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ABSTRACT: We present a conjecture for the exact expression of finite volume expectation
values in excited states in integrable quantum field theories, which is an extension of an
earlier conjecture to the case of general diagonal factorized scattering with bound states
and a nontrivial bootstrap structure. The conjectured expression is a spectral expansion
which uses the exact form factors and the excited state thermodynamic Bethe Ansatz as
building blocks. The conjecture is proven for the case of the trace of the energy-moment
tensor. Concerning its validity for more general operators, we provide numerical evidence
using the truncated conformal space approach. It is found that the expansion fails to be
well-defined for small values of the volume in cases when the singularity structure of the
TBA equations undergoes a non-trivial rearrangement under some critical value of the
volume. Despite these shortcomings, the conjectured expression is expected to be valid for
all volumes for most of the excited states, and as an expansion above the critical volume
for the rest.
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1 Introduction

Finite temperature expectation values play an important role in various applications of
quantum field theory, and have been intensively studied in recent years in the context of
1 + 1 dimensional integrable quantum field theories. For the one-point function a series
expansion was conjectured by Leclair and Mussardo in [1], based on the thermodynamic
Bethe Ansatz [2] as applied to integrable quantum field theories [3], and the exact form
factors from the bootstrap program [4-6]. Recently, the Leclair-Mussardo series found
applications in quantum quenches [7, 8] and the investigations of one-dimensional quantum
gases [9-11].



Another method to obtain finite temperature correlators is based on finite temperature
form factors [12, 13]; so far, however, this approach seems limited to free theories such
as the Ising model. Other approaches that can be used to construct finite temperature
expectation values in integrable models use separation of variables [14, 15], or exploit the
hidden Grassmannian/fermionic structure of the XXZ spin chain [16-18].

In [19, 20] a description of form factors in finite volume was introduced, which was
subsequently used to prove the Leclair-Mussardo series [8]. This formalism was also used
to compute the finite-temperature two-point function [21, 22], for which a systematic ex-
pansion was developed in [23, 24]. Besides further applications to two-point functions in
condensed matter systems [25, 26], the finite volume form factor formalism have found
numerous other applications, in computing one-point functions in the presence of bound-
aries [27], in the study of quantum quenches in field theories [28-30], and in the context
of holographic duality [31, 32]. They also provide a useful tool for testing exact form fac-
tor solutions obtained from the form factor bootstrap, recently in the boundary [33] and
defect [34] settings.

The finite volume form factor formalism introduced in [19, 20] only included the cor-
rections that decay with a power of the volume; exponential corrections were neglected.
However, soon after [19, 20] a method was proposed in [35] to construct certain exponential
corrections, the so-called u-terms which are related to the bootstrap fusion between the
particles. It was found that these can be very important in determining matrix elements
and resonance parameters [36].

However, for integrable quantum field theories one expects that an exact determination
of finite volume form factors is also possible. For the Ising model on a lattice this was known
before [37, 38]; however, until recently there have been no such results for generic models.

In [39] an extension of the Leclair-Mussardo series was conjectured to describe exact
excited state expectation values (a.k.a. diagonal form factors) in finite volume. The meth-
ods of [39] apply to theories like the sinh-Gordon model which have no bound states in
their bootstrap, and the thermodynamic Bethe Ansatz equations describing excited states
in finite volume have a particularly simple structure [40].

In the present work we extend this conjecture to theories with a diagonal factorized
scattering that have a nontrivial bootstrap structure. In such models, the excited state
levels in finite volumes are described by excited TBA systems of the type introduced
in [41-43]. This conjecture is verified in two ways. First, we show for the trace of stress-
energy tensor the conjectured series is equivalent to the result obtained directly from the
thermodynamic Bethe Ansatz. Second, we make use of the truncated conformal space
approach (TCSA) [44] to get a nontrivial further check of the series. For the latter, we use
the methods developed in [45], to which the interested reader is referred to for details.

The outline of the paper is as follows. In section 2 we introduce our notations and state
the conjecture. In section 3 we present the proof that the conjectured series gives the same
result as the thermodynamic Bethe Ansatz when evaluated for the trace of the stress-energy
tensor. In section 4 we turn to the so-called T5 model used as testing ground, and specify the
expansion for the case of the excited state thermodynamic Bethe Ansatz of this particular
field theory. The resulting expectation value are then compared to numerical results from



the TCSA in section 5, while section 6 contains our conclusions and outlook. As the
method used for numerically evaluating the connected diagonal form factors contains some
non-trivial tricks, and could be useful for other applications, it is presented in appendix A.

2 Finite volume expectation values in excited states: the conjecture

The Leclair-Mussardo series for the finite volume vacuum expectation value of a local
operator in an integrable model with diagonal scattering and k species of massive particles
takes the following form [1]:

00 k
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where FQ(% . are the connected diagonal form factors of the operator O, n; the number

ey 2N, C N
of particles of species i, N = > n; the total number of particles, and the jth particle has
rapidity ; and species ;. The €,(0) are the pseudo-energy functions satisfying the TBA

integral equation [3]:

de’

o (0) = mqL cosh () — Z 5 ¥as (6—6)log (1 +e” (9/)> (2.2)
B

where the kernels are given by the logarithmic derivatives of the two-particle scattering
phases

Yap (0) = 880 log Sap (6) . (2.3)

The finite volume ground state energy is given by
Etpa(L) = E (L) Z / 5,8 cosh (0) log (1 + 6766(0)> (2.4)

where B is the bulk energy density. The connected diagonal form factors are defined by
regularizing the diagonal matrix element

FO(9n+i7T+6n,...,91+i7r+61,91,...,9n) (2.5)

and retaining the terms which are independent of the ratios €;/€;. We remark that the
form factor has a finite, but direction dependent limit when all the ¢; are taken to zero
simultaneously, so the regularized matrix elements can only depend on their ratios.

From the work by Dorey and Tateo [42, 43] it is known that starting from the TBA
equation of the ground state one can reach the Riemann surface of excited states by ana-
lytic continuation in the volume parameter; the same equations were also obtained in [41]
using a different approach. When performing the analytic continuation singularities of the
log (1 4 e%#) terms, corresponding to locations where Yg = e®# = —1, cross the integration



contour modifying the TBA equations as
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where the 6; are the positions of the singularities of the pseudo-energy of species o, which
satisfy the quantization conditions

€a, (0;) =im (21; +1) I, eZ (2.7)

and the I; can be viewed as quantum numbers specifying the excited state. Such singu-
larities are called active; their contribution further depends on the orientation 7); of the
integration contour around the singularity, which take the values +1 if the singularity
crossed the real axis from above/below, respectively. The number and type of the active
singularities depends on the excited state and the position of these singularities at a fixed
volume L fully specifies the excited state. Therefore the corresponding finite volume state
can be denoted as

01,...,0n); - (2.8)

The term log (1 4 e™%#) also has singularities where the Yz = €*# = 0. In [42, 43] it was
shown that whenever a singularity that corresponds to a zero of a Y function crosses the
integration contour, it does not generate new source terms to the TBA equations, but
only rearranges the active singularities already present. The only exception is when such
a singularity pinches the integration contour; for more details about dealing with this
situation see subsection 4.1.2.

The TBA system (2.6) can be recast in a universal functional form called the
Y -system [46, 47]

Ya<6—i;:>Ya( ):ﬁ (14 Y300 (2.9)

where h is the Coxeter number and I, is the incidence matrix of some diagram. In
subsection 4.1.2 we shall use the fact that Y -system relates the positions of the two types
of logarithmic singularities of the TBA equations.

The analytical continuation is expected to connect not only the energy, but also other
quantities such as e.g. expectation values corresponding to the different finite volume levels.
It was shown in [39] how to perform the residue integrals over the modified contours
and re-sum the terms into a compact form for an analytically continued Leclair-Mussardo



conjecture. This calculation was carried out for the sinh-Gordon theory, where the excited
TBA system is still a conjecture [40], but the result passes several consistency checks.

Namely, the first e~ "%

corrections in the infrared limit agree with theoretical expectations

and the result also agrees with the TBA results for the trace of the stress-energy tensor.
Let us now state the conjecture for the general form of the finite volume expectation

values in excited states. It contains two kind of quantities, the “dressed version” of the

diagonal form factors and the densities of the active singularities.

