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1 Introduction

A major breakthrough in the study of the AdS/CFT-correspondence [1] was the discovery
of integrability, first on the field theory side [2] and then on the string side [3]. Since then
integrability techniques have been used to learn a lot about string theory in AdSs x S°
and N = 4 super Yang-Mills, with the ultimate hope of eventually solving both theories
and thereby proving the AdS/CFT-correspondence in this case (see [4] for a comprehensive
review).

A very interesting problem is to try to find more examples of AdS-backgrounds where
the string is integrable (and their dual CFTs). One approach is to find deformations
of the AdS5;/CFT4-correspondence which preserve the integrability. Another approach,
which we will take here, is to try to find other simple AdS-backgrounds, for example
by considering the near-horizon geometries of intersecting branes, and demonstrate the
(classical) integrability of the string by constructing a flat Lax connection. There are
two known examples which have been studied a lot. The first one is string theory on
AdS; x CP? with RR-flux [5-8] which is dual to ABJM-theory [9]. The second is string
theory on AdSs x S x §% x S with RR and NSNS-flux [10, 11] for which the dual 2d-
CFT is not well understood. In both cases there is a way to fix the kappa symmetry of



the string so that the string action reduces to a supercoset sigma model as in AdSs x S°.
The classical integrability is then easily demonstrated by the standard construction of a
Lax connection [3]. The situation is not completely satisfactory however, since the kappa
symmetry fixing employed is not consistent for all string configurations. An important
example is the GKP-string rotating in AdS3; whose low-energy limit has in both cases been
shown to be integrable by other methods [12-14].! We do not expect the integrability
to depend on the particular string configuration considered so one expects the full string
action, before fixing any kappa symmetry, to be integrable. This was indeed shown to be the
case for strings in AdSyx CIP? in [15] and for strings in AdS3x.S%x S%x S with pure RR-flux
in [16]. The construction of the Lax connection was only carried out to quadratic order in
the fermions © due to the complexity of the calculations at higher orders.? The construction
used components of the superisometry Noether current as building blocks for the Lax
connection. The same construction has also been applied to strings in AdSs x S? x T with
RR-flux and the integrability has again been demonstrated to quadratic order in © [17, 18].
Since this background preserves only eight supersymmetries the corresponding supercoset
model is only a (classically consistent) truncation of the full string action and can not be
directly used to argue the integrability. However, because the truncation to the supercoset
does not commute with kappa symmetry, we expect/hope that kappa symmetry should be
powerful enough to guarantee the integrability of the full string action. In this paper we
will see that this expectation is indeed borne out in several examples.

Intersecting brane constructions give rise, by taking the near horizon limit (and di-
mensionally reducing if they are in eleven dimensions), to many simple examples of AdS-
backgrounds for which one could hope that the string would be integrable. By simple we
mean backgrounds with constant fluxes and dilaton. Several AdS x S x .S x T backgrounds
arising from intersecting branes were constructed in [19] using the intersection rules of [20—-
23]. They are listed in table 1.> Backgrounds (C)—(G) appear to not have been studied in

the literature before from an integrability point of view.*

Our aim in this paper is to show that the string is in fact (classically) integrable in
all the backgrounds listed in table 1 (before fixing kappa symmetry).> This is done up to
quadratic order in © by explicitly constructing the Lax connection using components of the
superisometry current along the lines of [15-18]. The construction is complicated somewhat
by the fact that all backgrounds except (A) generically involve both RR and NSNS flux
whereas the backgrounds studied previously, using this construction, only involved RR-

'For AdSs x S% x 83 x S only the case with pure RR-flux was considered.

2A reduced AdS;-model was however shown to be integrable to all orders.

$We list only the type ITA solutions but all backgrounds except (A) can be trivially T-dualized along a
toroidal direction to type IIB.

1A special case of (G), AdSs x 5% x T® with RR-flux, was studied in [17, 18] as already remarked. The
(non-critical) supercoset corresponding to AdS> x S? x S? (and a different realization of AdS> x S® to
the one that appears here) occurs in the list of semi-symmetric supercosets with vanishing one-loop beta
function given in [24] (the corresponding finite gap equations were discussed in [25]).

5Since the bosonic background in all cases is a symmetric space the bosonic string should be integrable
even with the NSNS flux. This is (probably) not enough for the full superstring to be integrable however,
see the discussion in section 3.6.



Space Superisometry group #SUSYs  Parameters
A AdS,; x CP? OSp(6/4) 24 —
B | AdS3 x S% x §3 x S1 D(2,1;a)? x U(1) 16 0<a,q<1
C | AdSs x S? x 3 xT? D(2,1;a) x SL(2,R) x SU(2) x U(1)? 8 0<a<oo
D | AdS3 x S? x §% x T3 D(2,1;a) x SL(2,R) x U(1)3 8 0<a<l1
E | AdSs x 83 x S3 x T? D(2,1;a) x SU(2)% x U(1)? 8 0<a<l
F | AdSy x S? x §3 x T3 D(2,1;a) x SU(2) x U(1)3 8 0<a<oo
G | AdSy x §? x §% x T* D(2,1;a) x U(1)* 8 0<a,g<1

Table 1. Integrable Type ITA string backgrounds arising from intersecting branes.

flux. In table 1 we have also listed the corresponding superisometry group, which in all

cases except (A) involves the exceptional supergroup D(2,1; ) with « a real parameter

(note that in examples (C)—(F) only the left SL(2,R)1, (SU(2)L) of AdSs (S?) sits inside

D(2,1;«)). This free parameter turns out to control the relative curvature radii of two

factors in the geometry. Two examples are
2

(C)ZRAdS3 = m, RS2 = ]., RSS =

(D)iRAdSB =2, RS% =

Bl

1
Va'

In the limit & — 0 (and sometimes o — 1) an S? or $3 decompactifies and one obtains

l—«

a different geometry. For example taking o = 0 in (C) gives AdSs x S? x T®. This and
similar backgrounds are therefore special cases of the ones listed in table 1. Note also that
taking a — oo in (C) gives a highly curved AdS3 x S% part while the curvature of S
remains finite. For some purposes it may be more convenient to keep the AdS-radius fixed.
Rescaling all radii by v/1 + a and introducing & = 14%04 get instead

1 2
(C): Raas; =2, R322ﬁ7 Rgs = =

and similarly for (F). Here 0 < & < 1 since for & = 0 the fluxes of the supergravity solution

diverge. The superisometry algebra D(2,1; &) then takes exactly the same form as in (B),
(D), (E) and (G). This explains what we mean by D(2,1;«) in (C) and (F).
Backgrounds (B) and (G) actually have one more free parameter that we call 0 < ¢ < 1.
It controls the amount of NSNS flux with ¢ = 0 corresponding to pure RR flux (in (B)
g = 1 corresponds pure NSNS flux). This additional free parameter can be understood

most easily in the dual type IIB picture where it arises from the freedom to perform an
SL(2,R) S-duality.



The outline of the paper is as follows. In section 2 we give a general discussion of
the form of the superisometry transformations in a type Il supergravity background. We
describe how the transformations may be determined order by order in © and go on to
determine them up to order ©* using the results of [26]. We also give the corresponding
Noether currents for the superstring to the same order. The discussion in section 2 is
completely general but the only result needed for the integrability discussion in the rest of
the paper is the form of the superisometry Noether current up to order ©2. In the second
part of the paper we focus on very special backgrounds, namely symmetric spaces with
constant fluxes and constant dilaton. We postulate a general form for the superisometry
algebra in section 3.2 and describe some additional conditions needed on the fluxes for
integrability in the case of both RR and NSNS flux. We then go on to construct the Lax
connection up to quadratic order in ©. Section 4 gives the details of the backgrounds listed
in table 1 and we show that they fulfill all the conditions needed for the construction of
the Lax connection in the previous section. We end the paper with some conclusions.

2 Strings in backgrounds with superisometries

For backgrounds with some isometries and which preserve some amount of supersymmetry
the string action will of course be invariant under the corresponding transformations. To
find the explicit form of the transformations of the coordinates (z, ©) of superspace which
leave the action invariant one needs to construct the Killing vector and Killing spinor
superfields. We will now describe the general procedure for doing this. A similar discussion
for maximally supersymmetric backgrounds can be found in [27].

