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1 Introduction to strongly twisted N=4 Super Yang-Mills

The discovery and exploitation of the integrability of planar N=4 Super Yang-Mills the-

ory (SYM) has been a huge success story. This was already the case when the overview

collection [1] appeared eight years ago. Since then the scope of planar integrability as

concerns an ever increasing number of exactly computable quantities in N=4 SYM and a

small number of further, related integrable field theory models has been steadily increas-

ing. An updated overview would certainly be warranted. On the other hand, vexingly, a

convincing explanation on why these models are integrable at finite values of their coupling

constants has so far not been discovered. Given this situation, a very interesting suggestion

was made in [2–10]. A certain non-unitary deformation of planar N=4 SYM leads in a

double-scaling limit to a decoupling of all gauge fields, a destruction of supersymmetry,

and a vast simplification of the Feynman diagrammatics, while retaining integrability. It

was then argued that, due to their perceived simplicity, a complete understanding of the

integrability of these deformed models could be reached, with the final goal of feeding these

insights back into a possible explanation of the integrability of the mother theory, N=4

SYM. And indeed, the deformed models allow for a large number of exact computations

that do appear simpler as compared to the undeformed case. On the other hand, oddly,

the two showcase instances where integrability can be rigorously proved in N=4 SYM are

obscured in the double-scaled deformed models. At strong coupling, the interpretation

in terms of an integrable string sigma model is missing, see, however, [11]. And at weak

coupling, the a priori much simplified situation is also somewhat fuzzy. On the one hand,

interesting connections between the Feynman diagrams of the double-scaled models and

Yangian invariance have been made [5, 7], integrability allowed to formulate a conjecture

for an exact series of generalized ladder graphs [12], and a connection to an integrable

su(2, 2) Heisenberg chain was made [6]. On the other hand, we noticed that the integrable

one-loop spin chain interpretation of the spectral problem of these models has not yet been

properly exhibited. The purpose of this article is to begin a serious investigation of this

issue. To anticipate: we find the one-loop spectral problem to be highly intricate, quite

different from N=4 SYM, and certainly unsolved.

For the rest of this introductory section, we collect a few pertinent facts on and no-

tations for the strongly twisted cousins of N=4 SYM that we investigate in this paper,

focusing on the points important for the investigation of the one-loop spectral problem. We

refer the reader to the original papers [2–10] for motivations, derivations, and, above all,

many more explanations and details. For a generalization to dimensions other than four,

albeit with non-local propagators, see [13, 14]. The prime example of a four-dimensional

integrable interacting quantum field theory, planar N=4 SYM (see [1] for some introduc-

tory material), allows for a deformation by three parameters γi that appears to retain the

integrability of the theory [15, 16]. The resulting theory is called planar γ-twisted N = 4

SYM. However, it had been demonstrated earlier in [17] that, in contrast to undeformed

N = 4 SYM, the γ-twisted theory is no longer conformally invariant, not even in the pla-

nar limit, due to running double-trace operator couplings. It was suggested by the authors

of [2] that this problem can nevertheless be circumvented in the planar model by restricting
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the attention to composite operators containing at least three fields. This allowed them

to define an interesting double-scaling limit of the twisted models. Defining the squared

planar gauge theory coupling constant as g2 = λ
16π2 , where λ is the ‘t Hooft coupling, they

suggested to take g → 0, while some or all of the twisting parameters qj = e−iγj/2 → ∞,

such that the products g qj = ξj are held fixed. In this paper, we call these double-scaled,

twisted models simply “strongly twisted models”. Furthermore, we will mostly focus on

two special cases. In the first one, all three ξi are equal, i.e. ξj = ξ, and the model will

be termed for “historic reasons” (γi = β) strongly β-twisted (sβt). In the second case

ξ3 = ξ while ξ1,2 = 0. Here the model is often referred to as the fishnet theory (FN), as

the resulting Feynman diagrams are reminiscent of a fishing net. In fact, the name was

coined in an early paper by A. Zamolodchikov [18], where the “integrability”, in the sense

of the validity of the star-triangle relation, for this class of diagrams was noticed. The two

special cases result in the following two Lagrangian densities, respectively:

Lsβtint =Nξ2 tr(φ†1φ
†
2φ1φ2+φ†3φ

†
1φ3φ1+φ†2φ

†
3φ2φ3)+iNξ tr(ψ3φ1ψ2+ψ̄3φ

†
1ψ̄2+cyclic), (1.1)

LFNint =Nξ2 tr(φ†1φ
†
2φ1φ2), (1.2)

where by “cyclic” we mean cyclic permutations of the three indices, and we do not show the

standard kinetic terms of complex bosonic and fermionic fields, but only the interacting

part of the Lagrangian. It was shown in [3] that the theories defined above, just like

their unscaled counterparts [17] (see above), are not perturbatively complete, and specific

double-trace counter terms have to be added to the Lagrangian. It was then argued in [3]

and [8] that the couplings of these interaction terms may be fixed, such that the resulting

theory becomes indeed conformally invariant in the planar limit, see also [19]. Thus the

local composite operators of these models should transform covariantly under the action

of the dilatation operator of the conformal algebra. It is this dilatation operator of the

strongly β-twisted model and the fishnet model in the planar limit that we investigate

in detail at the leading one-loop order of perturbation theory in this paper. There, the

double-trace interaction terms can safely be ignored for operators containing three or more

fields, so we have omitted them from (1.1), (1.2). They do not contribute in the planar

limit unless they cut the color structure of a Feynman graph into two disjoint pieces.

A quick look at the Lagrangians (1.1) and (1.2) suffices to realize that the hermitian

conjugates of all the terms are missing. This renders these models non-unitary, with a

number of problematic technical and conceptual consequences. In particular, it leads to a

non-hermitian dilatation operator that is potentially non-diagonalizable. On the positive

side, the absence of hermitian conjugates implies a dramatic reduction in the number of

Feynman diagrams for a given quantity at each order of perturbation theory. After all, this

was the rationale behind the hope that these theories might provide interesting toy models

for understanding the origins and consequences of integrability in diagrammatically more

complex planar four-dimensional quantum field theories such as N=4 SYM.

– 2 –
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2 Spin chain of strongly twisted N=4 Super Yang-Mills

In this section we describe the general aspects of the spin chain picture of the strongly

twisted theories at one-loop order, in close analogy with the original, undeformed case [20].

We start by introducing a few technical notions in order to be able to then quickly derive

the one-loop dilatation operator. We end the section by introducing the novel notion of

eclectic spin chain states with zero anomalous dimension.

2.1 Letters, flavors and chiral ordering

We are interested in the action of the one-loop dilatation operator on single-trace operators

built from the fields of N = 4 SYM

A ∈
{
∂kφi, ∂

kφ†i , ∂
kψj , ∂

kψj , ∂
kF , ∂kF

}
, (2.1)

where i ∈ {1, 2, 3}, j ∈ {1, 2, 3, 4}, and we have suppressed all spacetime indices. We

will refer to the fields in (2.1) as letters or single-site spin chain states interchangeably.

The number of letters in a single-trace operator equals the number of sites of the chain

and is called the length L. Two letters appearing in the trace next to each other will

be referred to as neighboring. For a more detailed review of the relation between single-

trace operators and spin chains see for example [20]. In order to describe the form of the

dilatation operator, it is useful to define a map F from letters to a set of ‘flavors’ F∅,

F := {1, 2, 3, 1̄, 2̄, 3̄}, F∅ := F ∪ {∅}, (2.2)

via the assignments

F(∂kφc) = c , F(∂kφ
†
c) = c̄ , F(∂kψc) = c , F(∂kψc) = c̄ , (2.3)

F(∂kψ4) = ∅ , F(∂kψ4) = ∅ , F(∂kF) = ∅ , F(∂kF) = ∅ , (2.4)

where c=1, 2, 3. We further define a±=a±1 mod 3 and a± = a± 1 mod 3 for a ∈ {1, 2, 3}
and say two letters AB are in chiral order, if F(B) 6= ∅, and either F(A) = F(B)+ or

F(A) = F(B)−, where it is understood that a = a. We say two letters AB are in anti-chiral

order if BA are in chiral order.

Finally, we define P− and P+ as chiral respectively anti-chiral projection operators

acting on neighboring letters. They annihilate improperly ordered pairs of nearest neighbor

states while leaving properly ordered pairs of states invariant.

2.2 The dilatation operator of strongly twisted N=4

Equipped with the above definitions, we are ready to derive the one-loop dilatation op-

erator of the strongly twisted models from the one of the unscaled twisted models. The

dilatation operator D of the conformal algebra consists of a classical part D0 and quantum

corrections δD:

D = D0 + δD . (2.5)
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A ψ1 ψ2 ψ3 ψ4 F ,F φ1 φ2 φ3

q1A +1
2 −1

2 −1
2 +1

2 0 1 0 0

q2A −1
2 +1

2 −1
2 +1

2 0 0 1 0

q3A −1
2 −1

2 +1
2 +1

2 0 0 0 1

Table 1. The charge vectors of the different fields in γ-twisted N=4 SYM, cf. (2.1). Conjugate

fields have the opposite charges. Gauge fields do not carry and derivatives do not add charge.

D0 is identical for N = 4 SYM [21] and all its deformations. In this paper, we are inter-

ested in the one-loop contribution to δD, which we identify with the Hamiltonian H of a

spin chain

δD = ξ2H +O(ξ4) , (2.6)

where ξ is the coupling constant of the strongly twisted theories see section 1. Furthermore,

H is the sum of local Hamiltonian densities acting on neighboring spin chain sites as

H =
L∑
n=1

Hn,n+1 , (2.7)

where the sum is over spin chain sites n, and L is the number of letters of the spin

chain. As we consider single-trace operators, we impose periodic boundary conditions:

Hn,n+1 = Hn,1. The matrix elements of the one-loop dilatation operator density H of

unscaled1 γ-twisted N=4 SYM acting on a pair of neighboring letters An, An+1, given

in (2.1), at sites n respectively n+ 1 is for L ≥ 3 [17, 22]2

(Hγ)
A′nA

′
n+1

AnAn+1
= exp

(
−i
2

(
(qAn)TCqAn+1 + (qA′n+1

)TCqA′n

))
(HN=4)

A′nA
′
n+1

AnAn+1
. (2.8)

Here An, An+1 are the initial letters and A′n, A′n+1 the final letters as regards the action of

this operator, and HN=4 is the complete one-loop dilatation operator of the undeformed

mother theory. An explicit expression for HN=4 was obtained in [21], but note that our

normalization is different: HN=4
here = 2HN=4

[21] . The twist matrix is given in the conventions

of [17] as

C =

 0 −γ3 γ2
γ3 0 −γ1
−γ2 γ1 0

 , (2.9)

and the charges qA are vectors whose three components qiA are shown in table 1.

