v

ivi|X|2
(f ′(r))2

r4
δ

(
m− α′sR2

4r2

)
. (3.36)

The results are as follows

I1 = ρ3|ci|2
π2Σ2

4Λ2R2

(
Λ2

q2

)∆−1
1√

4πgcN
I1,2∆+3 , (3.37)

I0 = ρ3|ci|2
π2Σ2

4Λ2R2

(
Λ2

q2

)∆−1
1√

4πgcN
I0,2∆+3 , (3.38)

25We include a factor 2π which accounts for the difference between the structure functions from Tµν

and Wµν .
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Ĩ1 = ρ3|ci|2
π2

4Λ2R2

(
Λ2

q2

)∆−1
tB√

4πgcN
I1,2∆+5 , (3.39)

Ĩ0 = ρ3|ci|2
π2

4Λ2R2

(
Λ2

q2

)∆−1
tB√

4πgcN
I0,2∆+5 . (3.40)

Since Ĩ1 and Ĩ0 have a factor tB they are sub-leading in comparison with I1 and I0. Then,

the structure functions of polarized vector mesons are

b1 =
(P · q)2

q4
[I1 + Ĩ1] =

1

4x2
[I1 + Ĩ1] =

I1

4x2
+O(t) , (3.41)

b2 = −P · q)
q2

[I1 + I0 + Ĩ1 + Ĩ0] =

(
1 +

I0

I1

)
I1

2x
+O(t) , (3.42)

b3 = −2

3
b2 = −

(
1 +

I0

I1

)
I1

3x
+O(t) , (3.43)

b4 =
1

3
b2 =

(
1 +

I0

I1

)
I1

6x
+O(t) , (3.44)

g2 =
(P · q)2

2q4
[I1 + I0 + Ĩ1 + Ĩ0] =

(
1 +

I0

I1

)
I1

8x2
+O(t) , (3.45)

g1 = O(t) (3.46)

from which we obtain

F1 =
b1
3
− P 2

3(P · q)
b2 +

(P · q)2

q4
Ĩ1 =

I1

12x2
+O(t) , (3.47)

F2 =
b2
3
− (P · q)

q2
[Ĩ1 + Ĩ0] =

q2[I1 + I0 + Ĩ1 + Ĩ0]

6x
− q2[Ĩ1 + Ĩ0]

2xP 2

=

(
1 +

I0

I1

)
I1

6x
+O(t). (3.48)

Now if we only consider the leading terms, i.e. we neglect those proportional to tB, we

obtain the following relations

F2 = 2xF1

(
1 +

I0

I1

)
, (3.49)

b2 = 2xb1

(
1 +

I0

I1

)
(3.50)

where since I1,n = n+1
n−1I0,n we have

1 +
I1

I0
= 1 +

I1,2∆+3

I0,2∆+3
=

2∆ + 3

∆ + 2
. (3.51)

Indeed eq. (3.49) reproduces the result we obtain for the scalar mesons. Once more,

eqs. (3.49) and (3.50) are in fact the Callan-Gross relation with an additional overall

factor. Note that we have obtained a second type of Callan-Gross relation for the structure

functions b1 and b2 given by eq. (3.50).
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In addition, we also obtain the relations:

b1 = 3F1 , b4 = −1

2
b3 . (3.52)

On the other hand, in the regime x� exp (−
√
λ) the calculations are similar to those

presented in section 2.6.

4 General results and phenomenological discussion

4.1 Results for different Dp-brane models

In this section we generalize the results of the previous sections. Thus, the results pre-

sented here hold for both type IIA and type IIB string theory dual models with one flavor

Dp-brane, corresponding to the D3D7-brane [15], D4D8D8-brane, [16], D4D6D6-brane

models [17]. We consider the generic asymptotic induced metric

ds2 =
( r
R

)α
ηµνdx

µdxν +
( r
R

)β [
dr2 + r2dΩ2

p−4

]
, (4.1)

where the parameters depend on the specific model as listed below.26

Model / Parameter p α β

D3D7 7 2 -2

D4D8D8 8 3/2 −3/2

D4D6D6 6 3/2 −3/2

The corresponding fields were obtained in our previous paper [14]

