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1 Introduction

The study of superconformal symmetry has given invaluable insights into quantum field
theory, and in particular into the nature of strong-coupling dynamics. The presence of
supersymmetry gives us additional analytical tools and allows for computations that are
otherwise hard to perform. A cursory look at the superconformal literature in four dimen-
sions shows a vast number of works on N = 2 and N = 4 superconformal field theories
(SCFTs), with the intermediate case of N’ = 3 almost absent. The main reason for this
is that, due to CPT invariance, the Lagrangian formulation of any A/ = 3 theory becomes
automatically N'= 4. By now, however, there is a significant amount of evidence that su-
perconformal theories are not restricted to just Lagrangian examples, and this has inspired
recent papers that revisit the status of N'= 3 SCFTs.

Assuming these theories exist, the authors of [1] studied several of their properties.
They found in particular that the a and ¢ anomaly coefficients are always the same, that
pure N = 3 theories (i.e., theories whose symmetry does not enhance to A/ = 4) have no
marginal deformations and are therefore always isolated, and also, in stark contrast with
the most familiar A/ = 2 theories, that pure N'= 3 SCFTs cannot have a flavor symmetry
that is not an R-symmetry. Moreover, since the only possible free multiplet of an N' = 3
SCFT is a vector multiplet, the low energy theory at a generic point on the moduli space
must involve vector multiplets, and the types of short multiplets whose expectations values
can parametrize such branches were analyzed in [1]. When an N = 3 vector multiplet
is decomposed in N/ = 2, it contains both an N = 2 vector and hyper multiplet, which
implies that the theories possess both A" = 2 Higgs and Coulomb branches that are rotated
by N = 3.

Shortly after [1], the authors of [2] presented the first evidence for N/ = 3 theories by
studying N D3-branes in the presence of an S-fold plane, which is a generalization of the
standard orientifold construction that also includes the S-duality group.! The classification
of different variants of N' = 3 preserving S-folds was done in [4], leading to additional N' = 3
SCFTs. In [5] yet another generalization was considered, in which in addition to including
the S-duality group in the orientifold construction, one also considers T-duality. This
background is known as a U-fold, and the study of M5-branes on this background leads to
N = 3 theories associated with the exceptional (2,0) theories.

The systematic study of rank one N' = 2 SCFTs (i.e., with a one complex dimensional
Coulomb branch) through their Coulomb branch geometries [6-9] has recovered the known

!N = 3 theories had been proposed in [3] by considering a truncation of type IIB supergravity on
AdSs x S°.



N = 3 SCFTs, but also led to new ones [8, 10]. Some of these theories are obtained
by starting from N = 4 SYM with gauge group U(1) or SU(2) and gauging discrete
symmetries, while others correspond to genuine N' = 3 SCFTs which are not obtained by
discrete gauging. Note that, as emphasized in [4, 10], gauging by a discrete symmetry does
not change the local dynamics of the theory on R*, only the spectrum of local and non-local
operators. In particular, the central charges and correlation functions remain the same.

Of the class of theories constructed in [4], labeled by the number N of D3-branes and
by integers k, ¢ associated to the S-fold, some have enhanced N = 4 supersymmetry, or
arise as discretely gauged versions of ' = 4. The non-trivial ' = 3 SCFT with the
smallest central charge corresponds to the theory labeled by N =1 and ¢ = k = 3 in [4],
with central charge given by % This corresponds to a rank one theory with Coulomb
branch parameter of scaling dimension three. Since the Coulomb branch operators of
N = 3 theories must have integer dimensions [1], and since theories with a Coulomb
branch generator of dimension one or two enhance to N/ = 4, it follows that dimension
three is the smallest a genuine N/ = 3 theory with a Coulomb branch can have, and that
this theory could indeed correspond to the “minimal” N’ = 3 SCFT. By increasing the
number of D3-branes, higher rank versions of this minimal theory can be obtained . More
generally, the rank N theories with k = ¢, are not obtained from others by discrete gauging,
and have an N dimensional Coulomb branch.

Since pure N' = 3 SCFTs have no relevant or marginal deformations, they are hard
to study by standard field theoretical approaches. Apart from the aforementioned papers,
recent progress in understanding N = 3 theories includes [11-14]. The classification of all
N = 3 SCFTs is not complete yet, and one can wonder if there are theories not arising from
the S-fold (and generalizations thereof) constructions. On the other hand, one would like to
obtain more information on the spectrum of the currently known theories. In this paper we
take the superconformal bootstrap approach to address these questions, and tackle N’ =3
SCFTs by studying the operators that parametrize the Coulomb branch. These operators
sit in half-BPS multiplets of the A/ = 3 superconformal algebra, and when decomposed in
N = 2 language contain both Higgs and Coulomb branch operators. We will mostly focus
on the simplest case of Coulomb branch operators of dimension three.

The bootstrap approach does not rely on any Lagrangian or perturbative description
of the theory. It depends only on the existence of an associative local operator algebra
and on the symmetries of the theory in question, and is therefore very well suited to the
study of N/ =3 SCFTs. Since the original work of [15] there have been many papers that
study SCFTs through the lens of the numerical bootstrap [16-30]. A basic requirement
in any superconformal bootstrap analysis is the computation of the superconformal blocks
relevant for the theory in question, although correlation functions of half-BPS operators
in various dimensions have been studied [31-33], the case of N' = 3 has not yet been
considered, and calculating the necessary blocks will be one of the goals of this paper. For
literature on superconformal blocks see [31-40)].

Also relevant for our work is the information encoded in the 2d chiral algebras associ-
ated to 4d SCFTs [41-55]. The original analysis of [41] implies that any four-dimensional
N > 2 SCFT contains a closed subsector of local operators isomorphic to a 2d chiral al-



gebra. For N' = 3 theories, part of the extra supercharges, with respect to a pure N' = 2
theory, make it to the chiral algebra and therefore its symmetry enhances to N' = 2 su-
per Virasoro [11]. The authors of [11] constructed a family of chiral algebras conjectured
to describe the rank one N = 3 theories, generalizing these chiral algebras in order to
accommodate the higher-rank cases will be another subject of this work.

The paper is organized as follows. Section 2 studies the two-dimensional chiral algebras
associated with N' = 3 SCFTs, determining the N' = 3 superconformal multiplets they
capture, and some of their general properties. We then construct a candidate subalgebra
of the chiral algebras for higher rank ¢ = k = 3 theories. In section 3 we use harmonic
superspace techniques in order to obtain the superconformal blocks that will allow us to
derive the crossing equations for half-BPS operators of section 4. We focus mostly on a
dimension three operator, but also present the dimension two case as a warm-up. Section 5
presents the results of the numerical bootstrap, both for generic ' = 3 SCFTs and also
attempting to zoom in to the simplest known N = 3 theory by inputting data from
the chiral algebra analysis of section 2. We conclude with an overview of the paper and

directions for future research in section 6.

2 N = 3 chiral algebras

Every 4d N° > 2 SCFT contains a protected sector that is isomorphic to a 2d chiral
algebra, obtained by passing to the cohomology of a nilpotent supercharge [41]. Because
N = 3 is a special case of N' = 2, one can also study chiral algebras associated to N' = 3
SCFTs. This program was started for rank one theories in [11], and here we explore possible
modifications such that one can describe higher-rank cases as well. We will put particular
emphasis on theories containing a Coulomb branch operator with scaling dimension three,
since these are the correlators we will study numerically in section 5. We propose a set of
generators that, under certain assumptions, describes a closed subalgebra of theories with
a dimension three Coulomb branch operator, and write down an associative chiral algebra
for them. Associativity fixes all OPE coefficients in terms of a single parameter: the central
charge of the theory.

In order to do this we will need extensive use of the representation theory of the N' = 3
superconformal algebra; this was studied in [1, 56-60] and is briefly reviewed in appendix A.
We will also leverage previous knowledge of chiral algebras for N’ = 2 SCFTs, and so it will
be useful to view N' = 3 theories from an N’ = 2 perspective. Therefore, we will pick an
N = 2 subalgebra of N = 3, with the SU(3) g xU(1), R-symmetry of the latter decomposing
in SU(2)g,_, x U(1)py_, x U(1)f. The first two factors make up the R-symmetry of the
N = 2 superconformal algebra and the last corresponds to a global symmetry. Therefore,
from the A" = 2 point of view, all N = 3 theories necessarily have a U(1) ;s flavor symmetry
arising from the extra R-symmetry currents. The additional supercharges and the U(1)
flavor symmetry imply that the Virasoro symmetry expected in chiral algebras of N' = 2
theories algebras will be enhanced to a super Virasoro symmetry in the N' = 3 case [11].

Let us start reviewing the essentials of the chiral algebra construction (we refer the
reader to [41] for more details). The elements of the protected sector are given by the



cohomology of a nilpotent supercharge @ that is a linear combination of a Poincaré and a
conformal supercharge,

Q=0' +5* . (2.1)

In order to be in the cohomology operators have to lie on a fixed plane R? ¢ R*. The
global conformal algebra on the plane s[(2) x s[(2) is a subalgebra of the four-dimensional
conformal algebra. While the generators of the sl(2) commute with (2.1), those of 5[(2) do
not, and an operator in the cohomology at the origin will not remain in the cohomology if
translated by the latter. However, it is possible to introduce twisted translations obtained
by the diagonal subalgebra of the s[(2) and a complexification, s[(2)g, of the R-symmetry
algebra su(2) g, such that the supercharge satisfies

[[I\)v LO] = 07 [(Da Sl_ + QQ;] - 2f/0>
[@ L] =0, @8] =Ly, (22)
[QaL—l] = 07 [Qv Qlé] = i—lv

where Ly and Ly; denote the generators of s[(2) and Lo and Ly, those of diag(sl(2) x
5[(2)r). From these relations one can prove that @-closed operators restricted to the plane
have meromorphic correlators. We call the operators that belong to the cohomology of @
“Schur” operators. The Schur operators in A/ = 2 language are local conformal primary
fields which obey the conditions

A—(j+7) —2Ry=2=0, j—j—rny=2=0. (2.3)

The cohomology classes of the twisted translations of any such operator O corresponds to
a 2d local meromorphic operator

0(z) = [0(z,2)]g - (2.4)

The two important Schur operators that we expect to have in any N' = 2 theory with a

flavor symmetry are?

A~

e Co(0,0): the highest-weight component of the SU(2)g,,_, current (with charges A =
3,j=7= %, Rpr—2 = 1, ryr—2 = 0) corresponding to the 2d stress tensor T'(z).

o Bi: the highest-weight component J!! of the moment map operator (A = 2,5 =
J=0,Ryn—2 = 1 and ry—2 = 0) that is mapped to the affine current J(z) of the
flavor group.

These two Schur operators give rise to a Virasoro and an affine symmetry in the chiral
algebra respectively, with the two-dimensional central charges obtained in terms of their
four-dimensional counterparts by

kya

Cod = —12C4d, de = —7 . (2.5)

*We follow the conventions of [61] for A/ = 2 superconformal multiplets.



Note that, since we insist on having unitarity in the four-dimensional theory, the 2d chiral
algebra will be necessarily non-unitary.

The chiral algebra description of a protected subsector is extremely powerful. By
performing the twist of [41] on a four-dimensional correlation function of Schur operators,
we are left with a meromorphic 2d correlator that is completely determined by knowledge
of its poles and residues. The poles can be understood by taking various OPE limits,
thus fixing the correlator in terms of a finite number of parameters corresponding to OPE
coefficients. In the cases we will study in this paper (see for example subsection 4.2.1), the
meromorphic piece can be fixed using crossing symmetry in terms of a single parameter,
which can be identified with the central charge of the theory. Let us emphasize that this
can be done without knowledge of which particular chiral algebra is relevant for the SCFT
at hand.

2.1 Generalities of N/ = 3 chiral algebras

Let us now study the A/ = 3 case in more detail. Any local N' = 3 SCFT will necessarily
contain a stress tensor multiplet, which in table 8 corresponds to [;’[171]. After an N' = 2
decomposition of this multiplet (shown in (A.1)) one finds four terms, each contributing
with a single representative to the chiral algebra. These four multiplets are related by
the action of the extra supercharges enhancing N' = 2 to N/ = 3, and four of these
(Q%, and Q. 1 and their conjugates) commute with @ [11]. Therefore, acting on Schur
operators with these supercharges produces new Schur operators, and the representatives
of the four multiplets will be related by these two supercharges. The multiplets and their
representatives are:

e A multiplet containing the U(1); flavor currents (B;), whose moment map M/ gives
rise to a two-dimensional current J(z) = [M(z,2)]g of an U(1); affine Kac-Moody
(AKM) algebra,

e Two “extra” supercurrents, responsible for the enhancement to N/ = 3, con-
tribute as operators of holomorphic dimension % These are obtained from the mo-
ment map by the action of the supercharges G(z) = [Q3+M(z,2)]m and G(z) =

Qs M(z2)] 1]

e The stress-tensor multiplet (607(0’0)) which gives rise to the stress tensor of the chiral
algebra T'(z) = L Hgf’g, 9, 4 M(z,z)}m [11].

The supercharges Q3 4 and Q3 1 have charges £1 under the U(1); flavor symmetry, where
we follow the U(1) charge normalizations of [11]. Therefore the operators G(z) and G(2)
have a J charge of +1 and —1 respectively. This multiplet content is exactly the one
we would expect from the considerations in the beginning of this section, with the extra
supercharges, that commute with @ producing a global d = 2, N' = 2 superconformal

0 and D

respectively in the notation of [61].
5(0,0)

3These arise from A = 2 multiplets 51(0
50,



symmetry.? Moreover, the operator content we just described corresponds precisely to the
content of an N = 2 stress tensor superfield which we denote by 7, enhancing the Virasoro
algebra to an N = 2 super Virasoro algebra [11].

2.1.1 N = 3 superconformal multiplets containing Schur operators

Our next task is to understand which multiplets of the N = 3 superconformal al-
gebra contribute to the chiral algebra, aside from the already discussed case of the
stress-tensor multiplet.

Instead of searching for superconformal multiplets that contain conformal primaries
satisfying (2.3), we will take advantage of the fact that this was already done in [41] for N =
2 multiplets, and simply search for N/ = 3 multiplets that contain A/ = 2 Schur multiplets.
To accomplish this, we decompose N' = 3 multiplets in A/ = 2 ones by performing the
decomposition of the corresponding characters. In appendix A we present a few examples
of such decompositions. Going systematically through the multiplets,”® we find the following
list of N' = 3 Schur multiplets:

5 _ Ro—Ri1+2(0-3) | 5
ClR1,Ra),(j.7) | Schur = g [CR1+R2
2 )

—1 A =
C C
Gy O Ur CRitRe 5 1) QU CRILR, (1
¢ , 2.6
© Btk (rdmd) (2:6)
B |Sh :URQ_Rl BR R @U_IDR Ro—1 Du ﬁR Ro—1
[R1,R2]1Schur f % f 1+22— ,(0,0) f 1+22— 10,0)
@(?314_;{2_2 © 0)] , for RiRy #0, (2.7)
B =u; ™ |B D 2.8
[Ry,0][Schur = U B D uy Ri-L ()| (2.8)
B[O,R2]|Schur = u?Q [[5’322 @ujleRQz_l © 0):| , (2.9)
- _  Ro—R1+27+2 -1 5
Pt ol gl = PRiha (o Oy PR (0501 O WCRLRL o)
EBCAR1+2RQfl © ﬁ_%)] for Ry >0, (2.10)
D — RQ—Rl—Qj—Q EaY —14 —
i L N R e
@CARHJ;QA G+1 0)] for Ry > 0, (2.11)

“The holomorphic s[(2) that commutes with the supercharge @, more precisely the @-cohomology of the
superconformal algebra, is enhanced to a sl(2|1).

50One can quickly see that in table 8 multiplets that obey no A/ = 3 shortening conditions on the one
of the sides also obey no A = 2 shortening condition on one of the sides, and these are known [41] not to
contain Schur operators. Therefore we must go only through the multiplets that obey shortening conditions
on both sides.



Ro+2742 _
D[O,RQL]‘|SChuI‘ = uf2+ 7+ |:,D]I;27(07]) @ Uf IDI—EQ,(O,]+;):| R (212)
) —Ri-2j-2 |7 =
Dy 0)lsetor = 7 [D@l,u,o) Vi D@lmém] ' (219)

Let us stress again that we are not showing the full decomposition in N' = 2 multiplets, but
only the Schur multiplets. In performing the decompositions we kept the grading of the
N = 2 multiplets with respect to the U(1) flavor symmetry, denoting the corresponding
fugacity by uy.

Some noteworthy multiplets in this list are the stress-tensor multiplet 3[171], already
discussed in the beginning of this subsection, as well as the half-BPS operators Bjg, g
(and their conjugates Bjo,r,)) which are connected to the Coulomb branch, as discussed in
section 1. Due to their physical significance we present their full decomposition in N = 2
multiplets in A.1 and A.2. As described in [59], there are no relevant Lorentz invariant
supersymmetric deformations of N' = 3 theories, while the only such deformations that
are exactly marginal are contained in the multiplet 3[2’0} (and conjugate 3[0’2}). However,
these multiplets also contain additional supersymmetry currents, as can be seen from their
N = 2 decomposition, that allow for the enhancement of N' = 3 to N = 4, and thus pure
N = 3 theories are not expected to have exactly marginal operators. Let us also recall that
the multiplets CA[()’O],(M) contain conserved currents of spin larger than two, and therefore
are expected to be absent in interacting theories [62, 63].