When we scale the dilatation operator we have to keep in mind that it comes with a

factor of the squared coupling constant g2, which has to be combined with a factor of q2

from the two coefficients in (2.8) to yield something finite in the limit, see section 1. We

see that in the β-twisted model each of the two exponentials in (2.8) produces a factor of

1Note that the Hamiltonian derived from the density in (2.8) should be multiplied by a factor of g2, not

ξ2, to give the one-loop contribution to δD.
2We flip the sign of the exponent so as to have a notation consistent with the diagrams in [4].

– 4 –



J
H
E
P
0
4
(
2
0
1
9
)
0
4
4

q as required, if and only if the fields change from chiral into anti-chiral order under the

action of H. Thus, as a first result, we find that the complete one-loop dilatation operator

density of the strongly β-twisted model (1.1) can be written for L ≥ 3 as3

Hsβt
n,n+1 = P+

n,n+1H
N=4
n,n+1P

−
n,n+1 , (2.10)

where the projection operators P± have been defined at the end of the preceding subsec-

tion 2.1. The same argument carries over for the complete dilatation operator density HFN

of the much simpler fishnet theory (1.2). The difference between the models lies in the

coefficient functions in (2.8). In particular, the matrix (2.9) includes the twist parameters

γi and hence depends on how we scale the different parameters. We find that HFN
n,n+1 is

identical to Hsβt
n,n+1 in (2.10) unless any of the four letters An, An+1, A

′
n or A′n+1 from (2.8)

are fermions, φ3, or φ†3, in which case the matrix element is zero. We could write this with

the help of an additional projection operator PFN that projects out these fields. That is,

HFN
n,n+1 = PFN

n,n+1P
+
n,n+1H

N=4
n,n+1P

−
n,n+1P

FN
n,n+1 . (2.11)

More explicitly, for fishnet states without derivatives we find that the only non-vanishing

matrix elements are (we hope that it is obvious that here the indices on the scalar fields

are flavor indices, and that the pairs correspond to fields sitting on neighboring sites)

(HFN )φ1φ2φ2φ1
= −2 (HFN )

φ†1φ
†
2

φ†2φ
†
1

= −2 (HFN )
φ2φ
†
1

φ†1φ2
= −2 (HFN )

φ†2φ1

φ1φ
†
2

= −2 . (2.12)

Including derivatives, some additional combinatorial factors carry over from HN=4
n,n+1, e.g.,

HFNn,n+1

(
M

k

)(
∂k
11̇
φ2

)
n
⊗
(
∂M−k
11̇

φ1

)
n+1

= − 2

M + 1

M∑
l=0

(
M

l

)(
∂l
11̇
φ1

)
n
⊗
(
∂M−l
11̇

φ2

)
n+1

.

(2.13)

This matrix element can be extracted, for example, from equation (B.13) of [21].

The above results suffice for the two special cases we consider in the paper: the fishnet

model and the strongly β-twisted model. It is not difficult to extend our arguments to

more general strongly γi-twisted models, whose one-loop dilatation operator we spell out

in appendix A for future use.

2.3 Eclectic spin chains and nilpotency of the dilatation operator

Prior to turning to specific sectors of the strongly twisted theories, we would like to explain

the nilpotency properties of their dilatation operator. To this end, we find it convenient

to introduce the notion of eclectic spin chains. As we can see from (2.10), (2.11), and the

discussion around these equations, for a given choice of vacuum, the Hamiltonian forces

some of the flavors clockwise and some of the flavors anticlockwise around the spin chain.

For the rest of this paper, we will take φ1 as the spin chain vacuum, unless stated otherwise.

Furthermore, we will work in a convention where φ2, ψ2α, φ†3 and ψ̄3α̇ are right-movers,

3The case L = 2 requires separate attention due to the double-trace terms that needed to be added to

render (1.1) and (1.2) conformal in the planar limit; cf. our brief discussion of this in section 1.
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their conjugates are left-movers, and the remaining fields will be called non-dispersing

excitations for reasons to become clear later. The non-dispersing excitations split into two

groups: derivatives, which can only follow other excitations around the spin chain, and the

remaining non-dispersing excitations, which simply never move at all.

If we add left and right-movers to the vacuum, a sufficient number of applications of the

Hamiltonian will cause the excitations to meet. The excitations can however not reflect off

each other since otherwise they would travel in the wrong direction after scattering. There

are sectors in which the excitations can also not pass through each other. Instead, they act

as impenetrable walls towards one another. Then the Hamiltonian density acting on these

two excitations in the given order is identically zero. We say operators corresponding to

these types of spin chains have “eclectic” field content. Explicitly, eclectic field content is

given, if at least one of the following three conditions is met. The operator contains fields

of the three flavors {1, 2, 3}, or it contains conjugate fields of the three flavors {1, 2, 3}, or

it contains fields and conjugate fields of the same flavor4 {a, a}. The fermionic or bosonic

nature of the excitations is irrelevant in our definition of eclectic field content, as are

excitations of derivative type. For eclectic chains, acting with the Hamiltonian a sufficient

number of times will push all excitations against each other and then annihilate the spin

chain state. Thus the Hamiltonian is nilpotent; a rigorous proof of this statement can be

found in appendix D. We conclude that a large part of the complete one-loop dilatation

operator of the strongly twisted theories has generalized eigenvalue zero. Although the

sizes of the Jordan blocks are not fixed by this argument,5 we will focus on non-eclectic

sectors for the rest of the paper. The reason is that we currently do not know if and how

integrability may be used to determine the size of these blocks.

As an example consider the spin chain consisting of L− 2 φ1s, one φ2 and one φ3. A

basis for this spin chain is:

|l〉 = (−4)l |φ3φl1φ2φL−2−l1 〉 − 2δl,1 |φ3φL−21 φ2〉 for 0 ≤ l ≤ L− 2 . (2.14)

The Hamiltonian acts on this basis as:

H |l〉 = |l + 1〉 , when l < L− 2 and H |L− 2〉 = 0 . (2.15)

Hence the Hamiltonian is just one Jordan Block of size L − 1 and generalized eigenvalue

zero, thus HL−1 = 0 on this subspace.

Finally, we would like to relate the above findings to the results of [4]. In this paper,

the {φ1, φ2, φ3} sector is discussed, and its asymptotic Bethe ansatz (ABA) equations are

derived. In our conventions, this would correspond to eclectic field content. Hence, the

one-loop limit of these equations should naively only yield zero-energy-states. In fact, for

general excitations, a Bethe ansatz should not work in this sector, since eigenstates in

eclectic spin chains are not of the global form given by the Bethe ansatz. However, we

4The above argument fails, if we only have fields and conjugate fields of the same flavor. However, then

H = 0. We take this special case to lie within our definition of eclectic field content.
5The size of the Jordan blocks is however bounded above for a given L and given excitations, as can be

seen directly from the proof in appendix D.
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suspect that this apparent contradiction is merely due to a slight notational inconsistency

in [4]. While the limit, which the authors give in the introduction, is the same as ours, the

twisted ABA equations they use in their appendix C differ by a replacement6 of q1 → q−11

and q2 → q−12 . This changes the chirality of some of the vertices and the {φ1, φ2, φ3} sector

in this convention should be equivalent to a {φ†1, φ
†
2, φ3} sector in our convention. Luckily,

this sector is indeed not eclectic. We discuss the one-loop Bethe equations of an equivalent

sector, namely {φ1, φ2, φ†3}, in section 5.1. The one-loop limit of the equations of [4] is

difficult to compare directly to our results since we work in different gradings. However,

as a consistency check, it is possible to write our equations presented in section 5.2 in the

ABA grading and restrict to allow only specific excitation numbers to match the equations.

We found complete agreement in this case.

3 Fishnet theory

In this section, we investigate the non-eclectic sectors of the fishnet theory (1.2). Like

all the strongly twisted theories this model is non-unitary and thus has a non-hermitian

dilatation operator. One therefore does not expect H to be diagonalizable. And indeed,

as explained in section 2.3, it turns out to be non-diagonalizable. However, there are still

proper eigenstates of H and corresponding eigenvalues. In this section, we show how to find

these eigenvalues. We propose four different methods for doing so: i) explicit construction

of creation and annihilation operators, ii) an Algebraic Bethe Ansatz [23] from a strongly

twisted R-matrix, iii) a Coordinate Bethe Ansatz [24] and iv) identification of the correct

limit of the Beisert-Roiban Bethe equations for finite twists [25]. For a comparison of ii)

and iii) as well as a discussion for finite twist see e.g. [26]. The technical details of the

last method iv) are however deferred to the next section. Not all these methods work in

all cases, but whenever several of these methods are available we find perfect agreement

between them. For the broken su(2) sector we can apply all four methods, while for

the sector including one derivative only iii) and iv) are available and for the full fishnet

model including any of the two scalars and any derivatives only iv) has yielded any results,

although it would be interesting, if iii) were applicable. Some emerging issues, features and

open questions will be discussed at the end of this section.