X l =
ci

ΛR
p−1
2

eiP ·x
(

r

RΛ2

)A−γB
Y l(Sp−4), (4.2)

Bl
µ =

ζµ
Λ
X l, (4.3)

Aµ = nµe
iq·yf(r), (4.4)

Ar =
−i
q2

(q · n)eiq·yf ′(r), (4.5)

f(r) = Γ−1(n+ 1)

(
qR

2B

)n+1( r
R

)−B(n+1)

Kn+1

[
qR

B

( r
R

)−B]
, (4.6)

where A = 1
2(1 − θ), θ = 2α + (p − 3)β/2 + (p − 4), γ2 = A2+l(l+p−5)

B2 , B = 1
2(α − β − 2)

and n = 2+β
4B . We can make the notation simpler by defining ω ≡ qR

B

(
R
r

)B
, therefore

26This generic form of the metric holds only for r � L, being L some dimensionful parameter in each

background. We can do this because in the local approximation the interaction in which we are interested

occurs for large values of r.
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f(r) = Γ−1(n + 1)ωn+1Kn+1(ω). Notice that in the notation of the previous sections we

have used ∆ = γB −A. As in the previous section the starting point is

n∗µnνImexcT
µν =

πα′

8

∞∑
m=1

∫
dΩp−4dr

√
−gp+1viv

iG∗ac(P )Gbc(P )F ∗ap(q)F
p
b (q)δ

(
m−α

′s̃

4

)
,

(4.7)

and we omit the Dirac delta functions associated with the momentum conservation

since we have already taken them into account whenever we set the momenta of the

external particles.

In the general case the Bessel functions satisfy the identity

∂ω(ωn+1Kn+1(ω)) = (n+1)ωnKn+1(ω)−ωn+1

(
n+ 1

ω
Kn+1(ω) +Kn(ω)

)
= −ωn+1Kn(ω),

(4.8)

for the derivative of f(r) we obtain

f ′(r) =
1

Γ(n+ 1)

d

dω
(ωn+1Kn+1(ω))

dω

dr
=

1

Γ(n+ 1)

B

R

(
Bω

qR

)1/B

ωn+2Kn(ω) . (4.9)

Now we are in conditions to obtain the structure functions in this small x region. We only

need to know the integral27

∫ ∞
0

dω ωDK2
n(ω) = In,D = 2D−2 Γ(ν + n)Γ(ν − n)Γ2(ν)

Γ(2ν)
, ν =

1

2
(D + 1), (4.10)

By defining integrals analogous to eqs. (2.55) and (2.56)

I1 =
π2α′

4

∞∑
m=1

R6q2

∫
dΩp−4dr

√
gp+1viv

i|X|2 f
2(r)

r6
δ

(
m− α′sR2

4r2

)
, (4.11)

I0 =
π2α′

4

∞∑
m=1

R2

∫
dΩp−4dr

√
gp+1viv

i|X|2 (f ′(r))2

r2
δ

(
m− α′sR2

4r2

)
. (4.12)

we obtain

I1 ∝ In+1,D , I0 ∝ In,D (4.13)

D = 2n+ 1 +
1

B
[2∆ + α− (β/2 + 1)(p− 5)] ,

Ĩ1 ∝ In+1,D̃ , Ĩ0 ∝ In,D̃ (4.14)

D̃ = 2n+ 3 +
1

B
[2∆ + 2α− (β/2 + 1)(p− 3)] ,

If we consider the case of the D3D7-brane system (β = −2) the last term disappears.

On the other hand, for the D4D8D8- and D4D6D6-brane models we simply have to set

α = 3/2 = −β, and n = 1/4.

