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1 Introduction

The Liouville field theory shows that there is a weak-strong coupling constant duality
b + b~! in correlation functions. This is demonstrated in DOZZ 3-point correlation on
sphere [1-3] which is invariant under

~ T 21162
b—sb=b"", u—ul:%, (1.1)

where 1 is the cosmological constant and y(x) = I'(x)/I'(1 — ). The same duality holds for
the one-point correlation on disk [4, 5] with the boundary parameter s unchanged where
the boundary cosmological constant pp is defined as

B = Kk cosh7bs, (1.2)



where k = /7. The minimal Liouville gravity M(q,p) with ¢ < p co-prime is also
effectively described by A,_; Frobenius coordinates [6]. The connection with Liouville
gravity is given as b> = (q/p) < 1. Therefore, one might naturally wonder if the same
Liouville gravity is equally described by A,_; Frobenius coordinates. One may find a brief
description of this duality property of matrix model in [7] and a detailed check for Lee-Yang
series on sphere [8, 9] which shows that careful analysis is needed. In [9] the two-, three-
and four-point correlations of the Lee-Yang series M(2,2p + 1) were computed on sphere
using Asgp, which agree with the A; results. It is also noted that Ag, description is simpler
in the sense that there is no resonance transformation (The coefficients of the resonance
terms vanish and orthogonality of two-point correlations holds without resonance terms).

In this paper we concentrate on testing the duality of minimal gravity on a disk.
In section 2, we provide the general structure of 2-dimensional gravity on a sphere and
on a disk using the coordinates of Frobenius manifold. In section 3, we check the dual
property of unitary models by using bulk one-point correlation and bulk-boundary two-
point correlation on a disk. We find that flat coordinates of the original and its dual
Frobenius manifold provide a convenient path for evaluating correlation numbers on a
sphere as well as on a disk. Unlike in the Lee-Yang series, we need resonance transformation
for the dual description to require the orthogonality of the two-point correlation on the
sphere. The resonance transformation for the dual picture is presented in appendix. In
section 4, we check the dual property of Lee-Yang series (non-unitary case) on a disk.
However, the duality is confirmed only partially. The difficulty lies in finding the proper
contour integration which corresponds to summing up the orthonormal states available in
the random hermitian matrix model. Section 5 is the conclusion. The appendix contains
useful formulae of the Bessel function and the Jacobi polynomials, and the computation
of resonance relations for the original and its dual Frobenius manifolds obtained from the
orthogonality of two-point correlations on a sphere.

2 Frobenius manifolds in random matrix model of minimal gravity

2.1 Frobenius manifold and Liouville correlation numbers

The matrix degree of freedom of random matrix model is represented by an operator () in
the continuum limit. It is defined as a differential operator [10], whose Fourier transform
reads

q—1
Q) ="+ v, (2.1)
i=1

where some terms irrelevant for our purpose (i.e., calculations on the sphere and disk)
are dropped. Here y stands for the Fourier space coordinate and u;’s form a system of
co-ordinates for a (¢ — 1)-dimensional Frobenius manifold A,_;. Details may be found
in [6, 11] and some are summarized in appendix A. The flat co-ordinates on A, ; are
defined by v; = 60; o with
1 ki

Ok = —mgi%so@ (), (2.2)
where k € {0} UN and (a),, =I'(a +n)/T'(a) is the Pochhammer symbol.



Minimal Liouville gravity M(q, p) is specified by two co-prime integers p and ¢ (¢ < p),
where ¢ is identical to the order of Q. Q and its conjugate P = QP/% + ... are required to
satisfy the Douglas string equation [P, Q] = 1 which is effectively described in terms of an
action principle [7] where the action is given by

Sq/p(v) = szeo% <Q(p+q)/q + Ztm,anpmqn/q> , (2.3)

m,n

where 1 < m < qgand 1 < n < p. Each KdV parameter t"" has Zo symmetry and is
identified with t9=""P~" and is only defined up to a normalization factor. The number of
these parameters is equal to the number of allowable operators in the minimal model. The
string equation reduces to the equation of motion,

0Sq/p(v)

which establishes a relation between v;’s and t"™™’s.

The KdV parameters t""" can be identified with the coupling constants A" of the
Liouville gravity, up to resonance terms in general. The gravitational scaling dimension
(powers of the cosmological constant p) is assigned to the coupling constants as [12]

m,n m,n p+q_‘mp_nQ|
[t = A = .

o (2.5)

Note that [A1!] = 1, and therefore Ab! can be identified with the cosmological constant .
The assignment implies that the identification of the coupling constants can involve higher
order corrections, so that resonance transformation has non-linear terms [13]

g = AT + Z Am1,n1,m2,n2 AT T2, +y (26)

where [A"™"] =[] 4 [\™2"2] and the numerical factors Ay, 5, mq.n, can be determined
by an order-by-order calculation.
The bulk correlation numbers on a sphere are generated from the free energy [6, 13]

1 (v 98,08
o[ R, (2.7)

I sphere —

where Cj., = n*Cype is the structure constant of the Frobenius manifold in the flat co-
ordinate basis. The two-point correlations and their dual descriptions are summarized in
appendix C.

The correlation numbers on a disk is simply given in terms of the generating
function [14]

Faisk = —(trlog C(Q)), (2.8)

where the trace is to be replaced by the integration of a continuous variable x, which has
the highest gravitational scaling dimension. C(Q) is a polynomial of the operator @ and
can be extended to be matrix valued depending on the insertion of boundary operators.
The degree of C'(Q) in @ fixes the boundary condition.



