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1 Introduction

The supersymmetric solutions of 10- and 11-dimensional supergravity theories have found

widespread applications in compactifications, string solitons, black holes, dualities and in

the AdS/CFT correspondence. Many examples of such solutions have been constructed,

and some progress has been made to identify the geometry of all such solutions. All the

maximally supersymmetric solutions has been classified up to a discrete identification [1].
The Killing spinor equations (KSEs) of D = 11 [2-4] and IIB supergravity [5, 6] have been
solved for one Killing spinor, and some near maximally supersymmetric solutions have been

classified [7—11]. Far more significant progress has been made in heterotic supergravity



where the KSEs have been solved in all cases, and the possible fractions of supersymmetry
and the geometry of all the backgrounds have been identified [12, 13]. In ITA supergravity
less progress has been made. It is known that the only maximally supersymmetric solu-
tion up to a discrete identification is Minkowski spacetime and that all backgrounds that
preserve 31 supersymmetries are actually maximally supersymmetric [14].

In this paper, we initiate the solution of KSEs of IIA supergravity for backgrounds
which preserve one supersymmetry. As we demonstrate, there are four different cases to
consider. In this work, we solve the KSEs for two of the four cases. The final aim is to
bring the status of the classification of supersymmetric solutions of ITA supergravity to a
similar standard to that of D = 11 and IIB supergravities.

To solve the KSEs of ITA supergravity, we shall use spinorial geometry [4]. This relies
on using the gauge symmetry of the KSEs to bring the Killing spinor into a canonical
form. Then utilizing a realization of spinors in terms of forms, one can express the KSEs
in terms of a linear system, with the unknowns being the components of the fluxes and of
the spin connection. The linear system can then be solved to express the fluxes in terms of
the geometry and to find the conditions on the geometry. The conditions on the geometry
are usually expressed as a linear relation between the components of the spin connection.
The final results can be organized in irreducible representations of the isotropy group of
the Killing spinor.

The gauge group of ITA supergravity is Spin(9, 1) and the ITA supersymmetry param-
eter is in the 32-dimensional Majorana representation Aga. Spin(9,1) has several orbits
on Asgs each giving a distinct local geometry.! There are four such orbits with isotropy
groups Spin(7), Spin(7) x R8, SU(4) and G2 x R®. Here, we shall solve the KSEs for the
first two of the orbits and the other two cases will be reported elsewhere. A representative
of the first two orbits is

€= f(1+ e1234) + g(es + e12345) - (1.1)

If f,g # 0 the spinor represents the Spin(7) orbit while if either f = 0 or g = 0, the spinor
represents the Spin(7) x R® orbit. In the former case, one can further choose without loss
of generality that f = 4g. In the latter case, the f = 0 and g = 0 cases are symmet-
ric, so without loss of generality we shall take g = 0 and also set f = 1 with a gauge
transformation.

The existence of a Spin(7) or Spin(7) x R® invariant Killing spinor imposes rather weak
conditions on the geometry and these conditions have been summarized in equations (3.3)
and (4.2), respectively. In particular, Spin(7) backgrounds admit two commuting vector
fields one of which is timelike and Killing while the other is spacelike. The timelike Killing
vector field leaves all the fields and the Killing spinor invariant. A more detailed analysis
of the geometric conditions can be found in section 3.1, and the expression of all the fields
in terms of the geometry can be found in section 3.2. It turns out that not all components

!Because the holonomy of the supercovariant connection is SL(32,R), and thus much larger than
Spin(9, 1), one expects that globally the Killing spinor will change orbit under Spin(9,1) from patch to
patch. Nevertheless solving the KSEs for each orbit captures the local geometry.



of the fluxes are expressed in terms of the geometry. We have also verified that our results
contain those of [15] that describe the solution of the KSEs of common sector backgrounds
admitting a Killing spinor with isotropy group Spin(7). The inclusion of the common sector
Spin(7) backgrounds into the ITA Spin(7) ones is not a surprise as in both cases the Killing
spinor representative is the same.

The geometric conditions imposed on the spacetime as a consequence of the existence
of a Spin(7) x R® invariant Killing spinor are the same as those found in [12] for heterotic
backgrounds admitting a Spin(7) x R® invariant Killing spinor. These are the most gen-
eral heterotic backgrounds preserving one supersymmetry. Furthermore, the conditions
imposed by the KSEs on the ITA dilaton and 3-form flux are the same as those of het-
erotic supergravity. Although a relation between the IIA Spin(7) x R® backgrounds and
the heterotic Spin(7) x R® ones was expected as they both have the same Killing spinor
representative, the property we proved, i.e. that the conditions on the geometry and the
expression for the 3-form flux are the same in both cases, was not expected. As a result all
solutions of ITA supergravity with a Spin(7) x R® invariant Killing spinor are extensions of
those of heterotic supergravity that include the addition of 0-, 2- and 4-form fluxes.? We
also give the expression of the remaining ITA fluxes in terms of the geometry. The condi-
tions on the geometry as well as the expression of all the fields in terms of the geometry
can be found in sections 4.1 and 4.2, respectively.

