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1 Introduction

The recent observations of the cosmic microwave background (CMB) by the Planck satel-

lite [1] showed that ΛCDM cosmology is consistent with the data and fluctuations in

the cosmic microwave background (CMB) can be explained by single-field inflation [2–6],

which solves the fine-tuning problems in the early universe. The spectral index ns and the

tensor-to-scalar ratio r are tightly constrained by the Planck data combined with other

CMB observations [1]:

ns = 0.9603± 0.0073, (1.1)

r < 0.11 (95% CL). (1.2)

The index ns is determined by the shape of the inflaton potential, whereas the ratio r is

done by the energy scale of the potential:1

Hinf ≃ 8.5× 1013 GeV
( r

0.11

)1/2
. (1.3)

Here, Hinf is the Hubble scale during inflation.

1After submission of this paper, the BICEP2 collaboration announced the detection of the primordial

B-mode polarization, which can be explained by r = 0.20+0.07
−0.05 [7]. See note added at the end of this paper.
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To construct a viable inflation model, the inflaton potential should be under good con-

trol so as not to break the slow-roll condition and to suppress the inflation scale compared

with the the Planck scale. There have been many attempts to accomplish this. One way is

to introduce a certain symmetry which keeps the inflaton potential flat. See refs. [8–29] for

various chaotic inflation models along this line. In this sense, an axion is a good candidate

for the inflaton due to the approximate shift symmetry

φ → φ+ const., (1.4)

which controls its potential structure and suppresses the scale of inflation to be consistent

with observation. Here, φ is an axion. So, it is possible to consider a natural inflation

model [30, 31] with an axion potential V (φ) given by:

V (φ) = Λ4

[

1− cos

(

φ

f

)]

. (1.5)

In this model, the shift symmetry is broken non-perturbatively by the dynamical scale Λ

much smaller than the Planck scale. However, the decay constant f is required to be larger

than the Planck scale,2 f & 5MPl [1], for the predicted ns and r to be consistent with the

observed values, where MPl ≃ 2.4× 1018GeV is the reduced Planck mass.3 So, one might

worry about the control of the correction f/MPl after all.

Recently, two of the present authors (MC and FT) proposed an extension of natural

inflation, called multi-natural inflation [40], in which the inflaton potential mainly consists

of two (or more) sinusoidal functions. Interestingly, multi-natural inflation is versatile

enough to realize both large-field and small-field inflation. In the case of large-field inflation

with super-Planckian decay constants, the predicted values of the spectral index as well

as the tensor-to-scalar ratio can be closer to the center values of the Planck results, with

respect to the original natural inflation.

In the case of small-field inflation with sub-Planckian decay constants, we arrange

those sinusoidal functions so that they conspire to make the inflaton potential sufficiently

flat for slow-roll inflation. In a certain limit, this axion hilltop inflation is equivalent to

hilltop quartic inflation [5, 6]. The hilltop quartic inflation has been studied extensively so

far, and it is known that, for the e-folding number Ne ≃ 50, its predicted spectral index

tends to be too low to explain the Planck results [ 1.1]. There are various proposals for

resolving this tension in the literature.

The purpose of this paper is twofold. First, we will show that the predicted spectral

index for the axion hilltop inflation can be increased with respect to the hilltop quartic

inflation case by including a relative phase between two sinusoidal functions. This gives

a better fit to the Planck data. Second, we consider a UV completion of multi-natural

inflation within supergravity(SUGRA)/string theory. This is because a viable inflation

model can be easily realized for large decay constants close to the GUT or Planck scale,

and because the string theory offers many axions through compactifications [41–43], some

2See [32] for realizing a large decay constant effectively, [33, 34] for other ways to relax the bound on

the decay constant, and [18, 19, 35–39] for other models with axion(s).
3Hereafter, we take the Planck unit of MPl = 1 for a simplicity, unless otherwise stated.
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of which could play an important role in inflation. Also, non-perturbative dynamics which

explicitly break the axionic shift symmetry can be studied rigorously in a supersymmetric

(SUSY) framework.

The rest of this paper is organized as follows. In section 2 we build an axion hilltop

inflation model with one axion multiplet in the context of SUGRA, taking into account

SUSY breaking effects. In section 3, we consider a UV completion of multi-natural inflation

in the string-inspired model, which is reduced to the model analyzed in section 2 in the

low energy effective theory. The last section is devoted to discussion and conclusions.

2 Multi-natural inflation in SUGRA

2.1 Setup

Let us consider a supergravity realization of multi-natural inflation in which an axion plays

the role of the inflaton [40]. To this end, we introduce the following Kähler and super-

potentials with an axion chiral superfield Φ,

K = K(Φ + Φ†), (2.1)

W = W0 +Ae−aΦ +Be−bΦ, (2.2)

where a > 0, b > 0 and a 6= b.4 In the following we assume |a4A| < |b4B| without loss of

generality. The scalar potential is given by

V = eK [Kij̄(DiW )(DjW )− 3|W |2], (2.3)

with DiW = (∂iK)W + ∂iW . For convenience we write the scalar component of Φ as

Φ = σ + iϕ, (2.4)

where σ and ϕ are the saxion and the axion, respectively. Note that the Kähler potential

respects the axionic shift symmetry,

ϕ → ϕ+ const, (2.5)

which is explicitly broken by the two exponentials in the superpotential. We assume that

the breaking of the shift symmetry is so weak that the axion mass is hierarchically smaller

than the saxion mass. As we shall see shortly, this is the case if

|A|, |B| ≪ |W0| < 1. (2.6)

The saxion is then decoupled from the inflaton dynamics. The softly broken shift symmetry

is one of the essential ingredients for multi-natural inflation, and such a small breaking

naturally arises from non-perturbative effects at low-energy scales.5 On the other hand,

if the saxion mass were comparable to the axion, one would have to follow the multi-field

dynamics during inflation. Although the analysis becomes rather involved, it is possible to

realize successful inflation as is the case with racetrack inflation [38, 39].