Quasi-primaries and Virasoro primaries. Each of the N’ = 2 multiplets listed above
will contribute to the chiral algebra with exactly one global conformal primary (also called
quasi-primary), with holomorphic dimension as given in table 1 of [41] and with U(1)
charge f, under the J(z) current, as can be read off from the uy fugacity in the above
decompositions. These multiplets generically will not be Virasoro primaries. Only the so-
called Hall-Littlewood (HL) operators® (Bg, Dpg,j0) and Dg g ;) are actually guaranteed
to be Virasoro primaries. The remaining multiplets will appear in the chiral algebras
sometimes as Virasoro primaries, sometimes only as quasi-primaries.

Super Virasoro primaries. Similarly, each N/ = 3 multiplet gives rise in the chiral
algebra to a global supermultiplet consisting of a global superprimary and its three global
superdescendants obtained by the action of Q3 4 and Q3 +.7 Generically however, these
multiplets will not be super Virasoro primaries, even if the global superprimary corresponds
to a Virasoro primary. Recall that a super Virasoro primary must, in addition to being a
Virasoro primary, have at most a pole of order one in its OPE with both G(z) and G(z),
and have at most a singular term of order one in the OPE with J(z).® This last condition
corresponds to being an AKM primary.

SFollowing [41] we refer to operators which are N/ = 1 chiral and satisfy the Schur condition as Hall-
Littlewood operators.
"Recall that the global superprimary is annihilated only by the G'1,G1, L1 modes of G(z), G(z),T(z),
2. 2

and global super descendants are obtained by the action of G 1 and é, 1

2 2
8These conditions translate into the following modes annihilating the superprimary state: Ln>o,

G G

and Jn>0 .

1 1
n>+5’  n>+3



Let us consider the operators which have as a global superprimary a Virasoro primary.
For the case of B[Rl,RQ} multiplets, we see that its two (or one in case RjRy = 0) level %
descendants are HL, operators, and thus Virasoro primaries. The two-dimensional super-
conformal algebra then implies that the global superprimary is not only a Virasoro primary,

but that it is also annihilated by all the modes G G 1. However, this is not enough

n?-‘r%’ nz+g
to make it a super Virasoro primary, as it is not guaranteed that these operators are AKM
primaries. An obvious example is the stress tensor multiplet 1’5’[171], where the AKM current
is clearly not an AKM primary. Similar considerations apply to Dg, g,]; multiplets, with
the subtlety that even though one of its level % descendants is not a HL operator, it is still
a Virasoro primary [11].

In certain cases it is possible to show that the operators in question are actually
super Virasoro primaries, and concrete examples will be given below. For example, if one
considers a B[ Ri,R.] generator that is not the stress tensor multiplet, then the OPE selection

rules for the N' =2 B, +r, multiplet [64] imply it is also an AKM primary [43].
2

Chiral and anti-chiral operators. Finally we note that the multiplets in (2.8) and (2.9)
give rise, in two dimensions, to anti-chiral and chiral operators: they are killed by Q3 1 and
Q3 , respectively. These two-dimensional superfields have holomorphic dimension satisfying

h = % = —g and h = % = % respectively.

2.2 [3,0] chiral algebras

We are now in a position to describe the general features of the chiral algebras associated
to the known A = 3 theories. We will describe the chiral algebra in terms of its generators,
by which we mean operators that cannot be expressed as normal-ordered products and/or
(super)derivatives of other operators. In what follows we assume the chiral algebra to be
finitely generated. Although there is yet no complete characterization of what should be
the generators of the chiral algebra of a given four-dimensional theory, it was shown in [41]
that all generators of the HL chiral ring are generators of the chiral algebra. Moreover, the
stress tensor is always guaranteed to be present and, with the exception of cases where a
null relation identifies it with a composite operator, it must always be a generator. However
this is not necessarily the complete list, and indeed examples with more generators than
just the above have been given in [41, 43].” The chiral algebras associated to 4d SCFTs
do not always correspond to known examples in the literature, and in such situations one
must construct a new associative two-dimensional chiral algebra. This problem can be
bootstrapped by writing down the most general OPEs for the expected set of generators
and then imposing associativity by solving the Jacobi identities. Chiral algebras are very
rigid structures and in the cases so far considered [11, 43], the Jacobi identities are powerful
enough to completely fix all OPE coefficients, including the central charges.

Rank one chiral algebras. In [11], the authors assumed that the only generators of the
chiral algebras corresponding to the rank one N’ = 3 SCFTs described in section 1 (with

90ne possible way to determine which generators a given chiral algebra should have is through a Schur
index [58, 65-67] analysis, as done in [41, 43].



k =1¢, N = 1) were the stress tensor and the generators of its Higgs branch:

8[1’1} , B[Z,O} , B[oﬂ , {=3,4. (2.14)
Recall the first multiplet gives rise, in two dimensions, to the stress tensor multiplet, and
the last two to anti-chiral and chiral operators respectively. With these assumptions they
were able to write an associative chiral algebra for the cases ¢ = 3,4 only for a single
central charge for the first case and a finite set of values for the second. This set was
further restricted to the correct value expected for the known A = 3 theories

20 -1
C4d = G4d = — (2.15)

by imposing the expected Higgs branch chiral ring relation

. Y
Bie,01Bjo,g ~ <B[1,1]) ; (2.16)

which appears as a null state in the chiral algebra. Note that above, by abuse of notation,
we denoted the Higgs branch chiral ring operator by the superconformal multiplet it belongs
to. Associativity then fixes all other OPE coefficients of the chiral algebra. The authors
of [11] were also able to construct an associative chiral algebra for £ = 5 and ¢ = 6 satisfying
the Higgs branch relation if the central charge is given by (2.15). However, as they point
out, £ = 5 does not correspond to an allowed value for an A" = 3 SCFTs, as five is not
an allowed scaling dimension for the Coulomb branch of a rank one theory, following from
Kodaria’s classification of elliptic surfaces (see, e.g., [6, 11]). The case ¢ = 6 is in principle
allowed, however no such A/ = 3 theory was obtained in the S-fold constructions of [4].1°

Higher rank theories. We now attempt to generalize the chiral algebras of [11] to the
higher-rank case (with & = ¢, N > 1). In particular, we focus on the theories whose
lowest dimensional generator corresponds to a 5’[370] and its conjugate, since these are the
ones relevant for the following sections. To compute OPEs and Jacobi identities we will
make extensive use of the Mathematica package [68]. Following its conventions, we use the
two-dimensional A/ = 2 holomorphic superspace with bosonic coordinate z and fermionic
coordinates 6 and 6, and define the superderivatives as

1_
D=0y — 598“ D = 05 — 360. . (2.17)

We will denote the two-dimensional generators arising from the half-BPS Higgs branch
generators 8[073] (8[370]) by W (W).!! Furthermore, we denote the two-dimensional super-
field arising from the stress tensor (B ;) by J. The OPE of J with itself is fixed by
superconformal symmetry,

coa/3 + 6012012T N —012DJ + 012DT + 0126120T

j(Zl)j(ZQ) ~ Z122 Z12

(2.18)

10We emphasize that the existence of a two-dimensional chiral algebra does not imply that there exists
a four-dimensional theory that gives rise to it. In fact it is still not clear what are the sufficient conditions
for a chiral algebra to correspond to a physical four-dimensional theory.

"Note that in [68] what is called chiral primary is what we call anti-chiral primary, e.g., W which obeys
DW = 0.



where we defined
1 _ _ o
Zij =21 — 29 + 5 (9192 — 9291) , 912 = 01 — 92, 912 = 91 — 92 . (2.19)

The OPEs of J with W and W, given in (B.1), are fixed by demanding that these two
operators be super Virasoro primaries. As discussed in the previous subsection, YV and W
could fail to be super Virasoro primaries only if their global superprimary (arising from
an N =2 Bg /2) failed to be an AKM primary. However, since we are assuming the 2’5’3 /2
multiplet to be a generator, and since the AKM current comes from a BiN =2 multiplet,
it is clear from the selection rules of N” = 2 Bp operators [64] that these must be AKM
primaries.

The self OPEs of the chiral (anti-chiral) W (W) superfields are regular, which is
consistent with the ' = 3 OPE selection rules shown in 3.22. For W the most general
OPE in terms of all of the existing generators is [11]

9 _
WA(Z) ~ 3 Z;Q_h (3 Sy ew) 20, On (2.20)
where the sum runs over all uncharged operators, including composites and (su-
per)derivatives.

The authors of [11] showed that, considering just these three fields as generators, one
finds an associative chiral algebra only if ¢y = —15, which indeed corresponds to the
correct value for the simplest known non-trivial ' =3 SCFT (k =¢ =3 and N =1 in
the notation of [4]). However, there are higher rank versions of this theory (k = ¢ = 3 and
N > 1), that contain these half-BPS operators plus higher-dimensional ones. The list of
half-BPS operators is [4]

Bor. Bro, withR=36,...,3N, (2.21)

giving rise in two dimensions to additional chiral and antichiral operators with charges
f = 46,... £ 6N, and holomorphic dimension h = |f|/2. One can quickly see that the
extra generators never appear in the OPEs of W, W, 7, as the only OPE not fixed by
symmetry is the WW, and U(1) ¢ charge conservation forbids any of the B[ R, With R > 6
to appear. If the generators of the chiral algebras of higher rank theories corresponded
only to the half-BPS operators plus the stress tensor, then we would reach a contradiction:
W, W, J would form a closed subalgebra of the full chiral algebra, but the central charge
would be frozen at coq = —15, which is not the correct value for rank greater than one.

To resolve this contradiction we must allow for more generators in the higher-rank
case, and at least one of these must be exchanged in the WWW OPE. The only freedom in
this OPE is to add an uncharged dimension two generator. From the OPE selection rules
shown in 3.21 one can see that this operator must correspond to a 3[272]. There is another
possibility, namely a Cg o], multiplet, but in four dimensions it contains conserved currents
of spin greater than two, which should be absent [62, 63] in interacting theories such as the
ones we are interested in. The minimal resolution is to add the generator corresponding
to 1’3’[272]. We then assume that the generators of the chiral algebra associated with the
¢ =k = 3 theories with N > 1 are

~10 -



e The stress tensor 7,

e (Anti-)chiral operators arising from the generators of the Coulomb branch operators
B[O,R] (B[R,O]) with R =3,6,...,3N,

e A generator corresponding to 3[272] which we denote by U.

As before we denote by W and W the generators arising from 5’[073] and its conjugate.'?
Even though examples are known where the number of generators not arising from gener-
ators of the HL ring grows with the number of HL generators [43], the addition of a single
operator U is the minimal modification that unfreezes the value of the central charge.
We can now proceed to write down the most general OPEs, it is easy to check that in
the ones involving
J, W, W, and U, (2.22)

the operators in (2.21) with R > 6 cannot be exchanged. Therefore, if our assumption
above is correct, the generators in (2.22) form a closed subalgebra.

In what follows we write down the most general ansatz for the OPEs of these operators
which, as explained above, are all super Virasoro primaries with the exception of 7. The
regularity of the self OPEs of W and W follows simply from OPE selection rules, while the
OPE between W and W is given by (2.20), allowing for the exchange of U as well. The
OPEs involving U are quite long and therefore we collect them in appendix B. Imposing
Jacobi identities we were able to fix all the OPE coefficients in terms of a single coefficient:
the central charge. In our construction we did not need to impose null states for closure of
the algebra.

2.3 Fixing OPE coefficients

In the next sections we will study numerically the complete four-point function of two B[gvo]
and two By 3 operators, thanks to the chiral algebra we can compute the OPE coefficients
of all operators appearing in the right hand side of the WW OPE. However, we still need to
identify the four-dimensional superconformal multiplet that each two-dimensional operator
corresponds to. Let us start by examining the low dimensional operators appearing in this
OPE: we can write all possible operators with a given dimension that can be made out
of the generators by normal ordered products and (super) derivatives. Furthermore, they
must be uncharged, since the product WW is. All in all we find the following list:

Dimension Operators
0 Identity
1 J
2 u,JgJ,oppJg, J'
3 WWw, gppJg, J", 7', 3JJ, DDJ', DIDJ, DDU, JU, U’

12The fact that we do not allow for any other operator of dimension one (or smaller) prevents the
symmetry of the chiral algebra from enhancing to the small N' = 4 superconformal algebra one gets from 4d
N = 4 theories, thereby excluding N’ = 4 solutions from our analysis. And by not allowing for additional
dimension 3/2 generators we also exclude discretely gauged versions of NV = 4.

- 11 -



From these operators we are only interested in the combinations that are global superpri-
mary fields, as the contributions of descendants will be fixed from them.'® Note also that,
if we are interested in the four point function of (\WWWW), we only see, for the exchange
of an operator of a given dimension, a sum of the contributions of all global primaries, and
we cannot distinguish between individual fields.

At dimension h = 1 there is only one operator — the superprimary of the stress-tensor
multiplet — and its OPE coefficient squared can be computed to be (after normalizing
the identity operator to appear with coefficient one in the four-point function decomposi-
tion, and normalizing the J two-point function to match the normalization for the blocks

(923 N=2 see (3.26)) that we use in the following sections)
9 27
A =——. 2.23
PAwwal oo (2.23)

This does not depend on the particular chiral algebra at hand, as the OPE coefficient with
which the the current J is exchanged, is totally fixed in terms of their charge f and the
central charge. As we will show in 4.2.1, the two-dimensional correlation function of the two
W and two W, is fixed in terms of one parameter which we take to be the OPE coefficient
of J, and thus related to cgq. This implies that, for the exchange of operators of dimension
larger than one, any sum of OPE coefficients corresponds to a universal function of cyq4.

At dimension h = 2 we find two global superprimaries, one corresponding to U itself,
and the other containing J7.7. From the four-dimensional OPE selection rules, shown
in (3.21), it follows that both superprimaries must correspond to 3[272] supermultiplets in
four dimensions, as the only other option is Cjg )0 which should be absent in interacting
theories. This means that, even from the point of view of the four-dimensional correlation
function, these two operators are indistinguishable. Thus, all we can fix is the sum of two
OPE coefficients squared:

i (2.24)

Y

2
Al + Mg oo
where we used the same normalizations as before, and fixed an orthonormal basis for the
operators. This number is again independent of the particular details of the chiral algebra:
it only requires the existence of W, W and J.

At dimension h = 3, we find four global superprimaries made out of the fields listed
above, three of which are Virasoro primaries. In this case, however, these three different
operators must belong to two different types of four-dimensional multiplets (once again we
are excluding the multiplet containing higher-spin currents). Namely, they must correspond
to 3[373] and CA[LlLO, and distinguishing them from the point of view of the chiral algebra
is hard. The two-dimensional operators arising from B3 3 are guaranteed to be Virasoro
primaries, while those of C[; 1) could be or not. Assuming that all Virasoro primaries
come exclusively from By 3 we can compute the OPE coefficient with which this multiplet

13Note that this is only true because W and W are chiral and anti-chiral, and therefore their three-point
function with an arbitrary superfield has a unique structure, being determined by a single number.

- 12 —



is exchanged by summing the squared OPE coefficients of all Virasoro primaries

3
2 2(coa(5caq +127) 4 945)
A7 TV - : 2.25
; ‘ JIVi z,h:f’)‘ 5C2d(202d n 13) ( )
We can take the large c4q = —CQ—d limit, where the solution should correspond to generalized

free field theory. In this case we can find from the four-point function given in appendix C.2
that the OPE coefficient above should go to 1, and indeed this is the case. We could also
have assumed that different subsets of the three Virasoro primaries correspond to 3[373].
Not counting the possibility used in (2.25), there is one possibility which does not have the
correct behavior as c4q — 00, and two that have:

2

Z ‘)\ . ‘2 351378 — 10¢24(caq(caq(caq 4+ 22) — 260) — 8430) (2.26)

Ly (2T TV s (c2a — 1)caa(2c2q + 13)(12 = Beag) ’ ‘
2(c +15 coglcag(begqg + 37) + 39) + 4482

Z ‘)\jJVIrl - 3‘ 2d )( 2d ( 2d< 2d ) ) ) (2'27)

5(c2q — 1)cad(caq + 6)(2c2q — 3)

We can now also compute for each of the above cases the OPE coefficient of the CA[LH,O
multiplet, and we find that only (2.25) and (2.27) are compatible with 4d unitarity (the
precise relation between 2d and 4d OPE coefficients is given by (4.20)).

If we now go to higher dimension, the list of operators keeps on growing, and their
four-dimensional interpretation is always ambiguous. A dimension A global superprimary
can either be a 6[272},;1_4 or a 6[171]7h_3 four-dimensional multiplet, and in this case there
does not seem to be an easy way to resolve the ambiguity.