This paper has been organized as follows. In section 2, we state the KSEs, choose
representatives for the Killing spinors and investigate some of the global properties of
spacetime. In section 3, we solve the KSEs of ITA supergravity for Spin(7) invariant Killing
spinors and give the conditions on the geometry of spacetime. In section 4, we solve the
KSEs of ITA supergravity for Spin(7) x R® invariant spinors and give the conditions on the
geometry of spacetime. In section 5, we state our conclusions. In appendices A and B, we
collect various useful formulae such as the integrability conditions of the IIA KSEs, the
expression for the supercovariant curvature as well as a selection of properties of Spin(7)
representations. In appendix C, we give the form spinor bilinears of (1.1). In appendices D
and E, we give the solutions of the linear systems for the Spin(7) and Spin(7) x R® cases,
respectively.

2 Killing spinor equations and Killing spinor representatives

2.1 Killing spinor equations

The Killing spinor equations of type ITA supergravity [16-20] are the vanishing condition
of the supersymmetry variations of the fermions evaluated at the locus where all fermions
vanish. In the conventions of [21], the KSEs are given by the vanishing conditions of

1 1 ¢~
Duyre = Ve + gHMPlPQFP:lPQFHG + geq)STME

1 ~ 1 -
+E€¢FP1P2FP1P2FMF11€ + WB¢GP1~~P4FP1'"P4FM€,

2Using this, we conclude that there are ITA solutions with strictly one supersymmetry. Such a solution

with a Spin(7) x R® invariant Killing spinor is a pp-wave propagating on an 8-dimensional manifold with
Spin(7) holonomy.



1 5 oa
Ae = 9p®T e + EHp1p2p3FP1P2P3F116 + Zeq)Se

3 & = 1
+§6¢FPIPQFP1P2F11€ + 1

where V is the spin connection, H is the NS-NS 3-form field strength, S, F, G are the RR
k-form field strengths, and ® is the dilaton. For later convenience, we set

e®*Gp,..p, T Tie, (2.1)

S=e%S, F=¢®F, G=¢%G. (2.2)

The spinor € is in the Majorana representation of Spin(9, 1). The first and second equations
in (2.1) are associated with the gravitino and dilatino supersymmetry transformations,
respectively. In particular, the first KSE is a parallel transport equation with respect to
the supercovariant connection D of the spin bundle while A is an algebraic condition on
the spinor e. In what follows, we shall seek solutions to the conditions De = Ae = 0
without making simplifying assumptions on the fields, the Killing spinor or the geometry
of spacetime.

2.2 Choice of Killing spinors

The holonomy group® of the supercovariant connection D of generic type IIA backgrounds
is SL(32,R), while the gauge group of the KSEs is Spin(9, 1). The former can be seen from
the expression of the supercovariant curvature in appendix A. Backgrounds that are related
by a gauge transformation have the same geometry, up to a choice of frame. Because of
this, the different types of geometries that appear in supersymmetric backgrounds can be
locally labeled by the orbits of the gauge group on the space of spinors. The gauge algebra
acts on the Majorana representation of Spin(9, 1) and has four distinct orbits with isotropy
algebras Spin(7), Spin(7) x R®, SU(4) and G x R®. The general analysis how all these
orbits arise can be found in [26]. Here, we shall explain how the first two arise that we use
for our analysis.

The Majorana representation Agg of Spin(9,1) decomposes into a chiral and an anti-
chiral Majorana-Weyl representation as Ago = A{G ® Ajg- So the Killing spinor can be
written as € = ¢* + €. It is known that Spin(9, 1) has a single orbit in A with isotropy
algebra Spin(7) x R®. Thus the Spin(7) x R orbit arises by asserting that ¢ = . In such
case, a representative for the orbit can be chosen as

e=1+4e1234, (2.3)

where we have used a realization of spinors in terms of forms in a basis described in
either [12] or [26]. For the other 3 orbits e~ # 0. To see how that Spin(7) arises, observe
that under Spin(7) C Spin(7) x RS, the isotropy group of €', the Ajg representation
decomposes as Ajg = A1 @ A7 @ Ag. The Spin(7) orbit of Spin(9, 1) arises by asserting
that e takes values in AiLe and €~ takes values in Aj. A representative for the orbit can
be chosen as

e = f(1+ en231) + gles + er2345) - (2.4)

3The holonomy group of the supercovariant connection of D = 11 [22, 23] and IIB supergravities [24, 25]
is also in SL(32,R).




When g # 0, we can use the gauge symmetry, which is generated by boosts along the 5-th
direction, to set f = +g¢g, which leads to a significant simplification of the solution to the
Killing spinor equations. We shall solve the KSEs for f = g . The solution corresponding
to f = —g is obtained from the f = g one by, for each term, adding a sign for every plus
and minus index appearing.?