3.1 The broken su(2) sector

The simplest non-trivial sector7 of all the strongly twisted theories is the two-chiral-scalar-

sector, where the letters of the spin chain are either φ1 or φ2, and neither the conjugate

fields φ†1, φ
†
2 nor any derivatives appear. In the original N=4 model it corresponds to

the su(2) sector described by an integrable Heisenberg XXX spin chain. Now the su(2)

symmetry is broken and the one-loop dilatation operator simply turns into a chiral per-

mutation operator [4], as seen from (2.12). It scans the spin chain until it finds two spins

in chiral order and then exchanges them. Recall that we consider φ1 as a local vacuum

6The replacement is indeed only a convention. The theories before and after the replacement are identical

up to a renaming of fields.
7Of course there are several equivalent discrete copies of this sector, e.g. chains with only φ1, φ†2, etc.
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state and φ2 as a local excitation. In fact, H is the Hamiltonian of a chiral XY-model,

describing a free, chiral lattice fermion with a two-body S-matrix equalling -1. Being non-

hermitian, we would a priori already expect the formation of non-diagonalizable Jordan8

blocks. Interestingly, this is not yet the case. In fact, H may be explicitly diagonalized

by a Jordan8-Wigner transformation followed by a Fourier transform, just like the XY-

model [27]. We refer the reader to this classic paper for the explicit construction. The

eigenvalues E of the Hamiltonian H are neatly and explicitly found to be

E =

K4∑
j=1

−2

αj
, (3.1)

1 =

K4∏
j=1

αj , (3.2)

αLk = (−1)K4−1 , (3.3)

where the spin chain length L is the total number of scalars φ1, φ2, and K4 is the number

of excitations φ2. The αj = eipj encode the lattice momenta pj of the excitations. They

are determined by the free quantization laws (3.3) =“Bethe equations with S-matrix -1”.

Unlike the case of true Bethe equations with a non-trivial S-matrix, the equations (3.3)

may immediately be solved in terms of L-th roots of (−1). Furthermore, again unlike the

case of non-trivial Bethe equations, completeness of the eigenstates is easily demonstrated:

at fixed L and K4 there are precisely (not necessarily cyclic)
(
L
K4

)
eigenstates, as expected.

The projection to cyclic states, as required by the trace of the model’s composite operators,

is encoded in (3.2). Finally, the dispersion law is read off from (3.1), clearly showing that

there are only right-movers: E ∼
∑

j e
−ipj . These equations possess a hidden symmetry:9

The spectrum for E is invariant under the replacement K4 → L−K4, interchanging vacuum

states φ1 and excitations φ2, thereby also interchanging right and left-movers. One simple

example of eigenstates in the broken su(2) sector are for L = 4 and K4 = 2 the operators

O = ±
√

2 tr(φ1φ1φ2φ2)+tr(φ1φ2φ1φ2), for which we find E = ∓2
√

2, in agreement with [4].

3.2 Including derivatives

As mentioned earlier, we only consider non-eclectic sectors, since the generalized eigenvalues

corresponding to eclectic spin chain states are zero. Thus, in order to extend beyond the

two-scalar-sector within the fishnet theory, we can only add derivatives, since any additional

scalar would produce eclectic field content and the Hamiltonian would become nilpotent.

For simplicity, we start by introducing derivatives of only one kind, say10 ∂11̇. Individual

spins are then taken out of {∂k
11̇
φ1, ∂

k
11̇
φ2}, and we drop the spinor indices on the derivatives

in the following to avoid too many subscripts: ∂11̇ → ∂. In contrast to other excitations,

we can have an arbitrary number of derivatives at each spin chain site. As before, our aim

8Camille Jordan, 1838–1922, Mathematician; Pascal Jordan, 1902–1980, Physicist.
9The XY-model, chiral or not, does not have a “beyond the equator problem” at K4 >

L
2

, unlike the

XXX Heisenberg spin chain: given L, for K4 all values with 0 ≤ K4 ≤ L are allowed.
10We use Weyl notation for the derivatives, i.e. ∂µ → ∂αα̇.
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is to diagonalize H, which we attempt to achieve by a coordinate Bethe ansatz. However,

as it turns out, the Hamiltonian is non-diagonalizable in this sector, and ultimately the

Bethe ansatz is incomplete. Nevertheless, it does find a set of eigenvalues, as we will see

in the next section.

Here, we do not describe the full machinery of the coordinate Bethe Ansatz, but

instead refer the reader to the existing literature, e.g. [28, 29]. Within the Bethe ansatz

the individual excitations carry lattice momenta, and the eigenvalue of the Hamiltonian

H, i.e., the energy E, is given in terms of these momenta in the dispersion law. Acting on

single-excitation states, we find that only the momentum of the φ2 excitations enters the

dispersion law because a single derivative excitation cannot move by itself. Thus, the set

of the momenta distributed between the φ2 has to stay the same during scattering, and we

conclude that the momenta cannot be exchanged between φ2 excitations and ∂ excitations.

This property simplifies the action of the S-matrix of spin chain excitations to be an

exchange of the excitations of type f1 and f2 multiplied by a scalar function Sf1,f2 , explicitly

S|φ2(p1)∂(p2)〉 = Sφ2,∂(p1, p2)|∂(p2)φ2(p1)〉 =
eip2

2− e−ip2
|∂(p2)φ2(p1)〉, (3.4)

S|∂(p1)φ2(p2)〉 = S∂,φ2(p1, p2)|φ2(p2)∂(p1)〉 =
2− e−ip1
eip1

|φ2(p2)∂(p1)〉, (3.5)

S|φ2(p1)φ2(p2)〉 = Sφ2,φ2(p1, p2)|φ2(p2)φ2(p1)〉 = −|φ2(p2)φ2(p1)〉, (3.6)

S|∂(p1)∂(p2)〉 = S∂,∂(p1, p2)|∂(p2)∂(p1)〉 = −e
i(p1+p2) − 2eip2 + 1

ei(p1+p2) − 2eip1 + 1
|∂(p2)∂(p1)〉 . (3.7)

The first three equations may be derived in the usual way by considering two-excitation

states. The scattering of derivatives requires to consider a spin chain with two ∂ excita-

tions. However, since the derivatives cannot move by themselves they do not scatter unless

we also add an additional φ2 as a transporter. To obtain the fourth equation, we considered

a state with the three excitations: {∂, ∂, φ2}. As discussed above, if in a given ordering of

excitations we assign the flavors to the momentum, the S-matrix preserves this assignment.

Put differently, if in one ordering of the excitations the particle with momentum pi has

flavor fi, it will have flavor fi in all orderings of the excitations. This property allows

us to make the following coordinate Bethe ansatz, using only a scalar function Sσ for an

eigenstate with a general number of excitations M

|Ψ〉 =
∑

n1<n2<...<nM

∑
σ

Sσ({pi})ei
∑
j pσ(j)nj |n1, . . . , nM ; fσ(1), . . . , fσ(M)〉+ local terms,

(3.8)

where we sum over all permutations σ of M elements and |n1, . . . , nM ; fσ(1), . . . , fσ(M)〉 is

the state with excitations of type fσ(i) at spin chain sites ni. Sσ is the product of S-matrices

Sfmfn in (3.4)–(3.7) such that the excitations are scattered into the order given by σ. The

Yang-Baxter equation guarantees that different decompositions of the permutation σ agree.

Imposing periodic boundary conditions on (3.8) leads to the Bethe equations

1 = eipiL
∏
i 6=j

Sfifj (pi, pj). (3.9)
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Remarkably, the diagonal form of the S-matrix has eliminated the standard nesting, which

is usually seen in spin chains with several different excitations. The Bethe equations (3.9)

then take the form

eipφ,kL = (−1)KR−1
K∂∏
j=1

2− e−ip∂,j
eip∂,j

, (3.10)

eip∂,kL =

(
eip∂,k

2− e−ip∂,k

)KR K∂∏
j 6=k
− e

i(p∂,k+p∂,j) − 2eip∂,j + 1

ei(p∂,j+p∂,k) − 2eip∂,k + 1
, (3.11)

E =

KR∑
j=1

−2

eipφ,j
, (3.12)

1 =

KR∏
j=1

eipφ,j
K∂∏
j=1

eip∂,j , (3.13)

where we have also added the dispersion formula and the cyclicity relation. Here, L is

the number of scalars, K∂ and KR are the number of derivatives ∂ and right-movers φ2
respectively, which have momenta p∂ and pφ, and E is the eigenvalue of H. It is worth

mentioning that the scattering of a scalar with a derivative only depends on the momentum

of the derivative and not on the momentum of the scalar. This is unusual for spin chains and

simplifies the solution of the Bethe equations. However, the equations presented here are

no longer manifestly solvable as was the case for (3.3), (3.1), (3.2) in the previous section.

The full fishnet model has eclectic field content, since it includes scalars and their

conjugates. The largest non-eclectic part of the model includes two scalars and four types

of derivatives. In principle a Bethe ansatz as described above should be possible. How-

ever, for this sector we shall restrict ourselves for simplicity to scaling the Beisert-Roiban

equations, as will be presented later in section 4.2. For now we just mention that equa-

tions (3.10), (3.12) and (3.13) will stay the same; only (3.11) will be replaced by a nested

system of three other levels of Bethe equations.

3.3 Completeness of the Bethe equations: observations and results

Whether the Bethe ansatz gives the entire spectrum of the Hamiltonian of a spin chain

is an interesting and long-standing problem, see for example [30] and [31] for some recent

work and further references. For the broken su(2) sector, see section 3.1, we mentioned

already that the “Bethe ansatz equations” (3.3) for this spin chain (the chiral XY-model)

yield the full spectrum of 2L states. The subset of cyclic states that we need are then

found from the condition of total zero momentum (3.2). Jordan blocks are absent. This

is no longer the case as soon as we leave this simplest sector of the fishnet model. Let us

summarize our “experimental” findings, which all appear to be new:

1. Adding derivatives, we find that (even) the Hamiltonian of the fishnet model develops

Jordan blocks. It is currently unclear, if, and if so, how one can find these with an

ansatz of Bethe type. However, see the encouraging paper [32], which contains a

modification of the Bethe ansatz for an — albeit different — model that also possesses

Jordan blocks.
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2. Note that every Jordan block does include exactly one proper eigenstate. We found

experimentally, in the case of the fishnet model, that for small length and low exci-

tation numbers these eigenstates are not of Bethe type either, unfortunately.

3. The Jordan blocks are not all of size11 2 × 2, they do become arbitrarily large with

increasing L. We demonstrate this by an explicit example below in (3.15). It is

unclear to us how to determine these sizes, in general.

4. There appears to be an abundance of Jordan blocks once we include derivatives.

Their systematics and counting is unclear to us.

5. The generalized eigenvalue of all Jordan blocks we found turned out to be E = 0 in

all instances. It is natural to conjecture that this is always the case. However, so far

we could not yet find a proof of the latter.

