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ABSTRACT: We study a class of compactifications of M-theory to three dimensions that
preserve N = 2 supersymmetry and which have the defining feature that a probe space-time
filling M2 brane feels a non-trivial potential on the internal manifold. Using M-theory/F-
theory duality such compactifications include the uplifts of 4-dimensional N = 1 type
I1IB compactifications with D3 potentials to strong coupling. We study the most general
8-dimensional manifolds supporting these properties, derive the most general flux that
induces an M2 potential, and show that it is parameterised in terms of two real vectors.
We study the supersymmetry equations when only this flux is present and show that over
the locus where the M2 potential is non-vanishing the background takes the form of a
Calabi-Yau three-fold fibered over a 2-dimensional base spanned by the flux vectors, while
at the minima of the potential the flux vanishes. Allowing also for non-vanishing four-
form flux with one leg in the internal directions we find that the Calabi-Yau three-fold
in the fibration is replaced by an SU(3)-structure manifold with torsion classes satisfying
2Wy = —Ws.
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1 Introduction

In this paper we study compactifications of M-theory to three dimensions that preserve
N = 2 supersymmetry and which induce a potential for space-filling M2-branes. Though
interesting as three-dimensional vacua in themselves, our primary motivation for studying
them originates in F-theory [1]. Four-dimensional N = 1 F-theory vacua can be defined as
dual to a particular limit of N = 2 M-theory compactifications to three-dimensions. This
definition relies on the assumption that the 8-dimensional manifold on which M-theory



is compactified is elliptically fibered. Then the appropriate limit where four-dimensional
physics is recovered is that of a vanishing fibre. This duality is most often used to construct
F-theory backgrounds as dual to M-theory compactifications on elliptically fibered Calabi-
Yau manifolds.! Such compactifications can exhibit realistic particle physics models and
have been under intensive study in recent years [4-6]. A well-understood generalisation of
such models is to include a particular (2,2) background four-form flux on the M-theory
side, which is dual to both background closed-string and brane fluxes on the F-theory side.
Such fluxes play a crucial role in moduli stabilisation and in generating chirality in particle
physics models. It is known that the backreaction of such fluxes deforms the background
only to conformal CY [7, 8], so that the relevant compactifications are warped N = 2
compactifications of M-theory to three dimensions. This class of compactifications have
the property that space-filling probe M2-branes on the M-theory side, which are dual to
space-filling probe D3-branes on the F-theory side, are BPS at all points of the (conformal)
CY and therefore feel no potential [8].

There are a number of interesting departures from such backgrounds which can be
characterised by the fact that a potential is generated for (probe) D3-branes. The most
familiar are backgrounds of type IIB string theory that support gaugino condensation
on D7-branes, or certain types of D3-instantons that contribute to the superpotential,
as used for moduli stabilisation in the KKLT and Large volume scenarios [9, 10]. The
fact that these induce a potential for D3-branes can be shown by performing a 1-loop
string calculation [11] or through gravitational back-reaction [12]. As well as being used
for moduli stabilisation, there is a direct cosmological use for type IIB backgrounds that
induce D3-potentials for inflation [13, 14]. Such backgrounds also play an important role in
particle physics model building. In F-theory models where all the generations are realised
on a single matter curve the Yukawa coupling at a point of intersection is rank one [15, 16]
unless an appropriate deformation of the geometry which induces a D3 potential by flux [15]
or non-perturbative effects [17] is present.? Since all the listed interesting I1B/F-theory
backgrounds have potentials for D3-branes they are not within the better understood class
of warped CY compactifications. Although an approach of neglecting the backreaction of
the effects that induced the D3 potential on the geometry and continuing to use a CY
background may be a valid approximation for some purposes, an understanding of the
backreaction is essential for applications where the effects are large or when a treatment of
the background in a 10-dimensional sense, rather than a 4-dimensional effective theory, is
important. Studying such backgrounds, particularly at strong coupling, using F-theory /M-
theory duality should therefore involve some understanding of three-dimensional M-theory
backgrounds which preserve N = 2 supersymmetry and have a potential for M2-branes.

Having identified the presence of a D3/M2 brane potential as the defining feature we
are interested in, it is essential to understand what are the properties of the background
geometry and flux which induce such a potential. There is a rather general and neat
answer to this question in type IIB supergravity. The key property of the background is

!Though see recent work on manifolds with Spin(7) holonomy [2, 3].
2Interestingly, such backgrounds also induce non-commutative deformations on the world-volume theo-
ries of the 7-branes [13, 15, 17].



the structure group of the metric once any flux/branes are back-reacted. Recall that a
nowhere vanishing spinor on a manifold reduces its structure group. Since the presence of
a nowhere vanishing internal spinor is a direct requirement for the background to preserve
some supersymmetry a reduced structure group typically characterises supersymmetric
backgrounds [18]. In particular the most general type IIB (supergravity) backgrounds
which preserve four-dimensional N = 1 supersymmetry have an SU(3) x SU(3) structure
group [19, 20].3 Here each SU(3) is associated to a spinor on the manifold, but the two
spinors are not everywhere orthogonal (which would lead to SU(2)-structure) or parallel
(leading to SU(3)-structure) but rather the angle between them varies over the manifold.
Now an interesting result of [21, 22] is that backgrounds which support potentials for D3-
branes are those which have such an SU(3) x SU(3) structure group, and further, that the
minimum for the potential, where the D3-branes are BPS, occurs exactly on the loci where
the two spinors become parallel, yielding a ‘local’ SU(3)-structure.* This general result
was checked for the particular case of D7 gaugino condensation in [23] which confirmed
that their backreaction indeed changes the structure group from SU(3) to SU(3) x SU(3).
It was also confirmed to some extent in [24, 25] for the case of D3-potentials induced by
non-Imaginary-Self-Dual background flux, specifically by showing that the backreaction of
D7 gaugino-condensation can locally be viewed as such a background flux.?

One aim of this paper is to develop analogous relations between structure groups and
M2-brane potentials in M-theory. The relation between structure groups and non-vanishing
spinors in 8 dimensions is rather different from the more familiar 6 and 7 dimensions. Con-
sider a compactification on an 8-dimensional manifold Xg. A requirement for preserving
some supersymmetry in 3-dimensions is the existence of a nowhere vanishing Majorana
spinor on Xg. This is so that the 11-dimensional M-theory supersymmetry spinor decom-
poses into a product of a 3-dimensional and 8-dimensional Majorana spinor. However,
the existence of a nowhere vanishing Majorana spinor in 8 dimensions does not imply a
reduction of the structure group.® This only occurs in the presence of nowhere vanish-
ing Majorana-Weyl spinors: a single such spinor implies Spin(7)-structure, while two such
spinors imply Gg or SU(4)-structure if they have the opposite or same relative chirality
respectively. Now the number of supersymmetries preserved by an M2-brane in a back-
ground is given by the number of independent covariantly constant Majorana-Weyl spinors
of fixed chirality [27]. Since the manifolds with fixed structure group have a fixed number
of Majorana-Weyl spinors of fixed chiralities M2-branes are BPS over the whole space and
preserve the supersymmetries of the background. Therefore a connection between structure
groups and M2 potentials for 8-dimensional manifolds is not obvious.

There is a useful way to think about the M2-potential in terms of 8-dimensional local
structure groups, i.e. submanifolds of Xg over which the spinors satisfy certain properties

3See also the analogous dynamical SU(2)-structure type IT backgrounds [29)].

We will use the notion of a ‘local’ structure group often in the paper. We define it as the structure
group that would result should the properties of the spinors on a local submanifold where the local structure
group is defined be extended to the full space.

®See also [26] for further investigations along this direction.

5The stabiliser group of a Majorana spinor is G's. However we use the notion of a global structure group
as maximal over the manifold, while the G2 stabiliser may enhance over certain loci.



such as being non-vanishing. In this paper we are interested in N = 2 vacua and so require
two covariantly constant, and therefore nowhere vanishing, Majorana spinors. The require-
ment of Majorana spinors rather than Majorana-Weyl spinors leads to the most general
8-dimensional backgrounds that preserves N = 2 in three dimensions from M-theory, in
this sense they are the analogs of SU(3) x SU(3) structure 6-dimensional backgrounds in
IIB. The two nowhere vanishing Majorana spinors can be decomposed into 4 Majorana-
Weyl spinors, but any of these four may vanish on certain loci. In the generic point on Xg
all four are non-vanishing and we have a local SU(3)-structure on Xg, over certain loci one
of the Majorana-Weyl components in each Majorana spinor may vanish so that we are left
with two Majorana-Weyl spinors of same or opposite chirality leading to local SU(4) or
Ga-structures. M2-branes are calibrated by a Killing Majorana-Weyl spinor of fixed chi-
rality and therefore on the generic SU(3)-structure loci they preserve no supersymmetry,
on G5 loci they preserve N = 1 supersymmetry and on SU(4) loci they preserve N = 2
supersymmetry. They therefore feel a potential in such backgrounds with minima at SU(4)
and Ga-structure loci. Such backgrounds are therefore of interest following our original
motivation and much of this paper is dedicated to exploring their properties.

In [28] it was shown that one can induce a connection between the existence of a
Majorana spinor on Xg and global G-structures by defining an auxiliary 9-dimensional
manifold, Yy, which is just the product of the 8-dimensional one with a circle Yo = Xg x 57.
Now the existence of an 8-dimensional nowhere vanishing Majorana spinor on Xg induces
a nowhere vanishing Majorana spinor on Yy and this is known to imply a reduction of the
structure group of Yy to Spin(7). Therefore it is quite natural to work with this auxiliary
9-dimensional manifold when studying the supersymmetry properties of the background.
As with the case of one spinor, two nowhere vanishing Majorana spinors do not induce a
reduction of the structure group in 8 dimensions. It is possible to consider again an uplift
to Yy, but although the structure group is reduced to at least Spin(7), there is in general no
further reduction on Yy due to the second spinor. Nonetheless, the 9-dimensional approach
is useful for treating the 8-dimensional local structure groups in a unified way and we will
utilise it in this work.

