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1 Introduction

Inflationary cosmology becomes increasingly important from the cosmological and the the-

oretical physics viewpoint. The cosmic microwave background (CMB) observations have

been improved, and the constraint on inflationary models became more restrictive. In par-

ticular, the CMB observations give constraints on the shape of the scalar potential if the

inflation is driven by a single scalar field.

The α-attractor models [1] is a class of inflationary models, which predict the spectral

index of the scalar curvature perturbation ns = 1 − 2
N and the tensor-to-scalar ratio

r = 12α
N2 , where N is the number of e-foldings. The value of ns nicely fits into the latest

CMB observation data, independently of the value of α in the range α . O(1) [2]. The

tensor-to-scalar ratio r is also testable by the future experiments for α ∼ O(0.1− 1).

The theory of α-attractors in supergravity can be most naturally described in terms of

the hyperbolic geometry [3–6], which is the moduli space geometry of the inflaton superfield,

ds2 =
3α(dτ2 + dχ2)

4τ2
, (1.1)

where τ is the inflaton field and χ is an axion. Importantly, the observational predictions of

these theories are very stable with respect to strong modifications of the inflaton potential

in terms of the original geometric variables.

The hyperbolic moduli space geometry appears in extended supergravity and string/M-

theory [5, 6], and hence, seems well-motivated from a theoretical viewpoint. Also, such a

UV theory gives seven (complex) moduli fields with α = 1
3 , and the merging mechanism can

effectively lead to α = 1
3 , · · · ,

7
3 , which gives the tensor-to-scalar ratio r = O(0.001− 0.01)
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testable in the future CMB B-mode experiments [5, 6]. Such an interesting moduli space

geometry has several symmetries, one of which is the shift symmetry of the inflaton.

Most of the α-attractor models studied so far are constructed in such a way that the

inflaton shift symmetry is only slightly broken by its potential, whereas other symmetries

are completely broken. Therefore only the inflaton field is light during inflation. However,

it turns out that, even if the superpartner axion is light, it effectively freezes during in-

flation and is not harmful for successful inflation [7]. Such light particles can result in a

phenomenologically rich structure in the low energy physics without affecting the successful

inflationary predictions of the single-field α-attractors.

Only a very narrow class of α-attractors with such properties was known until now:

T-models with α = 1/3. In this paper, we will construct a much more broad class of α-

attractor models with global (nonlinear) U(1) symmetries in supergravity, including models

with α 6= 1/3. We assume that the U(1) symmetry is slightly broken, e.g. by instanton

effects. There appears a light axion as a pseudo Nambu-Goldstone mode. We show how to

realize (approximately) U(1) symmetric model in supergravity, and extend the construction

to the multi-field case.

We also discuss the dual description of the U(1) symmetric α-attractor models by

using a two-form superfield, which gives us different perspectives of the models in terms of

the dual gauge (form) superfields. From such a dual viewpoint, the shift symmetry of the

axion can be seen as a consequence of the gauge symmetry of the dual two-form field. As

we will show, the Poincaré dual of the U(1) symmetric α-attractor can be identified as the

system with two- and three-form superfields. Gauging the two-form under the three-form

gauge symmetry leads to a mass term of the axion in the dual scalar system as applied to

natural chaotic inflation model [8–10]. Such a mass term is naturally small and as a result

the light axion would appear.

This paper is organized as follows. First, in section 2 we briefly review the symmetry of

the hyperbolic geometry and find that there is a U(1) symmetry corresponding to an axion

shift symmetry. We show concrete examples of U(1) symmetric models with a single field

as well as multiple moduli fields. We discuss the dual formulation of the U(1) symmetric

model in section 3. Also we show that the deformation of the dual system naturally yields

the mass of the axion. Finally, we give a summary of this paper in section 4 and briefly

discuss possible applications of the U(1) symmetric models. In appendix A, we discuss the

possible deformation of the potential by adding a non-perturbative superpotential.