4The case of the irrational ratio of a/b was considered in ref. [44]. The following discussion holds even

in this case.
5Such softly broken shift symmetries and the associated light axions may play an important cosmological

role in a different context. For instance, the axion with mass 7 keV [45] can explain the recently observed

X-ray line at about 3.5 keV [46, 47].
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2.2 Saxion stabilization

First we study the saxion stabilization in the above setup. For simplicity and concreteness

we consider the following Kähler potential to stabilize the saxion:

K =
f2

2
(Φ + Φ†)2 (2.7)

with f . 1. We will see in the next section that the Kähler potential of this form is indeed

obtained in the low energy effective theory of a more realistic string-inspired model.

The kinetic term for the saxion and the axion is given by

Lkin = KΦΦ̄∂Φ
†∂Φ = f2(∂σ)2 + f2(∂ϕ)2. (2.8)

For the moment let us focus on the saxion stabilization by setting A = B = 0. Then

the saxion potential has a Z2 symmetry, σ → −σ, and therefore the saxion potential has

an extremum at the origin σ = 0. In fact, the origin can be the potential minimum as

shown below.

The saxion potential is approximately given by

V = e2f
2σ2

(

4f2σ2 − 3
)

|W0|2 +∆V (2.9)

≃ 2f2|W0|2σ2 + · · · , (2.10)

where we have expanded the potential around the origin in the second equality, and we

have added a sequestered uplifting potential ∆V to cancel the cosmological constant,6

∆V = 3e2K/3|W0|2 ≃
(

3 + 4f2σ2 + · · ·
)

|W0|2. (2.11)

Thus, the saxion is stabilized at the origin with mass mσ ≃
√
2|W0|. Note that the saxion

is stabilized by the SUSY-breaking effect through the equation

∂ΦK = 0. (2.12)

The saxion can be similarly stabilized for a more general Kähler potential; see refs. [55–57]

for detailed discussions on the saxion stabilization. In general, the saxion mass is considered

to be of order the gravitino mass.

The axion mass is protected by a shift symmetry. For a sufficiently small breaking

of the shift symmetry, therefore, the axion acquires a mass much smaller than the saxion

mass, while the saxion stabilization studied above remains almost intact. See figure 1 for

the saxion potential in the presence of small explicit breaking of the shift symmetry, with

and without the uplifting potential. We can see that the saxion is stabilized near the origin,

6For instance, one can consider K = −3 log
[

e−K(Φ+Φ†)/3 − {XX† − (XX†)2/Λ2}/3
]

and W = W0 +
√
3W0X+W (Φ) to break the SUSY and to obtain a small cosmological constant. In this model the vacuum

and the mass are given by 〈X〉 ∼ Λ2 ≪ 1 and m3/2/Λ ≫ m3/2 [48]. Then, ∆V = eK |DXW |2KXX̄ =

3|W0|2e2K(Φ+Φ†)/3. The SUSY breaking fields can be integrated out during inflation as long as its mass is

heavier than or comparable to the gravitino mass. See [49–54] for related topics.
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Figure 1. The saxion potential for A = 2.3× 10−12, B = A/4, a = 2π/10, b = 2π/5, f = 0.1 and

W0 = 10−4. We have set ϕ = 0. The dashed (blue) line shows the saxion potential without the

uplifting potential; the saxion is stabilized at σ ∼ ±5, where the vacuum energy 3|W0|2 is added

for visualization purpose. The saxion can be stabilized near the origin if the sequestered uplifting

potential ∆V is added, as shown by the solid (red) line.

when the sequestered up-lifting potential is added. The saxion vacuum is located near the

origin as long as the parameters satisfy the relation

|A|
|W0|f2

∼ |B|
|W0|f2

. 10−2, (2.13)

i.e., the axion mass is much lighter than that of the saxion by a factor of ten.

We shall see that the Hubble parameter during inflation is necessarily smaller than the

gravitino mass as long as (2.6) is met. Then the saxion stabilization is hardly affected by

inflation, and we can integrate out the saxion during inflation. This makes the inflation

dynamics extremely simple: the inflationary epoch is described by single-field inflation

driven by the axion.

2.3 Axion hilltop inflation

Let us study the axion potential. Using U(1)R symmetry and an appropriate shift of ϕ,

we can set W0 and A real and positive, while B is complex in general. To take account of

this complex phase, we replace B with Be−iθ, where B is a real and positive constant, and

θ represents the relative phase between the two exponentials. Using 〈σ〉 ≃ 0, the axion

potential can be approximately written as

Vaxion(φ) ≃ 6AW0

[

1− cos

(

φ

f1

)]

+ 6BW0

[

1− cos

(

φ

f2
+ θ

)]

−2AB

(

2

f1f2
− 3

)[

1− cos

[(

1

f1
− 1

f2

)

φ− θ

]]

+ const, (2.14)

where φ ≡
√
2fϕ is the canonically normalized axion field, and we have defined

f1 ≡
√
2f

a
, f2 ≡

√
2f

b
, (2.15)
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with f1 6= f2. We have added the vacuum energy from SUSY breaking to obtain the

Minkowski spacetime in the true vacuum and the last constant term in eq. (2.14) depends

on θ; it vanishes for θ = 0.

