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1 Introduction

In the past two decades, in anticipation of LHC, we have seen some spectacular progress in

the computation of next-to-leading order (NLO) processes with higher multiplicities [1–16].

New methods, like the (generalized) unitarity method and applications thereof [17–26],

recursive constructions [27–30], MHV rules [31] or integration technology [32–44] have

significantly improved the accessible region of NLO computations.

A standard technique in modern methods for computing tree level scattering ampli-

tudes in quantum chromodynamics (QCD) is the decomposition of the amplitudes into

purely kinematic primitive amplitudes and purely color-dependent objects (color factors).

For tree-level processes the primitive, color-ordered amplitudes are often computed using

recursion in terms of the number of legs [27–29, 31]. The decomposition into color and

kinematic parts is not unique — and it is not obvious how to find the most useful and

compact formulae.

The standard SU(N) trace-based color decomposition [45–49] at tree level does not

take advantage of all linear dependencies of primitive amplitudes and color factors, as the

sum goes over an overcomplete set of linear dependent primitive amplitudes and color

factors. The same holds for amplitudes with multi-quark external states [50–54]. The

linear relations arise from the color algebra of gauge theory [55] and observed linear relations

between primitive amplitudes: the Kleiss-Kuijf (KK) [55] and the Bern-Carrasco-Johansson

(BCJ) relations [56].
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These relations have been utilized to find more compact color decompositions, first

for the purely gluonic case by Del-Duca-Dixon-Maltoni (DDM) [57, 58] and later the gen-

eralization to any number of external quark-antiquark pairs by Johansson and Ochirov

(JO) [59], which was proven by Melia [60] shortly thereafter.

At one-loop level color decompositions have been worked out for specific cases [14,

58, 61–63], in a general trace-based setup [54, 64] including an overcomplete set of primi-

tive amplitudes and recently Ochirov and Page presented a general method to obtain the

full color dependence at loop level [65]. In this paper we propose a compact color de-

composition that eliminates linear dependencies of one-loop QCD amplitudes to general

multiplicity and number of external quark-antiquark pairs. The structure of the planar

diagrams contributing to a primitive amplitude and its corresponding color factor in the

color decomposition have a similar form as in the tree level case — the ‘Mario world’ dia-

grams [59, 60]. For one-loop diagrams internal lines carrying loop momentum form a cyclic

‘ground level’ for the Mario world and the external partons build up the ‘higher levels’

— mathematically the different parts in the tensor product of the Lie algebra. A basis of

one-loop primitive amplitudes is given by all such Mario world structures, for both cases

where either a closed quark or a gluonic loop is present in the diagrams contributing to

a primitive amplitude. For n external partons, whereof k are quark-antiquark pairs, the

size of the sets of primitive amplitudes considered in the color decomposition is (n− 1)!/k!

for the case of a closed quark loop — or (n − 2)!(n − k − 1)/k! if the gauge group has

traceless Lie algebra generators — and 22k−1(n − 1)!k!/(2k)! if at least one gluon carries

loop momentum.

We start by setting up the notation and review the tree-level color decomposition in

section 2. Section 3 defines a basis of primitive one-loop amplitudes for the two cases where

either a closed quark loop or a mixed/gluonic loop is present in the amplitude. In what

follows we present a color decomposition to all multiplicities in section 4 together with a

pedagogical 5-point example in section 4.3. We discuss the results and give an outlook in

section 5.

2 Tree level review and prerequisites

We review the work by Johansson and Ochirov (JO) [59] about a new color decomposition

for massless QCD at tree level and introduce the necessary notation.

Del Duca, Dixon and Maltoni (DDM) [57, 58] presented a color decomposition for glu-

onic amplitudes that removes the redundancy of Kleiss-Kuijf (KK) relations [55] — present

in the familiar trace-based SU(Nc) color decomposition [45, 46, 48, 49]. The decomposition

is written in terms of gauge group structure constants f̃abc and primitive (color-ordered)

amplitudes as

A(0)
n = gn−2

∑
σ∈Sn−2({3,...,n})

f̃a2aσ(3)b1 f̃ b1aσ(4)b2 · · · f̃ bn−3aσ(n)a1A(1, 2, σ), (2.1)

where we define the structure constants in terms of the gauge group generators T a

f̃abc = Tr([T a, T b]T c), Tr(T aT b) = δab. (2.2)
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The primitive amplitudes A(1, 2, σ) are exactly the color-ordered amplitudes appearing in

the trace-based color decomposition — and can be directly computed from planar diagrams

with the given external ordering using color-ordered Feynman rules [66]. This decomposi-

tion is valid for any choice of gauge group since it only relies on defining properties of the

Lie algebra.

2.1 A basis for primitive QCD tree amplitudes

A generalization of the above color decomposition that includes any number of external dis-

tinguishable quark-antiquark pairs builds on a basis of primitive tree amplitudes presented

by Melia [67, 68]. As in the purely gluonic case primitive amplitudes are defined as the

sum over all planar diagrams with the given cyclic ordering of externals using color-ordered

Feynman rules. For example we can diagrammatically represent a primitive amplitude as

A(0)(1, 1, 2, 3, 2, 4, 5, 6, 5, 4) =

1

14

45

56

2

2

3

, (2.3)

where we introduce the notation that quarks are labeled by underlined numbers and the

corresponding antiquark with the same number overlined. Primitive amplitudes involving

quarks are linearly dependent under a generalization of KK-relations, first observed in [62]

through non-trivial solutions of a linear system in terms of (Feynman) diagrams. Dyck

words [69, 70] allow for a compact description of a basis, i.e. a spanning set of linearly

independent primitive amplitudes. A Dyck word is a list of opening and closing brackets,

that are composed in a mathematically correct way. A pair of brackets corresponds to a

quark-antiquark pair, i.e. we identify an opening (closing) bracket with a quark (antiquark).