2.3 Some global aspects

The existence of a Killing spinor, and in particular of a parallel spinor with respect to D,
implies that there is a global nowhere vanishing section of the spin bundle §. The mere
existence of a nowhere vanishing section of S does not impose a topological condition on
the spacetime manifold M as S has rank 32 which is much larger than the dimension of M.
So it always admits a nowhere vanishing section. Nevertheless, D is a specific connection
and the existence of a parallel section of S with respect to D may impose some additional
conditions which are not apparent. For example, if the Killing spinor is restricted to lie in a
certain sub-bundle of S, because of a so far unknown property of the theory, then both the
topology and geometry of M can be restricted. For example in the two cases we investigate
here, if in addition we restrict the Killing spinor to have isotropy group Spin(7) x R® or
Spin(7) everywhere on the manifold M, then the structure group of M reduces to these
isotropy groups. However in general, since the holonomy group of D is SL(32,R), even if
the Killing spinor is chosen in one chart to lie in a given orbit of Spin(9,1) it is expected
that parallel transport will change the type of orbit when it crosses to another chart and
so the structure group may not reduce. In the analysis that follows, we shall assume that
there is a chart such that the isotropy group of the Killing spinor is either Spin(7) x R® or
Spin(7) and use this to solve the KSEs. Of course our results can be extended to the whole
spacetime provided that the spinors maintain their type of orbit everywhere on spacetime.

3 Solution of the KSEs for the Spin(7) backgrounds

Having identified the Killing spinor, one can easily solve the KSEs using spinorial geometry.
We have not given the linear system that arises from the KSEs. Instead, we have presented
its solution in appendix D. This expresses the fluxes in terms of the geometry and iden-
tifies the conditions that restrict the geometry of spacetime. The latter are expressed as
relations between the components of the spin connection. The results in appendix D have
been written in SU(4) representations but they can be re-organized in irreducible Spin(7)
representations.

3.1 Geometry of spacetime

To identify the geometry of spacetime, it is convenient to use the spinor bilinears associated
with the Spin(7) invariant spinor e. These are explicitly stated in appendix B. To continue,

“This corresponds to a reflection of time and one spatial coordinate (the 0 and 5 directions) which might
not be a symmetry of the theory as the transformation is not part of the component of Spin(9, 1) which is
connected to the identity element. However, here we just view the transformation as a solution generating
transformation.



choose the basis in the space of form spinor bilinears® given by
K=7f%" X=¢&, o, (3.1)

where ¢ is the fundamental Spin(7) self-dual 4-form. Clearly K is time-like, X is space-like®
and ¢ is transverse to both K and X, i.e. ix¢p =ix¢p = 0.

It follows that the tangent space T'M of spacetime M has two preferred directions
and therefore decomposes, everywhere that f # 0, as TM = I? & E, where I? is a trivial
bundle and F is a rank 8 bundle which consists of the directions transverse to X and K.
Introducing a frame adapted to this splitting of M as (e, €%, e?), the spin connection V
decomposes in various components. We define

VZ(-S)Yj = &-Yj + Q@jkyk (3.2)

i.e. V® denotes the component of V for which both spacetime and frame indices are
restricted along F.

The conditions on the geometry of spacetime imposed by the solution of KSEs for a
spin(7) invariant Killing spinor are

Lxg=0, Lge=0,
—4

1
Lxe = —fTKA(iXdK)BFABe—i- (X log f*)e — ZXA(iXdX)BFABe,
1
050 = 595 + d5log £,

3 3 1
0;® = 191 + 162 log f2 — Z(d€5)5i R (3.3)
where the spinorial Lie derivative is defined as
1
Lye=Vie+ ZVAKBI‘ABe =0, (3.4)
and similarly for Lx, and
1 t 1 f
0; = _%V(S)m¢mk1k2k3¢klk2ksia 05 = _E¢klk2k3k4vk1¢5k2k3k4 : (35)

The 1-form 6; is defined in analogy to the Lee form for manifolds with a Spin(7) structure.
The remaining conditions which arise from the KSEs express the ITA fluxes in terms of the
geometry and the corresponding expression will be given in the next section.

The first geometric condition in (3.3) implies that K is a Killing vector. In fact K
leaves all the fields of the theory invariant, i.e.

Lx® =LxS=LKxF=LxH=LxgG=0. (3.6)

In addition, the second condition in (3.3) implies that the Killing spinor e is invariant under
the motion generated by K. X is not Killing but commutes with K

[X,K]=0, (3.7)

5Note that the bilinear in fact is f2e®, but it is convenient to instead choose X = e® for the basis.
SFrom now on, we shall denote both the 1-forms K and X and their associated vectors with the same
symbol.



as a consequence of the first three conditions in (3.3). As a result one can adapt coordinates
on the spacetime independently for both K and X. The third condition in (3.3) also implies
that X leaves the Killing spinor € invariant up to possible rotations which always have an X
or K direction. The remaining two conditions in (3.3) can be seen as a generalization of the
well-known conformal balance condition which arises from the dilatino KSE in the context
of heterotic supergravity [12]. However, the numerical coefficient is not the standard one.