2 U(1) symmetric α-attractors

2.1 U(1) symmetry in hyperbolic geometry

The α-attractor models are known to be described by the hyperbolic geometry of moduli

space [3–6]. The metric of the moduli space is given by

ds2 = 3α
dTdT̄

(T + T̄ )2
, (2.1)
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or

ds2 = 3α
dZdZ̄

(1− ZZ̄)2
, (2.2)

where T and Z are complex scalars and related to each other via the Cayley transformation

Z = T−1
T+1 . These metrics are invariant under the Möbius transformation [4]. For simplicity,

we will take the half-plane variable T , which transforms under Möbius transformation as

iT → iaT + b

icT + d
, (2.3)

where a, b, c, d are real numbers satisfying ad− bc 6= 0. The transformation is represented

by a matrix (see e.g. [4])

M =

(
a b

c d

)
. (2.4)

More useful representation is Iwasawa decomposition form

M = K ·A ·N

=

(
cos θ − sin θ

sin θ cos θ

)
·

(
r1 0

0 r2

)
·

(
1 x

0 1

)
, (2.5)

where

cos θ =
a√

a2 + c2
, r1 =

√
a2 + c2, r2 =

ad− bc√
a2 + c2

, x =
ab+ cd

a2 + c2
. (2.6)

We parametrize T as

T = exp

(√
2

3α
ϕ

)
+ iχ, (2.7)

where ϕ is the canonical inflaton and χ is a real scalar. Under A transformation of the

Möbius group, each real scalar field transforms as

ϕ→ ϕ+

√
3α

2
log
(a
d

)
, χ→ a

d
χ, (2.8)

whereas under N transformation, we find

χ→ χ+ b. (2.9)

These partial transformations (2.8) and (2.9) correspond to the shift symmetry of ϕ and

χ, respectively. The shift symmetry of ϕ is responsible for successful inflation and slightly

broken by scalar potential of ϕ.

Under these transformations, the Kähler metric is invariant, whereas the Kähler po-

tential transforms,

K = −3α log(T + T̄ )→ K − 3 log
(a
d

)
. (2.10)

Therefore, we find that the Kähler potential is variant under A transformation. Although

the A-invariant Kähler potential exists [4], we consider the models with a light axionic

– 3 –



J
H
E
P
0
4
(
2
0
1
8
)
0
0
6

direction where N -invariance is responsible. Hence, in the following, we will construct

models with N -invariant Kähler potential K = −3α log(T + T̄ ).

One may think of the shift symmetry of χ generated by N as nonlinearly realized

global U(1) symmetry. Such a U(1) symmetry is known to appear e.g. in Green-Schwarz

mechanism [11, 12]. We stress that this U(1) symmetry is independent of the shift sym-

metry of the inflaton ϕ, and therefore, it is possible to construct inflationary models which

preserve the U(1) symmetry.

We find the following U(1) symmetry for the metric (2.2),

Z → Zeiη, (2.11)

where η is a real constant. For a disk variable Z, we use the parametrization,

Z = eiθ tanh

(
ϕ√
6α

)
, (2.12)

where θ is a real scalar and ϕ is (canonical) inflaton field. The U(1) transformation (2.11)

is the shift of θ,

θ → θ + η. (2.13)

If this U(1) symmetry is broken spontaneously, θ becomes a Nambu-Goldstone boson of this

symmetry. Thus, for both T and Z-variables, we find (nonlinear) global U(1) symmetries,

and the partners of the inflaton fields become Nambu-Goldstone modes of these U(1)

symmetries if they are spontaneously broken. We note that, in our models discussed

below, the U(1) symmetry is spontaneously broken during inflation, and therefore, the

domain wall and cosmic string formation after inflation do not occur.