For n external partons we denote the set of Dyck words including all permutations of k

quark-antiquark pairs and n− 2k insertions of gluons by Dyckn,k.

Consider the Dyck word ‘()(()())’. For n = 12 external states, including k = 4 quark-

antiquark pairs, we can for example make an assignment of partons of the form

(

12

)

13

(

4

(

56

)

57

(

8

)

8

)

4 ∈ Dyck12,4. (2.4)

We assume here and in the following that all quark-antiquark pairs have distinct flavor —

the one-flavor case can be recovered by summing over all combinations of quark-antiquark

pairings (see e.g. [54, 71]). The numbers 1, 4, 5 and 8 label quark-antiquark pairs, whereas

2, 3, 6 and 7 mark inserted gluons at various places. Note that the quark i and the

corresponding antiquark i have different momenta even though they carry the same number.

A basis of primitive amplitudes is then simply given by

B0
n,k =

{
A(0)(1, σ, 1) | σ ∈ Dyckn−2,k−1

}
, (2.5)
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Figure 1. Example of a ‘Mario world’ color diagram using JO’s diagrammatic notation. The

diagram describes the color factor C(0)(1, 2, 3, 4, 3, 2, 5, 6, 5, 1). It corresponds to the primitive am-

plitude given in (2.3).

where one quark-antiquark pair is fixed at the beginning and the end. The size of this

basis has been shown to be (n− 2)!/k!. This basis turns out to be useful to generalize the

DDM color decomposition. We discuss the full tree level color decomposition of QCD in

the next section.

2.2 Color decomposition of QCD tree amplitudes

A trace-based color decomposition for QCD for a SU(Nc) gauge group leads to rather

complex expressions [14, 54, 61–64]. The JO color decomposition [59] provides a structured

form which holds for any number of external partons and for any gauge group.

Given Melia’s basis of primitive amplitudes, the JO decomposition proposes a form of

the color factors C(0) such that the full amplitude (for a fixed number of external particles n

with k quark-antiquark pairs) is recovered by

A(0)
n,k = gn−2

∑
σ∈Dyckn−2,k−1

C(0)(1, σ, 1)A(0)(1, σ, 1). (2.6)

The result is most easily understood in a diagrammatic way. The color diagrams that

contribute to a color factor have a particular structure, which has been named ‘Mario world’

due to its similarity with the virtual world of a certain arcade game [72].1 An example

is given in figure 1. The color factor of a single graph is determined only considering the

color part of the Feynman rules. We use the conventions

f̃abc =
c

b

a
, T aī =

̄

a

i

, sT āi =

i

a

̄
= −T aī . (2.7)

The notation of fundamental generators with flipped indices sT āi ≡ −T aī is used to in-

troduce an artificial antisymmetry for the fundamental generators, similar to the adjoint

generators (T aadj)bc ≡ f̃ bac:
f̃ cab = −f̃ bac,
T āi = −T aī.

(2.8)

1We use the term Mario world diagram for a single color diagram as well as for diagrams representing

a color factor (a sum of color diagrams) which we write using composite vertices as explained below.
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Color factors of different diagrams are related by the Jacobi identity and the defining

commutation relation, inherited from the color-algebra of the gauge group. The identities

for the adjoint and the fundamental representation are given by

f̃dacf̃ cbe − f̃dbcf̃ cae = f̃abcf̃dce,

T aij̄T
b
jk̄ − T

b
ij̄T

a
jk̄ = f̃abcT cik̄.

(2.9)

The relations in terms of diagrams are

− = , (2.10)

− = . (2.11)

These identities applied to subparts of a color diagram lead to linear relations between

color factors. In our case the number of linearly independent color diagrams matches the

size of the basis of primitive amplitudes for fixed number of external states n and number

of quark-antiquark pairs k. This means that this color decomposition is minimal in the

sense that the sum (2.6) is over a minimal set of (independent) color factors and primitive

amplitudes and it is justified to call (2.5) a basis.

The last ingredient needed is an operation on color diagrams introduced by JO. We

present a mathematical as well as a diagrammatic notation to define the operator

Ξal =
l∑

s=1

1⊗ · · · ⊗ 1⊗
s︷ ︸︸ ︷

T a ⊗ 1⊗ · · · ⊗ 1⊗ 1︸ ︷︷ ︸
l

(2.12)

= l

a

= + + + · · ·+ , (2.13)

with l the nestedness of the gluon line (i.e. how many quark lines are below the given gluon

line) with adjoint index a. There is a difference to the notation used in [59]: we insert a

general object T a which stands for either T a or sT a depending on the orientation of the

quark line this object connects to. This notation is independent of the chosen quark line

directions and will be especially useful for the one-loop discussion. For our choice of quark

line directions in the tree level case we will always have that T a = T a.2

The operator Ξ allows for a compact definition of the color factors in the decomposi-

tion (2.6)

C(0)(1, σ, 1) = {1|σ|1}
∣∣∣∣q→{q|T b⊗Ξbl−1,

q→|q},
g→Ξ

ag
l

, (2.14)

2Note that [59] uses a different convention where the lowest quark line points in the opposite direction.