It is straightforward to do a Gray-Hervella type of decomposition for 10-dimensional
manifolds with a Spin(7) structure. In such a decomposition two of the classes would have
been represented by 6; and 65, so the conditions in (3.3) imply that both are restricted.
Note that the Lee form 6; that appears also represents one of the Gray-Hervella classes of
8-dimensional manifolds with a Spin(7) structure [27, 28].

3.2 Fields in terms of geometry

To express the field strengths of supersymmetric ITA backgrounds in terms of the geometry,
it is convenient to first decompose the space of forms along the e and e® directions and
the rest, and then further decompose the directions transverse to €’ and e°® in terms of
irreducible representations of spin(7). For the latter, we use that the space of 2-, 3- and
4-forms on R® decompose in irreducible Spin(7) representations as

A2R) = AT@AZL, A3RY) =AB@ A%, AR =A'@ AT AT @A, (3.8)
where A3% denotes the 35-dimensional subspace of anti-self dual 4-forms.
Using this, we can write
F=Fg e ne®+e® AFyqy+e’ AFsq)+ Foy, (3.9)
where
Fo) = %Fijei Nel = FT 4+ 2 (3.10)
and similarly
= " Ne® AHpy+ € A (Hg) + Hily) + € A (Hig + H2b) + H),
Hg) = %Hijkei ANel Aef = H8 + H48,
G = " Ne® N (Gl + Glg) + " A (Gay + Gily)) +€° A (Goa) + Gafy)) + Gay

1 S

G(4) = 5Gijklel Nl neFnel =G+ G+ G?T + G , (3.11)
where the number in the parenthesis is the degree of the forms in the directions transverse
to (e, ed).

Typically, the KSEs express some of the components of the fluxes in the above de-
compositions in terms of the geometry. As we shall see several components remain uncon-
strained. In particular, we find that

1 0 5 0 3 1 2 1 5

1 ) )
—e® A (de)5 ) + %¢1k1k2k3vo¢jk1kgk36’ Ael + F21



H = —d(e" ne®) + e A HEo) + His)
G = 60 A 65 A ((deo)’é) — ﬁ52(12) — F(%%)) — 60 AN H(3)

1 3
+€5 A\ *(8) <<4[d(8) IOg f2 + (d€5)5(1)] — 49) AN Qb + dqb) + G(4) s (313)

where H2l = H21

5(2) 52 + (de®)2L and”

(2)
Gy = 10 495 log 2 1'015 G?*7
(4) = _ﬁ( 5 + 405 log f )¢+ZZ¢ 6(2)+

1 21 ) . ) .
<¢(ilk1k2k3vm)¢5k1k2k3 + 4955mi1) ¢mi2i3i4ezl Ne? ANe Net(3.14)

"~ 214!

where d(g) and x(g) are the exterior derivative and the Hodge star operation along the
directions transverse to (e, e’), respectively.

The components that have not been expressed in terms of the geometry, like F21, H, (3)
and others, are not constrained by the KSEs. The above expressions for the field strengths
together with the conditions on the geometry are the full content of the KSEs admitting
as a solution a Spin(7) invariant spinor.

As a further confirmation of our result, one can compare them with those found in [15]
for the common sector. It is straightforward to verify that when the additional fields of
ITA supergravity are set to zero, both the geometric conditions and the expressions of the
fluxes in terms of the geometry become those of common sector backgrounds which admit
one Spin(7)-invariant Killing spinor.

4 Solution of the KSEs of Spin(7) x R® backgrounds

4.1 Geometry of spacetime

As in the previous case, to describe the geometry one finds that the Killing spinor bilinears
of a Spin(7) x R® invariant spinor are

e, e Nop. (4.1)

These have been computed in appendix B, where ¢ is the fundamental self-dual 4-form of
Spin(7).

The conditions imposed on the geometry by the existence of a Spin(7) x R® Killing
spinor are

Lxkg=0, Vge=0, dK € spin(7,R) @RS . (4.2)
and

281(1) == 91 - (de_)_i s (43)

"We have defined iyt) = 5550 iy inisVmis.igp0€’ A--- Ae+2 and

_ 1 R ST ) S 1AL i8—k
*(SW—;@!A(sfk)!q/)Jlkae irig_ k€ Nt AE :



where K = e~ and 6 is the Spin(7) Lee form as in (3.5). These conditions imply that
Le=0 as in the Spin(7) case.

The first condition in (4.2) implies that K is Killing. In fact K leaves all the fields
invariant including the dilaton, i.e.

Lx®=LxS=LxF=LxH=LxG=0. (4.4)

All the conditions on the geometry that arise from the KSEs are identical to those
found in [12] in the context of heterotic backgrounds preserving one supersymmetry. In
particular, (4.3) is precisely the condition found for the solution of the dilatino KSE in
heterotic theory. Furthermore, we shall see below that the 3-form field strength is pre-
cisely that one finds as a solution of the KSEs for heterotic backgrounds preserving one
supersymmetry. Therefore in this case, the Killing spinor of the ITA theory is parallel with
respect to a connection V with skew-symmetric torsion,

Ve=0, (4.5)
where the skew-symmetric torsion is the 3-form field strength H.