Definition 1. The dressed diagonal form factors of the local operator O are

o N

_ _ 1 do;
D (01,....0) = Z / J
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where 6; are a subset of the active singularities, with the ith one corresponding to species «;.
To obtain the densities of the active singularities, consider the derivative matrix with
respect to the singularity positions

0Q;
o = =27 2.11
gl 89[ ( )
of the quantization conditions (2.7)
Qj = i?]j&aj (éjw_l, ey Q_N) (2.12)
satisfied by the position of the active singularities. Here the notation &, (§j|§1, e éN)

means that we consider the pseudo-energy functions eq, (f) obtained as a solution of the
excited TBA system (3.2) for a fixed arrangement of singularity positions 61, ..., 0y, eval-
uated at 6 = §j. This is nothing else than the function specifying the exact quantization
conditions for the singularity positions via (2.7), written in a more detailed form specifying
its dependence on all the singularity positions explicitly.

Definition 2. The density of active singularities (in rapidity space) is the determinant of
the derivative matrix

p(él,...,é]\[) :dethﬂ. (2.13)

Definition 3. For any bipartite partition {51, ey éN} = {§+} U {é,} of the active sin-
gularities, the restricted density of active singularities in the subset {5+} relative to {9_,}
is defined by

p ({8, 110)) = det iy (2.14)

where K is the submatrix corresponding to the subset of active singularities {§+}.



Using the above definitions, the main result can be stated as follows:

Conjecture 4. The exact finite volume expectation values of an operator O in any finite
volume state can be written as

L<01,...,0N|o\91,...,0N>L—M
> PO (e e ({a}1{8-)).  (219)
AN

This a generalization of an earlier conjecture in the sinh-Gordon theory [39]. In that
previous work, the expression of the case of one and two particles was obtained by direct
calculation of the analytic continuation of the Leclair-Mussardo series (2.1), and conjec-
turing the general form for any number of particles. For the sinh-Gordon system, the
imaginary parts of the singularity positions are fixed as Im 9} =r/2.

However, excited TBA systems of the form (2.6), (2.7) are much more general with
the imaginary parts of the singularity positions themselves being dynamically determined
by the quantization conditions (2.7). This corresponds to finite volume corrections known
as p-terms, which were considered in the form factor context in [35]. While it is intuitively
natural to expect that a direct analytic continuation should lead to the formulae (2.15) in
the general case, the details look much more complicated. In particular, we later observe
that the naive extension of (2.15) for certain cases where the singularity positions undergo
nontrivial rearrangements, is not valid. This shows that implementing the simple intuition
above is not straightforward. Therefore we choose other ways to substantiate that the
conjecture above is indeed correct:

1. The infrared limit of the formula reproduces previously known results for finite volume
diagonal form factors which were obtained in [19, 20]. In large volume the imaginary
parts of the active singularities tend to fixed values, which are determined by the poles
of the scattering matrix [42, 43], and the real parts {0;} = {Re;} of the singularity
positions can be interpreted as rapidities of on-shell particles, where usually one
particle is described by more than one singularity positions, which all have the same
real parts. The quantization conditions reduce to the Bethe-Yang equations

Mg, sinhd; — iZlog Sejay (05 — Ug) = 21l (2.16)
p

where the momentum quantum numbers 1:3 are related to the TBA quantum numbers
I; in (2.7). The density of active singularities specified in Definition 2 reduces to the
usual density of states in rapidity space, while the restricted density in Definition 3
turns into the restricted density used in the diagonal form factor formula in [20].

In the same limit, the “dressed” diagonal form factors reduce to connected diagonal
form factors, and for theories where particles are represented by a single active singu-
larity, formula (2.15) reduces to the results obtained in [19, 20] for the finite-volume
diagonal matrix elements, which are valid up to exponential corrections in the volume.



For theories with a nontrivial bootstrap structure the infrared limit gives even more:
it uniquely specifies the correct construction of u-term corrections, formerly consid-
ered in [35, 36]; we return to this point in the conclusions.

2. For the trace of the stress-energy tensor the conjecture is equivalent to the excited
state TBA equations for any state, similarly to the Leclair-Mussardo series (2.1)
which for the trace of the stress-energy tensor is equivalent to the ground state
TBA (2.2), (2.4) [1]. The proof of this equivalence is given in section 3.

3. We stress that in contrast to [39], the generalized formula (2.15) can also be applied
to integrable quantum field theories for which the finite volume matrix elements can
be evaluated numerically using the truncated conformal space approach. Using the
T5 model considered in section 4, we perform the numerical comparison in section 5,
providing evidence that our conjecture is indeed valid for operators different from the
trace of the stress-energy tensor.

3 Equivalence of the form factor series and the TBA for the trace of the
stress-energy tensor

In this section we present the equivalence of the conjectured form factor series for excited
states (2.15) and the TBA equations for © the trace of the stress-energy tensor. We proceed
in three steps. First we explicitly evaluate the TBA prediction for (0), then recast it in a
form which can be matched with the dependence of (2.15) on the densities, and then prove
that the rest of the formula matches the dressed form factors of ©.

3.1 (©®) from TBA

As described in [3] the expectation value of the trace of the stress-energy tensor can be
expressed in the following way

(©), = (0)__ +2n [ETBé* (L) , dET(?]:“ )7 (3.1)

For an excited state with IV active singularities we obtain

N Opep (0)
Erpa (L):sza 77]s1nh Z —mgsl nh (0) T4 50 ®
j 1
dETBA (L 83&‘5 (9)
T ]lema N COSh dL Z/m CcOos h )m (3.2)



where we performed a partial integration in the energy expression. The derivatives of the

pseudo-energy satisfy the following linear equations

N
. ‘ . e’
Opeq (0) = maLsinh () — Z iNjPaa; (0 —0;) + Z / o Pas (0

df;

OLEa (0) = me cosh (6 +;mj<pwj (60-6;)
e’ dres (0)

3 [ a0 ) PG

— 9/)

3985 (9,)
1+ e=8(0)

(3.3)

The linearity of the above equations can be exploited by introducing new functions f

satisfying the following equations

. . de’ / fs,ﬁ (9/)
fs.0(0) = mg sinh () + %/%%ﬁ 0=0) 7 o

/ (0
fe.o (8) = mg cosh (6) + Z/(;fﬁ%ﬂ (0-0) fep(8)

1+ e8(9)
de’ n fis(0) ,

fj,Oé (0) = 900404] + Z/Q@aﬂ 9 ) W j = 1, .. .,N (34)

which can be used to express the derivatives as

N
OpEa ( ) Lfs o + Z '”7] f],
J=1

N
91e (0) = foa (0 +Z<zm dL) fra6). (35)

7=1

Inserting these relation into (3.3)
N
Lfs,ﬁ )+ (=ing) fip (
7j=1
Erga (L 2:1 1Mq,; N5 smh Z / —mﬁ sinh (¢ L1 o0
J
dBrpa (L) & .\ db;
— = ;imaﬂj cosh (9 ) i
al do
y fep (0)+) (%‘Tﬁ) fi8(0)
j=1

+ ; / 5 cosh (6) e (3.6)



the expectation value (O) takes the form

fsﬁ Z —£n5) fi.(6)
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g.) 24 =
+ ]Z:; imq,n; cosh (6;) i + Z/ 58 cosh (6) 1 e
o <@>oo 4 Z / %m/g cosh (9) fcﬁ (9) — mg sinh (9) fs,g (9)
Y 27 1+ ec8(0)
) d fi5 (0)
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Using that the derivatives of phase shift are even functions ¢.s () = ¢gq (—0), and the
definition of f; and f, . one can easily see that

a . Jip(0) do 5 fs,8(0)
%:/%mﬁ sinh (0) 7 —I—eE@ Z/ #ogs (05 =0) 1 tes®

do fis(0) do _ fe3 (6)
%:/%mﬁcosh (0) 1+e€5 Z/ Pa;6 (0 —0) Tra® (3.8)

and so (O) simplifies to

<@ d9 mﬁ cosh (0) fep (0) — mgsinh (0) fs 5 (0)
o 1 4 e28(0)
.\ db;
+ZLansaJ +Z“7jf001] 9 ) dL (3'9)

The derivatives of the active singularity positions can be expressed using the quantization
conditions (2.12)

dQ; 0Q; do;  0Q;
il Z 96, dL © oL

_,0Q;
Z/CU1 8; (3.10)




where
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Introducing the following combinations
'/\/} = /l:,r]jfs7a] ( ])
Noji = njm fr.a; (95) (3.12)
where N, j; = N5, K can be rewritten as
LN; + Nojm Jj=1
K = { 5+ 2t Ny ] (3.13)
_N@,jl j#EL.
The explicit volume derivative of the quantization condition is
aQ i 8€a.(éj‘§1,...,§]\[) . _
8Lj = inj— oL = inj fe,a; (Hj) . (3.14)
Introducing
M; = injfea, (6;) (3.15)
the derivative of the singularity position takes the following form
_ZK;ZIMZ (3.16)
!
such as (O)
(©) / df mg cosh (0) fe 5 (0) — mgsinh (0) fs 5 ()
A 0o | Z
27 277 1+ ecs(0)
+ Z = Z MKZIM; . (3.17)
1,j=1

This is our final form for the TBA result for (O).