27Recall that this result is valid provided that the arguments of the gamma functions are positive.
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All these integrals are convergent, therefore the x-dependence on the structure func-

tions is the same as before and coincides for all models that we study. Thus, in a sense we

can consider a sort of universal behaviour of the relations among the structure functions

for scalar and polarized vector mesons. The only thing which changes for these relations

is the factor (1 + I1
I0

). The two relevant integrals are

I1 =
π2α2Σ2ρp−4|ci|2q4

4
√

4πgcNΛ4Γ2(n+ 1)B

(
qR

B

)(2n+1)−D
In+1,D , (4.15)

I0 =
π2α2BΣ2ρp−4|ci|2q2

4
√

4πgcNΛ4R2Γ2(n+ 1)

(
qR

B

)(2n+3)−D
In,D , (4.16)

where we have defined Σ2 ≡ ∆2 + l(l + p− 5).

From these expressions the results for the structure functions are the same as in the

previous section, just replacing the new values for I1 and I0. For the Callan-Gross like

relation we can calculate the generic factor

1 +
I0

I1
= 1 +

B2

q2R2

(
qR

B

)2 In,D
In+1,D

=
2D

D + 2n+ 1
, (4.17)

which leads to a function which takes values between one and two. In addition, the general

scalar meson case is easy to derive. Also, notice that by setting D = 2∆ + 3 and n = 0 we

recover the expression obtained in the D3D7-brane model. On the other hand, the factors
16(∆+1)
8∆+11 and 4(4∆+3)

8∆+9 are obtained for D4D6D6-brane D4D8D8-brane models, respectively.

4.2 Comments on phenomenology

In this subsection we focus on some phenomenological implications of the meson structure

functions that we have calculated from the holographic dual models presented in the pre-

vious sections. In order to do this we should compare our results with the phenomenology

of the meson structure functions, also with results obtained from lattice QCD, and from

other holographic dual models.

Before discussing any phenomenological implication we would like to emphasize that

the aim of this research is to understand whether string theory dual models which were

designed to describe meson spectra, meson couplings, meson decay constants, and the chiral

Lagrangian, can also be used to describe meson structure. In particular, we investigate

the dependence of the meson structure functions and the emergence of the Callan-Gross

relations in the small-x region. As already mentioned, the value of the present work is to

show the universal character of the Callan-Gross like relations for different gauge theories

derived from holographic dual models, as well as to provide a self-contained description of a

method to derive the structure functions of polarized vector mesons for small x from string

theory dual models based on flavor Dp-branes in the probe approximation. The discussion

on the relation and comparison with phenomenology and lattice QCD presented in these

lines has only illustrative character. In order to make a more sensible comparison with

data, there should be an exact holographic dual model of QCD with three color degrees of

freedom, which is not known by the time these lines are written.
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A quantitative comparison with phenomenological data coming from experiments and

also from lattice-QCD calculations is probably out of reach due to several reasons. On the

one hand, it is important to notice that while real QCD has the gauge group SU(3), all

available holographic dual models based on string theory such as the ones we considered

here hold in the large N limit, and at strong coupling. Therefore, typically one should

expect discrepancies between the results from these holographic dual models and experi-

mental data which may be as large as 30%. On the other hand, in the present work we

consider only one flavor, which is not the case for real QCD. In addition, there are other

important differences between large N QCD and the holographic dual models of confining

gauge theories that we have investigated.

Let us discuss these differences in more detail. Firstly, we have studied the D3D7-brane

model dual to an N = 2 supersymmetric Yang-Mills theory with fundamental quarks [15],

which is not the large N limit of QCD but is related to it. We have also considered

the gauge theory which is dual to the D4D8D8-brane model of Sakai and Sugimoto [16].

This holographic dual model is expected to be in the same universality class as the four-

dimensional large N QCD. However, they are not equivalent in the high energy regime, at

least within the supergravity approximation. One interesting point to mention is that since

the dual four-dimensional gauge theory in this case is obtained by wrapping N D4-branes

along a circle of a certain radius, an infinite tower of Kaluza-Klein modes arises. Of course,

these Kaluza-Klein modes cannot appear in realistic QCD. Another difference between the

Sakai-Sugimoto model and QCD is that in this model an SO(5) global symmetry appears.