2.2 Single-disk model

We consider U(1) symmetric α-attractors in supergravity framework. If we construct infla-

tion models with superpotential terms, it is difficult to realize various potential for inflaton

while preserving the U(1) symmetry. The U(1) symmetry tends to be broken at inflation

scale in such a case. The D3-induced geometric inflation [13, 14] is useful to construct

such U(1) symmetric systems in a simple way since the inflaton potential originates from

a Kähler coupling between the inflaton and a nilpotent superfield S [15–19].

For a half-plane variable T , we consider the following Kähler and super-potential1

K = −3α log(T + T̄ ) +GSS̄SS̄, (2.14)

W = W0(1 + S), (2.15)

where S is a nilpotent superfield and W0 is a constant. Here, we choose GSS̄ as

GSS̄ =
|W0|2

(T + T̄ )3αV0(T, T̄ ) + 3|W0|2(1− α)
, (2.16)

1We are able to rewrite them with Kähler invariant function G through the relation G = K + log |W |2.
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where V0(T, T̄ ) is an arbitrary function of T and T̄ . Using the standard supergravity

formula with S = 0 projection, one finds the scalar potential

V = V0(T, T̄ ). (2.17)

Choosing V0(T, T̄ ) = f(T + T̄ ) for an arbitrary function f , the system becomes manifestly

invariant under the nonlinear U(1) transformation T → T + ib. In such case, the potential

does not have χ dependence, and therefore χ is completely massless. One may introduce

small corrections ∆V0(T, T̄ ), which break the U(1) symmetry and gives a small mass to

the axion χ = ImT . Note that there is a constraint on the possible value of α: since the

potential V0 is almost vanishing at the vacuum, we have to require α < 1 for GSS̄ to be

positive definite.2 It is possible to introduce an axion mass via superpotential. We have

shown an example of such case in appendix A.

For a disk variable Z, we consider the following system

K = −3α log(1− ZZ̄) +GSS̄SS̄, (2.18)

W = W0(1 + S), (2.19)

GSS̄ =
|W0|2

(1− ZZ̄)3αṼ0(Z, Z̄) + 3|W0|2(1− αZZ̄)
, (2.20)

where Ṽ0(Z, Z̄) is a real function of Z and Z̄. The scalar potential in this system is

V = Ṽ0(Z, Z̄). (2.21)

As in the case of the half-plane variable T , for Ṽ0 = g(ZZ̄) with an arbitrary g, the model

becomes manifestly invariant under the transformation (2.11) or equivalently, the potential

is independent of θ. The small deviation from the exact U(1) symmetric potential gives

rise to the small potential for the axion θ = ArgZ. Note also that α < 1 is required for

the consistency GSS̄ > 0 at the vacuum Ṽ0 ∼ 0. We note that the model in [7] corresponds

to our model with α = 1
3 . We stress that the models shown above are relatively simple

construction of U(1) symmetric α-attractors, but there would be different constructions

preserving the U(1) symmetries. Also it is possible to construct models with an uncon-

strained superfield instead of a nilpotent superfield S, as we will show in section 2.4.

2.3 Multi-disk model

We develop the multiple-moduli generalization of the U(1) symmetric α-attractors, which

is straightforward and useful for model buildings.

2α = 1 is allowed from this constraint and GSS̄ becomes very simple. However, in such a case, GSS̄
at V0 ∼ 0 becomes extremely large, which might lead to a strong coupling after rescaling the nilpotent

superfield to make it canonical. A possible way to realize α = 1 is e.g. to introduce additional source of

negative contribution to the energy. Then, V0 ∼ 0 at the minimum is not required, and GSS̄ becomes

non-singular. However, we also note that introducing additional negative contribution is not simple by the

following reason: the usual negative term in F-term potential −3eK |W |2 is canceled by the property of the

no-scale structure. Hence, the nontrivial modification of the model is necessary for the realization of α = 1

model. We do not treat such case in the following.
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Let us consider the system with n half-plane variables Ti,

K =
n∑
i

−3αi log(Ti + T̄i) +GSS̄SS̄, (2.22)

W = W0(1 + S). (2.23)