Clearly it would be interesting and important to prove these observations, especially

the last one, and to establish a complete classification into eigenstates and Jordan cells

of all states of the fishnet model. As a possible first step, we discovered certain “wall-like

structures” that can be constructed out of a φ2 decorated with arbitrarily many derivatives.

The simplest wall is of the form

|. . .
(

(∂φ2)φ1 − φ2(∂φ1)
)
. . .〉 , (3.14)

where by . . . we indicated the rest of the spin chain. The Hamiltonian annihilates this part

of the spin chain. In addition, this structure represents an impenetrable wall for any other

φ2 traveling around the chain. This is reminiscent of the situation we have for eclectic

spin chains, and indeed we conclude that we have subspaces of states containing such walls

where the Hamiltonian is again nilpotent. As an explicit example, consider the state

|ψ〉 := |(∂φ2)φ1φ2φL−31 〉 − |φ2(∂φ1)φ2φL−31 〉 . (3.15)

It is easy to check that HL−3 |ψ〉 6= 0, but HL−2 |ψ〉 = 0. This means that this operator

is part of a Jordan block of size (at least) L− 2. A more detailed discussion can be found

in appendix E.

We know that the Bethe ansatz does not even give all the eigenstates not belonging to

Jordan blocks since we found the following counterexample. Let us consider a spin chain

of general length L, with a single φ2 and a single ∂11̇. The Bethe equations for such a spin

chain are given in (3.10) to (3.13). We can rewrite them in terms of a single polynomial

equation for the energy E as

2

(
E

−2

)L−1
−
(
E

−2

)L−2
− 1 = 0 . (3.16)

This equation has L− 1 solutions, but the subspace is L dimensional, therefore we imme-

diately see that the Bethe equations are missing one eigenstate. The missing eigenstate is

11In contradistinction to the model in [32].
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exactly the wall we talked about in the last paragraph. In some physical (but not mathe-

matical) sense this is a kind of 1 × 1 Jordan block, as the simplest member of the family

of wall-containing states. The spin chain also includes a conformal descendant, which is

the solution with12 E = −2. For large enough L we can see that |E/2| has to be close to

one for the terms in (3.16) to be of roughly the same size. So for larger L the derivative is

less impactful, and the spectrum (except for the single eigenvalue E = 0) becomes approx-

imately that of the spin chain without the derivative and without the cyclicity constraint

imposed.13 This means for large L the derivative acts only as a reference point to which

the distance of the φ2 can be measured and not as a properly traveling excitation.

Before we mention a few open questions on the completeness of the Bethe equations,

let us use the above example to see how the Bethe equations behave as one approaches

the double scaling limit from the unscaled twisted theory. Proceeding numerically, it is

simplest to choose L = 3. In the unscaled theory the sector with a φ2 and a ∂11̇ is not

closed. There are additional states, where the excitations have combined to form a ψ̄31̇

and a ψ41. The eigenstates are given by two states including only φ2 and ∂11̇ excitations

as above, one eigenstate including only a ψ̄31̇ and a ψ41 excitation and two eigenstates

consisting out of the wall with some additional terms including a ψ̄31̇ and a ψ41 excitation.

In the strong twisting limit the ψ̄31̇ and ψ41 decouple, hence we can look at the {φ2∂11̇}
sector by itself. The projections of the eigenstates containing the wall onto the {φ2∂11̇}
sector are identical, but not of Bethe form. The Bethe form only comes from the inclusion

of the fermionic sector. This explains both, why the Bethe ansatz does not find these, as

well as how in general Bethe states can get lost in the double scaling limit, which allows

for Jordan block formation. The only other possibility we have found how Bethe states

can be lost in the limit is by a collision of solutions. However, we have only observed this

phenomenon in the β-twisted theory (1.1).

3.4 Completeness of the Bethe equations: open questions

Let us pause to discuss the observations from the last section a bit further. After all,

they are the basis for our claim that the strongly twisted models are rather different from

their “mother theory”, i.e. untwisted N = 4 SYM, and as such somewhat unsuitable for

clarifying the origins of integrability of the latter. So far we have only found Jordan blocks

with generalized eigenvalue zero. Is this a general feature or are there Jordan blocks with

non-zero generalized eigenvalues? For eclectic spin chains, as well as wall-like structures

of the last section, E = 0 immediately follows. Put differently, are there other mechanism

for Jordan block formation? Or else, is there a basis in which the Hamiltonian may be

manifestly written as the direct sum of a diagonalizable part and a wall subspace?

The above questions concern the spin chain and the spectrum of the dilatation operator

as such. It is also interesting to understand how the Bethe ansatz and the quantum inverse

scattering method relate to these open problems. Can integrability at least find all non-

12We find the descendant using the Bethe equations, since we work on the level of momenta and not of

the usual Bethe roots. The descendant still corresponds to a singular Bethe root u, but a finite eip.
13Indeed, it is easy to see that the solutions to (3.16) for large L are −En/2 = ωn exp[−(L− 1)−1 log(2−

1/ωn) +O(L−2)] with ωn = exp[2πin/(L− 1)], n = 0, 1, . . . , L− 2.
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zero eigenvalues? And can it quantitatively describe the Jordan cell formation of these

integrable non-unitary model(s)? Finally one might wonder whether one can combine the

Bethe ansatz with a proper investigation of the walls to find the full spectrum of the

non-eclectic part of the spin chain?14

These issues are also present in the case of the more complicated β-twisted theory (1.1).

Before turning to the latter, we will first expand our machinery.

4 Scaling limit of the twisted Bethe equations

In order to prepare for the discussion of the spectrum of the strongly β-twisted theory (1.1),

we require a way to obtain one-loop Bethe equations in more complicated sectors. Therefore

we discuss in this section the scaling procedure on the level of the general twisted one-loop

N = 4 Bethe equations, originally worked out in [25]. We refer to this paper and references

therein for background information on these equations. In addition, more details on the

notation are given in appendix B.

4.1 Basic scaling

The scaling of the momentum-carrying roots u4,j , which encode the lattice momentum of

the excitations, can be fixed by considering the dispersion relation. To illustrate this, we

take a plane wave of a single excitation A on an infinite chain (with φ1 as the vacuum),

|p〉 =
∑
n

eipn|A(n)〉, (4.1)

where the sum is over spin chain sites n. Acting with the β- or γ3-twisted Hamilto-

nian (2.7), (2.8), with q = e−iβ/2 or q = e−iγ3/2 respectively we find, before taking the

scaling limit,

Hq|p〉 = Eq(p)|p〉 := (4− 2q2ce−ip − 2q−2ceip)|p〉, (4.2)

where c is +1, −1 or 0 for a right-moving, left-moving, or non-dispersing excitation, re-

spectively.15 On the other hand, the dispersion law of the Beisert-Roiban equations is [25]

E(u4) = 2i

[
1

u4 + i/2
− 1

u4 − i/2

]
, (4.3)

with no explicit dependence on q. It follows that the relation between u4 and p is

eip = q2c
u4 + i/2

u4 − i/2
. (4.4)

14One might be tempted to pose this question as follows: can the Bethe ansatz diagonalize the wall-free

subspace? However, note that the wall-free subspace is not yet rigorously defined. While the wall subspace

as such may be defined as in appendix E, to define an orthogonal complement we would have to introduce

a suitable inner product, which appears unnatural to us.
15For the γ3-twist the fermions will have c = ±1/2, but, since these fields decouple completely in the

strong twisting limit, we will ignore them.
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When taking the strong twisting limit q →∞ we are focusing on states where the spin chain

momenta pj remain finite. This is conveniently implemented by the change of variables

u4,j →


−i/2− iq−2α4,j , j = 1, . . . ,KR ,

+i/2 + iq−2α′4,j−KR , j = KR + 1, . . . ,KR +KL ,

ũ4,j−KR−KL , j = KR +KL + 1, . . . ,K4 ,

(4.5)

where KR (KL) is the number of right- (left)-movers. For e.g. a right-mover we then have

the identification eip = α4 in the q →∞ limit.16 The total energy becomes

E = lim
q→∞

q−2
K4∑
j=1

Eq(u4,j) = −2

KR∑
j=1

1

α4,j
− 2

KL∑
j=1

1

α′4,j
. (4.6)

This should be the eigenvalue of the strongly β-twisted or fishnet Hamiltonian with den-

sities (2.10) and (2.11). Before tackling the actual Bethe equations, let us deal with the

zero-momentum=cyclicity constraint. According to appendix B it reads

q2KR−2KL
K4∏
j=1

u4,j + i/2

u4,j − i/2
= 1 . (4.7)

Substituting our change of variables and taking the q →∞ limit we find

KR∏
j=1

α4,j

KL∏
j=1

1

α′4,j

K4−KR−KL∏
j=1

ũ4,j + i/2

ũ4,j − i/2
= 1 . (4.8)

The correct scaling of the auxiliary roots is more subtle and is highly dependent on the

sector under consideration. In the next sections we will discuss several cases where we, to a

large extent, are able to check our ansätze by cross-checking the resulting Bethe equations

against other methods.

4.2 Application to fishnet theory

Here we treat the full chiral fishnet sector that we already briefly mentioned in section 3.2.

It consists of φ1 (vacuum), φ2 (excitation) and any of the four derivatives ∂µ ∼ ∂αα̇ (four

further excitations). The twisted Bethe equations are given in appendix B.2, and this

specific sector is obtained by restricting auxiliary roots according to K1=K7=K3−K5=0.

We denote the number of derivatives by K∂ = K3 = K5, and the number of right-movers

(φ2’s) is KR = K4 −K∂ .

Let us first consider a state of a single ∂11̇ (we ignore the zero-momentum constraint

for now). This excitation has K3 = K4 = K5 = 1, and the Bethe equations read

1 = qL
u3 − ũ4 − i/2
u3 − ũ4 + i/2

= qL
u5 − ũ4 − i/2
u5 − ũ4 + i/2

, (4.9)

16The wave function corresponding to a given set of Bethe roots will, in general, contain terms pairing the

different types of excitations with the momenta in all possible ways. One would thus expect to find terms

where, say, a right-mover is paired with a left moving momentum. For the wave function to be non-singular

with the above scaling of u4 it is necessary that the amplitude of such terms is zero in the q →∞ limit (or

that some kind of subtle cancellation occurs).
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and (
ũ4 + i/2

ũ4 − i/2

)L
= q−2L

ũ4 − u3 − i/2
ũ4 − u3 + i/2

ũ4 − u5 − i/2
ũ4 − u5 + i/2

. (4.10)

At large q we see that we must have u3/5 − ũ4 − i/2 ∼ q−L. If we repeat this exercise for

the remaining types of derivatives (i.e. by introducing an u2 and/or u6 root) we find the

same scaling for the u3 and u5 roots, while no scaling is necessary for the u2 and u6 roots.

