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1 Introduction

One of the most important tools used in exploring string theory, its vacuum structure, and

its dynamics, is the low-energy effective action. For many purposes, it is enough to use

only the lowest order pieces in this action, but sometimes it turns out that we need to go

to higher orders, either in a derivative expansion (α′ expansion), or in the string coupling

(gs expansion). In fact, there are situations where the higher order terms are crucial to

correctly determine the vacuum structure.

For example, consider M-theory on R
1,2 ×X, where X is a Calabi-Yau four-fold with

a Ricci-flat metric. This is certainly a valid solution of eleven-dimensional supergravity,
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which is the leading part of the low-energy effective action of M-theory. However, once

one also incorporates the leading (eight-derivative) corrections to the effective action [1],

then it is no longer a solution, and in fact there is a topological obstruction (unless X has

vanishing Euler number, χ(X) = 0). To find solutions, we must include internal fluxes or

space-filling M2-branes.

If X is elliptically fibered with a section, then there is a dual IIB compactification to

four dimensions on the base B of the fibration with D7-branes and O7-planes located at

points where the fiber degenerates [2]. In this situation, the topological obstruction arises

from higher-derivative corrections that are localized on the D7-branes and O7-planes and

that have the form (neglecting an order one dimensionless coefficient)

T7(α
′)2
∫

D7/O7
C4 ∧ [tr (RT ∧RT ) − tr (RN ∧RN )] , (1.1)

where RT and RN are the tangent and normal curvature two-forms on the brane, and T7

is the tension. This gives a contribution to the tadpole for C4 in the R
1,3 directions arising

from integrating the couplings above over the four-cycle in B wrapped by the D7s and O7s.

What this teaches us is the importance of understanding the leading order higher-derivative

corrections to effective actions, including those that are localized on D-branes or O-planes.

Note that this coupling is only one piece of the full action at this order in derivatives.

In more general backgrounds, one expects that additional couplings involving H-flux and

other fields will be important, and may in fact lead to induced charges like in the situation

above [3–5]. In those cases, a proper understanding of the higher derivative corrections

will again be crucial to correctly understand the vacuum structure.

There are many approaches which can be used to determine these corrections. The spe-

cific couplings above were predicted using anomaly cancellation [6–8], K-theoretic consid-

erations [9], and verified by direct scattering amplitude calculations [10, 11]. In the current

work we will follow a different route, using constraints from T-duality to determine the full

non-linear (in the bulk fields) couplings of a type II Op-plane to the NS-NS sector bulk fields.

There are many different perspectives available on T-duality. On the world-sheet,

it is a duality which, if one of the world-sheet scalars is compact, exchanges Neumann

boundary conditions with Dirichlet boundary conditions, and exchanges momentum modes

with winding modes. In the target space, where we will be focusing, T-duality arises for

backgrounds that admit a U(1) isometry, i.e. a circle fibration. Consider the sector of the

low-energy theory in which no fields have dependence on the coordinate of this isometry.

If we Ka luża-Klein reduce on this circle, then T-duality acts as a Z2 symmetry of the

reduced theory.1 Of course, since this is only a Z2 symmetry, there are many potential

couplings of the reduced theory fields which would be invariant, obtained by simply adding

a candidate coupling together with its image under T-duality. However, we have the

additional information that the theory has been reduced from a covariant, gauge-invariant

1Note that the low-energy theory does not include winding modes on the circle (these would masses that

scaled like R/α′, where R is the radius of the circle). By restricting to the sector with no dependence on the

circle coordinate we are also dropping the momentum modes, which is why T-duality can act as a symmetry.
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theory in one dimension higher. It is the combination of this knowledge with T-duality

invariance which is surprisingly powerful.

Thus to use T-duality to constrain the leading order2 higher-derivative corrections,

an unsophisticated brute-force approach would be to write down all possible generally

covariant, gauge-invariant couplings in the bulk theory, with arbitrary coefficients, and at

the first non-vanishing order in the derivative expansion. Next, make an ansatz that there

is a U(1) isometry and reduce the theory on the circle. This reduced theory now has a

set of couplings parameterized by the coefficients of the parent theory (and in particular

they are not the most general possible couplings). Finally, demanding that T-duality is a

symmetry of the reduced theory will put constraints on those couplings.

This procedure was followed for the bosonic string, or equivalently for the NS-NS sec-

tor of the superstring, for the two-derivative action in [12] and in a related approach for

the bosonic string to order α′ in [13] (see also [14] and [15]). At linearized order in the

Buscher rules, some terms were obtained in the order (α′)3 superstring action in [16], and

similar techniques have been recently exploited by [17] to obtain some more of the type

II couplings at order (α′)3. One would like to pursue the full unsophisticated brute-force

approach to continue the work of these latter papers, but unfortunately this becomes quite

difficult, owing to the huge number of covariant and gauge-invariant couplings which one

would have to consider at eight-derivative order. Instead, we would prefer to work in a

situation where the leading corrections come in at a lower order in derivatives, like in the

bosonic string example of [13].

Fortunately, this is the case for the actions which localize at D-branes and O-planes,

for which, even in the superstring, corrections start at order (α′)2, which is four derivatives

in the bulk fields. There is a complication however, since T-duality exchanges a direc-

tion along one of these localized objects with a direction transverse (for D-branes this is

simply the statement above that T-duality exchanges Neumann and Dirichlet boundary

conditions), in other words exchanging a p-brane wrapping the circle with a (p− 1)-brane

localized on the circle. A priori it’s not clear that the localized action on the former should

be related in a simple way to the latter - the couplings could have explicit dependence

on the brane dimension p. However, it is a remarkable fact that, when written in string

frame fields, all known brane couplings are universal in this sense. We will take this as

an assumption. We consider the fact that we will find a unique four-derivative action on

the O-plane, and that this action is consistent with all previously known couplings, to be

a fairly strong check on this assumption.

Our procedure will be similar to that outlined above for bulk couplings. We will write

down all possible consistent (covariant, gauge-invariant) brane couplings at leading order

in the derivative expansion which might mix under T-duality and assume that they have

2A modified procedure could also be used to constrain the action beyond leading order, but it gets

more convoluted. The reason is that the action of T-duality itself (i.e. the Buscher rules) can receive

corrections. At leading order, this implies we should combine the uncorrected Buscher rules acting on the

leading correction to the action with the corrections to the Buscher rules acting on the two-derivative action.

But the latter contributions will clearly be proportional to the variations of the two-derivative action with

respect to the fields (since the Buscher rules act on the fields), i.e. the lowest-order equations of motion.

As such, their effect can be removed by a field redefinition.
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the same arbitrary coefficients (in string frame) for all p. Then we will make the ansatz of

a U(1) isometry in the bulk and demand that the reduced action for the p-brane wrapping

the circle gets mapped into the action for the (p− 1)-brane transverse to the circle. In this

way we will put constraints on our couplings.

For D-branes, even though the corrections begin at four-derivatives, the full proce-

dure remains prohibitively difficult, because the combinations of world-volume and bulk

fields, and tangent and normal indices, lead to a very large number of potential couplings.

Nonetheless, by working to linearized order in the Buscher rules and the fields, many

restrictions can be put on some of the higher derivative couplings [3, 12, 18–21].

The situation is most tractable for O-planes. In this case, there are no world-volume

fields,3 and many couplings get removed by the orientifold projection. We can reduce the

number of couplings even further by restricting to terms with no R-R fields (the Buscher

rules act linearly on R-R fields, so they will not mix couplings with different numbers

of R-R fields). This is the arena where we would like to implement our unsophisticated

brute-force approach to constraining the higher-derivative corrections.

In section 2 and appendix A, we classify all possible couplings that we need to consider

up to four derivatives in the bulk fields, and assign coefficients to the terms that can appear.

The next step is to reduce these couplings in the presence of a U(1) isometry. Unfortunately,

even our simplified situation can get cumbersome if we work with the most general U(1)-

isometry ansatz, largely because of the need to commute covariant derivatives on a general

curved base of our circle fibration. For this reason, we will consider not the most general

circle bundle ansatz, but a pair of simplified classes of backgrounds. The first class has

a flat base metric and no off-diagonal components between base and fiber for either the

metric or B-field, but allows the dilaton and circle radius to have arbitrary profile over the

base. We call this the warped product. The second class has again a flat base metric, a

constant dilaton and radius, but arbitrary off-diagonal components of the metric and B-

field, which become a pair of vectors on the base (and are interchanged under T-duality).

We call this the twisted product. In each case we get a set of constraints on our list of

coefficients. Neither of our two classes is broad enough to determine all the coefficients,

but by combining the results from the two classes, we get our final result,

L = T ′
p

π2 (α′)
2

96

√
−ge−Φ

{
−∇aΦ∇aΦ∇bΦ∇bΦ+ 2∇aΦ∇bΦH ci

a Hbci +
1

4
HabiH j

ab Hcd
iHcdj

−1

4
HabiH j

ab H kℓ
i Hjkℓ −

1

6
HabiH cj

a H k
bc Hijk +

1

8
HabiH cj

a H d
b jHcdi +

1

24
HijkH ℓm

i H n
jℓ Hkmn

+3∇aΦ∇aΦ∇b
bΦ−∇abΦH ci

a Hbci −
3

2
∇ijΦHab

iHabj +
1

2
∇ijΦH kℓ

i Hjkℓ − 2∇a
aΦ∇b

bΦ

+2∇ijΦ∇ijΦ+ 2∇aΦ∇aΦR
bc

bc − 2∇aΦ∇bΦR c
a bc −Rab c

a H di
b Hcdi +RabijH k

ab Hijk

+2RabijH c
a iHbcj −

3

2
Rai j

a Hbc
iHbcj +

1

2
Rai j

a H kℓ
i Hjkℓ − 2∇a

aΦR
bc

bc + 4∇ijΦRa
iaj

−2Rab c
a R d

b cd +RabcdRabcd −RabijRabij + 2Rai j
a Rb

ibj + 4∇aΦH bi
a ∇cHbci − 2∇aH bi

a ∇cHbci

−1

2
∇aHbci∇aHbci −

1

6
∇aHijk∇aHijk

}
. (1.2)

3We are considering a single O-plane with no coincident D-branes, not even fractional D-branes. Most

of the subtleties of O-plane taxonomy (plus or minus, tilde or no tilde) will not be relevant here. The only

information we need to use is that there are no world-volume degrees of freedom and that the orientifold

projection acts on the bulk fields in the usual way as detailed in section 2.
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This is the main result of the current paper. We also point out an alternative formu-

lation in (6.7), related to (1.2) by a field redefinition, in which the dilaton only appears

through the factor of e−Φ. This result agrees with all previously known couplings.

The plan of the paper is as follows. In section 2, we classify all couplings which can

appear in our orientifold plane action. We proceed very carefully, making clear precisely

where we use field redefinitions, integrations by parts, or Bianchi identities. It is not really

necessary to spell out all of these details (and most of them are in fact relegated to ap-

pendix A), but we do so with an eye towards computerizing the task for related calculations

in future work. Section 3 explains the procedure outlined above in more technical detail.

Section 4 performs the computation for the warped product, with the horrible details ap-

pearing in appendix B, and section 5 and appendix C do the same for the twisted product.

The final results and the reformulation alluded to above appear in section 6.

2 Classifying allowed couplings

In its basic construction, an orientifold plane (Op-plane, in the case that the world-volume

is (p+1)-dimensional, or O-plane in general) in type II or bosonic string theory arises from

a Z2 quotient of the theory combining a worldsheet orientation reversal with an involution

on the spacetime manifold. The fixed point locus of the involution is called an orientifold

plane. Away from this locus, the quotient relates fields at two different points in spacetime,

and at the O-plane itself, the quotient acts as a projection on the fields which we will discuss

below. In its most elementary form, there are no perturbative degrees of freedom localized

at the O-plane.4 However, there will still be interactions in the spacetime effective theory

which are localized at the O-plane (as pointed out in [22]), and which can be captured

by an action which is an integral over the orientifold world-volume of a local Lagrangian,

constructed from bulk fields that have been pulled back to the world-volume.

In this section we would like to enumerate all the possible couplings that can appear

in this action up to four derivatives. We will demand consistency with general covariance,

gauge invariance (for the B-field), and the orientifold projection. We will take careful

account of all the relations between couplings arising from integrations by parts, Bianchi

identities, and field redefinitions, so that we arrive at a consistent linearly independent

basis of physical couplings.

2.1 Ingredients

In this paper we will focus only on the part of the action that has no R-R fields (since

T-duality acts linearly on R-R fields, it will not mix pieces of the action with different

numbers of R-R fields).5 We will also focus on the bosonic sector (again T-duality will not

mix purely bosonic couplings with couplings that involve fermions). As such we restrict to

4There are other flavors of Op-planes which do host open string degrees of freedom. These can often be

thought of (at least as a guide to our intuition) as combinations of Op-planes and (possibly fractional) Dp-

branes. But in this paper we shall focus on the simplest case with no localized fields living on the Op-plane.
5In work in preparation [23] we will repeat this exercise for terms with R-R fields.
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the NS-NS sector of type II, and the bulk fields consist only of the dilaton Φ, the metric

Gµν , and the NS-NS antisymmetric tensor Bµν . We could also consider our set-up to be in a

bosonic string context; the classification of couplings is the same. However, in that case the

bulk action gets corrected already at order α′, and we have not been careful to keep track of

the consequences of this in later sections, so we will focus primarily on type II superstrings.

To simplify our lives, we will work in local coordinates in which the involution is simply

reflection in the final D−p−1 coordinates which we denote xi, i = p+1, · · · , D−1 (D = 10

for type II, D = 26 if we want to consider O-planes in the bosonic string theory). This

means that the orientifold is located at the point xi = 0, and its world-volume can be

parameterized by the first p + 1 coordinates xa, a = 0, · · · , p. In these local coordinates,

the pull-backs of our bulk fields are simply given by restriction to xi = 0. We will use xµ,

µ = 0, · · · , D − 1, to denote the full set of D coordinates.

Under orientation reversal, Bµν changes sign, while Φ and Gµν are invariant. Com-

bining with the involution, it means that Φ, Gab, Gij , and Bai can be non-vanishing at

the O-plane, while Gai, Bab, and Bij are projected out. Furthermore, we can of course

have derivatives acting on these fields, and each normal derivative brings an extra minus

sign from the involution. Thus the rule is that Φ, Gab, Gij , and Bai can appear with

any number of derivatives along world-volume directions and an even number of normal

derivatives, while Gai, Bab, and Bij can have any number of world-volume derivatives and

must carry an odd number of normal derivatives (and in particular not zero).

Now in order to ensure invariance under B-field gauge transformations, δBµν =

2∂[µΛν], the B-field should only appear in the action via its field strength6 H = dB,

or Hµνρ = 3∂[µBνρ]. The rule for projection of H is then that Habi and Hijk can appear

with an even number of normal derivatives, while Habc and Haij require an odd number of

normal derivatives.

Similarly, consistency with general covariance requires that all derivatives be covariant

derivatives ∇a or ∇i, and that explicit derivatives of the metric only be packaged inside of

the bulk Riemann tensor. The projection means that Rabcd, Rabij , Raibj can appear with

even numbers of normal derivatives, while Rabci and Raijk require an odd number of normal

derivatives. Additionally, each covariantly constructed coupling should be integrated with

the proper world-volume measure
√−g, where g = det(Gab) is the determinant of the

pull-back of the bulk metric.

We also need to confront the fact that covariant derivatives do not commute, and

any commutator of covariant derivatives can be replaced by terms involving the Riemann

tensor. To eliminate this freedom, we will use the convention that whenever more than one

covariant derivative hits a field, we will only take the completely symmetrized combination

of derivatives. We will write this using a single nabla with multiple indices, so for example,

∇abiHcjk := ∇(a∇b∇i)Hcjk =
1

3
∇(a∇b)∇iHcjk+

1

3
∇(a∇|i|∇b)Hcjk+

1

3
∇i∇(a∇b)Hcjk, (2.1)

6One might imagine the possibility of Chern-Simons type terms, but such parity-odd terms are intrinsi-

cally dimension-dependent. Thus, by our assumption (discussed further in section 3) that the string frame

couplings are the same for all p, these terms are disallowed.
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or

∇a b
a bΦ :=

1

3
∇a∇a∇b∇bΦ +

1

3
∇a∇b∇a∇bΦ +

1

3
∇a∇b∇b∇aΦ. (2.2)

Finally, using basic symmetries (antisymmetry of Hµνρ, symmetrization of the

covariant derivatives discussed above, Rabcd = −Rabdc = Rcdab, and exchange of identical

fields) we will always order the indices lexicographically when possible. The first step in

our classification is then, at a fixed derivative order (where Φ counts zero, H counts one,

R counts two, and each extra ∇ counts one more), to list all possible scalars which can be

constructed using these ingredients. Clearly we can always include an arbitrary function

f(Φ) in front of our coupling, and apart from this we need only consider appearances of

Φ which have been hit by at least one derivative. Thus for each scalar we can build out of

∇Φ, H, R, and extra covariant derivatives, subject to the orientifold projections above, we

have a potential coupling whose coefficient is a function of Φ. At a given derivative order

there are a finite number of such couplings and we can think of them as forming a vector

space V . A candidate Lagrangian is specified by a vector of Φ-dependent coefficients in

this vector space (we will see below in section 3.2 that T-duality fixes every one of these

functions to be proportional to e−Φ, so we will only be dealing with constant vectors in

coupling space times this overall function of Φ).