They correspondingly insert sT a at the lowest level s = 1.
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where we use the bracket notation to indicate fundamental color indices and ag is the adjoint

index of the external gluon g. Note that the nestedness of a quark line also includes the line

itself. A precise definition of the object T a introduced before, and the bracket notation, is

{i|T a1 · · · T am |j} = {i|T a1 · · ·T am |j} = (T a1 · · ·T am)ij̄ ,

{i|T a1 · · · T am |j} = {i|T a1 · · ·T am |j} = (−1)m(T am · · ·T a1)jī,
(2.15)

which implements the correct contraction of fundamental indices depending on the orien-

tation of the quark line. A bracket with nestedness l acts on the part of the tensor product

with the same nestedness. The evaluation is most easily done by resolving brackets from

inside to outside, using

{i| · · · {k|(T a1 · · · T ar)⊗ (T b1 · · · T bs)⊗ · · · |l} · · · |j}
= {i| · · · {k|T a1 · · · T ar |l}(T b1 · · · T bs)⊗ · · · |j}
= {k|T a1 · · · T ar |l}{i| · · · (T b1 · · · T bs)⊗ · · · |j}

(2.16)

recursively.

Diagrammatically a color factor C(0)(1, σ, 1) is given by a Mario world diagram with

base line 1 ← 1, and external ordering and nesting according to the Dyck word σ. The

purely gluonic case (i.e. the DDM color decomposition) can be recovered by defining

Ξa0 = T aadj that acts on the ‘zeroth level’ of the Mario world diagram, i.e. simply contracting

the appropriate Ξa0 operators and fixing two gluons at the start and the end instead of a

quark-antiquark pair.

A number of examples of this color decomposition can be found in the original pa-

per [59]. This completes the QCD tree level color decomposition for any number of ex-

ternal gluons and quark-antiquark pairs. We discuss the one-loop extension in the rest of

these notes.

3 A basis for primitive one-loop amplitudes

We begin by defining primitive one-loop QCD amplitudes. These primitive amplitudes are

planar and color-ordered. A basis of independent primitive amplitudes is constructed using

Dyck words, and builds up a minimal color decomposition, given the corresponding color

factors — similar to the tree level results reviewed above.

We define primitive one-loop amplitudes An,k following [61], where n is the number of

external partons and k counts the quark-antiquark pairs, such that n − 2k is the number

of external gluons. Primitive one-loop amplitudes are purely kinematic objects analogous

to color-ordered tree level amplitudes. They are built from planar diagrams with a fixed

(cyclic) ordering of external particles — and for amplitudes including quarks (external or

in the loop) a fixed routing of these elements, i.e. a primitive amplitude specifies on which

side a quark line, a gluon or a loop lies with respect to all quark lines. Additionally we

distinguish amplitudes that have a closed fermion loop from ones that have at least one

gluon line carrying loop momentum. Primitive amplitudes can be directly computed using

color-ordered Feynman rules (see e.g. [66]), summing up all the planar graphs with the

– 6 –
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specified routing of quark lines. Modern methods like generalized unitary [17, 18, 73–76],

(loop-level) BCFW [28, 29, 77–81] or Q-cuts [82, 83] simplify this computation for QCD

as well as for supersymmetric extensions thereof.

Note that for massless theories diagrams with a bubble on an external leg or a tadpole

of the form

come with an ill-defined vanishing propagator. From a purely diagrammatic point of view

we observe that the inclusion of external bubbles and tadpoles with a closed quark loop pose

no problem to the color-decomposition and can formally be included. A gauge group with

vanishing traces of corresponding Lie algebra generators Tr(T a) = 0,3 e.g. a semisimple

Lie algebra, induces vanishing color factors for diagrams containing a quark tadpole and so

these contributions can be ignored. In the following we will though mostly give attention

to the more general case assuming the presence of diagrams with quark tadpoles, validating

the discussion for any gauge group. In the case that the trace of every generator of the

Lie algebra is zero the results obtained here can be slightly simplified as we will remark

accordingly. For gluonic tadpoles the color decomposition of the form proposed no longer

holds on a formal level. Imposing that the color factors of such diagrams vanish due to the

antisymmetry of the structure constants fixes their behavior and we can safely ignore them.

An example for a 10-point one-loop primitive amplitude can be represented as

Aq
L[1L,2R,3L,5R](1, 1, 2, 3, 3, 4, 2, 5, 5, 6) =

1

1

2

2

3

3

5 5

4

6

. (3.1)

The superscript qL[1L, 2R, 3L, 5R] specifies the type of loop (q for a closed quark loop or g

for a loop that contains at least one gluonic line) and its properties. If the loop is a quark

loop the superscript qL/R specifies on which side the external particles lie with respect to

the loop line direction — equivalently one could specify the orientation of the loop. The

rest of the arguments of the superscript specify on which side the quark loop lies with

respect to the quark line with the given number, i.e. for this example the quark loop lies on

the left side of first quark line, on the right side of the second loops line and so on. There is

no need to specify the side on which each quark line or gluon lies with respect to all other

quark lines since this is clear by the external ordering, if one considers only non-vanishing

primitive amplitudes.