We impose relation (2.6) to realize a hierarchy between the saxion mass and the axion

mass. Then, the third term in eq. (2.14) becomes irrelevant7 and the first two terms are

equivalent to the inflaton potential for the multi-natural inflation discussed in ref. [40]. A

successful multi-natural inflation requires the two sinusoidal functions to have comparable

magnitude and periodicity, i.e.,

A ∼ B ≪ W0, (2.16)

f1 ∼ f2. (2.17)

The inflation scale is roughly given by Hinf ∼ (AW0)
1/2 ≪ W0, and so, the saxion mass

is generically heavier than the Hubble parameter during inflation, which justifies our as-

sumption. Also, the upper bound on the tensor mode (1.3) places the following condition,

AW0 . 10−10, (2.18)

for f1 ∼ f2 . O(1).

The inflaton potential must have a flat plateau in order to realize successful inflation

with sub-Planckian decay constants. In the following we show that, in a certain limit,

the axion potential is reduced to the hilltop quartic inflation model. For the moment we

focus on the first two terms in eq. (2.14). In the numerical calculations we will include all

the terms.

Requiring that the first, second and third derivatives of Vaxion vanish and the fourth

derivative of Vaxion is negative at φ = φmax, we obtain the following conditions among

the parameters:

sin

(

φmax

f1

)

= sin

(

φmax

f2
+ θ

)

= 0, (2.19)

− cos

(

φmax

f1

)

= cos

(

φmax

f2
+ θ

)

= 1, (2.20)

A

f2
1

=
B

f2
2

, (2.21)

where we have used our assumption a4A < b4B, i.e., A/f4
1 < B/f4

2 , to fix the sign of the

cosine functions. Note that A > B as well as f1 > f2 must be satisfied to meet the above

conditions. We choose the following solutions without loss of generality,

φmax = πf1, (2.22)

θ = −π
f1
f2

(mod 2π) (2.23)

7In the presence of two axion fields, the third term can be responsible for natural inflation with an

effective super-Planckian decay constant [32].
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Figure 2. The scalar potential for the saxion and the axion (left) and the axion potential at the

section of 〈σ〉 = 0 (right). In the left panel, we show the logarithm of the scalar potential for the

visualization purpose. We use the same model parameters as in figure 1. For comparison, the case

with B = 0 is also shown by the dashed (blue) line in the right panel.

The inflaton potential becomes simple for a particular choice of f1 = 2f2 (i.e. A = 4B), as

the relative phase θ vanishes.

Expanding the inflaton potential around φmax, we obtain

Vaxion(φ̂) ≃ V0 − λφ̂4 + · · · (2.24)

with

V0 = O(AW0), (2.25)

λ =
W0

4

(

B

f4
2

− A

f4
1

)

, (2.26)

where we have defined φ̂ ≡ φ − πf1, the constant term V0 is fixed so that the potential

vanishes at the minimum, and the dots represent the higher order terms. Therefore, for

the parameters satisfying (2.21), (2.22), and (2.23), the axion potential is equivalent to

the hilltop quartic inflation. In figure 2 we show the scalar potential for the saxion and

the axion and its section along 〈σ〉 = 0. We can see that the saxion is stabilized during

inflation and that the axion potential is given by a flat-top potential.

For sub-Planckian decay constants, the quartic coupling λ is fixed by the Planck nor-

malization on the curvature perturbation as

λPlanck ≃ 6.5× 10−14

(

Ne

50

)−3

, (2.27)

where Ne is the e-folding number. For instance, the Planck normalization is satisfied if

AW0 ≃ 8.7× 10−14 f4
1

(

Ne

50

)−3

, (2.28)
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for f1 = 2f2 (i.e. θ = 0 and A = 4B). For this choice of the parameters, the axion mass at

the potential minimum is given by

mφ ≃ 2
√
3AW0

f1
≃ 2.5× 1011GeV

(

Ne

50

)− 3
2
(

f1
0.1

)

. (2.29)

Assuming the axion coupling with the standard model (SM) gauge bosons L ⊃
c(φ/f1)FµνF̃

µν , the decay rate is given by

Γ(φ → AµAµ) = Ng

c2m3
φ

4πf2
1

, (2.30)

where Ng = 8+ 3+ 1 counts the number of SM gauge bosons. The reheating temperature

after the inflation is then estimated as

TR ≡
(

π2g∗
90

)− 1
4 √

Γ ≃ 4× 108 c

(

Ne

50

)− 9
4
(

f1
0.1

)
1
2

GeV, (2.31)

where g∗ counts the relativistic degrees of freedom in plasma and we have substituted

g∗ = 106.75 in the second equality.

So far we have adopted the special case of f1 = 2f2. The typical scales of the inflaton

mass and the reheating temperature are similar for other choices. Here let us take another

case. If the two decay constants are very close to each other, i.e., (f1 − f2)/f2 ≪ 1, we can

approximate the inflaton potential by keeping the leading order term in (f1 − f2)/f2:

Vaxion(φ) ≃ 6AW0

(

f1 − f2
f2

)(

v0 − 2 cos
φ

f1
+

(

π − φ

f1

)

sin
φ

f1

)

+ · · · , (2.32)

where the dots represent higher order terms of O((f1 − f2)
2/f2

2 ), v0 ≈ 4.8206, and the

potential maximum and minimum are located at φmax/f1 = π and φmin/f1 ≈ −1.3518,

respectively. This approximation is valid only for |φ/f1| ≪ f2
f1−f2

. The potential height V0,

the quartic coupling λ, and the inflaton mass at the minimum are approximately given by

V0 ≈ 40.9AW0

(

f1 − f2
f2

)

, (2.33)