So far we have discussed only the geometry part of the compactification and not the
energy-momentum tensor that sources it. In this work we will study the background
flux that can source M2-brane potentials. In relation to the previous discussion of physics
sources for a D3-potential in IIB, this flux can be thought of either as non-trivial background
flux or, in the spirit of [24, 25], as flux that is accounting for the backreaction of localised
sources. We will be able to give the form of the most general flux that generates an
M2-potential in terms of 8-dimensional SU(3)-structure geometric objects and two real
one-forms that parameterise the flux. For the simple case where only this type of flux and
four-form flux with one leg in the internal directions, which we henceforth refer to as 1-form
flux, are present the supersymmetry equations simplify considerably and we are able to
present them as differential relations on the SU(3)-structure forms and extract some key
properties. We find that for this limited flux configuration the compactification must be
to 3-dimensional Minkowski space. If we further impose the vanishing of the 1-form flux
we find that the M2-potential is only along the directions parameterised by the two singlet



vectors of the 8-dimensional SU(3)-structure. The torsion classes are such that on the
generic SU(3)-structure locus the manifold can be described as a 6-dimensional Calabi-Yau
fibered over a 2-dimensional base which is spanned by the singlet vectors, and over which
the M2-branes have a non-trivial potential. While over the special SU(4) and Ga-structure
loci the flux vanishes. The more involved background where we also allow for non-vanishing
1-form flux leads to a similar configuration but the 6-dimensional fibre is not Calabi-Yau
but has non-vanishing torsion classes (which satisfy the relation 2W; = —W5). We will
also present the supersymmetry equations in differential form for the most general flux
configurations that have other, non M2-potential inducing, fluxes turned on. Though this
substantially more complicated system is difficult to analyse in as much detail.

The outline of the paper is as follows. In section 2 we study the geometric properties
of the background using G-structures. In particular we describe 8-dimensional manifolds
with varying structure groups and M2-potentials. In section 3 we study the supersymmetry
equations and formulate them in a way compatible with the 9-dimensional geometry. In
particular we identify the flux which is responsible for the M2-potentials, and parameterise
it in terms of SU(3)-structure objects. In section 4 we study the implication of the super-
symmetry equations for backgrounds supporting such a flux. We summarise our results in
section 5.

Note 1: the results presented in this paper rely on quite lengthy calculations. Although
most of these calculations can be done by hand we made extensive use of symbolic calcula-
tion applications which are able to manipulate tensors and/or gamma matrices, in order to
check and derive some of our results. We acknowledge the use of the following resources:
Mathematica [30], MathTensor [31], Cadabra, [32, 33], Gamma [34] and xTensor [35].

Note 2: this paper has some overlap with a project which was initiated together with
M. Babalic, I. Coman and C. Lazaroiu to whom we thank for insights in the subject of
M-theory compactifications to three dimensions.

2 N=2, D=3 M-theory compactifications and G-structures

2.1 Supersymmetric compactification of M-theory

The effective action of M-theory is described by eleven dimensional supergravity consist-
ing of the following fields: metric gprn, three-form potential C' with corresponding field
strength G = dC' and gravitino ¥);. The action can then be written in the following
way [36]

1 1 1
S =3 /d“:c«ﬁ—g <R —5GNG = ZCAGA G) : (2.1)
We shall be interested in supersymmetric flux backgrounds. They correspond to fluxes for
which the background gravitino vanishes together with its supersymmetry variation with
11-dimensional (Majorana) spinor parameter e

1
0Wn = Ve = 5o (Tp NPl — 863 TPRR) Gy pore = 0. (2.2)

The matrices I'y; are taken to satisfy the eleven-dimensional Clifford algebra with metric
signature (—,4+,...,4+).



The supersymmetry equations should be supplemented by the Bianchi identity and
equations of motion for G which read”

dG =0, (2.3)

1
d*G:—§G/\G+27TT6X8. (24)

The last term in (2.4) corresponds to a higher derivative gravitation correction [40], where
Ty is the Mb5-brane tension and Xg is a known combination of the first and second Pon-
trjagin forms. This correction is important as it allows the support of solutions to three-
dimensional Minkowski space in the presence of background flux for compact smooth man-
ifolds. Equation (2.4) is usually imposed as integrated over the manifold in which case the
first term vanishes and the last term gives the Euler number of the manifold, This leads to
the familiar D3/M2 tadpole cancellation constraint.®

The compactification Ansatz is chosen by imposing a 3-8 split of the 11 dimensional
manifold. We choose a metric which is a warped product of 3-dimensional space-time and
an 8-dimensional Euclidean manifold.

ds?y = e*® (ds3 | +ds3) . (2.5)

The 11-dimensional index M decomposes into an external 3-dimensional index pu = 1,2, 3,
and an internal 8-dimensional index « = 1,...,8. For the 4-form field strength G we choose
the most general ansatz compatible with Lorentz invariance

G = (f A Vol + F> : (2.6)

where f is a one-form and F' is a 4-form on the internal manifold, while Vols is the volume
element of the external space-time.

The eleven-dimensional Clifford algebra is decomposed according to the following
equations

F,U« = eA (7# ®79) )
To =€ (1©7a) (2.7)

with the 2 x 2 matrices {7, ; = 1,2, 3} generating the three-dimensional Clifford algebra
C1(2,1). An explicit representation can be given in terms of the Pauli matrices. The 16 x 16
matrices v, are taken to be real and symmetric. They generate the eight-dimensional
Clifford algebra CI1(8,0).

We can decompose the 11-dimensional supersymmetry parameter e, which is an
11-dimensional Majorana spinor, according to the 3-8 split as

626_%?7@5, (2.8)

"It is usually the case that the equations of motion and the supersymmetry equations imply the Einstein
equations, though we will not prove it here for the particular class of backgrounds under consideration.
$Note that for manifolds with 8-dimensional Ga-structure the Euler number is forced to vanish [41].



where 7 is a 3-dimensional Majorana spinor, while ¢ is an 8-dimensional Majorana spinor.
Each non-vanishing spinor £ defines by the relation above one spinor 7 in three dimensions.
Therefore for N = 2 supersymmetry we need two spinors & on the internal manifold.
Note that in 8 dimensions there exist Majorana-Weyl spinors. However we do not impose
any chirality condition on the internal spinors as from the supersymmetry equation it is
clear that only the Majorana condition is necessary. Imposing the Weyl property is an
additional constraint. In most studies of M-theory compactifications to 3 dimensions so
far the Majorana-Weyl condition was imposed for simplicity but, as emphesised in [28, 37],
this is not the most general case.

2.2 General 8-dimensional manifolds preserving N = 2 supersymmetry

In this section we present a detailed description of the manifolds on which we compactify
M-theory. As explained before, such manifolds admit two independent, nowhere vanishing
Majorana spinors &1 2. We shall see further that the supersymmetry conditions imply that
the norm of these spinors is constant [37] and therefore without loss of generality we shall

assume that the two spinors are orthonormal
e, =6, i,j=1,2. (2.9)

Since in 8 dimensions the Majorana and Weyl conditions are compatible, we can split the
two spinors into spinors of definite chirality

§i=(&)i +(6)i - (2.10)

However, the Majorana-Weyl components ({1 ); are no longer required to have constant
norm and moreover they can even vanish at certain points. The only requirement is the
unit norm of the spinors &;

(€l + 11(&=)al? =1 (2.11)

In the case that all Majorana-Weyl components are everywhere non-vanishing we are
actually dealing with an 8-dimensional manifold with SU(3) structure which preserves
(a maximum of) N = 4 supersymmetry in 3 dimensions. If some of the Majorana-Weyl
components vanish identically over the entire internal manifold, while the others are non-
vanishing, then we are dealing with manifolds with G structure or manifolds with SU(4)
structure depending on the relative chirality of the non-vanishing spinors. We see that the
fact that the Majorana-Weyl components are allowed to vanish at certain points implies
that such manifolds do not admit a global reduction of the structure group. At generic
points they look like SU(3) structure manifolds, while at special points they look like Go
or SU(4) structure manifolds.?

Note that we did not consider the case where only one of the four Majorana-Weyl
components vanishes. This is because on an 8-dimensional manifold once we are given
three linearly independent, non-vanishing, Majorana-Weyl spinors which are not of the

Tt would be interesting to explore connections between these backgrounds and SU(4) x SU(4) back-
grounds as studied in [42, 43], as well as the Spin(8) x Spin(8) backgrounds of [44].



same chirality, one can define a fourth spinor such that we end up with two spinors of one
chirality and two of the other. To prove this, suppose that we have an eight-dimensional
manifold which has two spinors, £ and & of positive chirality and one, y; of negative
chirality. The two spinors of positive chirality define a SU(4) structure and therefore one
finds an almost complex structure which is given by

Jas = & Yapo - (2.12)

We can define a fourth spinor yo which is of negative chirality

1
X2 = §Jaﬁ’7aﬁxl ; (2.13)

and which has non-vanishing norm. This spinor is obviously orthogonal to £; 2 and because
the matrix ~,4 is antisymmetric in its spinorial indices, it is also orthogonal to x1. There-
fore, in this way we have 4 non-vanishing Majorana-Weyl spinors, two of positive and two
of negative chirality, which define a SU(3) structure in 8 dimensions.

2.2.1 9-dimensional uplifts to Y9 = Xg X S}

It was pointed out in [28] that we can associate the existence of a nowhere vanishing Majo-
rana spinor on Xg to a reduced structure group by uplifting it to an auxiliary 9-dimensional
manifold, Yy, defined as the direct product of the 8-dimensional manifold under consider-
ation Xg and a circle Yo = Xg x S7. For the case of 2 Majorana spinors this procedure is
not as effective since, as we will show, the structure group does not reduce further on Yjy.
However, uplifting to 9-dimensions is still a useful procedure because it will allow us to
describe the local structure groups of Xg in a unified way. In particular the 8-dimensional
structure groups, and the related M2 potential, will be mapped to an angle between two
9-dimensional vectors.

We therefore go on to study 9-dimensional manifolds supporting two nowhere vanishing
Majorana spinors. It is most common to study such manifolds from the perspective of
spinor bilinears which can be constructed out of the spinors. Since 9-dimensional Euclidean
gamma matrices can be chosen real (and therefore symmetric) the only spinor bilinears
which can be defined are the following

(Vl)m = 5{777151 > (V2)m = 557m§2 ) (Vi’))m = 5?’777152 = 5%1777151 )

K = 5{7mn§2 = _ég%rmfl ) Vinnp = §{anp§2 = _ngmnpgl )
(P1)mnpg = flT’Ymnpqél s (P2)mnpg = §2T’7mnqu2 + (P3)mnpg = 5?’Ymnpq§2 : (2.14)
Here 7, are 9-dimensional gamma matrices, or generators of C1(9,0), with m = 1,...,9.

These forms are not independent as certain products of such bilinears can be expressed in
terms of linear combinations of these bilinears. The complete set of relations which the
forms above satisfy is given in appendix A.