2.2 Redundancies

Next we need to discuss the possible redundancies which reduce the number of physically

independent couplings. In other words, rather than the vector space V of couplings con-

structed in section 2.1, we are interested in the vector space U of physically independent

couplings, which will be given by a quotient U = V/K, where K is a subspace of V spanned

by combinations of couplings that are not physically relevant; i.e. which do not contribute

to physical amplitudes. These redundancies come from three sources: Bianchi identities,

total derivatives, and bulk equations of motion.

2.2.1 Bulk equations of motion

Our general perspective on the full spacetime effective theory is to consider the O-plane

action as being a small perturbation to the bulk action (probe limit). In that case, the

bulk equations of motion should be taken essentially as identities for the purpose of the

O-plane action, and any scalars that we can form by contracting those equations of motion

with combinations of other fields and derivatives will not be physically relevant couplings,

and hence will represent vectors in K. Another perspective on this is that we can really

imagine this action as a source of extra vertices for Feynman diagrams describing scattering

of bulk fields. Any vertices which are proportional to the lowest order equations of motion

will give vanishing contributions to the amplitude in exactly the same way as they would

for bulk vertices, even if the usual arguments regarding field redefinitions are no longer as

clean (since they would seem to require redefinitions which were localized on the O-plane).

Let us recall what the (string frame) equations of motion for the NS-NS fields in type II,

0 = R + 4∇µ
µΦ − 4∇µΦ∇µΦ − 1

12
HµνρHµνρ + · · · , (2.3)
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0 = Rµν + 2∇µνΦ − 1

4
H ρσ

µ Hνρσ + · · · , (2.4)

0 = ∇ρHµνρ − 2∇ρΦHµνρ + · · · . (2.5)

Here · · · represent terms involving the R-R fields, as well as higher derivative corrections

starting at order (α′)3.

There are many ways we could choose to eliminate this redundancy. For reasons that

we will discuss in section 3 below, our choice will be to eliminate any coupling in which

two normal indices are contracted within a single field (including the derivatives acting on

that field). In other words, we will use

∇i
iΦ = 2∇aΦ∇aΦ − 1

4
HabiHabi −

1

12
H ijkHijk −∇a

aΦ, (2.6)

R i
a bi =

1

2
H ci

a Hbci − 2∇abΦ −R c
a bc, (2.7)

R k
i jk =

1

4
Hab

iHabj +
1

4
H kℓ

i Hjkℓ − 2∇ijΦ −Ra
iaj , (2.8)

∇jHaij = −2∇bΦHabi + ∇bHabi. (2.9)

Note that we have made use of the projections to eliminate certain terms, and that we

have dropped the extra · · · terms from the equations of motion. Note also that, through

the use of Bianchi identities we can do something similar for any expression that involves

contraction of normal indices within a field. For example,

∇iRabci = −∇aR
i
b ci + ∇bR

i
a ci, (2.10)

and we can then rewrite the right hand side using the previous expressions.

2.2.2 Bianchi identities

Some combinations that don’t contribute come simply from Bianchi identities which might

have caused us to overcount the number of terms. For instance, from the definition of Hµνρ

in terms of Bµν , it follows that dH = 0, i.e. that

∇[µHνρσ] = 0. (2.11)

This means that although we might have, in a preliminary enumeration of terms, included

separately couplings

∇aHbci∇aHbci, ∇aHbci∇bHaci, and ∇aHbci∇iHabc, (2.12)

the Bianchi identity means that the combination

4∇aHbci∇[aHbci] = ∇aHbci∇aHbci − 2∇aHbci∇bHaci −∇aHbci∇iHabc, (2.13)

vanishes and hence sits in K.

Similar considerations apply to the two types of Bianchi identity obeyed by the

Riemann tensor,

R[µνρ]σ = 0, and ∇[µRνρ]στ = 0. (2.14)

– 8 –
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Any of these three Bianchi identities (∇H, R, and ∇R) can be contracted with other fields

or derivatives, including potentially derivatives acting on the Bianchi identity itself (for

example Habi∇c∇[aHbci] = 0) to get a scalar, and the resulting combinations of couplings

will all be vectors in K.

2.2.3 Total derivatives

Similarly, any combinations of couplings which is a total divergence on the world-volume

will correspond to a vector in K. In other words, any combination of couplings that can

be written in the form

∂a
(√−gχa

)
=

√−g∇aχ
a, (2.15)

for any vector χa constructed from the fields and derivatives will be in the subspace K.

We will follow the strategy of eliminating the couplings described in 2.2.1 by hand,

and we will use V to refer only to the space of remaining couplings. Then the subspace K

will be given by the span of all vectors arising from Bianchi identities and total derivatives.

As an example, if we are considering only two derivative couplings, then we would

need to find all possible combinations of fields with one free world-volume index, and

which is first order in derivatives. Since the Riemann tensor starts at second order in

derivatives, and since there is no way to contract the indices of an H-field appropriately,

the only possibility is

χa = f(Φ)∇aΦ, (2.16)

where f(Φ) is an arbitrary function of Φ.

2.3 Lexicography

To facilitate comparisons, it will be necessary to have an explicit ordering, to ensure that

we always write terms and expressions in the same way. To this end, we will make use of

the following rules that give an unambiguous (though certainly not canonical) ordering of

the couplings which we can construct.

Couplings7 (i.e. vectors in V ) are built from linear combinations of monomials, which

in turn are made up of a product of fields and derivatives, which we call letters, subject to

the orientifold projections, and whose indices are completely contracted to make a scalar.

To order these monomials, we first put an order on the letters. We order them first by

derivative order, and at a given derivative order we list Φ first, then R, then H. In other

words, the ordered list of possible letters is

∇Φ, H,∇2Φ, R,∇H,∇3Φ,∇R,∇2H, · · · ,∇nΦ,∇n−2R,∇n−1H,∇n+1Φ, · · · . (2.17)

This ordering corresponds roughly to the complexity of the resulting expressions that

come when we reduce in a circle bundle background. For aesthetic reasons, within a

monomial we will write all the Φ letters first, in increasing derivative order, then all the

R letters, then all the H letters.

7In this section and almost all the rest of the paper, except where noted, we have already used the bulk

equations of motion to remove any couplings in which two normal indices are contracted within a single

field and its derivatives.
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Now to compare two different monomials, we will first compare their largest letters. If

one has a letter that is larger than the other, then it will appear later in our list. In case of

a tie, we proceed to compare the next largest letters, and so on. Thus, schematically (i.e.

before worrying about possible distributions of indices and contractions), the full ordered

list of two derivative monomials is

(∇Φ)2 , H2,∇2Φ, R. (2.18)

At four derivatives, the analogous ordered list is

(∇Φ)4 , (∇Φ)2H2, H4, (∇Φ)2∇2Φ,∇2ΦH2,
(
∇2Φ

)2
, (∇Φ)2R,RH2,∇2ΦR,R2,

∇ΦH∇H, (∇H)2 ,∇Φ∇3Φ,∇Φ∇R,H∇2H,∇4Φ,∇2R. (2.19)

Next we must turn to the distribution of indices. We first write down all the possible

assignments of world-volume and normal indices which is consistent with the orientifold

projection.

For example, consider terms which are schematically ∇2ΦH2. Using A to represent

a world-volume index and I to represent a normal index, the possibilities consistent with

the projection are

∇AAΦHAAIHAAI ,∇AAΦHAAIHIII ,∇AAΦHIIIHIII ,

∇IIΦHAAIHAAI ,∇IIΦHAAIHIII ,∇IIΦHIIIHIII . (2.20)

Take the first case, ∇AAΦHAAIHAAI . We have three pairs of world-volume indices and

one pair of normal indices. Without taking account of symmetries, there are fifteen ways of

doing the world-volume contractions and one way of doing the normal index contraction:

∇a
aΦHb i

b Hc
ci, ∇a

aΦHbciHbci, ∇a
aΦHbciHcbi, ∇abΦH i

ab Hc
ci, ∇abΦH ci

a Hbci,

∇abΦH ci
a Hcbi, ∇abΦH i

ba Hc
ci, ∇abΦH ci

b Haci, ∇abΦH ci
b Hcai, ∇abΦHc i

a Hbci,

∇abΦHc i
a Hcbi, ∇abΦHc i

b Haci, ∇abΦHc i
b Hcai, ∇abΦHc i

c Habi, ∇abΦHc i
c Hbai. (2.21)

Now we take symmetries into account, namely that the indices of H are all antisymmetric

and the covariant derivatives acting on Φ are symmetric. We can also use the fact that in-

terchanging the two H’s is a symmetric operation as well. For each term, we can look at all

of its images under these symmetries, relabeling the dummy indices into lexicographic or-

der. In some cases, the starting term will appear again among the images, but with a minus

sign from antisymmetry, thus indicating that the term is in fact zero. For instance, in the

list above, this eliminates the first, fourth, seventh, fourteenth, and fifteenth terms. The

remaining terms will fall into orbits of the symmetry group. In the list above, there are two

such orbits - one of order two comprising the second and third terms, and another of order

eight comprising the remaining ones (fifth, sixth, eighth, ninth, tenth, eleventh, twelfth, and

thirteenth). From each orbit we will select the representative with the lexicographically ear-

liest distribution of indices, read from left to right. So in the case at hand, we would select

∇a
aΦHbciHbci, and ∇abΦH ci

a Hbci. (2.22)
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Repeating that exercise for the other possibilities in (2.20), we extract nothing from

the second and fifth entries on the list, while from the others we find one orbit each,

selecting terms

∇a
aΦH ijkHijk, ∇ijΦHab

iHabj , ∇ijΦH kℓ
i Hjkℓ. (2.23)

Note that we remove by hand possibilities such as

∇i
iΦHabjHabj , (2.24)

that include contractions of normal indices within a field. The five surviving terms, again

in the order corresponding to lexicographic distribution of indices, are the ones which

appear in the list in appendix A. By repeating this with each of the structures in (2.19),

we generate the full list of terms in the appendix.

2.4 List

For two derivative terms, the possible terms we can write down are

∇aΦ∇aΦ, HabiHabi, H ijkHijk, ∇a
aΦ, Rab

ab. (2.25)

There are no Bianchi identities to worry about in this case (they all start at least at two

derivatives and are not scalars), but there is one term which can be removed by integration

by parts, since

∇a (∇aΦ) = ∇a
aΦ. (2.26)

So the space of physical couplings at two derivatives consists of four terms, each of which

can have an arbitrary function of Φ,

S2=

∫
dp+1x

√−g
[
f1(Φ)∇aΦ∇aΦ+f2(Φ)HabiHabi+f3(Φ)H ijkHijk+f4(Φ)Rab

ab

]
. (2.27)

In appendix A we repeat this exercise for the four derivative action. Instead of four

physical couplings, we find after eliminating redundancies due to Bianchi identities and

total derivatives, forty-eight couplings,

• f1(Φ)∇aΦ∇aΦ∇bΦ∇bΦ,

• f2(Φ)∇aΦ∇aΦHbciHbci, f3(Φ)∇aΦ∇aΦH ijkHijk, f4(Φ)∇aΦ∇bΦH ci
a Hbci,

• f5(Φ)HabiHabiH
cdjHcdj , f6(Φ)HabiHabiH

jkℓHjkℓ, f7(Φ)HabiH j
ab Hcd

iHcdj ,

f8(Φ)HabiH j
ab H kℓ

i Hjkℓ, f9(Φ)HabiH c
a iH

dj
b Hcdj , f10(Φ)HabiH cj

a H k
bc Hijk,

f11(Φ)HabiH cj
a H d

b jHcdi, f12(Φ)H ijkHijkH
ℓmnHℓmn, f13(Φ)H ijkH ℓ

ij H mn
k Hℓmn,

f14(Φ)H ijkH ℓm
i H n

jℓ Hkmn,

• f15(Φ)∇aΦ∇aΦ∇b
bΦ,

• f16(Φ)∇a
aΦHbciHbci, f17(Φ)∇a

aΦH ijkHijk, f18(Φ)∇abΦH ci
a Hbci,

f19(Φ)∇ijΦHab
iHabj , f20(Φ)∇ijΦH kℓ

i Hjkℓ,

• f21(Φ)∇a
aΦ∇b

bΦ, f22(Φ)∇ijΦ∇ijΦ,
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• f23(Φ)∇aΦ∇aΦRbc
bc, f24(Φ)∇aΦ∇bΦR c

a bc,

• f25(Φ)Rab
abH

cdiHcdi, f26(Φ)Rab
abH

ijkHijk, f27(Φ)Rab c
a H di

b Hcdi,

f28(Φ)RabcdH i
ab Hcdi, f29(Φ)RabijH k

ab Hijk, f30(Φ)RabijH c
a iHbcj ,

f31(Φ)Rai j
a Hbc

iHbcj , f32(Φ)Rai j
a H kℓ

i Hjkℓ, f33(Φ)RaibjH c
a iHbcj ,

f34(Φ)RijkℓH m
ij Hkℓm,

• f35(Φ)∇a
aΦRbc

bc, f36(Φ)∇ijΦRa
iaj ,

• f37(Φ)Rab
abR

cd
cd, f38(Φ)Rab c

a R d
b cd, f39(Φ)RabcdRabcd, f40(Φ)RabijRabij ,

f41(Φ)Rai j
a Rb

ibj , f42(Φ)RaibjRaibj , f43(Φ)RijkℓRijkℓ,

• f44(Φ)∇aΦH bi
a ∇cHbci,

• f45(Φ)∇aH bi
a ∇cHbci, f46(Φ)∇aHbci∇aHbci, f47(Φ)∇aH ijk∇aHijk,

f48(Φ)∇iHajk∇iHajk.

3 Strategy

T-duality can be characterized in many different ways in string theory, either from a

world-sheet perspective or a target space perspective. In this paper, we emphasize the

latter point of view. For our purposes, T-duality is a process which takes as input a

solution to the low-energy effective theory of string theory which admits a U(1) isometry,

and generates a new solution which also admits a U(1) isometry. The mapping between

the two solutions is provided by the Buscher rules [24].

Equivalently, in the presence of a U(1) isometry, we can dimensionally reduce the low

energy theory to obtain a new theory in one fewer dimension. Then T-duality, as encoded

by the Buscher rules, should act as a symmetry of this reduced theory.

If we were trying to constrain the higher derivative corrections to the bulk action,

this describes precisely how we could proceed. First, we would parameterize all of the

possible physically independent couplings which could arise. Then we would then make

an assumption of a U(1) isometry and we would dimensionally reduce our theory; the

couplings parameterizing the corrections to the higher dimensional theory would map into

couplings of the reduced theory. Finally, we would demand that the reduced theory is

symmetric under application of T-duality, thus constraining the couplings. One might

be concerned that the Buscher rules themselves get corrections at a given order in the

derivative expansion, but at leading order, such corrections won’t matter; the extra terms

that would result would always be proportional to the leading order equations of motion,

and hence will not affect the space of physical couplings. At higher orders this will no

longer be true, and modifications to the Buscher rules may become important.

In the presence of localized sources such as D-branes or O-planes, the story changes

somewhat. We will focus on the case of O-planes, leaving the analysis with D-branes for

future work. We will be working in the probe limit, in which we are given a bulk solution

that admits an orientifold involution, and we wish to know the form of the action localized

at the resulting orientifold plane, without worrying about any backreaction effects. Now,
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if the bulk solution also admits a U(1) isometry, then we can apply T-duality. If the

orientifold involution acts as a reflection on the isometry direction (so that the O-plane

is localized on the T-duality circle), then T-duality will generate a solution in which the

isometry direction is invariant under the orientifold involution (so that the O-plane wraps

the circle), and vice versa. Thus an Op-plane wrapping the circle gets mapped to an

O(p− 1)-plane transverse to the circle.

A key assumption that we will be making is that the string frame action localized to

the orientifold plane is independent of the dimension p of the Op-plane. Though this seems

like a strong assumption, it holds for all known couplings, both leading order and higher

derivative.8 We shall also see that the current work provides a solid test of this assumption,

since the couplings we will derive will pass several consistency checks.

Given this assumption, we can imagine performing the following procedure. We

first enumerate and parameterize all the possible physical couplings which could correct

the O-plane action at a given order. Then, making an ansatz of an isometry along the

O-plane world-volume, we can dimensionally reduce to get a new action in terms of our

parameters. On the other hand, we can make an ansatz of a bulk isometry transverse to

the O-plane and again perform a dimensional reduction. The Buscher rules should then

map one reduced action into the other. Since both actions are written in terms of the

same parameters, this will constrain the possible couplings.

Though straight-forward in principle, this procedure can be difficult to implement in

practice. The first hurdle is in enumerating the possible couplings, but we have actually

accomplished that for the NS-NS sector of O-plane actions already in section 2. Our lives

were simplified by the fact that the leading corrections appear already at four-derivative

order (contrast this with the corrections to the type II bulk actions, which do not arise

until eight derivatives), and by the fact that the orientifold projection effectively halves the

number of allowed fields. The second source of difficulty comes from implementing the di-

mensional reduction for a general background with U(1) isometry. In particular, if the base

of the circle fibration is curved, then one has to be very careful with commuting covariant

derivatives in the reduced theory, which makes comparing terms potentially quite tedious.

To elide the second difficulty, we will follow a slightly lazier procedure. Rather than

reduce the theory in the most general background admitting an isometry, we will reduce

the action in various simplified backgrounds. In each case we will get a set of constraints

on our parameters that will not be the most general constraints, but by combining this

procedure on different backgrounds, we will find that the constraints are, in fact, sufficient

to reduce the allowed corrections to a single parameter (which can be thought of as α′).