Rank one case. Let us now comment on what happens for the case of the rank one
theory, where cog = —15 and the extra generator I is absent. In this case we find a single
(non-null) Virasoro primary at dimension three.'® This implies that either there is no 3[373]
multiplet and that the OPE coefficient is zero, or, which seems like a more natural option,
that the Virasoro primary corresponds to this multiplet, with OPE coefficient

}2 22

=% (2.28)

A7 vin.—s
The above corresponds to setting cog = —15 in both (2.25) and (2.26), as expected since for
this value the extra generator is not needed and decouples. The possibility that there is no
[;’[373] multiplet in the rank one theory and thus that the OPE coefficient is zero corresponds
to the coq = —15 case of (2.27). If this last possibility were true, then we would have that
the operator WW ~ J3 is not in the Higgs branch, since Higgs branch operators correspond
to Br multiplets in N = 2 language. Hence, there would be a relation setting J2 = 0 in
the Higgs branch, which does not seem plausible. In any case, we will allow for (2.27) for

4 One possibility would be to find two sets of OPEs such that in each set, one of the above multiplets is
forbidden to appear by selection rules.

5There is another Virasoro primary, which is a composite operator that is null for this central charge.
This null corresponds precisely to the Higgs branch relation of the form WW ~ 772 described in [11].
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G+ G+ G 0.0 G0 Go,-)
go (X4, V)| (X44bV,V) (X1, V+b) (AX,,V)D™' | (X4, V+EXy) (X4, V)h
go(X_, V)| (X_,V+b) (X_—Vb,V) A(X_D71 V) n(X_,V) (X_,V—-X_c)

Table 1. We used the definitions h := (13 + Vé)~! and h := (13 + ¢V)~!. The transformations
corresponding to G4 4y, G(— _) are generated by the ones above. For convenience we give the
explicit form of special superconformal transformations G(_ _y: (X4, V) — (X, V)(1+CX,)™!
and (X_,V)— (1+X_C)"Y(X_,V).

generic values of the central charge. It might be possible to select among the two options
((2.25) and (2.27)) by making use of the considerations in [69] about recovering the Higgs
branch out of the chiral algebra, but we leave this for future work.

3 Superblocks

In this section we will use harmonic superspace techniques in order to study correlation
functions of half-BPS operators. We will follow closely [40, 70], where a similar approach
was used to study correlation functions in several superconformal setups.

3.1 Superspace

We introduce the superspace .# as a coset .# =~ SL(4|3) / G<o. Here, the factor G<g
corresponds to lower triangular block matrices with respect to the decomposition given
n (3.1) below. We take E(p) € G~¢ as coset representative explicitly given by

Opn V. X Lo Vo X+
E(p):=exp| 0 0 V | = o 1 VvV |, (3.1)
0 0 O 0 01y
where
fe%6 2\ JaTel o .
X=<xd ) V=(>, vz(ea@). (3.2)
™y v

In the above, a € {1,2}, & € {1,2} are the familiar Lorentz indices and the coordinates
A%, 1% 6% 6%} are fermionic, while the y, v, v are bosonic R-symmetry coordinates. The
action of SL(4|3) on this superspace follows from the coset construction and is summarized
in table 1. Notice that SL(4|3) acts invariantly within the superspaces .y, .#_ with
coordinates {X,V}, {X_,V} respectively, where we have defined Xy = X £ $VV. The
basic covariant objects extracted from the invariant product E(p2)~'E(p1) are
Xip=X11-X_»—WVy, Vig:i=V1 = Vo,

Viei=Vi—Va.  (33)

We also define Xy7 1= —X75.
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Superfields for superconformal multiplets. The supermultiplets l’;’[ Ry,Ry) correspond
to “scalar” superfields on .#Z. Among them, as discussed in the previous section, the ones
with Rj Re = 0 are special in the sense that they satisfy certain chirality conditions. We call
chiral (anti-chiral) a superfield that depends only on the coordinates {X_,V} ({X,V}).16
Within this terminology, the operators B[o’ g) are chiral while the l’;’[ R,0] are antichiral. More
general supermultiplets can be described as superfields on .# with SL(2|1) x SL(2|1) indices
which extend the familiar Lorentz indices. We will not need to develop the dictionary
between N' = 3 superconformal representations and SL(2|1) x SL(2|1) x GL(1) x GL(1)
induced representations in this work and thus leave it for the future.

Remark 1. The subspace .#\—» corresponding to setting V =V = 0 is acted upon by
the N' = 2 superconformal group SL(4|2). The corresponding superspace is well known,
see e.g. [38]. The superfields corresponding to the N' = 3 supermultiplets B[Rl, Ro] reduce to
the N’ = 2 supermultiplet B L(Ri+Ry) when restricted to the superspace .#x—2. The other

operators in the decomposition of Z’S’[Rl,RQ] in ' = 2 supermultiplets, see (A.1), (A.2),
roughly corresponds to the expansion of the superfield in V and V. There is also an N' =1
subspace .#\—1 , which is not a subspace of .#x—, defined by setting A%, 7%, v, ¥ to zero.
An SL(4|1) x SL(2) subgroup of SL(4|3) acts on .#—;. This observation will be useful in
the derivation of the superconformal blocks in section 3.4.

Examples of two- and three-point functions. We denote superfields and supermulti-
plets in the same way. Let us list some relevant examples of two- and three-point functions
of l’;’—operators of increasing complexity:

(Biry,ro) (1) Biry,ra] (2)) = Oy, mu0Rs R, (21) (12)F2
(Bjo,. 7 (1) B0 (2)Bs,5)(3)) = (21)7~ ((23)(31)) ,
(Bo,r)(1)Bjo k) (2)Br, k) (3)) =
(Bir.r) (1) Bir.r) (2) B (3)) =

ORy,2R OR,0

((21)(32)(13

Wi

—_

SN—

—~

[\o]}

—_

SN—

~—

=y}
~~ o~ o~
N O Ut
~— — ~— ~—

~—

where we have defined

(12) = — 1 = (21)( (3.8)

1

sdet(Xq,) - (2)(32)(13)
In (3.5) superspace analyticity implies that S < R and that the correlation function van-
ishes otherwise. Similarly, in (3.7), C is a superconformal invariant and superspace analytic-
ity implies that Pr(C) is a polynomial of degree R in C. Since the three operators are iden-
tical, one further imposes Bose symmetry which translates to Pr(z) = 2®Pg(z~1). Equa-
tion (3.7) specialized to the case R = 1 corresponds to the three-point function of the stress-
tensor supermultiplet 3[1,1] and the argument above implies that Pj(x) = const x (1 + z).
This provides a quick proof of the fact that for N'= 3 superconformal theories one has the
relation a = ¢ as first derived in [1].

16This is not the standard terminology for chiral superfields in A -extended superspace. We hope this
will not cause any confusion to the reader.
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Let us consider the three-point functions relevant for the non-chiral OPE [;’[ R,0] X [;’[07 R
A simple superspace analysis reveals that the three-point function of a chiral and an anti-
chiral operator with a generic operator takes the form

(Bio,r)(X=1, Vi) Bir o) (X 4.2, V2) O(X3, V3, V3)) = (21)po (X5, X5, X3,) - (3.9)

The quantity po is determined uniquely up to a multiplicative constant by the requirement
that (3.9) is superconformally covariant. It is not hard to verify that one can set the
coordinates Vi, V2, V3, V3 to zero by an SL(4|3) transformation which is not part of the
N = 2 superconformal group SL(4/2) (with the embedding specified in the remark 1 above).
This means that (3.9) is zero if its N' = 2 reduction (i.e., the result obtained after setting
V; = V; = 0) is zero, as confirmed by the selection rules result (3.21) that we derive later
in section 3.3.

Turning to the three-point functions relevant for the chiral OPE I’S’[R,O] X B[R,o}, it is
not hard to convince oneself that they take the form

(Bio.ry (X—1, V1) Byo. gy (X_ 2, V2) O(X35, V3, V3)) = ((31)(32))" 55(X, V), (3.10)

where

v -1 —1\—1 > -1 -1

X = (X2§ - X3 ) V= Xp3 Vs — X3 Vg, (3.11)
and pg is fixed by requiring superconformal covariance of (3.10). It is important to remark
that, as opposed to (3.9), in this case one cannot set the coordinates Vi, Va, V3, V3 to zero

using superconformal transformations. However, they can be set to the values
{(Xf,la ‘/1)7 (Xf,Za ‘/2); (X*,37 ‘/E))’V:S)} = {(OO, 0)7 X(la ‘/})7 (07 O’ 0)} . (312)

The combinations X and V carry non trivial superconformal weights only with respect to
the third point corresponding to the operator O.
3.2 Superconformal Ward identities

We will now derive, along the same lines as [32, 40, 70|, the superconformal Ward identities
for the four-point correlation function <l’5’[0’ R]Z’S’[ R,O]B[O, R]B[R,O}>' Let us first introduce super
cross-ratios for this four point function. The eigenvalues of the graded matrix

o ~1 ~1
Z = X5 X5 X3 X171 (3.13)

are invariant and will be denoted by x1, x2,y. It is easy to convince oneself that these are

the only invariants by noticing that all fermionic coordinates in this four-point function
can be set to zero by a superconformal transformation. It follows that

(Bio.7) (1) Bir,0)(2)Bpo,r) (3)Bir,o(4)) = (12) (39)" Gr(x1, 22,7) , (3.14)

where Gg(x1,x2,y) = Gr(w2,z1,y). The form of Gr(x1,x2,y) is strongly restricted by the
requirement of superspace analyticity. Firstly, after setting all fermionic variables to zero

-1 -1
Ty Tgy Tyg Ty 0 _
Zlferm=0 = ( 0 y12y34> ; Yij = Yi — Yj — V0, (3.15)

Y32Y11
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polynomiality in the R-symmetry variables implies that Gg(x1,z2,y) is a polynomial of

degree R in y~!.

Secondly, one has to make sure that the fermionic coordinates can be
turned on without introducing extra singularities in the R-symmetry variables. By looking
at the expansion of the eigenvalues of (3.13) in fermions, one concludes that the absence
of spurious singularities is equivalent to the conditions

(811 + 82;) GR(xlvx%y)‘ =0, (812 + 82;) GR(xlvx%y)‘ = 0. (316)

1=y 2=y

These equations imply in particular that Gr(z, z2,z) = fr(x2) and Gr(z1,x,2) = fr(z1).
This is a consequence of the protected subsector discussed in section 2, where setting 1 = x
(or xo = x) follows from the twisted translations (2.2), as originally discussed in [41]. The
chiral algebra further tells us that fr(z1) is a meromorphic function of x;, corresponding
to a two-dimensional correlation function of the twisted-translated Schur operators, with
each l’;’[o, R] (B[R,O]) multiplet giving rise to a two-dimensional N' = 2 chiral (anti-chiral)
operator, as discussed in 2.1.1.
The general solution of the Ward identities can be parametrized as
Gr(wr, 29, y) = (a1 — yfl)fR(iU_lz - (90_2_11 —y ) fr(z2)
Ty — Xy
+ (27t =y (x;l —y ') Hp(z1,22,y), (3.17)

where Hg(x1,72,y) is a polynomial of degree R — 2 in y~!.

In particular, it is zero for
the case R = 1 corresponding to a free theory. For the following analysis it is useful to
introduce the variables z, zZ, w as

z z w
_ - 3.18
’ 2 z—1’ y w—1 ( )

Tr1 =
z—1

This change of variable is an involution in the sense that z = mfil and so on. They are

related to the more familiar cross-ratios as

2 9 2 .2
221 - 14T .

= 52 34 = 2Z|ferm=0 » v o= 54 53 = (1= 2)(1 = 2)term=0 - (3.19)
T{3T5, 13724

Notice that the WI (3.16) take the same form in the new variables and that moreover

(e E ) = @ty e -y, (8.202)
(7' =y D f(1) = (a3 —y ) f(x2) _ (P —w ) f(@) — (77 —w) f(a2)
P NS 271 —z-1 ’
1 2 (3.20b)

for any function f(z).

3.3 Selection rules

In this subsection we analyze the possible multiplets allowed by superconformal symmetry
in the non-chiral and chiral OPEs. This is a crucial ingredient for the crossing equations
and are usually called the OPE selection rules.

17 -



Non-chiral channel. The OPE in the non-chiral channel B[R,o} X 5’[07 R) can be obtained
by using the superconformal Ward identities just derived, together with the fact that the
three-point function (l’;’[ R,O]B[O, RrO), where O is a generic operator, is non-zero only if the
three-point function of the corresponding superprimary states is non-zero by conformal and
R-symmetry. The latter condition can be derived by recalling that the fermionic coordinates
in this three-point function can be set to zero by a superconformal transformation. A simple
analysis shows that

R s [R—1 R—2
Biro X Bo,r) = L+ Z Bjg,q + Z Z Cla,a),e + Z A[Aa,a]mzo,g . (3.21)
a=1 (=0 La=0 a=0

Notice that these relations are remarkably similar to the Bp /2 X B r/2 OPE in the N =2
case, see [64]. The three upper bounds on the finite summations R, R — 1, R — 2 could be
derived by imposing that the three-point function (B[ R,O]l’;’[a r]O) is free of superspace sin-
gularities. Equivalently, it can be derived by requiring that the associated superconformal
block takes the form (3.17). We followed the latter strategy as it seemed more economical.

Chiral channel. The chiral channel selection rules are obtained by requiring that a given
multiplet can only contribute if it contains an operator annihilated by all the supercharges
that annihilate the highest weight of [;’[R’O], and if said operator transforms in one of
the representations appearing in the tensor product of the R-symmetry representations
[R,0] x [R, 0], and with the appropriate spin to appear in the OPE of the external scalars.
We have performed this calculation for R = 2,3 and based on it we propose that the
expression for general R is

R
Biro) % Biro) = Baro) + ) Bia(r—a)alr=ar0 +
a=2
> - 4R—1
T Ayr=4R-2
# 3 Cancsoisn + 3 (Chnatess o AS ]
/=0 a=2

3.22)

We have checked the above in several cases for R > 3 and superspace arguments suggest it
is indeed the correct selection rule. Note that in (3.22) the B-type multiplets have r = 4R,
the C-type multiplets r = 4R — 1, and the A-type multiplets r = 4R — 2. Moreover, if
we are considering identical B[ R,0]; then Bose symmetry further constraints the spin of the
operators appearing on the right-hand-side according to their SU(3)r representation.

3.4 Superconformal blocks

We will now derive the superconformal blocks relevant for the expansion of the four-point
function (3.14). The superconformal Ward identities alone turn out not to be sufficient
to uniquely determine all the superblocks. We resolve the leftover ambiguity by requiring
that they are linear combinations of SL(4]|1) x SU(2) (N = 1) superblocks. There are two
types of blocks corresponding to the two channels: non-chiral (3.21) and chiral (3.22).
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The two kinds of blocks are closely connected to N' = 2 superconformal blocks relevant for
the four-point function of B—type operators and are collected in tables 2 and 3. When the
kinematics is restricted to (z, zZ, w) = (2, w, w), only superconformal blocks corresponding to
the exchange of Schur operators, defined in section 2.1.1, are non-vanishing. Moreover, they
reduce to 2d (global) superblocks for the N' = 2 superconformal algebra sl(2|1) ~ osp(2|2)
in the appropriate channel.

3.4.1 Superconformal blocks for the non-chiral channel.

On general grounds, the N' = 3 superconformal blocks contributing to the four-point func-
tion (3.14) in the non-chiral channel can be written as an expansion in terms of conformal
times SU(3) R-symmetry blocks:

Go(z,2,w) = D calX) 9an (2 2) By, roy (W) - (3.23)

a € Sy

The explicit form of the conformal blocks ga ¢ is given in appendix C. The SU(3) R-
symmetry blocks take the form

20+ 1\ " _
h[a,a}(w) = <a+1> 2F1(—a,a+2,1,y 1)7 y=—"7=. (324)

w—1
The normalization in (3.24) is chosen so that hi, q(w) = w™*+... for w — 0. The set S, is
determined by considering the decomposition of the N' = 3 representation being exchanged
into representations of the bosonic subalgebra (this can be done using superconformal
characters). The normalization can be fixed by taking for instance ¢, (x) = 1 for the label
« corresponding to the minimum value of A, in the supermultiplet.

Consider the superblocks corresponding to the non-chiral OPE channel of (3.21). Con-
cerning the superblocks for the B[a’a} exchange, it turns out that they are uniquely fixed
by imposing the superconformal WI on (3.23). The superblocks corresponding to the ex-
change of a CA[aﬂLg on the other hand are not uniquely fixed by the this procedure. The
remaining ambiguity can be resolved by requiring that they reduce to osp(2|2) (this is the
global part of the chiral half of the d = 2, N' = 2 super Virasoro algebra) superblocks
when restricted to (z, z,w) = (z,w,w). Recall that this restriction reduces the correlator
to that of 2d N = 2 chiral and anti-chiral operators, and thus the exchange of an operator
in the non-chiral channel is captured by the o0sp(2|2) superblocks of [35]. Specifically, this
amounts to requiring

Jeo B =9, (rww) = ()TN () (3.25)

where the 0sp(2|2) superblock is [35]

[a,a],€

GN=2(2) = 2" 3 Fy(h, h,2h + 1, 2) (3.26)

and f(z) corresponds to the parametrization (3.17).1” The superblocks for the exchange of
long operators .A[Am al,r=0,0 1€ not uniquely determined by the two conditions given above.