2.1 TIsometries in superspace
The infinitesimal transformation of the supercoordinates®

oM = KM(z,0), M= (2™, 0", (2.1)

where KM = (K™ | K*) is some superfield, is a superisometry if the supervielbeins trans-

form only by an induced Lorentz transformation, i.e.

o_ 1

4

for some anti-symmetric matrix [, which may depend on z and ©. The fields of the

SE* = |%E", SE (TPE)¥ 1y, (2.2)

supergravity background of course also have to respect the isometry, i.e. the dilaton, NSNS
three-form and the RR field strengths must satisfy

Lip=0, LpH=0, LsF™=0. (2.3)

Plugging in zM = KM into (2.2) leads to equations for K. From the first equation
we get

1%E" = dK® + K°O0% + EC KB (Tc® — Qpc?), K*=KME,*, (2.4)

The transformation can be expanded as K™ = MK (z,0), where the index M runs over the
generators of the isometry group and e™ are constant infinitesimal parameters.



where K is the Killing vector superfield. Using the superspace torsion constraints of [26]
this becomes

VKpy =0 —and Vo K*—i(I"E), =0, E=*=K"Ey", (2.5)
where = is the Killing spinor superfield. We also get

lab = —VaKp + K Qe - (2.6)

Using §2M = KM in the second equation of (2.2) gives

1
Z(F“bE)a lap = d=° + ZPQs* + EC KB (Tpc® — Qpc®), (2.7)

which, using the superspace torsion constraints of [26], gives the superfield Killing spinor
equation

| -
Vo + 2 ((Hase""T11 + STJE) — o K = 0 (2.8)

and an equation for the spinor derivative of the Killing spinor superfield which determines
the higher components in the ©-expansion

— 1 1 1 1., -
V5= = 5 (Hapel"T1y + STa])"s K7 4+ 2(0%)% VoK = x5 2% + 305 Ex (29)
1 _ 1 _ 1 — 1 —_
+§(P11X)5 (=) - i(rll)aﬂ Elx — §<Fa:)5 (Tax)® + §<PGF11:)B (Fal'11x)* = 0.

Here 1, is the gravitino field strength superfield, y is the dilatino superfield and S is a
superfield constructed from the RR field strengths contracted with gamma matrices [26].
The bosonic part of S is given, in the type IIA case, by

1 1
S = ¢ (GF TTn + i Filal*™) (2.10)

The condition that the dilaton superfield respect the isometry gives the superspace dilatino
equation

0=_Ls.0 = KMoy =Ex + KV,y0. (2.11)

To find the explicit form of the superisometry transformations one simply has to find
the form of the superfields K and Z* and the form of the supervielbeins since

MENy =K, §:MEy® =352, (2.12)

The string action and the form of the supervielbeins for a general supergravity background
is known up to order ©% [26]. We will now determine K and =% to this order as well (it
is sufficient to know = to order ©3).



2.2 O-expansion of the Killing vector and Killing spinor superfields

The procedure is almost identical to the procedure for finding the supervielbeins order by
order in © using the supergravity constraints and the bosonic geometry as input. One

introduces a parameter ¢ and rescales © — tO in all superfields. Using the fact that”

da
dt

order ordinary differential equations for the t-dependence, i.e. ©-dependence, of the relevant
superfields. Using (2.5) and (2.9) we find the equations®

= 0%V, when acting on a superfield one uses the superspace constraints to write first

d

— K% =i0T= 2.13
dt ¢ ’ (2.13)
d_ 1 1 1 1 _

£;a = _Z(rab@)“ VK + g([Habcrbcrn + ST,]0)" K* — 5@a Ex + 5(ru(a)a;rux

1_ 1, _ 1 1 _
+ §:a @X — 5(1—‘11:)&@F11X + 5(1—‘@)()& eI'= — i(I‘aFHX)a @FGFH:,
(2.14)
d
Vol = OV VoKp = —0%To S Ve Ky — 0% Rpupe K + iOT, V=
i 4 . 1
= ZG)F[GSF,)]: - §Habc orT|1= — Z@F[awb]c K¢+ i@l“cwab K°. (2.15)

These equations are in fact identical to the ones for the supervielbeins and spin connection
written in [26] with the replacements

E* — K%, EY — =%, Qup — Vo Ky, d® — 0. (2.16)

These equations can now be solved order by order in © subject to the boundary conditions
that at ©® = 0 we should have

EO =g, KO =k, (VaKp)© = Vuky, (2.17)

a

where kq(x) is the Killing vector and £(z) is the Killing spinor. Note that in the last
equation the covariant derivative on the left-hand-side involves the full spin connection
superfield while on the right-hand-side it involves only the spin connection of the bosonic
background w®(z). The Killing spinor ¢ satisfies the Killing spinor equation, which can
be obtained by setting © = 0 in the corresponding superfield equation (2.8),

1
D& = Vo€ + gMag =0  where M, = Hyu T + ST, . (2.18)
The integrability condition for the Killing spinor equation is

1 1 1
U =0  where Uy = —ZRadech + 35 MaMy + 7 ViaMy (2.19)

which is also the condition for supersymmetry coming from the variation of the grav-
itino [26].

"The Wess-Zumino gauge like condition ie24? = 0 is imposed on the spin connection while io E* = ©%.
8Throughout this section we will write the expressions relevant to type IIA supergravity, i.e. © is a
32-component Majorana spinor. However, with very minor changes they also hold for type IIB, see [26].



Evaluating (2.13), (2.14) and (2.15) at ¢t = 0, using the fact that all fermionic fields
except = vanish at lowest order in O, we find at the linear order in ©

K((zl) =iOl,¢, (VaKb)(l) = %@F[aMb]f - éﬂ“[aMb}@,

=) = é(M“@) o — %(rab@) Voks. (2.20)
Applying a derivative to (2.11) we also get the dilatino equation
=ET0+ iV, 0OI'¢ = OT¢ = T¢=0, (2.21)
where ; ; ;
T = 5Vagl" + ﬂIarabcr“bcru + 167"STa- (2.22)

Applying another t-derivative to (2.13), (2.14) and (2.15) and evaluating at ¢ = 0 using
EW = DO = VO + Le?M,0, ) = Uy and xV) = TO (see [26]) we find at the second
order in ©

]

KO _ %@Faz(l) — L er,M*ek, — é@Fa”CG Vike,

a 16
2 i —(1 i —(1 i c i c
(Vo) @ = E@F[QMH:( ) — E:( )T, MyO — 5 OT U O k¢ + SO Ua© k°
1 1 -

where we have introduced the matrices

MO = M5+ M + é(Mae))a (era), —

3 i

32 32
1 1 ~

Mag = §@T@ (Sg — §®F11T@ (Fu)aﬁ + 0 (CT@)B + (FG‘T@)O{ <@Fa),8 R M=T11MTq,

(T°0)* (BT, My) 5 — = (I*©)* (CT, M, 0)5 ,

which also appear, written in a slightly different way, in [26]. In the above expressions C'

is the charge-conjugation matrix and we follow the conventions of [26].
Continuing to the next order we find, using the lower order results and the expressions

given in [26] for Hg% and S@,

K® = %@pagm _ %@ramg ~ é@ra(M + M), (2.24)

(1]

1 1 ~ a 1 ~ a
® = 6(/\45(1))@ + 56 (M + MIST*0) kg + o (OT*[M + M]SC)" kq
— ;Z(rab@)a OrU,,0 k. + ;Z(rabrn@)a Orry Um0k, + ;Z(rab@)a Or',Up.0 k¢

;z(rabrne)a OT 11 UpO k° + Z@GFWF”@ (P11Uap©)% ko — Llig@ra’m@ (Uap©)* ke |

We have left out (V,Kp)® since it is only needed at the next order in ©. And finally we
have

+

KW = i@raa(?’) . (2.25)

Note that Kéz), (VoK3)® and 2G) can also be obtained directly by making the re-
placements
DO —»=1 and e - k° (2.26)

in the expressions given in [26] for E®) ¢, Q®)ab and E®) regpectively.



2.3 Worldsheet superisometry Noether current

The Green-Schwarz string action in a general supergravity background takes the form

S = —T/ (1 s« ECEPngp — B) , (2.27)
s \2

where B is (the worldsheet pullback of) the NSNS two-form potential, H = dB. A star
denotes the worldsheet Hodge dual defined with the (auxiliary) worldsheet metric. Using
the superspace constraints of [26] the equations of motion read

Vx B¢ — %EI‘“FHE + %ECEI’H%,C =0, xEY (D E)* — E* (T 11 E)*=0. (2.28)
The superisometry Noether current takes the form

J = FE%s,FE, — xis,B +*A = E* K, — x15,B + x| (2.29)

where §z is the superisometry transformation of the supercoordinates given in (2.1) and

B transforms by a gauge-transformation, B = dA, leaving H = dB invariant. Indeed we
find, using the from of VK, given in (2.5),

d+J =V E*K, +*E°VEK, — dis. B + dA (2.30)
j 1
= (V*E, — %EFQFHE + G BB Hape)K* — i(+E* SUo B — B S0, E) — L52B + dA.