A key point regarding this strategy is that it was essential that we chose to use the

bulk equations of motion in such a way that cleanly divided the space of possible couplings

in two, and that in particular, the subspace of physically irrelevant couplings generated

by total derivatives and Bianchi identities did not mix these two sets of couplings. This

means that in the reduced theory we again only have to worry about total derivatives and

8Note, however, that it does not hold for couplings written in Einstein frame. For example, in Einstein

frame the leading order dilaton couplings on D-branes or O-planes are all proportional to (p−3), and hence

the dilaton decouples from the action on a D3-brane or O3-plane, but this is not true in string frame.

– 13 –



J
H
E
P
0
5
(
2
0
1
4
)
0
7
2

Bianchi identities, and not about equations of motion. If we had to include the latter, we

would lose a lot of information, since in our simplified backgrounds, solving the equations

of motion is very restrictive (for instance there are essentially no non-trivial solutions of

the Einstein equation for a warped product of a circle and flat space).

3.1 Generalities

A general background with a U(1) isometry can always be put into the following form,9

gMN =

(
ĝµν + eϕaµaν eϕaν

eϕaµ eϕ

)
, gMN =

(
ĝµν −aν

−aµ e−ϕ + aρaρ

)
. (3.1)

Bµν = B̂µν −
1

2
aµbν +

1

2
aνbµ, Bµy = bµ, (3.2)

where we have split our space into a circle parameterized by y fibered over a base with

coordinates xµ. In other words, our nine-dimensional fields are encoded by a base metric

ĝµν , a base B-field Bµν , two vectors aµ and bµ, and two scalars Φ and ϕ. Note that µ and

ν indices are raised and lowered using ĝµν . The isometry means that nothing depends on

the coordinate y, only on the base coordinates xµ.

By restricting to ten-dimensional diffeomorphisms and B-field gauge transformations

that preserve our isometry (i.e. the gauge parameters are independent of y), we generate

diffeomorphisms and B-field transfomations of ĝ and B̂ on the base, as well as gauge

transformations of the vectors aµ and bµ (generated by ten-dimensional diffeomorphisms

ξy(xµ) and B-field gauge parameters Λy(xµ) respectively). Any covariant scalar couplings

of the ten-dimension fields, when written in terms of the base fields, must be invariant

under these gauge transformations, so should only depend on the field strengths

fµν = 2∂[µaν], f̃µν = 2∂[µbν]. (3.3)

Note however that the field B̂µν , as well as its naive field strength Ĥ = dB̂, are not

invariant under these gauge transformations. For the B-field potential, this is simply an

unavoidable tradeoff; the decomposition of BMN which has nice behavior under T-duality

is not invariant under these gauge transformations. For the field strength, however, there

is a fix. We can define

H̃µνρ = 3∂[µB̂νρ] −
3

2
a[µf̃νρ] −

3

2
b[µfνρ], (3.4)

or

Hµνρ = H̃µνρ + 3a[µf̃νρ], Hµνy = f̃µν . (3.5)

With this definition, H̃ is invariant under gauge transformations of bµ, as well as gauge

transformations of B̂µν . It is also invariant under gauge transformations of aµ, since under

a ten-dimensional diffeomorphism generated by ξy(x), we have

H̃µνρ = Hµνρ − 3a[µHνρ]y →
(
Hµνρ + 3∂[µξ

yHνρ]y

)
− 3

(
a[µ + ∂[µξ

y
)
Hνρ]y = H̃µνρ. (3.6)

9In this section, capital letters M , N represent ten-dimensional indices, while µ and ν represent the

nine-dimensional base of the circle fibration, which will in turn be separated into a, b, etc. for indices

parallel to the O-plane, and i, j, etc. for indices perpendicular to the O-plane. The isometry direction is

always denoted by y.
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Under T-duality then, the Buscher rules leave ĝ, B̂, and H̃ invariant, and the other

fields transform as

aµ ↔ bµ, ϕ → −ϕ, Φ → Φ − 1

2
ϕ. (3.7)

The price we pay for having a field strength H̃ which is both gauge invariant and behaves

nicely under T-duality, is that it now has a non-trivial Bianchi identity10

∇̂[µH̃νρσ] = −3

2
f[µν f̃ρσ]. (3.8)

Now, for reference, we list all the reductions we need from ten-dimensional expressions

to expressions on the base, though in practice we will make simplifying assumptions about

the base geometry that will lead to simpler expressions than those listed below.

∇µΦ = ∇̂µΦ,

∇yΦ = 0. (3.9)

∇µνΦ = ∇̂µνΦ +
1

2
eϕ
[
∇̂ρΦ∇̂ρϕaµaν − 2∇̂ρΦ a(µfν)ρ

]
,

∇µyΦ =
1

2
eϕ
[
∇̂νΦ∇̂νϕaµ − ∇̂νΦfµν

]
, (3.10)

∇yyΦ =
1

2
eϕ∇̂µΦ∇̂µϕ.

Rµνρσ = R̂µνρσ +
1

2
eϕ
[
−∇̂[µϕ∇̂|ρ|ϕaν]aσ + ∇̂[µϕ∇̂|σ|ϕaν]aρ − 2∇̂[µϕaν]fρσ

−∇̂[µϕa|ρ|fν]σ + ∇̂[µϕa|σ|fν]ρ + ∇̂ρϕa[µfν]σ − ∇̂ρϕaσfµν − ∇̂σϕa[µfν]ρ

+∇̂σϕaρfµν − fµνfρσ − f[µ|ρ|fν]σ − 2∇̂[µ|ρ|ϕaν]aσ + 2∇̂[µ|σ|ϕaν]aρ

+2a[µ∇̂ν]fρσ + aρ∇̂σfµν − aσ∇̂ρfµν

]
+

1

2
e2ϕ
[
a[µa|ρ|f

τ
ν] fστ − a[µa|σ|f

τ
ν] fρτ

]
,

Rµνρy =
1

2
eϕ
[
−∇̂[µϕ∇̂|ρ|ϕaν] + ∇̂[µϕfν]ρ − ∇̂ρϕfµν − 2∇̂[µ|ρ|ϕaν] − ∇̂ρfµν

]

−1

2
e2ϕa[µf

σ
ν] fρσ, (3.11)

Rµyνy =
1

4
eϕ
[
−∇̂µϕ∇̂νϕ− 2∇̂µνϕ

]
+

1

4
e2ϕf ρ

µ fνρ.

Hµνρ = H̃µνρ + 3a[µf̃νρ],

10This modified field strength and its modified Bianchi identity arise here simply for convenience and

nice transformation properties, and are unrelated to issues of whether particular forms are defined globally

or only locally, which are often central to the appearances of other modified Bianchi identities in string

theory. However, we cannot resist pointing out how something like (3.8) is compatible with the familiar

example of the heterotic string. If we were to study heterotic theory reduced on a circle, the T-duality

group would be SO(1, 17;Z). In the reduced nine-dimensional theory, similar considerations to the ones

above would lead us to a H̃ that contained also a term proportional to Tr(A ∧ F ), needed since T-duality

can mix the vectors aµ and bµ with the gauge vectors AI
µ. The modified Bianchi identity would then

include the familiar Tr(F 2) heterotic contribution. For heterotic, we know that the appropriate globally

defined field strength has another α′ corrected piece in its Bianchi identity, proportional to Tr(R2). We

suspect that in the heterotic case, where the bulk action, and hence the Buscher rules themselves can get

corrections at order α′, we would find that the most convenient form of the field strength would involve a

further modification to include such a term.
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Hµνy = f̃µν . (3.12)

∇µHνρσ = −3

2
∇̂µϕa[ν f̃ρσ] −

3

2
∇̂[νϕa|µ|f̃ρσ] +

3

2
fµ[ν f̃ρσ] + 3a[ν∇̂|µ|f̃ρσ] + ∇̂µH̃νρσ

+
3

2
eϕ
[
2aµa[νf

τ
ρ f̃σ]τ + ∇̂τϕaµa[νH̃ρσ]τ − aµf

τ
[ν H̃ρσ]τ − a[νf

τ
|µ| H̃ρσ]τ

]
,

∇µHνρy = −1

2
∇̂µϕf̃νρ + ∇̂µf̃νρ +

1

2
eϕ
[
2aµf

σ
[ν f̃ρ]σ + ∇̂σϕaµH̃νρσ − f σ

µ H̃νρσ

]
,

∇yHµνρ = −3

2
∇̂[µϕf̃νρ] +

3

2
eϕ
[
2a[µf

σ
ν f̃ρ]σ + ∇̂σϕa[µH̃νρ]σ − f σ

[µ H̃νρ]σ

]
, (3.13)

∇yHµνy =
1

2
eϕ
[
2f ρ

[µ f̃ν]ρ + ∇̂ρϕH̃µνρ

]
.

Finally, we must identify how these reduced fields behave under the orientifold

projection. These follow easily from the behavior of the ten-dimensional fields. For ∇̂nΦ,

∇̂nϕ, and ∇̂nR̂, we must have an even number of normal indices to survive the projection,

while ∇̂nH̃ must have an odd number of normal indices. For the pair of vectors, there

are two cases; either the involution acts on the circle fiber, or it leaves it invariant. In the

former case the O-plane is transverse to the circle, and ∇̂nf should have an odd number

of normal indices, while ∇̂nf̃ should have an even number. In the latter case, with the

O-plane parallel to the circle direction, it is reversed - ∇̂nf should have an even number

of normal indices, while ∇̂nf̃ should have an odd number.

3.2 Trivial product

As our first example of a simplified background to consider, we will take the case of a

product space B × S1, where the S1 is constant radius (ϕ is constant). We allow an

arbitrary metric ĝ and B-field B̂ on B, and a dilaton which depends on the coordinates xµ

of B, but we allow no cross-terms in the metric or B-field (so aµ = bµ = 0).

For this background, the reduction of the couplings is very simple - we just replace

each R by R̂, each ∇ by ∇̂, and each H by H̃. The general coupling can be put in the form

√−gf(Φ)L[∇Φ, R,H,∇]. (3.14)

In the case that the O-plane wraps the circle fiber, this reduces to the following coupling

on the base,

√−gf(Φ)L[∇Φ, R,H,∇] =‖

√
−ĝe

1
2
ϕf(Φ)L[∇̂Φ, R̂, H̃, ∇̂], (3.15)

while for the case that the circle fiber is normal to the O-plane we have

√−gf(Φ)L[∇Φ, R,H,∇] =⊥

√
−ĝf(Φ)L[∇̂Φ, R̂, H̃, ∇̂]. (3.16)

Finally, under T-duality, the latter couplings map as

√
−ĝf(Φ)L[∇̂Φ, R̂, H̃, ∇̂] −→

√
−ĝf

(
Φ − 1

2
ϕ

)
L[∇̂Φ, R̂, H̃, ∇̂]. (3.17)

Comparing (3.17) with (3.15), we conclude that T-duality requires

e
1
2
ϕf(Φ) = f

(
Φ − 1

2
ϕ

)
. (3.18)
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Since this should hold for all Φ and constant ϕ, we conclude that

f(Φ) = ce−Φ, (3.19)

for some constant c.

There are of course other means we could have used to fix the dilaton dependence of

these couplings, but it is somewhat gratifying to see that it in our formalism it follows

simply from consistency with T-duality, without adding any extra assumptions. In the rest

of the paper, we will assume that the coupling functions f(Φ) all have this form.

4 Warped product

The next class of backgrounds we will consider are warped products of flat space with a

circle. We take gµν = ηµν , gµy = 0, gyy = eϕ, Bµy = 0, and Bµν , Φ, and ϕ are arbitrary

functions of the base coordinates xµ. The only nonvanishing Christoffel symbols for this

metric are

Γµ
yy = −1

2
eϕ∂µϕ, Γy

µy =
1

2
∂µϕ, (4.1)

and this gives us the following expressions

∇µΦ=∂µΦ, ∇yΦ=0, ∇µνΦ=∂µνΦ, ∇µyΦ=0, ∇yyΦ=
1

2
eϕ∂µΦ∂µϕ, (4.2)

Rµνρσ =0, Rµνρy =0, Rµyνy =
1

4
eϕ [−∂µϕ∂νϕ− 2∂µνϕ] , (4.3)

∇µHνρσ =∂µHνρσ, ∇µHνρy =0, ∇yHµνρ=0, ∇yHµνy =
1

2
eϕ∂ρϕHµνρ. (4.4)

Of course, when pulled back to the orientifold-plane we need to impose various projections

on the fields as well. Note that in the absence of aµ and bµ there is no distinction between

Hµνρ and H̃µνρ, so we use the former to save on tildes.

For each coupling, we want to reduce in the case that the circle is parallel to the O-

plane and in the case that the circle is perpendicular to the O-plane, and in the latter case

we also want to apply T-duality, using the Buscher rules

ϕ → −ϕ, Φ → Φ − 1

2
ϕ. (4.5)

Let’s illustrate this in the case of our four two-derivative couplings.

c1
√−ge−Φ∇aΦ∇aΦ =‖ c1e

−Φ+ 1
2
ϕ∂aΦ∂aΦ

=⊥ c1e
−Φ∂aΦ∂aΦ

→ c1
4
e−Φ+ 1

2
ϕ [4∂aΦ∂aΦ − 4∂aΦ∂aϕ + ∂aϕ∂aϕ] ,

c2
√−ge−ΦHabiHabi =‖ c2e

−Φ+ 1
2
ϕHabiHabi

=⊥ c2e
−ΦHabiHabi

→ c2e
−Φ+ 1

2
ϕHabiHabi,

c3
√−ge−ΦH ijkHijk =‖ c3e

−Φ+ 1
2
ϕH ijkHijk

– 17 –



J
H
E
P
0
5
(
2
0
1
4
)
0
7
2

=⊥ c3e
−ΦH ijkHijk

→ c3e
−Φ+ϕH ijkHijk,

and

c4
√−ge−ΦRab

ab =‖
c4
2
e−Φ+ 1

2
ϕ [−∂aϕ∂aϕ− 2∂a

aϕ]

=⊥ 0

→ 0.

The corresponding computations for the forty-eight four-derivative couplings are presented

in appendix B. In either case, the parallel reduction must be equal to the T-dual of

the perpendicular reduction, up to terms that re total derivatives or are proportional to

Bianchi identities.

Among the reduced fields Φ, ϕ, and H, the only Bianchi identity we have is

∂[µHνρσ] = 0. (4.6)

Since this is already two-derivative order, there’s no way to get a two derivative coupling

by contracting this with other fields. For four derivative couplings, there are ten possible

couplings which are enumerated in appendix B.

At two derivative order, the only total derivatives constructed using the reduced fields

are

y1∂
a
(
e−Φ+ 1

2
ϕ∂aΦ

)
=

y1
2
e−Φ+ 1

2
ϕ [−2∂aΦ∂aΦ + ∂aΦ∂aϕ + 2∂a

aΦ] ,

and

y2∂
a
(
e−Φ+ 1

2
ϕ∂aϕ

)
=

y2
2
e−Φ+ 1

2
ϕ [−2∂aΦ∂aϕ + ∂aϕ∂aϕ + 2∂a

aϕ] . (4.7)

At four derivatives there are twenty-eight couplings, listed in appendix B.

Thus, subtracting the T-dual of the perpendicular couplings from the parallel cou-

plings, and adding in an arbitrary multiple of the total derivatives, we find at two derivatives

0 = e−Φ+ 1
2
ϕ

{
−y1∂

aΦ∂aΦ +
1

2
(2c1 + y1 − 2y2) ∂

aΦ∂aϕ +
1

4
(−c1 − 2c4 + 2y2) ∂

aϕ∂aϕ

+ y1∂
a
aΦ + (−c4 + y2) ∂

a
aϕ

}
. (4.8)

This gives five linear equations for the ci and yi. In this case the only solution is that

c1 = c4 = y1 = y2 = 0. The H2 couplings c2 and c3 do not appear in this system, and

remain unconstrained.

The same procedure is carried out for the four-derivative couplings in appendix B. The

resulting system leaves twenty-four of our forty-eight couplings unconstrained (ten of these

are the H4 couplings), fixing the remaining twenty-four in terms of them. The end result is

L =

∫
dp+1x

√
−ge−2Φ

{
c1

[
∇aΦ∇aΦ∇bΦ∇bΦ− 3∇aΦ∇aΦ∇b

bΦ+ 2∇a
aΦ∇b

bΦ

−2∇ijΦ∇ijΦ− 2∇aΦ∇aΦR
bc

bc + 2∇aΦ∇bΦR c
a bc + 2∇a

aΦR
bc

bc − 4∇ijΦRa
iaj + 2Rab c

a R d
b cd
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−RabcdRabcd − 2Rai j
a Rb

ibj

]
+ c4

[
∇aΦ∇bΦH ci

a Hbci + 2∇aΦH bi
a ∇cHbci −∇aH bi

a ∇cHbci

]

+c18

[
∇abΦH ci

a Hbci +Rab c
a H di

b Hcdi −
1

2
∇iHajk∇iHajk

]

+c19
[
∇ijΦHab

iHabj +Rai j
a Hbc

iHbcj

]
+ c20

[
∇ijΦH kℓ

i Hjkℓ +Rai j
a H kℓ

i Hjkℓ

]

+c28R
abcdH i

ab Hcdi + c29R
abijH k

ab Hijk + c30R
abijH c

a iHbcj + c33R
aibjH c

a iHbcj

+c34R
ijkℓH m

ij Hkℓm + c37
[
Rab

abR
cd

cd − 4Rab c
a R d

b cd +RabcdRabcd

]
+ c40R

abijRabij

+c46
[
∇aHbci∇aHbci +∇iHajk∇iHajk

]
+ c47∇aHijk∇aHijk + (H4)

}
. (4.9)

We note with satisfaction that the R2 and (∇H)2 terms are consistent with known

results [18, 25] (we would require c37 = 0 and c40 = c1 to match the R2 terms, and

c4 = −2c1, c18 = 0, c46 = c1/2, and c47 = c1/6 to match the (∇H)2 terms11), but many

other coefficients have now been fixed. It is interesting to also note that c37 multiplies the

Gauss-Bonnet combination for the pulled back metric gab, which can be argued to vanish

(in our basis of couplings), but which can not be checked directly by two-point amplitudes.