'"To each superblock G, corresponds a function f, and a function H, by using the parametrization (3.17).
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X fX HX

identity 1 0

Bl g2dN=2 (=1 420 92 2.0 ko Pk
Coale | (=) GZNZ2 | (=) X000 O kg P
A[%,a],é 0 (—1)ag£/f2‘l,e ha,a)

Table 2. Superconformal blocks contributing to (3.21) in the parametrization (3.17). These ex-
pressions are consistent with the decompositions of superblocks at unitarity bounds, see (3.31).
We recall that the explicit expressions for the blocks entering the table are given in (3.24), (3.26),
and (3.27). Notice that for the stress-tensor supermultiplets 3[1,1]7 the function H. Bu is zero.

The leftover ambiguity can be resolved by studying the Casimir equations. However, we
will take a shortcut and use the knowledge of N' = 1 superblocks. The relevant superblocks,
which were derived in [16, 35], are given by

GNTY(2,2) = (22)2 gz, 7). (3.27)

It follows from the remark 1, that the N' = 3 superblocks can be expanded in N' = 1 times
SU(2) “flavor symmetry” blocks as

G (mzw) =diy) () GAT (= 2) + dyy (w) G 1 (2. 2)

[a a],r=0,
+day) (w) AT (2, 7). (3.28)

On the right hand side, the sum runs over the terms
(A0, (A+1,04+1), (A+2,04+2), (A+2,0), (A+3,4+1), (A+4,0). (3.29)

Imposing that the form (3.23), subject to the WI, can be expanded as in (3.28), fixes the
leftover ambiguity in the N/ = 3 superblocks and the coefficient functions JXL’? (w) up to
an overall normalization. The solution can then be rewritten in the compact form

G5t | (maw) = (1T — ) E 0 ) A D b ). (330)
The simplicity of this expression will be justified in remark 2 below. This concludes the
derivation of superconformal blocks relevant for the non-chiral channel, the results are
summarized in table 2

Before turning to the discussion of the superblocks relevant for the chiral channel, we
perform a consistency check on the blocks just derived. As can be seen in table 2, short

blocks can be obtained from the long ones (3.30) at the unitarity bounds by using

QAA (42424 = Qc + Qé , (3.31)

[a,a],r=0,€ sal,€ la+1,a4+1],6—1

where we identify (f[a,a]7,1 = B[a +1,a41]- This is consistent with the multiplet decomposition
at the unitarity bound: A[Aaz]é;ﬁg%a — CA[a,aM EBCA[HLGH} -1 D “extra”, where “extra” does
not contribute to the block.
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3.4.2 Superconformal blocks for the chiral channel.

We denote the superconformal blocks contributing to this channel as gx(z,f,w), where
x labels the representations being exchanged from the list (3.22). As in the case of the
non-chiral channel, we start with an expansion of the superblocks in conformal times SU(3)
blocks and impose the superconformal Ward identities, (3.16). Specifically we take

gx(za Z, w) = Z Ca (X) IAu Lo (Z, 2) %[2(R—na),na] (w) . (3'32)

ae S,

It appears, perhaps not too surprisingly, that the SU(3) R-symmetry blocks E[gmm] (w) in
this channel coincide with SU(2) blocks, where here and in the following we take m =
2(R — n). They take the form'®

2m

—1
hgmm (W) = BV (w) = (1)m( > oFi(—m,m+1,1,w 1), (3.33)

m
where the normalization is chosen so that E[Qm,n] (w) ~ w™ for w ~ 0, and we omit the
label n since it is related to m. The set S, is determined by looking at the content of
the representation x using characters. Using this information, all the coefficients ¢, () are
then fixed by the requirement that (3.32) satisfies the superconformal WI (3.16).

With a little inspection on the solutions, one recognizes that the superblocks in this
channel are the N' = 2 superconformal blocks that contribute to the four-point function of
Bar—s supermultiplets [31-33]. The identification is given by

gQ[ZS(Z’E’w) - g;\(XZ)Q(Z’E:w)v (334)

where p maps the N' = 3 representations being exchanged in the chiral channel, see (3.22),
to an N = 2 representations as follows

N

Biar,o) Br
6[2(3—1)70]7(“7175) éR—1,€+1
p Ef;(?z]ia),a},o = | A¥ .0 |- (3.35)
Clataya-i) (452, AR
AA,T’:4R—2 AL+

[2(R—a),a—2],(§,%) R—a,t

The equality (3.34) is not accidental, we will comment on its origin in the remark below.

The resulting superblocks in the parametrization (3.17) are given in table 3. Once
again note that the meromorphic function f(z) has a decomposition in 2d blocks, in this
case sl(2) blocks

3% (2) = 2" 9 F1(h, h,2h, 2) . (3.36)

These are the blocks relevant for the decomposition of the chiral algebra correlators in the
chiral channel, since each 2d N/ = 2 multiplet contributes with a single s[(2) primary to
the OPE of two 2d N = 2 chiral operators.

'80ne can recognize the appearance of Legendre polynomials as (—1)™ o Fy (—m, mH, 1,w™ ") = Pm(% -1).
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X fy H,
Bar, g% SI2 grirsnnoka by )
é[ZR 2,0,(&51,2) 9 s SR grioikraniei byl
B&:(?%}Ea),a],o 0 92R+2,0 h?;}i(j)
C[Tz(;l%R a)la 1,(42,4) 0 92R+0+3,6+1 h;U(j)

é(;g 45 a2 2],(L,4) 0 IA+3.0 hi‘i(j )

Table 3. Superconformal blocks contributing to (3.22) in the parametrization (3.17), with f and
H replaced by f and H to indicate they correspond to the chiral channel blocks. These expressions
are consistent with the decompositions of superblocks at unitarity bounds, see (3.37). We recall that
the explicit expression of the s[(2) and R-symmetry blocks is given in (3.36) and (3.33) respectively.

The unitarity bound relevant for the chiral channel is

A r=4R=2 A=l+2R-1 4R 2 —r=4R-1

pr—aya-2,(ts — Cprmaa-2.59 P Cpr-a.a-1.4.5) (3.37)

where C[Q(ER a)l a-1),0,-1) = BfQ(;}R a)l a,0- Only the underlined term contributes to the

superblocks g as can be seen in table 3.

Remark 2. In [38], the authors derived superconformal blocks for scalar four-point func-
tions on a super Grassmannian space Gr(m|n,2m|2n). It is an interesting problem to
generalize the analysis of [38] to the more general case of Gr(m|n, M|N). The example
we just studied corresponds to Gr(2|1,4|3). The example of chiral superfields (in the tra-
ditional sense) for N-extended supersymmetry corresponds to the super Grassmannian
Gr(2]0,4|N) and the corresponding superblocks were given in [35]. The simplicity of the
results (3.30) and (3.34) and the one presented in [35] suggests a simple unified picture.

4 Crossing equations

Equipped with the superconformal blocks relevant for the four-point function of half-BPS
operators we are finally ready to write the crossing equations. Most of this section treats
the case of arbitrary external dimension R, and in the final section we focus on the cases
of a dimension two and three operator. Crossing symmetry can be written in terms of
the functions fr(x) and Hg(x1,x2,y) used to parametrize the solution of the Ward iden-
tities (3.17). As expected, the chiral algebra correlator fr(z) satisfies a crossing equation
on its own, that we solve analytically. This amounts to input about the exchange of Schur
operators, that we feed into the full set of crossing equations for Hg(z1,z2,y). These give
rise to a system of (three) six equations of the two bosonic cross-ratios, for (R =2) R = 3,
which are the subject of the numerical analysis of section 5.
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First equation. Consider the four-point function (3.14), where we take pairwise identical

operators. Imposing that it is invariant upon the exchange of points 1 <> 3 implies the

crossing equation

122
Y

This is due to the fact that the matrix Z, given in (3.13), transforms to its inverse, up

R
Gy, oyy) ( ) Gr(ah a5ty D). (4.1)

to a similarity transform, if points 1 and 3 are exchanged. In terms of the solution of the
WI (3.17), equation (4.1) implies that the single variable function fr(z) satisfies a crossing

equation on its own:

fr(x) = 2% fr(z™1). (4.2)
Note that the above is a specialization of (4.1) to (x1,z2,y) = (x,y,y), and thus cor-
R

responds to the crossing equation for the two-dimensional correlator of a dimension %
operator. The function fr(z) is easily argued to be a polynomial of degree R in x as we
shall show in section 4.2.1. Imposing (4.2), together with the normalization fr(0) = 1,
implies this function is fixed in terms of % (respectively %) independent parameters for
R even (respectively odd).

The remaining constraints from crossing symmetry (4.1) translate into the following

equation
R+1 2-R
L1T2 -1 -1 - Y
O Hn(ay 0y ™) Haliy, ) = 4 (12 An(aa,9) flan) —1 &> 22),
1~ T
(4.3)
where we have made use of (4.2), and defined
R-1 _ , R-1
z Y
A = —— 4.4
R(x) y) T —y ) ( )

which is a polynomial in its arguments. Recall that Hr(z,, 4,y) is a polynomial of degree
R — 2 in y~! and thus, with the exception of R = 2, (4.3) encodes a system of crossing

equations.

Second equation. In the channel where one takes the OPE of the two chiral operators
it is convenient to relabel the points in (3.14) to obtain

[(13) (24) (i)r(}R(E, B

(B0 (1)Bir,0(2)Bjo, &) (3)Bjo,r) (1))

2 (4.5)
= (QS)R (121)R GR(/Z\L /2\27 Z//\) ;
where we have defined
Z = Xy X' X 3 X7t ~ diag(Z1, %2, 5), (4.6)
and (Z,z,w) := (1 — 21,1 — 23,1 — 71). If the superspace coordinates are V =V = 0,

the cross-ratios above are related to the ones entering (3.14) as (Z,z,%w) = (2,2, w) and
(Z1,22,9) = (1—z1) 71, (1—22) L, (1—y)~!). The first equality in (4.5) is to be understood
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as defining the function G r-'? The second one is a rewriting of (3.14), relating the chiral
channel to the non-chiral channel. The function G R satisfies the same superconformal
Ward identities as Gr. We thus parametrize it as in (3.17), with the functions fr and
Hp, replaced by fR and H R, and the variables x1, z2,y replaced by Z,Z,w. An immediate
consequence of (4.5) is the relation

z z R
Gr(z z,w) = <W> Gr(l—2z1-2%1—w). (4.7)

Note that z,Z,w are the usual cross-ratios for the correlator (4.5), and so we rename
them as (Z,2z,w) — (2,z,w). The relation (4.7) implies a relation for the single variable
function fr:

z

fr(z) = < )R fr(l=2), (4.8)

which again follows from the fact that the single variable functions are capturing a two-

1—=2

dimensional correlator. For the H function we get from (4.7) that

R+1 N R-1 4 T _

(-1)E (222 Hr(1—-2,1-2,1—w)— Hp(z,z,w) = o R<xlz,’_%)fi(fz 20 2) )
(4.9)

where Ag(z,y) was defined in (4.4) and we remind that in (3.18) we set (z1,x2,y) =

(1, zi 1> wog). As in the first crossing equation (4.3), the dependence on w disappears

from (4.9) for R = 2.

Third equation. Since we consider the case of identical B[ R,0] operators, Bose symmetry
under the exchange 1 <+ 2 in (4.5) requires

éR(z,z,w)_(—nRéR( AN ) (4.10)

z2—1"2z-1"w-1
Plugging in the solution of the WI and using (3.20), the above equation translates into

z z z w

) = 02 )s Hnemw) = C0MR( S s )

with the first equation again following from Bose symmetry in the chiral algebra.

4.1 From the chiral algebra to numerics

In the following subsections we turn the crossing equations (4.3), (4.9), (4.11) into a system
ready for the numerical analysis, by fixing all the chiral algebra data. To do so we proceed
as follows:

e The first step, undertaken in subsection 4.2.1, is to analytically solve the chiral algebra
crossing equations for fr(x) and fr(x).

9The strange prefactor is the natural supersymmetric completion of (ﬁgx%@*R,

— 24 —



e Decomposing these functions in the blocks of tables 2 and 3 allows us to fix an infinite
number of Schur operator OPE coefficients. We recall these operators are the ones
in the OPEs (3.21) and (3.22) that contribute to the chiral algebra, see (2.6) and

the following.

e From the block decomposition of Hg, H R, also given in tables 2 and 3, we see that they
receive contributions from some of the multiplets contributing to fr(z) and fr(z).

e Therefore we split the expansion into a sum over the exchange of Schur operators

C 4.12
2rR—2,0)(L L) (4.12)

Biaa s Claales Bpros

and a sum of the remaining operators.?’

e The final step is to sum the contribution of Schur operators to the Hpi and H R
functions, denoted as Hp ghort and H R,short in the following. (We sometimes omit the
index R and write just Hgnort and ﬁshort.) We deal with these functions in section 4.2
and our final results are given in (4.24) and (4.29).

In general, knowledge of the function fr(x) alone is not sufficient to determine Hp ghort
unambiguously, in contrast with the chiral channel function H R,short, Which is fixed in terms
of fR(az). This is because different AN/ = 3 supermultiplets give the same contribution, in
the sense of 2d blocks, to the functions fr(z) and fr(z). As we will see in section 4.2,
assuming the absence of supermultiplets containing conserved currents of spin greater than
two, the function H R,short and the component of Hp, gort in the R-symmetry singlet channel
can be extracted unambiguously from the knowledge of fr(z).

Summary of the result. Following the procedure that we just outlined one arrives at
the following system of crossing equations:

(0)
’FX 0 ‘Fshort
/ g -~ J—
Z ‘)\X ’2 +fE:X + Z ’)\X |2 ‘F*:X = ‘Fs(ho)rt : (413)
X € B[R,O] XB[O7R] ‘.A _f_l?_’x X € B[R,O] XB[R,O] IA,?,E ﬁ_hx fs(}j;)rt

We now have to make several remarks in order to explain our notation.
a) We have defined the functions

—z —Z R+l
- [(1(1 o )Rl H, (22 )

_ (_1)R[(z,z,w) - (1—z,1—z,1—w)}, (4.14)

12—z z z w
Fix = (1—w)hi-2 HX(z—l’z—l’w—l)

+ [(z,i,w) o (1—2,1—2,1—10)}, (4.15)

20This split does not coincide in general with the separation between long and short operators, as can be
seen in the chiral channel.
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4.2

1—2)(1—2)]) -
e Y

(27w < 1-21-21—-w). (4.16)

Fiyx =

The explicit form of the functions H,, H, is given in tables 2 and 3 for each represen-
tation y. Note that the above functions still have a dependence on the R-symmetry
cross-ratio, and thus each equation in (4.13) will give several equations, once this
dependence is expanded out.
The functions ]-"S(}?(’i) receive contributions from two sources. The first one comes
from the right hand side of (4.3), (4.9) and contains the function fr explicitly. The
second one corresponds to the contribution of Schur operators to the left hand side
of (4.3), (4.9). Specifically, we have

f(ovj:)

short

- F(O’i) [f] - -F(in) [Hshortu E[short] ’ (417)

short short

with the explicit form of fiﬁéi) [f] and fs(}?(i) [Hshorts Hshort] given in appendix D.1.

The precise range of summation in (4.13) is specified by the selection rules (3.21)
and (3.22), where we only take the operators that are not of Schur type, i.e., A in
the non-chiral channel and A, B,C in the chiral one. The prime in the second sum
3 indicates that the parity of the spin label ¢ of the exchanged operator is fixed in
terms of its R-symmetry representation. Specifically, only even spins appear for irreps
in the sym([R,0] ® [R,0]), while for irreps in antisym([R,0] ® [R,0]) only odd spins
appear. This follows from (4.11) and the braiding relations (C.3) of individual blocks.

The second and third equations in (4.13) are obtained respectively from the anti-
symmetrization and symmetrization of the superconformal block expansion of (4.9)
with respect to the exchange (z,z,w) <> (1 — 2,1 — 2,1 — w). An important remark,
relevant for the numerical implementation, is that the arguments of four dimensional
superconformal and R-symmetry blocks entering (4.15), namely (%7, 757, -25) and
their inverses, can be traded for (z,z,w) and (1 — z,1 — Z,1 — w) using the braiding
properties of the conformal blocks (C.3). This fact justifies the use of the suffix b to
denote “braided” in (4.15).

Finally, as customary, the identification |\, |*> = >0l (O)=x |Ao|? is understood. By
X(O) we mean the representation x in which the operator O transforms.

Fixing the chiral algebra contributions

We have defined above the functions Hg ghory and H Rshort s the contribution from the

exchange of Schur operators to the Hp and Hp functions, entering (4.3) and (4.9). We

will now discuss to which extent these contributions can be extracted from the knowledge

of fr(z), or more generally, from the knowledge of the chiral algebra.