The first and second term are proportional to the bosonic and fermionic equation of
motion respectively and the last two terms cancel since the change of B under an isometry
transformation is dA = B = L. B. This proves that J is conserved on-shell.

To have a completely explicit form of J we need to determine the superfield one-form
A. This is again easily done order by order in ©. Using the fact that

dN = 6B = L5, B = i5,H + dis, B, (2.31)
we can write, using the superspace constraint on H,"
1
A =i, B+ X+ / dt i@ing(:E, t@)
0
1
=i, B+ X — z/ dt (E4(t0)Or',I'1E(t0) — OI''T'1 E(t0) K,(t0)) , (2.32)
0

where the lowest component of A, \(x), satisfies

abc

1
A\ =i, HO = 5ebeﬂH‘O)kC. (2.33)

Using this expression for A in (2.29) the superisometry current takes the explicit form

1
J=FE"K,+ x\ — Z/ dt (*Ea or, 112 — Ty * EKa) R (234)
0

9This is the same trick that was used in [26] to compute B from H.



which is straightforwardly evaluated using the ©-expansion of the supervielbeins and the
Killing vector and Killing spinor superfields. Using the O-expansions of = and K, derived
in the previous section and the expansion of the supervielbeins derived in [26] we find the
following ©-expansion of the superisometry Noether current up to fourth order in ©

JO) = % ky + %), JW = e OT€ — i % e O 1€, (2.35)
J@ = %@F“D@ ko + %@F“FH * DO kq + %ea O MOk, (2.36)
B % % e O, T 1 MPO Iy — ée“ Or,"0 Vyk. + é # ¢ O, T11O Vike
JB3) — éea or, M¢ — %ea O, (M + M)t — é %€ OT  I'11 M¢ (2.37)

+ 1172 % Ol Ty (M + M)E - %@FGD@ OTat + é@pa *POOTl e

1
— g@l““l“ll * D@ @Faf,
J@ = %@F“E(?’) ko + %@rarn « E®) o, + %e“ or,=® — % «e2O,I1E®)  (2.38)

1 1 1
— ;O POOrEY + JOr + D6 oI, =W — gOT“T11 + DO or,=M.

We have chosen not to expand J® all the way due to the length of the resulting expression.
In the following we will use (pieces of) J©, J1) and J® to build a Lax connection for
the string in certain symmetric space backgrounds. To extend this calculation beyond the
quadratic order in © one would need also the higher components of J.

3 Integrability of the string in certain backgrounds

So far the discussion has been valid for a general supergravity background but from now
on we will specify to very special backgrounds for which we can demonstrate integrability.
In particular we will require the bosonic background to be a symmetric space. We will also
require the fluxes and dilaton to be (covariantly) constant (as we will see below we will
also need some additional conditions on the form of the fluxes). Note that the backgrounds
listed in table 1 satisfy these conditions.

Since the bosonic backgrounds are symmetric spaces we expect the bosonic part of
the string to be integrable. The first step is to write down the bosonic Lax connection
L. Our problem is then to try to extend this Lax connection by fermionic terms up to
order ©2. In principle one could try to go to higher order in © but we do not attempt this
here for two reasons: (i) the complexity of the expressions quickly become rather daunting,
and (ii) we don’t expect any obstructions to occur beyond the quadratic order. One may
ask whether any obstructions can occur at all or whether it is always possible to extend
a bosonic Lax connection to all orders in fermions. An argument for this would be that
kappa symmetry relates the bosons and fermions of the string to each other. However, one
can argue that this is unlikely to be true. For example, if we take one of the solutions
which we have found to be integrable and flip the signs of some of the fluxes we still have



a supergravity solution, but now it will generically break all the supersymmetries. The
bosonic Lax connection will be the same but when we try to extend it to quadratic order
we will see that we rely in a crucial way on having Killing spinors, see section 3.6 (this
argument was first given in [15] for the case of AdSy x CIP3). It therefore appears that
it will generically not be possible to extend a bosonic Lax connection to quadratic order
in fermions.'® An interesting question is whether it is always possible given some minimal
amount of supersymmetry.

We will start by describing our approach to constructing the Lax connection in a formal
way as a deformation problem. Then we will postulate a form of the superisometry algebra
and discuss the extra conditions on the fluxes that we will need before proceeding to the
actual construction of the Lax connection. We will end the section with a brief summary
and discussion.

3.1 Deformation problem for the Lax connection

The question of whether the classical integrability of the bosonic string in a certain back-
ground extends to the full superstring amounts to finding a deformation of the bosonic Lax
connection by terms involving the fermions while preserving its flatness. The integrability
of the bosonic sector implies that there exists a Lax connection L, independent of ©,
such that it is flat modulo terms involving ©

dL© — OO = 0(e?). (3.1)

Note that in the above equation the full superstring equations of motion are used. Next
we want to find a Lax connection linear in ©, L(!) (since the Lax connection is a bosonic
object this will have to involve the Killing spinors). It must satisfy

DLW = dr® — OO0 _ WO = oe?). (3.2)
We then have a Lax connection up to linear order in © since
d(L© + L) — (2O 4 LOY(LO 4 LMy = 0(6?). (3.3)

Let us call the order ©2 terms on the right-hand-side F?), i.e. the right-hand-side is
F® 4 O(©%). The Lax connection can be extended to quadratic order in © if and only if
it is possible to write

F® = pr® + oe4). (3.4)

If so it is easy to see that L = L(® + L) + L) is flat modulo terms cubic in ©. One can
then go to the next order and so on. Note that it is very important for this process to work
that one writes the most general possible form of L(®) and L™ since otherwise one might
mistakenly conclude that L(?) does not exist. We will see that this will be important in
our case.

ONote that there are certainly examples of backgrounds without supersymmetry in which the string
should be integrable. A simple example is type ITA on AdSs x CP? x S [28] which is T-dual to type IIB
on AdSs x S°. Another example is the ~v-deformation of AdSs x S° [29].

~10 -



3.2 Superisometry algebra

Since the Lax connection is valued in the superisometry algebra we need to know the
form of the latter before discussing the possible integrability. Since we are assuming that
the bosonic geometry is a symmetric space the killing vectors should satisfy the standard
algebra appropriate to a symmetric space, i.e.

[ka, kp) = Vaky, ke, Vaks] = Rape’ka , (3.5)

where R, is the Riemann curvature. Note that this means that the Killing vector acts
like the covariant derivative. For the commutator of the Killing vector with the Killing
spinor it is natural to ask that the Killing vector should again act as a derivation and using
the Killing spinor equation (2.18) we get

1

[kaaﬂ = va§ = _g ag‘ (36)

We will find however that we need the existence of a matrix S such that!!
M€ = cj ST (3.7)

Note that when there is no NSNS flux this is trivial since in that case M, = ST, so that
S = S. Here Clq is either 1 or 2 depending on the index a. Writing a = (a, a, '), where a
runs over any AdSs and S? directions a’ runs over the flat (i.e. toroidal) directions and a
runs over the rest, we have

C[&} = 2, C[&} = C[a/} =1. (38)

This factor comes from the difference in a factor of two between the AdS3 (S3) and AdS,
(5?) curvature radius, see for example (1.1). We therefore require the Killing vector —
Killing spinor commutator to take the form

[kmg] = Va§ = _%S’Faf . (39)

Note that for consistency S must satisfy the projection equation PS = S where P is
the Killing spinor projector, i.e. P{ = & (see section 4). From these equations it also
follows that
ClalClb] A = 1

[Vaks, € = <P STST ¢ = — Ra Tt (3.10)
Finally we come to the commutator of two Killing spinors. We will simply postulate

that it take the following form
{667} = =2 (ST80)™ ky + (T SC)* Vb, (3.11)

C[a]

"'Note that the fluxes in M, are assumed to be constant and therefore S is constant as well.
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where C' is the charge-conjugation matrix. For consistency we require also that S should
satisfy the following conditions

(i) (SO =0
(i) [S, T Vky =0
(iii) My€& = STypé=0.