The simplest boundary condition corresponding to an insertion of the identity operator
on the disk boundary is obtained by taking a first order polynomial C'(Q) in @, denoted
by C(Q) = up — Q. Here pp is a parameter corresponding to the boundary cosmological
constant. In this case, the generating function reads

Fay = — (trlog(us — Q)) , (2.9)

where we introduce a subscript to indicate the order of C'(Q). The variable  corresponds
to the continuum limit of the orthonormal states available in the hermitian matrix model.
A derivative of the generating function with respect to a coupling constant \">" yields a
bulk one-point correlation number with (1, 1) boundary condition:

OF (1)

x| = (Oma) ) (5). (2.10)

*

The subscript * denotes the on-shell values which turn off all coupling constants except

AL and use the Frobenius coordinates as the solution of the Douglas string equation.
The correlation number (2.10) has an equivalent but alternative expression in terms of

a function W(I) introduced in the following. A derivative of F(;) with respect to up gives

8]—'(1) _ <tr
oup

() = ! Q> - _/OO dl e WD), (2.11)

UB — 0

where W(I) is defined by

W(l) = <tr elQ> = /:O dz /ZR dy €'9. (2.12)

Here x is identified with the coupling constant A" of the highest scaling dimension. By
definition, w(pp) is the Laplace transform of W(I) where its integration contour of ! from
0 to infinity is to be properly defined so that the Laplace transformation is convergent.
Using this object W(I), an alternative expression for the correlation number is obtained by

<Om,n>(l71) (s) = / % e s (Om,n>l(171) ) (2.13)
0
where W)
(L1) _
(Omali ™ = Zymm * (2.14)

Therefore W(I) plays the role of generating function with a given boundary length [. Thus
we may refer to W(I) as generating function, as long as no confusion arises. Accordingly,
we will also call the objects like (2.14) correlation numbers hereafter.

The bulk-boundary two-point correlation with (1,1) boundary condition is obtained
by taking the derivative of F () with respective to up in addition to A™™:

0 8]:(1)

= (BOmn (L)
Bup o |~ (BOma)

where B is identified with the boundary operator By .



Other boundary conditions are obtained when C(Q) is properly defined. For example,
let us take a second order polynomial in Q: C(Q) = Q*> 4+ c1Q +co = (Q — 21)(Q —z_1)

with 1 + -1 = —c; and x12x_1 = c2, whose derivative with respect to co gives
OF, o _ 0o —lxy _ —lx_q
802 Tl —T-1 0 Tr1 —TT-1

where we have expanded 1/C(Q) in partial fractions and have used w(zy;) =
— <tr(mil — Q)*1>. Its on-shell value, which is to be identified with the one-point cor-
relation number for the boundary operator B, is required to vanish. This imposes a
condition [14] on the boundary parameters 41 = x cosh wbs1:

sy1=s+ib with seR. (2.16)

The on-shell value of the derivative of F,) with respect to A" reads

8?(2)
oAmn

©dl . :
= /0 T Omad™? = (Oma) ™ (51) + Om) ™ (s20), (2.17)
* i==%1

which is identified with the bulk one-point correlation with (1,2) boundary (Op, )" (s).
One may extend the process to the (1, k) boundary

Omn) ™ (5) = 3 (Oma)™ (50), (2.18)

where s, = s + iab and summation is done in steps of 2. This result is interpreted as the
inner product between the boundary state |(1, k); s) and the bulk state |(m,n)):

(Omn) MM (5) = (1, k)3 5| (m,m)), (2.19)

and |(1, k); s) is the superposition of trivial boundary state with complex valued s, [15]

k—1

(LR)ss) = > 11, 1)) (2.20)

a=—(k—1):2

One may compute the bulk-boundary two-point correlation for (1,2) boundary condi-
tion as:

0 8]—“(2)

(12) (g) —
(BOmn) ™ (8) = 53 ey

o) —lzry _ —lz_
_ / i —— o SO (2.21)
* 0 Ty —T-1

An extension to the (1, k) boundary condition is straightforward when C(Q)= Z?ZO c; QR
= Hi;lf(kq);g(Q — q) (with ¢g = 1) is used:

(1,k) 9 OFw = (k) R (1,1)
(B0, (5) = om | == X @@ [ a0, e2)
* a=—(k—1):2




where 5,(1k)’s are rational functions of z, = k cosh(7bs,) given by

k—1
@)= ] (@a—zs)" (2.23)
B=—(k—1):2
B

Note that the one-point correlation (k # 1)

k=1

BYLK) (o) — OFw | _ (k) 9 94

B ()= 72 == > dP@w(ra), (2:24)
kol a=—(k—1):2

vanishes because s, = s + 1ab.

The results of bulk-boundary two-point correlations (2.22) can be compared with their
counterparts of field theoretic approach. The point of our interest is whether matrix model
approach reproduces their s-dependent part (up to normalization) [16, 17]

ok—lik—1 K = sinh (27 Py, 1,80,
R(Ppyn, kb, s) = — inh? (imb? ) e
(P, kb, 5) sinh(27 Py, 1, /b) Hsm (i) Z b (@) sinh(wbsy)
’ y=1 a=—(k—1):2
(2.25)

with P, = %‘mpq_"ql and the boundary operator B is identified with By .

2.2 Dual Frobenius manifold

We can equivalently describe the M(g, p) (still ¢ < p) minimal gravity on a A, 1 Frobenius
manifold (instead of A,_; Frobenius manifold) with Q(y) = y” + Zf;ll yP~ 1=y, In this
case the Douglas action in (2.3) is replaced by the dual action

Spq(v) = yR:%% <Q(P+‘I)/p + Ztm,anpm—qn/p> 7 (2.26)

m,n

where, as before, t"" = t77"™P~" Note that for ¢ < p we use the notation 5, , for the dual

action and Sq /p

to distinguish from the A, ; case) of the KdV parameters in this dual action is given by

for the original action. The scaling dimension (denoted by curly brackets

m,n m,n p+q_’mq_np|
() = gy = A e — oL (227

which represents the power of fi. Note that {t"™"} = [¢"™]. In particular, ALY = ¢q/p
measured in units of fi and therefore, A! in this dual description can be identified with
the cosmological constant pu.

The bulk generating function on a sphere is similar to (2.7), with S, /p replaced by
Sp/q- The duality has been tested for the Lee-Yang series in [8, 9]. One may use the disk
generating function analogous to (2.8) with @ of order g replaced by that of order p.