For an efficient description of such manifolds it is important to know the number of
independent vectors. The forms defined above include three vectors. The Fierz relations



for the vectors imply

1
Vil =Wl =1, [BF=50-a), (2.15)
Vl'VQEOl, Vl'Vg:VQ-ngo. (2.16)

Here we define the usual contraction V' -U = V"™U,,. Therefore the number of independent
vectors is governed by a real parameter o which is the scalar product of the vectors Vi and
V5. Since the vectors Vi and V5 are of unit norm, this parameter « is in fact the cosine of
the angle between these vectors and therefore can take values in the interval [—1,1]. At
generic values of this parameter, all the three vectors are independent and of non-vanishing
norm. This is the case of a local SU(3) structure. We denote this a ‘local structure’ because
« varies over Xg and so particular values of it define certain submanifolds. Of course the
notion of structure group only has a global meaning. However the terminology of a local
structure is well defined by the properties of the spinors over the submanifold and will be
used extensively in this work. For o = —1 the vectors Vi and V5 are no longer independent
(they are anti-parallel) while V3 has unit norm. Therefore we are left with two independent
unit vectors. This is the case of a G9 structure. Finally, if @ = 1, the vectors Vi and Vs are
parallel while V3 vanishes. This is the case of an SU(4) structure. These local 9-dimensional
structure groups dictated by the parameter « are directly inherited by the 8-dimensional
manifold. In particular the physics we are interested in, which is the potential for a probe
space-filling M2-brane, is therefore directly related to the variation of « over the internal
manifold. We will show this in more detail in section 3.3.

Before going into more details about these manifolds it will be useful to understand
the special cases of o = +1.

2.2.2 Loci of G3 structure: o« = —1

On such loci, the Fierz relations presented in appendix simplify and we find

Vi=-Va=V, [VIP=[Wlf=1, (2.17)
K=VAVs, (2.18)
ViU =V3,0 =0, (2.19)
D)= —Vs AU —x(VAVEAT), (2.20)
Oy =V3 AU —x(VAVZAT), (2.21)
D3 =VAU. (2.22)

This description looks much like a Go structure in 7-dimensions (which is given in terms
of the 3-form ¥) and two additional vectors which lift this G structure to 9-dimensions.
This is expected from the decomposition of the fundamental of SO(9) under Go

9570101, (2.23)

A linear combination of these vectors gives the direction along the auxiliary circle used to
uplift to 9-dimensions.



2.2.3 Loci of SU(4)-structure: a = +1

The Fierz relations for the case o« = 1 read

Vi=Va=V, HvH2:17 HV3H2 0, (2‘24)
UV=KAV, ¢, =-KNK, Km[n ((I),)mpq] =2 ((I)g)npq , (2.25)

where we define &4 = ®; = ®5. Moreover it can be shown that when restricted to the
subspace which is orthogonal to V', K is an almost complex structure and it is clear that
we can organise this orthogonal space as a space of SU(4) structure with ®_ and 2®3
playing the role of the real and imaginary parts of the complex four-form. The additional
vector field should be understood as the direction which we added to go to the auxiliary
nine-dimensional manifold.

2.3 Parametrisation in terms of a SU(3)-structure

The most interesting case is of when the angle «, between the vectors V; and V5 varies.
This occurs over the generic patch on the manifold which manifests a local SU(3)-structure.
Over this locus we have that a # +1, and we will assume this in our present analysis and
return to the limit points later. In dealing with the more complicated SU(3)-structure case
we are guided by the idea that, analogous to the SU(4) and Ga-structure loci, we expect
to be able to describe it in terms of an (uplifted) 6-dimensional SU(3)-structure. In order
to unveil this structure let us first define

Vi=Vi+Vs. (2.26)

Clearly V; and V_ are mutually orthogonal and, since both V; and V5 are orthogonal to
V3, they are also orthogonal to V3. However, these vectors no longer have unit norm but

we find
V> =2(1+a). (2.27)

The next step is to decompose all the forms in (2.14) into forms of lower or equal rank
forms which are orthogonal to these vectors. Let us use as an example the decomposition
of K. We write

K=J+aVy A\V_+bVy AVs+cVo AV, (2.28)

where a, b and ¢ are coefficients which should be derived from imposing that J satisfies
ViaJ = V31J = 0. From the Fierz relations with one free index we see that V. is already
orthogonal to K and therefore a = b = 0. In order to find the coefficient ¢ we contract
with V_ and use the Fierz relations with one free index and obtain

1
K=J+——V_AV;. (2.29)
11—«

The other cases work in a similar way. However, when considering forms of higher rank,
the number of terms that can be written on the right hand side increases rendering the

,10,



calculation rather tedious. We find, eventually, the following equations

1

U= —— ANV + ———VLAVoAV 2.30
90+1+Oé ++2(1_a) + 3 ( )
o, = 2 JNJT 2 ANV LJ/\V AV (2.31)

T 1+4a 11" T 1-a ST '

4 2 2
b =— — 4+ — 2.32
1ia<p/\V3,+1iap/\V +1+aJ/\V+/\V3,, (2.32)
1 2 1

O3 =———AV_+—pAVa— ———JAVLAV_. 2.33
3 —af R AARE 2(1+ ) + (2.33)

In the above the three-form p is not independent, but can be expressed as

Pmnp = er‘Pnpr . (2.34)

Using the Fierz relation which involves K and W one can check that the r.h.s. of the above
equation is indeed antisymmetric in all three indices as should be for the components of a
3-form (see eq. (B.2)). Note also that p and ¢ are orthogonal to the vectors V.

Using the Fierz relations in appendix A it is not very hard to check the parametrisation
above. The terms which contain at least one vector field can be immediately verified by
projecting the entire relation on the corresponding vector and using the fact that vectors
V. and V3 are orthogonal. The only remaining problem is to determine the top forms which
are orthogonal to the vectors. There are two different cases above. In (2.30), we denote
this top form by ¢ and we shall further discuss its properties. In the remaining relations,
the top form is no longer an independent form, but is given in terms of J, as in (2.31), or
it simply vanishes as in (2.32) and (2.33). The way to decide whether or not one can write
additional terms in (2.31)—(2.33) is by computing the norms of the r.h.s. and Lh.s. of these
relations. It is not difficult to check that these norms precisely agree, and therefore if we
were to add some arbitrary form to these relations, such forms would automatically have
zero norm and thus vanish on an Euclidean space.

Naively the equations (2.29)-(2.33) diverge at the special points a = £1. To show
that actually there are no divergences in the SU(3) parameterisation in the SU(4) or Ga
loci limits, we can extract the leading behaviour with respect to (1 4+ «) of the relevant
SU(3)-structure forms

Vi~ (L-a)? Vo (l-a)F, Vi~(1+a)?,
pel—a)1+a)z, e~(1-a)?, J~(l+a)? (2.35)

These relations can be inferred from the norms of these objects which we compute in
appendix. The objects that define the geometry are the 9-dimensional bilinears. These are
perfectly smooth over the full range of a, though they take particular, different, forms over
the SU(3), SU(4) and G2 loci.

Note that apart from J, ¢ and p, which satisfy (2.34), no other form orthogonal to
the vectors appears. We can in principle use in the parametrisation only ¢ and J, but it
is more intuitive to consider also p as these forms are used in general to describe a SU(3)
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structure. Indeed, the results obtained agree precisely with what is expected from a SU(3)-
structure in six dimensions plus three additional directions orthogonal to it. However, in
order to establish the SU(3)-structure behind we still have to check a few more relations
which the forms J and ¢ satisfy. Using the symmetric relation for K given in eq. (A.67)
of the appendix we can compute the similar identity for J

Ty = =5 (1 @b+ 30V bn(Vidy + gy s Vo)V + e (Vi) (V)
= S (14+0) by + (P )y + (P + (Pohg] (2.36)

where P, 3 denote the projectors on the directions +, — and 3 respectively. It follows that
by an appropriate normalisation .J can be indeed viewed as the almost complex structure
on the 6-dimensional subspace orthogonal to Vi and V3.

Making use of the Fierz identities listed in the appendix and of the egs. (2.29)—(2.33)
one can show that the following identities must hold

Jap=Jip=0, (2.37)
Jhg=JAp=0, (2.38)
eNp=*(VEAV_AV3), (2.39)

1
Iagng =309 oy A (2.40)

2(1 —«)
Furthermore, it is possible to show that egs. (2.29)-(2.40) together with eq. (B.28) imply
all the Fierz identities for the bilinear forms listed in the appendix. By construction, the
converse is also true.
It is useful to construct from ¢ and p the following holomorphic and anti-holomorphic
(with respect J) three-forms

2 _ 2
0= i\ —— Q=p—i . 2.41
i TP AV (2.41)

Indeed, it is easy to see that these forms obey the relations

1+« —~ 1+ o~
T pg = i\~ Qmpg " Qg = i~ Qg (2.42)

and therefore, up to some normalisation, 2 can be seen as a (3,0) form with respect to the

almost complex structure J. It should now be clear that following a suitable normalisation
the forms J and €2 (or its real components ¢ and p) can be seen as the forms defining
an SU(3)-structure on the space orthogonal to the vectors Vi and V3. Note that the
normalisation we have depends on the parameter o and care must be taken over the oo = +1
points where a reparameterisation in terms of SU(4) or G4 structures is more suitable.

3 Supersymmetry conditions

The G-structure technology introduced in the previous section is ideal for studying the su-
persymmetry equations (2.2). In this section we rewrite the supersymmetry constraints as
differential constraints on the appropriate forms and use these to extract general properties
of any solutions, in particular with respect to supporting a background with varying «.
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The supersymmetry variation of the gravitino (2.2) splits into internal and external
components which read [37-39]

Da§:VQ£+Aa£:0, Q§:0, (31)
where we defined
1 1-
Aa = Moy + ﬂFa,&mﬁ "t Zfﬂ’)/aﬂ Y9, (3.2)
1 1 1-
=-A — 0 AV — —F, 0575_70604 '
Q %9+ 50087 = oc Fagsy /a1 (3.3)

and the covariant derivative V,, is taken now with respect to the 8-dimensional metric de-
fined in (2.5). The parameter A is the cosmological constant for the 3-dimensional external
space. These equations are valid for spinors ¢ which live on an 8-dimensional manifold.
As discussed previously we are interested in studying the background on a 9-dimensional
manifold Yy = Xg x S7. To do this we uplift on a circle by adding a ninth direction so that
now we have an index range m = 1,...,9. We uplift the gamma matrices by considering
Y9 together with the other gamma matrices 74, as the generators of the Clifford algebra
C1(9,0). The analysis of the geometry and G-structures performed above does not identify
a particular direction and so we would like to rewrite the uplifted supersymmetry equations
also in an SO(9) covariant way. We therefore introduce a constant vector field 6 such that

Y=0"vn, m=1,...,9. (3.4)

With this the supersymmetry equations (3.1) have the same form where now

n 1 n 1z n
Ay =N Ymn + 24anpq’7 P74 anap’)/m P 5 (35)
1 1 1
= -\ m a nA " — 7an et — — man mn ) .
Q Y+ 500" = oog Frnpgy g /mfny (3.6)

and we must impose the independence of physics quantities on the ninth direction
0-f=0, 0_F =0, 0-dA=0. (3.7)

These equations now hold after an arbitrary SO(9) rotation which no longer identifies
with the index value m = 9.