To fix more coefficients, we need to consider a different class of backgrounds.

5 Twisted product

In the twisted product, we set gµν = ηµν + eϕaµaν , gµy = eϕaµ, gyy = eϕ, Bµν = B̂µν −
1
2aµbν + 1

2aνbµ, and Bµy = bµ, with ϕ and Φ constant, and with aµ and bµ being arbitrary

functions of the base coordinates xµ. We define field strengths

fµν = 2∂[µaν], f̃µν = 2∂[µbν]. (5.1)

As described in section 3.1, it is also useful to define

H̃µνρ = Hµνρ − 3a[µf̃νρ] = 3∂[µB̂νρ] −
3

2
f[µνbρ] −

3

2
a[µf̃νρ]. (5.2)

The Buscher rules will act by

ϕ → −ϕ, Φ → Φ − 1

2
ϕ, aµ ↔ bµ, fµν ↔ f̃µν , (5.3)

and H̃µνρ is invariant.

The Christoffel symbols are given by

Γρ
µν =

1

2
eϕ
(
aµf

ρ
ν + aνf

ρ
µ

)
, Γρ

µy =
1

2
eϕf ρ

µ , Γρ
yy = 0, (5.4)

Γy
µν =

1

2
(∂µaν+∂νaµ)− 1

2
eϕ (aµa

ρfνρ+aνa
ρfµρ) , Γy

µy =−1

2
eϕaνfµν , Γy

yy = 0.

11To carry out the match with [18], we need to rewrite the coupling ∇iHabc∇iHabc in our basis, using

the null vectors from appendix A,
∫ √

−ge−Φ∇iHabc∇iHabc=

∫ √
−ge−Φ

[
3∇aHbci∇aHbci+6∇aH bi

a ∇cHbci+
(
RH2)+(∇ΦH∇H)

]
. (4.10)
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This gives

Rµνρσ =
1

2
eϕ
[
2a[µ∂ν]fρσ + aρ∂σfµν − aσ∂ρfµν − fµνfρσ − f[µ|ρ|fν]σ

]
(5.5)

+
1

2
e2ϕ
[
a[µa|ρ|f

τ
ν] fστ − a[µa|σ|f

τ
ν] fρτ

]
,

Rµνρy = −1

2
eϕ∂ρfµν −

1

2
e2ϕa[µf

σ
ν] fρσ, Rµyνy =

1

4
e2ϕf ρ

µ fνρ, (5.6)

Hνρσ = H̃µνρ + 3a[µf̃νρ], Hµνy = f̃µν , (5.7)

∇µHνρσ =
3

2
fµ[ν f̃ρσ] + 3a[ν∂|µ|f̃ρσ] + ∂µH̃νρσ (5.8)

+
3

2
eϕ
[
2aµa[νf

τ
ρ f̃σ]τ − aµf

τ
[ν H̃ρσ]τ − a[νf

τ
|µ| H̃ρσ]τ

]
,

∇µHνρy = ∂µf̃νρ +
1

2
eϕ
[
2aµf

σ
[ν f̃ρ]σ − f σ

µ H̃νρσ

]
, (5.9)

∇yHµνρ =
3

2
eϕ
[
2a[µf

σ
ν f̃ρ]σ − f σ

[µ H̃νρ]σ

]
, ∇yHµνy = eϕf ρ

[µ f̃ν]ρ.

Again, we will illustrate the procedure with the two-derivative couplings.

c1
√−ge−Φ∇aΦ∇aΦ =‖ 0

=⊥ 0

→ 0,

c2
√−ge−ΦHabiHabi =‖ c2e

−Φ+ 1
2
ϕ
[
H̃abiH̃abi + 2e−ϕf̃aif̃ai

]

=⊥ c2e
−Φ
[
H̃abiH̃abi + e−ϕf̃abf̃ab

]

→ c2e
−Φ+ 1

2
ϕ
[
H̃abiH̃abi + eϕfabfab

]
,

c3
√−ge−ΦH ijkHijk =‖ c3e

−Φ+ 1
2
ϕH̃ ijkH̃ijk

=⊥ c3e
−Φ
[
H̃ ijkH̃ijk + 3e−ϕf̃ ij f̃ij

]

→ c3e
−Φ+ 1

2
ϕ
[
H̃ ijkH̃ijk + 3eϕf ijfij

]
,

c4
√−ge−ΦRab

ab =‖ c4e
−Φ+ 1

2
ϕ

[
−1

4
eϕfabfab

]

=⊥ 0

→ 0.

The corresponding computations for the four-derivative couplings are presented in ap-

pendix C. Note that we have some useful selection rules. The total number of H̃ and f̃

which appear must be even, since this just counts the number of H fields in the original

covariant coupling. Furthermore, the total number of f and f̃ fields which appear must

also be even. To see this, we note that in the expansions (5.6)–(5.7), the parity of the

number of aµ and bµ is equal to the parity of the number of y indices. Since the total

coupling has no free indices, there must be an even total number of f and f̃ .

There are three Bianchi identities that can be relevant for the reduced fields a, b, and H̃,

∂[µfνρ] = 0,
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∂[µf̃νρ] = 0, (5.10)

∂[µH̃νρσ] +
3

2
f[µν f̃ρσ] = 0.

These all have two derivatives already, so won’t play a role in constraining the

two-derivative couplings. For the four-derivative couplings, there are twenty-three

combinations one can write down (in the parallel case), and they are listed in appendix C.

In the two-derivative case, our selection rules prevent us from writing any total

derivative terms either (we assume that parity-odd terms, which would be dimension

dependent, are not allowed). At four derivatives, there are twenty possible total derivative

combinations that we can construct which are consistent with the selection rules, and they

are enumerated in appendix C.

So for the two-derivative case, demanding that the parallel reductions minus the T-

duals of the perpendicular reductions vanish up to Bianchi identities and total derivatives,

we find

0 = e−Φ+ 1
2
ϕ

{
2c2e

−ϕf̃aif̃ai +
1

4
(−4c2 − c4) e

ϕfabfab − 3c3e
ϕf ijfij

}
. (5.11)

This imposes three linear equations which force c2 = c3 = c4 = 0. Only the (∇Φ)2

coupling c1 is unfixed by this result; the other couplings are forced to vanish. Note that

this is consistent with our warped product analysis which left c2 and c3 unfixed and forced

c1 = c4 = 0. Combining the two results, we learn that c1 = c2 = c3 = c4 = 0. In other

words, there is no two-derivative NS-NS sector action which we can write an on O-plane

which is compatible with T-duality!

In appendix C, the analogous procedure is carried out for the forty-eight four-

derivative couplings. Seventeen couplings involve derivatives of the dilaton, and these

cannot be directly fixed by considering the twisted product backgrounds. Of the remaining

thirty-one couplings, we find that there is only one free parameter, c7, and all of the other

thirty couplings are fixed in terms of that one (in fact we find that fourteen of them must

vanish). The resulting action is

L =
√−ge−Φ

{
c7

[
HabiH j

ab Hcd
iHcdj −HabiH j

ab H kℓ
i Hjkℓ −

2

3
HabiH cj

a H k
bc Hijk

+
1

2
HabiH cj

a H d
b jHcdi +

1

6
H ijkH ℓm

i H n
jℓ Hkmn − 4Rab c

a H di
b Hcdi + 4RabijH k

ab Hijk

+8RabijH c
a iHbci − 6Rai j

a Hbc
iHbcj + 2Rai j

a H kℓ
i Hjkℓ − 8Rab c

a R d
b cd + 4RabcdRabcd

−4RabijRabij + 8Rai j
a Rb

ibj − 8∇aH bi
a ∇cHbci − 2∇aHbci∇aHbci −

2

3
∇aH ijk∇aHijk

]

+(Φ terms)} . (5.12)

Note that this is completely consistent with (4.9) and with previously known R2 and

(∇H)2 couplings.
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6 Combined results

6.1 Final result

As mentioned above, for the two-derivative couplings the twisted product analysis fixed all

the couplings which did not involve derivatives of the dilaton to vanish. Meanwhile, the

warped product analysis showed that all couplings which weren’t purely H2 must vanish.

Between these two results, we see that the entire two-derivative action is fixed to vanish.

At four derivatives, we found that the twisted product again fixed every coupling

that did not involve derivatives of the dilaton, up to one overall parameter. And by

examining (4.9), we see that the warped product analysis in turn relates every dilaton

coupling to a coupling that does not involve the dilaton. Thus, by combining the two

analyses, we fix the entire four-derivative action up to one overall constant,

L = −c1
√
−ge−Φ

{
−∇aΦ∇aΦ∇bΦ∇bΦ+ 2∇aΦ∇bΦH ci

a Hbci +
1

4
HabiH j

ab Hcd
iHcdj

−1

4
HabiH j

ab H kℓ
i Hjkℓ −

1

6
HabiH cj

a H k
bc Hijk +

1

8
HabiH cj

a H d
b jHcdi +

1

24
HijkH ℓm

i H n
jℓ Hkmn

+3∇aΦ∇aΦ∇b
bΦ−∇abΦH ci

a Hbci −
3

2
∇ijΦHab

iHabj +
1

2
∇ijΦH kℓ

i Hjkℓ − 2∇a
aΦ∇b

bΦ

+2∇ijΦ∇ijΦ+ 2∇aΦ∇aΦR
bc

bc − 2∇aΦ∇bΦR c
a bc −Rab c

a H di
b Hcdi +RabijH k

ab Hijk

+2RabijH c
a iHbcj −

3

2
Rai j

a Hbc
iHbcj +

1

2
Rai j

a H kℓ
i Hjkℓ − 2∇a

aΦR
bc

bc + 4∇ijΦRa
iaj

−2Rab c
a R d

b cd +RabcdRabcd −RabijRabij + 2Rai j
a Rb

ibj + 4∇aΦH bi
a ∇cHbci − 2∇aH bi

a ∇cHbci

−1

2
∇aHbci∇aHbci −

1

6
∇aHijk∇aHijk

}
. (6.1)

By comparing with [18], we can fix the constant as well to be

c1 = −T ′
p

π2 (α′)2

96
, (6.2)

where T ′
p = 2p−5Tp is the (absolute value of the) O-plane tension, i.e. the zero-derivative

action is S0 = T ′
p

∫
dp+1xe−Φ√−g, and

Tp =
2π

gs

(
4π2α′

)− p+1
2 , (6.3)

is the Dp-brane tension.

For comparison, the action on a Dp-brane is

SDp = −Tp

∫
dp+1xe−Φ

√
− det g + B + 2πα′F

+ Tp
π2 (α′)2

48

∫
dp+1e−Φ√−g

(
RabcdRabcd + · · ·

)
. (6.4)

The index structure of the R2 squared terms [25] and (∇H)2 term [18] have the same

structure as they do for D-branes, essentially because the two-point RP
2 amplitude of

NS-NS vertex operators is related to the disc amplitude simply by a kinematic factor.
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It is interesting to ask what future checks could be performed on the result (6.1). Of

course one could in principle compare the coefficients directly with scattering amplitudes

by computing appropriate three- and four-point closed string amplitudes on RP
2. This

would be tedious, but all the tools are available. There are some other potential checks

that exploit string dualities. One possibility that would be quite beautiful arises from the

fact that an O6-plane in type IIA can be lifted to M-theory, where it can be described

purely geometrically as the manifold R
7 × MAH , where MAH is the Atiyah-Hitchin

manifold (the corresponding statement relating D6-branes to the Taub-NUT manifold

may be more familiar). In M-theory, the leading corrections arise only at eight derivative

order. We can expand our eleven-dimensional fields around this solution, and try to

find the action which governs these fluctuations. In the perturbative string limit (the

limit where the asymptotic radius of the circle in the Atiyah-Hitchin geometry goes to

zero), this action should split into a ten-dimensional piece (from KK reducing over the

asymptotic circle) and a seven-dimensional piece localized near the center of MAH . The

higher derivative corrections in eleven dimensions will give corrections to these actions as

well, but because some of the derivatives can be soaked up by the non-vanishing curvature

of MAH , the seven-dimensional action can receive corrections already at four derivatives

acting on the fluctuations, and these should match our results for p = 6. Unfortunately, we

are not yet in a position to implement this procedure, since not all of the eight-derivative

couplings in eleven dimensions are known once the four-form field strength G4 is also taken

into account. But if these couplings were worked out (see for instance recent progress on

the IIA couplings in [17]), the relation we have just sketched would be a very nice check

on our results and the general understanding of these dualities.

6.2 A dilaton-free rewriting

The method we have used relied on the fact that we could consistently use the bulk equa-

tions of motion to eliminate terms in which two normal indices were contracted inside the

same field, and that this elimination didn’t mix with our other classes of null vectors, in

particular those coming from total derivatives. However, now that we have our final result

in hand, we are free to switch to a different basis of couplings. One interesting choice, in-

spired by the structures which actually appear when computing amplitudes [12, 18, 26, 27],

is to instead only keep self-contractions built with the matrix

Dµν =

(
δab 0

0 −δij

)
. (6.5)

To this end we can define quantities

(
D∇2Φ

)
= Dµν∇µ∇νΦ = ∇a

aΦ −∇i
iΦ,

(DR)µν = DρσRµρνσ = R a
µ νa −R i

µ νi, (6.6)

(D∇H)ai = Dµν∇µHaiν = −∇bHabi −∇jHaij .

We can then use the equations of motion and heavy use of null vectors (i.e. much use

of Bianchi identities, equations of motion, and integrations by parts) to rewrite our action
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above as

L = −c1
√−ge−Φ

{
3

32
HabiH j

ab Hcd
iHcdj −

5

16
HabiH j

ab H kℓ
i Hjkℓ −

3

8
HabiH c

a iH
dj

b Hcdj

−1

6
HabiH cj

a H k
bc Hijk +

1

8
HabiH cj

a H d
b jHcdi +

3

32
H ijkH ℓ

ij H mn
k Hℓmn

+
1

24
H ijkH ℓm

i H n
jℓ Hkmn − (DR)abH ci

a Hbci + RabijH k
ab Hijk + 2RabijH c

a iHbcj

−1

2
(DR)ij Hab

iHabj+
1

2
(DR)ij H kℓ

i Hjkℓ−
1

2
(DR)ab (DR)ab+RabcdRabcd−RabijRabij

+
1

2
(DR)ij (DR)ij+

1

2
(D∇H)ai (D∇H)ai−

1

2
∇aHbci∇aHbci−

1

6
∇aH ijk∇aHijk

}
. (6.7)

Writing things in this way, the dilaton dependence has entirely vanished except for the

overall factor of e−Φ. It would be very interesting to understand why this situation arises.

Note also that the connection with computation of RP
2 amplitudes is not very direct,

since to compare with the string scattering calculations we must first convert to Einstein

frame, which will make the dilaton couplings reappear.
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A Classification of covariant couplings

As in the rest of the paper, we use indices from the beginning of the alphabet, a, b, etc. for

directions along the O-plane world-volume, and indices from the middle of the alphabet,

i, j, etc. for normal directions. Occasionally Greek letters will appear, µ, ν, etc.; in this

section these represent all ten directions, tangent and normal.

Each coupling below will be accompanied in the Lagrangian by a factor of
√−g as

well as a function of the dilaton f(Φ). In section 3.2 it is shown that T-duality requires

the function to be of the form f(Φ) = ce−Φ for some constant c. At any rate, to save space

these factors will be omitted from the couplings below. It should be understood that in

the action, each coupling will appear with integration and measure
∫ √−ge−Φ[· · · ].

As discussed in section 2.3, terms are built out of letters which consist of symmetrized

covariant derivatives acting on covariant fields (Φ, Rµνρσ, or Hµνρ). The orientifold pro-

jection demands that the number of normal indices on a letter built from Φ or R must be

even, while on a letter built from H there must be an odd number of normal indices. We

also require an even number of H-letters in each term (note that at even derivative order,

we need an even number of H fields in order to have an even total number of indices).
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Moreover, as in section 2.2 we can always use the leading order bulk equations of motion

to remove any term that includes a contraction of normal indices within a given letter.

As described in 2.3, we order letters by complexity. The ones that will appear here,

in order, are {
∇Φ, H,∇2Φ, R,∇H,∇3Φ,∇R,∇2H,∇4Φ,∇2R

}
. (A.1)

We then order terms by comparing their most complex letter, then moving to their

next most complex letter, and so on. Within a term we order the letters by starting

with all the Φ-letters, with increasing numbers of derivatives, then the R-letters, and

finally the H-letters. Finally, terms that differ only in their index structure are ordered

by the minimal lexicographic order of their indices, read from left to right, using the

rules we have outlined and the basic symmetries of the letters (i.e. that all derivatives

are symmetrized, that Hµνρ is antisymmetric, and that the Riemann tensor satisfies

Rµνρσ = Rρσµν = −Rνµρσ) and exchanges of identical letters. . .