3.2 Isolating the singularity density terms

To see the equivalence of (©) to the form factor series (2.15) the terms containing N; and
M; need to be rearranged in order to match the structure of the singularity density terms
n (2.15).

Let’s start with the term N

> MK M; . (3.18)

1,7=1

~10 -



The inverse of IC can be expressed by its co-factor matrix C

C;
-1_ Y

.19
U det K (3.19)
The diagonal elements of the co-factor matrix are just the principal minors of K:

Cz’z’ =det ({Z}) (3.20)

where IC (I) denotes the matrix obtained by omitting from K the rows and columns that are
indexed by the set I. The non-diagonal elements of the co-factor matrix can be expressed
with principal minors and sequences of the elements of I [48]

Cii = Y ()" KioyKayas - - - Kayj det K ({4,4, 01, ..., an})
n=0 {a}

N-2
=Y NpiomNpanas - - - Noganj det K ({7 0,01, ..., an}) (3.21)

n=0 {a}
where {a} C {1,...,N}\ {4,5} . With the help of (3.20) and (3.21) one can write

det IC (i det K (7,1, {a})
ZM’CUIM Z det K MM+ZZZ det K

1,7=1 i#j n=0 {a}

X MiMNg i Noparas - - N gpan; - (3.22)

Now we turn to rearranging the term

N
N;
> o (3.23)
i=1
in a similar manner. For this we need the following theorem:
Theorem 5. If the N x N matrizc KN has the form
LN; + Noiw =7
Ky = { agiNoie =7 (3.24)
_Nap,ij i
its determinant can be expanded as
det KN = LN det KV ({i}) (3.25)

+ Z ZN%Z@I/\@,,&IQQ o N ran LNG, det KN ({i, ... an})
n=1 {a}

where i is any chosen row, {a} C {1,...,N}\ {i} and K™ (I) is the submatriz of KN)
as defined before.

- 11 -



Proof. Up to N = 3 it is easy to check the statement by direct evaluation. For N > 3 we
proceed by induction. Let us suppose the theorem is valid for N — 1

N-2
det/C(N b _LN deth(N 1) {’L + Z { @t <p,a1a2 ng,an,lanLNan
lel a}

x det KD ({7, a1, ... ,an})} (3.26)

The determinant for the matrix KN of size N can be expanded by its row j

det KV = et + 3" kel (3.27)
i#j

where CV) is the co-factor matrix of (V). Using (3.20) and (3.21) leads to

N-2
N . N) n
det KN = £ det KM ({5}) + Sk }j}:{ 1 Kion Karas - - - Kanj
i#j n=0 {a}

x det KV ({],Z,al,---,an})}

(LN +ZN<PJZ) det K™ ({5}) - Z{N%ﬁ

1#] i#£]
N—
X > NpionNoaras - - - N det KN ({j,z,al,...,an})}. (3.28)

n=0 {a}

Now KO) ({j}) can be related to K(N=1 by observing that their off-diagonal elements are
the same, while ICZ(ZN) = lCl(zN 2 +N,,ij. Implementing this by shifting LN; — LN; + N ;;
n (3.26) one obtains

e ({7}) = de LNi LN+ N,y i

N—
(LN "’Nso Z]) det K N) ({7, i}) + Z Z { pian 50704102 i 'N%Oén—lan
n=1 {a}

X (LNw, + Nopanj) det K (5,4, aq, . .. ,an})} (3.29)

~12 -



and inserting this back to (3.28) gives

det KN = LG det KN ({5}) + > N ji (LN; + Nipij) det KN ({5,4})
7]

N-2
+ ZN%]@' Z Z {Ncp,ia1N<p,a1a2 .. -Nso,an_lan

X (LN,,, + Nog.a,j) det LN ({j,z,al, oo an}) }

— ZN@,ji Z ZN@,ialeo,alaz o N det KN ({i, G, 0, .. an})
i#j n=0 {a}
= LN; det K™ ({j}) +

+ Z > NojarNparas - - Npan-ran LNa, det KN ({G, 01, ., an})  (3.30)

n=1 {a}

which is just the statement we wanted to prove. Q.e.d. O

Using the above theorem we can rewrite

Ni = NidetC det K ({i}) det KN ({i,4,01,...,an})
zi:L_Zi:Ldeth ZNN det K +§;;){%; det K

X M'/\/’J‘N%ial'/\/’%alaz c "/\/Zpyanj (3'31)

which has the same structure as (3.22). Substituting the definitions of A (3.12) and
M (3.15) into (3.22) and (3.31) we can see that every 7; factor appears twice and so drops
out. Therefore the expression for (©) (3.17) simplifies to

< dé mpg COSh ) fcﬁ (9) —mp sinh (9) fsﬂg (9)
Z/ 1 +€€ﬁ(9)

+;detdfe<t<lg}>[fcm< ) Fos (02) = Fos (B5) Fons (65)]

P Y Y Gk o) () o (B) foe, 5)

i#j n=0 {a}
X far,ar (0i) fazar (01) - - fian (6n) - (3.32)

The determinant ratios are exactly the density factors in (2.15); what remains to be shown
is that the other terms reproduce the dressed form factors of ©.

~13 -



3.3 Dressed form factors of ®

Theorem 6. In the absence of active singularities of the TBA equations, the dressed form
factors of © are given by

DO = / ) omee (01,..,05) (3.33)
’ nhgl:k:()n nl ]127T |:1+€8E7 9):| bt N
. k
N = an
i=1
which is equal to
df mg cosh (0) f. 3 (0) — masinh (0) fs 5 (6)
e _ avmg B B B
DP = (O)_ +27 Z/ o o : (3.34)

Proof. The connected diagonal form factors of © are given by [1]
FQC?LC (01,...,60n) =27012023 . . . Ppn—1,nMp, Mg, cosh (01,) + permutations

where 0;; = 0; — 0;, 3; denotes the species of the ith particle and ¢;; is a short-hand for
©p:;(0i5)- (3.33) is symmetric under re-ordering particles of the same species which results
in a combinatorial factor [[, n;! canceling the denominators in front of the integrals. To
take into account the rest of the permutations we can rewrite DY like

=2 Z Z / 49 ] ©12023 - . . Pn—1,nMg, Mg, cosh (O1,)

=0 By, afln )~ = 127T 1+ =8; 5)

= Z De,. (3.35)
n=0

Following [1] every DO can be graphically represented as seen in figure la where every

g,n
node represents a particle with a given rapidity and species, including the integration

/ dé;
27 {1 + e (9")]

and the first and last node is multiplied by its mass. Every horizontal line represents a factor
¢i; and the dashed line represents the factor cosh 61,,. The whole graph is multiplied by 27
to account for the normalization of the operator ©, and summed over every possible type
configuration for the nodes. The empty graph (with zero node) represents Dgo = (0) -
Using hyperbolic addition formulas for the cosh 61, terms every graph can be represented
as difference of two chains where the two end nodes instead of being connected by dashed

line, are multiplied by cosh or sinh of the rapidity at the given node as shown in figure 1b.
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m cosh (61) my, cosh (6,,)

cosh(_91t9 ) > C C

s g > N -
mi My myq sinh (67) my, sinh (6;,)
(a) DE,,. (b) D?,, expanded.
w1 (6 —61) my, cosh (6,,)

wp1 (0 —01) my, sinh (6,,)
(¢) Kn,g(0) and J, 5 (0).

Figure 1. Graphical representation of D2, , K, s (6) and J,, s (0).

Since the functions f. and fs in (3.34) satisfy the self-consistent equations (3.4), it is
convenient to expand them in the following way

ch ZKn,B

where

Ky g (0) = mgcosh (6)
Jo,5 (0) = mgsinh ()

do;
Kng(0)= ) /H BBy -+ PBn_18,Mp, cOSh (On)

B1,-sBn 27 [1 + 50 (0 )}
T inh (6,) . 3.37
31,2;5n / H o [1 + €8 ( )} ©BBy - - - P18, Sinh (6, ( )

The graphical representation of K, g (6) and J, g (6) can be seen in figure 1c; the dashed
node indicates that the corresponding rapidity integral and the filling fraction belonging
to that node is not included in the contribution. Comparing to figure 1b it is clear that
K, 5(0) and J, g (f) describe the contribution of the chain between one of the end nodes

and a dashed node with type § which is n steps away from the end node. Multiplying

. h h(0)fs,
Ky 5 (0) and Jp, 5 (0) with 2735 [ gg% and —27 3" a6 % as in (3.34)
closes the chains and they become identical to the ones in ﬁgure 1b with length n + 1, i.e.

equal to Dgn 41- The sum for n in f. and fs then generates all the contributions in D? .
Q.e.d. O
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m cosh (61) my, cosh (6,,)

- COSh( - n-l—m)\ :

- . _
J—0—0—8—0—0—0—0-0 O—0—0—8—0—0—0—0—0
mi . nt Mpytm myq sinh (67) my, sinh (6;,)
(&) D (6:). (b) D2, (6;) expanded.
Pa,1 (0; — 61) my, cosh (6,,)

@ o—o0—0—0—0—10—00
@ o0—O0—0—0—0—0—00

Qa1 (0; — 01) my, sinh (6,,)
(C) Kn,a,i (él) and Jn,ai (éz)

Figure 2. Graphical representation of D2, . (6;), Ky o, (6;) and Jy.a, (6;).