The first two conditions ensure that the right-hand-side of (3.11) is indeed symmetric in the

spinor indices. The last condition means that the Killing vectors of the toroidal directions

kq decouple from the algebra, see (3.9). Note that these are constant, i.e. Vky, = 0.
Since we have simply postulated the form of the commutators involving the killing

spinors we have to ensure that the Jacobi identities are satisfied. Applying a covariant

derivative V. to (3.11) and using (3.9) and (3.5) we find that

1 (8TCY* Ryylky (3.12)

LC) | e Ermd & (aB)
A eresT _
39 (STCSTSC) kq o

should vanish. This is indeed true as can be seen by using (3.10) and the symmetry
properties of S and the gamma-matrices. This calculation is equivalent to checking the
Jacobi identity involving one k, and two £. The last step that remains is to check the
Jacobi identity involving three £&. We find

0= [{£1%,€7), 6] = 12 [2e1q (STUSC) P (ST, — 1) (STPC) P (ST, ST8) ). (3.13)

This Jacobi identity can be verified on a case by case basis for the backgrounds in table 1
by making use of the properties of S and Fierz identities. We have not found a simple way
to show that it holds in general. When there is no NSNS flux, so that S = S, it is however
easy to check (note that S is anti-symmetric and commutes with I'1; by (2.10)).

In addition to the constraints on S and the form of the superisometry algebra men-
tioned so far we find that we need some further constraints on the fluxes to be satisfied
for our Lax connection construction to go through. These extra conditions are related to
the fact that we have both RR and NSNS flux. When there is no NSNS flux they become
trivial. We divide the possible backgrounds into to groups: (I) The ones without AdSs and
52 factors ((A) and (B) in table 1) and (II) the ones with at least one AdSy or S? factor
((C)~(G) in table 1). The conditions we impose are listed in table 2 and 3 respectively.
The first condition says that for group I the NSNS flux is only allowed to be on AdS3 or
S3 while for group II it is only allowed to be on AdSs x R or S? x R where R denotes one
of the toroidal (flat) directions. In particular the two types of NSNS flux cannot coexist.
The second condition states that the NSNS flux is distributed evenly between the AdS> 3
and S22 factors in the geometry with the parameter ¢ measuring the amount of flux. Note
that the Riemann curvature of AdS (S) is simply Rq % = —i—(—)%éfa&g] so that hgp. essen-
tially coincides with Hg. except for signs and factors of the curvature radius R. For the
remaining conditions we need to assume that, if there is non-zero NSNS flux, there is at
least one toroidal (flat) direction that we label by 9. We then define the “rotated” gamma
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(iv) Hgype = Hyp, with a,b,é € AdS3(S%)

(v) hoi-H ede — —4q25[5a5§l] where R hgec = Hype
(vi) My, qTo/J¢ =0

(vi) {8, 4Ty} =0
(viii) q3STy = qST?

(iX) 25 = S’ + FHSTH

(x)  ST(S —T11ST1) = —2H™ST,,.I'4

(xi) qSTa9S = —GH;.I'"S

Table 2. Group I: conditions for backgrounds without AdS, or S? factors.

(iv’) Hape = Hy, a,be AdS>(S?)

) hp HO® = —q25fd5§ oy HEY = 1g2085¢ where  Rop®hgee = Hope
(vi') {Mq,ql11 1 =0

(vil') gMTy € = 0 = qiMyTyTyy €

(viit’) g=1 or a={},(ie. a=(a,d))

(ix) [S, 4] =0 )

(x') S=S5+TnSTn

(Xi,) SF&(S - FHSFH) ES —QH&EC,SFEC,FH

(Xii’) ST&(S — F11§F11) = —R[a]aagéREéJéFdéS

Table 3. Group II: conditions for backgrounds with at least one AdSy or S? factor.

matrices
Iy = g% — qI'y1, Iy =¢l%+¢ry where P+ =1. (3.14)

Note that this “rotation” preserves the Clifford algebra of the gamma matrices. Conditions
(vi), (vii) and (viii) and conditions (vi’), (vii') and (ix') give certain conditions on S and
M,, appearing on the right-hand-side of the Killing spinor equation (2.18), involving these
gamma matrices. Condition (ix) and (x') expresses S in terms if S. Conditions (x), (xi)
and (xi’) relates certain products of S, S and gamma matrices to the NSNS flux. Finally
condition (viii’) says that for group II q # 1 only if there are only AdSs and S? factors in
the geometry (plus flat directions of course). This corresponds to (G) in our list in table 1.
Note that for condition (xii’) to make sense we have to assume that AdSy or S? factors can
only occur in the geometry together with AdS3 or S factors (or with other AdSy or S2
factors) so that the e-symbol is defined (Rz denotes the corresponding curvature radius).
Again this is clearly true for the backgrounds listed in table 1.

To conclude this section we note that the superisometry Noether current in (2.34) can
be expanded in terms of the Killing vector, its covariant derivative and the Killing spinor as

J = J%q + JOV ky + JE% (3.15)

Separating the conservation equation, d * J = 0, into components correspondingly and
using the Killing spinor equation and the symmetric space relations (3.5) we find that the
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conservation of J is equivalent to the following equations for the components
Vs J 4 xJ Rpeg® = 0, <V*J“b—*J“eb> Voky =0,
1
Vx JgPP, + e Js(M,P)P, = 0. (3.16)

In fact we will find that, essentially due to kappa symmetry, more general versions of these
equations hold. This fact will turn out to be important in the construction of the Lax
connection in the following.

3.3 Order ©°% bosonic Lax connection

The bosonic terms in the conserved current take the form (2.35)

JO = ek, + A, (3.17)
where A satisfies d\ = %ebe“ abck®. Since we assume H . to be constant it is easy to see
that we can write

a7 / 1 ’
A= Nkq + XV aky = whyg b — (eahabc + e ha/bc> VlkS (3.18)

where hgpe is anti-symmetric and was defined in (v) and (v') of table 2 and 3, wi id the
AdSy (S?) spin connection and we recall that primed indices run over the flat directions.
Let us also recall the form of the string equations of motion to lowest order in ©, which is
all we will need. From (2.28) we have

Vox e + %ecebH“bc =0(0?%), xe" ([,DO)* — e (T, ['11DO)* = 0(0%),  (3.19)

where D =V + éeaMa. The first equation can also be derived from the first conservation
equation in (3.16) by using the form of J(©).

The bosonic Lax connection splits up into separate Lax connections for each factor in
the geometry. Let us first consider the example of an S3 factor in the geometry. We claim
that the following Lax connection does the job

LO|gs = (aJ© 4 5 JO)[gs = ae&ka—l—ﬁ*edka—%*edhn vk s VUK. (3.20)

abc 56
Here o (not to be confused with a appearing in D(2,1;«)!) and 8 are parameters to be
determined (they coincide with a1 and ao of [15]). Using the fact that Ve® = 0 (i.e. the
torsion of the bosonic background vanishes) and the bosonic equation of motion in (3.19)
together with the symmetric space relations (3.5) the curvature of the Lax connection

becomes
dLO|gs — LO| g LO | g5 = ge%f’(H&gE — h, 3. R K
+ %((1 +a)a — 2)e * eghBJéRdéagké + %(ﬁz —a® - 2a)e&el~’vdkl~)
— S H g bV e + i(aQ — B2 e hyoghas RV . (3.21)
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Using condition (v) of table 2 the right-hand-side reduces to
1-— q2
2

t12

(8% — a? — 2a)e"e"Vk; (3.22)

which vanishes provided tha
B?=a’+2a. (3.23)

Since there is only one condition on two parameters we have one free (spectral) parameter
and a one-parameter family of flat connections.

Let us now consider the Lax connection for an S2-factor in the geometry. We will find
that we need to modify two of the coefficients in the Lax connection and we will take it to
have the form

~ A ~ PN [0 i oA ’ 2.a
LO g2 = aeky + B * kg — 5 € g VRS — gea hois VUES (3.24)
where a and 8 are the same as before satisfying (3.23) and & and B are to be determined.
Computing the curvature in the same way as before we find, keeping in mind condition

(iv') in table 3,

1 a4 , s
dLO) g — L) g LO) |2 = 5(04(1 +&) — BB)e x e hy, sR ek

1 ~ PN Py 5 P 2 1 - ~ 7
—5(af—(1+ &)B)ete’ by, iR ekt — Bee” Hyaok® + §(ﬁ2 —&? - 20)e"e"V,k;
(6P /35 1 /AR ~fa N
- ZeaebH&l;C/hc de v(ik;é + Z(ﬁQ - a2)€a eb ha/élihb/éfRengvdkg . (325)

Using condition (v') the right-hand-side now reduces to
1 N / . 1 - .y R
5(04(1 + &) — BB)e? x €¥ Hy ok — 5((2 +a)B — (14 a)B)e%e Hyqek®

1, 4 1 o
+ 5(52 — &% — 24 + §q2a)eaebvak‘g. (3.26)

We now observe that these terms vanish if we take

R 1 [o+a2
a=v2+a)—1, f=+8  where 725’/2++an’ (3.27)

giving us again a one-parameter family of flat connections.