The list of allowed terms, where we do not yet worry about Bianchi identities or

integration by parts12 is,

• ∇aΦ∇aΦ∇bΦ∇bΦ,

• ∇aΦ∇aΦHbciHbci, ∇aΦ∇aΦH ijkHijk, ∇aΦ∇bΦH ci
a Hbci,

• HabiHabiH
cdjHcdj , H

abiHabiH
jkℓHjkℓ, H

abiH j
ab Hcd

iHcdj , H
abiH j

ab H kℓ
i Hjkℓ,

HabiH c
a iH

dj
b Hcdj , H

abiH cj
a H k

bc Hijk, HabiH cj
a Hb jHcdi, H

ijkHijkH
ℓmnHℓmn,

H ijkH ℓ
ij H mn

k Hℓmn, H ijkH ℓm
i H n

jℓ Hkmn,

• ∇aΦ∇aΦ∇b
bΦ, ∇aΦ∇bΦ∇abΦ,

• ∇a
aΦHbciHbci, ∇a

aΦH ijkHijk, ∇abΦH ci
a Hbci, ∇ijΦHab

iHabj , ∇ijΦH kℓ
i Hjkℓ,

• ∇a
aΦ∇b

bΦ, ∇abΦ∇abΦ, ∇ijΦ∇ijΦ,

• ∇aΦ∇aΦRbc
bc, ∇aΦ∇bΦR c

a bc,

• Rab
abH

cdiHcdi, R
ab

abH
ijkHijk, Rab c

a H di
b Hcdi, R

abcdH i
ab Hcdi, R

abcdH i
ac Hbdi,

RabijH k
ab Hijk, RabijH c

a iHbcj , R
ai j
a Hbc

iHbcj , R
ai j
a H kℓ

i Hjkℓ, R
aibjH k

ab Hijk,

RaibjH c
a iHbcj , R

aibjHa jHbci, R
ijkℓH m

ij Hkℓm, RijkℓH m
ik Hjℓm,

• ∇a
aΦRbc

bc, ∇abΦR c
a bc, ∇ijΦRa

iaj ,

• Rab
abR

cd
cd, Rab c

a R d
b cd, RabcdRabcd, RabcdRacbd, RabijRabij , RabijRaibj , Rai j

a Rb
ibj ,

RaibjRaibj , R
aibjRajbi, R

ijkℓRijkℓ, R
ijkℓRikjℓ,

• ∇aΦH bi
a ∇cHbci, ∇aΦHbci∇aHbci, ∇aΦHbci∇bHaci, ∇aΦHbci∇iHabc,

∇aΦH ijk∇aHijk, ∇aΦH ijk∇iHajk,

12It would not be difficult to skip ahead and take account of Bianchi identites and total derivatives by

hand. However, we are trying to proceed in the most systematic possible manner, both to allay any doubts

about our procedure, and also because we are in the process of computerizing this approach to work in

some more general contexts.
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• ∇aH bi
a ∇cHbci, ∇aHbci∇aHbci, ∇aHbci∇bHaci, ∇aHbci∇iHabc, ∇aH ijk∇aHijk,

∇aH ijk∇iHajk, ∇iHabc∇iHabc, ∇iHajk∇iHajk, ∇iHajk∇jHaik,

• ∇aΦ∇ b
a bΦ,

• ∇aΦ∇aR
bc
bc, ∇aΦ∇bR c

a bc,

• Habi∇ c
a Hbci, H

abi∇c
cHabi, H

abi∇c
iHabc, H

ijk∇a
aHijk, H ijk∇a

iHajk,

• ∇a b
a bΦ,

• ∇a
aR

bc
bc, ∇abR c

a bc.

We should think about these terms as spanning an 80-dimensional vector space of

couplings. However, many of the vectors in this space are actually zero in the physical

action, either because they are proportional to a Bianchi identity, or because they

correspond to total derivatives on the world-volume. The physical space of couplings

will correspond to the quotient of the full space by this subspace of null couplings. Our

objective is to find a (lexicographically earliest) subset of the couplings above whose

images under projection to the quotient space form a basis of the quotient space.

To accomplish this we now list all terms which are zero by virtue of Bianchi identities

or total derivatives. First the Bianchi identities. There are three basic ones to consider,

R[µνρ]σ = 0, ∇[µHνρσ] = 0, ∇[µRνρ]στ = 0. (A.2)

Any term that is built by acting on these with covariant derivatives or multiplying them

with other letters should be zero. Occasionally we will omit the details of some terms

which are obtained by replacing commutators of covariant derivatives with Riemann

tensors, since these will inevitably involve only terms which are earlier in our ordering

than the other terms in a given vector, and they will not matter when we are deciding

which couplings can be eliminated using these null vectors.

3HabiH cj
a R[bci]j = RabijH c

a iHbcj −RaibjH c
a iHbcj + RaibjH c

a jHbci,

3HabiH cj
a R[bij]c = RabijH c

a iHbcj −RaibjH c
a iHbcj + RaibjH c

a jHbci,

3HabiHcd
iR[abc]d = RabcdH i

ab Hcdi − 2RabcdH i
ac Hbdi,

3HabiH jk
i R[abj]k = RabijH k

ab Hijk − 2RaibjH k
ab Hijk,

3HabiH jk
i R[ajk]b = RabijH k

ab Hijk − 2RaibjH k
ab Hijk,

3H ijkH ℓm
i R[jkℓ]m = RijkℓH m

ij Hkℓm − 2RijkℓH m
ik Hjℓm,

3RabcdR[abc]d = RabcdRabcd − 2RabcdRacbd,

3RabijR[abi]j = RabijRabij − 2RabijRaibj ,

3RabijR[aij]b = RabijRabij − 2RabijRaibj ,

3RaibjR[abi]j = RabijRaibj −RaibjRaibj + RaibjRajbi,

3RaibjR[aij]b = RabijRaibj −RaibjRaibj + RaibjRajbi,

3RijkℓR[ijk]ℓ = RijkℓRijkℓ − 2RijkℓRikjℓ,
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4∇aΦHbci∇[aHbci] = ∇aΦHbci∇aHbci − 2∇aΦHbci∇bHaci −∇aΦHbci∇iHabc,

4∇aΦH ijk∇[aHijk] = ∇aΦH ijk∇aHijk − 3∇aΦH ijk∇iHajk,

4∇aHbci∇[aHbci] = ∇aHbci∇aHbci − 2∇aHbci∇bHaci −∇aHbci∇iHabc,

4∇aH ijk∇[aHijk] = ∇aH ijk∇aHijk − 3∇aH ijk∇iHajk,

4∇iHabc∇[aHbci] = 3∇aHbci∇iHabc −∇iHabc∇iHabc,

4∇iHajk∇[aHijk] = ∇aH ijk∇iHajk −∇iHajk∇iHajk + 2∇iHajk∇jHaik,

4Habi∇c∇[aHbci] = 2Habi∇ c
a Hbci + Habi∇c

cHabi −Habi∇c
iHabc +

(
RH2

)
,

4H ijk∇a∇[aHijk] = H ijk∇a
aHijk − 3H ijk∇a

iHajk +
(
RH2

)
,

3∇aΦ∇[aR
bc

bc] = ∇aΦ∇aR
bc
bc − 2∇aΦ∇bR c

a bc,

3∇a∇[aR
bc

bc] = ∇a
aR

bc
bc − 2∇abR c

a bc.

Note that this collection of null vectors is not linearly independent.

Similarly, we can find all the total derivatives,13

∇a
(
∇aΦ∇bΦ∇bΦ

)
= ∇aΦ∇aΦ∇b

bΦ + 2∇aΦ∇bΦ∇abΦ,

∇a
(
∇aΦHbciHbci

)
= ∇a

aΦHbciHbci + 2∇aΦHbci∇aHbci,

∇a
(
∇aΦH ijkHijk

)
= ∇a

aΦH ijkHijk + 2∇aΦH ijk∇aHijk,

∇a
(
∇bΦH ci

a Hbci

)
= ∇abΦH ci

a Hbci −∇aΦH bi
a ∇cHbci + ∇aΦHbci∇bHaci,

∇a
(
∇aΦ∇b

bΦ
)

= ∇a
aΦ∇b

bΦ + ∇aΦ∇ b
a bΦ +

(
(∇Φ)2R

)
,

∇a
(
∇bΦ∇abΦ

)
= ∇abΦ∇abΦ + ∇aΦ∇ b

a bΦ +
(

(∇Φ)2R
)
,

∇a
(
∇aΦRbc

bc

)
= ∇a

aΦRbc
bc + ∇aΦ∇aR

bc
bc,

∇a
(
∇bΦR c

a bc

)
= ∇abΦR c

a bc + ∇aΦ∇bR c
a bc,

∇a
(
H bi

a ∇cHbci

)
= ∇aH bi

a ∇cHbci + Habi∇ c
a Hbci +

(
RH2

)
,

∇a
(
Hbci∇aHbci

)
= ∇aHbci∇aHbci + Habi∇c

cHabi,

∇a
(
Hbci∇bHaci

)
= ∇aHbci∇bHaci −Habi∇ c

a Hbci +
(
RH2

)
,

∇a
(
Hbci∇iHabc

)
= ∇aHbci∇iHabc + Habi∇c

iHabc +
(
RH2

)
,

∇a
(
H ijk∇aHijk

)
= ∇aH ijk∇aHijk + H ijk∇a

aHijk,

∇a
(
H ijk∇iHajk

)
= ∇aH ijk∇iHajk + H ijk∇a

iHajk +
(
RH2

)
,

∇a
(
∇ b

a bΦ
)

= ∇a b
a bΦ +

(
∇2ΦR,∇Φ∇R

)
,

13Actually, because of the factor of e−Φ which multiplies all of these couplings in the action, these total

derivatives are not truly null; integration by parts would replace the total derivative ∇a by a factor of

∇aΦ. The resulting terms are always lower in the lexicographic ordering however, and do not affect the

determination of which couplings can be eliminated.
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∇a
(
∇aR

bc
bc

)
= ∇a

aR
bc
bc,

∇a
(
∇bR c

a bc

)
= ∇abR c

a bc,

At this point the remaining work is only linear algebra. It can be checked that

the Bianchi identities and total derivatives span a 32-dimensional subspace of our 80-

dimensional space of couplings, leaving a 48-dimensional quotient space representing phys-

ical couplings. A basis for these physical couplings is given in section 2.4.

B Reduction and duality of couplings in the warped product

For each of the forty-eight possible four-derivative couplings, we must reduce them in the

case that y is parallel to the brane, y is perpendicular to the brane, and then compute

the T-duality of the latter. Below we omit the H4 couplings c5, · · · , c14 because all three

expressions (parallel, perpendicular, and T-dual to perpendicular) are trivially equal, and

we don’t get any constraints on these coefficients. There are also some other coefficients

(certain RH2, R2, and (∇H)2 terms) which will not be constrained, but we include them

below for completeness.

c1
√
−ge−Φ∇aΦ∇aΦ∇bΦ∇bΦ =‖ c1e

−Φ+ 1

2
ϕ∂aΦ∂aΦ∂

bΦ∂bΦ

=⊥ c1e
−Φ∂aΦ∂aΦ∂

bΦ∂bΦ

→ c1
16

e−Φ+ 1

2
ϕ
[
16∂aΦ∂aΦ∂

bΦ∂bΦ− 32∂aΦ∂aΦ∂
bΦ∂bϕ

+8∂aΦ∂aΦ∂
bϕ∂bϕ+ 16∂aΦ∂bΦ∂aϕ∂bϕ

−8∂aΦ∂aϕ∂
bϕ∂bϕ+ ∂aϕ∂aϕ∂

bϕ∂bϕ
]
,

c2
√
−ge−Φ∇aΦ∇aΦH

bciHbci =‖ c2e
−Φ+ 1

2
ϕ∂aΦ∂aΦH

bciHbci

=⊥ c2e
−Φ∂aΦ∂aΦH

bciHbci

→ c2
4
e−Φ+ 1

2
ϕ
[
4∂aΦ∂aΦH

bciHbci − 4∂aΦ∂aϕH
bciHbci

+∂aϕ∂aϕH
bciHbci

]
,

c3
√
−ge−Φ∇aΦ∇aΦH

ijkHijk =‖ c3e
−Φ+ 1

2
ϕ∂aΦ∂aΦH

ijkHijk

=⊥ c3e
−Φ∂aΦ∂aΦH

ijkHijk

→ c3
4
e−Φ+ 1

2
ϕ
[
4∂aΦ∂aΦH

ijkHijk − 4∂aΦ∂aϕH
ijkHijk

+∂aϕ∂aϕH
ijkHijk

]
.

c4
√
−ge−Φ∇aΦ∇bΦH ci

a Hbci =‖ c4e
−Φ+ 1

2
ϕ∂aΦ∂bΦH ci

a Hbci

=⊥ c4e
−Φ∂aΦ∂bΦH ci

a Hbci

→ c4
4
e−Φ+ 1

2
ϕ
[
4∂aΦ∂bΦH ci

a Hbci − 4∂aΦ∂bϕH ci
a Hbci

+∂aϕ∂bϕH ci
a Hbci

]
,

c15
√
−ge−Φ∇aΦ∇aΦ∇b

bΦ =‖
c15
2

e−Φ+ 1

2
ϕ
[
∂aΦ∂aΦ∂

bΦ∂bϕ+ 2∂aΦ∂aΦ∂
b
bΦ

]

=⊥ c15e
−Φ∂aΦ∂aΦ∂

b
bΦ

→ c15
8

e−Φ+ 1

2
ϕ
[
8∂aΦ∂aΦ∂

b
bΦ− 8∂aΦ∂b

bΦ∂aϕ+ 2∂a
aΦ∂

bϕ∂bϕ

−4∂aΦ∂aΦ∂
b
bϕ+ 4∂aΦ∂aϕ∂

b
bϕ− ∂aϕ∂aϕ∂

b
bϕ

]
,

c16
√
−ge−Φ∇a

aΦH
bciHbci =‖

c16
2

e−Φ+ 1

2
ϕ
[
∂aΦ∂aϕH

bciHbci + 2∂a
aΦH

bciHbci

]
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=⊥ c16e
−Φ∂a

aΦH
bciHbci

→ c16
2

e−Φ+ 1

2
ϕ
[
2∂a

aΦH
bciHbci − ∂a

aϕH
bciHbci

]
,

c17
√
−ge−Φ∇a

aΦH
ijkHijk =‖

c17
2

e−Φ+ 1

2
ϕ
[
∂aΦ∂aϕH

ijkHijk + 2∂a
aΦH

ijkHijk

]

=⊥ c17e
−Φ∂a

aΦH
ijkHijk

→ c17
2

e−Φ+ 1

2
ϕ
[
2∂a

aΦH
ijkHijk − ∂a

aϕH
ijkHijk

]
,

c18
√
−ge−Φ∇abΦH ci

a Hbci =‖ c18e
−Φ+ 1

2
ϕ∂abΦH ci

a Hbci

=⊥ c18e
−Φ∂abΦH ci

a Hbci

→ c18
2

e−Φ+ 1

2
ϕ
[
2∂abΦH ci

a Hbci − ∂abϕH ci
a Hbci

]
,

c19
√
−ge−Φ∇ijΦHab

iHabj =‖ c19e
−Φ+ 1

2
ϕ∂ijΦHab

iHabj

=⊥ c19e
−Φ∂ijΦHab

iHabj

→ c19
2

e−Φ+ 1

2
ϕ
[
2∂ijΦHab

iHabj − ∂ijϕHab
iHabj

]

c20
√
−ge−Φ∇ijΦH kℓ

i Hjkℓ =‖ c20e
−Φ+ 1

2
ϕ∂ijΦH kℓ

i Hjkℓ

=⊥ c20e
−Φ∂ijΦH kℓ

i Hjkℓ

→ c20
2

e−Φ+ 1

2
ϕ
[
2∂ijΦH kℓ

i Hjkℓ − ∂ijϕH kℓ
i Hjkℓ

]
,

c21
√
−ge−Φ∇a

aΦ∇b
bΦ =‖

c21
4

e−Φ+ 1

2
ϕ
[
∂aΦ∂bΦ∂aϕ∂bϕ+ 4∂aΦ∂b

bΦ∂aϕ+ 4∂a
aΦ∂

b
bΦ

]

=⊥ c21e
−Φ∂a

aΦ∂
b
bΦ

→ c21
4

e−Φ+ 1

2
ϕ
[
4∂a

aΦ∂
b
bΦ− 4∂a

aΦ∂
b
bϕ+ ∂a

aϕ∂
b
bϕ

]
,

c22
√
−ge−Φ∇ijΦ∇ijΦ =‖ c22e

−Φ+ 1

2
ϕ∂ijΦ∂ijΦ

=⊥
c22
4

e−Φ
[
∂aΦ∂bΦ∂aϕ∂bϕ+ 4∂ijΦ∂ijΦ

]

→ c22
16

e−Φ+ 1

2
ϕ
[
4∂aΦ∂bΦ∂aϕ∂bϕ− 4∂aΦ∂aϕ∂

bϕ∂bϕ

+∂aϕ∂aϕ∂
bϕ∂bϕ+ 16∂ijΦ∂ijΦ− 16∂ijΦ∂ijϕ+ 4∂ijϕ∂ijϕ

]
,

c23
√
−ge−Φ∇aΦ∇aΦR

bc
bc =‖

c23
2

e−Φ+ 1

2
ϕ
[
−∂aΦ∂aΦ∂

bϕ∂bϕ− 2∂aΦ∂aΦ∂
b
bϕ

]