Note the following simple consequences of the above. Firstly, the restrictions on the
fluxes imply that one component of A, i.e. 0™ A,,, identically vanishes. This means that also
the spinor ¢ does not depend on this direction. Secondly, since we chose the 8-dimensional
gamma matrices to be real and symmetric (this also holds for 79), 4,, is a totally antisym-
metric matrix. Contracting (3.1) with ¢ from the left we find

0= €7Vt = LV (€76) = S0mllE]1 (33)

and therefore the supersymmetry equations impose that the internal spinors must have
constant norms as we already anticipated in the previous section.

,13,



The auxiliary uplift direction should be given by a linear combination of the
9-dimensional vectors. This can be seen from the analysis of the various particular cases.
In particular for the SU(4) case, in 8-dimensions we expect no singlet vector field and so
the vector field which survives should be interpreted as the additional ninth direction. In
the G2 case in 8 dimensions, we expect a single vector field which is a singlet under the
structure group. In 9 dimensions we found two such vector fields and therefore a certain
linear combination of them should be interpreted as the additional direction. Finally, in
the case of a SU(3) structure we expect two singlet vector fields in eight dimensions, while
we found three of them in 9 dimensions. Again, one combination of them should precisely
give the additional direction. Thus we can write

1 1
b= 2(1 + a) (6-Vi)Vs + 2(1— a)

Finally it is worth noting the practical matter that uplifting to 9-dimensions does

0- VIV +—2(0-Va)Vs . (3.9)

11—«

not add any further complexity to the equations. This is because we are working with
Majorana, rather than Majorana-Weyl, spinors in 8 dimensions which implies that they
do not have any nice properties under 9. Therefore including it in a higher dimensional
Clifford algebra is useful, in particular because the complete set of gamma matrices means
the Hodge star acts simply allowing us to write all the bilinears in terms of forms of degree
4 or less.

3.1 Equations for N = 2 supersymmetry in 3D

For N = 2 supersymmetry in 3 dimensions, the supersymmetry equations (3.1) have to
be satisfied by two spinors on the internal manifold, &; 2. In order to see what sort of
constraints these equations impose on the 9-dimensional manifolds discussed in the previous
section we should first rewrite them in terms of the spinor bilinears (2.14). Using the

definitions (2.14) and (3.1) we can compute the derivatives of all the spinor bilinears to
find [39]

1 1 -
Vsz n — 2)\9n‘/@ m 2>\(9 : m)dmn - EFmpqrq)i npqr + 5(1)1 mnqupeq (310)
1 . .
vanp = *4)\Km[n0p] + 45m[nKp}q9q + §Fm[nq \I’p]qr + \I/m[nqep] fq
— \Ifm[anp]gq + 5m[n\11p}qrfq0r (3.11)

1
Vi Wnpr = AV 000, — 68,0, ¥ 0407 + EFmStu(*\P)nmstu

+ gFm[nquﬂq - %(*\I/)mnpm F50" — 3K foby (3.12)
+ 30 fp K 1g0% — 30, bpF 1o f7

Vin®i npgr = =8AL; minpalr] + 8Amin®i par)s? + Funn™ (+P4) pgr st
= 2Fnpg Vi 1] T 2(5Pi)mminpg” Or fs — 2(5Pi)imfnpg” fr10s (3.13)
+ 20,05 (4P ) pgr1st 70" — 126, Vi p fgbr

where the subscript ¢ stands for any of 1, 2, 3, + or —. It is interesting to note that the equa-
tions above imply that the derivatives along 6 vanish identically upon using the condition
on the fluxes (3.7).
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We should now consider the constraints which come from the external gravitino vari-
ation. These equations should be projected on a basis of spinors in order to find an
equivalent set of equations. In 8 dimensions it is easy to find a basis of spinors in terms
of Majorana-Weyl singlet spinors, but since the Majorana-Weyl components of the spinors
we consider may vanish at certain points, we will not be able to use a basis constructed in
such a way globally. Instead we shall project the supersymmetry equations on a larger set
of spinors — not linearly independent — which are constructed by multiplying the spinors
1,2 by arbitrary elements of the Clifford algebra. Specifically we shall project the spinor
equations (3.1) on spinors of the form

EiA = 7A£Z ) 1= 172 ) YA € 01(970) . (314)

In practice we shall see that taking v4 = 1, 7, is enough and the other constraints are
just consequences of these ones. Therefore we shall use the following equations

SN0V + %(v; LdA) — %Fﬂ)i ~0 (3.15)

fnfn K™ =0 (3.16)

—2M0 + dA — %*(FA<1>+)+éV+J(fA9) =0 (3.17)
—%*(F/\@_ ,3)+év_ 3a(FA0) =0 (3.18)

2NLK — dALK + équF — %(f AO) ST =0 (3.19)

while the ones corresponding to other Clifford elements can be found in appendix C.

3.2 Flux induced variations of «

The key property of the backgrounds that we are interested in is the variation of the pa-
rameter «, since this is the property that signals an M2-brane potential. We will explain
this relationship in more detail in section 3.3. In this section we are interested in deter-
mining which flux is responsible for inducing such a variation. In general not any flux will
induce this variation, for example we know that (2,2) primitive flux as studied in the case
of SU(4)-structure compactifications [7] will not induce such a variation. We will determine
the flux which is relevant by using the supersymmetry equations to directly evaluate the
variation of a.

The form of the supersymmetry equations as given in section 3.1 carries redundancies
because the bilinears (2.14) are not independent, but satisfy various relations coming from
the Fierz relations. In order to find a more tractable set of equations we should use a
parametrisation for the forms (2.14) which already makes use of the Fierz relations. A
particular parameterisation is the one given in (2.29)—(2.33) which is valid for the SU(3)-
structure loci. We claim that this parameterisation is sufficient to capture all the variation
of a. This follows from the simple reasoning that over the patches where it breaks down,
the SU(4) and G3 loci, a is constant by definition. Further it is also at a maximum
or minimum value over these loci so that derivatives along directions leading away from
the loci also vanish. Therefore over such loci dae = 0 and all the variation is within the
SU(3)-structure locus.
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Using the supersymmetry equations (3.10), the variation of a can be generally com-
puted as

1 1 1 .
Vma = 5V (VIVi ) = VIV Vi = — 13V Frpar @4 0" 4 S g g fPOUVEE . (3.20)

Making use of the SU(3) parametrisation of the form ®., (2.31), and of the fact that the
forms J, p, V_ and V3 are all orthogonal to V., together with the fact that 6 should be a
combination of the vector fields Vi and V3, we find that the second term above does not
contribute to the variation of the parameter o and so

1
Vo = —gppqumqu . (3.21)

Given again all the orthogonality properties of the SU(3)-structure forms we find that the
flux which is responsible for the variation of o can be written as

F=hAp+gho, (3.22)

where at this stage h and g are arbitrary one-forms on the internal manifold that parame-
terise the flux.

Note that p and ¢ are (depending on the conventions) the real and imaginary part of
the holomorphic 3-form which can be defined on a manifold with SU(3)-structure. Over
the SU(4) locus the flux therefore lifts to either (4,0)4(0,4) or (3,1)+(1,3) flux. Note
that both these fluxes are forbidden by supersymmetry in the case of pure SU(4)-structure
where only (2,2) primitive fluxes are allowed [7], which is consistent with the understanding
that the variation of v vanishes over that locus.

3.3 M2-brane potentials and supersymmetry

At this stage it is worth going into some more detail regarding the relation between a
potential for probe space-time filling M2-branes and the background geometry. In type
IIB compactified on manifolds with SU(3) x SU(3) structure, we know that space-time-
filling D3 branes become supersymmetric at points where the manifold locally looks like a
manifold with SU(3) structure (i.e. the two spinors defining the SU(3) x SU(3) structure
are parallel) [21, 22]. In this section we will find similar results for M2-branes in terms of
local structure groups.

Let us briefly recall some well-known facts about supersymmetry and M2 branes. We
will utilise the form of the M2-brane action given in [47]

T y T B .
SM2:—TM2/d3C\/—G—%“ /d?’ge”kAkjm;” /dggx/—Gy(l—FMg)F’Diy, (3.23)
where G; is the induced metric on the brane, T}y, is the tension of the brane, A;j is the
pull-back of the supergravity 3-form on the brane, D; is the pull-back of the supercovariant
derivative and y is an 11-dimensional Majorana spinor. I'js9 is the brane chirality operator
which is given by

1 ik
FMQ = ﬁﬁ” FZFJFIC . (324)
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Note that F?\/m = 1 so that its eigenvalues are 1 and we can define projectors on the

corresponding subspaces as

1
Py =z(1£Tp). (3.25)

The action (3.23) is invariant under local x transformations [47]

6ey = (1+Tap)k+ 0O (y?) , 5. XM = %QFM(l + D)k + O (v°) (3.26)

where & is a 32-component spinor which may depend on the coordinates on the worldvolume
of the M2 brane, (.

For a background with Killing spinor € satisfying (2.2), supersymmetry transformations
act as

oy=€+0 (y2) , S XM = —%QFMG +0 (yg) . (3.27)

A bosonic brane configuration (y = 0) is supersymmetric only if 6.y = 0 and we see that
this can not be satisfied unless e = 0. However 6.y = € is compatible with supersymmetry
only if this transformation can be compensated by a x transformation [27]. Therefore the
only supersymmetry generators which are not broken by the bosonic brane configuration
are those which can be written as

e=0ky=(1+Tpy2)k =2Pik. (3.28)
This is equivalent to requiring [27]
P_e= (1 - FMQ)G =0. (329)

For the compactification to 3 dimensions with space-time-filling M2-branes, the M2 brane
chirality operator decomposes according to the the split of gamma matrices (2.7), as

Py =1® 79 (3.30)

where 79 is the chirality operator on the 8d manifold. Using the spinor decomposition
for the compactification to 3 dimensions (2.8) we find we find that the condition above is
equivalent to

Y& = ¢ - (3.31)

We see that the condition that the M2 brane is supersymmetric requires Killing spinors of
definite chirality.