3This constraint for example appears for theories whose gauge group contains factors of U(1), for which

it has been shown that they cannot be consistently coupled to gravity unless all U(1) generators are

traceless [84].
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A primitive amplitude is computed by summing up all planar diagrams that have

the given external ordering and quark line routing. In the language of the diagrammatic

representation (3.1) this is achieved by drawing all possible planar graphs on the annulus

that is bounded by the loop line on the inside and the dashed line carrying the exter-

nal partons on the outside. Planarity allows for a uniform treatment of loop-momentum

assignment [85]. Using dual-space coordinates pi ≡ xi − xi−1 [86] one defines the loop mo-

mentum via ` ≡ x0 − xn which corresponds to the convention that the loop momentum

flows between the last and the first external leg on the annulus

xnx0

xn−1

x1

pn

p1

pn−1

p2

` . (3.2)

From all of these primitive amplitudes it is possible to pick a subset, that we will

call a basis, in the sense that they form a maximal set of linearly independent elements,

and we can express the full color-dressed amplitudes in terms of these objects and color

factors only. Linear relations between primitive amplitudes can be found by expressing

primitive amplitudes in terms of planar diagrams — assuming that distinct diagrams are

independent — and reducing the emerging system of equations. This general algorithm

to find a set of linearly independent primitive amplitudes is described in detail in [62]. A

basis obtained in this way is in general not unique.

It turns out that the number of linearly independent primitive amplitudes is the same

as the number of independent (with respect to Jacobi identities and commutation relations)

color factors of diagrams of the same process as expected for a basis of kinematic objects.

In this sense the color decomposition presented below is over a minimal set of primitive

amplitudes and color factors as in the tree level case. We check the matching of these

numbers explicitly up to at least seven points for all possible combinations of external

particles and every loop type. Note that for a gauge group with traceless algebra generators

Tr(T a) = 0 the number of independent color factors is reduced since diagrams containing

a quark tadpole have a vanishing color structure. The number of independent primitive

amplitudes shrinks by the same amount when diagrams with a tadpole that is formed by

a quark line — corresponding to exactly these vanishing color factors — are ignored.

We discuss our choice of basis for the case of a closed quark loop separately from the

case of a mixed or purely gluonic loop. The special case of a purely gluonic amplitude we

will treat separately. Note that the above example (3.1) of a primitive amplitude is not a

basis element for our choice of basis.

3.1 Closed quark loop

As for the case of tree level amplitudes, a basis for primitive one-loop amplitudes is most

conveniently presented using Dyck words [67] and the Mario world structure. In contrast

– 8 –
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to the tree level case one does not fix a quark line as the base of the Mario world diagram,

instead the quark loop plays the role of this line. Since we do not fix any external particles

we need the notion of cyclicity for Dyck words. We define the set of cyclically distinct

Dyck words including gluon insertions and permutations of quark-antiquark pairs by

Dyck	
n,k = Dyckn,k/{cyclic transformations}. (3.3)

A basis element is represented by such a cyclic Dyck word. For example, a possible as-

signment of quark line numbers and insertions of gluons for the Dyck word ‘(())()’ is

12321454 ∈ Dyck	
n,k which represents a primitive amplitude that diagrammatically has

the form

Aq
R[1L2L4L](12321454) = 1 1

2 2

44

3

5

, (3.4)

where 1, 2 and 4 label quark lines, and 3 and 5 gluon insertions. We choose the quark loop

to lie on the left side of every quark line, and every quark line to the right of the loop line.

As will be clear when discussing the color decomposition, this choice of quark routings

allows us to recover the tree level conventions when cutting through the quark loop. This

information fully specifies a primitive amplitude.

A complete basis for fixed n and k is given by all cyclic Dyck words:

Bqn,k =
{
Aq

L[iL|i∈{quark lines}](σ) | σ ∈ Dyck	
n,k

}
. (3.5)

The size of this basis can be computed using a recursive description of Dyck words. The

number of Dyck words with k brackets without any labeling or gluon insertion is given by

the Catalan number Ck = (2k)!/((k+ 1)!k!). In order to keep track of cyclicity we demand

that the first quark is always assigned to the first bracket or to one of the brackets inside

the first closed substructure (i.e. between the first opening and its corresponding closing

bracket). An explicit expression for the number of labeled cyclic Dyck words (without gluon

insertions) is the number of all possible Dyck words inside the first closed substructure Cs
of length s, times the number of (non-cyclic) Dyck words this structure can be followed

by Ck−s−1. Including the permutation of the all except the first quark-antiquark pair

(k − 1)!, this statement is expressed as

|Dyck	
2k,k| =

k−1∑
s=0

CsCk−s−1(s+ 1)(k − 1)! =
(2k − 1)!

k!
, (3.6)

where the factor (s + 1) counts all possible assignments of the first quark-antiquark pair

inside the first closed substructure. The number of available slots for the first gluon inser-

tion is given by 2k and is enlarged by one for every further gluon. The size of the basis is
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k \ n 2 3 4 5 6 7 8 9 10