=⊥ 0

→ 0,

c24
√
−ge−Φ∇aΦ∇bΦR c

a bc =‖
c24
4

e−Φ+ 1

2
ϕ
[
−∂aΦ∂bΦ∂aϕ∂bϕ− 2∂aΦ∂bΦ∂abϕ

]

=⊥ 0

→ 0,

c25
√
−ge−ΦRab

abH
cdiHcdi =‖

c25
2

e−Φ+ 1

2
ϕ
[
−∂aϕ∂aϕH

bciHbci − 2∂a
aϕH

bciHbci

]

=⊥ 0

→ 0,

c26
√
−ge−ΦRab

abH
ijkHijk =‖

c26
2

e−Φ+ 1

2
ϕ
[
−∂aϕ∂aϕH

ijkHijk − 2∂a
aϕH

ijkHijk

]
,

=⊥ 0

→ 0,

c27
√
−ge−ΦRab c

a H di
b Hcdi =‖

c27
4

e−Φ+ 1

2
ϕ
[
−∂aϕ∂bϕH ci

a Hbci − 2∂abϕH ci
a Hbci

]

=⊥ 0

→ 0,

c28
√
−ge−ΦRabcdH i

ab Hcdi =‖ 0

=⊥ 0
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→ 0,

c29
√
−ge−ΦRabijH k

ab Hijk =‖ 0

=⊥ 0

→ 0,

c30
√
−ge−ΦRabijH c

a iHbcj =‖ 0

=⊥ 0

→ 0,

c31
√
−ge−ΦRai j

a Hbc
iHbcj =‖ − c31

2
e−Φ+ 1

2
ϕ∂ijϕHab

iHabj

=⊥ 0

→ 0,

c32
√
−ge−ΦRai j

a H kℓ
i Hjkℓ =‖ − c32

2
e−Φ+ 1

2
ϕ∂ijϕH kℓ

i Hjkℓ

=⊥ 0

→ 0,

c33
√
−ge−ΦRaibjH c

a iHbcj =‖ 0

=⊥ 0

→ 0,

c34
√
−ge−ΦRijkℓH m

ij Hkℓm =‖ 0

=⊥ 0

→ 0,

c35
√
−ge−Φ∇a

aΦR
bc

bc =‖
c35
4

e−Φ+ 1

2
ϕ
[
−∂aΦ∂aϕ∂

bϕ∂bϕ− 2∂a
aΦ∂

bϕ∂bϕ− 2∂aΦ∂aϕ∂
b
bϕ

−4∂a
aΦ∂

b
bϕ

]

=⊥ 0

→ 0,

c36
√
−ge−Φ∇ijΦRa

iaj =‖ − c36
2

e−Φ+ 1

2
ϕ∂ijΦ∂ijϕ

=⊥
c36
8

e−Φ
[
−∂aΦ∂aϕ∂

bϕ∂bϕ− 2∂aΦ∂aϕ∂
b
bϕ

]

→ c36
16

e−Φ+ 1

2
ϕ
[
2∂aΦ∂aϕ∂

bϕ∂bϕ− ∂aϕ∂aϕ∂
bϕ∂bϕ− 4∂aΦ∂aϕ∂

b
bϕ

+2∂aϕ∂aϕ∂
b
bϕ

]

c37
√
−ge−ΦRab

abR
cd

cd =‖
c37
4

e−Φ+ 1

2
ϕ
[
∂aϕ∂aϕ∂

bϕ∂bϕ+ 4∂aϕ∂aϕ∂
b
bϕ+ 4∂a

aϕ∂
b
bϕ

]

=⊥ 0

→ 0,

c38
√
−ge−ΦRab c

a R d
b cd =‖ c38

8
e−Φ+ 1

2
ϕ
[
∂aϕ∂aϕ∂

bϕ∂bϕ+ 2∂aϕ∂aϕ∂
b
bϕ+ 2∂aϕ∂bϕ∂abϕ

+2∂a
aϕ∂

b
bϕ+ 2∂abϕ∂abϕ

]

=⊥ 0

→ 0,

c39
√
−ge−ΦRabcdRabcd =‖

c39
4

e−Φ+ 1

2
ϕ
[
∂aϕ∂aϕ∂

bϕ∂bϕ+ 4∂aϕ∂bϕ∂abϕ+ 4∂abϕ∂abϕ
]

=⊥ 0

→ 0,

c40
√
−ge−ΦRabijRabij =‖ 0

=⊥ 0

→ 0,
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c41
√
−ge−ΦRai j

a Rb
ibj =‖

c41
4

e−Φ+ 1

2
ϕ∂ijϕ∂ijϕ

=⊥
c41
16

e−Φ
[
∂aϕ∂aϕ∂

bϕ∂bϕ+ 4∂aϕ∂aϕ∂
b
bϕ+ 4∂a

aϕ∂
b
bϕ

]

→ c41
16

e−Φ+ 1

2
ϕ
[
∂aϕ∂aϕ∂

bϕ∂bϕ− 4∂aϕ∂aϕ∂
b
bϕ+ 4∂a

aϕ∂
b
bϕ

]
,

c42
√
−ge−ΦRaibjRaibj =‖

c42
4

e−Φ+ 1

2
ϕ∂ijϕ∂ijϕ

=⊥
c42
16

e−Φ
[
∂aϕ∂aϕ∂

bϕ∂bϕ+ 4∂aϕ∂bϕ∂abϕ+ 4∂abϕ∂abϕ
]

→ c42
16

e−Φ+ 1

2
ϕ
[
∂aϕ∂aϕ∂

bϕ∂bϕ− 4∂aϕ∂bϕ∂abϕ+ 4∂abϕ∂abϕ
]
,

c43
√
−ge−ΦRijkℓRijkℓ =‖ 0

=⊥ c43e
−Φ∂ijϕ∂ijϕ

→ c43e
−Φ+ 1

2
ϕ∂ijϕ∂ijϕ,

c44
√
−ge−Φ∇aΦH bi

a ∇cHbci =‖
c44
2

e−Φ+ 1

2
ϕ
[
−∂aΦ∂bϕH ci

a Hbci + 2∂aΦH bi
a ∂cHbci

]

=⊥ c44e
−Φ∂aΦH bi

a ∂cHbci

→ c44
2

e−Φ+ 1

2
ϕ
[
2∂aΦH bi

a ∂cHbci − ∂aϕH bi
a ∂cHbci

]
,

c45
√
−ge−Φ∇aH bi

a ∇cHbci =‖
c45
4

e−Φ+ 1

2
ϕ
[
−∂aϕ∂bϕH ci

a Hbci + 4∂aϕH bi
a ∂cHbci

+4∂aH bi
a ∂cHbci

]

=⊥ c45e
−Φ∂aH bi

a ∂cHbci

→ c45e
−Φ+ 1

2
ϕ∂aH bi

a ∂cHbci,

c46
√
−ge−Φ∇aHbci∇aHbci =‖

c46
2

e−Φ+ 1

2
ϕ
[
∂aϕ∂bϕH ci

a Hbci + 2∂aHbci∂aHbci

]

=⊥ c46e
−Φ∂aHbci∂aHbci

→ c46e
−Φ+ 1

2
ϕ∂aHbci∂aHbci,

c47
√
−ge−Φ∇aHijk∇aHijk =‖ c47e

−Φ+ 1

2
ϕ∂aHijk∂aHijk

=⊥ c47e
−Φ∂aHijk∂aHijk

→ c47e
−Φ+ 1

2
ϕ∂aHijk∂aHijk,

c48
√
−ge−Φ∇iHajk∇iHajk =‖ c48e

−Φ+ 1

2
ϕ∂iHajk∂iHajk

=⊥
c48
2

e−Φ
[
∂aϕ∂bϕH ci

a Hbci + 2∂iHajk∂iHajk

]

→ c48
2

e−Φ+ 1

2
ϕ
[
∂aϕ∂bϕH ci

a Hbci + 2∂iHajk∂iHajk

]
.

We will also need the warped product combinations (with y parallel to the O-plane)

which are zero either because of a Bianchi identity or because they are a total derivative

on the O-plane. Proceeding as in section 2, we list the Bianchi combinations, this time

built only from Φ, ϕ, and Hµνρ:

4x1∂
aΦHbci∂[aHbci] = x1

[
∂aΦHbci∂aHbci − 2∂aΦHbci∂bHaci − ∂aΦHbci∂iHabc

]
,

4x2∂
aΦH ijk∂[aHijk] = x2

[
∂aΦH ijk∂aHijk − 3∂aΦH ijk∂iHajk,

]

4x3∂
aϕHbci∂[aHbci] = x3

[
∂aϕHbci∂aHbci − 2∂aϕHbci∂bHaci − ∂aϕHbci∂iHabc

]
,

4x4∂
aϕH ijk∂[aHijk] = x4

[
∂aϕH ijk∂aHijk − 3∂aϕH ijk∂iHajk

]
,

4x5∂
aHbci∂[aHbci] = x5

[
∂aHbci∂aHbci − 2∂aHbci∂bHaci − ∂aHbci∂iHabc

]
,
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4x6∂
aH ijk∂[aHijk] = x6

[
∂aH ijk∂aHijk − 3∂aH ijk∂iHajk

]
,

4x7∂
iHabc∂[aHbci] = x7

[
3∂aHbci∂iHabc − ∂iHabc∂iHabc

]
,

4x8∂
iHajk∂[aHijk] = x8

[
∂aH ijk∂iHajk − ∂iHajk∂iHajk + 2∂iHajk∂jHaik

]
,

4x9H
abi∂c∂[aHbci] = x9

[
2Habi∂ c

a Hbci + Habi∂c
cHabi −Habi∂c

iHabc

]
,

4x10H
ijk∂a∂[aHijk] = x10

[
H ijk∂a

aHijk − 3H ijk∂a
iHajk

]
,

and the total derivatives,

y1∂
a
(
e−Φ+ 1

2
ϕ∂aΦ∂

bΦ∂bΦ
)

=
y1
2
e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aΦ∂

bΦ∂bΦ+ ∂aΦ∂aΦ∂
bΦ∂bϕ

+2∂aΦ∂aΦ∂
b
bΦ+ 4∂aΦ∂bΦ∂abΦ

]
,

y2∂
a
(
e−Φ+ 1

2
ϕ∂aΦ∂

bΦ∂bϕ
)

=
y2
2
e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aΦ∂

bΦ∂bϕ+ ∂aΦ∂bΦ∂aϕ∂bϕ

+2∂aΦ∂ b
a Φ∂bϕ+ 2∂aΦ∂b

bΦ∂aϕ+ 2∂aΦ∂bΦ∂abϕ
]
,

y3∂
a
(
e−Φ+ 1

2
ϕ∂bΦ∂bΦ∂aϕ

)
=

y3
2
e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aΦ∂

bΦ∂bϕ+ ∂aΦ∂aΦ∂
bϕ∂bϕ

+4∂aΦ∂ b
a Φ∂bϕ+ 2∂aΦ∂aΦ∂

b
bϕ

]
,

y4∂
a
(
e−Φ+ 1

2
ϕ∂aΦ∂

bϕ∂bϕ
)

=
y4
2
e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aΦ∂

bϕ∂bϕ+ ∂aΦ∂aϕ∂
bϕ∂bϕ

+2∂a
aΦ∂

bϕ∂bϕ+ 4∂aΦ∂bϕ∂abϕ
]
,

y5∂
a
(
e−Φ+ 1

2
ϕ∂bΦ∂aϕ∂bϕ

)
=

y5
2
e−Φ+ 1

2
ϕ
[
−2∂aΦ∂bΦ∂aϕ∂bϕ+ ∂aΦ∂aϕ∂

bϕ∂bϕ

+2∂abΦ∂aϕ∂bϕ+ 2∂aΦ∂aϕ∂
b
bϕ+ 2∂aΦ∂bϕ∂abϕ

]
,

y6∂
a
(
e−Φ+ 1

2
ϕ∂aϕ∂

bϕ∂bϕ
)

=
y6
2
e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aϕ∂

bϕ∂bϕ+ ∂aϕ∂aϕ∂
bϕ∂bϕ

+2∂aϕ∂aϕ∂
b
bϕ+ 4∂aϕ∂bϕ∂abϕ

]
,

y7∂
a
(
e−Φ+ 1

2
ϕ∂aΦH

bciHbci

)
=

y7
2
e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aΦH

bciHbci + ∂aΦ∂aϕH
bciHbci

+2∂a
aΦH

bciHbci + 4∂aΦHbci∂aHbci

]
,

y8∂
a
(
e−Φ+ 1

2
ϕ∂aΦHijkHijk

)
=

y8
2
e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aΦH

ijkHijk + ∂aΦ∂aϕH
ijkHijk

+2∂a
aΦH

ijkHijk + 4∂aΦHijk∂aHijk

]
,

y9∂
a
(
e−Φ+ 1

2
ϕ∂bΦH ci

a Hbci

)
=

y9
2
e−Φ+ 1

2
ϕ
[
−2∂aΦ∂bΦH ci

a Hbci + ∂aΦ∂bϕH ci
a Hbci

+2∂abΦH ci
a Hbci − 2∂aΦH bi

a ∂cHbci + 2∂aΦHbci∂bHaci

]
,

y10∂
a
(
e−Φ+ 1

2
ϕ∂aϕH

bciHbci

)
=

y10
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aϕH

bciHbci + ∂aϕ∂aϕH
bciHbci

+2∂a
aϕH

bciHbci + 4∂aϕHbci∂aHbci

]
,

y11∂
a
(
e−Φ+ 1

2
ϕ∂aϕHijkHijk

)
=

y11
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aϕH

ijkHijk + ∂aϕ∂aϕH
ijkHijk

+2∂a
aϕH

ijkHijk + 4∂aϕHijk∂aHijk

]
,

y12∂
a
(
e−Φ+ 1

2
ϕ∂bϕH ci

a Hbci

)
=

y12
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂bϕH ci

a Hbci + ∂aϕ∂bϕH ci
a Hbci

+2∂abϕH ci
a Hbci − 2∂aϕH bi

a ∂cHbci + 2∂aϕHbci∂bHaci

]
,

y13∂
a
(
e−Φ+ 1

2
ϕ∂aΦ∂

b
bΦ

)
=

y13
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aΦ∂

b
bΦ+ ∂aΦ∂b

bΦ∂aϕ+ 2∂a
aΦ∂

b
bΦ

+2∂aΦ∂ b
a bΦ

]
,
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y14∂
a
(
e−Φ+ 1

2
ϕ∂bΦ∂abΦ

)
=

y14
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂bΦ∂abΦ+ ∂aΦ∂ b

a Φ∂bϕ+ 2∂abΦ∂abΦ

+2∂aΦ∂ b
a bΦ

]
,

y15∂
a
(
e−Φ+ 1

2
ϕ∂ b

a Φ∂bϕ
)

=
y15
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂ b

a Φ∂bϕ+ ∂abΦ∂aϕ∂bϕ+ 2∂abΦ∂abϕ

+2∂a b
a Φ∂bϕ

]
,

y16∂
a
(
e−Φ+ 1

2
ϕ∂b

bΦ∂aϕ
)

=
y16
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂b

bΦ∂aϕ+ ∂a
aΦ∂

bϕ∂bϕ+ 2∂a
aΦ∂

b
bϕ

+2∂a b
a Φ∂bϕ

]
,

y17∂
a
(
e−Φ+ 1

2
ϕ∂aΦ∂

b
bϕ

)
=

y17
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aΦ∂

b
bϕ+ ∂aΦ∂aϕ∂

b
bϕ+ 2∂a

aΦ∂
b
bϕ

+2∂aΦ∂ b
a bϕ

]
,

y18∂
a
(
e−Φ+ 1

2
ϕ∂bΦ∂abϕ

)
=

y18
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂bΦ∂abϕ+ ∂aΦ∂bϕ∂abϕ+ 2∂abΦ∂abϕ

+2∂aΦ∂ b
a bϕ

]
,

y19∂
a
(
e−Φ+ 1

2
ϕ∂aϕ∂

b
bϕ

)
=

y19
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂aϕ∂

b
bϕ+ ∂aϕ∂aϕ∂

b
bϕ+ 2∂a

aϕ∂
b
bϕ

+2∂aϕ∂ b
a bϕ

]
,

y20∂
a
(
e−Φ+ 1

2
ϕ∂bϕ∂abϕ

)
=

y20
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂bϕ∂abϕ+ ∂aϕ∂bϕ∂abϕ+ 2∂abϕ∂abϕ

+2∂aϕ∂ b
a bϕ

]
,

y21∂
a
(
e−Φ+ 1

2
ϕH bi

a ∂cHbci

)
=

y21
2

e−Φ+ 1

2
ϕ
[
−2∂aΦH bi

a ∂cHbci + ∂aϕH bi
a ∂cHbci

+2∂aH bi
a ∂cHbci + 2Habi∂ c

a Hbci

]
,

y22∂
a
(
e−Φ+ 1

2
ϕHbci∂aHbci

)
=

y22
2

e−Φ+ 1

2
ϕ
[
−2∂aΦHbci∂aHbci + ∂aϕHbci∂aHbci

+2∂aHbci∂aHbci + 2Habi∂c
cHabi

]
,

y23∂
a
(
e−Φ+ 1

2
ϕHbci∂bHaci

)
=

y23
2

e−Φ+ 1

2
ϕ
[
−2∂aΦHbci∂bHaci + ∂aϕHbci∂bHaci

+2∂aHbci∂bHaci − 2Habi∂ c
a Hbci

]
,

y24∂
a
(
e−Φ+ 1

2
ϕHbci∂iHabc

)
=

y24
2

e−Φ+ 1

2
ϕ
[
−2∂aΦHbci∂iHabc + ∂aϕHbci∂iHabc

+2∂aHbci∂iHabc + 2Habi∂c
iHabc

]
,

y25∂
a
(
e−Φ+ 1

2
ϕHijk∂aHijk

)
=

y25
2

e−Φ+ 1

2
ϕ
[
−2∂aΦHijk∂aHijk + ∂aϕHijk∂aHijk

+2∂aHijk∂aHijk + 2Hijk∂a
aHijk

]
,

y26∂
a
(
e−Φ+ 1

2
ϕHijk∂iHajk

)
=

y26
2

e−Φ+ 1

2
ϕ
[
−2∂aΦHijk∂iHajk + ∂aϕHijk∂iHajk

+2∂aHijk∂iHajk + 2Hijk∂a
iHajk

]
,

y27∂
a
(
e−Φ+ 1

2
ϕ∂ b

a bΦ
)

=
y27
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂ b

a bΦ+ ∂a b
a Φ∂bϕ+ 2∂a b

a bΦ
]
,

y28∂
a
(
e−Φ+ 1

2
ϕ∂ b

a bϕ
)

=
y28
2

e−Φ+ 1

2
ϕ
[
−2∂aΦ∂ b

a bϕ+ ∂aϕ∂ b
a bϕ+ 2∂a b

a bϕ
]
.