Let us assume that this is the general pattern for states with an arbitrary number of

excitations, and set

u3,j = ũ4,j + i/2 + iq−Lβ3,j , u5,j = ũ4,j + i/2 + iq−Lβ5,j , (4.11)

for j = 1, . . . ,K∂ . It is now straightforward to take the q →∞ limit of the Bethe equations.

We find

αL4,k = (−1)KR−1
K∂∏
j=1

(ũ4,j + 3i/2)(ũ4,j − i/2)

(ũ4,j + i/2)(ũ4,j + i/2)
(4.12)

for the main roots, and

1 =

K2∏
j 6=k

u2,k − u2,j − i
u2,k − u2,j + i

K∂∏
j=1

u2,k − ũ4,j
u2,k − ũ4,j − i

, (4.13)

1 =

K6∏
j 6=k

u6,k − u6,j − i
u6,k − u6,j + i

K∂∏
j=1

u6,k − ũ4,j
u6,k − ũ4,j − i

, (4.14)

(
ũ4,k + i/2

ũ4,k − i/2

)L−KR
=

(
ũ4,k + i/2

ũ4,k + 3i/2

)KR K∂∏
j 6=k

ũ4,k − ũ4,j − i
ũ4,k − ũ4,j + i

,

×
K2∏
j=1

ũ4,k − u2,j + i

ũ4,k − u2,j

K6∏
j=1

ũ4,k − u6,j + i

ũ4,k − u6,j
(4.15)

for the auxiliary roots. Since E is independent of the ũ4,j , it is natural to include them

among the auxiliary roots. Here we have used the equations at nodes 3 and 5 to eliminate

the β3,j and β5,j , which has the effect of changing the ũ4 self-scattering term from the su(2)

form to the sl(2) form appropriate for derivatives.

In order to check that we have scaled the auxiliary roots correctly we can compare our

Bethe equations to those derived in section 3.2. If we set K2 = K6 = 0 and identify

eip∂,j =
ũ4,j + i/2

ũ4,j − i/2
, eipφ,j = αj , (4.16)

we see that the equations are identical.

Equipped with a guideline on how to scale the roots, we are now able to study two

interesting sectors of the strongly β-twisted model (1.1).
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5 Strongly β-twisted theory

5.1 A broken su(3) sector

The second simplest sector of strongly β-twisted theory, after the broken su(2) sector

described in section 3.1, consists of the three scalars {φ1, φ2, φ†3}. In memory of the original

N = 4 model we will call it “broken su(3) sector”. One of these scalars has to be a conjugate

scalar in order to avoid eclectic field content, which would result in a nilpotent Hamiltonian

as described in section 2.3. We choose φ1 as the vacuum and φ2 and φ†3 as (right-moving)

excitations. We start with the Beisert-Roiban equations in the so-called “Beauty” grading

given in appendix B.1 with a total of K4 excitations {φ2, φ†3}, and K3 excitations of φ†3
type. The scaling of the momentum-carrying roots was discussed in the last section and

according to (4.5) for right-movers we have

u4,j = −i/2− iq−2α4,j , (5.1)

where u4 are the usual momentum-carrying Bethe roots and α = eip is our parametrization

of the lattice momentum. To cancel the remaining factors of q in the twisted Beisert-Roiban

equations we see that one option is to let

u3,j = −iq−2α3,j . (5.2)

We then obtain the following Bethe equations

αL4,k = (−1)K4−1
K3∏
j=1

1

α4,k − α3,j
, (5.3)

(−1)K3−1 =

K4∏
j=1

(α4,j − α3,k), (5.4)

1 =

K4∏
j=1

α4,j , (5.5)

E = −2

K4∑
j=1

1

α4,j
. (5.6)

These equations are a generalization of the ones for the broken su(2) sector (3.1)–(3.3). In

contrast, however, they are no longer obviously solvable. At the same time, they neverthe-

less look simpler than “usual” one-loop Bethe equations. It would be interesting to find

an analytic solution procedure. To check these equations, we can use the twisted R-matrix

from [25] to apply a nested algebraic Bethe ansatz as described in [33]. The scaled version

of this R-matrix is

R(u) = uP− + iP , (5.7)

where P− is the projection operator on letters in chiral order, and P is the permutation

operator. One checks that this is the correct R-matrix by computing the Hamiltonian in

the usual fashion [23]

H = −2i
d log T

du

∣∣∣∣
u=0

, (5.8)
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which leads to agreement with our Hamiltonian density given in equation (2.10). We used

this R-matrix and the corresponding transfer matrix to apply an algebraic Bethe ansatz of

the form described in [33]. As a successful consistency check, we managed to rederive the

Bethe equations (5.3)–(5.6).

Since the sector consisting of {φ1, φ2, φ3} is eclectic, we know that it has a nilpotent

Hamiltonian, see section 2.3. Thus, one might suspect the Bethe ansatz to fail. However,

it is interesting to observe the problems that arise. The construction of an R-matrix and

a monodromy works. However, in the algebraic Bethe ansatz one uses so called RTT

relations to determine a set of fundamental commutation relations between the matrix

elements of the monodromy. In this sector, the R-matrix has some zero entries, such

that the RTT relations do not produce a complete set of these fundamental commutation

relations. Therefore, a Bethe ansatz, at least in its standard form, is not consistent.

As mentioned above, we did not manage to explicitly solve (5.3)–(5.6) for a general

number of excitations. However, for one excitation of each type φ2 and φ†3 at any length L,

the equations are simple enough to be solved exactly. We find that one of the momentum-

carrying Bethe roots is from either of the two sets

α4,1 ∈ {exp((2k + 1)iπ/(L+ 1))|0 ≤ k ≤ (L− 1)/2} or (5.9)

α4,1 ∈ {exp(2kiπ/(L− 1))|1 ≤ k ≤ (L− 2)/2}. (5.10)

The other momentum-carrying Bethe root is its complex conjugate, and hence their sum,

the energy, is real. In general these two sets are disjoint, however an interesting phenomenon

emerges when L = 4n + 1 for some integer n. In this case the Bethe root i appears in

both sets, and thus the energy of the corresponding state is E = −2(−i+ i) = 0. Through

explicit calculations we find that in this case a Jordan block of size two forms in the

spectrum, with generalized eigenvalue zero. One of the two states in the block is a true

eigenstate, and does correspond to this particular solution of the Bethe equations. Thus,

in contrast to the derivative case discussed in 3.3, here the proper eigenstate of the Jordan

block is found by the Bethe ansatz. However, the remaining part of the Jordan block is

still undetermined by this ansatz.

5.2 A broken su(2|3) sector

Within the β-twisted model, we can extend the sector from the last section by fermions

{ψ̄3,1̇, ψ̄3,2̇} to what we call, once more keeping the connection with unscaled N=4 SYM,

a broken su(2|3) sector. Take again φ1 as the vacuum, and consider the excitations

{φ2, φ†3, ψ̄3,1̇, ψ̄3,2̇}. According to appendix B this corresponds to exciting the roots from

K1 through K4 in the “Beauty” grading. This is the sector that we claim to be equivalent

to the one considered in [4]. However, in [4] the so-called ABA grading is used, and the

number of fermionic excitations is fixed explicitly to zero. This implies that the sector

considered in [4] reduces to a sector that is equivalent to the broken su(3) case discussed in

the last section, even though this is not immediately manifest in the form of the equations.

Indeed, as mentioned earlier, we were able to match the one-loop limit of their equations

with (5.3)–(5.6).
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The scaling of the u4 and u3 roots is identical to the one in the broken su(3) case, and

all other roots do not need to be scaled. Plugging these roots into the Bethe equations in

the Beauty grading given in appendix B we find

1 =

K4∏
j=1

α4,j , (5.11)

1 =

K1∏
j 6=k

u1,k − u1,j − i
u1,k − u1,j + i

K2∏
j=1

u1,k − u2,j + i/2

u1,k − u2,j − i/2
, (5.12)

(
u2,k + i/2

u2,k − i/2

)K3

=

K1∏
j=1

u2,k − u1,j + i/2

u2,k − u1,j − i/2
, (5.13)

1 = (−1)K3−1
K4∏
j=1

(α4,k − α3,j)

K2∏
j=1

u2,j + i/2

u2,j − i/2
, (5.14)

αL4,k = (−1)K4−1
K3∏
j=1

1

α4,k − α3,j
, (5.15)

E = −
K4∑
j=1

2

α4,j
. (5.16)

We observe a curious decoupling of these equations, in the sense that (5.12) and (5.13) may

be solved independently of the remaining ones, and then be used as “source terms” for the

latter. The remaining Bethe equations look strikingly similar to (5.3) and (5.6) from the

last section. In fact, they are identical except for the additional last factor in (5.14). The

reason for this phenomenon becomes clearer when looking at the action of H. In fact, in

sectors without derivatives, like the one we are considering here, H does not distinguish

between φ†3 and ψ̄3,α̇, as can be determined from the Hamiltonian density (2.10). However

interchanging positions of a φ†3 and a ψ̄3,α̇ yields two distinguishable states.

As an illustrative example let us compare the spin chain given by only one state

tr(φ1φ
†
3φ
†
3) and the spin chain given by the two states |1〉 = tr(φ1φ

†
3ψ̄3,1̇) and |2〉 =

tr(φ1ψ̄3,1̇φ
†
3). For the second spin chain we have two eigenstates |1〉 + |2〉 and |1〉 − |2〉

with eigenvalues −2 and +2 respectively. Since for our first spin chain interchanging the

two excitations gives back the same state, a state equivalent to |1〉−|2〉 would be identically

0. Hence, for this chain we have only one state, which is automatically an eigenstate with

eigenvalue −2. We conclude that the similarity between the broken su(3) sector and the

broken su(2|3) sector is expected, due to the identical form of H, while the differences are

due to the distinguishable nature of the excitations φ†3 and ψ̄3,α̇.