4.2 Fields in terms of geometry

To express the form field strengths in terms of the geometry of spacetime, we introduce a
light-cone frame (e~,e™, e) as for the heterotic backgrounds in [12]. Then we decompose
the fields as in the previous Spin(7) case with the (e, e®) frames replaced by (e”,e™).
Using these decompositions, the solution of the linear system can be organized as

F=Se Net e /\F—(l) +F(2),

_ 1 o
H=de Ne™ — m¢ik1k2k3v,¢jklk2kge ANe' Nel +e” A sz) + Hsy,

— _ 1
G = F(Q) ANe A €+ +e A (7 *(8) (F—(l) A ¢) + Gis(3)) + G(4) s (46)

where

H(g) = — x(g) do + *(8) O No),
1.

The fields that have not been expressed in terms of the geometry, like F_ ), Fg) and
others, are not restricted by the KSEs.

As has already been mentioned, these solutions are an extension of the heterotic back-
grounds which preserve one supersymmetry and satisfy dH = 0. So we can take any
solution of the KSEs of the heterotic theory, including those that preserve more than one
supersymmetry, and add on them the additional ITA field strengths as described in (4.6).
In such a case, the solution of the KSEs of ITA supergravity will be automatically satisfied.
Then to find a supergravity solution, it will remain to solve the ITA field equations and
Bianchi identities.



5 Conclusions

There are four types of supersymmetric ITA backgrounds that preserve one supersymme-
try which are locally characterized by the four orbits of Spin(9,1) in the 32-dimensional
Majorana spinor representation. We have solved the KSEs for two of these orbits with
isotropy groups Spin(7) and Spin(7) x R® without making any additional assumptions on
the fields. We have found all geometric conditions imposed on the spacetime and the
expression of the fluxes in terms of the geometry. We have also verified that when our re-
sults for backgrounds with a Spin(7) invariant Killing spinor are restricted to the common
sector, then they coincide with those found in [15] for the common sector backgrounds
admitting a Spin(7) invariant Killing spinor. Furthermore, the ITA solutions of the KSEs
with a Spin(7) x R® invariant Killing spinor are an extension of the heterotic backgrounds
preserving at least one supersymmetry. In particular, the IIA KSEs imply exactly the same
conditions on the geometry of spacetime and give the same expression for the 3-form field
strength H in terms of the geometry as the heterotic KSEs. As a result all solutions of
the heterotic KSEs can be embedded in the ITA backgrounds which admit a Spin(7) x R8
invariant Killing spinor.

To find all solutions of the KSEs of type II and D = 11 supergravities remains an
open problem. It is not known in general what fractions of supersymmetry supergrav-
ity backgrounds preserve or what their geometry is. For a suggestion about the former
see [29]. The only 10- or 11-dimensional supergravity for which both the possible fractions
of preserved supersymmetry and the geometry of the backgrounds is known is the heterotic
theory [12, 13]. However the techniques applied to solve the problem in the heterotic theory
are not directly applicable in the type IT and D = 11 supergravities. Nevertheless, there are
methods that can be applied to find the geometry of supersymmetric backgrounds of type
IT and D = 11 theories with a very small number of supersymmetries [4-6]. Moreover, it is
possible to classify the backgrounds which preserve a large number of supersymmetries [7—
10]. To complete the task to find the geometry of all ITA backgrounds that preserve one
supersymmetry, it remains to solve the KSEs for the remaining two orbits with isotropy
groups SU(4) and G2 x R®. This will be presented elsewhere.
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A Conventions and integrability conditions

Our ITA supergravity conventions including the form of KSEs, apart from relabeling some
of the fields, are similar to those of [21]. For spinors, we use the same conventions as those
employed in type IIB supergravity in the context of spinorial geometry, cf. [5], e.g. we
choose I'y; = —TI'pq...9.

~10 -



It is well-known that the integrability conditions of the KSEs imply some of the field
equations and Bianchi identities. Because of this, it is useful to derive the field equa-
tions and Bianchi identities from the integrability conditions of the KSEs.® For this, the
integrability conditions of the KSEs (2.1) can be written as

(D, Ale =0 (A1)

and
[Drr, Dnle = Ryune=0 (A.2)

where the the explicit expression for the supercovariant curvature Rysn is given below.
It is a well-known property of supergravity that after a judicious I'-trace of the above
integrability conditions, one gets a linear expression in terms of the field equations and
Bianchi identities of the theory. In particular, we find®

Te = TM[Dy;, Ale
= (F& — PG + BG T ) e

+ (=3FF IV + FHT'® + BFgT® +2BH I ) Tie  (A3)
and
Tye = TN [Dys, Dyle
= <—;EM(1)F(1) —~ iEpPFM + %F(I)F M+ FGI®y — 5BGM(4)F(4)> e (A4)