Finally, enforcing that the parallel action minus the T-dual of the perpendicular action

is zero, up to Bianchi identities and total derivatives, leads to

0 = e−Φ+ 1
2
ϕ

{
(−y1) ∂

aΦ∂aΦ∂bΦ∂bΦ +
1

2
(4c1 + c15 − 2y2 − 2y3) ∂

aΦ∂aΦ∂bΦ∂bϕ
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+
1

2
(−c1 − c23 + y3 − 2y4) ∂

aΦ∂aΦ∂bϕ∂bϕ

+
1

4
(−4c1 + c21 − c22 − c24 + 2y2 − 4y5) ∂

aΦ∂bΦ∂aϕ∂bϕ

+
1

8
(4c1 + 2c22 − 2c35 − c36 + 4y1 + 4y4 + 4y5 − 8y6) ∂

aΦ∂aϕ∂
bϕ∂bϕ

+
1

16
(−c1 − c22 + c36 + 4c37 + 2c38 + 4c39 − c41 − c42 + 8y6) ∂

aϕ∂aϕ∂
bϕ∂bϕ

+ (−y7) ∂
aΦ∂aΦHbciHbci + (−y8) ∂

aΦ∂aΦH ijkHijk + (−y9) ∂
aΦ∂bΦH ci

a Hbci

+
1

2
(2c2 + c16 + y7 − 2y10) ∂

aΦ∂aϕH
bciHbci

+
1

2
(2c3 + c17 + y8 − 2y11) ∂

aΦ∂aϕH
ijkHijk

+
1

2
(2c4 − c44 + y9 − 2y12) ∂

aΦ∂bϕH ci
a Hbci +

1

4
(−c2 − 2c25 + 2y10) ∂

aϕ∂aϕH
bciHbci

+
1

4
(−c3 − 2c26 + 2y11) ∂

aϕ∂aϕH
ijkHijk

+
1

4
(−c4 − c27 − c45 + 2c46 − 2c48 + 2y12) ∂

aϕ∂bϕH ci
a Hbci + (y1 − y13) ∂

aΦ∂aΦ∂b
bΦ

+ (2y1 − y14) ∂
aΦ∂bΦ∂abΦ +

1

2
(2y2 + 4y3 + y14 − 2y15) ∂

aΦ∂ b
a Φ∂bϕ

+
1

2
(2c15 + 2c21 + 2y2 + y13 − 2y16) ∂

aΦ∂b
bΦ∂aϕ

+
1

4
(−c15 − 2c35 + 4y4 + 2y16) ∂

a
aΦ∂bϕ∂bϕ +

1

2
(2y5 + y15) ∂

abΦ∂aϕ∂bϕ

+ (y7) ∂
a
aΦHbciHbci + (y8) ∂

a
aΦH ijkHijk + (y9) ∂

abΦH ci
a Hbci + (y13) ∂

a
aΦ∂b

bΦ

+ (y14) ∂
abΦ∂abΦ +

1

2
(c15 − 2c23 + 2y3 − 2y17) ∂

aΦ∂aΦ∂b
bϕ

+
1

2
(−c24 + 2y2 − 2y18) ∂

aΦ∂bΦ∂abϕ

+
1

4
(−2c15 − 2c35 + c36 + 4y5 + 2y17 − 4y19) ∂

aΦ∂aϕ∂
b
bϕ

+
1

2
(4y4 + 2y5 + y18 − 2y20) ∂

aΦ∂bϕ∂abϕ

+
1

8
(c15 − c36 + 8c37 + 2c38 + 2c41 + 8y6 + 4y19) ∂

aϕ∂aϕ∂
b
bϕ

+
1

4
(c38 + 4c39 + c42 + 8y6 + 2y20) ∂

aϕ∂bϕ∂abϕ +
1

2
(c16 − 2c25 + 2y10) ∂

a
aϕH

bciHbci

+
1

2
(c17 − 2c26 + 2y11) ∂

a
aϕH

ijkHijk +
1

2
(c18 − c27 + 2y12) ∂

abϕH ci
a Hbci

+
1

2
(c19 − c31) ∂

ijϕHab
iHabj +

1

2
(c20 − c32) ∂

ijϕH kℓ
i Hjkℓ

+ (c21 − c35 + y16 + y17) ∂
a
aΦ∂b

bϕ + (y15 + y18) ∂
abΦ∂abϕ +

1

2
(2c22 − c36) ∂

ijΦ∂ijϕ

+
1

4
(−c21 + 4c37 + c38 − c41 + 4y19) ∂

a
aϕ∂

b
bϕ +

1

4
(c38 + 4c39 − c42 + 4y20) ∂

abϕ∂abϕ

+
1

4
(−c22 + c41 + c42 − 4c43) ∂

ijϕ∂ijϕ + (−y9 − y21) ∂
aΦH bi

a ∂cHbci
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+ (x1 + 2y7 − y22) ∂
aΦHbci∂aHbci + (−2x1 + y9 − y23) ∂

aΦHbci∂bHaci

+ (−x1 − y24) ∂
aΦHbci∂iHabc + (x2 + 2y8 − y25) ∂

aΦH ijk∂aHijk

+ (−3x2 − y26) ∂
aΦH ijk∂iHajk +

1

2
(c44 + 2c45 − 2y12 + y21) ∂

aϕH bi
a ∂cHbci

+
1

2
(2x3 + 4y10 + y22) ∂

aϕHbci∂aHbci +
1

2
(−4x3 + 2y12 + y23) ∂

aϕHbci∂bHaci

+
1

2
(−2x3 + y24) ∂

aϕHbci∂iHabc +
1

2
(2x4 + 4y11 + y25) ∂

aϕH ijk∂aHijk

+
1

2
(−6x4 + y26) ∂

aϕH ijk∂iHajk + (y21) ∂
aH bi

a ∂cHbci + (x5 + y22) ∂
aHbci∂aHbci

+ (−2x5 + y23) ∂
aHbci∂bHaci + (−x5 + 3x7 + y24) ∂

aHbci∂iHabc

+ (x6 + y25) ∂
aH ijk∂aHijk + (−3x6 + x8 + y26) ∂

aH ijk∂iHajk + (−x7) ∂
iHabc∂iHabc

+ (−x8) ∂
iHajk∂iHajk + (2x8) ∂

iHajk∂jHaik + (y13 + y14 − y27) ∂
aΦ∂ b

a bΦ

+
1

2
(2y15 + 2y16 + y27) ∂

a b
a Φ∂bϕ + (y17 + y18 − y28) ∂

aΦ∂ b
a bϕ

+
1

2
(2y19 + 2y20 + y28) ∂

aϕ∂ b
a bϕ + (2x9 + y21 − y23)H

abi∂ c
a Hbci

+ (x9 + y22)H
abi∂c

cHabi + (−x9 + y24)H
abi∂c

iHabc + (x10 + y25)H
ijk∂a

aHijk

+ (−3x10 + y26)H
ijk∂a

iHajk + (y27) ∂
a b
a bΦ + (y28) ∂

a b
a bϕ

}
.

Setting this lengthy expression to zero just gives a large number of linear equations

for the coefficients ci, xi, and yi. Terms with different numbers of H fields don’t mix in

the warped product. Turning first to the terms with no H fields, the solution to this linear

system is given by

c15 = −3c1, c21 = 2c1, c22 = −2c1, c23 = −2c1, c24 = 2c1, c35 = 2c1

c36 = −4c1, c38 = 2c1 − 4c37, c39 = −c1 + c37, c41 = −2c1, c42 = c43 = 0, (B.1)

y1 = 0, y3 =
1

2
c1 − y2, y4 =

3

4
c1 −

1

2
y2, y5 = −1

2
c1 +

1

2
y2, y6 =

1

8
c1,

y13 = y14 = 0, y15 = c1 − y2, y16 = −c1 + y2, y17 = c1 − y2, y18 = −c1 + y2,

y19 = −1

2
c1, y20 =

1

2
c1, y27 = y28 = 0.

The coefficients c1, c37, c40, and y2 are arbitrary.

For the coefficients involving two H fields, we find relations

c2 = c3 = c16 = c17 = c25 = c26 = x7 = x8 = y7 = y8 = y9 = y10 = y11 = y12 = y21 = 0,

c27 = c18, c31 = c19, c32 = c20,

c44 = 2c4, c45 = −c4, c48 = −1

2
c18 + c46, (B.2)

x3 = −1

2
x1, x5 = −x1, x9 = −x1, y22 = x1, y23 = −2x1, y24 = −x1,

x4 = −1

2
x2, x6 = −x2, x10 = −x2, y25 = x2, y26 = −3x2,

with c4, c18, c19, c20, c28, c29, c30, c33, c34, c46, c47, x1, and x2 unconstrained.

As mentioned before, the terms with four H fields are all unconstrained.
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C Reduction and duality of couplings in the twisted product

Now for each coupling that does not involve derivatives of the dilaton, we will reduce the

couplings in the case that the circle is parallel to the O-plane, and then subtract the T-dual

of the reduction when the circle is perpendicular. Computing,

c5
√
−ge−ΦHabiHabiH

cdjHcdj −→ c5e
−Φ+ 1

2
ϕ
[
4e−2ϕf̃aif̃aif̃

bj f̃bj + 4e−ϕf̃aif̃aiH̃
bcjH̃bcj

−2eϕfabfabH̃
cdiH̃cdi − e2ϕfabfabf

cdfcd
]
,

c6
√
−ge−ΦHabiHabiH

jkℓHjkℓ −→ c6e
−Φ+ 1

2
ϕ
[
2e−ϕf̃aif̃aiH̃

jkℓH̃jkℓ

+eϕ
(
−fabfabH̃

ijkH̃ijk − 3f ijfijH̃
abkH̃abk

)
− 3e2ϕfabfabf

ijfij
]
,

c7
√
−ge−ΦHabiH j

ab Hcd
iHcdj −→ c7e

−Φ+ 1

2
ϕ
[
4e−2ϕf̃aif̃ j

a f̃b
if̃bj + 4e−ϕf̃aif̃ j

a H̃bc
iH̃bcj

−2eϕfabfcdH̃ i
ab H̃cdi − e2ϕfabfabf

cdfcd
]
,

c8
√
−ge−ΦHabiH j

ab H kℓ
i Hjkℓ −→ c8e

−Φ+ 1

2
ϕ
[
2e−ϕf̃aif̃ j

a H̃ kℓ
i H̃jkℓ

+eϕ
(
−2fabf ijH̃ k

ab H̃ijk − 2f ijf k
i H̃ab

jH̃abk

)
− e2ϕfabfabf

ijfij
]
,

c9
√
−ge−ΦHabiH c

a iH
dj

b Hcdj −→ c9e
−Φ+ 1

2
ϕ
[
e−2ϕ

(
f̃aif̃aif̃

bj f̃bj + f̃aif̃ j
a f̃b

if̃bj
)

+e−ϕ
(
2f̃aif̃b

iH̃
cj

a H̃bcj + 2f̃aif̃bjH̃ c
a iH̃bcj

)
− 2eϕfabf c

a H̃ di
b H̃cdi − e2ϕfabf c

a f d
b fcd

]
,

c10
√
−ge−ΦHabiH cj

a H k
bc Hijk −→ c10e

−Φ+ 1

2
ϕ
[
3e−ϕf̃aif̃bjH̃ k

ab H̃ijk − 3eϕfabf ijH̃ c
a iH̃bcj

]
,

c11
√
−ge−ΦHabiH cj

a H d
b jHcdi −→ c11e

−Φ+ 1

2
ϕ
[
2e−2ϕf̃aif̃ j

a f̃b
if̃bj + 4e−ϕf̃aif̃bjH̃ c

a jH̃bci

−2eϕfabfcdH̃ i
ac H̃bdi − e2ϕfabf c

a f d
b fcd

]
,

c12
√
−ge−ΦHijkHijkH

ℓmnHℓmn −→ c12e
−Φ+ 1

2
ϕ
[
−6eϕf ijfijH̃

kℓmH̃kℓm − 9e2ϕf ijfijf
kℓfkℓ

]
,

c13
√
−ge−ΦHijkH ℓ

ij H mn
k Hℓmn

−→ c13e
−Φ+ 1

2
ϕ
[
eϕ

(
−4f ijf k

i H̃ ℓm
j H̃kℓm − 2f ijfkℓH̃ m

ij H̃kℓm

)

+e2ϕ
(
−f ijfijf

kℓfkℓ − 4f ijf k
i f ℓ

j fkℓ
)]

,

c14
√
−ge−ΦHijkH ℓm

i H n
jℓ Hkmn

−→ c14e
−Φ+ 1

2
ϕ
[
−6eϕf ijfkℓH̃ m

ik H̃jℓm − 3e2ϕf ijf k
i f ℓ

j fkℓ
]
,

c25
√
−ge−ΦRab

abH
cdiHcdi −→ c25e

−Φ+ 1

2
ϕ

[
−1

2
fabfabf̃

cif̃ci −
1

4
eϕfabfabH̃

cdiH̃cdi

]
,
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c26
√
−ge−ΦRab

abH
ijkHijk −→ c26e

−Φ+ 1

2
ϕ

[
−1

4
eϕfabfabH̃

ijkH̃ijk

]
,

c27
√
−ge−ΦRab c

a H di
b Hcdi

−→ c27e
−Φ+ 1

2
ϕ

[
1

4

(
fabfabf̃

cif̃ci − 2fabf c
a f̃ i

b f̃ci − 4∂af b
a f̃ciH̃bci

)
− 1

2
eϕfabf c

a H̃ di
b H̃cdi

]
,

c28
√
−ge−ΦRabcdH i

ab Hcdi −→ c28e
−Φ+ 1

2
ϕ
[
fabf c

a f̃ i
b f̃ci + 2∂afbcf̃ i

a H̃bci

+
1

2
eϕ

(
−fabfcdH̃ i

ab H̃cdi − fabfcdH̃ i
ac H̃bdi

)]
,

c29
√
−ge−ΦRabijH k

ab Hijk −→ c29e
−Φ+ 1

2
ϕ

[
1

2
e−ϕf̃aif̃bjH̃ k

ab H̃ijk

+
1

2

(
fabf ij f̃aif̃bj + 2∂af ij f̃ k

a H̃ijk − 2f ij∂if̃
abH̃abj

)
− 1

2
eϕfabf ijH̃ k

ab H̃ijk

]
,

c30
√
−ge−ΦRabijH c

a iHbcj −→ c30e
−Φ+ 1

2
ϕ

[
1

4
e−ϕ

(
f̃aif̃bjH̃ c

a iH̃bcj − f̃aif̃bjH̃ c
a jH̃bci

)

+
1

2

(
−fabf ij f̃aif̃bj + 2∂af ij f̃b

iH̃abj + 2fab∂if̃ c
a H̃bci

)
− 1

2
eϕfabf ijH̃ c

a iH̃bcj

]
,

c31
√
−ge−ΦRai j

a Hbc
iHbcj −→ c31e

−Φ+ 1

2
ϕ

[
3

4
e−ϕf̃aif̃ j

a H̃bc
iH̃bcj

+
1

4

(
−fabfabf̃

cif̃ci + 2f ijf k
i f̃a

j f̃ak + 4fab∂cf̃ i
c H̃abi

)
+

1

4
eϕf ijf k

i H̃ab
jH̃abk

]
,

c32
√
−ge−ΦRai j

a H kℓ
i Hjkℓ −→ c32e

−Φ+ 1

2
ϕ

[
3

4
e−ϕf̃aif̃ j

a H̃ kℓ
i Hjkℓ

+
1

4

(
−f ijfij f̃

akf̃ak + 6f ijf k
i f̃a

j f̃ak + 4f ij∂af̃ k
a H̃ijk

)
+

1

4
eϕf ijf k

i H̃ ℓm
j H̃kℓm

]
,

c33
√
−ge−ΦRaibjH c

a iHbcj −→ c33e
−Φ+ 1

2
ϕ

[
1

4
e−ϕ

(
2f̃aif̃bjH̃ c

a iH̃bcj + f̃aif̃bjH̃ c
a jH̃bci

)