0 1 2 6 24 120 720

1 1 2 6 24 120 720

2 – – 3 12 60 360 2520

3 – – – – 20 120 840

4 – – – – – – 210 1680

5 – – – – – – – – 3024

Table 1. This table lists the size of the basis of primitive amplitudes, or equivalently the number

of independent color factors for amplitudes with a closed quark loop. For the cases listed explicit

checks have been done for the size of the basis, the number of independent color factors and the

color decomposition. The variable n counts the total number of external particles and k denotes

the number of quark-antiquark pairs. The numbers are explicitly given by (n− 1)!/k!.

then computed to be

|Dyck	
n,k| =

(2k − 1)!

k!
(2k)(2k + 1) · · · (n− 1) =

(n− 1)!

k!
. (3.7)

The size of the basis is the same as the number of independent color factors, as we check

explicitly for the cases listed in table 1.

For the case of a gauge group with traceless Lie algebra generators the size of the basis

is reduced to (n− 2)!(n− k − 1)/k!, since we ignore contributions from diagrams with

quark tadpoles. A basis is obtained by removing primitive amplitudes where all externals

lie ‘inside’ a single quark-antiquark pair, i.e. primitive amplitudes corresponding to Dyck

words of the form ‘(· · · )’, where the last bracket closes the first one. This prescription can

directly be applied in the discussion of the color decomposition below to obtain a formula

for a decomposition that is minimal for this case.

3.2 Gluonic or mixed loop

We first treat the case where at least one external quark-antiquark pair is present. As

in the closed quark loop case we start with the notion of cyclic Dyck words, with the

difference that one has to additionally consider a modified scheme for the assignment of

quark/antiquark to opening/closing brackets. We use square brackets to indicate quark-

antiquark pairs with inverted assignment of quark and antiquark. We use the conventions

that we always flip the assignment of all quark lines of a whole substructure of a Dyck word

starting from the outermost level. Consider for example ‘(()())[[[]]]()’ where we flipped the

quark-antiquark assignment for every bracket in the second substructure.

A specific basis element is denoted by such a modified cyclic Dyck word. For example,

given the modified Dyck word ‘()[[]]’ with n = 8 and k = 3 we can assign/insert particle

– 10 –
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labels in the following way:

Ag[1
L2R3R](

(

1

)

1

[

2

[

34

]

3

]

25) =

1

1

2

2

3

3

4

5

, (3.8)

where we again fix the loop to lie on the left hand side of normal-directed quark lines

and on the right hand side of inverted quark lines. In this example the quark lines with

label 2 and 3 are inverted in the sense that the antiquark appears before the quark in the

Dyck word.

A possible choice of basis for primitive amplitudes is then given by all modified cyclic

Dyck words, where we restrict the modified Dyck words to never have a square bracket in

the start (i.e. we do not invert the directions of quark lines in the first substructure). We

call the corresponding set mDyck	
n,k such that we can write the basis as

Bgn,k>0 =
{
Ag[r(σ)](σ)

∣∣∣σ ∈ mDyck	
n,k

}
, (3.9)

where r represents the quark line routing that the modified Dyck word σ induces. The

basis contains 22k−1(n−1)!k!/(2k)! elements, where again n is the total number of external

partons and k is the number of quark-antiquark pairs. This can be seen by considering the

number of (unlabeled) Dyck words with possible reflection of all substructures z(k), which

is determined by the recursion relation

z(0) = 1,

z(k) = 2
k−1∑
s=0

Csz(k − s− 1),
(3.10)

where Cs is the Catalan number that counts the number of Dyck words. The recursion

works as follows: we count all possible Dyck words inside the first closed substructure times

all possible Dyck words with reflections that can follow. The recursion relation is solved

by z(k) =
(

2k
k

)
as one can check explicitly.

To find the size of the basis we do a similar counting as in the quark case, replacing

the factor Ck−s−1 by z(k − s− 1):

|mDyck	
n,k| =

(
k−1∑
s=0

Csz(k − s− 1)(s+ 1)

)
(k − 1)! (2k)(2k + 1) · · · (n− 1)︸ ︷︷ ︸

gluon insertions

=
22k−1(n− 1)!k!

(2k)!
.

(3.11)
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k \ n 2 3 4 5 6 7 8 9 10

0 1 1 3 12 60 360

1 1 2 6 24 120 720

2 – – 4 16 80 480 3360

3 – – – – 32 192 1344

4 – – – – – – 384 3072

5 – – – – – – – – 6144

Table 2. This table lists the size of the basis of primitive amplitudes, or equivalently the number of

independent color factors for amplitudes with a gluonic or mixed loop. For the cases listed explicit

checks have been done for the size of the basis, the number of independent color factors and the

color decomposition. The variable n counts the total number of external particles and k denotes

the number of quark-antiquark pairs. The numbers are explicitly given by 22k−1(n− 1)!k!/(2k)!.

The special case where no external quark-antiquark pair is present has already been

described in [58]. In that case the basis consists of all permutations of the external gluons

up to cyclicity, and additionally reflection

Bgn,0 = {Ag(1, σ) | σ ∈ Sn−1/Z2} . (3.12)

Again, the size of the basis is the same as the number of independent color factors for all

combinations of external partons. We explicitly check this for the cases listed in table 2.

We also note that the substructures, i.e. a closed subword at top level of the Dyck word,

are tree-level basis elements, up to a possible global inversion of the quark lines inside the

whole substructure.