— 96 —



4.2.1 Determination of the function fr(x)

The cohomological reduction of the correlator (3.14), which in superspace corresponds to
a specialization of the superspace coordinates in (3.2) to X = diag(z,y,v), V = (4,0,0)T
and V = (6,0,0), gives the holomorphic correlator

_ _ _ _ T 215233
W(z—1,00)W (24 2, 02)V (2 3, 03)W (244, 04)) = %, r="E50 (4.18)
(z12231) %33%11
where z4 = z + %9@ and 213 = 21— — 224 + 616>. For the following discussion we set the

fermionic coordinates # = § = 0. We can view the correlator above as a meromorphic
function of z;, whose poles correspond to singular terms in the OPE of W(1) with the
remaining operators. The chiral OPE is non-singular, so there is no pole when z; ~ z3
(corresponding to x ~ 1). The singularity for z; ~ 29 (corresponding to x ~ 0), on the
other hand, is already taken care of by the prefactor in the right hand side of (4.18).
Finally, for 21 ~ 24 (corresponding to x ~ oo) we have fr(x) ~ . There is no other
singularity and so fr(z) is a polynomial of degree R in x, that we normalize as fr(0) = 1,
subject to the crossing relation (4.2). It is thus fixed in terms of L%J constants. If follows
from the exchange of the two-dimensional stress tensor that the small x expansion of the

correlator takes the form fr(x) = 1+ Afjdx + ..., where ¢4g = c is the central charge
of the four-dimensional theory, thus fixing one of the L%J constants.?! For R = 1 the
crossing relation (4.2) implies that fi(z) = 1 4 x, forcing the central charge to take the

value cqq = %, which corresponds to N' =4 SYM with gauge group U(1).

Non-chiral channel. Consider the expansion of the function fg(z) in holomorphic N =
2 (global 0sp(2|2)) blocks as

—1+Zb grAN=2(g). (4.19)

Using the result given in table 2, and the selection rules (3.21), it is clear that in general
one cannot reconstruct the four-dimensional OPE coefficients corresponding to Schur oper-
ators (4.12) from the knowledge of the expansion (4.19). This is best illustrated by looking
at the following examples

1 1 5

R= B = DB, b = ()M, )%,
2 2 3 2

R=2 b = B2, b = NBP2, b2, = ()" ,s, (4.20)
3 3 3 3

R= b“ AR, B = B, b = B2 = 1AG 2,

3 A
b§z>)3:(_ ) (’)\ 1,h— 3’2 ‘)‘g,h—4’2)7

and so on. Above we used the compact notation )\f = )\g%) and )\C =B of course,

[a,a] [a,a], é

A’s from different rows (i.e., for external operators with different values of R) in (4.20) are

2Lf the subscript is omitted, it is understood that ¢ is the four-dimensional central charge.
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not the same, even though this is not captured by the notation. The general pattern is
quite simple and one finds

h—2 R-1
R a R a
A DV L N L PV O SN N (5 ) Lo A LI O 3}
a=1 a=1

Note that compared to the results that can be obtained from table 2 and the selection
rules (3.21), we omitted by hand the supermultiplets 6[070]75 for external fields with R > 2,
because they are the supermultiplets that contain higher spin conserved currents. They
are included only in the free field case R = 1. For R > 2, while allowed by the selection
rules (3.21), we want to demand that they are absent in order to focus on interacting
theories. We remark further that the OPE coefficient

2
B B R

% = 4.22
By deaq’ (422)

corresponding to the exchange of the stress-tensor supermultiplet 3[171} can be extracted
unambiguously.

It follows from the above considerations that also ])g |2 can be extracted without
ambiguity. However, in general, the four-dimensional OPE coefficients cannot be extracted
uniquely from the expansion (4.19). As discussed in section 2.3 and section 5.3.2 using
the knowledge of the chiral algebra and some extra assumptions one can find, in the case

(3) and A(?’)

Bz 3 Cralo
Let us now investigate the structure of Hpg ghors- By definition, we have

R = 3, only two allowed values for A\ ;

R R—-1 o0
HR7Short T |)\B[a,a]| Hé[a,a] T ’)\ Z C[a a0’ (423)
a=2 a=1 /=0

which we can express in terms of the blocks hpq(w) and ggfjl(z,é) given
n (3.24), (3.27) as

HR short (71, 72,y Z Gnotha(2, %)
h=2
h[o,O](w) ano\)\@m‘o}’ 2 gn+4n7 R=2
h[l,l](w) > o ’ |Zgn+6n(z z)

— Cl2,2],n

—h[o,o](w) Zn o|>\c[0 | gn+4n> R=3

| S0 by (w) 6 (2, 2), general R
(4.24)

In (4.23) the first summation starts from h = 2, since Hy = 0. In writing this equation
we allowed for higher-spin currents to have a non-vanishing OPE coefficient, such that it
becomes clear how they would contribute to the crossing equations. Looking at table 2
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we see that if higher-spin currents are present they contribute exactly the same way as
the R—symmetry singlet long multiplet at the unitarity bound A = £+ 2. After setting

them zero |)\ K
Clo,01,n

completely fixed in terms of the function fr(x). The explicit expression for the function

= 0, only the part of Hgghort in the R-symmetry singlet channel is

Ct(R)(z, Z) is easily worked out, but will not be relevant here. We finally remark that the
summation of the first term in (4.24) can be done explicitly for any R. See appendix D.2
for details.

Example: for R =2, we find

folx) =1+ ¢ o+ a? —1+Zb 2AN=2(4) (4.25)
h=1
where from (4.20) we take, |>‘B[1,1] ]2 = bf) =c1, |)\B*[2,2] |2 = b( ) = =1- % and
) 2 ei1,2)  (U4+2)(4)e41 Li+4)
‘)‘Cu 1 7= (=1)"b s = 226+2 (3) 920+ 5(1) € (4.26)
2/0+1 +3

Note that if higher-spin currents are present the above identification of OPE coefficients
with b, cannot be made for h > 1.

Chiral channel. Now we expand the function fg, related to fr by (4.8), in N = 2
holomorphic blocks, which in this channel coincide with ordinary s[(2) blocks, see (3.36).

Specifically
fr(x)= Y 0P g, (4.27)
h=R
h+R even

where we note that the sum starts from h = R, which is due to the fact that the relevant
OPE is non-singular. Moreover, the index h has the same parity as R as follows from
the braiding relations of individual blocks (C.5) together with (4.11). By looking at the
selection rules given in (3.22), and after a quick look at table 3, one concludes that

3R

— ). 7(R)
R - ‘ AB[QR,O] b

2 . 7(R) . A 2
’ ) R+1 — O’ b£+R+2 - ‘AC[QR_2,0]7(([+1)/27[/2)} ’ (428)
where ¢ > 0. Note that in this channel we can reconstruct the four-dimensional OPE coeffi-
cients of Schur operator completely in terms of the OPE coeflicients of the cohomologically
reduced problem. We can thus uniquely determine the contribution of these operators

to Hg:

)
Hpgshore =V Hg, -+ ZbR oo H, . (4.29)

2(R—1),0L<n+%,n>

The summation of this expression is straightforward and similar to the one done in ap-
pendix D.2. The final result is given by

2 (4.30)

HR,short(Za Z, w) -
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Multiplet x fx(@) H,(z, %)

Identity ggd N =2(z) =1 0

By PN = (a) 0

Clool. (—1)H g7 =2 () 0

B BN ) G5 = (2) 2ghi(=.2)
CA[UV (— 1)”19%?{\[_ (2) g£+5 41 = (ZZ)_%Q;;IG,@H(Z,Z)
A[%B]{f 0 gA+2£ = (25)_%92i3,e(2= z)

Table 4. Contributions of the various N' = 3 multiplets appearing in the non-chiral OPE (3.21),
for R = 2, to the functions f, (z1) and H,(z,Z). The multiplets CA[070]74 contain conserved currents of
spin larger than two, and must be set to zero for an interacting theory [62, 63]. We recall that By q

is the stress-tensor multiplet. When the long multiplet A%%ff hits the unitarity bound A = £+ 2

it decomposes in a C[o,o],z and a C[Ll]’g,l, where C[1,1 -1 = B[g’g]. Note that while long multiplets
arbitrarily close to the unitarity bound mimic higher-spin conserved currents, they do not mimic
the stress tensor.

where we have defined the kinematic factor
Z ]€2a+2 hSU )(w) ) (431)

with kg(z) and th@)(w) given in (C.2) and (3.33) respectively.

We have now obtained explicit expressions for Hpg ¢hort and Hpg ghort, and can com-

pute the functions fil?(;i) entering the crossing equations (4.13). See appendix D.1 for

more details.

4.3 Explicit form of the bootstrap equations for R = 2,3

We will now show the explicit form of (4.13) in the cases R = 2,3. In order to do so, it is
convenient to define the combinations of conformal blocks (compare to (4.14), (4.15), (4.16))

Fone = [(1-2)(1 - 2] (22) 2g%L 4 (2.2) £ [(2.2) & (1— 21— 2]
F2 agim (“1)C (1= 2)(1— 22 (22) 20500 (5, 2) £ [(2,5) & (1 — 21— 2)], (432)
Fing:=[(1-2)(1—2)"" gOA(J)r”(z 2)+[(2,2) < (1-2,1-2)].

As before, we suppressed the index R from the notation, its value should be clear from the
context.
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Multiplet x fx (2) -FNIX( 2, %)
B g 93%(2) 91,0(2,2)
2,0),( 52, %) e Ge+6,0+2(2, Z)
Bio,21,r—5,(0,0) 0 d6.0(2, %)
C[O,l} =1, (8L 0 Get7,041(2, 2)
A>34¢ i
A[07>0]77”=6,4 0 9A+2,€(27 Z)

Table 5. Contributions of the various N/ = 3 multiplets appearing in the chiral OPE (3.22), for
R = 2, to the functions f,(z) and PNIX(Z,Z). Note that at the unitarity bound (see (3.37)) of the
long multiplet we find two types (for £ = 0 and £ # 0) of short multiplets which do not contribute
g . When considering identical BA[Q’O]

to the chiral algebra, namely B_[O’Q],ng’(o’o) and C 041

0.1],r=7,(51.5)

operators Bose symmetry requires ¢ to be even for A[%‘%]g :—ia , and odd for @[0 L I+

1 2.
Ir=7,(75".3)

The case R = 2. The bootstrap equations (4.13) in this case are independent of the
R-symmetry variables w. Using the R = 2 specializations of the tables 2 and 3, namely
table 4 and 5, we obtain

F—,A,E - - 0 Fé?l?)rt
Do Pl | Al + D0 Padl [Foae] = [FLl ] - (4.33)
_FEb (S T

Here Ap ¢ and S\Avg denote the OPE coefficients of the longs multiplets with dimension A
and spin ¢ appearing in the non-chiral and chiral channels respectively, and Fggoi) = ]-'S(}?(’)i),

see appendix D.1 .

The case R = 3. For R = 3 we unpack the superconformal blocks given in tables tables 2
and 3 in tables 6 and 7. To write down the crossing equations (4.13) in components we
need to fix a basis in the space of R-symmetry polynomials. There is a natural choice
which follows by noticing that

1 _ 1 _
(1—w) Fyamo = 451 -y )Fpae+-1+y HF_ar,
[0,0],¢ 2 2
2 _ 1 _
(1—’w)fAA,r:0 = —7(1—:1/ 1) F+,A7£+*(1+y 1) F_7A7g,
[1,1], 3 3

1 1 1 1 1 1
fb ey = - _=- - Fb - _ - - Fb ,
ivA[AOjO]T@O +2 <1w+w> i,A,€+2 <1w w) Folrt

) 1 1 1 1 1
2 ST (S I~ SN ) NS =
LAz = T (1 —w w) AL T 6 (1 —_— w) AL
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~ 1 1 1Y\ ~ 1 1 1Y\ ~
F r=10 = += | ——+— | F ~|———-—)F ,
AT +2 <1 —w + w) a0t 2 <1 —w w) Tt

~ 3 1 1Y) = 1 1 1\ =
F =10 = +— | ——+ — | F ——|———-—|F .
A +4 (1 —w * w) BALTY (1 —w w) s

The equations for B and C in the chiral channel follow from the last two entries in (4.34)

(4.34)

at the unitarity bound, as can be seen from table 7. Let us go back to the bootstrap equa-
tions (4.13) specialized to the case R = 3. Using the relations (4.34), the equations (4.13)
are easily recognized to be equivalent to

. ) . i}
+oF-ay +3F_ay
1 2
+2Frag —3Fae
1rb 5 b
A\ o | T2F2 Av \ o [T6F2 a0
|20, L 1pb + Aael | 1 Fb
A>(+2 2 ?Avf A>l+4 ¢ ;,A,@
—3FAp AN
_LlFb 4+ Llpb
27 —A 6 —AL
. 1 _ . 1 _ (4.35)
0 0
0 0
1E 3F
Y 2 +§ F_7A7£ 3 2 +Z F—,A,Z _ C
+ Z | X0, ¢] LIF + Z Aael™ | 1 E = Fghort -
AS0+5 2 ALl Asers 4 LhAL
¢ even _|_§ F+,A,Z ¢ odd +Z F+,A,Z
1E 1E
|2 F-a] —iF-ac

More explicitly, we extract the coefficients of (1 —w)~1(1 4 y~1) of the first line of (4.13)
and the coefficients of (ﬁ + %) of the second and third line of (4.13). The expression

for I?Short follows from the expansion of F, s(}?éjrtt)

the above equation A, A ¢ and 5\(17&4 denote the OPE coefficients of the longs multiplets

given in appendix D.1 in this basis. In

A[Aa’ all and Aégiﬁ,a}, , respectively. As a consistency check, we verified that the bootstrap
equations above are satisfied with positive coefficients for the cases of free U(1) N = 4
SYM (considered a special N' = 3 theory) and for the generalized free theory discussed in
appendix C.2.

5 Numerical results

We are finally ready to apply the numerical bootstrap machinery to our crossing equations.
Our goal is to chart out the allowed parameter space of N' = 3 theories, but also to
“zoom in” to particular solutions of the crossing equations that correspond to individual
N =3 SCFTs.

After a short review of numerical methods we start by considering the multiplet con-
taining a Coulomb branch operator of dimension two, which we recall also contains extra
supercharges. This is a warm-up example that will allow us to check the consistency of
our setup. In the remainder of the section we then focus on a Coulomb branch operator of
dimension three for various values of the central charge. In general it is hard to exclude so-
lutions that have enhanced N' = 4 symmetry, and also to impose that the Coulomb branch
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Multiplet y fx(@) H,(z,z,w)

Identity ggd N=2(z) =1 0

By GIN=2(2) 0

By 9N (2) G5 (2.2)

By 3 g3N=2(2) —GH(z,2) = GGz, 2)hy y (w)
0.0 (1)1 gt =2(2) 0

Clue (—1) 1 g2a =2 (2) G5 h1(2:2)

Cl2,2),¢ (1)1 g2 N=2(2) g”?gj:f(?i(;h;)u(w)
Aot 0 GN (2. 2)

Aﬁiﬁ# 0 —Qﬁle,e(z, Z)hyp qy(w)

Table 6. Contributions of the various N' = 3 multiplets appearing in the non-chiral OPE (3.21),
for R = 3, to the functions f,(z) and H,/(z, z,w).
é[kvk],g:_l = l’;'[k+1,k+1]7 and in the text we take the latter to be a special case of the former.

Note that we can make the identification

operator is a generator.?? In order to avoid N = 4 solutions, at the end of this section we
input knowledge of the specific chiral algebra [11] that is conjectured to correspond to the
simplest known N =3 SCFT .

5.1 Numerical methods

The crossing equations written in (4.13) are too complicated to study exactly, beyond
focusing on special limits, or protected subsectors, as done in section 2. Therefore we
proceed to analyze these equations using the numerical techniques pioneered in [15] (see
g. [71, 72] for reviews).
Very schematically, we have a system of crossing equations (three (4.33) and six (4.34)
for the 3[270] and [;’[3,0] respectively) of the form

Vﬁxed(z,g) , (5.1)

Z |)\Oi|2‘70i (27 2) =
O;

where Vﬁxed(z, Z) collects the part of ﬁshort that is completely fixed from the chiral algebra,
with the remainder of ﬁshort moved to the left-hand side. We use the SDPB solver of [73],
and rule out assumptions on the spectrum {O;} of local operators and their OPE coefficients

220ne could imagine setting up a mixed correlator system where the multiplets containing the extra
supercharges, or the candidate generators for which our operator could be a composite are exchanged.
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Multiplet x Fi(2) flx(z, zZ,w)
[6,0] 934(z) 95,1(2, 2) + g6,0(2, 5)h§U(2) (w)
; ?) +
C 041 ¢ 92d g@+7,€+3('z7 Z)
401,75 3) ths(?) 98+e,2+2(%, 5)h§U(2) (w)
—r=12
5[2,2],0 0 g8,0(2, E)th(Z) (w)
—=r=12
Bios1.0 0 98,0(2, %)
—11
C[2 u,(4E 5 0 gev9,041(2, i)th@) (w)
M 0 5
0,2],(53) ge+9,0+1(2, )
A>045,r=10 _
Aot 0 gatae(z 2)n Y (w)
A>(+5,r=10 _
Aio1).0 0 ga+3.(z, %)

Table 7. Contributions of the various N' = 3 multiplets appearing in the chiral OPE (3.22), for
R = 3, to the functions f,(z) and H,(z, Z,w). Since we are interested in the correlation functions
of identical operators, Bose symmetry under the exchange of the two identical operators forbids

the multiplet 576231 20 from appearing and restricts the ¢ to be even for A&: 01]05, Czo}lll(é-s-l L and
0], 5

~ r —r=11
C[47O]7(g+71 % and odd for AO 1105 and C 2.1].( j g).
|A\o,|? (CFT data), by considering linear functionals

n+m<A

o = e, ,00°07| 1, (5.2)
z=z=75
n,m=0

acting on the crossing equations. In the crossing equation (4.33) and (4.34) we will be
taking derivatives 902 of F1, F%, F1 and from their symmetry properties under z — 1—z,

Z — 1 — Z we see that only even (odd) derivatives of F,F%, F, (F°,F® F_) survive.2?