With this result in mind consider probe M2 branes in our supergravity background
at the different local SU(3), SU(4) or Ga-structure loci. Generally we have that there
are 2 Majorana Killing spinors. Over Gj loci, « = —1, these become Majorana-Weyl
Killing spinors of opposite chirality. Therefore M2 branes preserve N = 1 supersymmetry
on these loci. Over SU(4) loci, a = +1, the Killing spinors are Majorana-Weyl of same
chirality and so M2 branes either preserve N = 2 supersymmetry or no supersymmetry.
However, for a given fixed chirality of the two Majorana-Weyl spinors either M2 or anti-
M2 branes preserve N = 2 supersymmetry, and we define M2 branes as the objects which
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preserve the supersymmetries over SU(4) loci.!? Over the SU(3) loci, —1 < a < 1, we have
two Killling Majorana spinors which contain 4 non-vanishing Majorana-Weyl component
spinors. We have three possibilities: either all of the Majorana-Weyl components are
Killing individually, in which case the M2 branes preserves N = 2 supersymmetry, or two
Majorana-Weyl components of one Majorana spinor are Killing while the components of
the other are not, in which case the M2 preserves N = 1 supersymmetry, or none of the
components are Killing in which case an M2 brane is non-supersymmetric. In appendix D
we show that the flux which induces a varying « (3.22) precisely implies that the last
possibility is realised and M2 branes preserve no supersymmetry. Indeed it is rather simple
to see that this should be the case for any background which does not have a global
SU(3) or Ga-structure since if any Majorana-Weyl components were covariantly constant
by themselves their norm could be set to unity over the full manifold, thereby implying
that they are nowhere vanishing and induce a global SU(3) or Ga-structure.

On general grounds we expect that supersymmetric loci are minima of the potential.
This means that on the generic (non-supersymmetric) locus a probe M2 brane should feel
a potential which drives it to a supersymmetric locus.

Let us be more explicit about the condition for N = 2 supersymmetry of the M2 brane.
The condition (3.31) has to be satisfied for two spinors &; and &», which means that the
two spinors are actually Majorana-Weyl of positive chirality and therefore define a SU(4)
structure. In the language used in section 2.2 this means that the vectors V; and Vs are
equal and therefore

V.o=V3=0. (3.32)

Conversely, the condition V_ = V3 = 0 implies that we are dealing with a SU(4) point
and therefore the two spinors are Majorana-Weyl.'! Finally, it is interesting to note that,
in the spirit of the analysis in [21, 22] of D3 superpotentials, the condition (3.32) hints
that some combination of the 1-forms V_ and V3 may be associated to the derivative of a
world-volume potential.

4 Analysis of the special flux

In the previous section we identified the particular flux that sources the variation of «. In
this section we study backgrounds that can support this flux. As an initial investigation
we restrict the 4-form flux F' to be solely composed of the flux of interest so that it takes
the form (3.22), while the warp-factor A and 1-form flux f are unconstrained. We leave a
complete investigation allowing also for other types of 4-form fluxes in the background for
future work.

Note that there exists the interesting possibility of multiple SU(4) loci with different chiralities in
which case neither M2 or anti-M2 can preserve supersymmetry on all of loci. We will not consider such
configurations in detail in this work.

11n principle the chirality of the spinors can not be determined. However, if this is negative, and therefore,
the condition (3.31) is not satisfied, this would be a point where anti M2 branes are supersymmetric.
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It is useful to decompose the 4-form flux along the three vectors as

F=hANp+gho

1 1 2
W ViApt+— bV Ap+ —— h3Vz A
T T K Tg sy Pra—aymrsne (4.1)
1 1
+m9+v+/\90+m9—v—/\80+(1 )93‘/3A90
In the above we defined
hi=Vi-h=V"hy,  ¢=Vi §=V"Gm, i=+3, (4.2)

while g and h are defined as the components of g and h orthogonal to the vectors Vi and
V3. We therefore decompose the fluxes h, g and f as

~ 1 1 2
h=h+ mh+V+ + mh_v_ + mh3‘/3 ) (43)
- 1 1 2
g=g-+ mg+v+ + mg—v— + WQSVSS ) (4.4)
N 2
f:f‘l‘mﬁr%r‘f‘mf—v—‘me?)Vs ) (4.5)

where f, f+ and f3 are defined in analogy with g and h by their relation to the vectors.
Note that there are no divergences at @ = £1 in the expressions above, which can be seen
using the limits (2.35). Recall that we are still formally working on a nine-dimensional
manifold and in order not to alter the physics we have to impose (3.7) on the fluxes above.
Since 6 is a linear combination of the vectors, this condition imposes the orthogonality of
the one-form fluxes i, g and f on 6

0_h = 0.9 = ng =0. (4.6)

With these definitions, and using the various relations in appendix B, we find that (3.21)
yields

do=—-(1-a)1+a)h—2(1—a)gs —(1—a)hs Vi — (1+a)h_V_ —4(1+a)hsV3 (4.7)

Note that, as expected, dao = 0 on the SU(4) and G2 loci.

To analyse the supersymmetry conditions for this particular flux Ansatz we shall start
with the constraints (3.15)—(3.19). Inserting the SU(3) parametrisation (2.30)—(2.33) and
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the flux Ansatz above, by using the relations in appendix B we find

0= —A0-Vi)+ %(w LdA) — %(1 ~a)hy (4.82)
0= —/\(Q-V_)—i—%(v_-dA)—l—%(l—l—oa)h_—i—;gg, (4.8b)
0=—A\0-V3) + %(vg, CdA) + %(1 +a)hs — ég, , (4.8¢)
0=(0-V5)f-— f3(0-V_), (4.8d)
0=dA— 200 — (g Vs~ g5V ) + (o0~ S(0-Vi)f (4.80)
0=—hyVo +h Vi — 29, V5 +2g3V4 + f-0 — (8- V_)f, (4.8f)
0=—2h Va+2hsVi 4+ g, Vo —g Vi +2f30—20-Va)f , (4.8g)
0= %(9 VOV — %(9 VRV — dALT — %(dA Va4 ﬁ(m V)V
+ %(1 —a)ha] — é(l —a)g - % 1 1 ZQ+V+ - %93‘/3 - %Q—V—
+MfJJ—M(fA9)J(V+AVM@,). (4.8h)

Let us look more carefully at equation (4.8f). Contracting it with V_ we immediately find
that hy = 0. By contracting with V3 and using (4.8d) we find that g4 = 0. Furthermore,
projecting equations (4.8f) and (4.8g) on V and on the 6-dimensional space orthogonal to
the vectors Vi and V3 one obtains the following equations

1 1
=—h_——f (0 —(0-V_ 4.
1
_=2h 0-Vy)——(0-V- 4.10
g 3+1+af3( +) +a( 3)f+ (4.10)
and
0-V)f=0, (9:-Va)f=0. (4.11)
Now, using (3.9), the relations coming from the orthogonality of # on the fluxes f and §
become
h_(0-V_)+4hs(@-V3) =0, (4.12)
hs(@-V_)—h_(6-V3)=0, (4.13)

where we used (4.9), (4.10) and (4.8d). These equations can be viewed as a linear system for
h_ and hs which has a non-trivial solution only if the corresponding determinant vanishes.
Therefore, there are two cases to consider. One of them must have 0 -V_ =6 -V3 =0 and
the other one has to satisfy h_ = hs = 0 and, following (4.11), f = 0. We shall focus on
the first solutions as we want to study loci with da # 0. Indeed, it is easy to show that in
the latter case one must have that da = 0. In order to prove it one needs also the identity

1
gJJ+§(1+a)h:0, (4.14)

resulting from eq. (4.8h) after contraction with J.
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Let us continue with the case 6 - V_ = 6 - V3 = 0. Making use of eq. (3.9) we obtain
that 6 has to be in the direction of V. We can therefore write

(0-Vy)

9:2(1+a) o

(4.15)
and the fact that the physics should not depend on 6§ now transfers to V.. Notice that this
is consistent with the expectation that the flux should vanish over Gg structure loci since
in this case we have V. = 0 but the auxiliary direction # must be non-vanishing.

Together with equation (4.8a), (4.15) immediately implies that A = 0, and there-
fore all such compactifications are to 3-dimensional Minkowski space. Furthermore, equa-
tions (4.8b), (4.8¢c), (4.8f) and (4.8g) allow to solve for the projections of dA on V_ and V3
in terms of f_ and f3. Altogether the equations (4.8) become

O=A=fr=gs=hy=dA -V, (4.16a)
dA.v,zl_To‘h, ?mf, dA-X@:lgah3+3(9 V+)f3,(4.16b)
g3 = —%h— - mf_ ; 9-=2hs + 7 0 V+ ~f3 (4.16¢)
0=dA— (g Vs~ g5V )~ (0 Vi)F (4.164)
0= —dA,J + é(1 —a)(had —g) + Mﬁj . (4.16¢)

Contracting (4.16d) with J we find
dA LT = (96‘/*) £, (4.17)

and then (4.16e) becomes

g—hoJ = mfﬁ . (4.18)

4.1 The case f =0

At this point we split the analysis to two cases, the simpler case f = 0 is studied in this
section, while the more general case is studied in section 4.2. For this section we therefore
set f=fr=/f-=/f3=0

Let us analyse more closely equation (4.18). Since J, up to normalisation, acts like
an almost complex structure on the 6-dimensional space orthogonal to the vectors V. and
V3, this equation tell us that a particular combination of the fluxes g and A is holomorphic
with respect to the almost complex structure J. It is not hard to see that the complex flux

defined as

is holomorphic in that it obeys

1 /1 _
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It is useful to use this flux combination together with objects which again have well-defined
behavior when contracted with J. In particular, we can construct a (4,0) form by taking
the exterior product of (2.41) with (4.19). Since J only acts on a 6-dimensional subspace, a
(4,0) form in the sense defined above must identically vanish. In particular we have (B.34)

2 [ 2

Note that the imaginary part is proportional to the projection of the flux F' orthogonal to
the vectors. The fact that this part of the flux vanishes implies that the variation of « only
depends on the projection of the A and g fluxes along the vectors V_ and V3.
The equations (4.16) now become
l-« 1 -«

he ', dA-Vs =

dA - V_ =
3 3

hs , gng%h,, g—=2hs, hiJ—g=0

(4.22)
with all the rest of the flux components being zero. All the above relations greatly simplify
the differential equations which now become

do=—(14a)h_V_ —4(1 4+ a)hgV3 (4.23)

1 1
dVy = Sh Vi AVo 4 2hsVi AVs, dVo =2hsVoAVs, dVy=—-h VoAVs, (4.24)

dK = —h_J AV_ — dhsJ A Vs , (4.25)
2 1 2
1 -5« 1
-h_V_ 4.2
+1_ag0/\<4hV+h3V3>, (4.26)

where we made extensive use of the relations (B.33) for & = h which, in the case f =0,
implies k = ¢g. Note that the exterior derivative of J is the same as the derivative of K
above, while for the derivative of ¢ we find