The primitive amplitudes appearing in the two bases are sufficient to write down a color

decomposition of any one-loop amplitude. In the next section we describe a decomposition

that includes exactly these bases and a set of linearly independent color factors. From

the independence of the color factors in the decomposition it follows that in anomaly-free

theories the primitive amplitudes in the basis are gauge-invariant quantities. Since one can

make different choices of fermion routings we conclude that any planar primitive amplitude

is gauge-invariant.

4 One-loop color decomposition

This section presents the main results of this work, a conjecture for the color decomposition

of one-loop QCD amplitudes. The decomposition uses the basis above and is minimal in

the sense that the size of the basis is exactly the same as the number of independent color

factors. We treat the case of a closed quark loop again separately from the rest. The full

amplitudes for a fixed number of external particles n, whereof k are quark-antiquark pairs,

is then obtained by summing up contributions from both cases

A(1)
n,k = Aqn,k +Agn,k, (4.1)

where the superscript q denotes contributions with a closed quark loops and g contributions

with a mixed or purely gluonic loop.
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4.1 Color decomposition for a closed quark loop

The only missing part for the color decomposition is the definition of the color factors

associated to an element in the basis of primitive amplitudes that will allow us to write

Aqn,k = gn
∑

σ∈Dyck	
n,k

Cq(σ)Aq(σ). (4.2)

We drop the superscript for the quark line routings since these are fixed by the conventions

described in the above section. For this case the color factors can be obtained by a simple

modification of the tree level prescription: in contrast to the tree level case the quark loop

plays the role of the fixed external quark-antiquark pair at the base of the Mario world

diagram. For example, a graphical representation of the color factor associated to the

primitive amplitude in eq. (3.4) is given by

Cq(12321454) =
1 1 4 4

2 2 5

3

. (4.3)

Formally the color factors are conveniently written using the bracket notation from the

tree level case

Cq(σ) = {i|σ|i}
∣∣∣∣q→{q|T b⊗Ξbl−1,

q→|q},
g→Ξ

ag
l

, (4.4)

where we implicitly sum over the fundamental color index i. Note that l counts the nest-

edness of the parton including the loop line.

As an example, we work out the color factor (4.3), dropping the gluon line with label

3 for simplicity. First we plug in the replacement rules and expand the Ξ operators

Cq(1221454)

= {i|{1|T b ⊗ Ξb1{2|(T c ⊗ Ξc2)|2}|1}{4|(T d ⊗ Ξd1)Ξa52 |4}|i}

= {i|{1|T b ⊗ T b{2|T c ⊗ (1⊗ T c + T c ⊗ 1)|2}|1}×
{4|(T d ⊗ T d)(1⊗ T a5 + T a5 ⊗ 1)|4}|i} (4.5)

= {i|{1|T b ⊗ T b{2|T c ⊗ 1⊗ T c + T c ⊗ T c ⊗ 1|2}|1}×
{4|T d ⊗ T dT a5 + T dT a5 ⊗ T d|4}|i}.

In the next step we use the evaluation rule for the tensor product and the fundamental
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brackets (2.16) to arrive at

Cq(1221454)

= {i|{2|T c|2}{1|T b ⊗ T bT c + T bT c ⊗ T b|1}×(
{4|T d|4}T dT a5 + {4|T dT a5 |4}T d

)
|i}

= {2|T c|2}{i|
(
{1|T b|1}T bT c + {1|T bT c|1}T b

)
×(

{4|T d|4}T dT a5 + {4|T dT a5 |4}T d
)
|i}

(4.6)

= {2|T c|2}×(
{1|T b|1}{4|T d|4}{i|T bT cT dT a5 |i}+ {1|T b|1}{4|T dT a5 |4}{i|T bT cT d|i}

+ {1|T bT c|1}{4|T d|4}{i|T bT dT a5 |i}+ {1|T bT c|1}{4|T dT a5 |4}{i|T bT d|i}
)
.

Using (2.15) we can write the result in a more convenient notation

Cq(1221454)

= (T c)i2ı2

(
T bi1ı1T

d
i4ı4 Tr(T bT cT dT a5) + T bi1ıi(T

dT a5)i4ı4 Tr(T bT cT d)

+ (T bT c)i1ı1(T d)i4ı4 Tr(T bT dT a5) + (T bT c)i1ı1(T dT a5)i4ı4 Tr(T bT d)
)
,

(4.7)

where the traces appear due to the summation over the fundamental index i. This ex-

pression is valid for any choice of the gauge group. A similar treatment can be done for

every color factor appearing in the decomposition. A Mathematica implementation of this

algorithm is provided in an ancillary file.

Note that cutting through the quark loop of the Mario world representation of a color

factor directly recovers a tree level color factor with n+ 2 external particles including k+ 1

quark-antiquark pairs. Conversely, closing the base quark line of a tree level color factor

produces a loop-level color object.