Theorem 7. The dressed form factor of © with one active singularity 0; with type o is

DY (8;) = / FP 0,61, ...,0% .
= () Zf 17! Hl27r [1+e% 9)} 2un,2mie (03 01 Oy) (3:38)

which is equal to

DE (05) = fes (i) fes (05) = Foas (03) fosa (6) - (3.39)

Proof. The proof follows the ideas used in demonstrating theorem 6. The factor [, n;!
for the non-active singularities cancels as before, but now one must sum over all possible
positions of the active singularity:

D8 (6) =2 3 > [ 11

n,m=0 B1,....0n+m j=1 27T 1—|-e€5j(91')]

00 n+m dlgj

©12$23 - - - Pni

X Qintl -+ Prtm—1ntmMa,mg, . cosh (01 pym) = Z Denm (6;) (3.40)

n,m=0
where the sum runs for the number and the species nodes between the active singularity
and the end nodes (for n = 0, the active singularity is the end node on the left, while for
m = 0 it is the end node on the right). The active singularity is marked by a black node
in figures 2a and 2b. K, o, (él) and Jy, o, (0_1) are represented in figure 2c; they are equal
to the contribution of the chain between one of the end nodes and the active singularity.
Multiplying them as in 3.39 it follows that

D, (0)) = Ko (0:) K (0:) — Iy (8:) Joniors (85 (3.41)
and the summation in both of f./, the result exactly reproduces De ( ) Q.e.d. O
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m cosh (61) my, cosh (6,,)

cosh(_HltG ) > C C

-~
N -
O/—/o—o—o—o—o—o—olo O—e—0—e—0—0—e0
mi My myq sinh (67) my, sinh (6;,)
(a) D? (él,...,éN). (b) DE (51,...,51\;) expanded.
o —XC—0C—"0—0—0—0@
Pajl (éj - 01) Praoy (en - é@)

(C) Ln,ji-
Figure 3. Graphical representation of the terms of D? (51, ey G_N) and Ly, j;.
Theorem 8. The dressed form factor of © with N active singularities {él, . ,éN} 18

1 oo

D (f1,....0n) = ol H d9j.

X F5 o (01,008,061, 0g) (3.42)

which is equal to

'Dg) (51,..., ZZ fcozZ fca] ( ) — fsai (él) fs’aj (éj)]

i#j {a}
X for .0 (0]) fas,an (él) o fian (én) (3.43)

where {a} ={1,...,N}\ {i,j}.

Proof. As in the proofs of the previous theorems, (3.42) can be organized into a sum over
terms corresponding to individual permutations of the active singularities. For a given
permutation, the contribution is the sum of graphs represented in figures 3a and 3b, where
the number and type of nodes separating end nodes and the active singularities is varying.

The functions fu, o, (ép) can be expanded as f./; previously, using their definition
n (3.4)

o0
faq,ap (910) = Z Ly pq (3.44)
n=0
where
Lopq = ¥pq
L n,pq — Z /H gpapﬁl ce gpﬁnaq . (345)
/Bla 7ﬁn 1 + eaﬁl ):|
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L,, pq is represented in figure 3c; it generates all the possible contribution to figure 3b be-
tween two active singularities. In a given permutation of the active singularities let us take
0; and éj as the two active singularities closest to the left /right end nodes; then the terms

fc,ai (0_1) fc,ozj (é]) - fs,ai (9_2) fs,aj (éj)
generate all the contributions between the active singularities and the ends, and

fal,ai (él) fOé21041 (él) et fj,an (én)

generate all the contributions between the other active singularities. Summing up for all
the permutations of the active singularities proves the theorem. @.e.d. O

Theorems 6, 7 and 8 prove the equivalence of the form factor series (2.15) and the
TBA equations for (©) in any excited state described by the TBA system (2.6).

4 Finite volume expectation values in the T; model

For the numerical validation of the conjecture (2.15) we follow a similar strategy as we did
for the Leclair-Mussardo conjecture in [45], where we chose the T5 model for the numerics.
The T5 model is the perturbation of the Ms 7 conformal minimal model [49] by the primary
operator @1 3.

There are several advantages in this choice. First, all the data necessary to calculate
the series (2.15): the scattering theory, the form factors (of primary fields) and the excited
state TBA equations, are known for this model. Second, the T5 model contains operators
with known form factors that are not related to the trace of the stress-energy tensor; the
trace of the stress energy tensor is not interesting since the conjecture is equivalent to the
TBA equation as shown in section 3. Finally for the T model the Truncated Conformal
Space Approach (TCSA) improved by renormalization group methods [45] gives an efficient
way to evaluate the expectation values directly solving the dynamics of the model. The
TCSA was introduced in [44] while renormalization techniques were proposed in [50, 51]
and further developed in [52-54]; the development of related methods is now a very active
field of investigation [55-58]. For details on TCSA in the 75 model and the renormalization
method we refer the interested reader to [45].

4.1 Excited state TBA equations for a single type-1 state

4.1.1 General form and solution of the excited TBA equations

The simplest excited states in the excited TBA formalism for the Th model [43] are those
with a single type-1 particle. For these excited states the TBA equations contain only two
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active singularities of type-2 with n; = —1, o = 1:

. Su2 (0~ )
€q (0) = mgL cosh (0) + log (W) (4.1)
- Z / d—eltpab 6—6)log (1 + e_ab(9/)>
e—e2(012) — _ (4.2)

ETBA (L) == —img (Sinh (91) — sinh (9_2))
— Z / %ma cosh () log (1 + 678“(9)> (4.3)

which are related by 6, = §I for states with nonzero momentum, where * is the complex
conjugation; or fy = —6; for zero momentum.
In large volume (IR limit) the integral term is negligible in (4.1), and the cosh term goes

to infinity with the volume, while the value of e (91) is finite, which forces the imaginary

T T

part of the active singularity’s position to since So is singular around 0 — 6y ~ &

107 5
The position of the active singularity can be written as
§1=é+z’(10+5) (4.4)

where 6 and § are real; ¢ is a correction to the imaginary part that decays exponentially
in the dimensionless variable m L. Substituting this form into condition (4.2) and keeping

only the first order corrections in J, the solution for the position of the active singularity is

maL sinh § = 27s
2 x
d = cos (7s) tan (?g) tan? <;) e~z cos({5)V/miL>+(2ms)” (4.5)

where s is an integer number giving the momentum quantum number of the state. Using
this solution for TBA energy (4.3) and expanding the log (1 + €7 ¢) term in the integral,
the energy takes the following form

Erpa (L) = E(L) — BL

275 2 27s Mo 2 T
_ 2 2 .
- m1+<L> 2 m2+<Lm1> C%(m)

X cos (7s) tan <:i7(;> tan? <27r> e M2 COS(%)\/W

- Za: / %ma cosh (8) e~maLcosh(®) g | (9 0+ zg) (4.6)
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Figure 4. Effective central charge for the excited states with momentum quantum number s = 0, 1
from TBA and TCSA, with the UV (CFT value) and IR asymptotics (¢ and F term).

where the bootstrap identity

Suo (9 + ZILO) B T
S i) = S (0+i%) (4.7)

was used. The first term gives L~! corrections related to the kinetic energy of the particle
in finite volume, while the second and third terms are the leading exponential corrections,
the so-called p and F' terms [59], which for a zero-momentum particle were first derived by
Liischer in [60].

In the small volume (UV) limit the energy is proportional to the effective central charge
of the state

Brpa (L) =~ car (L) (4.8)
which has the ultraviolet limit

cei(0) = c— 12 (A + A) (4.9)
where ¢ = —68/7 is the central charge of the minimal model Ms7 and A, A are the

left /right conformal weights of the state in the ultraviolet limit. Using the dilogarithm trick
introduced in [3] one can confirm the expected effective central charge for these states [43].
In figure 4 we plot ceg for the states s = 0,1 showing that the TBA results match perfectly
with the TCSA calculation and also reproduces the expected asymptotics.