The numerical bounds will be obtained for different values of the cutoff A, which effec-
tively means we are considering a truncation of the Taylor series expansion of the crossing
equations around z = Z = % We rule out assumptions on the CFT data by proving that
they are inconsistent with the truncated system of crossing equations at order A . There-
fore, for each cutoff we find valid bounds, that will improve as we send A — co. We refer
the reader to the by now extensive literature on these numerical techniques, e.g. [17, 73],
for all the other technical details and approximations needed for the numerical bootstrap.

23 As usual, the equations are antisymmetric in z <+ Z and so we only need derivatives with m < n.
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5.2 The case R = 2

As a warm-up, let us consider external operators 3[270], 3[0’2], which contain the extra
supercharges allowing for an enhancement to A/ = 4. For this case we will only bound the
minimal allowed central charge c. We recall that the OPE selection rules in this case are
given by

Bz X Bloz =T+ By + B + ) [5[0,01,6 + Cpuage + A[Ao,o},rzo,e] : (5.3)
=0

[e.9]
Bizo) % Bpzo) = Biao) + Blojr—so + ;: [8[2,0],(”21,5) +Cloal g1, 4y + AT 655)} , (5.4)
=0

with each multiplet contributing with a superblock as given in tables 4 and 5, with a
positive OPE coefficient squared, and the crossing equations are given in (4.33). To obtain
central charge bounds, we allow for all operators consistent with unitarity that have not
been fixed by the chiral algebra. In the chiral channel this amounts to allowing all long
operators consistent with unitarity, together with the short multiplets which sit at the
long unitarity bound (which are not Schur operators). In the non-chiral channel the OPE
coefficient of 1’5’[171} is fixed unambiguously from the chiral algebra in terms of the central
charge. For the remaining Schur operators the chiral algebra is not constraining enough
and we are left with some ambiguities. As shown in equation (4.24) we can fix universally
the OPE coefficients of CA[LIM and [%[2’2] in terms of those of the CA[()’()M multiplets. These
last multiplets contain higher-spin currents and should be absent thereby resolving the
ambiguity. Nevertheless, as is also clear from (4.24) and table 4, the contribution of the
CA[O,O],g multiplets is identical to that of long multiplets at the unitarity bound, and thus, by
allowing for long multiplets to have a dimension arbitrarily close to the unitarity bound,
we allow for these currents to appear with arbitrary coefficient. Therefore, we do not
truly exclude free theories in the bootstrap, and we should expect to recover the solution

corresponding to U(1) /=4 SYM theory.
The numerical lower ¢ bound is shown in figure 1 as a function of A~!, where A is
the cutoff on the number of derivatives taken of the crossing equation, as defined in (5.2).
The solid yellow and blue lines correspond to various linear fits to subsets of points, and
attempt to give a rough estimate of the A = oo bound. It seems plausible that the bound is

converging to ¢ = 13—2 which corresponds to the central charge of U(1) N'=4 SYM. Recall
that for this value of the central charge the coefficient bg2) =1- i in (4.25) is negative,

which means that it cannot be interpreted as arising only from a 8[272] multiplet, and that
the conserved current multiplet Cjp )0 has to be present. But this is exactly what our
crossing equations are allowing for, as when we solve for the OPE coeflicient of By 9 in
terms of by and let the OPE coefficient of Cjg g be arbitrary we find it contributes just
as a long at the unitarity bound. Naturally, if one wanted to obtain dimension bounds
on the long operators for ¢ = % we would have to allow for the multiplet CA[()’OLO to be
present by adding their explicit contribution, but if no gap is imposed, then allowing for

long multiplets of arbitrary dimension automatically allows for these currents.
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Figure 1. Numerically minimum allowed central charge for the 5’[2,0], 3[072] four-point function
as a function of the inverse of the number of derivatives A. The dashed horizontal line marks the
central charge of the U(1) /=4 SYM theory. The middle orange line shows a linear fit to all the
data points, while the top and bottom blue lines show fits to different subsets of the points.

5.3 The case R = 3

We now turn our attention to the correlation function of BA[&O], 3[073] multiplets, whose
crossing equations are given in equation (4.35). We recall that in the chiral channel the

OPE coefficients of all of the Schur multiplets (f[4 oL L) and B[G,O] were fixed universally
I bl 2 72
from the chiral algebra correlation function. Therefore, the undetermined CFT data in

this channel amounts to

e Scaling dimensions and OPE coefficients of long multiplets A5~ and AX>+5

[2,0],10,¢ [0,1],10,¢7
e OPE coefficients of short multiplets ETQZI]QO, ¢ ¢41 ¢, and ¢ S
b [271]7( 2 72) [072]7( 2 72)

where the last multiplets contribute the same way as the longs at the unitarity bound as
seen in (3.37) and table 7.

In the non-chiral channel, various Schur multiplets were indistinguishable at the level
of the chiral algebra, as manifest in table 6. Using the chiral algebra correlator we solved
for the OPE coefficients of CA[MM and 3[2’2] in terms of the remaining ones in (4.24), such
that we were left with the following unfixed CFT data

A>L+2 and AA>K+4

e Scaling dimensions and OPE coefficients of long multiplets A[o 0.0 TRINEE

e OPE coefficients of the Schur multiplets 8[272]75, 3[3,3], and CA[Qow.

The Schur multiplets in the last line end up contributing to the crossing equations in the
same way as the long multiplets in the line above at the unitarity bound (see (4.24) and
table 6), following from the long decomposition at the unitarity bound (3.31). This implies
that, unless we impose a gap in the spectrum of the corresponding long multiplets, we
can never truly fix the OPE coefficients of these Schur operators. As usual, the multiplets
CA[O,O]J should be set to zero for interacting theories. However this is not enough to resolve
all the ambiguities, and we must resort to numerics in order to study the OPE coefficient of
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Figure 2. Minimum allowed central charge from the correlation function of 3[370] and its conjugate,
as a function of the inverse of the number of derivatives A. The dashed horizontal line marks the
central charge of the U(1) N = 4 SYM theory. The two blue lines show linear fits to different
subsets of points, in order to give very rough idea of where the bound is converging to with A — co.

the remaining operators. In the last part of this section we will see how these ambiguities
turn out to be useful to exclude N' = 4 solutions to the crossing equations by inputting
the OPE coefficient of [;’[373} computed from the chiral algebra of an N’ =3 SCFT.

5.3.1 Central charge bounds

Let us start by placing a lower bound on ¢, allowing again for the presence of all operators
consistent with unitarity. We recall once again that long multiplets A[%,o],ﬂ of arbitrary
dimension allow for conserved currents of spin larger than two, and thus not excluding free
theories from the analysis. Naturally then, the U(1) N'=4 SYM theory is also a solution
to the crossing equations we study. Therefore, the strongest bound one could possibly hope
to find corresponds to the central charge of U(1) N'=4 SYM. This value is smaller than
the smallest central charge of all known, nontrivial, A” = 3 theories, which is ¢ = %.24

In figure 2 we show the minimal allowed central charge as a function of A~!, the inverse
of the number of derivatives. Extrapolation for infinitely many derivatives this time does
not seem to converge to the value of the U(1) N = 4, which is ¢ = 1 = 0.25.% Since
the value of the minimal allowed central charge is smaller than that of the free N' = 4
theory one might suspect the solution to this set of crossing equations that saturates the
central charge bound does not correspond to a physical SCFT, and could imagine a mixed
correlator system, e.g., adding the stress tensor multiplet, would improve on this.

5.3.2 Bounding OPE coefficients

Apart from the central charge, there are other OPE coefficients of physical interest, which
were not fixed analytically and can be bounded numerically. Let us emphasize that the

2By nontrivial we mean it cannot be obtained by N' = 4 SYM by a discrete gauging which does not
change the correlation functions.
Z5Similar results were also observed in the case of chiral correlators in ' = 2 theories [20, 74].
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N = 3 stress-tensor multiplet B[Ll} cannot recombine to form a long multiplet, unlike the
N = 2 stress-tensor multiplet. This has the important consequence that, when we add the
stress tensor multiplet with a particular coefficient, we are truly fixing the central charge to
a particular value. In comparison, in N' = 2 theories this was only accomplished when one
imposed a gap in a particular channel, preventing those long multiplets to hit the unitarity
bound and mimic the stress tensor. Therefore, we will bound the OPE coefficients as
a function of the central charge for the range % < ¢ € 0co. The lower end of the interval
corresponds to the central charge of U(1) N' = 4 SYM, although interacting theories should
have higher central charges. In particular there is an analytic lower bound for interacting
N > 2 SCFTs of ¢ > % ~ 0.37 [47]. Furthermore it can be shown, by considering the
N = 3 stress tensor four-point function in the chiral algebra, that any interacting N > 3
SCFEFT must obey ¢ > % ~ 0.54 [75]. These two bounds will be depicted as vertical dashed
lines in all the numerical results. In the limit ¢ — oo the stress tensor decouples and we
expect that the numerical bounds converge to the values of generalized free field theory
(see appendix C.2).

The Schur operator l';’[g,g]

A particularly interesting operator to consider is the 3[3,3] appearing in the non-chiral
channel. Despite being captured by the two-dimensional chiral algebra, is not possible to
fix its OPE coefficient universally from the chiral algebra four-point function, due to the
ambiguities described in 4.2. Making assumptions about what particular chiral algebra cor-
responds to a given 4d theory, one can try to resolve this ambiguity, as done in section 2.3,
which gave two seemingly consistent possibilities. However, we will first take an agnostic
viewpoint, and ask what numerical constraints crossing symmetry and unitarity place on

the squared OPE coefficient of this operator (])\8[3 |2). These are shown in figure 3 as a

function of the inverse of the central charge. !

Since this operator is protected, we can compare the value of the bound to the well
known N = 4 solutions. We extracted the OPE coefficient of this multiplet from the four-
point function of half-BPS operators in the [0, 3, 0] representation of SU(4)g given in [3§],
after projecting the A/ = 4 multiplets to the particular N' = 3 multiplet we are considering.
It turns out to have a constant value of one, irrespective of the central charge of the theory.
We depicted this as a red line in figure 3 and, to give an idea of where the physical N' = 4
theories sit, we also added red dots in the positions corresponding to the central charge of
N =4 SYM with gauge group SU(n) (c = "2471) forn € {3,4,...}.

The value expected from the block decomposition of both the U(1) N'= 4 SYM (¢ = 1)
and the generalized free field theory (¢ = oo, given in appendix C.2) is also one, and is

marked by red dots as well. A rough extrapolation of our results for infinite central charge
and for ¢ = % suggests the numerical bounds could converge to the values expected for
these theories.

Finally, we compare the numerical bounds with the results that can be extracted from a
particular chiral algebra. Let us first consider the chiral algebra of [11] that is conjectured
to correspond to the simplest known A = 3 SCFT with ¢ = % (in their notation this

corresponds to ¢ = 3, where of course this ¢ has no relation to the spin). As discussed in
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Figure 3. Upper bound on the OPE coefficient squared of 3[3,3] versus the inverse central charge
1/c. The shaded region is excluded and the number of derivatives is increased from 10 to 24 in
steps of two. The two green curves show the possible value of the OPE coefficient computed by the
chiral algebra in section 2.3, while the green dot shows the expected value for the N' = 3 theory
of 1/¢ = 0.8, extracted from the chiral algebra of [11]. The red line and dots corresponds to the
solution of N' =4 SYM theories. The two dashed lines correspond to the minimum central charges
for an interacting N = 2 [47] and N' = 3 SCFTs [75] (¢™! = ¥ ~ 273 and ¢! = 2 ~ 1.84
respectively).

section 2.3 we can construct candidate operators, in the chiral algebra, to correspond to a
3[3,3]. In this case there is only one candidate, and if one assumes it to be in fact a 3[373]
we find -
2
== 5.5

which is shown as a green dot in figure 3.2 Note that this value lies well inside the

Y.

numerical bounds, and in particular it is also smaller than the continuation to arbitrary
¢ of the value corresponding to SU(N) N =4 SYM. Since the N' =4 SYM correlation
function of [38] which we decomposed in blocks is a solution of the crossing equations for
any value of ¢, the best numerical bound one can hope to obtain is ‘)\3[373] }2 < 1. In fact,

our numerical results appear consistent with the upper bound converging to one for ¢ = %
Therefore, to be able to reach the known nontrivial N' =3 SCFT with ¢ = % we must go

inside these bounds, and fix the OPE coefficient of 3[373] to a value that is incompatible
with the N' = 4 solution to the crossing equation; we will do this at the end of this section.

We now turn to the chiral algebra constructed in 2.2, with the goal of understanding
the higher rank versions of the aforementioned theory. Recall that we assumed the chiral
algebra of the higher rank theories to be generated solely by the Higgs branch generators,
the stress tensor, and an additional dimension three operator. Under this assumption,
we were able to construct a closed subalgebra of all of these chiral algebras, which is

26The other possibility, that the 3[3,3] multiplet is absent in the chiral algebra, does not appear plausible
from a Higgs branch perspective.
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associative for generic values of c. In that setting we can attempt to compute [z b 2, and
there were two options consistent with the large central charge behavior of the generalized
free field theory and unitarity, given in (2.25) and (2.27), which are plotted as green curves
in ﬁgure 3. Equation (2.27) is the one that does not go through the expected value for

c= but that we kept for arbitrary values of c¢. If our assumptions are correct, then

12’
we see that the value of |\ B ]|2 lies well inside the numerical bounds, and is weaker than
that of A/ = 4 SYM. This is not necessarily a downside, as one of our goals must be to
determine ways to exclude the AV = 4 solutions to our crossing equations, and this provides
such a way. By imposing the value of the OPE coefficient corresponding to (2.25) or (2.27)
we are sure to exclude N' = 4 from our analysis. We will come back to this point at the

end of this section.

Note that both (2.25) and (2.27) diverge at ¢ = 35, which corresponds to the analytic
central charge bound obtained in [75], following from the fact that the norm of one of
the candidate 3[3’3} operators is going to zero. We note that the chiral algebra in 2.2 was
constructed with a generic central charge in mind and care was not given to possible null

states arising at specific values of c. It is not clear that the solution we have is consistent
13
24

It is also worth noting the interesting interplay between analytical and numerical re-

for ¢ = as null states are expected to decouple.

sults. The analytical OPE coefficient is only consistent with the (current) numerical bounds
for 1/c < 1.33 — 1.36 depending on which curve one takes. This provides a lower bound
¢ 2 0.74—0.75 on the central charge of any N' = 3 SCFT with a dimension three Coulomb
branch operator (5’[370}) of which the chiral algebra presented in 2.2 is a closed subalgebra,
improving over the analytical bound ¢ > % ~ 0.54 of [75]. On the other hand, this bound
is lower than the one obtained using the sum-rule of [76, 77] for a rank one theory with
a generator of dimension three, namely ¢ > % Although there are known cases where
this sum rule does not hold (see [4, 10]), they correspond to theories obtained by gauging

discrete symmetries, so this bound could be valid for theories which are not of this type.?”

The multiplets B_[z,z] and C_[o 2,(L.0)° Next we turn our attention to the short multi-
b b 2 b
plets in the chiral OPE that sit at the unitarity bound of the long multiplets, and are not

captured by the chiral algebra. As representatives, we show the upper bounds on the OPE

coefficients squared of the multiplets 8[272} and C in figure 4. Again we focus on

0,2],(5,0
the region of central charges larger than that of U[( % (./%/' ) 4 SYM.

We show in figure 4 the value of these OPE coefficients in the case of the generalized
free field theory, and of the U(1) /' =4 SYM as the two red dots at ¢! =0 and ¢! = 4
respectively. The convergence of our numerical results is rather slow and one cannot
conclude if they will converge for these central charges to the known solutions, although
they are not incompatible with this possibility. The green lines in the plots mark the
central charge of the “minimal” A" =3 SCFT (¢ = %) with the green dot providing a valid
upper bound for the OPE coefficients of this theory.

27See [10] for a proposed correction of this formula to hold also in the case of discretely gauged theories.
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Figure 4. Upper bound on the OPE coefficient squared of 8[272] (|5\g[2.2] |2, depicted on the left)

and of @[(]72]’ o) (|/~\@[0 il |2, shown on the right) versus the inverse central charge 1/c. The first
vertical dashed line marstC = % and the second ¢ = % (the minimal central charges for A" = 3 and
N = 2 interacting theories respectively [47, 75]). The number of derivatives A is increased from 10
to 24 in steps of two. The red dots mark the value of this OPE coefficient for generalized free field
theory and U(1) N =4 SYM, while the green line marks the central charge ¢ = 12 of the simplest
known N = 3 SCFT, with the green dot providing an upper bound for the OPE coefficients of

this theory.