Putting together what we have learned we write the total Lax connection

s

LO = aggiey + B (re" + X)ka = 5 % € hape V'R = S e hane VR (3.28)

where
ag =a&, PBag=0B, aaga=a, PBaw =08 (3.29)

Two remarks should be made about the form of L(®) in (3.28). Firstly we have included a
factor of A* together with xe® in the second term. This only affects the term involving k,

12For the special case ¢ = 1 it appears we don’t need to impose any condition, however this condition
will arise again at higher orders in ©.
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since A% = \*' by (3.18) and it is in fact needed in that term so that there are no k, terms
generated when computing d of L(®). Note that

% J(O)(l — *6(1 + Aa’ *J(O) ab e _%GChc(lb’ (330)

with c|,) defined in (3.8), so that the Lax connection is indeed built from the components
of the conserved current as in [15]. The next important comment is that we have written
l~ca instead of k,. The reason for this will become clear when we try to find L. The
ko still satisfy the same algebraic relations as those written for k, in the previous section
however. The reason for the notation is that we will find that in the examples in group
IT with an AdSs (S®) factor only the left SL(2,R);, (SU(2)1,) isometry generators should
appear in L) (these are the ones that sit inside D(2,1; ), see table 1).

3.4 Order 6! Lax connection

We will now show that the terms in the Lax connection linear in © take the form
LY =« g wvwe)e, (3.31)

where V' and W are matrices (that depend on the spectral parameter) to be determined.
The superisometry Noether current at linear order in © is J(M) = Jél)fa and from (2.35)
we read off that

J) = ie® (OLy)aq —i % € (O] - (3.32)

Note that we do not impose the projection by P on J,gl) (recall that & = PE). This will
be important as the matrices V , W will typically not commute with P. Even without the
projection by P an equation like the conservation equation in (3.16) is still satisfied. Indeed
we have, using the form of Jo(}) and the lowest order equations of motion (3.19)

V % Jo(ll) =1V xe? (@Fa)a -+ % * 6a6b (@[—HbchCan + FbS]Fa)a

_ ée“eb (O] HyeaTT'11 + Ty S]Tul11)a + O(63)

1
= gt T (M) + 00, (3.33)

where we used the fact that M, = H,, I'*T'1; + ST,.

Using the form of L(® in (3.28) and L™ in (3.31), the commutation relation (3.9),
and noting that *Jo(él) = —(J(l)Fu)a we find the curvature of the Lax connection at linear
order in O to be

d(LO + LWy — (@ 4 LOYLO 4 LWy = g — OO — LW L0 4 0©?)
1 1
= geanl>(r11MaVW5)a - ée“J;U(FH[l + agy + BT ] VIV MaE)®

1 1
+ ge“thCRdebCJS)([a + BT |VWIeg)™ — gﬁ[a]A“Jél)(FllVWMaf)a +0(0?).
(3.34)
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The last term vanishes due to (iii) since A* = A% Taking the matrix V to have the form

B \/5
V=a-10I, where a=— b=4/= 3.35
11 v ° (3.35)
it is easy to see, using (3.23) and (3.27), that V satisfies the relations
Vvt =a2—p> =1, V2=14a—pT, (14+6+BT11)V = y(2+a+6T1)V = 2ay.
(3.36)

The curvature of the Lax connection reduces to

1 ; 1,
geanﬂ(ruMavwg)a - %eajg)(rnWM@g)a - gean)(VTFHWME@)Q
abc” o a’bé” o

b = b b ’ pa
+ ¢ Hy J(D WThe)e + 16 Hap JI (D wThe)e (3.37)

where we have used (iv), (v), (iv') and (v') to rewrite the term with . Using the form of
M, in (2.18) and assuming that W commutes with H_,;,I'" and H,;.I'"*® we get

1 . A 1 -
@AMV — Tt IO W M) + e IO (VT Mz, We)*
1
+g¢” JOWVIT M We)™ . (3.38)

It is clear that due to (vi) and (iii) this vanishes for Group I if we take W = ¢+ qdl'? (note
that in this case the first two terms are absent). The free coefficients will be fixed at the
next order and we will get

1 / 1 .
Wi= 5 B+gal”) = Wi = 22+ ¢Pa)a. (3-39)

For Group II consider taking W = ¢ + ¢dI'11.. The third term vanishes due to (viii’) and
the last term vanishes due to (vi’) and (iii). Using the form of V, (vi’), (vii’) and the fact
that I'1; = ¢ — qU'yr we get

b .

%e“Jél)(Fn [(B+ Gal1 )W — 298W]M€)” . (3.40)
Which vanishes for the following choice of W (again the overall normalization is determined
at the next order in ©)

Wi = 2\15\/ 1 :27((1 +29)B+Galyy) = Wyl = %/327 Wi = g(ﬁ + gal'y),
(3.41)
as is easily seen using (3.23), (3.27) and the fact that ¢> + ¢> = 1. This concludes the
demonstration of the flatness of L(®) + L) modulo terms of order ©2.
Let us end this section by computing L") L(!) which we will need for our analysis of
the ©2-terms in the next section. Using the form of L(Y) in (3.31) and that of I in (3.32)
we get

1 1
LOLM = —ie“eb er,vwi{s, awivir,e — 5eae" or,r Vwie, wivir,r,e
(3.42)

1 1
+ 5 e’ OT I VIW{E, EWTVIT,0 + 5 * et OT VW {e, yWTVIT 11,0
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Using the form of the commutator of two Killing spinors in (3.11), the constraints in table 2
and 3, the form of V in (3.35) and the form of W in (3.39) and (3.41) one gets after some
algebra (the details of the calculation have been deferred to appendix A)

LOLY = —af (e’ OLI7ST40 — xe’e! OL L7 ST 0 ) Hyp ok
+ 558 (ee? OTI™ (0 — BT11)ST4O — see? OTL™ (@ = AT11)T11ST4O ) Harek®
+ 5585 (¢! OLI™ST 4O — xete! OLI T, ST4O) Voky

- o (e°e” OTIT™ ST 40 — sete OT T T, ST ) by HI VK (3.43)

Here we have defined % which is the same as Vyky except for group II where

— 1

R
Vak}g = B (de{, + %Ragacp’iweké) . (3.44)

3.5 Order 62 Lax connection

Computing the order ©2 terms in the curvature of L(®) + L(}) using the superisometry
algebra of section 3.2, the conservation of J in (3.16) as well as the lowest order equations
of motion (3.19) we find

F® — —a (B + T kq + Bioy + TV ik, - 5 * JPhee Viic)

(%

- % 5 e T RYR o kS + 5 * €I Ryoah IV ey — LOLO . (3.45)

Recall from the discussion in section 3.1 that we need to show that this can be written
as DLB® = L@ — LO @ _ 1A L0 for some L@, for the Lax connection to exist up
to quadratic order in ©. To do this we will need two identities. Using the lowest order
bosonic and fermionic equations of motion in (3.19) and the form of the conserved current
in (2.36) we have

Vs JDab  yla 28] —%e[“Jc(j)Hb]Cd _eeg@dlagl 4 é % eced O I ST ,0

- éeced O IT™T 1 ST40 + O(6%). (3.46)
This is a generalized version of the second conservation equation in (3.16). Note that the
right-hand-side vanishes when contracted with V,k; as needed for consistency with the
conservation equation. It is also useful to note that the first two terms on the right-hand-
side vanish when contracted with Hygpe as follows from (v) and (v/) in table 2 and 3. We
can also derive a “dual” version of this equation. Using the form of J (2), the conservation
of J in (3.16) and the lowest order equations of motion in (3.19) we find

V@ ab  gla g2 7% s elo g @ poled o yee 7o gl ) 31260@‘1 er.r*sr,0

- 312 x e OT 19T, ST40 + O(6%). (3.47)
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Using these two equations, the form of LO) in (3.28), the superisometry algebra in sec-
tion 3.2, the conditions (iv), (v), (iv’) and (v') in table 2 and 3 and the expression for
LM LM given in (3.43) one can show, after a bit of algebra, that