λ ≈ AW0

2f4
1

(

f1 − f2
f2

)

, (2.34)

mφ ≈ 5.13

√
AW0

f1

√

f1 − f2
f2

≃ 7.3
√
λf1. (2.35)

We can see that the inflaton mass is of similar order to eq. (2.29). As the Planck nor-

malization fixes λ, AW0 scales as f2/(f1 − f2), while the inflaton potential shape itself is

not significantly changed even when f1 ≈ f2. Indeed, using the Planck-normalized quartic

coupling, we can rewrite the inflaton potential as

Vaxion(φ) ≃ 12λPlanck f
4
1

(

v0 − 2 cos
φ

f1
+

(

π − φ

f1

)

sin
φ

f1

)

, (2.36)

– 8 –
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Figure 3. The scalar potential for the saxion and the axion (left) and the axion potential at the

section of 〈σ〉 = 0 (right) similarly to figure 2. We use A = 4.0×10−11, B = (6/7)2A, a = π/7, b =

π/6, f = 0.1, W0 = 10−4 and θ = −7π/6. The case with B = 0 is also shown by the dashed (blue)

line in the right panel, where the minima are chosen to coincide for visualization purposes.

in the limit of f1 ≈ f2. The inflaton potential is shown in figure 3. Note that there

are many other potential minima and maxima; the inflation takes place near the hilltop

around φ/f1 . π.

The spectral index for hilltop quartic inflation is predicted to be

ns ≃ 1− 3

Ne
= 0.94− 0.95, (2.37)

for Ne = 50 − 60. As is well known, the predicted spectral index tends to be too low to

fit the Planck result (1.1). In the context of new inflation in supergravity [58, 59], the

resolution of the tension was discussed in detail in the literature, and it is known that the

prediction of ns can be increased to be consistent with the Planck data either by adding a

logarithmic correction [60–62] or a linear term [63], or by considering higher powers of the

inflaton coupling [64]. As we shall see below, in the axion hilltop inflation, we can easily

increase the spectral index by varying the relative phase θ around (2.23).

Let us study the axion potential by varying the parameters around the solu-

tions (2.21), (2.22), and (2.23). Expanding the potential in terms of φ̂ = φ−πf1, we obtain

Vaxion(φ̂) = V0 +
6BW0 sinΘ

f2
φ̂− 3W0

(

A

f2
1

− B

f2
2

cosΘ

)

φ̂2 − BW0 sinΘ

f3
2

φ̂3

−1

4
W0

(

B

f4
2

cosΘ− A

f4
1

)

φ̂4 + · · · , (2.38)

where we have defined Θ ≡ θ + πf1/f2. It is the linear term in φ̂ that affects the inflaton

dynamics significantly. As pointed out in ref. [63], if there is a small linear term in the

hilltop quartic inflation model, the inflaton field value at the horizon exit of cosmological

scales can be closer to the hilltop, making the curvature of the potential smaller and

therefore increasing the spectral index.

– 9 –
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Figure 4. Plots of ns (left) and r (right) for varying values of B and θ for fixed decay constants

f1 = 0.5 and f2 = 0.45, which corresponds to the case of f1 ≈ f2 studied in the text. The green

shaded region corresponds to the 2σ allowed region for ns from the Planck data.

We have numerically solved the inflaton dynamics based on the potential given by

eq. (2.14) to evaluate the predicted values of ns and r. To be concrete, we have varied the

model parameters B/A and θ around the solutions (2.21), (2.22), and (2.23) with f1 = 0.5

and f2 = 0.45. The results are shown in figure 4. Note that the Planck normalization can

be satisfied by varying W0 for fixed A/W0 and B/W0 without affecting the predicted values

of ns and r. From figure 4 we can see that the spectral index can be increased to fit the

2σ limit of the Planck data shown by the shaded (green) region. We have also confirmed

that the spectral index can be similarly increased to give a good fit to the Planck data

for different values of f1 and f2, e.g. f1 = 2f2. In general, for smaller values of the decay

constants, the deviation from the solution (2.23) must be smaller. On the other hand, as

expected, the tensor-to-scalar ratio r is well below the upper bound from the Planck data

(r < 0.11). For a larger value of the decay constant, e.g. f = 1 (f1 ≈ 2.25) r can be as

large as ∼ 10−3 in the allowed region of ns.

Figure 5 also shows the behavior of ns and r as a function of f1 with the same parame-

ters as in figure 2. The behavior is similar to a hilltop quartic model as discussed in ref. [40]

for θ = 0, but the spectral index can be increased by allowing a non-zero relative phase.

3 UV completion based on string-inspired model

3.1 Set-up

We now provide a further UV completion of the effective SUGRA model given in the

previous section, based on the string-inspired model. Let us consider a model with three

Kähler moduli on a Calabi-Yau space with the following Kähler and super-potentials8

K = −2 log(t
3/2
0 − t

3/2
1 − t

3/2
2 ); ti = (Ti + T †

i ) for i = 0, 1, 2, (3.1)

W = W0 − Ce−
2π
N

T0 −De−
2π
M

(T1+T2) +Ae
− 2π

n1
T2 +Be

− 2π
n2

T2 , (3.2)

8A similar UV completion may be possible in a LARGE volume scenario [65–67] with string-loop cor-

rections and non-perturbative superpotentials, if a (moderately) big cycle allows a gauge coupling which

generates the axion mass through non-perturbative effects. A large mass hierarchy between the saxion and

the axion can then be realized: the saxion mass is suppressed by the power of the Calabi-Yau volume while

the axion mass is exponentially suppressed by the volume [68].
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Figure 5. Plots of ns (left) and r (right) as a function of f/Mp. In the left figure, Θ ≡ θ+πf1/f2.