+ <FHM(1)F(1) + FF ) T'Wy — BEy T + %BHM(?,)F(?’) + BH»I'¥ M) Tipe

where we have defined

Eyn = Ryn — %GM(:S)GN(S) + Q%QMNG@)GM) + %.QMNSZ
—iHM(Q)HN@) - %FMPFNP + égMNF(z)F(Q) + 2Dy dn¢, (A5)
F& = 06 — 2(89)% — SF(Q)F(Z) — %G(@G(‘*) + %H(g)H(?’) - 252, (A.6)

FHypn = i (DPHMNP —2(0"®)Hynp — %GMN(Q)F@)

~FunS + - 11526MN(4)(4)G<4>G<4>> | (A7)
FFy = i <DPFMP — (07 ®)Fyp + éGM(g)H@)) : (A.8)
FGuymoms = %(DPGMleMgP — (07 ®)Gar Mo tsp — ﬁ€M1M2M3(3)(4)H(3)G(4)) (A.9)
BHyi,oat, = 35 Djas, Hatyaiyan (A.10)

8In order to perform the necessary computations the Mathematica package GAMMA [30] has been used.
°In the formulae below (n) denotes n contracted indices.

- 11 -



BFyamas, = g(D[MlFMQMB] (O, ®) Fapyaty) — %HMlMgMgs), (A.11)
BGyy 5 = %(D[MlGMg---M&;] — (O, @) G sy nts) — 28 0, v Hovi vy 1)) (A.12)
where
S=e%S, F=¢®F, G=¢%G. (A.13)
For completeness, the formula for the supercovariant curvature is
Run = [Da,Dple = Ry ve+ R3 nT e, (A.14)
where
Ryy = iSQFMN - 1T[MDN]S + iFMNF(Q)F(Q) - 11*61“[ P EN " Fpyp,

1
firMN( )(2 )F F(2)+ F[ PP Py }PlFP2P3+7FMN(4)SG()

128 (2) 384

1 3
—*F[M( 'DyiGay + @TMNC?( §GW — *T[M( 'SG s — 5 DG
T

P 3
+o5T P Gun PG - %F[ "Gy Gre) — 55

1 1
+o T PG VPG Rai0; + 15T P Gn G

N @D Giay0.0,Gp

1
1s432" @wCa — Tgof GGy — 1L F(2) Hny)
p) 1
—I-fF[M( )(Z)HN](Q)F@) _ EF P P,P: 3F[M\P1|HN]P2P3 _ gFP1P2HMP1QHNP2Q
1
g0 FrHawg + 7% Runey (A.15)
and
2 1 (2) 1 P 1 P 1

_—I‘[M( )FN}QG(3)Q + — P(4)FN}PG( 5+ 71"( )FMNG(4)

384 P 384
—Q%FMN B FpPG 30 + *F[MPF@)GN]P@) - éF[M@)(g)F(Z)GN](?))
+?12F[MP1P2P3FP “Cnprg T 35 5P PG - *F( O Py Crrvey
116F[M( 'S Hy(z) + if( Dy Hyy(2) + ﬁF[M(Z)(A‘)HN}(z)G@)
+%F(2)(3)H<2>[MGN1<3) - %GTPGP[M(Q) Hye) = %F[M(Q)HN} D656
_4718p(3> Hun @G a0 (A.16)

It can be easily seen from this that the holonomy of the supercovariant connection for
generic ITA backgrounds is contained in SL(32,R).
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B Spin(7) formulae

B.1 Fundamental form

The linear system that arises from the solution of the KSEs in the context of spinorial

geometry is written in SU(4) representations. However, this can be re-organized in Spin(7)

representations. For this we have used the fundamental self-dual Spin(7) invariant 4-form

1 . . . . 1
o= @¢i1i2i3i4e“ Ne? Ne Net =Re x — iw Nw,

where
w=—(e'Ael +---etne?), x=(e' +ie®)A... (et +ie?) .

In the Hermitian basis

1 - 1
e = —(e* + i), "= —"—<(e —ie"™?), a=1,...,4
Vol ). €= )
of SU(4) representations, we have
chB = _Z(SO(B 9 Xa1a2a3a4 — 4€a1a2a3a4 9

and

%Bﬁ = 5045575 - 57550457 Payazazas = 2€aiaza304 -
The contractions of ¢ are

Lol :
Bity o1, @712 = 4267

i - -

Pirighly 717 = =iy, 7 7 + 126710

[iniz]
Girizit O = —90111 4y, 27 4 6571028
where
s = 0058y

Using that ¢ is constant in the local Lorentz frame we get

c
VA9B ByBsBy = 424, B, |C|B2B3Bd] »

which can be used to express the spin connection in terms of V¢ as follows:

AB. C l 11l
g 4VA¢BlBQBgB4 = _Q ,Cl(b B1B2B3 + 3Ql1,l2[31¢ ! 23233] )
1 ... 1
_ l l1l2l
ZWU%SMle ¢ij2j3j4 = -0 i igll,lzla@ v,
!
§¢]1J2]334vj1 Pajojaje = — T la s

1 . 1
Ll
a7V aGiigags = Qaie = 5Qa010" i
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(B.1)

(B.8)
(B.9)

(B.10)

(B.11)



1 ...
SO f by i = Tk (B.12)

3!
1 l1lal3 - _0 1Q l1la
SO Vi upaliats = ~ ok T 5 it 1 ok
3 1
_ZQll,lz[ﬁ‘ﬁhl"’ij] + ZQll,lllzfﬁba‘mk : (B.13)
1 2
gqﬁkllbl?’vzl Daitgls = Liak + 0t 1o — ngl,lzaﬁblllQik , (B.14)

where a,b,... € {0,5} or {—,+}.