The excited state TBA equations are solved numerically by simultaneously iterating
egs. (4.1) and (4.2) in large volume, where the asymptotic of the pole position (4.5) can
be used as a starting point. Using this solution the volume is decreased and the equations
iterated, and continuing this process the solution can be tracked to small volume. For
s # 0 the numerics is straightforward to perform up to precision of order 1072, and all
the ingredients to calculate the conjecture (2.15) can be readily constructed. For s = 0
there exists a critical volume 7. under which it is necessary to be more careful with the
numerical calculation.
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4.1.2 Zero-momentum state: desingularization in small volume

As described in details in [41-43], for states containing a zero-momentum particle it can
happen that under a given critical volume r. some singularity ends up being on the integra-
tion contour. To describe this situation, we recall that the Y-system (2.9) gives relations
between positions where the functions Y, = e~ take the values 0 and —1, which are the
logarithmic singular points of the TBA equations. For the T5 model the incidence matrix
is given by

17l = (0 1) and  h=5. (4.10)

For the excited state containing a single type-1 particle with zero momentum in large
volume there are active singularities on the imaginary axis at +6; with

3 :il% +id (4.11)

with 6 > 0 where Y3 = —1. From (2.9) it follows that Y5 = —1 at 6; — z%’r and —0; + i%ﬂ,
and Y7 = Y5 = 0 at positions 61 —i% and —60; +i%. As the volume decreases, the value of
d increases till at some critical value of the volume given by miL = 7. it reaches J. = .
At this point ; = —0; + z%” resulting in a coincidence of singularities, and also of zeros.
Decreasing the volume to miL < r. results in the “scattering* of the singularities on each
other at right angles pushing them away from the imaginary axis with fixed imaginary part
in the form

b :ig—l—a. (4.12)

As a result, the zeros of Y; and Y5 sit exactly on the integration contour, making the
equation for the pseudo-energy (4.1) singular and leading to instabilities in the numerical
solution of the TBA equations.

One way to handle the numerical treatment of the problem is to shift the integration
contour, while an alternative is to rearrange the self-consistent equations appropriately,
which is called desingularization. The latter approach relies on the relation [43]

de’
Pad (0) = —n (0) Ii?] + Z / o Pab (0 —0")on (0') I},?]
b

wn(0) = 2coshh(2hﬁ) = +idy log (ah (9 + 2%))
op, () = tanh <Z€> (4.13)
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which allows the TBA equations to be recast as

20 (0) = £ (8) — log (a (e' - él) o (0’ - éz))
2q (0) = maLcosh (0) — / ‘;i'% (6—0)log <U (0’ _ gl> o (9/ _ 52> n efébw'))
b

cal0)) _icoth (26 + i
e 1 cot <201+z4

Etpa (L) = — Z / gfma cosh (0) log <a (9 — 51) o (9 — 9~2) + e_éb(9)> (4.14)

where 6, = 6; — i, 0y = 0 + i7. These equations are regular and can be iterated in a
stable way, however, the available precision using double precision numbers drops to the
order of 10719, Fortunately, that is still more than sufficient for our purposes.

To calculate the densities and (©) under r. we need to desingularize fs, fe, f; in (3.4)
as well. It’s easy to see, that the equation for f; and f. is regular under r., since Hﬁ
at the singularity position is regular, because Y, = ef* = 0. For f; the source term ¢ is
singular at 67172, hence it is necessary to desingularize it:

fza() fia (0 +90h(9 6)

fioa Z / d—g’%ﬁ 60 ¢ 1(+ g ()ejr (4.15)
For mumerical caleulations the form
W 0 (0 =01 ) o (0 = 02) + @) fr 5 (9
fio @ =52 [ gens 0-0) o (00 o (005 + )
h Z/ 68 7 (¢ =01) 00 (0 = 8:) + e fis (8) )

o (9’ — él) o (9’ — ég) + e—éb(0)

is more convenient.

4.2 Densities and the conjecture for states with a single type-1 particle

The derivatives of the quantization condition can be written like (3.11) with the help of
the definitions in (3.4), (3.12) for the single type-1 state

9(Q1,Q2) _ (LM + N Ny ) (4.17)

8(9_1752) N _Ncp LN5 +./V’¢
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where

o 46’ fsp(0)
N = —ifs2 (01) —imy smh —1 Z / T¢2B 91 - 9) 1+ 655(6’)

_ 0/) fs, (0")

Ny = ifsz (02) = imysinh (f) +i) / o e (2= 0) T
B

M=t 0) = om0 -2 [ G 0 0) 22l

1+ e=s(®)
_ f1a(0
= —f12(02) = —pa2 (62 — 61) /gogg -0 . iﬂe;(e),) , (4.18)
For the case s = 0 and m1L < r,
N = —f2,2 (51) + @n (51 - 52) = +vn (51 — 52)
a0’ ~ N (9’ — él) do (0’ — ég) + e‘éb(gl)fl,g (0"
_2/%%5(01—9) . ———
B 0(9/—91>J(9/—92>+e &p(0")
= —fl,z (52) + ¥n (52 - 91) = +pp (52 - §1)
o o (9’ - 51) o (0’ — 92) +e ) f 5 (6)
- Z/Qﬁ%ﬂ (62— 0) - _ — (4.19)
B g (‘9/ — 01) g (0/ — 02) —+ e*eb(g)

With the above densities the conjecture for the form factor series (2.15) for this state takes
the form

o o dé,;
<01,92‘0’91,92>L_ n1'7”L2 / e 2t 1+ej5aj )i|[

ni,n2=0

1
Fo 01,...,05
2n1,2n2,¢ ( ! N) + L2NAN, +./\[@L (M +N2){
+ (LN +N,) F2(;)11,2n2+2,c (517 01, ... ,BN)
+ (LNQ +N<p) F2(2L1’2n2+27c (627 917 oo 79N)

+F2?11,2n2+4,c (91,92,01,...,9N)}:| . (4.20)

5 Numerical results

The last ingredient needed to compute the form factor series (2.15) is the numerical eval-
uation of the connected diagonal form factors of the T model. This is rather nontrivial
to perform in a sufficiently quick and numerically stable way for large number of particles.
Since this is a task that is also important for evaluating the spectral series for correla-
tion functions at finite temperature [20, 23, 24, 61], we describe the required tricks in
appendix A. The procedure can be straightforwardly generalized to connected diagonal
form factors in other integrable models.
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label 0O 1] 2|11 12 111 | 22 112

# of type-1 integrals |0 1 | O 2 1 3 0 2

# of type-2 integrals [0| 0 | 1 0 1 0 2 1
magnitude/L 0|m1|mo|2mi | m1+me|3my|2ms | 2my + mo

Table 1. The terms incorporated from the form factor series into the numerical calculation.

In large volume a rough estimate for the magnitude of the terms in the series comes
from the behaviour of the filling fractions

11 ;(9) < o (Zim)L
; 14+e ity

where m; are the masses of the particles contained in the given state. Using this estimate we
can identify the terms of the series that give the dominant contribution to the expectation
value. However, with decreasing volume the ordering of the terms can change depending
on the behaviour of the pseudo-energy functions; in addition, to maintain accuracy it is
necessary to add progressively more terms. As a result, the form factor series (2.15) is
effectively an infrared (low energy/large volume) expansion for the expectation value.

For our numerical calculations we implemented the terms with less than 4 integrals,
since for higher terms the number of integrals and the size of the form factors makes the
numerical integration too time-consuming; in addition, the terms incorporated already
show an excellent agreement with the conjecture. Table 1 shows the terms calculated for
numerics.

In the 75 model there are two primary operators, namely ®;3 and ®;2. ®13 is the
operator perturbing the UV limit of the model, hence it’s proportional to ©

© =27\ (2h173 - 2) @1,3 (51)

where hy 3 is the conformal weight of the ®; 3 and A is the coupling constant of the per-
turbation that is proportional to the mass gap [62]

A= I€m§72h1’3 (5.2)
with
k= —0.04053795542.. .. . (5.3)

Because of this, the form factor series for ®1 3 is equivalent to the TBA equation as proved
in section 3, and the numerical calculation for ®; 3 is therefore not a real further test for
the general validity of the form factor series (2.15). However it is still useful since with
its expectation value known from TBA equations one can get an independent check of the
numerical precision of TCSA, and the convergence of the form factor series. For ®; o there
is only TCSA and the form factor series, with the numerical deviation for ®; 3 setting the
expected precision for the agreement between them.

For the numerical integration we used the Cuba library routines [63], called from inside
Wolfram Mathematica [64].
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Figure 5. (({1}| ®y3|{1}), evaluated by the form factor series including different contributions,
RG extrapolated TCSA and TBA. Here and in all subsequent plots matrix elements are given in
units of my.