In the right figure, there was no significant difference in the behavior of r for the two values of Θ,

hence we chose Θ = −4.1× 10−5. Solid (dotted) lines correspond to Ne = 60 (Ne = 50).

where Ti are complex Kähler moduli, and W0, A, B, C and D are determined by the vac-

uum expectation values (VEVs) of heavy dilaton/complex structure stabilized via three-

form flux compactification [41, 69, 70]. (See [71] for realization of a small W0.) The

exponential terms in the superpotential are assumed to be generated by gaugino conden-

sations in a pure SU(N) × SU(M) × SU(n1) × SU(n2) gauge theory. Those gauge fields

are living on the D-branes wrapping on the divisors whose volume is determined by the

real part of the moduli, T0, T1 + T2, T2 and T2 respectively. In other words, (at least some

part of) the gauge coupling of each gauge group is given by the corresponding moduli. We

define T ≡ T1+T2 and Φ ≡ −T1+T2, and express the lowest component of Φ as Φ = σ+ iφ

for later use.

Using the U(1)R symmetry and an appropriate shift of the imaginary components of

the moduli fields, we can take W0, A, C, and D real and positive without loss of generality.

We will include a relative phase in B by replacing it with Be−iθ where B is a real and

positive constant. We assume that those parameters satisfy

A,B,C,D = O(1), W0 ≪ 1. (3.3)

We also assume that N, M, n1 and n2 are integers satisfying9

n1 ∼ n2 and n1 6= n2 (3.4)

2n1 < M . N. (3.5)

The mild hierarchy between (M,N) and (n1, n2) implies that T0 and T = T1 + T2 are

stabilized in a supersymmetric manner by the first two exponentials. On the other hand

Φ = −T1 + T2 remains relatively light, and this combination becomes the axion supermul-

tiplet in the previous section. We shall see that, while σ = Re[Φ] can be stabilized by

9We shall see that the axion hilltop inflation with f1 ≈ f2 is realized for this choice of the parameters.

The other cases such as f1 = 2f2 can also be realized if there is a hierarchy between A and B. See

appendix A.

– 11 –



J
H
E
P
0
5
(
2
0
1
4
)
1
4
4

the SUSY breaking effect through the Kähler potential, the axion, φ = Im[Φ], acquires

an even lighter mass by the last two exponentials. In order to have successful inflation

with sub-Planckian decay constants, the resultant two exponentials expressed in terms of

Φ must be comparable in size. This is possible for A ∼ B, if n1 is close to n2 within 10%

or so.10

3.2 Heavy moduli stabilization

We first study the stabilization of the heavy moduli, T0, T and σ. For A = B = 0, the

model is reduced to the string-theoretic QCD axion model considered in ref. [56]; there

exists a Minkowski vacuum where, while the other moduli are stabilized, Im[Φ] remains

(almost) massless and eventually becomes the QCD axion. Because of the assumed mild

hierarchy between (M,N) and (n1, n2), our model is similar to this model as long as the

heavy moduli stabilization is concerned.

The scalar potential of the moduli and the sequestered SUSY-breaking up-lifting po-

tential Vup are given by

V = Vmoduli + Vup, where Vup = ǫ̂ e2K/3; ǫ̂ = O(W 2
0 ), (3.6)

where Vmoduli is given by eq. (2.3) with the above Kähler and super-potentials, and

ǫ̂ is fixed so that a (nearly) Minkowski vacuum is realized in the low energy. The

moduli stabilization is determined by the conditions for extremizing the potential V ,

DT0W ≃ DTW ≃ ∂ΦK ≃ 0:

2π

N
T0 ≃

2π

M
T ≃ log

[

log(1/W0)/W0

]

≫ 1, Re[Φ] = 0. (3.7)

The VEVs of these moduli fields fix the volume of the Calabi-Yau space V as well as the

gravitino mass as

V = t
3/2
0 − t3/2√

2
, (3.8)

m3/2 = W0/V , (3.9)

where t = T + T †. The moduli masses are given by

mT0 ≃ mT ≃ log(MPl/m3/2)m3/2, (3.10)

mσ ≃
√
2m3/2, (3.11)

where we used a fact that the up-lifting potential after integrating out T0 and T is approx-

imately given by

VupL ≈ 3m2
3/2 + f2m2

3/2(Φ + Φ†)2 + · · · . (3.12)

10Precisely speaking, this is the case if |n2 − n1| . n1n2/π 〈T 〉. If n1 is not close to n2, some hierarchy

between A and B is necessary.
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See appendix B for the higher order terms in VupL. Note that the axion φ remains massless

in this case, which should be contrasted to the original KKLT [49]. The SUSY-breaking

F -terms of the moduli fields are given by

F Ti

Ti + Ti
∼

m3/2

log(MPl/m3/2)
∼ msoft . m3/2, (3.13)

and, therefore, all the SUSY particles generically acquire a soft SUSY breaking slightly

lighter than the gravitino mass through the modulus mediation. The anomaly mediation

also gives a comparable contribution to the soft mass. Although the mass of the SUSY

SM particles are relevant for the observed SM-like Higgs boson mass, they are irrelevant

for the inflaton dynamics during inflation.

For A, B 6= 0, the axion can have a non-zero mass much smaller than the gravitino

mass,11 while the stabilization of the heavy moduli is not changed drastically. This is be-

cause, as long as (3.5) is satisfied, the last two exponential terms in the superpotential (3.2)

are much smaller than the others: Ae
− 2π

n1
〈T2〉 ∼ W

M
2n1
0 ≪ W0(≪ 1).