B.2 Decomposition of Spin(7) representations

As we have explained, the fields and geometric conditions can be decomposed in irreducible
Spin(7) representations. In this paper, we have used the decomposition of A?(R8), A3(R?®)
and A*(R®) in terms of Spin(7) representations. The result is stated in (3.8). To perform
the computation, we have used the projections

1 1
%%7) =1 <¢[¢j] - 2¢z‘jkﬂ/1kl>
1 1
v = 1 (37#[151 + 2¢ijkl¢kl> 7 (B.15)

associated to the decomposition of 1 € A2(R8) = A7 @ A%! with A2! = spin(7).

We have also found convenient to write the decompositions expressed in (3.8) as

1 1 S g

P? = 50‘1(%)1’]‘61 Nel + §Xij€l Nels o X =0, (B.16)
3 _ l m. i 7 k l a1 7 k ~al
P = S'wmqb ke Nel ANet + 3‘val'yjke NeTANeT, vy =0, (B.17)
1 . . 1 ) .
vt =z + Eva%imqﬁmjklez ANel NeF nel + Ezawfj’y,’;le’ Al Ael el (B.18)
1 . . )

+Zwim¢>mjklel Ned NeF Nel, zg = Z(ab), Za” = 0; wij = weyy, wi' =0, (B.19)
where we have used that the Spin(7) gamma matrices v,, a,b = 1,...,7, give an isomor-

phism between R” and A7, i.e. 7, as 2-forms in A%(R®) lie in the 7-dimensional represen-
tation. It is easy to observe then from the above expressions that the 48 representation
is associated with a gamma-traceless gravitino, the 28 representation is the symmetric
traceless vector representation, and the 35 representation is the symmetric traceless spinor
representation.

C The form spinor bilinears of Spin(7) and Spin(7) x R® spinors

The ITA spinors are Majorana, so for the computation of the bilinears one can use either
the Majorana or Dirac inner products. The conventions for these can be found in [5]. In
ITA supergravity apart from the Killing spinor €, one can define another globally defined
spinor € = I'jje. Considering the spinor € in (1.1), the form bilinears of € and € are a 0-form

o(e €) = —2fg, (C.1)
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two 1-forms

re,€) = fA(e” =€) + g% (" + ),

ke, €) = —f2(e® — €5) 4 g?(” + €9), (C.2)

a 2-form
w(e,€) = 2fge Ae?, (C.3)

a 4-form
(e, €) = —2fgo, (C.4)

and two 5-forms

T(e,e) = [ =)Ao+ g% (" +€”) Ao,
T(e,&) = —f2 (" =€) Ap+g* (" +e°) N g, (C.5)

where ¢ is the invariant Spin(7) 4-form defined in appendix B and we have normalized the
Killing spinor with an additional factor of 1/+/2.

D The N =1 Spin(7) solution

In this appendix we present the solution of the Killing spinor equations for one Killing
spinor with stability subgroup Spin(7). The solution is organised in terms of irreducible
SU(4) C Spin(7) representations. This is due to the way that a basis is constructed in the
space of spinors in the context of spinorial geometry, which we use to solve the KSEs. Note
that all representations below are irreducible, i.e. for the (1,1) and (1,2) representations
the trace part is projected out. In particular, we have the trivial SU(4) representation
relations

dfy = 0, dfs = —590705, dd =0, Ho' =75, —Q,57, (D.1)

1 1
d®s; = *597,&/ — Q0,05 — 59%57, Hsy' = —2Q,07,

en ’72’73’74(;;/1%73% — 3G717271 Y2 9{2775,y + 2490705 + 159%577

(D.2)
(D.3)
F,7 = =200, Fos =-S5+ %Q’Ym + %Q%Q, (D.4)
Gosy' = 2Qy07, Q7 0, = =07, Qo7 =007, (D.5)

(D.6)