5.1 Moving one-particle state, s =1

For the moving type-1 excited state with momentum quantum number s = 1, figure 5 shows
the expectation value; ({1}| @13 |{1}), calculated with RG-extrapolated TCSA, from TBA
together with the results from the form factor series (4.20) obtained by adding progressively
more terms. The precision of the TBA is of the order 1072 and comparing it with the
TCSA data, we find that the precision of the RG-extrapolated TCSA is of order 1076—1077.
Table 2 shows the difference between the form factor series with different terms involved
and the TCSA data. For volume miL > 5 the difference between the form factor series
up to and including the 112 term, and the TCSA is in the order of the TCSA error, and
including more terms make the agreement better for smaller volume as well.

For ®; 5 the results for the quantity i1({1}| ®12({1}), are shown in figure 6, and the
difference between the form factor series and the TCSA is given in table 3. We note that
since from (A.14) it follows that the matrix elements of ®;  are imaginary, here and in all
subsequent figures and tables concerning ®1 o we multiply all data by ¢. The form factor
series shows excellent agreement with the TCSA for volume m;L > 5, and again including
more terms the agreement is better for smaller volumes. As noted before, the correctness
of the form factor series does not follow from TBA, hence this is a nontrivial verification
of the form factor series.

5.2 Zero-momentum one-particle state, s =0

As seen for the s = 1 case the form factor series reproduce the expectation value of local
operators with very good precision in large volume, even by including only few terms from
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Figure 6. i({1}|®12|{1}); evaluated by the form factor series including different contributions
and RG-extrapolated TCSA.

the series. The expectation is that for any state in small volume it is necessary to include
higher contributions of the series, but for any desired accuracy a finite number of them
is sufficient.

As shown below, this expectation is challenged by the nontrivial transition in the
TBA equation for standing state at r.. Figure 7 and 8 shows the result for the expec-
tation values of ®;3 and ®;2, while table 4 and 5 list the numerical deviations from
RG-extrapolated TCSA.

For large volume (m1L 2 6) the agreement between the form factor series and the
TCSA is again excellent. However, towards the critical volume (r. ~ 2.66) the terms of
the form factor series tend to diverge. This can be understood from the fact that the total

density of the states
prot = det K = L2NING + N, L (N7 + N>) (5.4)

which the denominator of the form factor series (4.20), is zero at r.. Figure 9 shows the
behaviour of pio around r.; fitting the location where piot (7.) = 0, the result is

Te = 2.6646510318 (5.5)

which is perfect agreement with the value of r. obtained in [43].

The reason for piot vanishing at r. can be understood from the excited TBA. Since the
active singularities coincide at this point, the density which is the Jacobi determinant of
the quantization condition for the active singularities, is zero due to the degeneracy. Such
singularities of the density were observed previously for the finite volume form factors
formula in [45]; however in that case including the exponential corrections resolved (or at
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miL 0 +1 +2 +11 +12 +111 +22 +112
0.5 | —0.8115 | —1-1072| 1.039 | 0.7047 | —0.3024 | —0.1995 | —0.8307 | —0.3166
1 | —0.6554 | —0.1143 | 0.5094 | 0.3528 | —=7-1072| —4-10"2| —0.2652 | —0.1089
1.5 | —0.5173 | —0.1256 | 0.2649 | 0.1813 | —2-1072| —-2-1073| —-9-1072| —4-1072
2 | —0.3966 | —0.1079 | 0.1362 |9-1072|—-2-1073| 4-1073 |-3-1072|—1-10"2
2.5 | —0.2947 | —-8-1072|7-1072|4-1072| 5-107* | 3-1073 |-1-1072|—4-1073
3 | —0.2124 |—6-10"2|3-107%2|2-1072| 6-107* | 21072 |-3-1073|—-1-10"3
3.5 | —0.1489 | —4-1072|1-1072|8-102| 3-107* | 6-107* |-9-107*|-3-10~*
4 | —0.102 |-2-1072(6-1073(3-1073| 1-107* | 2-107* |—2-107*|=5-107°
45 |=7-1072|-1-1072|3-1073|1-1073| 4-107° | 8-107° |-5-107°|—1-107°
5 |=5-1072|-7-1073|1-1073{4-107%| 1-107° | 2-107° |—-1-107°|—-2-1076
5.5 |—=3-1072|—4-1073|5-107*|1-107*| 4-1076% | 7-107% | -3-1076|—4.107"
6 |—2-107%2|-2-1073|2-107*|4-107°| 8-10~7 | 2-107% | -7.1077|-2-1077
6.5 |—1-1072{—-1-1073|7-107°|1-107°| 4-1077 | 6-107 | 3-1078 | 1-1077
7 |-8-1073|-5-107*|3-107°|5-107%| 4-1077 | 4-1077 | 3-1077 | 3-1077

Table 2. The difference between the evaluations of ({1} ®; 3[{1}); from the RG-extrapolated
TCSA and the form factor series, depending on the multi-particle contributions included in
the latter.

least shifted) the singularity. The present situation is different as all exponential corrections
to the density are already included. To resolve the singularity it would be necessary to
include every term of the form factor series, to compensate the zero of the denominator.

This conclusion is also supported by the behaviour of the pseudo-energies and the fill-
ing fractions around r.. Approaching r. the filling fractions no more suppress the higher
order terms in the series and the ordering of terms by their magnitude is not valid any-
more, i.e. every terms is important in the series. This is consistent with the procedure
of desingularization, whereby to describe the excited state level with the TBA equation
under 7. it was necessary to redefine the pseudo-energy to have a form which is finite and
convergent under iterations.

For the form factor series a similar rearrangement is necessary close to and under 7.
Unfortunately such a rearrangement is not yet known, and this sets the practical valid-
ity of the form factor series to IR regions where no nontrivial transitions occur in the
TBA equations.

6 Conclusions and outlook

In this paper we presented a conjecture for exact expectation values of local operators
in finite volume excited states, in integrable quantum field theories. This conjecture is
an extension of an earlier one [39] to models with a non-trivial bootstrap structure. The
conjecture was supported by a combination of analytic and numerical evidence. In the latter
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miL 0 +1 +2 +11 +12 +111 +22 +112
0.5 | —1.203 | —0.5712 | 1.113 | 0.9523 | 0.1086 | 0.1457 | —0.7935 | —0.5066
1 | —0.9067 | —0.4563 | 0.5275 | 0.4431 | 7-1072 | 8-1072 | —0.252 | —0.1539
1.5 | —0.6803 | —0.3379 | 0.2661 | 0.2171 | 4-1072 | 4-1072 |-9-1072|—-5-102
2 —0.5 | —0.2361 | 0.1325 | 0.1038 | 2-1072 | 2-1072 |-3-1072|—2-102
2.5 | —0.3581 | —0.1561 |6-1072|5-1072| 7-1073 | 9-1073 |-9-1073 | -5-1073
3 | —02498 |-1-107'[3-1072|2-1072| 3-107% | 3-1073 |-3-1073|—-1-1073
3.5 | —0.1701 |—-6-10"2|1-1072(8-1073| 1-1073 | 1-1073 |-8-107*|-3-10~*
4 | —0.1136 | -3-1072|5-1073(3-1073| 3-107* | 4-107* | —2-107*|—-6-107"
45 |-7-107%2|-2-1072|2-1073|1-1073| 9-107° | 1-107* |-5-107°|—1-107°
5 |—-5-1072|~-1-10"2|9-107*|4-107*| 3-107° | 3-107° |—-1-107°|—-3-107¢
55 | —-3-1072|-5-1073|4-107*|{1-107*| 6-107% | 8.1076 | -3.1076|—-2.10°F
6 |—2-1072|-3-1073|1-107*|4-107°| 2-107" | 8-1077 |-2-107%|—2.1076
6.5 |—1-1072|-1-1073|5-107°|1-107°|-1-107%| -1-1076|—-2.1076| —2.1076
7 |—-8-107%|—6-107%|2-107°|2-107%|-2-106|-2-106|-2.1076| —2.1076

Table 3. The difference between the evaluations of i 1({1}| ®1 2 |{1}); from the RG-extrapolated
TCSA and the form factor series, depending on the multi-particle contributions included in
the latter.

myL 0 +1 +2 +11 +12 | +111 +22 +112

4 | 03114 | —0.4977 | —0.9218 | —0.4061 | 0.3695 | 0.2265 | 0.494 | 9-1072
4.5 | —0.1529 | —0.1416 | -8-1072|—2-1072{3-1072|2-1072| 3-1072 | 3-1073
5 | —0.1637 |—6-10"2| 9-107* | 5-1072 |3-1073|2-1073| 1-1073 |-3-107°
55 | —0.114 |[-3-1072| 4-1073 | 2-1072 [3-107%|3-107*|—4-107°|—3-107°
6 |—7-1072|-1-10"2| 21072 | 8-107* |5-107°|5-107° | -2-107° | —5-107F
65 |—4-1072|—6-1073| 7-107* | 2-107* |7-1076|1-107°|-5-1076|—-9.107"
7 |-3-1072{-3-107%| 2-107* | 6-107® |1-1076(2.-1076|-1-1076|—4.107"
75 [-2-1072|-1-107%| 8-107° | 2-107° [1-1077|4-1077|-2-10"" | —1-10""

Table 4. The difference between the evaluations of ({0}| @1 3]{0}); from the RG-extrapolated
TCSA and the form factor series, depending on the multi-particle contributions included in
the latter.

regard we note that the generalization of the conjecture was necessary so that it could be
evaluated for models in which we have access to non-perturbative numerical techniques
(in our particular case, the truncated conformal space approach) to evaluate finite volume
expectation values directly from Hamiltonian quantum field theory.
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Figure 7. ({0} ®13|{0}), calculated by the form factor series including different contributions,
RG extrapolated TCSA and TBA.
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Figure 8. i1({0}| ®1 2 |{0}), calculated by the form factor series including different contributions
and RG extrapolated TCSA.