3.3 Axion inflation in low energy effective theory

In this subsection, we focus on the lightest axion multiplet Φ at scales below the heavy

moduli masses. We discuss multi-natural inflation within the low energy effective theory

of this string-inspired model, using the results obtained in the previous section.

After integrating out the heavy moduli T0 and T , we obtain the low energy effective

theory for Φ,

KL ≈ f2

2
(Φ + Φ†)2 + · · · , (3.14)

WL ≈ W0 + Âe
− π

n1
Φ
+ B̂e

− π
n2

Φ−iθ
. (3.15)

The higher order terms in KL are given in appendix B. Here, we have defined

f2 ≡ 3

2
√
2
√
tV

. 1, Â ≡ Ae
− π

n1
〈T 〉

, B̂ ≡ Be
− π

n2
〈T 〉

. (3.16)

A natural value of f is considered to be of order 0.1 since it is on the order of the string scale.

The above Kähler and super potentials are equivalent to (2.2) and (2.7) studied in

the previous section, and successful axion inflation is possible for a certain choice of the

parameters. The parameters are related as

a =
π

n1
, b =

π

n2
(3.17)

f1 = n1fa, f2 = n2fa, (3.18)

where we have defined fa ≡
√
2f/π.

11In order to implement the QCD axion, one would need to introduce another moduli field. Alternatively,

the QCD axion may originate from an open string mode.
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Note that the prefactors of the exponentials, Â and B̂, are comparable to each other,

and much smaller than W0,

Â ∼ B̂ ∼ W
M/2n1

0 ≪ W0(≪ 1). (3.19)

As we have seen before, this hierarchy is one of the essential ingredients for multi-natural

inflation. Indeed, the ratio of the axion mass to the saxion mass is much smaller than unity;

m2
φ

m2
σ

∼ ÂW0

W 2
0

∼ W
M
2n1

−1

0 ≪ 10−2 for M > 2n1, (3.20)

and therefore the saxion remains stabilized near the origin, 〈σ〉 ≃ 0.

In order to have axion hilltop inflation, the model parameters must satisfy the rela-

tions (2.21), (2.22), and (2.23) to a high accuracy. In particular, the condition (2.21) reads

Â ≈
(

n1

n2

)2

B̂, (3.21)

which implies that the gaugino condensation from SU(n1) should be comparable to that

from SU(n2) in size. In terms of the gauge couplings at the cut-off scale, this condition

can be expressed as

g22
g21

∼ n1

n2

[

1 +
n2g

2
2

8π2
log

(

n2

n1

)]

, (3.22)

where gi (i = 1, 2) is the gauge coupling in SU(ni) gauge group at the cut-off scale and we

have used the fact that Â and B̂ are proportional to n1 and n2, respectively: WSU(ni) =

niΛ
3
SU(ni)

= nie
−8π2/nig

2
i , where the θ-term is omitted. Thus, successful axion hilltop

inflation requires a certain relation between the rank of the gauge groups and the value of

the gauge couplings of a gauge theory where gaugino condensations form in the low energy.

This is equivalent to the relation between the world volume of the relevant D-branes and

the number of such branes in string theory. For further discussions on the magnitude of A

and B, see appendix A.

Lastly let us express the inflaton mass and the Hubble parameter during inflation in

terms of the gravitino mass. To this end we consider the case where n1 is not degenerate

with n2.
12 The axion mass at the potential minimum, the potential height and the inflation

scale are estimated as

m2
φ ∼ ÂW0

n2
1f

2
a

∼ m2
3/2

(

m3/2

n1fa

)2(m3/2

MPl

)
M
2n1

−3[ 1

log(MPl/m3/2)

]
M
2n1

, (3.23)

V0 ∼ ÂW0 ∼ m4
3/2

(

m3/2

MPl

)
M
2n1

−3[ 1

log(MPl/m3/2)

]
M
2n1

, (3.24)

Hinf ∼
√
V0

MPl
∼ m3/2

(

m3/2

MPl

)

M−2n1
4n1

[

1

log(MPl/m3/2)

]
M
4n1

(3.25)

12When n1 is close to n2, the factor proportional to (n1 − n2)/n2 should be included as discussed in the

previous section.
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forM > 2n1. For instance, mφ ≃ 1011GeV is obtained form3/2 ≃ 1014GeV, fa ≃ 1017GeV,

n1 = 6 and M = 24. The last equation implies that the Hubble parameter during inflation

is necessarily smaller than the gravitino mass,

Hinf < m3/2, (3.26)

which enables us to avoid the moduli destabilization [72]. This is because the flatness of the

inflaton potential is not due to SUSY, but (mostly) due to both the axionic shift symmetry

and the dynamical origin of the potential.

3.4 Reheating and leptogenesis

In order to have successful inflation, the inflaton must transfer its energy to the SM parti-

cles. Also, as any pre-existing baryon asymmetry is diluted by the inflationary expansion,

the right amount of baryon asymmetry must be created after inflation. Here we study

reheating and the baryon number generation through leptogenesis [73].

As for reheating, the axion will decay into the SM gauge bosons through its couplings

to the SM gauge fields,

LSM =
1

16π

∫

d2θT2Wα
SMWαSM + h.c. ⊃ 1

32π

∫

d2θΦWα
SMWαSM + h.c. (3.27)

Γφ
g ≡ Γ(φ → 2Aµ) ≃

Ng

32πt2
mφ

3

f2
≃ Ngg

4
SM

4096π5

m3
φ

f2
a

, (3.28)

where t ≃ 16π/g2SM. We have assumed that the SM is living on the D-brane wrapping on

T2-cycle. Thus, the reheating temperature is given by

T g
R ≃

(

π2g∗(TR)

90

)−1/4√

Γφ
gMPl ≃ 4× 105 GeV

(

mφ

1011GeV

)3/2( fa
1017GeV

)−1

, (3.29)

if this is the main decay mode.13 Here we have used Ng = 12 and g2SM/4π = 1/25 and

g∗(TR) = 106.75.