Thus, in analyzing the meson spectrum, we mainly focus on SO(5) singlet states, since such

symmetry does not exist in QCD. Thus, none of these Dp-brane models lead to dual gauge

theories with all the properties of the large N limit of QCD itself. They are all confining,

and within different levels of accuracy they are considered related to QCD in the large N

limit. Therefore, trying to make an accurate quantitative comparison of these models with

SU(3) QCD data is conceptually a difficult task because, firstly, it is out of their validity

range (which is the large N limit) and, secondly, although the Dp-brane models are related

to large N QCD, they are not exact holographic dual models of large N QCD. Thus, we

use these models to calculate the structure functions of the mesons obtained from them

and, derive universal relations among the structure functions. Indeed, these relations are

model independent and therefore we expect they will hold for QCD, at least in the large

N limit. We should also comment that another important point is that the holographic

dual models allow one to explore the strongly coupled regime exclusively.

Another caveat of this comparison between our results and phenomenology concerns

the regimes where different calculations and phenomenology are restricted to. The regime

we consider corresponds to the Regge region. However, in this regime it is neither possible

to carry out direct quantum field theory calculations nor to use lattice QCD methods [21].

Now, keeping all these observations in mind, we can try to see how our results compare

with both experimental and lattice results.

We shall begin with the comparison of the phenomenology of the meson structure

functions. As it is known, this comparison is difficult because the experimental data of the

internal structure of mesons is much more limited than in the case of baryons, specially
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in the kinematical region where the Bjorken parameter x is small. There have been some

important experimental and phenomenological developments for the case of the pion such

as [29–32] but all of them are based on measurements of the valence structure function

coming from fixed-target pionic Drell-Yan experiments, whose data contain information

only coming from the region where x ≥ 0.2. This means that these results are not to

be compared with the x−1 or x−2 behavior of the meson structure functions found in the

present work28 (note that they can instead be compared with the results obtained in our

previous papers studying the 1/
√
λ � x < 1 case [13, 14]). However, there are some

indications suggesting a divergent behavior of this kind. On the one hand, reference [33]

suggests a model in which the parton distribution functions have a sea term besides the

valence one, and this sea term diverges as the Bjorken parameter goes to zero:

qU(x) = C
(1− x)Ds−1

x1+ds
+ δuq

B−1(A, 1/2)(1− x)A−1

√
x

(4.18)

for the quark distribution function, where A, B, C, Ds and ds are free parameters used to

fit the available data. The gluon distribution function only contains a term similar to the

first one in equation (4.18). On the other hand, the study of the pion contribution to the

deuteron structure function b1 also shows this kind of divergences beyond the valence case,

as shown in figure 3 of reference [34].

The starting point in our work is similar to the one of references [21, 35–38], and

in some sense it involves similar techniques to the ones used in those papers. In that

case an important level of agreement with baryon DIS data coming from H1 and ZEUS

experiments at HERA has been shown. In references [21, 35–38] the focus has been the

glueball calculations of Polchinski and Strassler, and we regard also our construction as a

non-trivial extension of that work. The fact that the structure functions of scalar mesons

have similar behavior as for glueballs for all values of the Bjorken parameter, is a good

indication that our predictions should be correct, at least referred to the Callan-Gross

like relations that we have found. Since these results for glueballs can be compared with

experimental information from HERA, we hope that our results for mesons (which at least

for scalar mesons are closely related to the glueball results of [1]) could be confirmed if

experiments with mesons reach the kinematical regime where our calculations hold.

Another point is the comparison with respect to the calculation of the lower moments

of DIS structure functions of the pion and the rho meson obtained from lattice QCD [39].

In this case the particular interest is focused on the spin-dependent structure functions

of the pion and rho mesons. The lattice QCD calculations in [39] were done with Wilson

fermions and for three values of the quark mass, therefore allowing the authors to carry

out an extrapolation to the chiral limit. By adding the integrals of the small- and large-

x regions for the moments of the F2 structure function, by using an arbitrary cutoff in

the x → 0 limit and choosing suitable numerical constants in front of them we can fit

the lattice QCD moments Mi(F2), for i = 1, 2, 3 for the pion given in table 1. We have

used a cutoff for small values of the Bjorken parameter where the structure functions di-

28The pion corresponds to the l = 1 meson in the D3D7-model since it is the lightest pseudoscalar particle.