~ 99 —



myL 0 +1 +2 +11 +12 +111 +22 +112
4 —0.5274 | —0.3774 | —0.6113 | —0.3511 | 0.2018 0.1321 0.3664 0.1129

4.5 | —0.5513 | —0.139 |—-2-1072|-9-1073| 2-1072 | 1-1072 | 2-1072 | 4-1073
5 | —0.3645 | -6-1072| 1-1072 | 7-1072 | 1-1073 | 1-1072 | 3-107* | 4-1076
55 | —0.2176 | —-3-1072| 7-107® | 3-1073 | 2-107* | 2-107* | —-1-107*|-3-107°
6 | —0.1255 | —1-1072| 3-1072 | 9-107* | 3-107® | 5-107° |-3-107%| -5-107
6.5 | —7-1072|-7-1073| 9-107* | 2-107* | 5-107% | 1-107° |-6-107%| —-2-1076
7 |—-4-107%2|-3-1073| 3-100* | 6-107° |—2-1077| 1-107% |—2.1076| -1-1076
75 |—2-1072|-1-103| 9-10® | 1-10° |-1-107%|-1-1076|—-2.107%| -2.1076

Table 5. The difference between the evaluations of i 1({0}| ®1 2 [{0}); from the RG-extrapolated
TCSA and the form factor series, depending on the multi-particle contributions included in
the latter.

Prot

40

i . . . . \ . . . \ . . \ . . . . ismlL

Figure 9. pyo for s=0.

The conjecture (2.1) also leads to interesting new results concerning finite volume form
factors:

1. In theories where a particle is represented by several active singularities, the particle
can be considered as a bound state of the active singularities. In infinite volume this
does not make any difference due to bootstrap equations satisfied by the scattering
matrix, but in finite volume the composite nature of the particles gives exponential
corrections, which are exactly the p-term corrections to the form factor described
in [35]. However, a given particle can generally be represented as a bound states of
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others in multiple different ways, which means that the prescription for the p-terms
used in [35] is eventually ambiguous.

However, according to (2.1) the excited state TBA equations give a clear prescription.
Namely, for a correct representation of the y-term, one must take the particular bound
state representation of the particle states as specified by the singularity arrangement
of the excited TBA equations. Since the singularity arrangement corresponds to the
given state (finite volume energy level), one expects that these prescriptions remain
valid for non-diagonal matrix elements as well.

2. In line with the usual terminology of finite volume corrections [33, 59, 60], the terms
in (2.15) containing rapidity integration, originating from either the quantization
conditions (2.7) or the dressed form factors (2.10), give so-called F-term corrections,
which describe virtual particle loops winding around the finite volume cylinder. Con-
trary to p-terms, however, for the moment it is not clear how to generalize this to
non-diagonal matrix elements.

We stress that the series (2.15) is exact, at least for values of the volume where it is con-
vergent; however, there are still some open problems and interesting directions to pursue,
as we discuss below.

A lesson learned from studying the generalized conjecture (2.15) is that for certain
excited states it is not valid for the whole volume range in its present form. As discussed
in subsection 5.2, this happens for states where the corresponding excited TBA singularity
configuration undergoes some rearrangement below some critical value of the volume. Note
that for the sinh-Gordon model studied in [39] this cannot happen due to the imaginary
part of singularity positions being fixed to 7/2. In the series (2.15) this is manifested
in a singular behaviour of the terms, which prevent the extension of the series below the
critical volume.

For the trace of the stress-energy tensor, the desingularized excited TBA gives such an
extension. However, it is presently unclear how to implement the desingularization proce-
dure directly for the series (2.15), so the description cannot be extended to other operators.
In order to achieve that, one needs to separate the singularly behaved contributions and
re-sum them to all orders, which is not a straightforward task.

In this context we remark that based on the available studies of excited state TBA
systems, the problematic rearrangement is only expected to happen for excited states for
which some singularities are “stuck in the middle”, as opposed to going to the left/right
asymptotic regions logarithmically with decreasing volume. Therefore, for most states the
conjecture is expected to be valid for any value of the volume; obviously the smaller is the
volume, the larger is the number of terms needed for a given precision. For states with
a non-trivial transition in their singularity structure, the conjecture in its present form is
expected to be valid for values of the volume above the critical one.

Another interesting issue is to extend the series to theories with non-diagonal scat-
tering, starting with the series introduced in [61]. The formalism of finite volume form
factors has been partially extended to these theories [65, 66]. Unfortunately, it is exactly
the general form of diagonal matrix elements that is at present not known in full generality,
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preventing an application of the methods in [61] to all orders. In this case an extension of
the series (2.15) could provide interesting new results.

Furthermore, the form of the terms in the series (2.15) is very suggestive for an ex-
tension to finite volume matrix elements between two different states; however, finding
the precise form of such an extension is still an open question. This would also give a
prescription for the F-terms mentioned above.

Finally, establishing the relation between the present framework, and the approaches
based on separation of variables [14, 15] or fermionic structures [16-18] would be of interest,
as it could lead to more efficient construction of finite size matrix elements and a deeper
understanding of the underlying principles.
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A Evaluation of connected diagonal form factors

Here we present a fast and efficient way to evaluate the connected diagonal form factors
(defined in section 2), which proceeds via the so-called symmetric form factors.

A.1 Form factors of the T model

The form factors of primary fields in the 75 model were constructed in [67]. For states
containing only type-1 particles they are the same as form factors of certain exponential
operators in the sinh-Gordon model with a specific value for the coupling constant. The
form factors of the exponential operator

eho® (A1)
in the sinh-Gordon model 1
L= 5@@8*‘@ — Acosh g® (A.2)
have the following form [68]
(k) — —mm A7)
E® (0y,...,0,) = H, [k]Qn(xl,...,xn)H P (A.3)
1<)
where 5
sinnmg 2g>
= = = A.4
] sin 71'% 8 + g2 ( )
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and the minimal two-particle form factor is

[e%¢) : xB _: x B . z .
Fuin (6, B) = N exp [8/ dz sinh ZZ sinh £ (1 — &) sinh 2 2 [x(m - 9)”
0

x sinh? z 27
_ Ne](G,B)
: zB _: T B\ T
N = exp _4/ djSlnh 7 sinh § (1 — 5) sinh § (A5)
T sinh? z '
with
1(6,B) = oo disinh % sinh § (1 — g) sinh sin? x(im —0) _
’ L sinh? z 2
oo : zB z B\ o; x .
_ 8/ da sinh £ smh' 5 (21—5) sinh 5 [N—}—l—Ne*h] o—2Na 12 z(im —0) N
o T sinh” x 21
+Nz:l(k+1) log v 9/<:—i—1 + logv 9k+§—§ +logv 9k+1+§ -
Pt ’ 2 ’ 2 4 ’ 4
3 1 B B
—logv |0, k+=| —logv |0, k+ =+ —| —logv |0,k +1— — (A.6)
2 2 4 4
and (i 02
T —
The normalization factors read
0o 4¢in T2 ”B "2 (A8)
e Fmin (Z7T, B) ’ )
Introducing the notations
xT; = €9i and 92']‘ = 91 — 9j (Ag)
the @), are given in a determinant form
Qn(k) = det Mlj(k)
My (k) =[i —j +kog) i, j=1,...,n—1 (A.10)

where the a,gn) are the elementary symmetric polynomials of order k£ in the n variables

Z1,...,%y defined by

1_[.91:—1—:6Z Zx” k ( (T1,.. ., xp) (A.11)

(this means in particular that o =0 fork>nork< 0). To obtain the form factors of
local operators in the 75 model it is necessary to set the coupling as

B= —= (A.12)
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Following the procedure in appendix A of [69], the form factors for type-2 particles can be
efficiently calculated with the help of writing the bootstrap fusion in the form

By (0,...) =T% Fi1. (0 —itly, 0+ ity . ..) (A.13)

where 4}, = £ and I'f; = \/2tan (27/5).