The resolvents in (2.11) in both descriptions should be equal, but it is emphasized that
the inverse Laplace transforms WW(I) will be different from each other. This is because the
boundary coupling constant pp o< \/p cosh(msb) is replaced by the dual boundary coupling
constant fig o \/fi cosh(msb) with b= b~



The bulk one-point correlations on disk with (1,1) boundary in (2.13) and (2.14) are
expected to behave similarly. To be precise, one finds

m,n

[mp—ng|
(O I o T K g (1), (2.28)
q

where K, (z) is the Bessel function. Here we use the notation <07(ﬁf;11)> to stand for the
expectation value of the (m,n) operator using the original (A,—;) action. In the dual
(Ap—1) description we find

|mp—ng|
<O(p71)>l(171) x R%KM(F&Z) (2.29)

n,m
P

Both should result in the same FZZ one-point correlation:

B - |mp—nq| ‘mp — nq|
(O AN (5) = (0P YV (s) oc k™ @ cosh (Trqu . (2.30)
We can compute dual expectation values with (k, 1) boundary if we use the boundary
free energy f(k) obtained in the dual A,_; description. For example, the bulk one-point
correlation corresponding to (2.18) for the case of (k, 1) boundary is given by

k—1
<Om,n>(k71) (s) = Z <Om,n>(171) (8a): (2.31)
a=—(k—1):2
with s, = s+ iozi), so that
(Omn) ) (5) = (K, 1); 5] (m, n)), (2:32)
and
k—1
(B, 1)s) = Y [(1,1)584). (2.33)
a=—(k—1):2

In addition, as a counterpart of (2.22), the bulk-boundary two point correlation with (k, 1)
boundary condition is expected to have the form

o OFq
A D¢y,

= (BOpn) Y (s). (2.34)

The boundary one-point correlations (B)(k’l) have a form analogous to (2.24) and therefore
vanish when k # 1.

3 Unitary models: M(q,q + 1)

3.1 M(3,4)
3.1.1 Frobenius manifold A,
We recapitulate the calculations presented in [18], denoting Q3 as @ of degree 3:

Q3(y) = ¥* +wiy + uo. (3.1)



The flat co-ordinates are v; = ;0 = u; (i = 1,2) using (2.2). The Douglas action is given
by a linear combination of 6y o, 620,021 and 6y 2:

2 4 2
— b 1.2 /1.3 U ) R ) . 9
Sa/a=t0lor 4 850 + 897 b4 5 36 2 (3-2)

The scaling dimensions of the KdV parameters are

)
tl’lzl tl’zzf
=1 107

2

3] = .
6

We do not need the correction terms in the resonance transformation since t5" = \L» 4+

O(X\3). The derivatives of Sy /4 are given by

9S 2 3 2
3/4 _ th! — 2 where z = tl’?’v—l _ U U—2,
ovy 6 9 2 (3.3)
9S54 '

= t1’2 + tl’gvz — V1V2.
81)2

The Douglas equations are defined by setting (9S3,4/0v;) = 0. We choose the following
solution to define the on-shell conditions:

— (v12)? o, v2s = 0. (3.4)

The generating function for correlation numbers on a disk is given by

W(l) = /» da /R dyel@s (@), (3.5)

The one-point correlation (Ol,n)l(l’l) on a disk can be obtained by differentiating W(I)
with respect to A" and evaluating the result on-shell. For example, see the formulae in
appendices B and C,

(01} o /R dye! @], o /R dye™ ") oc MBI g (1),

where s oc \/pi. This gives the desired p and s dependence as given in (2.28). Strictly
speaking, the argument of the Bessel function differs by a numerical factor. However it can
be eliminated by an appropriate rescaling of [.

The correlator <01,2>l(1’1) is slightly more involved, since we need to perform the x
integral including an additional factor (9Q3/0A1?) which is obtained by a variation of the
Douglas equations with respect to A2, That reads

Q3 1Qs(y.0())
012 /)\lldl‘/ dy<8)\12 .
/ dx/ dy lQ3(y, ()
AL » .

x /<;2/3K2/3(/<al).



Similarly,

(O

Making use of Laplace transformation (2.13), we see that the bulk-one point correlation

3>l(171) x K,5/3K5/3(I€l).

)

numbers with (1,1) boundary condition reads

[4—3n|

<O1,n>(1’1) (s) x k 3 cosh (ﬂ'bs [4 —33n|> , (3.6)

for n = 1,2,3, which reproduces the known result (2.30).
To find the correlation numbers with (1, k) boundary condition we need the resolvent

w(zq) where z, = K cosh(mbs,):

w(Ta)s = —/ dl e W(1), ox k*? cosh(msab™t).
0

The one-point boundary correlation numbers (B)M*) (k > 2) in terms of w(za), given

by (2.24), vanish on-shell since we set s, = s +iab (s € R and a € Z). The bulk

one-point correlation numbers with (1, k) boundary, i.e. <017n>(1’k) (s), reduces to a sum

of <01,n>(1’1) (sq) as observed in (2.18). Finally, we may check the s-dependence of the

bulk-boundary two-point correlation (2.22) as follows:

k—1

BOL) W )=~ 3 ) [ et o),
a=—(k—1):2 0
k-1 sinh ( 7wbs M)
[4=3n] _; (k) ( @ 3
e _(;_1).2% () sinh (7wbsy) ’ (3.7)

which is proportional to R(P p, kb, s) introduced in (2.25), where P ,, = %'4_33”| and B is
identified with By .

3.1.2 Dual Frobenius manifold As

Let us now instead take @ to be of degree 4:
Q4(y) = y* + y?ur + yug + us. (3.8)
We find that the flat co-ordinates v; in this case are related with u;’s by
uf

vl = uy, V2 = U2 ’03:11,3—§.

The Douglas action is given by a linear combination of 01 o, 02, 601,1 and 03 1:

2 4 2 2
G, = 11 21 /13 Y2y (Y e U3 3.9
4/3 v +177 vy + VU3 + 5 192 + 5 + 5 (3.9)

The dual scaling dimensions of the KdV parameters are

3 5 2
AR S 12y 2 A3y 2
=1 =g (%)=



Since the ratios of the scaling dimensions is the same as in the As description, there
continues to be no non-trivial resonance transformation up to the order we need. The
derivatives of Sy/3 are given by

oS 3 2
83{3 =t — 2 where z=—t3'u3 — % + %2
oS
A8 _ 21 g g3y, N2 (3.10)
8U2 4
oS
4/3 _ t3,1v1 + us.
ng
We choose the following solution to define the on-shell conditions:
—(v12)¥ o<, w2 =0, w3, =0. (3.11)

1,1)

As before, the correlation number <On71>l( is obtained by differentiating the gener-

:/ dm/ dy ! QW (@), (3.12)
AL1L iR

O, o VAR 4 (R,

ating function

with respect to A\

where & o< (v1.)%? oc 4?3 oc %3, Using (0Q4/0X>1). = vy, we also find that
(03,001 o B/ K 4 (RI).