1—-b«a

2
dp=——pA (hsV_ —h_V3) +
-«

11—«

1
o A <4h_V_ + h3V3> ) (4.27)

In the above formula the term which is in the direction of V4 in dW¥ drops out. This is
precisely as it should be, as ¢ has no components along V; and moreover its derivative
along 0 (which is identified with V. in this case) vanishes. With a bit of more work one
can compute the exterior derivative of p as well. We find

1 1+
oA <4hV +h3V3> + 3 c

_3—7a

d
P 11—«

p A (hJ/g, — th,) . (4.28)
-«

At a first glance it seems that dp and dp do not combine nicely into d€2, but one has to take
into account that d2 contains an additional term of the form da A p due to the a-dependent
factor in front of p in the definition of Q2. With this we find

1= 5a 1 1+a [ 2
W=, 00 <4h‘V‘ +h3V3> 9 _a\/:QA (h-Vs—hgV_).  (4.29)
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It is important to notice that the exterior derivatives of the SU(3)-structure forms do not
have components strictly orthogonal to the vectors. Therefore one can conclude that the
intrinsic torsion classes for the 6-dimensional manifold orthogonal to the vectors vanish
and therefore this is a Calabi-Yau manifold. We conclude that in the case f = 0 the
supersymmetry equations require that, over the SU(3) locus, the 8-dimensional manifold
is a fibration of a 6-dimensional CY manifold over a 2-dimensional base spanned by the
vectors V_ and V3. While over any G2 or SU(4) loci the flux vanishes.

For the equations (4.23)-(4.26) to be nilpotent we must impose a constraint on the
derivative of the flux to be along the vectors V_ and V3 and to satisfy

dh_ AV_ +4dhs ANV =0 . (4.30)

Further to this the Bianchi Identity (2.3) imposes the constraint

7+«

dhs AV_ —dh_ NV =———"_
3 ST 41— a)

(W2 +4h3) VoAV (4.31)
It is simple to solve the first order differential equations (4.30) and (4.31) which fixes the
form of the two independent flux components in terms of «

hi=c(l—a)(l+a) 1, i=—,3. (4.32)

Here the ¢; are some undetermined constants.!?
Finally let us note that using the normalisation of V, we can write

Vi=+v2(14+ )b, (4.33)

taking 6 to be constant we derive

dV+ = da N\ V+ N (434)

b
2(1+ )
which precisely agree with dV found in (4.23). This is consistent with the interpretation
that the auxiliary 9-dimensional manifold is a direct product of the original 8-dimensional
manifold and a circle.

4.2 The case f #0

Let us now return to the study of the f =# 0 case. Compared to the case f = 0 we see that
now the complex fluxes (4.19) are no longer (anti)holomorphic. Rather one should replace
h — h+ (GH_L;) f in order to obtain a holomorphic combination. This means that following
the same argument of constructing a (4,0) form on the space orthogonal to the vectors

introduced in the previous section, we now find

(0-Vy)
1+«

hAp+ghep=— fAp, (4.35)

and so the flux F' has also a component which is orthogonal to the vectors.

12We expect them to be fixed within string theory through requiring flux quantisation.
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For the variation of a we find
do=(1-a)0-Vi)f — (14 a)(h_V_ +4h3V3) . (4.36)

One can compute again the derivatives of the forms and we find

11—« 1
dv, = m(@-v+)fAV++2h3V+AV3+§h_V+/\V_, (4.37)
o 2(0-V4) 1
dv_ = 1)t a)f3v‘ A V3 +2hsVo N Vs — (0 Vi) f AV, (4.38)
B 0-V4) 1 1
W= i ray T gV AV 0 VT A (4.39)

. (6% (9V+
dK——h,J/\V,—4h3J/\V3—71+a(9-V+)f/\J—72(1_a)fAV,/\V3
0.V, 0.V,
— JAVo—2— L AV, 4.40
2(1+a)(1—a)f (1+a)(1—a)f3 s (4.40)

dW¥ can again be computed directly from its covariant derivative. Again, when deriving dy
the terms in the direction of V. cancel and we are left with

dip = 2(9 Ve A f+ w(ﬁp) ANVoNVs+ 11__5;<p A (1h_v_ + hgvg,>
3(9 : V+) 1 2
m‘ﬁ A (4fv + f3‘/53> — EP A (h,‘/?g — th,) (441)
@-Vy)

T _a)(1+a)P/\(f—‘/},—f3V—) :

dp can be computed from various combinations of spinor bilinears (e.g. dp = (V. .®,))
and we find

dp = 210fa1 O-Vi)p A f+ M(MD) AV_NAV3+ 31175;) A (ih_v_ + hgvs)
3(60-V. 1 1
+ u_%)(ll)a)m <4f_v_ + f3V3> + 1 f Z“’ A (h-V3 — h3V_) (4.42)
(0-V4)
t i) PN U V)

Again, taking into account the factors which multiply p in the definition of Q we find for
the latter

3 2 (0-V. 1-5 1
Q) = 2(9-V+)Q/\f+i\/17(+)(fJQ)AV—/\V?Hr 20 n <4h—V—+h3V3>

+a2(l—a) 1—a
T mﬂ A (4f—V- + f3V3> + z\/;1 — QA (hVs = hsV-) (443)

2 0-V.)
ty 1+a2(1—a)(;+a)9/\(f“/3_f?’v‘)'
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As in the case of f = 0 it will be instructive to find the torsion classes of the manifold with
SU(3)-structure which is orthogonal to the vectors. Projecting on the 6-dimensional space
the above derivatives become

Po(d]) = ——

a0 VIAS, (4.44)

Po(dQ) = ;(9 VO)QA S (4.45)

We see that now these derivatives are non-zero and in order to read off the torsion classes
of the 6-dimensional manifold with SU(3)-structure we need to first normalise the forms .J
and €. First we normalise J to be a proper almost complex structure (i.e. its square to
be —1). This is achieved with the following rescaling

2
J = J 4.46
I+a (4.46)
Furthermore we define
2
| = 4.47
¢ N (4.47)
thus the rescaling of p is the following
2
/ ! /
2 )mnp = S (€ )npr = P - 4.48
(o = T o = s (1.43)

We then find the following expressions for the projections of dJ' and d¢’ on the 6 dimen-
sional space orthogonal to the vectors

HﬂU@:—“t;”fAf, (4.49)
Ps(de) = (0- Vi)@' A f (4.50)

According to [45] this means that the only non-vanishing torsion classes are Wy and Ws
which are given by

W= %J’J(dj’) . —%(9 VS (4.51)
Ws = Sofdg) = (0 Vi) | (4.52)

and therefore satisfy 2W4 + W5 = 0. Note that this relation also featured in the conditions
found in [46] for non-Kéhler backgrounds in heterotic string compactifications.

5 Summary

In this paper we studied N = 2 compactifications of M-theory to three dimensions which
have the defining property that a potential is induced for probe space-time filling M2-
branes. Such backgrounds are specifically relevant for many model building applications,
ranging from moduli stabilisation to flavour physics, all of which rely on backgrounds that
involve potentials for space-time filling probe D3-branes on the F-theory side, which by
the F-theory/M-theory duality implies an M2-potential. We showed that it is possible
to translate the requirement of an M2-potential to a specific property of the background
geometry. Specifically, that the 8-dimensional background should uplift over a trivial circle
fibration to a 9-dimensional manifold in which the M2-potential can be related to variations
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of the angle o between two vectors. In terms of 8-dimensional geometry the variation of «
implies that one can define a varying ‘local’ structure group, so that over a generic point
the manifold exhibits an 8-dimensional SU(3)-structure, while over special loci this changes
to SU(4)-structure or Ga-structure.

We studied the supersymmetry equations over such backgrounds and wrote them as
differential constraints on the 9-dimensional forms. We identified a specific 4-form flux
that sources variations of the angle a: over the space, and showed that it vanishes over the
special SU(4)-structure and Ga-structure loci, while over the generic SU(3)-structure locus
it is parameterised by two real one-forms h and g. We went on to study backgrounds which
support this particular 4-form flux as well as a further possible four-form flux with one leg in
the internal directions, but no other 4-form fluxes. We showed that in this restricted case,
over the generic SU(3)-structure locus the background takes the form of a 6-dimensional
SU(3)-structure manifold with torsion classes Wy and Wj, satisfying 2W, = —Wj, fibered
over a 2-dimensional base. In the case where the additional 1-leg flux is turned off we
showed that the geometry is a 6-dimensional Calabi-Yau fibered over a 2-dimensional base
which supports the flux and over which « varies. Since a major motivation for our work
is an application to F-theory, and this requires that the background supports an elliptic
fibration, it is encouraging that the simplest solutions are based on a Calabi-Yau fibration
since it is well known how to construct elliptically fibered Calabi-Yau threefolds.

The analysis of the supersymmetry equations performed in this work can form a guide
for finding full explicit solutions of M-theory. This would involve also solving, if they are not
automatically implied, Einstein’s equations. Further, although we found solutions to the
Bianchi identity for the simplified flux backgrounds, one would need to solve the equations
of motions for the C5 field. It may be that imposing the full set of requirements for a stable
solution on an explicit background, and possibly a realistic vacuum, would imply the need
to also incorporate further fluxes, perhaps the analogs of the primitive (2,2) flux. Note
that the backgrounds that arise in the simplified flux cases discussed above are naturally
similar to the backgrounds studied in [48], and the approach presented in that work of a
two-stage reduction may be useful for finding full solutions. We plan to return to these
aspects in future work [49].

As discussed in the introduction, M2 potentials can be sourced by non-perturbative
effects and it would be interesting, perhaps along the lines of [24, 25|, to develop a map
between such non-perturbative effects and the flux presented in this work. A related
extension of our work would be a more detailed understanding of the full form of the
potential that is induced for the M2 branes. Along the same lines, a more detailed study
of the applications to the phenomenological aims presented: moduli stabilisation, inflation,
flavour physics, would be interesting.
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A Fierz identities

Fierz relations represent identities of products of gamma matrices with reshuffled indices.