Next, let us consider the origin of the baryon asymmetry. Among various baryoge-

nesis scenarios, leptogenesis is a plausible and interesting possibility in the light of the

observed neutrino masses and mixings. We focus on non-thermal leptogenesis [76–78],

because it can generate a sufficient amount of baryon asymmetry with a relatively low

reheating temperature.

The right-handed neutrino νc can be produced by the axion decays via the

coupling below

W = Cνce
− 2π

n1
T2νcνc, (3.30)

13The axion cannot decay into the SM gauginos since their mass is heavier than the axion mass. Even

if it is possible, the estimation will not be changed drastically as studied in [74]; the R-parity may have to

be violated to avoid the overabundance of dark matter. The moduli-induced baryogenesis [75] may work in

this case.
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in which Cνc is a constant. Note that the mass of the neutrinos is given by

mνc ≃ 2CνcMPl

[

m3/2/MPl

log(MPl/m3/2)

]
M
2n1

, (3.31)

while mφ ∼ W
(M+2n1)/4n1

0 /f ; mνc/mφ ∼ W
(M−2n1)

4n1
0 f < 1. For instance, one obtains

mνc ≃ 1010GeV when taking W0 = 10−4, M = 24, n1 = 6 and Cνc = 30. Such a

term is generated when the right-handed neutrino is coupled to the gauge field of SU(n1):
∫

d2θνcνc[WαWα]SU(n1). (A similar origin is also discussed in the literatures [79–81].) The

decay fraction is given by

Γφ
νc ≡ Γ(φ → 2νc) ≃ 1

16π

(

mνc

n1fa

)2

mφ. (3.32)

The reheating will proceed mainly via the decay into the neutrinos if

mνc

mφ
& 10−2. (3.33)

The reheating temperature is then estimated as

T νc

R ≃ 1× 107GeV

(

mφ

1011 GeV

)1/2( mνc

1010 GeV

)(

n1fa
1017 GeV

)−1

. (3.34)

Using the reheating temperature TR ≃
√

(Γφ
νc + Γφ

g )MPl, the net baryon asymmetry is

written as

nB

s
≃ 28

78
· ǫ · 3

2

TR

mφ
Bφ

νc , (3.35)

with

ǫ ≃ 3

16π

mν3mνc

v2
δeff , (3.36)

where Bφ
νc is the decay fraction into the right-handed neutrino, mν3 is the heaviest neutrino

mass, v ≃ 174GeV is the Higgs VEV, and δeff is an effective CP-phase in the neutrino

Yukawa couplings. Here we have assumed the SM contribution for the sphaleron process

and assumed that the axion decays mainly into lightest right-handed neutrino. Then, we

can generate a right amount of the baryon asymmetry,

nB

s
≃ 5.4× 10−11δeff

(

TR/mφ

10−4

)(

mν3

0.05eV

)(

mνc

1010 GeV

)(

Bφ
νc

1

)

. (3.37)

Thus, if the axion decays mainly into the lightest right-handed neutrinos, non-thermal

leptogenesis works successfully. In figure 6, the plots for the baryon asymmetry are shown

with δeff = 1, using the relation between the mass scales and the gravitino mass of eq. (3.23)

and (3.31). In the successful case, we can obtain m3/2 ∼ 1013GeV, mνc ∼ 1011GeV and

TR ∼ 107GeV.
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Figure 6. Plots for the baryon asymmetry and the Planck normalization in the (M,m3/2)-plane.

The green shaded region shows 0.5× 10−10 ≤ nB/s ≤ 1.5× 10−10. The blue line shows the Planck

normalization corresponding to λPlanck = 3.7 × 10−14 for Ne ≃ 60. In the red shaded region, the

saxion vacuum deviates from the origin. We used n1 = 7, n2 = 6, fa = 2.3×1017 GeV and Cνc = 8;

f1 = 7fa and f2 = 6fa. Then mφ ≃ 9.6 × 1011 GeV is obtained, using eq. (2.35). We find also

m3/2 ∼ 1013 GeV, mνc ∼ 1011 GeV and TR ∼ 107 GeV in the viable region, where we can obtain

the correct curvature perturbation and baryon asymmetry.

No dark matter candidate has been considered in the setup so far. As the inflation

scale is lower than the typical scale of the soft SUSY breaking mass, no SUSY particles

are produced during and after reheating. Therefore, the QCD axion or light axion-like

particles, light sterile neutrinos, hidden photons, etc., or their combination, are candidates

for dark matter.

Finally, we give a comment on the SM-like Higgs boson mass. In this model, the soft

SUSY-breaking terms will be on the order of the gravitino mass or slightly smaller [50].

For msoft ∼ m3/2/ log(MPl/m3/2) ∼ 1012GeV in the viable region for inflation, the Higgs

mass becomes ∼ 126GeV for tanβ ∼ 1 [82]. The small value of tanβ can be realized in

the presence of a shift symmetry or an exchange symmetry in the Higgs sector [83–85].