These results are consistent with the duality as suggested in (2.28)-(2.30). After Laplace
transformation (2.13), we see that the bulk-one point correlation numbers with (1,1)
boundary condition reads

(O} (5) o 75 cosh (was — 3n|

4—3n
_(/%1/4)' ||4 on) h(w P4 3n| )
A\ k1B

[4—3n|

4 -3
x k 3 cosh <7Tb$‘ n|

o ( ( ) in Ag description,  (3.13)

which reproduces the known result (2.30) (except for n = 2). Note that (&'/4/k!/3)
has zero scaling dimension, since [k] = [u]/2 = 1/2 and {k} = {i}/2 = 1/2 so that
k] = (4/3) x {k} =2/3.

However, we run into problems when we try to compute <02,1>l(1’1). We note that
(0Q/0t*1), = y/v1, which makes the integrand for the y-integral an odd function, incor-
rectly giving <02’1>l(171) = 0. This is an instance of a problem that has been pointed out
n [18]. This happens in general when the degree of @ is even and the m in <Om7n>l(1’1) is
even. An understanding of how to address this anomaly is, to our knowledge, presently

,10,



lacking. We will continue to see instances of this in the general case that we deal with in
the subsequent sections.
The on-shell value of w(z,) with Z, = & cosh(7bs,,) reads

W(Ta)s = —/0 dl e ®aW(1), x 73/* cosh(ms,b~h).

The one-point boundary correlation numbers (B >(k 1) (k > 2) vanish because 3, = s + iab.
The bulk one-point correlation numbers < > U (s) with (k,1) boundary (k = 2,3)

reduces to a sum of <On,1>(1 1) (sq) as in (2.31). The bulk-boundary two-point correla-
tion (2.34):
k—1 o ~
B0 == X @) [ a0,

- , 0

a=—(k—1):

B k—1 sinh 71'b~ [4=3n| 3”'

% S Gl ( >, (3.14)
a=—(k—1):2 sinh <7Tb§a>

is proportional to R(P, 1, kb, s) with P, 1 = g|4;3"| = %|433n|

Aj description as mentioned below (3.7). Here B = By, ; and the matrix model approach

, which is the same as P ,, of

reproduces the s-dependent part of the bulk-boundary two-point correlation.

3.2 M(q,q+1)
3.2.1 Frobenius manifold A,

The Douglas action for the unitary model M(q, g + 1) is given by

q—1i—1

Sq/g+1) = —O12 + Z thh; + Z Zt”@z i—js (3.15)

=2 j=1

where the ’s are derived from Q4(y) of order g. As mentioned in the introduction, operators
in minimal gravity M(q,p) are labelled by pairs of integers (m,n) where 1 < m < ¢ and
1 < n < p, up to an identification of indices (m,n) <> (¢ — m,p —n). Then we need to
choose a subset of indices that label all operators without any redundancies. A convenient
choice for (m,n) is requiring m > n, i.e., the entries on and under the diagonal in the

matrix below:
(1,1) (1,2) (1,q)
(2,1) (2,2) :

(q—'l,l) (@—1,q—1) (q—'l,Q)

The gravitational scaling associated with those operators are

[tm,n] — [)\m,n] - m—-n + m = Vm,n>

— 11 —



so that the resonance transformation reads
£ NP N4 e~V XL O(A2), (3.16)
We define z by

765(1/(61“) =t — 2 where 2= %12

o o + (terms with %7 besides tl’l). (3.17)

On-shell, when all couplings besides A"! vanish, we have

x_aeLg_ ;mq
- Ouy — 4 q '

(1,1)

In order to compute the bulk one-point correlation on the disk (O, ), ", we need to
evaluate (0Q/OA™™), which can be computed as follows:
0 0
@ _ g~ 0% 0Qq (3.18)

N — O™ Ou, '
Using (3.16), we can expand the Douglas action as a series in A:

Sq/(q+1) =50+ Z AT QTR O()\2),

m,n

where
S™" = @, m—n + (terms containing p).

By demanding the vanishing of the variation of the string equation with respect to \’s, we

find that
a,b

v, a5 | (928!
o\ - 81)[, [< avz > 9 (319)
where [(9%5p/0v?)71]*? stands for the inverse of the Hessian matrix (8%50/0v,0v;). In

this case,
a,b a,b
925\ '] 9201\ | 1/ —v ) 4t
ka) ] ‘l( ) g (4) (320)

Using orthogonality of the two-point correlations on the sphere [19] we find

m—n 0,2—-1
95mn Om,all 2 an_fl )(27“ - 1) if (m —n) is even,
a X m m-—-n—1 (O,E) (321)
Ya 5m,q—ax T2 P, (27% — 1) if (m — n) is odd,
2

where P,sa’ﬁ )(z) stands for the Jacobi polynomial. The derivation of this is summarized in
appendix C.1. Note that the on-shell value of the derivative (0Q,/0v,) reads

q 1

0Q, (=) (u\" (i [q4
8va - g—a q Tq—a 92 Uly ) (322)
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where T),(z) is the Chebyshev polynomial (see appendix A). Combining (3.20), (3.21)
and (3.22), the equation (3.18) yields

17q+m

o, ()

( qZJ)M 2 Pf,?’g 1)(2—”5—1) if (m —n) is even,

1 o
a)\ a _ L . m—n—1 (0 . .
m,n %( ;}1) T2 qu/(z U1y>u 2 P, 2"1(271”— > 1f(m—n)180dd.
(3.23)
As an intermediate step to compute <Om,n>l(1’1), one needs to perform an integration
over y:
0Qq g
/Z dy ot (), (3.24)