– 40 –



J
H
E
P
0
5
(
2
0
1
5
)
0
0
1

Model Moment Lattice QCD Our results Percentage error

D3D7 M1(F2) 0.30 0.275 8.5

D3D7 M2(F2) 0.12 0.081 31.9

D3D7 M3(F2) 0.06 0.056 7.2

D4D6D6 M1(F2) 0.30 0.278 7.5

D4D6D6 M2(F2) 0.12 0.085 29.3

D4D6D6 M3(F2) 0.06 0.059 1.5

D4D8D8 M1(F2) 0.30 0.279 7.1

D4D8D8 M2(F2) 0.12 0.085 29.3

D4D8D8 M3(F2) 0.06 0.059 1.5

Table 1. Comparison of our results for the first moments of the F2 structure functions for a

suitable choice of the normalization constants with respect to the average results of the lattice

QCD calculations of [39]. Uncertainties in the lattice calculations are omitted.

verge29 xmin = 0.0001. Then, we have divided the range of values of x into the small-x

region (0.0001, 0.1), where we have used the expressions of the structure functions derived

from string theory, and the other region (0.1, 1) where the supergravity calculation holds.

We have done this for the three Dp-brane models. For small-x values we have the equa-

tions (2.58), (2.59), (2.60), (2.61) with several fundamental and normalization constants

gathered in a single dimensionless factor which we set to be 0.1 for the three Dp-brane

models. For large values of x, on the other hand, the structure functions are given in our

previous papers [13, 14], and we have set the corresponding overall factor to the numerical

values 20 for the D3D7-brane model and 25 for the two other models. These values were

found to give the best numerical fit in comparison with the lattice-QCD results. Also, we

have drawn the F1-structure function for the rho-vector meson in terms of the Bjorken

parameter as shown in figure 7. Notice that in this case the large-x region overall factor

becomes 125. The rest of the fitting parameters is the same. As shown in table 1, we find

discrepancies with respect to the lattice calculations up to about 30% for our results in

the case of the pseudo-scalar meson l = 1, i.e. the pion. This is compatible with the fact

that large N calculations have discrepancies of the order 30%. For instance, in the case of

bottom-up models in five dimensions the results related to masses and decay constants of

mesons have discrepancies of order 5% [40, 41], while for the case of more involved calcu-

lations leading to the ∆I = 1/2 rule describing the kaon decays the discrepancies typically

rise up to 30% [42, 43] in comparison with experiments.

In addition, one can perform the same kind of calculations for the l = 1 vector meson

(which represents the rho meson) taking into account the moments for F2, b2 and g2

29Recall that this divergence is just an artifact due to the fact that for exponentially small values of the

Bjorken parameter the interaction is no longer local.
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Figure 7. F1 as a function of x for the three Dp-brane models. For the small-x region F1 is depicted

by a solid line, and it does not depend on the particular model. For larger values of the Bjorken

parameter, the dashed curve represents the D3D7-model while the dot-dashed curve represents the

Sakai-Sugimoto model and the D4D6D6-brane model.

structure functions. Also for the moments of the F1 and F2 structure functions of the rho

vector meson we find a good agreement with discrepancies of order 30%. The F1 structure

function for the rho vector meson is displayed in figure 7 as a function of the Bjorken

parameter. The small-x region is represented by the solid line which is common for all the

three models we have considered. On the other hand, for large x the bell-shaped curves

correspond to the D3D7-brane model (dashed curve), while for the other two models we

obtain the smaller dot-dashed curve. For the large x region the curves agree with the

results of reference [44]. One should notice that the error bars displayed in figures 3, 4

and 5 of [39] for some moments can be as large as 100% or even larger. Thus, in order

to carry out a more precise comparison a refinement from lattice QCD calculations of

these moments would be very useful. It would be very interesting to know what future

experimental measurements have to say about this.