6 Remarks on higher loop corrections

In this paper, we have mostly focused on the one-loop structure of the spectrum. Let us

make a few preliminary remarks on the extension to higher loops. The analysis we present

here will also highlight a subtlety of the relationship between the Bethe equations derived
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in section 4.1 of [4] and our equations. Twisted asymptotic all-loop Bethe equation were al-

ready given in [25], so one should be able to follow the usual procedure of solving these equa-

tion perturbatively around a given one-loop solution. Once wrapping and pre-wrapping [22]

sets in, the analysis becomes, of course, more complicated. Here we will restrict to deter-

mining the scaling of the momentum-carrying roots following the logic of section 4.

6.1 Scaling of momentum-carrying roots

Let us thus consider a single right-moving excitation with momentum-carrying root u=u4,j .

At generic twist q the spin chain momentum is given by [25]

eip := q2
x+

x−
, (6.1)

where x± are the weak coupling solutions to

x± +
1

x±
=
u± i/2

g
, (6.2)

i.e.

x± =
u± i/2

g
− g

u± i/2
− g3

(u± i/2)3
+O(g5) . (6.3)

Our task is to find the appropriate scaling form of u, such that the coefficients of ξ2 in the

weak coupling expansion of eip have a finite q →∞ limit. As in the one-loop case, we will

parametrize u by α, but now α is a series in ξ2:

α =

∞∑
n=0

α(n)ξ
2n . (6.4)

We claim that the appropriate scaling17 is

u=−i/2−iαq−2+iξ2α−1 , (6.5)

=−i/2−iα(0)q
−2+

(
i

α(0)
−iα(1)q

−2
)
ξ2+

(
−
iα(1)

α2
(0)

−iα(2)q
−2

)
ξ4+O(ξ6) . (6.6)

Note that the leading term agrees with (4.5). The solution is constructed exactly such that

x+ behaves nicely for large q, in fact we have

x+ = − i

ξq
α , (6.7)

and it is then easy to see that eip has a well-defined strong twisting limit, order by order

in ξ2:

q2
x+

x−
=

α

1− ξ2α−1
+O(q−2). (6.8)

17The scaling form of u is unique up to a redefinition of α.
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It is paramount that the eigenvalue of δD, i.e. the anomalous dimension γ, also has a

finite limit. This is guaranteed, if all the contributions γs to the anomalous dimension of

the individual Bethe roots are finite and indeed

γs := 2ig

(
1

x+
− 1

x−

)
= −2ξ2α−1 +O(q−2). (6.9)

We note that (6.1), (6.8) and (6.9) together imply the following chiral dispersion law, to

be compared with equation (4.6) of [4]

γs =
√

1− 4e−ipξ2 − 1 . (6.10)

6.2 Comparison to previous work

We take our underlying field theories to be defined by the strong twisting limit of the

perturbation series of twisted SYM. We thus expand in g (equivalently ξ) first, and then

send q →∞. In contrast, ξ is kept finite as q →∞ in section 4.1 of [4], and only after the

strong twisting limit an expansion in ξ2 is performed. The order of limits is thus reversed

in comparison to our approach. It turns out that exchanging the order of limits leads to

subtle differences.

To explicate this, let us redo the scaling analysis, but now keeping ξ finite as in [4].

For clarity we use hatted variables when taking the limits in ‘reverse’ order. The finiteness

of (6.1) together with (this equation follows immediately from (6.2))

x̂+ +
1

x̂+
− x̂− − 1

x̂−
=
i

g
(6.11)

imply the scaling

x̂+ ∼ q−1, x̂− ∼ q . (6.12)

From (6.2) we then immediately find (compare with eq. (4.9) of ref. [4])

x̂+ =
ξ

q

(
1

û+ i/2
+O(q−2)

)
, x̂− =

q

ξ

(
û− i/2 +O(q−2)

)
, (6.13)

and the single-magnon anomalous dimension is

γ̂s := 2ig

(
1

x̂+
− 1

x̂−

)
= 2i(û+ i/2) +O(q−2). (6.14)

We can compare with the usual perturbative order by identifying γ̂s = γs, which leads to

û = −i/2 + iξ2α−1 . (6.15)

Referring back to (6.6), we see that the relationship between u and û is non-trivial. Let us

finally mention that the Bethe equation derived in [4] agrees with (a subsector of) those of

section 5.2, once this relationship is taken into account. It is thus possible that exchanging

the order of limits only leads to ‘superficial’ differences, resulting in identical results for

physical quantities.
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7 Conclusions and outlook

We have seen that the strongly twisted models appear to be, in comparison with the

original N=4 model, both much simpler in some ways as well as much more complicated in

others. The former, because the number of Feynman diagrams governing their perturbative

expansion is vastly reduced [2–10]. The latter, since their dilatation operator ceases to be

diagonalizable. It therefore seems to us that the twisted models are, all in all, neither

simpler nor more complicated, but simply rather different from their mother theory.

The main reason for the different nature of the twisted models is their non-

unitarity. An immediate consequence is the non-hermiticity of the dilation generator,

which we have worked out explicitly at one-loop-order for the strongly twisted models,

cf. (2.10), (2.11), (A.1). Already at this leading order it may no longer be fully diagonal-

ized. From basic linear algebra, the best thing one can do is to bring the non-diagonalizable

sectors in Jordan normal form. This was in some special cases already noticed and briefly

discussed in [4], and in more detail (but still for the special case) in [6], where a connec-

tion to logarithmic conformal field theory was made. In this paper we have shown many

more examples for non-diagonalizable states of these models. Perhaps surprisingly, even

in the (chiral) φ1, φ2-sector of the fishnet model with derivatives a Jordan block structure

appears, which seems to be a novel result, cf. section 3.3. For the states of this sector not

part of a Jordan block we proposed novel Bethe equations, see sections 3.2 and 4.2.

The lack of complete diagonalizability of the strongly twisted models should not be

taken lightly. After all, one way to state the meaning of quantum integrability is the

simultaneous diagonalizability of an infinite set of charges in involution. What if none of

them may be diagonalized in the first place? This certainly obscures the very meaning

of “integrability” on a theoretical level. Recall that one of the motivations to study the

twisted models has been to get a useful insight into the reasons underlying the integrability

of certain planar four-dimensional quantum field theories, with the hope of subsequently

transporting these insights to full-fledged N=4 SYM.

The main conceptual purpose of this paper has then been to demonstrate the significant

differences between the N=4 theory and the twisted models that appear, in the example

of the spectral problem, already at the leading one-loop level. Let us remember that in the

case of N=4 SYM the careful analysis of the precise one-loop structure serves as the solid

basis for the higher-loop asymptotic Bethe ansatz (ABA) and provides the necessary “initial

conditions” for the exact functional equations of the quantum spectral curve (QSC) (for

recent reviews of the latter, including a discussion of the twisted models, see [9, 34]). It is

surely fair to ask in what sense the QSC provides an “exact solution” of the spectral problem

of a model, if a large fraction of its operators cannot be diagonalized in the first place.

On the bright side, the novel integrable models of [2] pose an interesting mathematical

challenge for the future: how can one systematically and fully adapt the quantum inverse

scattering method to integrable models with a non-hermitian (and non-pseudo-hermitian)

Hamiltonian? How can one completely bring this Hamiltonian in Jordan normal form,

generalizing or suitably replacing the Bethe ansatz? Are there Jordan cells with generalized

eigenvalues different from zero? If so, how to find these generalized eigenvalues? What
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happens to the Jordan cells once one takes higher loop corrections into account? Note that

the example of a cell studied in section 7.2 of [6] was argued to stay intact at every order in

perturbation theory. We also feel that the interesting connections to logarithmic conformal

field theory pointed out in [6] should be systematically explored. Finally, it would be very

interesting to find a physical application for the strongly twisted models.
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A Dilatation operator of strongly γi-twisted models

In section 2.2 we have derived the one-loop dilatation operator of the two strongly twisted

theories that we investigate in this paper, namely the strongly β-twisted model and the

fishnet model. The same arguments that led to the one-loop dilatation operator in these

theories can also be applied to the more general deformations of strongly γi-twisted models

where all three double-scaled couplings ξi are a priori distinct and not necessarily zero. Let

us parameterize the different coupling constants ξi by setting ξi = ξai for some reference

coupling ξ. As before we divide the quantum corrections to the dilatation operator as

δD = ξ2H + O(ξ4). The one-loop part acquires additional factors compared to the β-

twisted version given in (2.10), but stays structurally the same. It is given by

(Hsγt
n,n+1)

A′nA
′
n+1

AnAn+1
= c(a1, a2, a3) (Hsβt

n,n+1)
A′nA

′
n+1

AnAn+1
, (A.1)

where c(a1, a2, a3) depends on the fermionic or bosonic nature of the exchanged flavors.

We give it case by case.

• Case 1: For an exchange of two scalars c = a2i , where the subscript i corresponds to

the flavor not taking part in the exchange. For example, if the dilatation operator

exchanges φ1 and φ2, then c = a23.

• Case 2: For an exchange of two fermions c = aiaj , where the subscripts i, j correspond

to the flavors that are exchanged.

• Case 3: For an exchange of a fermion and a scalar c = aiaj , where the subscripts

correspond to the flavor of the fermion and the flavor not taking part in the exchange.

• Case 4: If the fermionic or bosonic nature of the excitations changes during the flavor

exchange, c is the square root of the product of two of the c’s from the previous

cases. The factors are taken such that one factor
√
c corresponds to the initial

configuration and the other factor of
√
c corresponds to the configuration after the
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flavor exchange. To illustrate this let us consider the matrix element of the dilatation

operator corresponding to ∂φ1, φ
†
2 → ψ̄2, ψ1, where we suppressed spinor indices. The

c in (A.1) for this example is the product of
√
c = a3 from case 1 and

√
c =
√
a1a2

from case 2.

The above analysis works for those special cases where some of the ai are zero. This

includes the fishnet model for which a1 = a2 = 0 and a3 = 1. However, one can construct

even more general double scaled theories by taking the limit qi → 0, with g/qi kept fixed

for some of the twist angles. In this case, the dilatation operator is again distinct from the

one described in this section, and one has to go through similar calculations to obtain it.