In order for the integral to converge, [ is properly chosen. In addition, we note that the
integral identically vanishes when both ¢ and m are even, since the integrand is an odd
function of y in this case. This was also noted in [18]. In every other case, after performing
the y-integration and up to normalization factors, we obtain

m _ m—n 07ﬂ_1 2
NEX 1u 2 PE,L;Z )<$ - 1>K17;(\/5l)l if (m —n) is even,
Ozm) ) a (3.25)
N (x — 1> K%(\/:El)l if (m —n) is odd.
2 H
The final step to compute the bulk one-point correlation <Om7n>l(1’1) is performing

the z-integration of (3.25) from p to oo. This was done case-by-case in [18], and it was
verified that it yields the expected answer in all those cases. We fill this gap by proving an
integration formula (B.5), whose proof is summarized in appendix B. Using this integration
formula, we obtain

(O™ o "0 Koy yom (1), (3.26)

The bulk one-point correlation numbers with (1,1) boundary condition then reads
_am 1 —
(Omn) BV (5) o K™ "5 cosh (Wbs(qu)mnq> : (3.27)
q

which reproduces the known result (2.30).
The on-shell value of w(x,) with z, = k cosh(7mbs,,) is

w(za)s = —/ dlelx‘l/ dx/ dy €' QW) o (@ D/a cogh (r5,b71).
0 0 iR

The one-point boundary correlation numbers (B)(l’k) given by (2.24) vanish for each k > 2,
since s, = s + iab. The bulk one-point correlation numbers with (1, k) boundary are easy
to check, since <Om,n>(1’k) (s) reduces to a sum of <01,n>(1’1) (sa) as in (2.18).

Finally we may check that the bulk-boundary two-point correlation (2.22) is

) k—1 sinh (Wbsa 7('1“);"_"‘1)
(BOp,n) (s) x _%{:1)2 o) <o (wDs) , (3.28)

with P, , = %W (m > n) and B = By, which is proportional to R(Pp, », kb, s).
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3.2.2 Dual Frobenius manifold A,
The dual action for M(q,q + 1) is

q—2 g-1

Sg+1)/q = —0g1 +Zt“v +Y D 0. (3.29)

=1 j=1+1

Note that the v’s and 0’s used in A, description are distinct from those in A,_; description,
since these are derived from @ of order (¢ + 1), while the ones in the previous subsection
were derived from @ of order q.

The number of operators in the M(q, ¢ + 1) model in A, description is the same as in
A, description. We label operators with indices (n,m), where the two indices related as
(n,m) <> (¢ + 1 —n,q —m) denote the same operator. We chose a set with m > n, i.e.,
the entries on and above the diagonal in the matrix below:

(1,1) (1,2) ... (1,9q-1)
(2,1) (2,2) :

: . (q-1,q-1)
(¢, 1) ... ... (g,q—1)

The gravitational scaling dimensions associated with these operators are

n
L =NV =m —n+ ——, 3.30
i) = ) — (330)
+
where they are understood as the power of i oc ¢ . The derivative of the action S(gy1)/4

with respect to vy defines = by

08 0 -
Z2atla _ g1l where o = 9041 + (terms with "/ besides t™1). (3.31)
vy Ovy
The on-shell value of z reads
. _89q71__q+1 —U1 q
O q qg+1)
It is convenient to define & such that
q+1
€T q
T=ql — . 3.32
) @0

We observe that & o vf“.

Using the orthogonality of the two-point correlator on a sphere in the dual description
(derived in appendix C.2), we find that

m—n 0,- - —1 ~
Hgmm On.afl 2 P,(njfl )(%”3 — 1) if (m —n) is even,
—— L e (3.33)
Va Ong1— axquiz P, ot (% — 1) if (m —n) is odd.
2
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The analogue of (3.20) in this case is

a,b a,b
8250 -1 7 829(171 -1 7 —U1 —qta
(aﬁ” :‘Kw) () ew

Combining (3.33), (3.34) and (3.22) gives

R (| L
TR P (2 1) T (3y/%0y) i (m—n) is even
aQq+l « Ul M m—n i +1-n\ 2 U1 ) (m ) S even,

2
1-—n n m—n— 0 7
Odnm | 2" gzt s pl¥ ‘;ﬂ)(u - )T' (g q“y) if (m — n) is odd.

v
5 1

(3.35)

Analogous to (3.24), we integrate [ dy! 86\2,‘3*;1 exp(lQq+1). Now, the only anomalous case

is when ¢ is odd and n is even, in which case the integrand is an odd function of y and
the integral identically vanishes. In every other case, the result of this integration up to
normalization factors is

n__q 27
1)1\/5"“ [ P,(,? ol )</f — 1)[(1 (\Fl) if (m —n) is even,

2

(3.36)

2

P m—n— 2
nVE R 2 len ‘;“1) (; - 1> K#(\/%l)l if (m —n) is odd.

The earlier remarks about the normalization of [ and a minor abuse of notation apply. As a
final step, we need to integrate this over x as f:o dx ... in order to obtain (C’)n,m>(1 Y But

note that f:o dr vy -+ f;o dz .... After performing this change of integration variable,
we may simply use (B.5) and observe that in either case we obtain
<0n,m>l(1’1) — B nt 2 (L) (3.37)
The bulk one-point correlation numbers with (1,1) boundary condition reads
b ~ 1) —
<On,m>(1’1) (s) o &™ "+ 74 cosh <7Tb5m(q++)1nq> , (3.38)
q

which reproduces the known result (2.30). Note that m —n + q+1 =(m-n+ %)(q%l),

allowing us to see that (O( a) 1) (5D (5) from (3.38) and <O7(q%n1)>(1 1 (s) from (3.27) are equal.
This completes the demonstration of the equivalence between the A, and A,_1 descriptions
for the one-point correlator on a disk.

The on-shell value of w(Z,) with Z, = & cosh(mb3,) reads

W(ZTa)s = —/0 dl e_lja/o d:r/ dy Qa1 (yv(@)) o za/(a+1) cosh(ﬂéag_l).