~ a ~ _
D(B[a} « Jaf _ 5 * Jé2)hab0 Vike + Bia) [(1 + apy) * J@ab BMJ(Q) ab] Vi

+O‘[<g —i—a) « J(Z)dg—i—ﬁJ(Q)dB]HagE/%E—I—B[ﬂ* J(Q)“'B+ozj(2)“”3]H e

a’bé

- 2) @b 2)ab]p_ & éd
~ GBI 4 sy Fh g v
= —F® 4 =3+ 20)a (xe°e! OFLST,0 — e’ O L1 STy0 ) Hypoh*
i e e ~ -
— - (xece! ODIST 0 — e OT L T11STuO ) hy " Hyg VR

o 5 2) bé éfdw 1. a5 2) bé =, 3 a 7(2)bé 7d
-5 « JOR, __pef Viki— e « JOVH ik —|—§aﬁe[ T Vk

bcae

cad

(3.48)

+ §q2a26[“ x JOVI - NVoks+ e « JOYH Nk — 2%« JOU g v kT

where F(®) was given in (3.45). Here we have had to assume a specific form of k,. For
group I ko = k, while for group II l;d@/ = kg o while

P L Ra_  gbye
i = 5(/% — eV ). (3.49)
This form of k; is chosen such that V@I;:E = ﬁkg defined in (3.44) and is needed in order
to cancel the corresponding term appearing in LO LM eq. (3.43). It is not hard to show
that l;:a satisfies the same algebra as k, but with the extra constraint

N
Viaky = é]RaECdgeJéke' (3.50)

ko can be interpreted as the SL(2, R)r, (SU(2)L) isometries of AdS3 (S®). The reason only
the left isometries appear is because these are the ones sitting inside D(2,1;«) and hence

the only ones that can appear in the commutator of two Killing spinors and therefore in
LM,

In fact all terms on the right-hand-side of (3.48) except for F(?) vanish! The terms
involving S vanish by the symmetry properties of the gamma-matrices and the fact that S
commutes with the relevant combinations of gamma matrices. The next two terms cancel
upon using the form of R ~ 5@(53} and (v) of table 2 while the rest of the terms vanish
due to the anti-symmetry in the indices (note that in these terms the tilded indices can only
run over three values while the hatted ones can only take two values). We have therefore
managed to write () as D of something proving that the Lax connection can be extended
to the quadratic order in ©.

3.6 Summary

We have shown that the string in a background with constant fluxes satisfying the condi-
tions listed in section 3.2 is classically integrable by constructing its Lax connection up to
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quadratic order in ©. The Lax connection takes the form
L=LO4+ 10112 1 0e?%, (3.51)

where the different pieces are built from components of the superisometry current as
B,
2

L(2) = ﬁ[a] * J(2)a];'a - % * JéQ)habcvbkc + B[a} [(1 + Oé[a]) * J(Q) ab + 5[Q]J(2) ab] Vaffb

LY = qpek + o+ T kg — % % €Ny VPkE — Zehgy VPkS, LU =« JD(VIWe)*

+ a[(g + Oé) % J(?)&E +BJ(2)68] Hd}},‘jké +B[5 %« J(2) a'b + OZJ(2)G/B] Ha/[,éké

o ab ab é érd
= [Bx TP 4 T @] CH VR (3.52)

éda
where V and W are defined in (3.35), (3.39) and (3.41), k, defined in (3.49) and g and
ﬁ[a} in (3.29).

Note that for the construction of the Lax connection at quadratic order, L, it was
important that we took the most general form of L(® and L(Y). For example, taking L(©)
with k, instead of k, is perfectly fine up to order ©! but we would fail to construct L2 since
only terms involving the left isometries SL(2, R)1, (SU(2)L,) are generated from LN LM as
we have seen. Similarly it would have been fine to drop the I'"-term in Wy at order ©!
but this term is needed in order to construct L(?) since it affects the terms coming from
LML LA

Finally, let us imagine that we changed some signs of the fluxes in the supergravity
solution so as to break the supersymmetry. The bosonic Lax connection would still be fine
but there would be no L) since there would no longer be any Killing spinors from which
to construct it.'3 Trying to go to the next order one would then encounter a problem. The
terms in the curvature that were canceled by L(VL() in the supersymmetric case (3.43)
would now be left over. They would certainly not vanish in general and it does not appear
possible to write them as D of something. This argument suggests that kappa symmetry
of the string alone is not enough to ensure that integrability of the bosonic string lifts
to the superstring. A very interesting question is whether kappa symmetry together with
some amount of supersymmetry is enough for the bosonic integrability to extend to the
full superstring. We hope to return to this question in the future.

4 Integrable type IIA backgrounds from intersecting branes

In this section we will give the details of the backgrounds listed in table 1 and show that they
fulfill all the conditions we had to impose in the previous section to prove the integrability.

130ne could try instead to construct an L) using some constant spinor or the Killing spinor of the
supersymmetric background. However, even if this worked to linear order in © it would not fix the problem
at quadratic order since LYLD would not be of the required form.
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Our conventions for the volume form and curvature of AdS,, and S™ are

1

2
Qaas, = —€m 1 e®ey 0 =—e"1 0 RyY(AdS,) = T(Sfaéa (4.1)
n! Raas
1 2
Qgn = ﬁean e ea1€alman —e... 61 , Rade(Sn) = _ﬁ [Caég} , (4‘2)
: S
where R is the radius of curvature.
The supersymmetry conditions are (see section 2.2)
Dilatino eq: T¢ =0 Gravitino eq:  Ugi& =0, (4.3)
where, for constant dilaton and fluxes,
T = L Hyp 70T L, s Uy = = My, My — = RopoaT 4.4
—ﬂ abc 11+Ea 5 ab—ﬁ la b]_Z abed . ()
The Killing spinor satisfies
§="P¢, (4.5)

where P is a projector which projects on the supersymmetric directions in spinor space.
We also introduce a parameter 0 < g < 1 such that

¢ =0« No NSNS-flux. (4.6)

Backgrounds with non-zero NSNS-flux which can not be tuned we take to have ¢ = 1.

Note that the specific form of the fluxes we give can be changed by performing T-
dualities. This does not however affect the rest of the discussion, in particular the integra-
bility goes through in the same way (as it must).

A. AdS,; x CP3. This supergravity solution can be obtained by dimensional reduction
from the maximally supersymmetric AdS; x S” solution arising as the near-horizon geom-
etry of the M2-brane. This is done by viewing S7 as an S* Hopf fibration over CP? and
reducing on the S* [30, 31]. This breaks the superisometry group of the eleven-dimensional
solution, OSp(8|4), down to OSp(6]4), leaving 24 unbroken supersymmetries. The type ITA
solution has RR four-form and two-form flux, the latter arising through the Hopf reduction
procedure. The fluxes take the form

F@ =9 FW = _3¢7%Q 445, . (4.7)

Here J is the Kéhler form on CP? and we take J = e®e? 4 €7e% + e?€® in terms of the CIP3
vielbeins. Note that we have indicated the dilaton dependence even though the dilaton is

just a constant for the backgrounds we consider here. From the definition of S in (2.10)
and T in (4.4) we find

S =4pro2 1= %Fom’(l - P), (4.8)

where the Killings spinor projection matrix is given by

1
P — 1(3 4 [O789 4 [4589 4 4567 (4.9)
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The dilatino equation in (4.3) is obviously satisfied and it is also easy to check the gravitino
equation. One finds the radii of curvature to be

Rags, =1, Reps = 2. (4.10)

Since there is no NSNS flux (¢ = 0) eq. (3.9) is trivially true (with S = S) while
conditions (i), (ii) and (iii) are clearly true and the conditions in table 2 become trivial.