They emerge as a direct consequence of the the fact that the elements of the Clifford algebra
d d

in d-dimensions form a basis for the square matrices (2[5] X 2[5]). Thus any square matrix

M can be expanded in a basis of gamma matrices in the following way
1
M:—dZTr (M'yA) YA - (A.1)
ols] 4

Fierz identities take a simpler form in the case of Majorana spinors. We restrict to this
case and assume that the gamma matrices are real and symmetric. In order to write the
general quadratic Fierz identity one can define the following matrix

Mg = (YA)ac(VB)bd (A2)
for arbitrary fixed spinorial indices a, b and use eq. (A.1) to obtain
1
(V)ac8)a = > (varerh) oy (1) 04 - (A.3)
2
C

The equation above can be used to generate all the necessary Fierz identities. For instance,
by taking v4 = vp = 1 one obtains the well-known completeness relation for gamma
matrices. Above, we have chosen to reshuffle the indices b and ¢. Similarly one can obtain
relations with other indices reshuffied.

We shall use the tensor form of the Fierz identities in eq. (A.3) which is obtained by
contracting with the invariant spinors on the nine-dimensional manifold. The relations we
obtain are exhaustive as y4,vp run over all the basis elements of the Clifford algebra.

An equivalent approach is to start with the completeness relation for the gamma
matrices

(D)ae(1)pa = 2[1] S (10)as (1) (A4)

C
and contract with arbitrary spinors. In our case the spinors are chosen as the invariant
spinors on the nine-dimensional manifold multiplied by arbitrary elements of the Clifford
algebra. These spinors do not form a basis on the space of spinors as they are not all linearly
independent, but it is clear that they form a generating set. Therefore, the relations we
obtain are exhaustive and they are equivalent to the original statement that the gamma
matrices form a basis.

In this appendix we summarize the results obtained by performing a linear analysis of
the system of equations generated in the way described above. We list the Fierz identities
according to the number of space-time free indices. We also split the results into identities
which have completely antisymmetric free indices and the ones which have symmetries
corresponding to other Young tableaux. For the antisymmetric identities, the maximum
number of free indices which produces new results is four, as other relations with more
antisymmetric free indices can be obtained by contracting with the nine-dimensional e
symbol. For identities which have other symmetries of the free indices, we also stop at four
indices as in our calculations we do not need further relations.
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A.1 Completely antisymmetric Fierz identities

No free indices.

Va2 =1
Val? =1
1
Va2 = 51— a)
1
K| = 55+ 30)

1
192 = 5 (11 - 30)

[[@4]|* = 14
[1@][* = 14
1
@51 = 5(15 + o)

Vi,Va) =«
<V17‘/3> =0
(Vo,V3) =0

<(IJI,(I)2> =—-1—«
<(I)1,(I)3> =0

(g, P3) =0.

Notice that the real parameter o can take values only in the interval

a €

One free index.

VlmeT — ‘/37‘
VQmeT _ _V*3r

m T 1 T T
VS m :_5(‘/1 _V2)

1
?Kmnqlmnr — 2 (‘/'17‘ + ‘/'21")

(OB = 14V7
(B2 b) " = 14V
%(@3)mnpq(*q)3)mnpqr =4V +V3)
Two free indices.
VI, = KT 2‘/1[7"‘/38]
VI, = KT 4 2‘/2[7“‘/38]

V'3m mrs _ _‘/1[7"/25]

1
S U (@) ==K =8V V]

1
U (482 = —3K"S 48V V!

[~1,1].
1 mnp T T
g‘p (‘I)l)mnp = 7V3
1
?kpmnp(qb)mnpr = _7V3r
1 mnp T 7 T I8
Q‘P (@3)mnp :_5 (Vl =V; )
1
@((I)l)mnpq(*q)?)mnpqr =-"+V)
1
@(‘I’l)qu(*‘bi’))mnmr =TV

1
E(q)?)mnpq(*@?))mnpqr =TVy .

]. T S
7Kmn(¢1)mn1”5 — _3K7‘S+6V1[ ‘/’3]

2
1
B (@) = —BK 61y V]
1

S (®3)n = BV
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(A.14)
(A.15)
(A.16)
(A.17)
(A.18)
(A.19)

(A.20)

(A.21)
(A.22)
(A.23)
(A.24)

(A.25)



1

o U (523 = —4v vy (A.26)
(@@ 1), =0 (@0 @)y = VIV (A.27)
(2207 (@)1 = 0 (@ (@) = KTV (A29)
(237 (@) = 0 (@) (@)= AR VIV (4.29)

K™K, =0 (A.30)
gy, 8 =0, (A.31)

Three free indices.
Vi (D7)t =0 V(@) =6V K 42K, 51 (AL32)
Vi (o) = — 6V K 2K, 51 (@), =0 (A.33)
VI (B3),"5 = WSt 3V1[TKst} VI (@)t = — 075t & 3V2[rKst} (A.34)
VI (@)t = — 07t 3V1[7’Kst] %Kmn(*q)l)mnrst — st _ 6V1[7”Kst} (A.35)
Vi (D), = P7St 3V2[7“Kst} %Kmn(*q,Z)mnrst:_\Ijrst _ GVQ[TKst] (A.36)
Vi (®3), " = — K™, 1) %Km”(@g)mnrst:—mf?fﬁ(sﬂ (A.37)
%qzmnh(qn)mnsﬂ — 20"t 4 3V K (A.38)
SO (@) = 20T 4 BV R (A30)
%\I/m”[’“(%)mnsﬂ = 3V K (A.40)

;! (@)™ (51 )™ = 0 ?}' (1)l (5B ) ™) = AV F (A.41)

;! (@2)™"PI" (%P3 1™ = 0 %(él)mnﬂr(*%)mwsﬂ =20t 42V K5 (A42)

;! (@3)™"PI" (5P3 ) ™! = 0 ;, (o)™ (D) ™) = —20750 — 2V [T K511 (A.43)

;, (@)L (51 ) ™) = — 4V K] (A.44)
;, (@3) ™l (5B )y *) = —20750 — 2V [T K51 (A 45)
1

57 (@0) P (500) ) = 207 VIR (A.46)

Four free indices.

Vlm(*q)l)mrsu’u _ ((I)l)rszw (A47)
Vlm(*(I)Q)mrsuv _ _((I)l)rsuv o 8‘/})[7"\1,51“)] o GK[TSK’LLU] (A48)
Vlm(*q)3)mrsuv _ ((I)s)rsuv _ 4‘/1["“‘1151“)] (A.49)
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VQm(*(I)l)mrsuv _ _((I)z)rsuv + 8‘/})[T\I’SUU] - GK[rsKuv] (A50)
VQm(*(I)z)mrsuv _ (@2)rsuv (A51)
‘/ém(*q)g)mrsuv _ ((1)3)rsuv + 4‘/2[1"\1151”)] (A.52)
VI (@)% = 4V 0] (A.53)
V})m(*q)2)mrsuv _ _4‘/2[7"\1,511,11} (A54)
1
‘/E))m(*q)3)mrsuv _ 5((1)1 + (1)2)7"51“) + 3K[7"8Kuv] (A55)
Km[r(q)l)msuv] _ ((I)S)TSM) - 3‘/1[T\I/S1w] (A56)
Km[r(q)Q)msuv] _ _((I)S)rsuv _ 3V2[r\1,suv] (A57)
1 T \Jy suv
K™ (@)™ = =2 (@1 — @) - 3V (A.58)
1 r
5\Ijmn[r(*(I)l)mnsuv] _ ((I)s)rsuv + 2‘/1[ \Ijsuv] (A59)
1 ,
5‘ljmn[r(*(I)2)mnsu'u] _ _((I)g)rsuv + 2V2[ \I,suv] (A.60)
1 1 .
5‘llmn[r(*(I)S)mnsuv] _ _§(¢1 - (I)Z)rsuv + 2‘/3[ \Ijsuv] (AG].)
1 1
5[(mn(*\I])mnrsuv _ _i(q)l + (1)2)rsuv + 3K[rsKuv] (A62)
,I/m[rs\ymuv] _ _%(q)l + (1)2>rsuv - 2K[rsKuv] (A63)
1 mn|rs uv] rsuv 1 mn|rs uv] [rs rruv]
(A.64)
1 1
5(@2)mn[r5(@2)mnuv} _ _2((1)2)7"51“; 5((I)l)mn[rs((I)g)mnuv] _ _((I)S)rsu'u
(A.65)

1 1 1
5(@3)mn[r5(®3)mnuv] _ _5((1)1 + (I)Q)TSUU + K[rsKuv] 5((I)Q)mn[rs((I)?))mnuv] _ _((I)S)rsuv .
(A.66)

A.2 Fierz identities with symmetric part

We list here the Fierz identities which can have a symmetric part, that is the ones which lie
in the tensorial algebra. We restrict only to necessary identities, that is the ones involving
the forms V3, K, ¥ and ®3. The rest can be obtained from these ones making also use
of the antisymmetric identities already given earlier in the appendix.

Two indices.

1 ' S
K™ Ko = 51+ )™ — vV vrvs (A.67)
T, S = (4= 20)07 + 6V VS — 6VI VS (A.68)
(D3)™P" (B3) np® = (7 + @)™ — 24V."VE) — 18VF VS . (A.69)
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Three indices.

A (AR B e (A.70)
T (D)t = — 66718 (Vf] - V;]) + 12V K - vy Ko (A.71)
%(%)mwr(*@g)mwst (AR (A.72)
Four indices.
U Wy = (1= )+ 200 (VITVay + ViVl = 2057V ) (A7)
— %(@1 + B9) % — 3K K 4 KK, (A.74)
(B (@) e = (3-+ 00575 — 400, (VW + Vg V3! 4+ v5Wa,) (A.75)
— %(@1 + By) % + 3K K 2K K, . (A.76)

B Relations satisfied by the SU(3) structure forms

In the main text we derived the parametrisation of the spinor bilinears (2.14) in terms of
forms defining a SU(3) structure in six dimensions and three additional vectors Vi and
V3. Here we shall give more details about the relations which these forms satisfy, including
also brief indications on how to derive such relations. The crucial relation which we shall
use almost everywhere is the symmetric relation obtained by contracting J with itself over
one index which can be derived from (A.67)

Ty = =5 (14 @b+ Ve bn(Vedy + g s Vo)V + T (Vi) (V)
= %(1 + @) (=0mp + (P )mp + (P=)mp + (P3)mp) - (B.1)

In the main text we claimed that p defined as in (2.34) is totally antisymmetric. Using the
Fierz relations (with 3 free indices) which give the contractions of the vectors V; o with the
forms ®; 2 we can construct the object Vi @, . Using (2.31) we find

Jmnsompq = m[n‘ljmpq} . (B.2)

Let us continue by computing the norms of the SU(3) forms. Note that since we
have done an orthogonal decomposition in terms of the vector fields, the terms on the
r.h.s. of (2.29)-(2.33) are independent, in the sense that total contractions of different
terms vanish by definition. Using the norms of the vector fields which were listed at the
beginning of this appendix, we can immediately derive the norm of J as