4.2 Color decomposition for a mixed or gluonic loop

We first discuss the case where at least one quark-antiquark pair is present. As before we

write the color decomposition as

Agn,k>0 = gn
∑

σ∈mDyck	
n,k

Cg(σ)Ag(σ). (4.8)

The color factors Cg(σ) can be given in a recursive way, reusing results from the tree level

case. The graphical notation allows for a short description: the outermost quark lines in the

Dyck word are integrated into the mixed loop. Inside of each of these quark lines the color

factor takes the form of a tree-level color factor. Gluons that are in the outermost level

are directly connected to the loop. Consider the primitive amplitude in eq. (3.8). With

the given prescription one can immediately write down the corresponding color factor in a
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diagrammatic form

Cg(11234325) =

1 1 2 2
3 3

4

5

. (4.9)

To find an expression for the color factors in terms of the tensor product structure as before

we make use of the ‘zeroth level’ of the tensor product that we introduced for the purely

gluonic tree level case: Ξa0 = T aadj. We introduce replacement rules that will allow us to

formally define the color factors

R =



qopening → {q|T b ⊗ Ξbl−1, l > 1

qopening → |b}{q|T b, l = 1

qclosing → |q}, l > 1

qclosing → T b|q}{b| l = 1

g → Ξ
bg
l

, (4.10)

where qopening stands for either a quark or an antiquark that corresponds to a opening

bracket and similar for the ‘closing’ superscript. The outermost quark lines receive a

contribution to the level zero tensor product using the bracket notation with an adjoint

index b. Note that the replacement rules for quarks at nestedness level l = 1 should in

principle receive an additional minus sign since the gluon line connects from below. This

minus sign cancels out between the opening and closing bracket for every quark-antiquark

pair at this level.

The formula for the color factors then simply reads

Cg(σ) = {a|σ|a}|R, (4.11)

where a sum over the adjoint index a of the gluon loop line is implicit. Brackets with

adjoint indices are evaluated using the rules

{a||b} = δab,

{a|T badj|c} = f̃abc,
(4.12)

and extensions thereof for more insertions for Tadj. To exemplify this rule we explicitly

work out the above color factor (4.9). First we use the replacement rules (4.10) and expand

the tensor product inside the Ξ operators

Cg(11234325)

= {a||b}{1|T bT c|1}{c||d}{2|T d{3|(T e ⊗ Ξe1)Ξa42 |3}T
f |2}{f |Ξa50 |a}

= δab{1|T bT c|1}δcd{2|T d{3|(T e ⊗ T e)(1⊗ T a4 + T a4 ⊗ 1)|3}T f |2}{f |T a5adj|a}

= δabδcd{1|T bT c|1}{2|T d{3|T e ⊗ T eT a4 + T eT a4 ⊗ T e|3}T f |2}f̃fa5a. (4.13)
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We can now use the evaluation rule for the tensor product and the fundamental

brackets (2.16)

Cg(11234325)

= {1|T aT c|1}{2|{3|T e|3}T cT eT a4T f + {3|T eT a4 |3}T cT eT f |2}f̃fa5a (4.14)

= {1|T aT c|1}
(
{2|T cT eT a4T f |2}{3|T e|3}+ {2|T cT eT f |2}{3|T eT a4 |3}

)
f̃fa5a.

We use (2.15), replacing T a → sT a for the quark lines 2 and 3 with inverted direction

Cg(11234325)

= {1|T aT c|1}
(
{2| sT c sT e sT a4 sT f |2}{3| sT e|3}+ {2| sT c sT e sT f |2}{3| sT e sT a4 |3}

)
f̃fa5a

= −(T aT c)i1ı1
(
(T fT a4T eT c)i2ı2T

e
i3ı3 + (T fT eT c)i2ı2(T a4T d)i3ı3

)
f̃fa5a. (4.15)

This result is valid for any choice of gauge group. A Mathematica implementation of this

algorithm is provided in an ancillary file.

The color decomposition for the special case of a purely gluonic amplitude [57] is

obtained by changing the sum in (4.8) to

Agn>2,0 = gn
∑

σ∈Sn−1({2,...,n})/Z2

Cg(1, σ)Ag(1, σ). (4.16)

For the very special case of the two-point purely gluonic amplitude the color decomposition

comes with an additional factor 1/2

Ag2,0 =
g2

2
Cg(1, 2)Ag(1, 2). (4.17)

The factor 1/2 is a relict from the symmetry factor of the only contributing diagram. The

definition of color factors in the purely gluonic case is the same as for the generic case.

4.3 Example: n = 5, k = 2

We discuss a complete example for the color decomposition of a 5-point, one-loop amplitude

with two quark-antiquark pairs, labeled by 1 and 2, and an external gluon with number

3. For the two types of loop we will first work out the basis and then write down the

corresponding color factors — using the graphical notation — that make up the full color

decomposition.

Let us give the basis of primitive amplitudes in the case of in internal closed quark loop

according to the prescription (3.5) in terms of labeled cyclic Dyck words with the insertion

of a single gluon:

Bq5,2 =
{
Aq(13122), Aq(11322), Aq(11232), Aq(11223),

Aq(13221), Aq(12321), Aq(12231), Aq(12213),

Aq(23112), Aq(21312), Aq(21132), Aq(21123)
}
.

(4.18)

where we organized the quark lines such that every line has a fixed quark structure and

contains all four possible insertions of the gluon. We also dropped the superscript that
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encodes the quark routing since it is the same for all of these amplitudes. The corresponding

color factors in the graphical notation are

1 1

3

22

Cq(13122)

31 1 22

Cq(11322)

1 1 22

3

Cq(11232)

1 1 22 3

Cq(11223) (4.19)

1 1

3 22

Cq(13221)

1 1

22

3

Cq(12321)

1 1

322

Cq(12231)

31 1

22

Cq(12213) ,

where the remaining four color factors can be obtained by a permutation of the quark lines

1↔ 2 of the last four color factors in (4.19).