B Twisted one-loop Bethe equations

In this appendix, we write down the twisted Bethe equations from [25] that we need. The

Dynkin diagram of su(2, 2|4) admits various gradings, which leads to different sets of Bethe

equations. Here we will use the “Beauty” grading [35] and the ABA grading [29].

B.1 “Beauty” grading

For this grading we only consider the β-twist. We thus set γ1 = γ2 = γ3 = β and q = e−iβ/2.

The twisted Bethe equations are [25]:

1 = q2K4−4K5+2K6

K4∏
j=1

u4,j+i/2

u4,j−i/2
, (B.1)

1 =

K1∏
j 6=k

u1,k−u1,j−i
u1,k−u1,j+i

K2∏
j=1

u1,k−u2,j+i/2
u1,k−u2,j−i/2

, (B.2)

1 =

K1∏
j=1

u2,k−u1,j+i/2
u2,k−u1,j−i/2

K3∏
j=1

u2,k−u3,j−i/2
u2,k−u3,j+i/2

, (B.3)

1 = q2K4−4K5+2K6

K2∏
j=1

u3,k−u2,j−i/2
u3,k−u2,j+i/2

K3∏
j 6=k

u3,k−u3,j+i
u3,k−u3,j−i

K4∏
j=1

u3,k−u4,j−i/2
u3,k−u4,j+i/2

,

(B.4)(
u4,k+i/2

u4,k−i/2

)L
= q−2L−2K3+6K5−4K6

K3∏
j=1

u4,k−u3,j−i/2
u4,k−u3,j+i/2

K4∏
j 6=k

u4,k−u4,j+i
u4,k−u4,j−i

K5∏
j=1

u4,k−u5,j−i/2
u4,k−u5,j+i/2

,

(B.5)

1 = q4L+4K3−6K4+2K6

K4∏
j=1

u5,k−u4,j−i/2
u5,k−u4,j+i/2

K5∏
j 6=k

u5,k−u5,j+i
u5,k−u5,j−i

K6∏
j=1

u5,k−u6,j−i/2
u5,k−u6,j+i/2

,

(B.6)

1 = q−2L−2K3+4K4−2K5

K5∏
j=1

u6,k−u5,j−i/2
u6,k−u5,j+i/2

K7∏
j=1

u6,k−u7,j+i/2
u6,k−u7,j−i/2

, (B.7)

1 =

K6∏
j=1

u7,k−u6,j+i/2
u7,k−u6,j−i/2

K7∏
j 6=k

u7,k−u7,j−i
u7,k−u7,j+i

. (B.8)
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4 5 6 7

4 φ2 φ3 ψ41 ψ42

3 φ†3 φ†2 ψ11 ψ12

2 ψ̄31̇ ψ̄21̇ ∂11̇ ∂21̇

1 ψ̄32̇ ψ̄22̇ ∂12̇ ∂22̇

Table 2. Single excitations of the full N = 4 SYM spin chain in the “Beauty” grading. The table

should be read as follows: consider an state with the non-zero Ks being Kj = Kj+1 = · · · = Kk = 1,

where 1 ≤ j ≤ 4 ≤ k ≤ 7. The corresponding excitation, over a vacuum of φ1s, is the one listed at

row j and column k.

4 5 6 7

4 φ2 ψ41 ψ42 φ3

3 ψ̄31̇ ∂11̇ ∂21̇ ψ̄21̇

2 ψ̄32̇ ∂12̇ ∂22̇ ψ̄22̇

1 φ†3 ψ11 ψ12 φ†2

4 5 6 7

4 φ†3 ψ11 ψ12 φ†2

3 ψ̄31̇ ∂11̇ ∂21̇ ψ̄21̇

2 ψ̄32̇ ∂12̇ ∂22̇ ψ̄22̇

1 φ2 ψ41 ψ42 φ3

Table 3. Single excitations of the full N = 4 SYM spin chain in the ABA grading. The left table

is in the conventions of [25], while the right is the R-symmetry rotated variant we use in connection

with the β-twist. The notation is the same as table 2.

γ3-twist β-twist

t0 −K1 −K3 + 2K4 −K5 −K7 2K4 − 2K5 − 2K7

t1 L+K3 − 2K4 +K5 −2K4 + 2K5 + 2K7

t3 L−K1 −K7 0

t4 −2L+ 2K1 + 2K7 −2L+ 2K1 + 2K7

t5 L−K1 −K7 2L− 2K1 − 2K7

t7 L+K3 − 2K4 +K5 2L− 2K1 − 2K4 + 2K5

Table 4. Twist factors for the ABA Bethe equation.

The elementary excitations are listed in table 2. The momentum constraint (B.1) agrees

with eq. (4.7), where KR = K4 −K5 and KL = K5 −K6.

B.2 ABA grading

For the Bethe equations in the ABA grading we will consider two different twists. For the

γ3-twist we set γ1 = γ2 = 0 and q = e−iγ3/2. For the β-twist we set γ1 = γ2 = γ3 = β and

q = e−iβ/2. The corresponding values of t0, . . . , t7 are given in table 4. The elementary

excitations are listed in table 3. Note that for the β-twist we have performed an R-

symmetry rotation compared to the conventions of [25].
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The zero-momentum constraint for the β-twist takes the form (4.7) with KR = K4−K5

and KL = K7. For the γ3 twist we focus on the elementary excitations {φ2, φ†2, ∂αα̇}, since

these are the one that do not decouple in the fishnet limit. This leads to the restrictions

K3 = K5 and K1 = K7, cf. table 3. We then again find the zero-momentum constraint to

be of the form (4.7), with KR = K4 −K3 = K4 −K5 and KL = K1 = K7.

In the ABA grading the Bethe equations take the following form [25]:

1 = qt0
K4∏
j=1

u4,j+i/2

u4,j−i/2
, (B.9)

1 = qt1
K2∏
j=1

u1,k−u2,j+i/2
u1,k−u2,j−i/2

, (B.10)

1 =

K1∏
j=1

u2,k−u1,j+i/2
u2,k−u1,j−i/2

K2∏
j 6=k

u2,k−u2,j−i
u2,k−u2,j+i

K3∏
j=1

u2,k−u3,j+i/2
u2,k−u3,j−i/2

, (B.11)

1 = qt3
K2∏
j=1

u3,k−u2,j+i/2
u3,k−u2,j−i/2

K4∏
j=1

u3,k−u4,j−i/2
u3,k−u4,j+i/2

, (B.12)

(
u4,k+i/2

u4,k−i/2

)L
= qt4

K3∏
j=1

u4,k−u3,j−i/2
u4,k−u3,j+i/2

K4∏
j 6=k

u4,k−u4,j+i
u4,k−u4,j−i

K5∏
j=1

u4,k−u5,j−i/2
u4,k−u5,j+i/2

, (B.13)

1 = qt5
K4∏
j=1

u5,k−u4,j−i/2
u5,k−u4,j+i/2

K6∏
j=1

u5,k−u6,j+i/2
u5,k−u6,j−i/2

, (B.14)

1 =

K5∏
j=1

u6,k−u5,j+i/2
u6,k−u5,j−i/2

K6∏
j 6=k

u6,k−u6,j−i
u6,k−u6,j+i

K7∏
j=1

u6,k−u7,j+i/2
u6,k−u7,j−i/2

, (B.15)

1 = qt7
K6∏
j=1

u7,k−u6,j+i/2
u7,k−u6,j−i/2

. (B.16)

The twisted Bethe equations in the ABA grading are also given in appendix C of [4].

To match the conventions of [25], as also employed in the present paper, we find it necessary

to send q1 → q−11 and q2 → q−12 in the equations of [4]. For example, the zero-momentum

constraint is given as

K4∏
k=1

x+4,k

x−4,k
= q−2J32 q−2J23 , (Eq. (C.1) of [4])

with x±4,k = g−1(u4,k ± i/2) + O(g). In the strongly β-twisted limit q1 = q2 = q3 → ∞
this would imply that both φ2 and φ3 are right-movers. With our conventions φ2 is a

right-mover, but φ3 is a left-mover.
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C Derivatives in the strongly β-twisted model

In this section, we give Bethe equations for the sector of the strongly β-twisted model

consisting of the excitations {φ†3, ψ1α, ψ̄3α̇, ∂αα̇}. This corresponds to the upper left part of

table 3 (right). We thus set K1 = K7 = 0. The number of right-movers is KR = K4 −K5,

and there are no left-movers.

The derivation closely follows that of section 4.2, so we will be brief. By considering

single excitation states we conjecture the scaling

u5,j = i/2 + ũ4,j + iq−2Lβj , (C.1)

with all other auxiliary roots unscaled. Plugging this into the equations given in ap-

pendix B.2, we find, in the q →∞ limit,

αLk = (−1)KR−1
K3∏
j=1

u3,j + i

u3,j

K5∏
j=1

ũ4,j − i/2
ũ4,j + i/2

(C.2)

for the main roots, and

1 =

K2∏
j 6=k

u2,k − u2,j − i
u2,k − u2,j + i

K3∏
j=1

u2,k − u3,j + i/2

u2,k − u3,j − i/2
, (C.3)

1 =

(
u3,k

u3,k + i

)KR K2∏
j=1

u3,k − u2,j + i/2

u3,k − u2,j − i/2

K5∏
j=1

u3,k − ũ4,j − i/2
u3,k − ũ4,j + i/2

, (C.4)

(
ũ4,k + i/2

ũ4,k − i/2

)L−KR
=

K3∏
j=1

ũ4,k − u3,j − i/2
ũ4,k − u3,j + i/2

K6∏
j=1

ũ4,k − u6,j + i

ũ4,k − u6,j
, (C.5)

1 =

K5∏
j=1

u6,k − ũ4,j
u6,k − ũ4,j − i

K6∏
j 6=k

u6,k − u6,j − i
u6,k − u6,j + i

(C.6)

for the auxiliary roots. As in section 4.2 we were able to eliminate the βj roots.