Comparison with other holographic dual model predictions can also be done. In [44]

the lowest order contributions to the DIS structure functions for the rho meson and the a1

axial-vector meson in the Sakai-Sugimoto model have been calculated. That approach is

different since they consider an effective Lagrangian which is not derived from string theory

but only takes into account the supergravity region, and therefore is only suitable for the

region 1/
√
λ � x < 1, which is not the region on which we focus since we have already

considered that region in our previous paper [13, 14]. From these structure functions they

found that the ratio F2/(2xF1) is approximately equal to one, satisfying the Callan-Gross

relation in the interval 0.4 < x < 0.6. In the present paper, on the other hand, we have

proved that the Callan-Gross relation exactly holds for any value of the Bjorken parameter

for small x as we have already explained. On the other hand, we also obtain other new exact

relations among the structure functions for polarized vector mesons and for scalar mesons.

In addition, in [44] they only considered the structure functions for the lowest states of

vector and axial vector mesons while our results are valid for any scalar or polarized vector
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meson. Also, due to numerical difficulties in [44] only the region 0.2 < x < 1 was studied,

whereas we considered the region 1/
√
λ � x < 1 for the three Dp-brane models in our

previous papers [13, 14], and in the present one we consider the small x region, by using

string theory calculations from first principles.

5 Conclusions and discussion

In this work we have investigated deep inelastic scattering of leptons from spin-zero and

spin-one hadrons at small values of the Bjorken parameter x in terms of superstring the-

ory, by using the gauge/string duality. We have considered single-flavored scalar and vector

mesons in the large N limit and at the strongly coupled regime of the gauge field theo-

ries. This has been studied for different holographic dual models with flavor Dp-branes

in type IIA and type IIB superstring theories. We have derived the hadronic tensor and

the structure functions for scalar and polarized vector mesons, the latter having a very

rich Lorentz-tensor structure. For polarized spin-one mesons we have obtained the eight

structure functions at small values of the Bjorken parameter. Our most interesting result is

that we found new relations of the Callan-Gross type for several structure functions. These

relations have similarities for all different Dp-brane models that we have investigated. We

think that this can be interpreted as a signal of a universal behavior for confining gauge

theories which have a string theory dual description where mesons can be engineered with

flavor Dp-branes in the probe approximation. It is worth emphasizing that this effect does

not depend on supersymmetry nor on conformal symmetry of the dual gauge field theories.

It can be related to the isometries of the background: recall that in order to calculate the

tree-level Feynman diagrams for the t-, s-, u-channels and the contact term we consider

the interaction Lagrangian derived from the DBI-action of the probe flavor Dp-brane. This

Dp-brane wraps a cycle, Sp−4. In the Kaluza-Klein decomposition of the fields defined on

the Dp-brane there are spherical harmonics factors Y l(Ωp−4), which satisfy the eingenvalue

equations iQlY
l(Ωp−4) = vi∂iY

l(Ωp−4). From this one can construct the graviton-meson-

meson interaction, by using the Nöther’s theorem. This in fact is what we have done in

the parametric regime where 1/
√
λ� x < 1 [13, 14].

As for the glueballs [1] we have found four kinematical regimes in terms of the Bjorken

parameter. When 1/
√
λ� x < 1 the holographic dual description is in terms of supergrav-

ity and we have studied it in our previous papers [13, 14]. For this regime we found several

relations among the structure functions. We obtained 2F1(x) = F2(x) and 2b1(x) = b2(x),

which we conjectured to be the pure supergravity version of 2xF1(x) ∼ F2(x) and

2xb1(x) ∼ b2(x). In the present work, for small x, we have found that in addition to

the Bjorken parameter factor there is another factor which depends on the scaling dimen-

sions ∆ of the meson wavefunctions, which does not dependent on x as shown in eqs. (3.49)

and (3.50), respectively. Also, in [13] we obtained the relations: 2b3 = −b4, b2 = 3F2 and

b1 = 3F1, for 1/
√
λ� x < 1 in the tB → 0 limit. Now, for small and exponentially small x

some of these last relations are slightly different as shown in section 3 of the present work.