1 3
Taking the square of (2.30) we find in a similar way the norm of ¢
1
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From (2.34) and using (B.1) we find

1
pp = cpmnpp"" = (1 = a)(1+ ). (B.5)

Using the Fierz relation involving the contraction of K and ¥ over two indices, we imme-
diately find
Jip=0=Jp (B.6)

where the second equality holds due to the fact that p in (2.34) is totally antisymmetric.
Using the above relation and the Fierz identity involving the contraction of ¥ and ®
over three indices, we obtain

wip=0. (B.7)

Most of the other relations we shall need involve a Hodge * operation and are somehow
more complicated. Let us look at the Fierz relation which gives the contraction of ®3 with
x®5 over four indices. This can be rewritten in form notation as

% (By A B3) = AV, . (B.8)
Using (2.33) we find

sP NP AV_NAVs —

(1—a)(1+4«)
Clearly, the second term on the L.h.s. must vanish, as it contains V, while on the r.h.s.
we only find xV,. J and p are orthogonal to the vectors, and the only way this term can
vanish is if

pANJ=0. (B.10)

The remaining relation can be rewritten, by contracting V_ and V3, as
eNANp=x(ViL AV_AV3). (B.11)
From Fierz identities involving the contraction of ®; o with ®3 we find similar relations,

and again, by contracting the appropriate vectors we find

3 1+«
J/\J/\J—§1_a

* (Ve ANV AV3). (B.12)

Further relations with Hodge star can be derived form these ones by contracting with
appropriate forms and making use of the orthogonality conditions and of the norms of the
various quantities. We find

1
= - B.1
«J 2(1—1—04)(1—04)J/\J/\V+/\V A Vs (B.13)
= OAVLAVLAV: B.14
= Araa-a’ 3 (B.14)
= AV B.1
0= e N VAV AT (B.15)
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Other useful relations which can be derived easily from the ones already written so far are

“(JAVEAVoAVE) = (1—a)J AJ (B.16)
«(JAV_AVE) = MJAJ/\VJr (B.17)
«(J AV A V) :—%J/\J/\V_ (B.18)
s(JAVLAV) =2 AJAVs (B.19)

and
*(p/\V+/\‘/:J,):%(1+a)g0AV_ *(p/\Vg)zi(p/\‘Q./\‘L (B.20)
*(pAV_AVg):—%u—a)ga/\w “(pA V) = 1+ag0/\V AVs (B.21)

x(pAVEAVI)==21+a)p A V3 x(p AN V_)

—o AV AV;. (B.22)

One can also compute the Hodge duals of the original spinor bilinear forms and express
them in terms of the SU(3) parametrisation

*K:2<1+03(1_OC>J/\J/\V+/\V_/\V3+2(1+a)(1_a)<p/\p/\v+ (B.23)
U = Ml(l_a)p/\VJr/\V_/\Vg—i—Ml(l_a)J/\J/\V_ /\V3—|—2(11_a)(,0/\p (B.24)
D, —(1+a)2(1_a)J/\V+/\V_/\V3—13(){@/\V_/\X/})—1_1FQJ/\J/\V+ (B.25)
*P_ = _(1+a)2(1—a)'0/\ ViAVZ — %gp AV (B.26)
*@3:—MMpAV+A%+2(11_OO¢AV+AV—H_laJ/\J/\VEg. (B.27)

From the symmetric Fierz identity (A.68) involving the contraction of ¥ with itself
over one index we can derive a similar relation for ¢

mrs rs 11—« r s 1- [r s] [r s] [ 5]
e T S T T att VeV st s
1 [y 5] [ 5] e ]
T o) Y VeV +H7V+[t‘@u1‘/+ Vs +§V_[tv};u]V, Vil (B.28)

By contracting this relation with J we can find similar relations for p or p and ¢

I ]. — r s r S r S
pm" "t = 2(1 — a)é[[tJ ] o 4 mﬂ [tV+u]V+] + Jt [tVfu}V_] +4J! [tVSU]VB] (B.29)

S 1 S
Vi Vi =5 1+ )s vy v

[tr—u

1 1
5(1—04)(1+o<)5’”5+(1—a)JT[tJu]S—f(l—a)é[[t

72(1+a)5[[:V3uﬂ/})]+ Vo Vo VIV v v vyl v;f]+—v Vo VIV
(B.30)

mrs _
P Pmtu =
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Finally, by contracting a pair of indices in the above relations it is easy to find

1—
mem‘@mns = 2(1 - a)(si B 1+ ZV+TV-i o V*TV—S B 4‘/37"‘/38 5
QomnT‘pmns — 2(1 _ a)JTS (B31)

1-— 1
pmm“pmns = (1 - a)(l + O‘)(S;? - TQV+TV—i - %V—TVE - 2(1 + Oz)V:g,«V; :

Before we end this section, let us note the following fact which is useful during the
calculations. Consider a 1-form k which is orthogonal to all the vector fields, i.e. k- V; = 0,
and define k = k_JJ. By contracting J we find the equivalent relation

1+«

koJ = — 5

k. (B.32)

Furthermore, by contracting with ¢ and taking into account the definition of p from (2.34)

we find
1+«

kop+kop=0, koo —kop=0. (B.33)

Taking now the exterior product with p and ¢ we find
EAp+ (ko) AT =0, EAp+ (kap) AT =0
—(l;:_np)AJ—l—HTak:/\pzo, —(l;:_w)/\J%—HTak/\go:O
where we used the identity (ko) AJ —pA(kaJ) = ka(pAJ) = 0 and similar ones for p and

k. Adding up the equations in the same column in such a way to obtain the combinations
in (B.33) we find

~ ~ 1
FAe+kAp=0, mp—$m¢:o. (B.34)

These relations can be intuitively understood in a simple way. From the 1-forms & and k
we can construct a complex (1,0) form

2
1+a

T

h=Fk+1

(B.35)

Then the expressions in (B.34) are nothing but the real and imaginary components of
the (4,0) form k A . But this form should vanish identically since it only lives on the
6-dimensional space orthogonal to the vectors and this gives the relations in (B.34).

C Supersymmetry equations

We summarize in this appendix the supersymmetry algebraic constraints arising from the
variation of the external components of the gravitino. For the N = 2 flux background that
we consider one has to satisfy the equations

QG =0 j=12 (C.1)

— 34 —



where the operator @ is given in eq. (3.6) for the auxiliary 9d manifold Yy. We translate
the equations above into constraints on the fluxes f and F involving the spinor bilinears
defined in eq. (2.14). Specifically, we contract eq. (C.1) with the following generating set
of the spinorial representation

vA&i 1=1,2 and YA € {ﬂ7'7m77mn>7mnpa’7mnpq} . (0'2)

It is then convenient to represent the algebraic constraints in eq. (C.1) in the the following

equivalent form

& RQra+vAQ" &G =0 i,j=12. (C.3)

After inserting the expression of @) given in eq. (3.6) and expanding the products of gamma
matrices one can express the resulting equations in terms of the spinor bilinears in eq. (2.14).
The result is the following (a number of these expressions first appeared in [39])

=20 Vi) + %(Vi SdA) — %Fﬂ)i =0; frnfn K™ =0 (C.4)
—2)\9+dA—%*(F/\@Jr)—kéVJr_:(f/\G):0 (C.5)
_%*(Fm»_ ,3)+év_ s (Fne) =0 (C.6)
INILK — dALK + é\IuF - % (Fro)w=0 (€7
A0 Vi ) — O AV, ) + %F[mpqrch nlpgr — é@ mnpq fP09 + g Finbn =0 (C.8)
200 (V= 3)n) — O A (V= 3)) + % Fi™ (@ )ity — é(q)_ 3)mnk f70' =0 (C.9)
oMU + dALT + % « (FAW) + %KJF + é(eJK) Af— % (fJK) AO=0  (C.10)
=M@ npk + %&:A@i mnpk — i F (k@) g + %anpkvik
—é*<<1>mf/\0>mnp+é(mAfAe)mnp:O (C.11)
—2ME A Oy + K A Dy + é # (F N K ) mnp + iqf[m’lenp]kl

_é [(0.9) 7 ]| ot % [(Fow) nol =0 (Ca2)

1 1
—AK (L4 A O)mnpg + 5 * (D4 A dA)mnpg = 15

12" (F'A Vi )mnpg
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1 1
=X (P3N O)mnpg + 9% (P—3 A dA)mnpg — 2" (F'AV_3)mnpq
1. 1 - 1.
+1F[mn (‘1)_3)pq}rs + 6(9_1(13_3) Af— 6 (f_I(I)_3> NG =0 (C.14)
1 TS
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2 1 ~ 1 .
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Notice that since we are using a set of generators {v4&;} instead of a basis, the equations
above are not independent. In fact, as it is done explicitly for the special flux analysed in
the paper, one only needs the constraints arising from contraction with & and ~,,&;.

D Killing properties of the Majorana-Weyl components

Given that a background supports a covariantly constant Majorana spinor &, the require-
ment for its Majorana-Weyl components to also solve the Killing spinor equation is

[Din, 0" )€ =0, (D.1)
[Q7 QT'YTK =0. (D.Q)

Here D,, and @ are defined in (3.1), and we recall that the eight-dimensional chirality
matrix vg was given in terms of the 9-dimensional basis as v9 = 60"7,.. One can easily show
that the commutators with 9 are expressed as

1
[Ama er'}’r] =2\ (me - ngnfyn) + Eanpqer'anqr ) (D'S)
& n T 1 mn; 2 rmpn
[Qa 0 ’71“] = 0"Af Ynr + %F pqe[m’ynpq] + gf 0 e[m’Yn] : (D4)

We now impose the orthogonality of the auxiliary direction 6 on the fluxes and the fact
that A = 0 for our specific choice of flux

r 1 mn r
[Ap, 0", = EF PO N pgr (D.5)
T n r 1 rm

Let us examine further the first condition. For this we multiply it by 0%y, from the left
and find after some simple gamma matrix manipulations

Fm ey =0 (D.7)

where & can be any (or both) of the Majorana spinors &; 2, which define our background.
For definiteness we shall consider that this equation is valid for & = &;. Multiplying this
from the left with £&2° and using (2.14) we obtain

Frway, =0 . (D.8)

Using (2.30), the fact that for backgrounds which admit varying parameter o the ninth
direction 6 is parallel to V. and the independence of the flux on this ninth direction (V. ),
we find

p FF=0. (D.9)

This relation however can only be compatible with (3.21) if F' = 0 and therefore we
conclude that for backgrounds in which the parameter « varies, none of the Majorana-
Weyl components can satisfy by itself the Killing spinor equation.
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