The value of k = 1 corresponds to the operator ®; 3 and k = 2 to the operator ®1 .
The above form factors are normalized so that the vacuum expectation value of the field
is 1. To obtain the conformal normalization used in TCSA, it is necessary to multiply the
form factors with the exact vacuum expectation values known from [70]

(®19) = —2.3251365527 - - - x im; /"

(By3) = 2.2695506880 - - - x my /7. (A.14)

A.2 Symmetric form factors

The symmetric form factors are defined as

Fi___’1727___’2(917---79n79n+17-~79n+m)

N — N —
=mEy o oq 11,012,002 Gnem T 0T e Oy T e
€ ———
O +imte .. 0 +im+ €01, ... ,00, 0011, 0nim) (A.15)

where there are n numbers of type-1 particles and m numbers of type-2 particles. This
definition corresponds to a particular specification for the direction of the limit to the
diagonal matrix element. To compute the above expression, we use fusion (A.13) for
type-2 particles, and calculate the limit in terms of a form factor with 2 (n + 2m) type-1
particles.

A.2.1 Denominator and minimal form factors

The denominator has the following form

2(n+2m)

I @-2) (A.16)

1<j
where

(A.17)

I; =
Ti—n—2m 1>n-+2m.

_ {_€€$n+2m+1i i<n+2m
To leading order in €, the denominator of the symmetric form factor takes the form
n+2m n+2m

(—e)mrem [ 11 I] (a?-2)*. (A.18)

i i<j
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From the minimal form factor part we get an Fy,;, (i) factor for every particle when the

n2m altogether.

rapidities meet with their crossed version, i.e. a factor of [Fiy (i7)]
To simplify the other contribution we use the following relation for the sinh-Gordon

form factors [71]
sinh (1)

Foin (0 + 9 9) = A.19
min ( ) min ( ) Sinh (’(9) + Z SlIl (TI‘B) ( )
There result for two type-1 particle including the denominator term is
Fmin (792]) Fmin (19]2) len (177+79z]) min (Z7T+19]1,) o 1 A.20
5 = o (A.20)
(:U?—m?) (:L’ZQ—:UJQ) —{—43: :E sin (%)
The result between one type-1 and a type-2 rapidity is
1 1
X 5 (A.21)
(x2 — :1:]2+> + 4x x2 it sin (%) (:cf — x?_) + 4:62.%3 sin? (%)

where x; 4 = acjeimb. The result for rapidities from the same type-2 particle is (z; =

o )
re~ "Mz gy = geti2)

Fmin (% 2 len [ min % -1
o ()1 Fan G+ ) P G+ 9) =1
(ng _ x?) 16z sin (?)
The result for rapidities from different type-2 particles is
. 2
[ min (0 rnln (277 + 013)] [Frnin (9]1) Fmin (Z7T + 9]@) (A23)

SN
9]
.
N}
S
—
)

2
( 2 ) ( 2,021 _ x?e—lzﬂ> ( 2e—i2i _ 2

[me (91] — QiH) Fiin (’iﬂ' + Hij — 221])] [Fmin (QU + Zzu) min (Z?T + Qij + 21@)]
[Fmin (931 — 22@) Frin (’iﬂ' + 9]'1' - 22@)] [Fmin (0]1 + 21u) min (Z?T =+ jS —+ 2’“2)]
2 2 -1
J J

X
X
-2 . .
= {(:1:2 ) + 4z :1: sin (2@)} [(:1;@2612“ - :1:46712“) + 4x22% sin? (2u)
X

. , -1
[(x?e_ﬂ“ — x?eﬂu) + 4a? :U sin (2@)} .

A.2.2 Symmetric polynomial part

There are 2 (n + 2m) type-1 rapidities due to the fusion, so the polynomial part of the form
factor is a determinant of a (2 (n 4 2m) — 1) x (2 (n + 2m) — 1) matrix

Mij(k) = [i — j + k| oS0 (A.24)

In the € — 0 limit the symmetric polynomials are

(2p)
(2p)( o, (21, w2, . Ty, —x1, —T2, ..., —Tp) + O (€) [ even
g T1,X2,...T 2p—1
! e e P,l(—ea:i)a(_p Nar, 29, 20y [ odd
—_ € __p€ __p€ 1= -1 ’ ’ ) ’ j22]
e‘xy, —ex,. .., —e‘xy) )
—T1, =X, —Tio 1, —Lif1, - —Tp) + O ().

(A.25)
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Since every term in the determinant contains (n + 2m) factors of odd symmetrical polyno-
mials, the determinant is proportional to €"*?™, which exactly cancels the € powers in the
denominator (A.18). From the definition (A.11) of the elementary symmetric polynomials

it is easy to show that

/2 _(p) 2 2
(29) - N (-1) 9175 (2%,23,...22)
o 1,225 - - Lp, -1)/2 p—1 2 .2 2
_66.%'1 —efr. ... —661'1)) - f:l (_Exl) (_1)( )/ 06_1)/2 (:El’ Xy, ... ":E'if
22, 23).
A.2.3 Result for symmetric form factor
Introducing the following definitions
/2
(-1 o) (xl,x%,...x}%) l
A (1-1)/2 -1
o7 (x1,22,. .. xp) =} (— ) )/ SP | wio l 1)/2 (21,23,... 274, 1

@24, 72)
Qni2m(k) = det M;; (k) Mij(k) =[i — j + k] é?ﬁ,m)
ij=1,...,2(n+2m)—1
and

Fr%llln ,denom (xh .’1’;2) type — 1 <> type — 1

Fmimdenom (.fl, QUQ) = F11121n denom (;(;1, x2) type -1 o type -9
22,d
Fmin,ZIJ:)nom (171, "EQ) type -2 type -2
1

11
Fmin,denom (‘rlv :‘CQ) = (

2 _ .2 =
x; —x]> + 4a? ac sin? (2a)

22,dif

len denom (331, .112) len denom (113‘1, 1‘26 ) X me denom (ZL‘l, x2e—zu)

1

[ even

[ odd

(A.26)

even

odd

FmiI’Ldenom (1"1’ .562) [len denom (.561, .582)] len ,denom (xlem, -’1326_m)

x Fl e roe )

min,denom (

22,sel f ( )_ -1
min,denom Y7 6004 5in? (2a)

the symmetric form factor can be rewritten as:

Ff’m’1’2’_‘.72(01,...,Gn,0n+1,...,0n+m)
N—— e N——

n m

. 27 ntam 2m A
= [K] (—4SIH 5) (T) ™" Qniom (1, Tnyom)

22,sel

% H?<+jm len denom (xi? JI]‘) ﬁ minﬁge{lom (xﬂ)
n ] 2

[Tz i j=n+1 j
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For a large number of particles and/or large rapidities this formula is difficult to evaluate
with the required numerical precision, because the determinant Q is badly conditioned
(the magnitude of its matrix elements differ by many orders). For a better precision it is
necessary balance the matrix the following way:

A n2m 2(n+2m)%—(n+2m) =
Quizm(k) = (61" /(0 + 2m)| det M (k)
~ 5intm)
Mij(k) =T[i —j+ k| " 57
|:a_§n+2m)/(n + 2m)]
ij=1,...,2(n+2m)—1. (A.30)

A.3 Evaluation of the connected diagonal form factors

There are two ways to calculate the connected diagonal form factors using the symmetric
form factors. One way is to use the symmetric-connected relations derived in [20] in a
recursive manner; this is a lengthy procedure for form factors with several variables and
not very convenient for numerical calculations.

However, from the same relations it also follows that the connected diagonal form factor
is the only part of the symmetric form factor that is fully periodic in all of its variables
with period ¢7. This is related to unitarity and crossing invariance, which in theories with
self-conjugate particles take the form

Sap(—0) = Sap(0) "
Sus(0) = Suplit —0). (A.31)

As a result the kernel functions (2.3) have the anti-periodicity property
Pap(0 +im) = —pap(0) . (A.32)

Applying this property to the connected-symmetric relations of [20] leads to
1

ES(61,...,0,) = on Z EP (01 + aqim, 0 + awim, ..., 0, + apim)
a,;=0,1
1 ) .
= o Z ES (01,02 + agim, ..., 0, + apim) (A.33)
a;=0,1

which gives a faster and numerically much more stable evaluation.
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