Notice that for small x we have obtained eqs. (3.41). By comparison we observe that

the relations become modified as we reduce the values of the Bjorken parameter towards
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small and exponentially small values. So, in the second kinematic regime corresponding to

exp (−
√
λ)� x� 1/

√
λ the holographic dual description goes beyond the supergravity ap-

proximation and it includes excited strings. The third regime x� exp (−
√
λ) corresponds

to the case when the size of the strings is comparable to the scale of the anti-de Sitter space.

Within this regime the interaction becomes non-local and the strings growth is taken into

account by a diffusion operator. There is a fourth regime where | lnx|λ−1/2 > ln(Λ/q),

where q is the momentum transfer and Λ is the confining IR scale. Here is where the

world-sheet renormalization group can be used to include the effect of strings growth. The

general picture in the planar limit of the strongly coupled gauge field theory corresponds to

the scattering of a lepton by an entire hadron. We would expect that deeper understand-

ing of string theory description in the exponentially small regime will reveal the parton

structure, and therefore we should recover the growth of the structure functions with q2.

We should keep in mind that the string theory scattering amplitudes we consider are in

flat ten-dimensional spacetime, and that as in [1] we fold it into the AdS wavefunctions.

The idea is that the momentum invariants in the inertial frame are of order the string

scale, therefore, it is expected that the scattering process should be localized on this scale.

This scale is small in comparison with the AdS scale R, so one can take the string theory

scattering amplitude in flat space and then consider the warped wavefunctions of the fields.

On the other hand, for the exponentially small x region this approximation is not longer

valid and a diffusion operator plays an important role.

We have answered several questions. On the one hand, we have obtained the

eight structure functions from holographic dynamical hadrons, and investigated the x-

dependence of the structure functions for small and exponentially small values of the

Bjorken parameter, in the planar limit and at strong coupling of the gauge theories. The

q2-dependence we have obtained for 0 < x � 1/
√
λ for both scalar and vector mesons

structure functions is the one expected from the operator product expansion in the large

N limit at strong coupling. As pointed out for glueballs [1] by considering string scattering

on flat spacetime instead of a power-law falling with q2 one obtains an exponential falling.

This indicates a very soft amplitude, and the reason is that there are no partons in this

case. On the other hand, in our calculations, similarly to what happens for the glueballs

the key point is that the curved geometry induces a power law behavior. Basically, as the

string goes from the bulk to the boundary its tension increases, and consequently its size

becomes smaller, of order of the inverse momentum transfer.

We must emphasize that the regime in the dual gauge theory that we are exploring is

the strongly coupled regime N � λ� 1, and moreover this is studied in the planar limit.

Then, hadronic structure functions are calculated from a forward scattering amplitude, and

therefore we must consider the Regge physics of the string. In terms of the bulk theory,

when x ∼ 1/
√
λ it turns out that for a local observer in the bulk the energy scale becomes

the string mass scale since s̃ ∼ 1/α′. So, in this parametric region the string dynamics

in the bulk becomes very important. Also notice that in QCD the Pomeron exchange

dominates the gluon structure function for the regime s ≈ q2/x for small x. The Pomeron

is a conjectured trajectory of glueball states. In string theory something similar happens

with the gravitons, where now one has to consider the lowest mode of the graviton in the
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curved space-time, which has an IR cutoff. This IR cutoff leads to a mass gap of order

1/R2 and therefore the intercept becomes α′/R2 which is order 1/
√
λ. The contribution of

the Pomeron to the parton distribution functions, which is proportional to x−α0 , is given

by the intercept of the Pomeron trajectory α0. Then, it is expected to have the behavior

F1 ∝ x−2+O(1/
√
λ) and F2 ∝ x−1+O(1/

√
λ) that we have found.

There are many open questions. One is to understand better the approximation we

have made in order to keep only the first term in the four-point string theory scattering

amplitude, particularly for spin-one hadrons. We expect to investigate it further in terms

of the operator product expansion of the string theory vertex operators on the string

worldsheet [21, 45–47]. Another issue we plan to report in a forthcoming work is about the

implications on observables such as the scattering cross sections for DIS [48].
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