Finally, to better understand what is failing in the crossing symmetry equations if one
tries to go below the minimal numerically allowed central charge (cpin in figure 2), it is
instructive to look at the OPE coefficient bounds near those central charges. One finds
(not shown), that while the bounds on the squared OPE coefficients of both 3[3,3] and

a0 O

coefficient has as smooth drop and becomes negative right after ¢y, which is inconsistent

5[2,2] have a very sharp drop near cp;,, the upper bound on the squared C

with unitarity. This suggests it is this last multiplet that is responsible for the lower
bound on the central charge, and that the solution at ¢y, would have the other two short
have zero OPE coefficient for the

operators present. Note that both 8[272] and C
U(1) N =4 SYM theory.

[0,2),(5.0)

5.3.3 Dimension bounds

Next we turn to the dimensions of the lowest lying scalar long operators in the various
channels. In doing so we must worry about the short multiplets whose OPE coefficients
we bootstrapped in the previous subsection, as they all sit at the unitarity bound of the
different long multiplets we study (see the tables 6 and 7). By allowing for long multiplets
with arbitrary dimension, these short multiplets can appear with any coefficient. Even if
we were to explicitly add by hand the short multiplets with a given OPE coefficient, the
long multiplet at the bound would mimic those shorts, and in practice we would only be
imposing the OPE coeflicient of the short multiplets to be greater or equal to a given value.
However, once we impose a gap in the spectrum of the long operator, then we can truly fix
the OPE coefficient of the corresponding short multiplet.

In the non-chiral channel, we focus on the dimension of the first scalar long of each type

A[Aogﬁo and A[Aljfo , (5.6)
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Figure 5. Upper bound on the dimensions of long multiplets -A[Aoi)]%o (left) and A[A1,>1]4,0 (right)

for different values of the inverse of the central charge ¢. The maximum number of derivatives is
A = 24, and the weaker bounds correspond to decreasing the number of derivatives by two. The red
dots mark the dimension of the first long operators for generalized free field theory and U(1) N' =4
SYM, while the green line marks the central charge ¢ = % of the simplest known A = 3 SCFT,
with the green dot providing an upper bound for this theory. The two dashed lines correspond to
the minimum central charges for an interacting ' = 2 [47] and N/ = 3 SCFTs [75].

while in the chiral channel we focus on the first scalar long multiplet?®

A
A[Qzﬁlo’o . (5.7)

Non-chiral channel. The upper bounds on the dimensions Ao and Ay q), of the first
long multiplets A[%,>0]2,0 and A[Aliﬁo respectively, as functions of the inverse central charge
are depicted in figure 5. Once again red dots mark the dimension of the lowest dimensional
operator in the generalized free field theory and the U(1) N' =4 SYM solutions. In both
cases the green vertical line ending on a dot marks the central charge of the simplest
known nontrivial N’ = 3 SCFT, and provides an upper bound for the dimension of these
two operators in this theory. We will improve on the latter bound at the end of this section.

At the unitarity bound, the long multiplet of type ‘A[%éfo mimics a higher spin con-

served current multiplet (CA[Oﬁo]g:O), expected to be absent in an interacting theory, and
therefore when obtaining the bound on the left side of 5 we do not allow for such a mul-
tiplet to be present. This explains why the upper bound is presumably converging to the
unitarity bound A = 2 for ¢7! = 4, since such currents should be present in the U(1)
N = 4 solution, as indicated by the red dot. For larger central charges the upper bound
is far away from unitarity, and thus theories saturating the upper bound do not contain
the CA[O,O]EZO multiplet, although they could have the higher spin versions of this multiplet
which also contain higher-spin conserved currents.

On the other hand, the multiplet that sits at the unitarity bound of A[Aliﬁo is the [;’[373]
discussed in the previous subsection, and in obtaining the bounds for Ay ;) we allowed the
short multiplet to be present with arbitrary OPE coefficient. We can obtain a stronger
bound for specific N' = 3 SCFTs by fixing the short OPE coefficient according to section 2.3,

as we shall do later in figure 7 for the case of ¢ = % =c1=08.

Z8Table 7 contains also long multiplets .A[AO>1]5 'foz , but for those the spin £ must be odd by Bose symmetry.
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disallowing for (right) the short multiplet Bz 5. The strongest bound corresponds to 24 derivatives,
and they are reduced in steps of two. The red dots mark the dimension of the first long operators for
generalized free field theory and U(1) N =4 SYM, in the right plot the red dot of generalized free
field theory is at the unitarity bound, meaning that the short multiplet is present in this solution.
The green line marks the central charge ¢ = % of the simplest known N = 3 SCFT, with the green
dot providing an upper bound for this theory. The two dashed lines correspond to the minimum
central charges for an interacting N’ = 2 [47] and N' = 3 SCFTs [75].

Figure 6. Upper bound on the dimensions of the long multiplet A allowing for (left) and

Chiral channel. Turing to the scalar long operator appearing in the chiral OPE, we
A>5

[2,01,10,0 "
we must decide on whether the short multiplet B|; 5] is present or not. Recall that, unlike

obtain an upper bound for the first A multiplet. In imposing a gap in this channel
the shorts at the unitarity bound of long operators appearing in the non-chiral channel,
this short is not captured by the chiral algebra and thus we have no reason to expect it
to be present or absent. Therefore, we show a bound on the dimension A g of this long
multiplet both allowing for (left plot in 6) and disallowing for (right plot in 6) the presence
of 3[2,2]. Once again the red dots depict the value of these dimensions expected for the
U(1) N = 4 SYM and generalized free field theories. We observe that for ¢ — oo, the
right hand side of figure 6 comes close to the unitarity bound A = 5. In fact, a simple
extrapolation seems to suggest that for A — oo the bound will converge to around 5.
This is consistent with the fact that this multiplet is present in the generalized free theory
solution (see appendix C.2), i.e. the bounds force the long multiplet to “become short”
for ¢ — oo. (Said multiplet is absent in the U(1) N' =4 SYM solution.) For values of ¢
around the value relevant for the “minimal” N/ = 3 SCFT, marked as green lines in the
plots, there seems to be a solution of the crossing equations with this multiplet absent.

Carving out solutions inside the bounds. As the final point of this section we come
back to the issue of distinguishing N' = 4 solutions to the crossing equations from pure
N = 3 ones. One possibility is to extract the spectrum of the extremal solution [78]
saturating each of the above bounds and check if it is consistent or inconsistent with
N = 4 supersymmetry. However, we would like to do better, and to be able to exclude the
N = 4 solution altogether. Our explorations in the first part of this section provide such
a way, namely by fixing the OPE coefficient of 3[3’3} to the value expected to correspond
to the N' = 3 theories of interest (see section 2.3). This value is smaller than the one of
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squared of B3 3] for ¢! = 0.8. For each cutoff A the bounds end abruptly at the value corresponding
to the maximum value |)‘B[3 o |2 can have, as read off from figure 3 at ¢~ = 0.8. The green line

marks the expected value for the OPE coefficient for the ¢=! = 0.8 A" = 3 SCFT (5.5) with the
green dot providing an upper bound for this OPE coefficient, while the red line marks the value

Figure 7. Upper bound on the dimension of the long A as a function of the OPE coefficient

for N = 4 SYM. The strongest bound corresponds to 24 derivatives, and they are reduced in steps
of two.

SU(N) N = 4 SYM and in its derivation in the chiral algebra we did not allow for the
currents enhancing the supersymmetry to A/ = 4. As usual, because a long multiplet at
the unitarity bound (.A[Alzl]‘lo) mimics the contribution of this short multiplet to the crossing

equations, we cannot really fix its OPE coefficient unless we impose a gap.

A>4
(1,1],0°

the analysis leading to the right side of figure 5, but now fixing the OPE coefficient of

This is what is done when bounding the lowest dimensional A and so we repeat

3[3,3]. The result is shown in figure 7, where we plot the upper bound on the dimension
15

as a function of the OPE coefficient for fixed ¢ = {5. The red line marks the value of
the OPE coefficient for the N' = 4 solution with this particular value of ¢. While the
green line marks the value of the OPE coefficient expected for the N' = 3 SCFT we are
interested in (5.5), and provides an upper bound for the dimension Afy,1) in this theory,
which improves significantly on the one obtained from figure 4. This shows that, at least
in figure 4, the theory saturating the bound does not correspond to the N' = 3 SCFT we
were after, and thus, to zoom in to this specific theory we must carve further inside the
bounds as done here. This however does not guarantee the theory now sits at the bound.?”

Similarly, we can repeat this analysis for the central charges of the higher rank theories

and we find that, at fixed |)‘B[3 g |2, if the central charge is (increased) decreased the bound

29We seem to observe a small bump for \)\3[3 . \2 ~ 0.33, and preliminary functional analysis suggest this
is correlated to the fact that to the left of the bump a conserved current 5[070] ¢—o is allowed, and to the right
disallowed. This does not necessarily imply that the conserved currents are present for the ¢ = % extremal
solution, but could mean that to get closer to an interacting A" = 3 SCFT we should simultaneously impose
a gap in the .A[AOT)]ZO long channel.
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seems to get (stronger) weaker (not shown). Due to the dependence of (2.25) and (2.27)
on c the upper bound on A ;) does not change significantly.

6 Conclusions

In this paper we have initiated the N” = 3 superconformal bootstrap program with two goals
in mind. First, to constrain the space of four-dimensional N' = 3 SCFTs, and second, to
focus on specific examples of N' = 3 theories with the hope of obtaining information about
their spectrum. In order to zoom in on the known N' = 3 SCFTs we relied on a combination
of numerical bootstrap results and analytical results from two-dimensional chiral algebras,
with particular emphasis on the “minimal” N'= 3 SCFT, and its higher-rank versions. We
approached these theories from the point of view of the Coulomb branch, focusing mostly
on a half-BPS operator of dimension three, which is the only Coulomb branch generator
of the “minimal” N/ = 3 SCFT, and which is also present in its higher-rank versions.

A basic requirement for any bootstrap study is the conformal block expansion of the
four-point function. In section 3 we showed that for N' = 3 half-BPS operators there are no
nilpotent invariants, allowing us to concentrate on superconformal primaries without any
loss of information. Demanding the absence of singularities when turning on the fermionic
coordinates places strong restrictions on the form of the four-point function, giving rise to
the Ward identities. In the case at hand, these identities were not enough to completely
fix the superblock (unlike the cases of N' = 2 and N = 4 half-BPS superblocks [32, 33]).
For superblocks associated to short multiplets, we used information coming from the 2d
chiral algebra, while for long blocks we leveraged knowledge of A/ = 1 blocks. In the end,
we packaged our solution in an elegant way in terms of a single N’ = 1 conformal block
with shifted arguments.

The existence of a protected subsector captured by the 2d chiral algebra allowed us
to solve the crossing equations exactly within the subsector. Which in turn fixed the
OPE coefficients of certain short operators universally, i.e., without needing to specify a
particular four-dimensional theory. However, some operators appear indistinguishable at
the level of the chiral algebra, leading to ambiguities in fixing the corresponding OPE
coefficients. Some of these ambiguities can be resolved by knowledge of the specific chiral
algebra associated to the A/ = 3 theory in question, but this is not always the case.

An important question is the defining characteristics of the chiral algebra associated
to N = 3 SCFTs. To that end, we determined which N' = 3 superconformal multiplets
are captured by the 2d chiral algebra, and some of their general properties, which could
allow distinguishing between the aforementioned operators. Taking advantage of the chiral
algebra conjectured to correspond to the “minimal” SCFT [11], we were able to compute
the OPE coefficient |)‘B[373] |2. Moreover, we proposed, under certain assumptions, a closed
subsector for the higher-rank versions of this theory, and used it to compute \)\5[373] |2 in
this case.

To go beyond the protected subsector, or even to distinguish between operators ap-
pearing identically in the chiral algebra, one needs numerical bootstrap techniques. These
provided constraints on the spectrum of unprotected long operators, and on the OPE co-
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efficients of various short operators. For the particular OPE coefficient |\, 0 ? that we
were able to fix from the chiral algebra, we compared the general numerical results valid
for any N =3 SCFT, with the ones of the specific theories captured by the chiral algebra
that we constructed. This comparison provided a numerical lower bound on the central
charge for theories captured by our chiral algebra.

A natural limitation of any N' = 3 bootstrap program, as it was also for the N = 2
bootstrap, is that theories with more supersymmetry will generically be solutions of the
crossing equations we consider. In order to restrict to pure N' = 3 SCFTSs, one would have
to exclude the presence of superconformal multiplets containing the currents allowing for
this enhancement. However, the multiplets that are physically relevant for the study of
these theories (for example the ones considered in [20, 47, 74] in the N' = 2 case) usually
do not allow for the multiplets containing the extra supercurrents to be exchanged in
their OPEs, and therefore we cannot set them to zero. To overcome this limitation we
input into the numerical bootstrap information arising from the chiral algebras of pure
N = 3 SCFTs, namely, the OPE coefficient ’)‘B[g,g]‘? This allowed us explore inside
the numerical bounds, and zoom in on the N/ = 3 solutions with this particular value
of the OPE coefficient. By fixing the central charge to that of the “minimal” N = 3
theory, and fixing the OPE coefficient accordingly, it is plausible that this theory sits at
the bound of figure 7, although currently there is no evidence this has to be the case,
and we would have to provide more information (such as adding stress tensors as external
operators). Nevertheless, the ambiguity in fixing OPE coefficients turned out to be crucial
in excluding the A/ = 4 solution to the crossing equations. For the higher rank versions,
one would have to also consider the four-point functions of the additional Coulomb branch
operator, which is a natural next step in the A/ = 3 bootstrap, along with the study of

stress tensor four-point functions.
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A Unitary representations of the N/ = 3 superconformal algebra

We summarize the unitary representations of the four-dimensional A/ = 3 superconformal
algebra, which fall in the classification of [56-58] and which were recently discussed with
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Name Name in [59] | Superconformal primary Conditions

P42 _r

3 6

Bisy Rl B\L (0,7) 30 )~ 67+ 2(Ry — Ry) — 6 > 1

Bl Rolr LB, . o)ééfgf?”% 6]+ 2(Ry — Ro) +6 <7

B[Rl,Rz] B1B, (0, O)ﬁ%j;%?],Q(Rl—Rz)

Clrr,Ra).r, (7.9 AL (4 J‘)fgfg]%ruRﬁRQ)*% 6(j —7) +2(R1— Rg) >r

Clri, ko) r (i) LA, (G SIS (5 ) 2Ry~ Ry) <
Clrs, R 39 AL | G al e e R
DiRi,Rs).5 B1A (0,7) [1};_1]:—;%]2%]1,;(1}%7}22)76763’
5[R17R2]J A1By 2 0)%5522%]?;?%—}22)%%]‘

Table 8. We list here the unitary representations of N' = 3 with the name that we give them in
the present work accompanied by the one that they have in [59], which was based on the type of
shortening condition that they obey. The third column shows the charges of the superconformal
primary in the representation, while the fourth one lists the conditions that the charges have to
obey. The As, respectively Ay shortening cases are obtained by putting j = 0, respectively 7 = 0.
This changes the null states drastically, but not our labels.

emphasis on N' = 3 theories in [1, 59, 60]. We list the possible representations in table 8.
The first column lists the name we give to the representation, inspired by the conventions
of [61], while the second one uses the notation of [59]. The third column list the quantum
numbers of the superconformal primary, denoted by (7, j)[%%h Rl where (7,7) € % X % are
the double of the left /right spins,*® A € R is the conformal dimension, (R;, R2) € Ng x Ng
are the Dynkin labels of SU(3)r and r € R is the U(1), R-charge. We follow the N' = 3
R-charge conventions of [59], while for the N’ = 2 R-charges we follow the conventions of

Dolan and Osborn [61]. Lastly, we make two remarks:

e When dealing with symmetric-traceless representations, we shall label the spins by
j=7= %, and by an abuse of notation we will replace the two spin labels (7, 7) by ¢
in these cases. For example, we have A2 = A2 .

P [RhRQ],T,Z [RLRQ],T,(%,%)

e If the r label is zero, we will often omit it. Furthermore, in order to keep some

equations compact, we will freely write it up or down, e.g. ‘A[%ﬁ Rolort = A[AR’: Rol,t"

A.1 Decomposition in N = 2 multiplets

Since N/ = 3 representations are probably less familiar to most readers than N = 2
representations, we give a few examples of how A = 3 multiplets decompose in N' = 2

30 An irreducible representation of label (j,7) has dimension (25 + 1)(2 + 1).
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multiplets. In doing so we pick an N' = 2 subalgebra of the N' = 3, and therefore the
SU(3)r x U(1), R-symmetry of the latter decomposes in SU(2)g,._, x U(1);,_, x U(1)y,
where the first two factors are the R-symmetry of the N' = 2 superconformal algebra, and
the last corresponds, from the AN/ = 2 point of view, to a global symmetry. Therefore when
viewed as N = 2 theories, all N' = 3 theories have a U(1); flavor symmetry, and we will
keep this flavor grading when decomposing N = 3 representations in N' = 2. We follow
the conventions of [11] for the definition of the flavor charges. We note that we follow the
naming conventions of Dolan and Osborn [61] for the representations of N' = 2, which are
summarized for instance in appendix A of [20]. While the interpretation of most of these

multiplets might be obscure, the following have a natural physical interpretation?!