+
1

4

(
−fabf c

a f̃ i
b f̃ci − fabf ij f̃aif̃bj + f ijf k

i f̃a
j f̃ak + 4∂ifaj f̃b

iH̃abj − 4fab∂af̃
ciH̃bci

)

−1

4
eϕfabf ijH̃ c

a iH̃bcj

]
,

c34
√
−ge−ΦRijkℓH m

ij Hkℓm −→ c34e
−Φ+ 1

2
ϕ
[
−f ijf k

i f̃a
j f̃ak − 2f ij∂if̃

kℓH̃jkℓ

+
1

2
eϕ

(
−f ijfkℓH̃ m

ij H̃kℓm − f ijfkℓH̃ m
ik H̃jℓm

)]
,

c37
√
−ge−ΦRab

abR
cd

cd −→ c37e
−Φ+ 1

2
ϕ

[
1

16
e2ϕfabfabf

cdfcd

]
,

c38
√
−ge−ΦRab c

a R d
b cd −→ c38e

−Φ+ 1

2
ϕ

[
−1

2
eϕ∂af b

a ∂cfbc
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+
1

16
e2ϕ

(
fabfabf

cdfcd + 4fabf c
a f d

b fcd
)]

,

c39
√
−ge−ΦRabcdRabcd −→ c39e

−Φ+ 1

2
ϕ
[
eϕ∂afbc∂afbc

+
1

8
e2ϕ

(
3fabfabf

cdfcd + 5fabf c
a f d

b fcd
)]

,

c40
√
−ge−ΦRabijRabij −→ c40e

−Φ+ 1

2
ϕ

[
1

8
e−2ϕ

(
−f̃aif̃aif̃

bj f̃bj + f̃aif̃ j
a f̃b

if̃bj
)

−1

2
e−ϕ∂if̃ab∂if̃ab +

1

2
eϕ∂af ij∂afij +

1

4
e2ϕfabfabf

ijfij

]
,

c41
√
−ge−ΦRai j

a Rb
ibj −→ c41e

−Φ+ 1

2
ϕ

[
1

16
e−2ϕ

(
−f̃aif̃aif̃

bj f̃bj − 9f̃aif̃ j
a f̃b

if̃bj
)

−1

2
e−ϕ∂af̃ i

a ∂bf̃bi +
1

16
e2ϕf ijf k

i f ℓ
j fkℓ

]
,

c42
√
−ge−ΦRaibjRaibj −→ c42e

−Φ+ 1

2
ϕ

[
1

16
e−2ϕ

(
−5f̃aif̃aif̃

bj f̃bj − 5f̃aif̃ j
a f̃b

if̃bj
)

−1

2
e−ϕ∂af̃bi∂af̃bi +

1

2
eϕ∂ifaj∂ifaj +

1

16
e2ϕ

(
fabfabf

ijfij + f ijf k
i f ℓ

j fkℓ
)]

,

c43
√
−ge−ΦRijkℓRijkℓ −→ c43e

−Φ+ 1

2
ϕ

[
−1

4
e−2ϕf̃aif̃ j

a f̃b
if̃bj − e−ϕ∂if̃ jk∂if̃jk

+
1

8
e2ϕ

(
3f ijfijf

kℓfkℓ + 3f ijf k
i f ℓ

j fkℓ
)]

,

c45
√
−ge−Φ∇aH bi

a ∇cHbci −→ c45e
−Φ+ 1

2
ϕ

[
1

4
e−ϕ

(
f̃aif̃bjH̃ c

a iH̃bcj − 4∂af̃ i
a ∂bf̃bi

)

+
1

4

(
fabf c

a f̃ i
b f̃ci − f ijf k

i f̃a
j f̃ak + 4∂af b

a f̃ciH̃bci − 4fab∂cf̃ i
c H̃abi − 4fabf̃ i

a ∂cH̃bci

+4f ij f̃a
i∂

bH̃abj

)
+

1

4
eϕ

(
−fabfcdH̃ i

ab H̃cdi − 4∂af b
a ∂cfbc

)]
,

c46
√
−ge−Φ∇aHbci∇aHbci −→ c46e

−Φ+ 1

2
ϕ

[
1

4
e−ϕ

(
−f̃aif̃ j

a H̃bc
iH̃bcj + 8∂af̃bi∂af̃bi

)

+
1

4

(
fabfabf̃

cif̃ci − 4fabf ij f̃aif̃bj + 2f ijf k
i f̃a

j f̃ak + 4∂afbcf̃ i
a H̃bci − 8fab∂af̃

ciH̃bci

+8fabf̃ci∂aH̃bci − 4fabf̃ci∂cH̃abi

)
+

1

4
eϕ

(
4fabf c

a H̃ di
b H̃cdi − 2fabfcdH̃ i

ac H̃bdi

−4fabf ijH̃ c
a iH̃bcj + f ijf k

i H̃ab
jH̃abk − 4∂afbc∂afbc

)]
,

c47
√
−ge−Φ∇aHijk∇aHijk −→ c47e

−Φ+ 1

2
ϕ

[
−3

4
e−ϕf̃aif̃ j

a H̃ kℓ
i H̃jkℓ

+
1

4

(
−3f ijfij f̃

akf̃ak + 6f ijf k
i f̃a

j f̃ak + 12∂af ij f̃ k
a H̃ijk − 12f ij f̃ak∂aH̃ijk

)

+
1

4
eϕ

(
3f ijf k

i H̃ ℓm
j H̃kℓm − 6f ijfkℓH̃ m

ik H̃jℓm − 12∂af ij∂afij
)]

,
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c48
√
−ge−Φ∇iHajk∇iHajk −→ c48e

−Φ+ 1

2
ϕ

[
1

4
e−ϕ

(
−f̃aif̃ j

a H̃ kℓ
i H̃jkℓ − 4f̃aif̃b

iH̃
cj

a H̃bcj

+4f̃aif̃bjH̃ k
ab H̃ijk + 2f̃aif̃bjH̃ c

a jH̃bci + 4∂if̃ jk∂if̃jk
)
+

1

4

(
−2fabf c

a f̃ i
b f̃ci + 4fabf ij f̃aif̃bj

+f ijfij f̃
akf̃ak − 4f ijf k

i f̃a
j f̃ak + 8∂ifaj f̃b

iH̃abj − 4f ij∂if̃
kℓH̃jkℓ − 8f ij f̃ak∂iH̃ajk

+4f ij f̃ak∂kH̃aij

)
+

1

4
eϕ

(
f ijf k

i H̃ ℓm
j H̃kℓm − 8∂ifaj∂ifaj

)]
,

The relevant Bianchi identities are (we omit the constant prefactors of e−Φ and powers

of eϕ)

3x′1f̃
aiH̃bc

i∂[afbc] = x′1

[
∂af bcf̃ i

a H̃bci − 2∂af bcf̃ i
b H̃aci

]
,

3x′2f̃
akH̃ ij

k∂[afij] = x′2

[
∂af ij f̃ k

a H̃ijk − 2∂ifaj f̃ k
a H̃ijk

]
,

3x′3f̃
biH̃a j

b ∂[afij] = x′3

[
∂af ij f̃ b

iH̃abj − ∂ifaj f̃ b
iH̃abj + ∂ifaj f̃ b

jH̃abi

]
,

3x′4∂
af bc∂[afbc] = x′4

[
∂af bc∂afbc − 2∂af bc∂bfac

]
,

3x′5∂
af ij∂[afij] = x′5

[
∂af ij∂afij − 2∂af ij∂ifaj

]
,

3x′6∂
ifaj∂[afij] = x′6

[
∂af ij∂ifaj − ∂ifaj∂ifaj + ∂ifaj∂jfai

]
,

3x′7f
ab∂c∂[afbc] = x′7

[
2fab∂ c

a fbc + fab∂c
cfab

]
,

3x′8f
ij∂a∂[afij] = x′8

[
f ij∂a

afij − 2f ij∂a
ifaj

]
,

3x′9f
acH̃b i

c ∂[af̃bi] = x′9

[
−fab∂af̃

ciH̃bci + fab∂cf̃ i
a H̃bci − fab∂if̃ c

a H̃bci

]
,

3x′10f
ijH̃ab

j∂[af̃bi] = x′10

[
2f ij∂af̃ b

iH̃abj + f ij∂if̃
abH̃abj

]
,

3x′11f
iℓH̃jk

ℓ∂[if̃jk] = x′11

[
f ij∂if̃

kℓH̃jkℓ − 2f ij∂kf̃ ℓ
i H̃jkℓ

]
,

3x′12∂
af̃ bi∂[af̃bi] = x′12

[
∂af̃ bi∂af̃bi − ∂af̃ bi∂bf̃ai + ∂af̃ bi∂if̃ab

]
,

3x′13∂
if̃ab∂[af̃bi] = x′13

[
2∂af̃ bi∂if̃ab + ∂if̃ab∂if̃ab

]
,

3x′14∂
if̃ jk∂[if̃jk] = x′14

[
∂if̃ jk∂if̃jk − 2∂if̃ jk∂j f̃ik

]
,

3x′15f̃
ai∂b∂[af̃bi] = x′15

[
f̃ai∂ b

a f̃bi − f̃ai∂b
bf̃ai + f̃ai∂b

if̃ab

]
.

The Bianchi identities involving H̃ are slightly more complicated as discussed in section 2.2.

x′
16f

abf̃ci
(
4∂[aH̃bci] + 6f[abf̃ci]

)
= x′

16

[
fabfabf̃

cif̃ci − 2fabf c
a f̃ i

b f̃ci + 2fabf̃ci∂aH̃bci

+fabf̃ci∂cH̃abi − fabf̃ci∂iH̃abc

]
,

x′
17f

ij f̃ak
(
4∂[aH̃ijk] + 6f[aif̃jk]

)
= x′

17

[
f ijfij f̃

akf̃ak − 2f ijf k
i f̃a

j f̃ak + f ij f̃ak∂aH̃ijk

−2f ij f̃ak∂iH̃ajk − f ij f̃ak∂kH̃aij

]
,

x′
18∂

aH̃bci
(
4∂[aH̃bci] + 6f[abf̃ci]

)
= x′

18

[
2fabf̃ci∂aH̃bci + fabf̃ci∂cH̃abi + ∂aH̃bci∂aH̃bci

−2∂aH̃bci∂bH̃aci − ∂aH̃bci∂iH̃abc

]
,

x′
19∂

aH̃ijk
(
4∂[aH̃ijk] + 6f[aif̃jk]

)
= x′

19

[
3f ij f̃ak∂aH̃ijk + ∂aH̃ijk∂aH̃ijk − 3∂aH̃ijk∂iH̃ajk

]
,
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x′
20∂

iH̃abc
(
4∂[aH̃bci] + 6f[abf̃ci]

)
= x′

20

[
3fabf̃ci∂iH̃abc + 3∂aH̃bci∂iH̃abc − ∂iH̃abc∂iH̃abc

]
,

x′
21∂

iH̃ajk
(
4∂[aH̃ijk] + 6f[aif̃jk]

)
= x′

21

[
2f ij f̃ak∂iH̃ajk + f ij f̃ak∂kH̃aij + ∂aH̃ijk∂iH̃ajk

−∂iH̃ajk∂iH̃ajk + 2∂iH̃ajk∂jH̃aik

]
,

x′
22H̃

abi∂c
(
4∂[aH̃bci] + 6f[abf̃ci]

)
= x′

22

[
2∂af b

a f̃ciH̃bci + ∂afbcf̃ i
a H̃bci + 2fab∂af̃

ciH̃bci

+fab∂cf̃ i
c H̃abi + 2H̃abi∂ c

a H̃bci + H̃abi∂c
cH̃abi

−H̃abi∂c
iH̃abc

]
,

x′
23H̃

ijk∂a
(
4∂[aH̃ijk] + 6f[aif̃jk]

)
= x′

23

[
3∂af ij f̃ k

a H̃ijk + 3f ij∂af̃ k
a H̃ijk + H̃ijk∂a

aH̃ijk

−3H̃ijk∂a
iH̃ajk

]
,

Finally we also need the total derivatives,

y′1∂
a
(
f b
a f̃ ciH̃bci

)
= y′1

[
∂af b

a f̃ ciH̃bci + fab∂af̃
ciH̃bci + fabf̃ ci∂aH̃bci

]
,

y′2∂
a
(
f bcf̃ i

a H̃bci

)
= y′2

[
∂af bcf̃ i

a H̃bci + fab∂cf̃ i
c H̃abi + fabf̃ ci∂cH̃abi

]
,

y′3∂
a
(
f bcf̃ i

b H̃aci

)
= y′3

[
∂af bcf̃ i

b H̃aci − fab∂cf̃ i
a H̃bci − fabf̃ i

a ∂cH̃bci

]
,

y′4∂
a
(
f ij f̃ k

a H̃ijk

)
= y′4

[
∂af ij f̃ k

a H̃ijk + f ij∂af̃ k
a H̃ijk + f ij f̃ak∂aH̃ijk

]
,

y′5∂
a
(
f ij f̃ b

iH̃abj

)
= y′5

[
∂af ij f̃ b

iH̃abj + f ij∂af̃ b
iH̃abj − f ij f̃a

i∂
bH̃abj

]
,

y′6∂
a
(
f b
a ∂cfbc

)
= y′6

[
∂af b

a ∂cfbc + fab∂ c
a fbc

]
,

y′7∂
a
(
f bc∂afbc

)
= y′7

[
∂af bc∂afbc + fab∂c

cfab

]
,

y′8∂
a
(
f bc∂bfac

)
= y′8

[
∂af bc∂bfac − fab∂ c

a fbc

]
,

y′9∂
a
(
f ij∂afij

)
= y′9

[
∂af ij∂afij + f ij∂a

afij
]
,

y′10∂
a
(
f ij∂ifaj

)
= y′10

[
∂af ij∂ifaj + f ij∂a

ifaj
]
,

y′11∂
a
(
f̃ i
a ∂bf̃bi

)
= y′11

[
∂af̃ i

a ∂bf̃bi + f̃ai∂ b
a f̃bi

]
,

y′12∂
a
(
f̃ bi∂af̃bi

)
= y′12

[
∂af̃ bi∂af̃bi + f̃ai∂b

bf̃ai

]
,

y′13∂
a
(
f̃ bi∂bf̃ai

)
= y′13

[
∂af̃ bi∂bf̃ai + f̃ai∂ b

a f̃bi

]
,

y′14∂
a
(
f̃ bi∂if̃ab

)
= y′14

[
∂af̃ bi∂if̃ab − f̃ai∂b

if̃ab

]
,

y′15∂
a
(
H̃ bi

a ∂cH̃bci

)
= y′15

[
∂aH̃ bi

a ∂cH̃bci + H̃abi∂ c
a H̃bci

]
,

y′16∂
a
(
H̃bci∂aH̃bci

)
= y′16

[
∂aH̃bci∂aH̃bci + H̃abi∂c

cH̃abi

]
,

y′17∂
a
(
H̃bci∂bH̃aci

)
= y′17

[
∂aH̃bci∂bH̃aci − H̃abi∂ c

a H̃bci

]
,

y′18∂
a
(
H̃bci∂iH̃abc

)
= y′18

[
∂aH̃bci∂iH̃abc + H̃abi∂c

iH̃abc

]
,

y′19∂
a
(
H̃ ijk∂aH̃ijk

)
= y′19

[
∂aH̃ ijk∂aH̃ijk + H̃ ijk∂a

aH̃ijk

]
,

y′20∂
a
(
H̃ ijk∂iH̃ajk

)
= y′20

[
∂aH̃ ijk∂iH̃ajk + H̃ ijk∂a

iH̃ajk

]
,
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Demanding that the sum of all these pieces vanish gives a system of linear equations for

the coefficients ci, x
′
i, and y′i. The solution involves an arbitrary choice for c7, x

′
4, x

′
5, x

′
12,

x′18, and x′19, and then all other coefficients are fixed (we of course omit ci corresponding

to terms with derivatives of the dilaton, as these drop out of the twisted product),

c5 = c6 = c9 = c12 = c13 = c25 = c26 = c28 = c33 = c34 = c37 = c42 = c43 = c48 = 0,

x2 = x3 = x6 = x11 = x14 = x16 = x17 = x20 = x21 = y15 = 0,

c8 = −c7, c10 = −2

3
c7, c11 =

1

2
c7, c14 =

1

6
c7, c27 = −4c7, c29 = 4c7,

c30 = 8c7, c31 = −6c7, c32 = 2c7, c38 = −8c7, c39 = 4c7, c40 = −4c7, (C.1)

c41 = 8c7, c45 = −8c7, c46 = −2c7, c47 = −2

3
c7,

y′1 = 4c7 − 2x′18, y′2 = −2c7 − x′18, y′3 = 8c7, y′4 = −2c7 − 3x′19, y′5 = −8c7,

y′6 = −12c7, y′7 = −6c7 − x′4, y′8 = 2x′4, y′9 = −x′5, y′10 = 2x′5,

y′11 = −4c7, y′12 = 4c7 − x′12, y′13 = x′12, y′14 = 4c7 − x′12, y′16 = −x′18,

y′17 = 2x′18, y′18 = x′18, y′19 = −x′19, y′20 = 3x′19,

x′1 = 4c7, x′7 = 6x7 + x′4, x′8 = x′5, x′9 = 8c7, x′10 = 4c7,

x′13 = −2c7, x′15 = 4c7 − x′12, x′22 = x′18, x′23 = x′19.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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