Here, we do not need to restrict the number n. Note that, however, maximal supersym-

metry and superstring/M-theory realize n = 7 disk moduli fields with αi = 1
3 in their

four-dimensional N = 1 reduction [5]. We choose GSS̄ as

GSS̄ =
|W0|2

V0
∏n
i (Ti + T̄i)3αi + 3|W0|2(1−

∑n
i αi)

, (2.24)

where V0 = V0(T1, T̄1, · · · , Tn, T̄n) is a real function. The U(1)n symmetry is realized when

V0 = f(T1 + T̄1, · · · , Tn + T̄n). As in the models with a single field, we find a constraint on

the choice of model,
n∑
i

αi < 1, (2.25)

so that GSS̄ > 0.

In the similar way, we extend the disk-variable model as

K =
n∑
i

−3αi log(1− ZiZ̄i) +GSS̄SS̄, (2.26)

W = W0(1 + S). (2.27)

Here

GSS̄ =
|W0|2

Ṽ0
∏n
i (1− ZiZ̄i)3αi + 3|W0|2(1−

∑
αiZiZ̄i)

, (2.28)

where Ṽ0 is a real function of Z1, Z̄1, · · · , Zn, Z̄n. This system has global U(1)n manifestly.

Note that the constraint on this model for GSS̄ > 0 is the same as (2.25) since each Zi
satisfies Zi < 1. The scalar potential of this system is given by

V = Ṽ0(Z1Z̄1, · · · , ZnZ̄n). (2.29)

The presence of multiple disk fields can realize the various values of the tensor-to-scalar

ratio r due to the merger of α-attractors [6, 14, 20]. It would be a way to realize various

values of r against the restriction
∑

i αi < 1.

2.4 A model with an unconstrained stabilizer

So far, we have used a nilpotent superfield in our model buildings. Here, let us construct

models with an unconstrained superfield instead of a nilpotent superfield. For simplicity,

we consider a model with a single half-plane T with α = 2
3 , but in the similar way one can

make e.g. models with multiple-disk moduli. Let us consider the following system

K = −2 log(2τ) +GXX̄XX̄ − ζ(XX̄)2, (2.30)

W = W0(1 +X), (2.31)

– 6 –
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Figure 1. The scalar potential for φ and ρ with V0 = M2(1− τ)2.

where ζ is a positive constant, τ = 1
2(T + T̄ ) and

GSS̄ =
|W0|2

τ2V0(τ) + |W0|2
. (2.32)

Here, X is not a nilpotent superfield but an unconstrained superfield. The quartic term of

X in Kähler potential is important for stabilization of X = ρ + iψ. One can expand the

potential around ρ = ψ = 0 up to quadratic terms of them and find the effective minimum

for ρ and ψ

ρ =
W0(2e−2φV0 + e−3φV ′0)

ζ(W0 + 4e−2φV0)3
, ψ = 0, (2.33)

where the prime denotes the derivative with respect to τ and we have used τ = e−φ

where φ is the canonical inflaton field. We find that the expectation value of ρ becomes

exponentially suppressed. Also, it is further suppressed when W0 ∼ m3/2 >
√
V0 ∼ Hinf ,

which is necessary to avoid the gravitino problem [21]. Therefore, the correction to potential

originating from the VEV of X is negligibly small. The effective potential including the

leading order correction from X is given by

Veff = V0

1−
4e−6φδ4

(
1 + e−φ

V ′0
2V0

)2

ζ(1 + 4e−2φδ)4

 . (2.34)

The corrections are suppressed by e−φ factors as well as δ = V0/W
2
0 and hence the infla-

tionary prediction is the same as the models with a nilpotent superfield. Thus, we have

shown that the U(1) symmetric α-attractors can be realized with an unconstrained su-

perfield. Note also that X behaves as a heavy Polonyi field at the vacuum V0 ∼ 0, and

supersymmetry is not restored unlike models with stabilizer fields.