B. AdS; x 83 x §3 x S! (and AdS3 x S% x T*). This supergravity background arises
as the dimensional reduction of the eleven-dimensional AdSs; x S3 x S x T? solution
representing the near-horizon geometry of two Mb-branes and an M2-brane intersecting
over a line [19]. It also arises in type IIB supergravity as an intersection of D1’s and
D5’s [32]. The solution preserves 16 supersymmetries and has the superisometry group
D(2,1;a) x D(2,1;a) x U(1). The geometry is supported by NSNS and RR four-form flux
of the form

H = 2Q(QAd5’3 + \/&QS%' +v1- OzQSg,) ,
F(4) = 2q€_¢’d$9(QAdsg+\/593§+\/1—01ng) , (411)
where the parameters ¢, § satisfy ¢> + > = 1. When ¢ = 0 there is only RR-flux and
conversely when ¢ = 1, § = 0 there is only NSNS-flux. The free parameter ¢ arises from

the freedom to perform an S-duality in the type IIB picture. From the definition of S
in (2.10) and 7" in (4.4) we find

S = —4gpPT"® T = —%FOlQ[QFg +2¢T'][1 — P], (4.12)
where the Killing spinor projection matrix is
P — %(1 4 /a[012345 |\ /T o [012678) (4.13)
Computing the r.h.s. of the Killing spinor equation (3.9) one finds
Mo& = (HgpeTPTyy + STo)E = STeé with 8 = —4pr012" (4.14)

where I is defined in (3.14). The dilatino equation in (4.3) is obviously satisfied and it is
also easy to check the gravitino equation. One finds the radii of curvature to be

1 1
N

Note that for o = 0,1 one S3 decompactifies and the geometry becomes instead AdSs x
S3 x T4,

It is easy to verify that conditions (i), (ii) and (iii) hold. Conditions (iv)—(xi) of table 2
are also easily verified.

Rpas, =1, RSi” = (4.15)

T—a
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C. AdS3xS?x S3xT? (and AdS3xS?xT?). This type IIA solutions can be obtained by
starting from the same eleven-dimensional AdSs x S3 x S3 x T? solution as in the previous
case but, instead of reducing on a T? direction, performing a Hopf reduction on the 53, i.e.
viewing S3 as an S! fibration over CIP! ~ $? and reducing on the S'. The Hopf reduction

breaks the supersymmetry down from sixteen to eight supercharges and the superisometry
algebra is D(2,1;a) x SL(2,R) x SU(2) x U(1)2. The fluxes take the form

H=d'Qg, F?=—¢%0g, F%=¢2d2"V1+aQus, —vVaQg). (4.16)

Note the presence of both NSNS and RR flux. From the definition of S in (2.10) and T’
n (4.4) we find

S=—2p,T%ry,, T= iri”‘*rnp(l —P) + (1 - Py)] (4.17)
where the Killing spinor projection matrix is now a product of two projection matrices
1 1
P=PPy, with P;= 5(1+r9), Py = 5(1_~/1 + o309\ /q 7345679 ) |
(4.18)

The two projection matrices commute and therefore reduce the amount of supersymmetry
by a factor of 2 each from 32 to 8. The dilatino equation in (4.3) is obviously satisfied and
it is also easy to check the gravitino equation. One finds the radii of curvature to be
R 2 R 1 R 2
= s 2 = s 3 = ——

Taking a = 0 decompactifies the S® and we obtain the solution AdSs x S? x T°. Taking
instead the limit o — oo gives a highly curved AdSs x S3 subspace with the curvature of

(4.19)

the S? remaining finite. Computing the r.h.s. of the Killing spinor equation (3.9) one finds
Ma€ = (HapeI*T11 + STo)€ = ¢ST€  with S = —2PT*Ty, (4.20)

with ¢, defined as in (3.8).

Next we look at the conditions needed for integrability. Conditions (i)—(iii) are easily
verified. Since the NSNS-flux cannot be tuned we have ¢ = 1 which means that conditions
(vi’) and (ix’) in table 3 are empty. Conditions (iv’) and (viii’) are clearly true and the
remaining conditions are easily seen to hold after a little bit of algebra.

D. AdS3xS?xS%xT? (and AdS3xS%xT3). This solution arises in type IIB supergravity
as the near-horizon limit of a self-dual configuration of two D5’s two NS5’s and one D3 [19].
The fluxes of the T-dual type IIA solution are

H = —Vadi™Qgp + V1 - ad®Qg,
FW = e7¢(Vada®da®Qge + V1 — ada’de’ Qg — Q) . (4.21)
It is not possible to switch off the NSNS or RR flux (performing S-duality in the IIB picture
only leads to a rotation in the 78-plane). From the definition of S in (2.10) and 7" in (4.4)

we find )
S = —2p,I356 7= ir012[27>2(1 —P) = (1=Py)], (4.22)
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where the Killing spinor projection matrix is again a product of two commuting projection
matrices

P=PiP2, with Pj= %(1 A DOIZ0) -y = %(1 +/al?%® 4 /1T —aT*7),

(4.23)
leaving eight &’s. The dilatino equation in (4.3) is obviously satisfied and it is also easy to
check the gravitino equation. One finds the radii of curvature to be

1 1
Ragss =2, Rg2 = 7o’ Rgy = Nk (4.24)
For o = 0,1 one S? decompactifies and the geometry becomes instead AdSs x S? x T°.
Computing the r.h.s. of the Killing spinor equation (3.9) one finds

Ma€ = (HapeT"T11 + STo)é = cq ST with 8 = —2PT™%, (425)

with ¢|,) defined as in (3.8). The conditions needed for integrability, (i)—(iii) together with
the conditions listed in table 3, are easily verified (note that we have ¢ = 1 so that e.g.
Y =—-TIp).

E. AdSy x S x 3 x T? (and AdSs x S® x T®). This example is very similar to (C). As
in that case one starts from the eleven-dimensional AdS3 x S% x §3 x T? solution. Viewing
AdS3 as an S' fibration over AdSs one reduces on the S' breaking the supersymmetry
from 16 down to 8. The fluxes in the IIA solution take the form

H = deQAdSQ , F@ = _6_¢QAdSQ , F@ = —6_¢d$9(\/a§2511% + V1 - 04953) .
(4.26)
Again both NSNS and RR flux is present. From the definition of S in (2.10) and 7" in (4.4)
we find )
S =2P,Iry,, T= —irmrn[z(l — P+ (1—Py)] (4.27)

where the Killing spinor projection matrix is again a product of two commuting projection

matrices

P=PPy, with P = %(1+F9), Po = %(17\/51‘01234%117\/ﬂrommrn).

(4.28)
The dilatino equation in (4.3) is obviously satisfied and it is also easy to check the gravitino
equation. One finds the radii of curvature to be

2 2

Raas, =1,  Rgs = 7a Rgs = Vi (4.29)
For o = 0,1 one S? decompactifies and the geometry becomes AdSy x S3 x T°.
Computing the r.h.s. of the Killing spinor equation (3.9) one finds
M€ = (HupD"T11 + STo)€ = ¢)STé  with S =2PTyy, (4.30)

with ¢|y) defined as in (3.8). The conditions needed for integrability, (i)—(iii) together with
the conditions listed in table 3, are easily verified (note that we have ¢ = 1 so that e.g.
Y =—TIy).
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F. AdSs x S? x 83 x T3 (and AdSy x S2 x T?). This solution is similar to (D). It can be
realized in type IIB as the near-horizon geometry of a D1-F1-D5-NS5-D3 intersection [19].
The fluxes of the T-dual type IIA solution are

H = —md$7QAdSQ + \/adxsﬁsz ,
FW = e (VI + ada®da®Qaas, + vVadz®dz" Qg — Qaas,Us2) - (4.31)
Both NSNS and RR flux is present. From the definition of S in (2.10) and T in (4.4) we

find .
S=2p,I02B 7= %r456[27>2(1 —P) = (1—Py)], (4.32)

where the Killing spinor projection matrix is again a product of two commuting projection

matrices

1 1
P ="PiP2, with P = 5(1 4 0123456 Py = 5(1 + a7 /14 aT?89),
(4.33)
The dilatino equation in (4.3) is obviously satisfied and it is also easy to check the gravitino
equation. One finds the radii of curvature to be
1 1
R = —, Rg2 = —,
AdSQ \/m SQ \/a
For o = 0 the S? decompactifies and the geometry becomes instead AdS3 x S? x T°. The
opposite limit, o — oo, gives a highly curved AdSy x S? subspace with the S% curvature

Rgs = 2. (4.34)

remaining finite.
Computing the r.h.s. of the Killing spinor equation (3.9) one finds

Mo& = (HopeI" Ty + ST0)E = ¢ STu€  with S =2Pr012, (4.35)

with cf, defined as in (3.8). The conditions needed for integrability, (i)-(iii) together with
the conditions listed in table 3, are easily verified (note that we have ¢ = 1 so that e.g.
™ = -Tq).