The one-point boundary correlation numbers <B)(k’1) given by (2.24) vanish for each k > 2,
since 3, = 5 4 iab. As we have obtained (3.26), the bulk one-point correlation numbers
with (k,1) boundary <On,m>(k’1) (s) reduce to a sum of <On7m)(1’1) (o) as in (2.31). The
bulk-boundary two-point correlation (2.34) is

k—1 sinh (b3, e =nq
(BOwm) ™V (s) o Y &al@) ( ol ) (3.39)
a=—(k—1):2 sinh <Fb§a)
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. b m(g+1)—n b m(g+1)—n
with P, = 2 (qur)1 q_§ (g q) a (

R(Pym, kb, s). Note that P, ,, is the same as Py, ,, in the original description A,_;.

n < m) and B = By, 1, which is proportional to

4 Lee-Yang model: M(2,5) on disk

4.1 Frobenius manifold A;

The Lee-Yang model is the simplest for the Lee-Yang series M(2,2¢+ 1) on disk. The one-
dimensional coordinate v of the Frobenius manifold A; describes the Lee-Yang series [6].

We summarize the original Frobenius manifold description in this subsection.
The second order polynomial Q3 = y%+v is used to find the Douglas action for M(2, 5)

2 4
v v
B L B A 4.1

52/5 2 + v 4 ) ( )
where the KAV parameters have the scaling dimensions [t''!] = 1 and [t!"?] = 3/2. There is

751,71,

no resonance term between the two couplings, so that the KAV parameter is identical to

the Liouville coupling constant A", A derivative of the action S /5 with respect to v gives
0S5
v

where v is defined as the function of x. The generating function W(I) is given in terms of

=2 — g, z=v>—thly (4.2)

integration over 2 whose lower limit of integration range is identified as A\!»?

W() = /Al . dx /R dy el +v(@) (4.3)

The bulk one-point correlation numbers on disk with (1,1) boundary condition are
given as

(O1)"Y oc KO22K o o n(kD) (0 =1,2). (4.4)

)

After Laplace transform, the correlation numbers read

)

o—2
(Oq n>(1’1) (s) o< KO72M/2 cosh <7Tb8 5 n) , (4.5)
in agreement with (2.30). In addition, the resolvent w(x4) reads

w(zs)s = 2v/2m i p®/* cosh <27rbsi>
o k%2 cosh (ws /b) (4.6)

where x4 = kcosh(mbsy) and sy = s +ib. Therefore, the one-point boundary correlation
number <B)(1’2) = 0 according to (2.24). For the (1,2) boundary, one has the bulk one-
point correlation numbers <017n>(1’2) (s) =>4 <017n>(1’1) (s+). Finally, the bulk-boundary
two-point correlation (2.22)

(BOy )" (s) & R(Py p, 2b, ) (4.7)

with Py, = g% shows that B = By s.
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4.2 Dual Frobenius manifold A4 and its problem

The dual description is given by the four-dimensional Frobenius manifold A4 with
Qs = vy° + w1y 4+ ugy? + uzy + uy. The relation between w;’s and the flat coordinates v;’s
is given by

Uy = vy, U =V, U3 =V3+ (01)2/5, ug = vg + v102/5. (4.8)

The dual Douglas action reads

t2’1’01 - (U1)2U3 + v (1}2)2 — 10vovy — 5(?)3)2

S5/2 = thlog + 10 ; (4.9)
whose derivatives with respect to v; give
2
65512 =t>' — 2 where z= 21}11}31—5(2}2),
0552 V1V
=U4 =,
Ovs g (4.10)
% S (Ul)2
dvs ST 100
855/2 .
81)4 = V2.

The string equations (obtained by setting the above partial derivatives of S5/, to zero)
require that vo = vy = 0. Then = reduces to

x = (viv3)/5. (4.11)

The KdV parameters have no resonance, so that we have t™! = A\, We choose the
on-shell value of v; as

(v1)7 =10\, (vg). = 0. (4.12)

The generating function for bulk correlations W(I) reads
W(l) = / " / dy Lo s 1)) (4.13)
A2l i

A derivative of W(I) with respect to A>! yields

<O2,1>l(1’1) x /%1/5K1/5(’%l), (4.14)

k5/2. After Laplace tranformation, we can easily check that <02’1>(1’1)

where & oc pd/*
in A4 description has the same value (01,2>(1’1) in Ay description.
However, a troublesome issue arises in other correlation numbers. For example,

<01,1)l(1’1) is given as a derivative of W(I) with respect to Ab:1.

0
011 (1,1) / dx/ dy 18851 L(yS4v1y3+(v3+(v1)2/5)y) 7 (4.15)
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with
0Qs _ 5uiy® + (2(v1)? — 5ua)y (4.16)
OALL 5v3 + (v1)? ‘ |

The relation among vy, v and x is given by (4.11). The result depends on how to perform

the z-integration. If one performs z-integration in terms of vy, dr = (v3/5)dv; while
maintaining vs = 0, then the final result is proportional to vs and vanishes. If one fixes
the z-integral as dz = (v1/5)dvs, the integral neither vanishes nor agrees with the b <+ b=1
duality. The absence of a canonical description of x-integration is carried over into Lee-
Yang series M(2,2¢g + 1). It should be noted that a similar problem already appeared in
non-unitary series [18]. Therefore, one has to devise a proper way to perform z-integration
to understand the duality for non-unitary series.
Suppose we compute the resolvent

W(Te)s = — /OO dl e”==W(1) (4.17)

0

*

To perform z-integration to find W(!) in the dual picture one may perform vs-integral from
0 to —oo, regarding vy and v3 as independent of each other and get the following result.

1o ;
W(T4 )« 25/0 dl e~ /R dy % WPy +((11)?/5)y)

/ dl _zxi/ dy y W HEDH(0)3/5))

“oulh # Ll 419

o 72/ cosh(ms /b) + a—l [...] (4.20)

(4.18)

where x4 = k& COSh(?TI;Sj:>. The first term is what we want from the perspective of b <+ b1
duality. This shows that one needs to find a way to compensate the unpreferable second
term by properly choosing the z-integration.

5 Conclusion

The b <+ b~! duality of the minimal Liouville gravity M (g, p) was examined in the matrix
model approach using the original and its dual Frobenius manifolds A,_; and A,_;. We
calculate the bulk one-point and bulk-boundary two point correlation numbers on a disk
and found that the duality holds for the unitary series M(q,q + 1). The (1, %) boundary
condition in the original picture corresponds to the (k,1) boundary in the dual picture.
The resonance transformation in the dual picture is also used. It is noted in section 3 (see
remarks after (3.24) and (3.35)) that when ¢ is even, some correlations ((Op, ) with m
even) vanish identically in the original A,_; description, whereas in the dual description
A, all correlations can be correctly calculated. Conversely, when ¢ is odd, the situation
is reversed: some correlations identically vanish in the dual A, description, whereas the
original description A,_1 correctly reproduces the right answer. In this sense, we may
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conclude that when ¢ is even the dual description is preferable and when ¢ is odd the
original description is preferable.