As a simple example, we show the potential for ρ and φ with V0 = M2(1 − τ)2 in

figure 1. Here we have taken the parameters W0 = 10M2, ζ = 1, M = 1 and ψ is set at

ψ = 0. Inflation takes place along the very narrow line ρ ∼ 0, and this shows the stability

of the inflationary trajectory.
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3 Dual description of U(1) symmetric α-attractor

In this section, we will discuss the dual formulation of the U(1) symmetric models, which

might be useful e.g. to consider the UV completion of our models. It is well known that

in four-dimension, the Poincaré dual of an axionic field is the two-form field Bµν , of which

the field strength is the three-form Hµνρ = ∂[µBνρ]. There is a supersymmetric version

of the Poincaré dual, which converts a chiral superfield to a real linear superfield L. The

linear-chiral duality is used e.g. in the low energy effective theory of string theory [22–24].

A linear superfield L is a real superfield satisfying a constraint D2L = D̄2L = 0. It consists

of a real scalar C, a spinor ζ and a 3-form Hµνρ. In a flat superspace,

L = C + θζ + θ̄ζ̄ +
1

2
θσaθ̄ε

abcdHbcd −
i

2
θ2θ̄σ̄a∂aζ −

i

2
θ̄2θσa∂aζ̄ −

1

4
θ2θ̄2�C. (3.1)

We consider the dual description of the models with a single half-plane variable T

with α < 1.3 The duality with multiple half-plane variables is possible in the same way

as the case with a single disk. We will consider the U(1) symmetric α-attractor with an

unconstrained superfield X discussed in section 2.4, and the generalization to the model

with a nilpotent superfield is also possible. Using the superconformal formalism [25–29],4

the action is given by [
−3

2
S0S̄0e

−K
3

]
D

+
[
S3

0W0(X + 1)
]
F

=

[
−3

2
S0S̄0τ

αeK̃
]
D

+
[
S3

0W0(X + 1)
]
F
, (3.2)

where S0 is a conformal compensator chiral superfield, τ = (T + T̄ ) and

K̃(τ,XX̄) = −1

3

(
GXX̄(τ)XX̄ − ζf(τ)(XX̄)2

)
. (3.3)

[· · · ]F,D are superconformal version of superspace integrals
∫
d2θ and

∫
d4θ, respectively.

We rewrite the Lagrangian (3.2) by using a linear superfield L and a real general superfield

V as [
−3

2
S0S̄0V

αeK̃(U,XX̄)

]
D

+
[
S3

0W0(S + 1)
]
F

+ [LV ]D. (3.4)

The variation of L gives

V = τ (3.5)

since, by the definition of L, [L(Φ + Φ̄)]D = 0 for any chiral superfield Φ (see e.g. [28]).

Substituting the solution, the action (3.4) reproduces the original one (3.2). If instead we

vary the real general superfield V , we obtain5

V αeK̃
(

1

V
+

1

α
∂V K̃

)
=

2L

3αS0S̄0
. (3.6)

3The Poincarè dual of the disk-variable Z is not known and we will not discuss the dual description of

the disk models in this paper.
4See [30] for review.
5For α = 1, this equation becomes eK̃ + V ∂V K̃ = 2L

3S0S̄0
. We formally rewrite this equation as

V =
(
−eK̃ + 2L

3S0S̄0

)
(∂V K̃)−1. Since ∂V K̃ is proportional to XX̄, this equation becomes singular at X = 0,

which is always the case if X is a nilpotent superfield.
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One can in principle solve this equation with respect to V and then V becomes a function

of L and XX̄, i.e. V = V ( L
S0S̄0

, XX̄), although it is difficult to solve the equation explicitly.

We formally write the following dual action[
−3

2
αS0S̄0F

(
L

S0S̄0
, XX̄

)]
D

+ [S3
0W0(X + 1)]F , (3.7)

where

F

(
L

S0S̄0
, XX̄

)
=

(
1

α
V αeK̃(V,XX̄) − 2L

3αS0S̄0
V

) ∣∣∣∣∣
V=V (L/S0S̄0,XX̄)

. (3.8)

One can always perform the inverse procedure and find the original α-attractor models.