The primitive amplitudes in (4.18) and the color factors (4.19) contain already the

complete information for this sector of the amplitudes and can be assembled to obtain Aq5,2
according to (4.2).

The basis of primitive amplitudes with a mixed or gluonic loop contains 16 elements. As

before we organize the primitive amplitudes line by line according to their quark structure

Bg5,2 =
{
Ag[1

L,2L](13122), Ag[1
L,2L](11322), Ag[1

L,2L](11232), Ag[1
L,2L](11223),

Ag[1
L,2R](13122), Ag[1

L,2R](11322), Ag[1
L,2R](11232), Ag[1

L,2R](11223),

Ag[1
L,2L](13221), Ag[1

L,2L](12321), Ag[1
L,2L](12231), Ag[1

L,2L](12213),

Ag[1
L,2L](23112), Ag[1

L,2L](21312), Ag[1
L,2L](21132), Ag[1

L,2L](21123)
}
.

(4.20)

The second line contains the case where the quark line 2 is inverted. This also implies

a change of the side on which the gluon loop lies with respect to this line, hence the
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superscript 2R. The corresponding color factors according to (4.11) have the graphical form

1 1 2 23

Cg(13122)

1 1 2 23

Cg(11322)

1 1 2 23

Cg(11232)

1 1 2 2 3

Cg(11223)

1 1 2 23

Cg(13122)

1 1 2 23

Cg(11322) (4.21)

1 1 2 23

Cg(11232)

1 1 2 2 3

Cg(11223)

1 13
2 2

Cg(13221)

1 1
2 2

3

Cg(12321)

1 13
2 2

Cg(12231)

1 1
2 2

3

Cg(12213) ,

where the remaining four color factors can again be obtained by a permutation of the quark

lines 1↔ 2.

The second part of the full amplitude Ag5,2 is computed from the primitive ampli-

tudes (4.20) and the color factors (4.21) using the decomposition sum in (4.8). This com-

pletes the computation of the full one-loop amplitudes in terms of primitive amplitudes

and color factors.

5 Conclusions and outlook

We have explicitly given a basis of planar primitive one-loop amplitudes sufficient for

recovering any color-dressed one-loop QCD amplitude. The purely kinematic primitive

amplitudes are gauge-invariant (for theories with no gauge anomalies) and are computed

using color-ordered Feynman rules. The number of independent primitive amplitudes for

multiplicity n is in the general case given by (n−1)!/k!+22k−1(n−1)!k!/(2k)! where k counts
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the number of quark-antiquark pairs. The first summand is reduced to (n−2)!(n−k−1)/k!

for the case of a gauge group with traceless generators. The two contributions are split

into amplitudes that contain a closed quark loop and amplitudes that have at least one

gluon carrying loop momentum.

The conjectured color decomposition includes a minimal set of linearly independent

primitive amplitudes (under all relations with constant coefficients) and color factors inde-

pendent under the Jacobi identity and the commutation relation. The results are indepen-

dent of the choice of the gauge group and the number of quark flavors, and are applicable

to massless and massive QCD as well as supersymmetric extensions thereof.

High-precision computations of multiple jet events observed at LHC require a high

multiplicity of external partons. The new color decomposition has the advantage of being

analytically compact and dampens the factorial growth in the number of higher-multiplicity

primitive amplitudes. It has as such the potential to improve the efficiency of phenomeno-

logical QCD computations.

Compared to results obtained with techniques for a SU(N) gauge group [54, 61, 62] we

circumvent the step of assembling primitive amplitudes into partial amplitudes and instead

provide a direct formula to obtain the full color-dressed amplitude in terms of primitive

amplitudes. In the former constructions a given primitive amplitude contributes in general

to several partial amplitudes and appears as such several times with a different color factor

in the color decomposition. The formulae given here collect all these terms inside one single

color factor for every primitive amplitude in the basis. We have checked that our results

match the full amplitudes obtained in [54, 62] at four points.

We provide a Mathematica implementation for the computation of color factors given

a (modified) Dyck word and algorithms that produce the basis of primitive amplitudes in

terms of Dyck words. The ancillary file is attached to the arXiv submission and contains

the examples explicitly worked out in this paper.

For theories with color-kinematics duality [56, 87] there exist further relations between

primitive amplitudes, called BCJ relations. At tree level a color decomposition using this

even smaller subset of independent amplitudes is described in [59]. These relations have

also been understood to arise due to a color-factor symmetry [88, 89]. Subsequently we

expect the BCJ relations to further reduce of the size of the basis of primitive amplitudes at

one-loop [90–100]. There is also the hope that a systematic treatment of the color algebra

leads to an improved understanding of the kinematic algebra underlying QCD through the

color-kinematics duality.

The ‘Mario world’ structure of the results raises the hope of higher-loop generalizations.

A remaining challenge is to properly define gauge-invariant primitive amplitudes for non-

planar graphs and a basis that induces a compact color decomposition. A simple test case

at two-loops is for example N = 2 supersymmetric QCD [101].
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