) CAO,(O,O) is the stress tensor multiplet of an N' = 2 SCFT, containing in addition to the
stress tensor, the SU(2)g,,_, and U(1),,,_, currents,

Br are closely related to the Higgs branch of the theory, in particular the By multiplet
contains conserved currents of spin one, associated to flavor currents of the theory,

Er(0,0) are N = 2 chiral operators, and are related to the Coulomb branch of the
theory,

e D, (0,0) (and conjugate) which are additional supercurrent multiplets,
27 b

) 607(j>07]>0) contain conserved currents of spin greater than two, which signal free
theories [62, 63].

In addition, the multiplets dubbed “Schur” operators in [41], that is, the ones captured
by the two-dimensional chiral algebra reviewed in section 2, also play an important role.
These are Br, Dr0,7)> Dr(j0) and ¢ R(j,7)» giving rise to two-dimensional s[(2) primaries of
scaling dimension R, R+ 7+ 1, R+ j+ 1 and R+ j + 7+ 2 respectively. The N' = 3
multiplets that contain such operators are listed in equations (2.6)—(2.13), together with
their decomposition in A/ = 2, but where we omitted all N/ = 2 multiplets not containing
Schur operators. Below we present a few examples of the complete N' = 2 decomposition.
These decompositions are obtained by computing the characters of the N’ = 3 multiplets
of table 8, following the method described in appendix C of [79], and re-writing it in terms
of characters of N’ = 2 representations, which can be obtained from the tables of [61].

The stress-tensor multiplet decomposes in the expected way, containing only Schur
multiplets

D ufﬁl

5 5 -1
By =B ®uy 1.00)

P10 ® Co,00) - (A.1)

Also of particular importance are the half-BPS multiplets, related to the Coulomb branch
of N' = 3 theories. Their full decomposition is given by

Ri—-2
5 “Ri 1 —Ri+17 —Rita+133 -
Big, 0 = Uy 1 B% Duy 1 D312—17(070) S (@ i 1Ta BRl_;_l,—a—l,(O,U)> DE_R 00>

a=1
(A.2)

31For a more detailed description see, e.g., section 2 of [20].
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and similarly for the conjugate multiplet. An interesting question to ask is, apart from
the above B[ R, 0] and conjugate, which N = 3 multiplets contain N/ = 2 Coulomb branch
operators. An obvious place to look would be to consider N = 3 chiral operators, which
decompose as

Wi

Bjoo)r0 = @u ?7; (a+3%).(3a(2—a),0)* (A-3)

and their conjugates. Note that the above decomposition contains “exotic” N = 2 Er,(j,o)
operators with spin j > 0, which do not seem to occur in known A" = 2 SCFTs (see [80] for a
discussion). Similarly in [1] the question of which AN/ = 3 operators could contain operators
whose vevs parametrized the Coulomb branch was addressed. The authors of [1] argue
that the only type of such multiplets are l’;’[ Ry ,0] and conjugates, since the E[()’O],T’O multiplet
would not be consistent with the three different A/ = 2 subalgebras N' = 3 contains.

We finish this appendix with the example of the decomposition of a generic long N = 3
multiplet. Considering a multiplet whose highest weight transforms in the symmetric trace-
less representation for simplicity, A[ARL Ro]r,00 there appears to be a simple prescription for
the decomposition into N' = 2 multiplets, which we have checked in a variety of cases.
Namely, we first decompose the SU(3) g x U(1), representation ([R1, Ra],r) of the supercon-
formal primary of the /' = 3 multiplet in representations of SU(2) g,,_, X U(1)yp_, X U(1) .
Let {(R',r', F)} be the list of representations appearing in that decomposition. To each
such representation we associate an N' = 2 multiplet A%’J"l’ graded by the corresponding
U(1)f charge (uf)”. Finally, in the decomposition of the A' = 3 multiplet, each of these
N = 2 multiplets will be accompanied by the following list of long multiplets:

A+1 R Y las! 1 4A+3 1 4A+3
(ug)” («4, (%) g A i T Ag s g ey T Ap

(A4)

B OPEs of the chiral algebra

In this appendix we collect the OPEs corresponding to the chiral algebra constructed in
section 2.2, with generators given by (2.22). Here we show all the OPE coefficients already
fixed to the values dictated by the Jacobi identities. These computations were performed
using the Mathematica package SOPEN2defs of [68] and we follow their conventions. In
what follows we take a product of operators 0105 - - - O,,_10,, to mean the normal ordered
product (O1(Oz(- -+ (0n=10,)))).

Since all generators, with the exception of the stress-tensor multiplet, are super Vira-
soro primaries, the OPE of a generator O of dimension Ap and U(1)s charge fo with the
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stress-tensor current 7 is fixed to be

Apb20120 n —foO — 612DO + 615D0 + 61201200

J(21)0(Z2) ~ 2, s

(B.1)

The stress-tensor multiplet has the standard self-OPE given in (2.18), while the OPEs
W(Z1)W(Z2) and W(Z1)W(Z3) are regular. The W(Z1)W(Z2) OPE is given in a general
form in (2.20) where the sum is taken to run over all uncharged generators, composites
and/or (super)derivatives thereof. The coefficients Ao, in (2.20) are completely fixed by
the Jacobi identities to
)\1:_%1’ Ag=1, AJJZ—CZf_la )‘DﬁJZG(Cj;d_gl)’ Ag’ 2%7
4(502d + 27)
Blcad —9)(caa — 1)

where S is related to the norm of U/. The remaining non-trivial OPEs were found to be

(B.2)

Ay =~

_ Blead — 9)(cad + 15)612012WV
U(2) 2(5coq + 27) 23,

Blcaq +15) 18012010 TW — 2(c2q — 9)012DW — (cag — 27)012015W' — 6(caq — )W

12(5coq + 27) 2122
+ B8 6(02d + 63)912JDW + 54(coq — 1)912WDJ — (ng — 9)(62d + 39)012'DW/
12(5C2d + 27) Z192
B(cog + 15) 18TW — (coq — 2T)WV' (B.3)
6(5C2d + 27) VAD ! ’
and
A B(caa — 9)(caa + 15) 012012V
W(Z2)uU(Zs) 2(5caq + 27) Z3,
ﬁ(CQd -+ 15) 18912@12.,71/‘) - 2(62d — 9)51225)/_\} + (ng — 27)912912)/_\}/ - 6((32(1 - Q)W
12(5¢aq + 27) VAN
. B8 6(C2d + 63)§1QJ®W + 54(0211 — 1)512W2§j(02d — 9) (ng + 39)512'DW/
12(5C2d + 27) Z19
_ Bleaa +15) 18TW + (coa — 2T)W' (B.4)
6(5()2d + 27) Z192 ’ ’

with the most complicated one being

UZ)U(Zs) ~ — (caa — 9)*(caa — 1)(cad + 15) 8% coq + 67012612

72(5c9q + 27)? Zt
i B2(coa — 9)2(c2da — 1)(c2q + 15) —=012DT + 612DT — 0126127
12(5¢2q + 27)2 z3,
I B°DDJ 19612(c2a — 9)* | caalcaa + 15)*°DDJ (c2a — 9)*
ZZ, 8(5¢coq +27)2 36(5caq + 27)2
" (c2q + 15)B2T T (c2q — 9)? n (e2q 4 15)(2¢2g — 3) 2D T 012(c2q — 9)?
12(5c9q + 27)2 36(5caq + 27)2
X (coqg +15)B2T DT O12(caa — 9)* | (coq + 15)B2T DT bha(cog — 9)*

12(5c9q + 27)2 12(5cgq + 27)2

— 50 —



(coq — 21)B2T DD T 012012(caq — 9)* _ BEDIDT012012(coq — 9)?

+ 6(5caq + 27)2 8(5caq + 27)
 (cad +15)(2c2a — 3)8*DT ' br2(c2a — 9) n (coa + 63)B*T T T 012012(c2a — 9)
36(5caq + 27)2 2(5egq + 27)2
_ 27(coa — )BT T012012(coa —9)  27(coa — 1)* 82 WWHi2012(c2a — 9)
2(5coq + 27)2 8(5caq + 27)2
(ng - 1].C§d — 105¢oq + 243) ﬁ2912§12j/l(02d - 9) 1
- — - 3
24(Beaq + 27)2 g(c2a +3)UB

(c3;— 8caq + 135) BDDUbG 2612 (Teog — 135)BTUO12012

- i(Czd + 3)8DUb 12 +

12 8(5cag + 27) B 2(5caq + 27)
_ 27(ng - 1),3012@12]/{/ _ 1 N o
4(Begg + 27) gl 3)ﬁDu'912>
1 (BT DDIb1ab12(caa — 9)* | caa(caa +15)*°DDJ " (cau — 9)*
Zlg 6(502(1 + 27)2 72(502(1 + 27)2
n (cog +15)B2T T (coq — 9)? | (c2q — 33)B2T DT 012(caq — 9)?
12(562d + 27)2 24(562d + 27)2
4 (coq — 33)B2T DT 012(c2a — 9)? | 3(coa — 1)B*DIDDT bra(coq — 9)?
24(5coq + 27)2 16(5caq + 27)2
4 (coq — 33)B2TDDT 012012(c2a — 9)? | B2DIT' DT 012012(c2q — 9)?
12(5coq + 27)2 12(5cqq + 27)
+ (ng — 1)(262d + 15)ﬁ2912 (Dj/)/ (CZd — 9)2 . 52Dj/@j912§12(02d — 9)2
96(5c2q + 27)2 12(5caq + 27)
- 3(62d - 1)52Djpﬁj612(02d - 9)2 o (ng - 1)(262d + 15)ﬂ2§12 (@J’)/ (ng - 9)2
16(5c2q + 27)2 96(5caq + 27)2
n 9(caqg — 1)2B2WDW012(caq — 9) n (caqg — 81)(caqg — 1)B2T' DT 012(caq — 9)
8(5caq + 27)2 16(5¢aq + 27)2
I (coa + 63)B2T T DT O12(c2q — 9) n (coqg — 81)(coq — 1)B2T' DT b12(c2q — 9)
2(5eag + 27)2 16(5¢aq + 27)2
4 (coa + 63)82T T J'012012(coa —9)  4BUT0126012(c2a — 9)
(5C2d + 27)2 Scoq + 27
 (c2a+63)8°TIDTtha(coa —9)  caa — 1)*B2WW 012012(c2q — 9)
2(5egq + 27)2 4(5c9q + 27)2
- 9(C2d - 1)252WW/912(§12 (C2d - 9) - 9(02d - l)zﬁQW@Wélz(ng - 9)
4(5coq + 27)2 8(5egg + 27)2
~ (c2a+3) (2, — 4leag + 72) B2019012T B (c2a — 9)  9(coq — 1)BUDT 12
72(5¢0q0 + 27)2 2(5caq + 27)

+ (caa + 63)T DUb1, 1 (34 — 3c2a + 162) BDDU'012012  (caa—1)(c2a + 27) DU 012
2(5c24 + 27) 12(5¢9q + 27) 4(5c9q + 27)

1 = = 1 _ — 1 1 _
— §BDJDU912912 + §ﬂDUDj012912 — E(CQd + 3),57/{/ — 1/3912(9122/{//
 (c2a +63)BT DUz I(c2a —1)BUDT b2 3(c2a — 33)BTU 012612

2(5c2q + 27) 2(5c2q + 27) 2(5c2q + 27)
. (ng — 1)(C2d + 27)52)2/{/912
4(5e2q + 27) > ‘ (B.5)
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C Conformal blocks and generalized free field theory

C.1 Conformal block conventions

We adopt the following conventions for the four-dimensional bosonic conformal blocks,

AT (20 8) =  (KAEA )RR () — (2 ¢ 2)) (C1)
a é —a + b
k57b($):x22F1</82 75276’1‘) . (02)

We also set kg(z) := k:g’o(x) and ga¢(z,2) == g&?g(z, Z).

Braiding

Here we collect useful identities between the blocks needed for the crossing symmetry
discussion in section 4, namely their transformation under braiding, i.e., the exchange of
points one and two. The 4d bosonic blocks transform as

(1-2)(1—2) gﬁ”’A“( T ) = (-1)fgap%(2,2),  (C3)
' z—1z-1 ’
and the SU(2) R-symmetry ones as
SU(2) _ (_1\ym ,SU(2) w
RSV () = (~1)™ bS] (w v 1) . (C.4)

In particular (C.3) implies that gA,g(Zfl, 251) = (—1)€gA7g(z, Z). Finally, the 2d bosonic
blocks (3.36) satisfy

i) = i () (©5)

C.2 Generalized free theory example

In this appendix we present a solution to the Ward identities (3.16) and to the crossing
equations of section 4. It corresponds to the solution of generalized free theory, for which
the four-point function factorizes as a product of two-point functions. It reads

R
G () = 1+ (”’";) , (C.6)

from which we can obtain, by setting xo = y, the chiral algebra correlator fjg%ft(a:) = 1+t

Using the parametrization of the WI solution (3.17), we extract

Hgft(xl Za,y) = T1T2 [x{*:r?y?‘R(m —T2) — ?ﬂ?{?fz(l“l —y)+ y$1$§($2 - y)] (C.7)
RS (x1 — x2) (21 — Y) (22 — ¥)

In particular, we have for small R the expressions

fi
HE (21, 22,y) = (2172)%,

(z122)°

f
H§t($1,$2ay) = (561332)2(951 +x9) +

1

= (z122) [(961 + x2 + 3$1$2> — T1%2 h[l,l}(w):| ;
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with hyp 1(w) given in (3.24). The block expansion of the two-dimensional correlator f gft( )
(i.e., in the non-chiral channel) is explicitly given by

an f _ £ —n @R)p-r(1 = h)p—
g =1+ Z bg 2dN (z), b%%h = (- 1)h+14R h - . (C.9)
I'(R)(R+ §)h—R
Note (and compare with the discussion around (4.20)) that in the generalized free theory
example we have bg}i)R = 0. In particular, there is no stress tensor being exchanged.
Similarly, we can decompose the two-dimensional correlator in the chiral channel to find

oo 142R—2h7 (h+R - 2R-1

OB S W T A AL R
o, eI TR T D(R)? (*5) non (55 ) o
h+R even 2 2

(C.10)

D Short contributions to crossing

Here collect some bulky equations used in the crossing equations (4.13) and summarize the
computation used in section 4.2 for the function Hp ghort-

F0)

D.1 Explicit expressions for 7" |

Here we collect the expressions for fs(hort) that we need in the crossing equations (4.13).
Using the definition (4.4) for the function Ag, we write
\R+1 —
70 (-2 -9 2R

short[f] = = (1 _ w)R_Q 551_1 _ $2_1 (.%'2 AR(.Q?Q,:I/) fR($1) — 1 .%'2) )

(1 -2 -2

0 77 _
fs(hc)xt[ Hghort, Hshort] = )R72 HR,short(Zu 2, w)

(1—w
~ (DR zw) o (=21 - 21 -w),
(D.1)
for ]—'S(}?())rt and
z—1)(z — )] 214 r1, z Z246Z
Pl = - { e DEC P o Anle ) o) e 02
+ {(z,z,w) < (1—=2,1 z,l—w)]},
~ —2)(1—2)]% -
fs(}t)rt[Hshort,Hshort] = (—1)R{ [<1 (1 )_(’1w R—)Q HRvShort(z,Z, ’LU)
(D.2)

for FiT)

short "
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D.2 Summation for Hgyort

Given the function fr(z) in the parametrization (3.17) of a four point function (3.14),
one can associate a contribution to the function H, called Hgort[f], corresponding to the
exchange of the short operators which survive the cohomological truncation. The goal of
this appendix is to explicitly perform the summations in the first term in (4.24). This can
be done for two reasons:

1. The coefficients b;lR) in the expansion (4.19) can be easily determined in terms of a
finite number of parameters. This follows from the fact that fr(z) is a polynomial
of degree R that satisfy the crossing property fr(z) =z fr(z~1).

2. Each block entering the first sum in (4.24) has the form

gimv=t - @B ZI@sE) o ptog1 - 1), (D)

z—Z

where t;(z) = tM39Fy(h +2,h +3,2h + 5,1).

Each monomial term in fp(z), except for z° = 1, can be expanded in superblocks as

7 — 2n)hfn(1 - h’)n—l
b g3t = 2( & ) by = —4m . (D4
Z hIh z—1 h T(n+1)(n+ ) n (D-4)

It follows that the part of Hg ghort in the R-symmetry singlet channel, compare to the first
term in (4.24), is

n+1 n+1
singlet n d=4,N=1 N % 8( )_Z ( )
HR,short Z bn h gh+4 h ( 2, ) - .z 5 n > 0, (D5)
and H]S%msilsﬁt[ ] = 0. Above H;r;ilﬁﬁt is considered as a linear map acting on polynomials in

the variable x. Such maps are characterized by their actions on monomials given in (D.5).
In the cases relevant for R = 2,3 (recall that Hr—1 = 0), the only solution of the crossing
symmetry condition fp(z) = zf fr(z~!) are

h@)=1+c e+’ fy(2) = 1+a)L+y(0)z+a?) (D.6)
S 1 (L ()2 + (1+(e)a? + 27 |
with 1+ v(c) = 4694d and ¢ = ¢4q . It follows from (D.5) that
{B) (21)5 — #(R) 5
e (o, 5) = L) 2 ET@)m)
R (D.7)

>

i) (@) = 2(fr(z) - 1),

<2i1> B 18(—2/)/

with a now familiar identification (x1,z2) = (%7, 257)-
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