Thus, it is shown that the U(1) symmetric α-attractor has a dual description with a two-

form gauge field.

An interesting interpretation is to identify X as a field strength of a three-form su-

perfield [31], which includes a 4-form field strength Fµνρσ = ∂[µCνρσ]. Such a three-form

superfield was also studied in supergravity [32–35]. Then, X is defined as X = −1
4D̄

2U

where U(= Ū) is a three-form superfield [10, 31],

U = B + i(θψ − θ̄ψ̄) + θ2x̄+ θ̄2x+
1

3
θσdθ̄εabcdC

bcd + θ2θ̄

(√
2λ̄+

1

2
σ̄a∂aψ

)
+ θ̄2θ

(√
2λ− 1

2
σa∂aψ̄

)
+ θ2θ̄2

(
D − 1

4
�B

)
. (3.9)

Here B and D are real scalars, M is a complex scalar, ψ and λ are Weyl spinors. In terms

of these components, X is expressed as

X = x+
√

2θλ+ θ2

(
D +

i

4!
εabcdFabcd

)
. (3.10)

From such a viewpoint, the system (3.7) can be understood as the two-and three-form

coupled system. However, there is no gauge symmetry connecting them in the sys-

tem (3.7). One may introduce the following gauge symmetry, under which they transform

as Cµνρ → Cµνρ + ∂[µAνρ] and Hµνρ → Hµνρ + g∂[µAνρ]. The supersymmetric version of

the gauge transformation is introduced by modifying the linear multiplet condition as

D̄2L =
1

2
mX, (3.11)

where m is a constant corresponding to the gauge coupling. This constraint is invariant

under the Stueckelberg-like transformation U → U + V and L→ L+ 1
2mV , where V is a

real superfield. The modified linear superfield appears in the context of the Abelian tensor

hierarchy [36–40], which is related to the gauge structure in higher-dimensional theories,

such as eleven-dimensional supergravity [41]. For m → 0, the original linear multiplet

condition is restored.

Let us plug into the system (3.7) the modified linear superfield satisfying (3.11) and

take the duality transformation. We modify the action (3.7) as[
−3

2
αS0S̄0F

(
L̃

S0S̄0
, XX̄

)]
D

+ [S3
0W0(X + 1)]F +

[
2S3

0T

(
Σ(L̃)− 1

2
mX

)]
F

, (3.12)

– 9 –
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where L̃ is a real general superfield and Φ is a Lagrange multiplier chiral superfield. Σ(·) is a

chiral projection operator corresponding to D̄2 in a flat superspace. The equation of motion

of T reads (3.11) on L̃. Using identity [2S3
0T (Σ(L̃)]F =

[
− S0S̄0(T + T̄ ) L̃

S0S̄0

]
D

, we find[
−3

2
αS0S̄0F

(
L̃

S0S̄0
, XX̄

)
− L̃(T + T̄ )

]
D

+ [S3
0 (W0(X + 1)−mTX)]F . (3.13)

Instead of varying T , we consider the variation of L̃, which yields

V = T + T̄ , (3.14)

where we have used (3.6) and (3.8). Thus we find the dual system with the modified linear

superfield as [
−3

2
S0S̄0e

−K
3

]
D

+
[
S3

0 (W0(X + 1)−mTX)
]
F
, (3.15)

with

K = −3α log(T + T̄ ) +GXX̄XX̄ − ζf(XX̄)2. (3.16)

Due to the gauge coupling between the two- and three-forms, there appears a new interac-

tion, W = −mTX, which depends on the “gauge coupling” m. Since this superpotential

breaks a U(1) symmetry, the axion acquires a mass from this coupling. Such a mechanism is

used in the context of the natural chaotic inflation [8–10]. In the modified U(1) α-attractor

model, for the coupling m much smaller than the inflation scale, the inflation takes place as

the undeformed case while the axion acquires a tiny mass term. We show an example with