It is interesting to try to reproduce the above equations using the coordinate Bethe

ansatz. We proceed along the same lines as in section 3.2. For simplicity we will restrict

to states with only u4 and u5 roots. This corresponds to only keeping the excitations φ†3
and ψ11. A simple calculation shows that the S-matrix is

S|φ†3(p1)φ
†
3(p2)〉 = −|φ†3(p2)φ

†
3(p1)〉, (C.7)

S|φ†3(p1)ψ11(p2)〉 = eip2 |ψ11(p2)φ
†
3(p1)〉, (C.8)

S|ψ11(p1)ψ11(p2)〉 = −Sψ,ψ(p1, p2)|ψ11(p2)ψ11(p1)〉. (C.9)

The fermion-fermion S-matrix element cannot be fixed in the usual way by imposing the

eigenvalue equation on scattering states, even if one considers more than two excitations.

We thus leave it as an unspecified function.18 It would be interesting to see whether higher

loop corrections fix Sψ,ψ(p1, p2).

18As always for an S-matrix it should satisfy Sψ,ψ(p1, p2) = Sψ,ψ(p2, p1)−1.
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Since the scattering is transmission diagonal, we can use (3.9) to write down the Bethe

equations,19

eipφ,kL = (−1)KR−1
K5∏
j=1

e−ipψ,j , (C.10)

eipψ,kL = eipψ,kKR
K5∏
j 6=k

Sψ,ψ(pψ,k, pψ,j)
−1. (C.11)

These agree with those we obtained above by scaling, if one sets Sψ,ψ(p1, p2) = 1. Note

that this is also the value of the fermion-fermion S-matrix that follows from twisting the

Beisert S-matrix.20

It might seem surprising that one is free to choose Sψ,ψ. The explanation appears to

be related to the fact that the system is very degenerate. Taking the product of (C.11)

over all k we get K5∏
j=1

e−ipψ,j

L−KR

= 1 . (C.12)

Since the energy is expressed in terms of the pφ,k only, it follows that the only influence the

fermion sector has on the spectrum is through the choice of which root of unity from (C.12)

to insert into (C.11) and the zero-momentum constraint.

D Nilpotency proof

In this appendix we prove the following

Theorem. Consider an operator tr(A1 · · ·AL). If there does not exist a b ∈ F such that

(we use the notation introduced in section 2.1)

ai := F(Ai) ∈ {b, b+, b̄−}, for all i = 1, . . . , L , (D.1)

then HN |A1 · · ·AL〉 = 0 for some N > 0. Here H is the one-loop Hamiltonian of either the

strongly β-twisted or fishnet model,

H =

L∑
n=1

Hsβt
n,n+1 , or H =

L∑
n=1

HFN
n,n+1 . (D.2)

The Hamiltonian densities Hsβt
n,n+1 and HFN

n,n+1 are defined in (2.10) and (2.11) respectively.

As discussed in section 2.3 we call the flavor sequence (a1 · · · aL) eclectic if it satisfies the

hypothesis of the theorem.

The one-loop Hamiltonian density acts as

Hn,n+1|AnAn+1〉 = HA
′
nA
′
n+1

AnAn+1
|A′nA′n+1〉. (D.3)

19The boundary conditions for the fermions introduce an additional sign factor in (C.11) which cancels

against the explicit sign in (C.9).
20In fact, this particular matrix element of the S-matrix is not affected by the β-twist.
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The crucial property of the double scaled dilatation operator leading to nilpotency is that,

whenever HA
′
nA
′
n+1

AnAn+1
6= 0, we have

F(An) = F(A′n+1), F(An+1) = F(A′n), (D.4)

and

〈F(An),F(An+1)〉 ∈ P− (hence 〈F(A′n),F(A′n+1)〉 ∈ P+). (D.5)

Here 〈a, b〉 denotes an ordered pair, and we define

P± := {〈a, a±〉|a ∈ F} ∪ {〈a, ā∓〉|a ∈ F}. (D.6)

To prove (D.4) and (D.5) one uses that H preserves the R-symmetry charges defined in

table 1, and the presence of the chiral projectors P± in (2.10) and (2.11).

The strategy of the proof is the following: to each flavor sequence (a1 · · · aL) we are

going to assign an integer d(a1 · · · aL) which is bounded from above and such that, for any

eclectic sequence,

d(a1 · · · aL) < d(a2a1a3 · · · aL) , (D.7)

when 〈a1, a2〉 ∈ P−. By the above remark it is clear that the theorem follows.

An occurrence of a subsequence (x1 · · ·xn) in (a1 · · · aL) is defined to be a sequence of

indices {im}m=1,...,n such that

(ai1ai2 · · · ain) ' (x1x2 · · ·xn), 1 ≤ i1 < i2 < · · · < in ≤ L , (D.8)

where ' denotes equality modulo cyclic permutations. The multiplicity of (x1 · · ·xn) in

(a1 · · · aL), denoted mul[x1 · · ·xn; a1 · · · aL], is the number of occurrences (i.e. sequences

{im}m=1,...,n such that (D.8) holds). We now define d by

d(a1 · · · aL) :=
∑

(x1···xn)∈C+

mul[x1 · · ·xn; a1 · · · aL]

−
∑

(x1···xn)∈C−

mul[x1 · · ·xn; a1 · · · aL], (D.9)

where

C± := {(x1x2 · · ·xn)|n ≥ 3, xi ∈ F∅, ∀i.〈xi, xi+1〉 /∈ P∓}. (D.10)

Here and in the remainder we set xn+1 = x1.

It remains to show that d satisfies (D.7). For the remainder of the proof we will assume

that 〈a1, a2〉 ∈ P−. A little reflection now shows that

mul[x1 · · ·xn; a1 · · · aL] > mul[x1 · · ·xn; a2a1a3 · · · aL], (D.11)

implies that there exists an i ∈ {1, . . . , n} such that xi = a1 and xi+1 = a2. But this means

that (x1 · · ·xn) /∈ C+. Similarly, from

mul[x1 · · ·xn; a1 · · · aL] < mul[x1 · · ·xn; a2a1a3 · · · aL] (D.12)
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one can conclude that (x1 · · ·xn) /∈ C−. More loosely, the action of the Hamiltonian can

never decrease the multiplicity of the sequences in C+, and never increase the multiplicity

of the sequences in C−. By the definition of d we thus have

d(a1 · · · aL) ≤ d(a2a1a3 · · · aL). (D.13)

This holds even when (a1 · · · aL) is not eclectic. We show that the inequality is strict in

the eclectic case by a case analysis.

• Case 1. a1 = a+, a2 = a: Since (a1 · · · aL) is eclectic there is an i ∈ {3, . . . , L} such

that

ai ∈ {ā, ā+, a−, ∅}. (D.14)

Now clearly

mul[a2a1ai; a1 · · · aL] < mul[a2a1ai; a2a1a3 · · · aL], (D.15)

and also

(a2a1ai) = (aa+ai) ∈ C+ . (D.16)

It follows that d increases by at least one. The remaining cases are similar, so we will

be more brief.

• Case 2. a1 = a−, a2 = ā: Since (a1 · · · aL) is eclectic one of the following three

subcases most hold:

– Subcase 1. There is an i such that

ai ∈ {a, ā−, ∅}. (D.17)

This is sufficient since

(a2a1ai) = (āa−ai) ∈ C+ . (D.18)

– Subcase 2. There are i, j such that

ai = ā+ , aj = a+ , i < j . (D.19)

This is sufficient since

(a2a1aiaj) = (āa−ā+a+) ∈ C+ . (D.20)

– Subcase 3. There are i, j such that

ai = a+ , aj = ā+ , i < j . (D.21)

This is sufficient since

(a1a2aiaj) = (a−āa+ā+) ∈ C− . (D.22)

This concludes the proof. Inspection of the case analysis shows that it would also go

through with d′(a1 · · · aL) defined by the same formula as d, but with

C ′+ := {(aa+a−), (aa+ā), (aa+ā+), (aa+∅), (a+ā∅), (āa−ā+a+)|a ∈ F} (D.23)

and

C ′− := {(a−āa+ā+|a ∈ F} (D.24)

instead of C±.
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E Walls in fishnet theory and nilpotency

Here we will show that the one-loop Hamiltonian of the fishnet model allows for certain

strongly bound states, which we call walls. Furthermore, the Hamiltonian is nilpotent on

any state built from φ1, φ2 and derivatives containing such a wall.

Let fi, i = 1, 2, denote the set of letters consisting of φi with an arbitrary number of

derivatives, and set f = f1 ∪ f2. A wall is a state on a two-site chain in the subspace

ω :=
{
|w〉 ∈ span

{
(A)1 ⊗ (B)2

∣∣ A ∈ f2, B ∈ f1
} ∣∣∣ H12|w〉 = 0

}
. (E.1)

It is easy, using eq. (2.13), to show that ω contain states with an arbitrary non-zero number

of derivatives. The simplest example is |(∂11̇φ2)φ1〉 − |φ2(∂11̇φ1)〉 ∈ ω.

We now consider the space W ′ of states on a length L chain with a wall on sites one

and two,

W ′ := span
{
|w〉 ⊗ |A3 · · ·AL〉

∣∣ Ai ∈ f, |w〉 ∈ ω
}
. (E.2)

Note that we are not imposing the zero-momentum constraint for the moment. Let Hij =

HFN
ij denote the density operator acting on sites i and j such that

H =

L∑
n=1

Hn,n+1 . (E.3)

From the definition of ω and due to the chiral projector P− in (2.11) it is clear that Hn,n+1

annihilates any state in W ′ for n = L, 1, 2. It follows that

H(|w〉 ⊗ |v〉) = |w〉 ⊗Ho|v〉 (E.4)

for all |w〉 ⊗ |v〉 ∈ W ′, where

Ho :=

L−1∑
n=2

Hn,n+1 (E.5)

is the Hamiltonian on an open spin chain of length L − 2. By chirality, acting repeatedly

with Ho will necessarily annihilate any state the latest when the φ2’s have moved to the

right of the φ1’s. We conclude that H in nilpotent in W ′.
Finally, we need to deal with the zero-momentum constraint. This is easy, we simply

project W ′ onto the zero-momentum subspace. The space of operators containing walls

is thus

W :=
{
P0|W 〉

∣∣ |W 〉 ∈ W ′}, (E.6)

with

P0 :=
1

L

L−1∑
n=0

Un, (E.7)

and where U is the (one-site) translation operator. Since P0 commutes with the Hamilto-

nian, we find that H is nilpotent in W.
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