In contrast, for non-unitary series the duality is not easy to check. The correlation
numbers that do not involve an x-integration show the duality. However, the correlations
with the presence of the z-integration depend on the choice of the integration path. This
shows that one has to find a canonical prescription of contour integrations in the non-
unitary series. At the moment, we do not know how to fix the integration paths.

In the paper, we consider the boundary conditions of the type (1, k) in the original and
(k,1) in the dual descriptions. One may wonder if one can extend the results with mixed
boundary conditions of the type (k,1) since according to the brane picture in [15] one has

k—1 -1

|<k,l);$> = Z Z ‘(171);3a1,a2> (5'1)

ar=—(k—1):2 ag=—(1—1):2

with 54,0, = s+iab+iasb. This is expected to appear after an extension of the formalism
by combining both the original and dual Frobenius descriptions, which will be presented
in the near future.
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A Frobenius structure

We recall some facts and collecting some useful quantities about A,_; Frobenius manifold.
The reader is referred to the appendix A.1 of [6] for a detailed summary of these notions.
In the flat co-ordinates of A,_; Frobenius manifold, the metric takes the form

Nab = 5a+b,q> (Al)

a

where the metric is used to raise and lower these indices (v* = vy, for instance). The

Frobenius algebra structure constants in these co-ordinates are given by

9Q(y) 9Q(y) 9Q(y)
Jve Qb Ove ) (AQ)

Q'(y)

The structure constants are symmetric under all permutation of indices and are defined in

Cabe = —qRes
y=00

such a way that Cliap = Nap = atb,q-

For our purposes it suffices to know the structure constants and various other quantities
only along the line vy = 0 (k > 1). All quantities evaluated on this line will be indicated
by a subscript . The structure constants on this line are

atbtc—q—1

(_—”1) : if attemal ¢ {0l UN, 1 < a+b+ ¢ —2min(a,b,¢) < ¢ — 1,
Cabc‘f}': 4 2

0 otherwise.
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Particularly useful is
a—1
U1
Clg—1)ab = 5ab< . ) : (A.3)
On the line vy = 0 (k > 1), @ and its derivative with respect to the flat co-ordinates are

given by
Qwls=2-7()" 5 (5[ Ly).

a1 (A.4)

(222), () T/

where T7,(2) is the Chebyshev polynomial. Finally, we note the derivatives of 6; ; respect

to the flat co-ordinates on v:

vl

d0; d; ,alik — if k£ is even,
( o ) - ) O (A:5)
SR I ayk(_Tl) : if & is odd,
where
1 -1 (A.6)
/s (5 (/g (B!
B Bessel function and Jacobi polynomial
First we note the following facts about Chebyshev polynomials:
""" sinh if m is odd
T, (isinh ) = i sinh(ma) if m is odd, (B.1)
i cosh(mx) if m is even.
Consider the following integral
I = / T! (y)e *TaWqy. (B.2)
iR

Let ¢ be even. If m is even, then T/ (y) is an odd polynomial, making the integrand an
odd function, thus causing the integral to vanish. If m is odd, then the integrand is an
even function, and after a substition y = i sinh z and using (B.1), I can be evaluated using
the following integral representation of the modified Bessel function of the second kind:

K,(z)= /0 ds cosh(vs)e™#coshs, (B.3)

Now let ¢ be odd. We again substitute y = ¢sinhxz. We can then use the integral repre-
sentations

sec(vm/2) / ds cosh(vs) cos(zsinh s) for m odd,
Ko (2) = . (B.4)
cse(vm/2) / dssinh(vs)sin(zsinh s), for m even.
0
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To perform the z-integration when one computes the correlation numbers, the following

integration formula is essential:
OO vk p(0,—v) 2z o 2k+1—v
l (Va) ' u Py I —1|K,(Vzl)dz = 2\/p Kopr1-0 (/). (B.5)
o

where 0 < |v| < 1 for our purposes, and we recall that K, (z) = K_,(z). To prove this
formula, we first observe that the Jacobi polynomial appearing above can be written as a
polynomial in (x — p) as follows:

k
_n [ 2x E\1 — i
kplo )<u ‘1> :Z<i>¢v(—V+k+1)m’“ (z—p)". (B.6)
i=0 ’

We now perform the z-integration term by term, using
o0
l/ V' (@ — )" K, (IVa)de = 2" T (m 4+ )" a" K (L), (BLT)
I

which is proved by using the identity 0,K,(z) = —K,_i(x) — (v/z)K,(z) recursively.
Finally, the linear combination of Bessel functions thus obtained can be summed using the
following identity:

xl

ZT( ) v4n); M = Ky pon(x), (B.8)

which is proved by using the identity K, (x) + @Kyﬂ(x) = K,42(z) recursively. To

summarize the derivation of (B.5):

T WAt (3 1) K

i K ) —v k1)t /Oo(x/:?)‘”(x — p,)iKy(\/El)dx] using (B.6)

I

k
_ 2k+1—v 7 k v k—i7—i H‘l V(\/>1) usin
=2\/i ;ZO 2 <z>( + kA4 1)t () ] g (B.7)
= 2/ Ko (Vil) using (B.8).

Finally, we note the following identity, which appears when we perform the Laplace
transform (I-integration),

cosh(vt) = _sin(vm) /Oooalll e K, (Bl), (B.9)

™

with ¢ = arccosh(a/3). Differentiating with respect to a gives

vsinh(vt)  sin(vm) [ ol
Bsinh(t) 7 /0 dl e K, (BD)- (B-10)
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C Orthogonality of two-point correlators on the sphere

The first part of this section is largely a summary (with some notations modified for con-
venience) of section 3.2 of [19], where the two-point correlator on a sphere was calculated,
and the resonance transformations were found for unitary models M(q,q + 1). We refer
the reader to that paper for further explanations. In the second part, we do a similar
calculation for M(q + 1, q).