V0 = M2

(
1− 1

2
(T + T̄ )

)2

, f = ζ = M = 1, m = 10−6, α =
2

3
(3.17)

where T = e−φ+iχ. In this case, the additional superpotential does not change the inflaton

potential while it gives small mass term to the axion χ as shown in figures 2 and 3.6

In this dual formulation, although the hyperbolic moduli space geometry is not man-

ifest, the shift symmetry of the axion can be seen as the consequence of the two-form

gauge symmetry. Also one can introduce the axion mass as the coupling between dual

two- and three-forms. Note also that we have identified only X as a three-form superfield.

However, it is also possible to think of the chiral compensator S0 as a three-form multi-

plet as discussed in [33, 42]. Such a description might relate the models e.g. to the flux

compactification in higher-dimensional supergravity.

4 Summary and discussion

We have constructed a class of α-attractor models which has global U(1) symmetry. Such

a symmetry is a part of the Möbius transformation, under which the hyperbolic geom-

etry is invariant. The geometric model building studied in [13, 14] is suitable since it

6Note that this example does not realize the small cosmological constant Λ4 = O(10−120) consistent with

observations. For a realistic model building, one needs e.g. to shift V0 by introducing additional parameter

such that the potential minimum realizes a tiny cosmological constant.
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Figure 2. The scalar potential for φ and χ with wide field range for χ and narrow for φ.

Figure 3. The scalar potential for φ and χ with for field ranges different from that of figure 2.

does not require superpotential of inflaton. The multi-field extension is straightforwardly

done, which is useful to realize various values of α effectively. We have also discussed the

model without a nilpotent superfield, which shows the same behavior as the models with

a nilpotent superfield.

We have also discussed the dual formulation of the U(1) symmetric α-attractors, in

which the shift symmetry of the axion is interpreted as a consequence of the dual two-form

field. Also, if we identify the SUSY breaking field as a three-form superfield, whose F-term

includes the four-form field strength Fµνρσ. From the dual viewpoint, the U(1) symmetric

α-attractor model is understood as the system where supersymmetric two- and three-forms

are coupled to each other without any gauge coupling between them. As we have discussed

in section 3, one can naturally introduce the coupling between the two-form and three-form

and find a mass term for the axion field. It would be interesting to study the relation to

the tensor hierarchy, which would originate from more fundamental theory.

– 11 –
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Finally, we comment on the possible applications of the U(1) symmetric models. As

shown in [7], the axion freezes on its potential during inflation due to an exponentially large

kinetic coefficient. Then, the axion field does not acquire large quantum fluctuations despite

its lightness. Therefore, the axion in the hyperbolic geometry can avoid the isocurvature

perturbations problem [43, 44]. A quintessence model would also be interesting direction as

the application of the light axion. The application of α-attractors to quintessence models is

studied in [45–49]. In the presence of an additional light axion field, the effective equation of

state would show a different behavior. Since we are able to introduce multiple disk moduli

fields, it might be possible to realize dark matter and dark energy simultaneously within this

model. Another application is the hyperinflation [50, 51], in which the “centrifugal force” to

the inflaton from a massless axion leads to inflation. Our framework may help to construct

a supersymmetric version of hyperinflation, which requires hyperbolic geometry with the

U(1) invariant potential. We hope to return to investigation of these issues in future work.
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A Possible corrections

In this section, we show an example of U(1) symmetric model including a non-perturbative

superpotential term. For concreteness, let us take the E-model in the following discussion.