4 Discussion and conclusions

We have studied multi-natural inflation [40] in SUGRA for a UV completion. In this model

the inflaton potential mainly consists of two sinusoidal functions that are comparable in
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size, but have different periodicity. For sub-Planckian values of the decay constants, this

model is reduced to the hilltop quartic inflation in a certain limit. It is known however that

the predicted spectral index, ns ≃ 0.94, for the e-folding number Ne ≃ 50 tends to be too

low to explain the Placnk results. We have shown that, allowing a relative phase between

the two sinusoidal functions, the spectral index can be increased to give a better fit to

the Planck data based on the axion hilltop inflation in SUGRA. We have also considered

a further UV completion based on a string-inspired framework, and have shown that the

axion hilltop inflation model can be indeed obtained in the low energy limit.

The axion hilltop inflation requires a rather flat potential near the (local) potential

maximum. For realizing the flat-top potential, there should exist a relation between the

ratio of the decay constants and the dynamical scale: (f1/f2)
2 ≈ A/B. This in turn implies

that in string theory there should be a relation between the world volume of D-branes where

the non-perturbative effects occur and the number of such branes.

It is also noted that because we have used supergravity, the gravitino mass is related

to physical quantities. For successful inflation, the typical scale of the gravitno mass

is m3/2 ∼ 1013GeV, whereas the soft mass is about one order of magnitude smaller,

msoft = 1012GeV, while the inflaton mass is mφ ∼ 1011GeV. Thus, the SUSY particles

are not produced in the Universe after reheating. The dark matter candidates can be

considered such as the QCD axion, axion-like particles, or sterile neutrinos, if they exist.

In particular, a light dark matter is interesting in light of its longevity. The recently

discovered X-ray line at 3.5 keV [46, 47] may be due to the decay of one of such light dark

matter.14 It may be possible to explain the baryon asymmetry from the inflaton decay into

right-handed neutrinos.

Note added: after the submission of our paper, the BICEP2 experiment found the pri-

mordial B-mode polarization [7], which suggests r = 0.20+0.07
−0.05. Although we have focused

on the hilltop inflation limit of the multi-natural inflation when we evaluate the spectral

index and the tensor-to-scalar ratio, most of the discussion including the realization of

the multi-natural inflation in supergravity and string-inspired set-up, the reheating, and

leptogenesis is applicable to a more general multi-natural inflation. In particular, for such

a large value of r, the inflaton mass will be of order 1013GeV, leading to the reheating

temperature close to 109GeV (cf. eq. (3.29)). Therefore, thermal leptogenesis will be pos-

sible. See also the related papers on the multi-natural inflation [88, 89] that appeared

after BICEP2.
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A The tuning for the inflation in the string-inspired model

In this section of the appendix, we will discuss the tuning of

B̂ ≈
(

n2

n1

)2

Â (A.1)

found in section 3.3. Here, we define the phase of B:

θ ≡ arg[1/B]. (A.2)

It should be noted that the phase θ will be given by the VEVs of the dilaton and the

complex structure moduli stabilized by closed string fluxes. In terms of A and B this

relation becomes

B ≈ A

(

n2

n1

)2( W0

log[1/W0]

)−M
2

(

1
n2

− 1
n1

)

. (A.3)

Here we substituted the solutions of moduli VEVs in eq. (3.7). For instance, one finds

B ∼ 15A for W0 = 10−4, n1 = 7, n2 = 6 and M = 22. In this case, complex structure

moduli can play a role in 1-loop threshold corrections from the heavy modes, which depend

on the gauge group. On the other hand, for W0 = 10−4, n1 = 6, n2 = 3 and M = 22, one

finds B ∼ 3.2×108A. In the latter case, the heavy moduli such as the dilaton and complex

structure may play an important role in the relevant gauge couplings, e.g.,

4π

g21
∼ T2,

4π

g22
∼ T2 −∆f, (A.4)

where ∆f contains heavy moduli [41] and 1 − ∆f/T2 ∼ 1/2. Then one finds that B ∼
e

2π
3
∆f ∼ e

2π
6
T2 ≫ 1 [87], using the fact that the size of one gaugino condensation is similar

to the other,, Ae−2πT2/6 ∼ B′e−2π(T2−∆f)/3, where B′ = Be−2π∆f/3 = O(1). Note that

even if B is much larger than unity, the heavy moduli/saxion stabilization does not change

as long as

(

mφ

mσ

)2

≃ |B̂|
|W0|f2

. 10−2. (A.5)

A relation M > 2n2 is important to satisfy the above condition.

B Higher order terms in Choi-Jeong models

We write down higher order terms in Φ:

KL ≈ f2

2
(Φ + Φ†)2 + f2 k4

4!
(Φ + Φ†)4 + f2 k6

6!
(Φ + Φ†)6 + · · · , (B.1)

WL ≈ W0 + Ce
− π

n1
(Φ+〈T 〉) −De

− π
n2

(Φ+〈T 〉)
, (B.2)

VupL ≈ 3m2
3/2 + f2m2

3/2(Φ + Φ†)2 + f2m2
3/2ζ(Φ + Φ†)4 + · · · . (B.3)
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Here, we defined

f2 ≡ 3

2
√
2
√
tV

, k4 ≡
9
√
2t3/2 + 6V
8t2V ∼ f2 < 1,

k6≡
15

(

18t3 + 9
√
2t3/2V + 14V2

)

32t4V2
∼ f4 < 1, (B.4)

m3/2 = eK/2W =
W0

V , ζ =

(

7t3/2 +
√
2V

)

16
√
2t2V

∼ f2 < 1, (B.5)

where t = T + T †, V ≡ t
3/2
0 − t3/2/

√
2 and ǫ̂ ≈ 3W0

2/V2/3 are used, and it is noted that

t and V are given by the VEVs. The higher order term of Φ in the Kähler potential will

become irrelevant for f . 1, when the uplifting potential is added.
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