G. AdSy x S§? x §%2 x T* (and AdSz x S? x T®). This solution can be obtained by
dimensional reduction from the eleven-dimensional supergravity solution AdSy x 52 x §% x
T which arises as the near-horizon geometry of an intersection of two M2’s and four
M5’s [33]. The superisometry group is D(2,1;a) x U(1)* and the fluxes take the form

H = q( - dz®Qags, + Vadzs' Qg + V1 — adi®Qg),
FW = 79 ([da"da® — da’dz®|Qaas, + Valda®da® + Gda’da")Qgs
+ V1= algdz’da’® — da®da")Qg;) . (4.36)

Here ¢> 4+ = 1 and taking ¢ = 0 turns off the NSNS-flux (¢ = 1 does not however turn off
the RR-flux). The parameter ¢ arises from the freedom to perform S-duality in the T-dual
type IIB solution or performing the dimensional reduction from eleven dimensions at an
angle. From the definition of S in (2.10) and 7" in (4.4) we find

S = —2P,167(1 4 Gro79) | T = —ir0167(1 + T678[2qT 11 + GT%) (1 — P2),  (4.37)
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where the Killing spinor projection matrix is a product of two commuting projection ma-
trices

P=PPs, with Py = %(l_i_rmgg’)7 Py = %(1+\/&P012378+mrm4568)7

(4.38)
where I'?" appearing in P; is defined in (3.14). The dilatino equation in (4.3) is obviously
satisfied and it is also easy to check the gravitino equation. One finds the radii of curvature

tob
o be 1 1

— Rgp = ——.
va’ % VI-a

For a = 0,1 one S? decompactifies and the geometry becomes instead AdSy x S? x T6.

Raas, =1, Rg2 = (4.39)

Computing the r.h.s. of the Killing spinor equation (3.9) one finds
Myé = (HapeI*T11 + STo)€ = ¢STo€  with S = —2pro67, (4.40)

with ¢|,) defined as in (3.8). The conditions needed for integrability, (i)—(iii) together with
the conditions listed in table 3, are not difficult to verify.

5 Conclusions

In the first part of the paper we determined the form of the superisometry transformations
in a general type Il supergravity background up to quartic order in ©. The string action is
known in general to the same order [26]. We also determined the form of the superisometry
Noether current for the string to the same order. The rest of the paper dealt with the special
case of symmetric space backgrounds with constant fluxes and dilaton. We postulated a
form for the superisometry algebra and a number a extra constraints on the form of the
fluxes in the cases with both NSNS and RR flux. We then showed that given this form of the
superisometry algebra and the constraints a Lax connection could be constructed at least
up to order ®%. We then verified that these constraints hold for the backgrounds listed in
table 1 of the introduction and which arise through intersecting brane constructions. Note
that one can also obtain other, more complicated, examples of integrable backgrounds by
applying T-dualities and field redefinitions to these. Sometimes S-duality also preserves
the integrability as we have mentioned, although this is in general not guaranteed.

There are many interesting questions and possible future directions of work. A very
interesting (and difficult) question is to try to classify integrable backgrounds in string
theory, see [34, 35] and references therein. This is perhaps manageable if one restricts
to AdS backgrounds with some amount of supersymmetry and/or constant fluxes and
dilaton. A related question which we touched upon briefly is whether one can prove that
integrability of the bosonic string extends to the full superstring under certain conditions.
We argued that this seems not to happen in general. It would be very nice to find a more
general framework to address the question of integrability, something like a generalization
of the supercoset construction. Most likely this would have to rely in a crucial way on the
kappa symmetry of the string.

It would also be interesting to study other simple backgrounds, for example ones with
less supersymmetry. Certainly the easiest class from our point of view are those with
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constant fluxes. Perhaps these could even be classified. Another approach is to exploit
dualities in order to generate new integrable examples.

Finally it would be interesting to study the quantum properties of the integrable strings
found here. For example it was recently understood how to incorporate the massless modes
that arise in the BMN-limit into the finite gap equations [36]. It would also be very
interesting to try to construct the exact S-matrix for these strings, see [37—42] for some
recent work. It would also be very interesting if one could say something about the CFTs
dual to the string backgrounds considered here. Besides their symmetries [19] very little is
known about them.
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A Computation of LMW LM

Here we will give some details of the calculation of L(Y L(Y) the result of which was given
in (3.43). Starting from (3.42) and using the killing spinor commutator (3.11) we find for
the terms involving V ky

i e d ab &ttt c . d ab Sty T

78 e’ O . VWTSWWIT,;0 + e ol 11 VWI*SWIVIT 1130
Cla]
— %% OT I VIWI®SWIVIT 10 — xee? OT VWT P SWTVT rnrd@) Vaks .
(A.1)

Let us first compute these terms for backgrounds in group I using the constraints listed in
table 2. Using (vii), the form of W7 in (3.39), (viii) and the fact that cz) = 1 we get

5—4(,82—1—(12@2) (eced OT VT[S 4+ T'115T11|VIT40 — e OT VT[S + FHSFH]VTFd@) Vaks .
(A.2)

Using (ix) and the form of V in (3.35) this reduces to
;—2@2 + ¢2a?) (eced Or.[PST,0 — xeled ercrabrllsrd@) Vaks. (A.3)

For backgrounds in group II we get instead, using (ix’) of table 3, the form of Wiy in (3.41),
(x') and the form of V'

#BQ (eced Or.TST 4O — xeced @rcrabrnsrd(a) Vaky . (A.4)
Cla

Using (3.11) in (3.42) we find the following terms involving k,

*116 (eced Or .VWSr*Swivir,oe + e er. oy Vwsreswivir,, r,0e
— e O 1 VW ST SWHIVIT,0 — xefet OT VW STSW iVt rnrd@) k, .

(A.5)
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Using (vii), (ix'), the form of W, the fact that ST%S = ﬁM“S‘ and (iii) this becomes
o (eced AT VIW2MSVIT,0 + e OT, T VWM SV T,0
[a]
— xe%? OL T VIVEMOSVIT, 0 — xeled @rcVWQMaSVTPHFd@) ka. (A.6)
Consider group I first. Using the form of Wi (3.39) and V' (3.35), the form of M, (2.18)
and (viii) of table 2 we get

7

(8% + ¢2a?) (eced OT.ST?[§ — I'}1 ST |00 + *eced OT ST, [§ — rus”ru]rd@) ka

128
_ 1178(,82 + q2a2) (eced @FcFefFH[S’ + F11§F11]Fd@ _ >|<eced @Fcref[g i F115‘F11]Fd@)> Hefaka
_ 6quaﬂ <eced @I‘CSI‘dQ[S + 1—‘11311—‘11]1—‘(1@ — *eced @FCSI‘ELQI‘u[S + F11§F11]Fd®) ks . (A?)

Using (ix) and (x) the first two terms cancel and, using (xi), we are left with
508 (6! OLL™ST 46 — wec! OLL7ST0) Hyp k' (A.8)

Next we turn to group II. Using the form of Wiy (3.41) and V' (3.35), the form of M, (2.18),
cg) = 2, (vi') and (vil') of table 3 we get

(;%43@0@‘1 Or.T;(c — AT'11)[S + 11 ST11]T 4O
— %% OTT_;(a — BT11)[S + rnﬁrn]rd@) Hobep,
+ 1#2'8/3’(60661 OC.(a + AT'11)STAT[S — I 80|00
+xe%ed O (v + AT11)STA[S — F11$T11]Fd®> ka
— 2B (¢ OTST S — Ty STITG0 + e OT ST [ — Ty ST 40 K
+ é—iaﬁ (6Ced Or, VSTl SVIT,0 + efe? Or 11 V ST, SVIT Ty0
— 4% O VST, 1 SVIT,0 — xefed O,V STer SV 1 rnrd@) ka. (A.9)
The last term vanishes due to (viii’) and using (x’), (xi’) and (xii’) this reduces to

7 A 174
55 (" OLLT (= BL11)STyO — wee! OLLT, (e — BT1)T1iSTaO ) H kg

ik (A.10)

i - - .
+ =88 (e ODI™ST40 — wee! OLL T ST40) iy Ryl e
Summarizing our calculation we have for group I

L(I)L(l) :;Eaﬁ (€C€d @FCFaI;SFd@) o >keced @FchESFd@> H&I;éké

+ é(ﬁ + 2a?) (eced O.ISTy0 — xecel ercrabrnsrd@) Vaoky, (A.11)
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while for group II we have
LW :3%3 (eced OT T (o — BT11)ST 4O — #e%e? O T (o — ﬁFll)FHSFd@> HYYp,
+ 55 (et OLI™ST 0 — xefe OT LT ST4)) Vak;

+ éﬁ (e OTIPST40 — «ee? OTIT11ST40) Vaky, (A.12)

where ﬁ—k/g was defined in (3.44) and we have used the fact that due to (viii’) Sks = gk@.
It is not hard to see that these equations can be written as one, in the form of (3.43).
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