We firstly consider a non-perturbative superpotential correction, which appears e.g. from

gaugino condensation,

∆W = Ae−aT , (A.1)

where A and a are real parameters. Such contributions to superpotential break the U(1)

symmetry to a discrete one, and give mass of the axion direction χ = ImT . In general,

inflation takes place T < 1 or T > 1, depending on the potential we use. For example, we

can realize a potential V =

(
1− e−

√
2

3α
φ
)2

by choosing V0 as

V0 = m2

(
1− 1

2
(T + T̄ )

)2

, (A.2)

where inflationary plateau region appears in ReT � 1. In this case a natural parametriza-

tion is ReT = e
−
√

2
3α
φ
. We also find another possibility: we could choose

V0 = m2

(
1− 2

(T + T̄ )

)2

, (A.3)

and then inflation takes place for ReT � 1. With this potential, it is natural to use the

parametrization ReT = e

√
2

3α
φ
. For both cases, the potential becomes V =

(
1− e−

√
2

3α
φ
)2

.
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For the latter case in which inflation takes place for T � 1, the non-perturbative

correction ∆W does not affect inflation as long as AW0 � m2.7 The additional contribution

to the potential becomes important only near the vacuum φ ∼ 0, and there the axion

acquires a small mass from the non-perturbative correction m2
χ ∼ AW0 � m2.

For the former case where T � 1 during inflation, due to the overall factor in F-term

scalar potential, eK ∼ 1
(T+T̄ )3α , the small non-perturbative effect ∆W can be enhanced for

T + T̄ � 1. Indeed, the non-perturbative term gives rise to additional contributions

∆V ∼ e3α
√

2
3α
φ
AW0e

e
−
√

2
3αφ

cos(aχ) + · · · , (A.4)

where we have parametrized T = e
−
√

2
3α
φ

+ iχ and we have neglected O(1) coefficient. The

ellipses denote subdominant terms. Such contribution can be negative at aχ = (2n + 1)π

(n ∈ Z), and will be the dominant term in potential for φ� 1. Therefore, adding the non-

perturbative correction ∆W leads to an unacceptable infinitely negative vacuum. However,

this problematic situation is easily circumvented by considering further corrections to the

potential. As an example, we add the following correction

∆V0 =
δ

(T + T̄ )3α+1
, (A.5)

where δ is a constant. In order to avoid negative infinity for T + T̄ � 1, the parameter δ

needs to be positive. As long as δ > 0, the potential for T + T̄ � 1 is dominated by this

term and the infinite negative energy vacuum does not show up. A problem associated

with this deformation is that potential for sufficiently small T + T̄ no longer possesses the

plateau because the steep potential term ∆V0 becomes dominant. The value of φ at which

potential bending takes place depends on the value of δ, which can be determined by the

requirement V ∼ 0 at the potential minimum. As an illustration, we show an example of

the deformed model:

K = −3α log(T + T̄ ) +GSS̄SS̄, (A.6)

W = W0(1 + S) +Ae−aT . (A.7)

Here, we choose GSS̄ as

GSS̄ =
|W0|2

(T + T̄ )3αV0 + 3|W0|2(1− α)
, (A.8)

and

V0 = m2

(
1− 1

2
(T + T̄ )

)2

+
δ

(T + T̄ )3α+1
. (A.9)

We take the following parameter set

α =
2

3
, m = 1, A = 10−10, a = 1, W0 = −1. (A.10)

7Since we are assuming that W0 is comparable with inflation scale, the leading contribution comes from

the cross term of superpotential terms, ∼ Ae−aTW0.
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Figure 4. The scalar potential for φ and χ for the deformed model.

With these parameters, the condition V = 0 at the minimum determines the value of δ as

δ = 1.47×10−8. We show the potential in figure 4 with this set of parameters. Although the

potential becomes steep for sufficiently large φ, there is a plateau region where inflation can

take place. The similar bending of the potential occurs in fibre inflation [20, 52] in string

theory because of the string loop corrections. As long as the non-perturbative correction is

small, the parameter δ in ∆V0 is small and the length of plateau region for φ can be long

enough to support inflation for N > 60.

We finally note that, in general, there might be superpotential coupling between S

and T e.g. W = Be−bTS, which would cause the similar problem. Even in such case, one

can consider a similar deformation of the potential to avoid negative infinite vacuum as

discussed in this section.
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