1 1
05,7 = _597,@ + 59%57, Q5,05 =0,

the fundamental SU(4) or (1,0) representation relations

dfa = _59070(1, Ea%%%H’Yl%% = _SGOa'yPY - 690&,057 (D'7)
1 T YV273 v 3 1 1 v
APy = ea Q315058 = Doy = 700,00 + 70550 = 50y (D:8)
€M 2B Gsy1505; = —3Q0,0a — 30550 — 6Qay”s Hosa = Q0,00 — D550, (D.9)
606’71’72’736;'0%’72% = 3G00477 + 69(1,05) Ha77 = _GOa'yfyv (DlO)
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1 -~ 1 1 1
Foa = —5ea™ 705 505, + 7 ay = 1 Q000 = D550 + 58,7, (D-11)
1 - - - 3 3 3
Gsay” = =56 705 505 + 20y + Q000 + 7 V550 = 50y, (D.12)
Fso = 2Q0,05, Q050 = =205, 2500 = —a,05, (D.13)
the 4 ® 4 or (1,1)-traceless representation relations
HOozB = 93,504 - Qa,SB’ H5o<B = _FaB - GO5O¢B - 29&,037 (D14)
Gong" = Vsa T Qspy oo = —La0ps (D.15)
the symmetric bi-fundamental representation relations
6((1171?2736;&2)%%% = 69(0417042)57 Q(oq,ocz)O =0 (D.16)

the skew-symmetric bi-fundamental representation relations

Higron = =29 01000 Hioras = 2% 0100 Cosaras = 2% 0100 (D.17)

Foos = 2% 0100 Garasy” =405 ar0n0 Homyan = =200, 50 (D.18)
Hioon = —Foas = Gsanas — 294, 0y (D.19)
0 00s = QWovar Qarses = Baras: (D.20)

and the traceless (1,2) representation relations

H.55 = ~Goasiam (D.21)

o

2 2
Coopiss = 3B8 Lozt 355 e — 2 gy (D.22)

where in all the above relations that involve (1,1) and (1,2) traceless representations, we
have denoted the equality of the traceless parts with = and suppressed the trace parts.

The solution described above in terms of SU(4) representations can be rewritten after
some computation in terms of Spin(7) representations. Using that and some of the results
of appendix C, the final result can be expressed as in section 3. In addition, although the
above equations involve explicit components of the spin connections and thus may appear
non-covariant, this is not the case. All the components of the connection that appear in the
solution of the KSEs above are part of the co-torsion in a Gray-Hervella type of analysis
and therefore transform like tensors.

E The N =1 Spin(7) x R® solution

In this appendix we present the solution to the Killing spinor equations for one Killing
spinor with stability subgroup Spin(7) xR®. As in the Spin(7) case, the solution is organised
in terms of irreducible SU(4) C Spin(7) representations. In particular have, the trivial
SU(4) representation relations are

b, =0, H., =20 ., H. =0, (E.1)
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1
M2V

1 -
F’Yﬂ/ = *QEMW’YSMG%%%M + 24 Y1Y2Y374 > (EZ)
| 1
Gy "2 = EGWWNSMG%’YQ’%% + 6671 R CoMPTR (E.3)
1 - 5~ 5= 1
G—+7’Y = _ﬂewwme%%%M + ﬁe’yl e G717273747 (E4)
F_+ = S, er’_’_’y == 07 Q_7_+ == 0’ Q+7/y’y = 07 QJ’_’_J’_ = 0, (E.5)
the (1,0) representation relations are
1
d®, = 6661717273[{%“72?3 - Qow’y + Qo chv = 29&»777 (E.6)
1o
H_+a = 29_’4_0{, F_a = §6a717273G_»7172’73 - G_a’y,y, (E?)
Fio =0, GJra'y7 =0, (E8)
1 555 )
Qv,a'y — _Zea%’m%Hﬁﬂﬂs + 56047172739'71,’?2'73 + Qa,’yv’ (EQ)
Qo+ = Q4o Q4 40 =0, G+’Yl’7273 =0, (E.10)

the (1,1) trace-less relations are

Hi 5= -2 15 Fopg=G_ 05 Gog’ =0, Q5.0= L 15 (E.11)
the symmetric bi-fundamental representation relations
Qaraz)+ = 0, e(alﬁﬁﬂgGaz)ﬁﬁﬂs =0, (E.12)
the skew-symmetric bi-fundamental representation relations
H:a1a2 = 2Q:,a1a27 H—:alag = 07 Fajlag = G:+a1a27 (Elg)
Ggwaﬂ7 = —2G" {400 H]rLalaz = _QQILJraz’ Foj;az = GirJquOzz’ (E.14)
Qortas =0, Q% 410, =0, (E.15)
and the traceless (1,2) representation relations
H — = —26 20 + —ge N0 +2Q (E.16)
afifz 3 hip2 w2 3 B1P2 V1,072 o,B152’ :
G+am =0, (E.17)

where in all the above relations that involve (1,1) and (1,2) traceless representations, we
have denoted the equality of the traceless parts with = and suppressed the trace parts.
The solution described above in terms of SU(4) representations can be rewritten in terms
of Spin(7) representations using the relations in appendix C, and the final result is given in
section 4. In addition, as has been mentioned in the previous appendix, all the components
of the connection that appear in the solution of the KSEs above are part of the co-torsion
in a Gray-Hervella type of analysis and therefore transform like tensors leading to covariant
expressions.
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