C.1 A, description
The two-point correlator on a sphere is given by

pS™Im §Gmaina

VUx
<Om1,n10m2,n2> :/ dvlca,b,q—l
0

v, oy,
a-1 —a Vs a—lasmhnl 8Sm2,n2
N Z(—q) /0 dvrvy v, v,

=1

S

where (A.3) has been used. Using (A.5), we find that!

Hgmn Om,a <v1m2nq + .. > if (m —n) is even
x
0v,

(C.1)

m—n—1
Omg—a (vl 2oy ) if (m —n) is odd

where using Sy /(g41) = So + D, AT + O(M\?), we see that the dotted terms contain
positive integer exponents of the cosmological constant pu.

There are three cases to be considered: (mj—n) and (mg2—ng) are both even, they are
both odd and they have opposite parity. It can be easily checked by dimensional analysis
that when (mj —n1) and (mg —ns2) have opposite parity the two-point correlator is analytic
(i.e., a non-negative integer power) in u, and must thus be discarded as non-universal [6].
The only non-trivial constraints then arise from demanding the orthogonality of the two-
point correlator in the cases when (mj;—n;) and (mg—nsg) are either both even, or both odd.

. . m,n
First consider the case when mj —n; and mo —ny are even. Denote 8‘3% =omaf™".
Then

mi+mo

Vs
-1
<Om1,n10m2,n2> X 5m1,m2/ Uy 2 fml’nlfm2’n2d7)1-
0

We already see that the two-point correlator vanishes if m; # ms, but we still need to
q

explicitly require that it vanishes if ny # no. Define t = 2(2—1) —1= %’ — 1. With this

redefinition

1 mi+mo o
<Om1,n1 Omyyng) X 5m17m2”1n1 / (1+1t) 2 1fm1’mfm2’n2dt‘
—1

Orthogonality now forces the f™™’s to be proportional to a particular class of Jacobi

polynomials:
0,1
fron o Pt V),

(m,n)

!Since all quantities are calculated on the line vy, =0 (k> 1), we will suppress the subscript indicating this.
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where k(m,n) is some integer. Knowing that P,go’b) (t) o t* + (lower-order terms in ¢), and
comparing with (C.1), we see that k(m,n) = ™5". Putting all this together, we find that

m,n m—n 7@_ 2
05 X Omaft 2 P,(,?_Z Y <x - 1> when (m — n) is even. (C.2)
v, ’ 2 H

The exponent of u can be verified by dimensional analysis.

Now let both (m; —n1) and (ms2 — n2) be odd. Denote 82;’;” = 0mq—ag"™". Then

m1+mo

Vs
q—1-—5 mi,n1 mo,n
<Om1,n10m2,n2>0(6m1,m2/ Uy gt g duy
0

1 mitm
X 6m17mzvg_ml / (1 + t)_%gmlvnlgm%nzdt'
—1

Call g"™"™ = (1+ t)%hm’”. Then

1 m +m2

(O Oy} X Oy g0 ™ / (141) 20 pmumpmznzgy
—1

(0.2)
(1)

2

Following a similar line of reasoning as in the even case, we conclude that h™"™ < P
Putting it all together, we find that

8sm,n
v,

m  m-—n— 0,2 2
X O g—aq® T [ 2 1P,(n,Z,)1 (a: - 1) when (m — n) is odd. (C.3)

C.2 A, description
Consider again the two-point correlator on the sphere:

pSmMm gGnama

<On1,m10n2,m2> :/O dvlc@,b,q

v, vy,
q
Vs asnl,ml aSnQ;mQ
— oy 1 1—a a—1 d
;( ¢—1) /0 1 Ovg 0vg vt
Hgnm On.a <v1m2_n (@, > if (m —n) is even

& m—n—1 (04)
Ova Ong+i—a (Ul 2 (athim > if (m —n) is odd

where the dots now denote terms containing positive integer exponents of the dual cosmo-
logical constant fi.

As before there are three cases depending on the parities of (m; —np) and (mg — n2).
The scaling dimension of the two-point correlator is

(O Ony] = 2L (Z+1=milg+D+m) (20+1=mag+1) +ng
T g 2(q+1) 2(q+1)
_mp—mnp  mg—ny N1+ ng

2 2 2q+1)
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When (m; —n1) and (mg —ng) have opposite parities, we see that n1 +mns = ¢+ 1, and that
the scaling dimension above is an integer. Once again, when the result of an expectation
value turns out to be analytic in fi, the result must be discarded as being non-universal.
This leaves us with cases where (mj — ny) and (mg — ng) have the same parities.

Consider the case when (m; — nj) and (mg — ng) are even. Denote ag:;m = 6n7af”7m.
Then

nit+no

Vs
1 ~ ~
<On1,m1 On27m2> X 6n1,n2 / Uy 2 fnl,ml fn27m2d,01'
0

~ q+1
It helps to define t = 2(%) —-1= 2733 — 1. In terms of this new variable,

1 n+n

(O Onsans) o bt [ (14 31 o rama
—1

We again see the emergence of the same family of Jacobi polynomials as in the previous
section. Comparing with (C.4), we find that

n,m m—n O,L—l 2~
05 X Opafi 2 P,(n_‘ifl )<~x - 1) when (m —n) is even. (C.5)
v, ’ 3 il
Finally, let (m1 —mn1) and (mg —ng) be both odd. Denote aS = Om,g+1—ag™™. Then

_ni+tng

VUx
q 2 ~N1,M1 ~N2,Mm
<On17m10n27m2> O((thm/ Uy gt gt doy
0

1 1 _nitng ~
x 5n17n2vg—m1+ / (1 + Lf) 2(q+1) gmmugnz,mzdt.
-1

Call g™ = (1 + f)anll}”’m. Then

1 nitng ~ ~
(Onym1 Ong ma) X 6n17n2v>‘£*m1+1 / (1 + ﬂ 2(q+1) plLsmL e, me g
1

so that orthogonality implies A™™ o PE,L n“l) (f), and the exponent of i can be fixed by

matching dimensions. Finally, we get

Va 2 ,u

n,m _n__m—-n— 2
95 X Opgt1—aT L[ 2 1P£n ‘;_1) <x - 1> when (m —n) is odd. (C.6)
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