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1 Introduction

3D gravity has no propagating degrees of freedom. Remarkably, despite being topological
and admitting a Chern-Simons formulation [1, 2], the theory is rich enough in AdS3 to have
black hole solutions [3]. Moreover, a large class of higher-dimensional black holes possess
near-horizons with AdSs3 factors and it is striking that the geometrical Bekenstein-Hawking
entropy is encoded in the central charge of a 2D conformal field theory (CFT) [4, 5].
In fact, a decade prior to the AdS/CFT conjecture [6], it was already established that
the asymptotic symmetry group of AdS3 was generated by two copies of the Virasoro
algebra [7]. Thus, gravity in AdS3 can be said to define a CFT.

In special settings, for example, M5-branes wrapped on Calabi-Yau (CY3) four-cycles,
it is possible to go beyond the leading Bekenstein-Hawking entropy and compare one-loop
corrections [8, 9]. For AdSs geometries with arbitrary higher-derivative terms, the central
charge may be determined by extremising the on-shell action [10], thereby generalising the
Brown-Henneaux result. A considerable advantage of this approach is that it does not
assume supersymmetry.

For supersymmetric AdS3 near-horizons, there is a recognisable redundancy in extrem-
ising the on-shell action. In fact, given sufficient knowledge of the effective 3D supergravity,
one can simply extremise the superpotential T' to localise the action on supersymmetric
configurations. In fact, for holographic RG flows interpolating between AdSs vacua, it is
well-known [11, 12] that the inverse of T plays the role of the monotonically decreasing
Zamolodchikov c-function [13]. Furthermore, for 2D QFTs with /' = (0,2) supersymme-
try, a setting where the U(1) R symmetry is ambiguous — it is free to mix with other U(1)



flavour symmetries — there is a well-defined procedure, c-extremization [14, 15]! to deter-
mine the central charge and R symmetry at superconformal fixed-points exactly.? Since T'
shares the same components as the Maxwell Chern-Simons (CS) terms, which in turn are
fixed by anomalies, T" also knows about the R symmetry in the large N limit [16, 17]. So
for two-derivative supergravity, it makes sense to study 7'. It remains to be seen if a coun-
terpart exists with higher-derivatives, one that would potentially provide a repackaging of
a recent tour de force calculation involving 5D supergravity with four-derivative terms [24].

In this paper we continue a program [16, 17, 23] of identifying 3D N = 2 gauged super-
gravities [25] corresponding to wrapped-brane geometries. We recall that AdSs geometries
— alternatively, the vacua of 3D gauged supergravities — based on wrapped-branes were
initially constructed in lower-dimensional supergravity, e. g. [26-28, 30, 31|, before being
uplifted to higher dimensions using consistent Kaluza-Klein (KK) sphere reductions [32—
34].3 In this work, we consider 7D U(1)? gauged supergravity [33], which we twist and
KK reduce on a product of constant curvature genus g; Riemann surfaces, ¥4, x Yg,, and
recast the 3D effective theory in the natural language of 3D gauged supergravity. While
our work here does not exhaust the possibilities for M5-branes wrapped on four-cycles —
we have omitted K&hler four-cycles in Hyper-Kéhler manifolds and co-associative cycles
in Ga-holonomy manifolds — the ansatz is rich enough to include K&hler-Einstein (KE4)
compactifications as a special case and still allow for mixing of the R symmetry.

Given the existence of the 3D theory, it is reasonable to enquire into its solutions, par-
ticularly the supersymmetric solutions where powerful techniques exist [37] to find closed
expressions. Similar studies have appeared recently for ungauged [38-40], gauged [41] and
massive gravity [42, 43] in 3D. As we will show for our 3D gauged supergravity, supersym-
metric spacetimes are characterised by a 2D Riemann surface and differential equations for
the warp factor, D, and the canonical scalars W;. As it turns out, the superpotential T also
determines all timelike supersymmetric solutions to the 3D gauged supergravity; the field
strengths are given in terms of the scalars W and derivatives of the superpotential oy, T,
while the supersymmetry equations are expressed in terms of T" and Ow,T. At no point
does the explicit expression for T appear, suggesting that this is a universal result. There-
fore, for any 3D N = 2 gauged where the U(1) R symmetry is gauged, once one determines
T, one can simply write down the equations for all timelike supersymmetric solution.* To
the extent of our knowledge, no classification of the supersymmeric solutions of 7D U(1)?
gauged supergravity exists,” in contrast to 5D U(1)3 supergravity [45]. It is expected that
our results in section 3 will serve as a consistency check for any future classification.

One interesting feature of the solutions we find is that, depending on where one is in
parameter space, AdSs may not be the only supersymmetric critical point, i.e. solution
with constant W;. Indeed, the theory typically admits new flux-supported geometries,

We now have both black hole [10] and CFT c-extremization. Settings can be found, e.g. black string
solutions [18], where these procedures agree.

2See [19-22] for related recent work.

3Further Kaluza-Klein embeddings of the same theories include [35, 36].

“See [41] for results on null solutions.

®See [44] for a classification of minimal gauged supergravity in 7D.



corresponding to warped AdSs (Godel) [46, 47] and warped dSs, with characteristic closed
timelike curves (CTCs). It is noteworthy that the warped and unwarped solutions appear
at different values of the scalars, so that the one-to-one map between charges in AdS3 and
warped AdS3 identified in [48], providing the basis for two copies of the Virasoro algebra in
warped AdS3, cannot apply, since the scalars are now dynamical. It would be interesting
to extend the analysis of ref. [48] (also ref. [49]) to 3D theories with scalar potentials to see
whether the inverse of T, as suggested in [50], also encodes the central charge for warped
AdSs3 solutions.

The structure of this paper is as follows. In section 2 we present the details of the
twisted compactification from 7D supergravity and the rewriting of the bosonic action in
terms of the canonical form for a 3D supergravity [25], namely a non-linear sigma-model
coupled to gravity. We identify the superpotential T' for the theory and the four complex
scalars filling out the Kihler target space, [SU(1,1)/U(1)]*, noting that this is, up to
factors, the same target space that arises from KK reductions from IIB supergravity on both
Stx¥yxKE4 [17] and M-theory on S?xCY3 [23]. In section 3, we present closed expressions
for all timelike supersymmetric solutions to the 3D supergravity through reduction of the
supersymmetry variations from 7D [51], thus mirroring the analysis of ref. [41]. We next
employ standard Killing spinor bilinear techniques to derive the differential conditions
on the spacetime. In section 4 we review c-extremization for M5-branes wrapped on a
product of Riemann surfaces [15]. From the extremal value of T, we show that one can
read off the central charge and R symmetry in the large IV limit. Finally, in section 5, we
uplift the supersymmetric AdSs vacua to 11D and show that it fits into a known class of
supersymmetric solutions [52].

2 3D gauged supergravity

In this section we identify the bosonic sector of the Abelian 3D N = 2 gauged supergravity
that arises when one truncates and consistently reduces 7D SO(5) gauged supergravity [51]
on a product of Riemann surfaces. To support the claim that the effective 3D action is
indeed a supergravity, we will demonstrate that the structure of the theory corresponds to
the expected form of an N = 2 gauged supergravity [25]. To do this, we rewrite the action
as a non-linear sigma-model with a Kahler target space. Combining our reduction ansatz
with those of refs. [53, 54], this provides an embedding of the 3D theory directly in 11D
supergravity.

We begin by recalling the bosonic sector of maximally supersymmetric SO(5) gauged
supergravity in 7D [51]; the theory comprises a metric, SO(5) Yang-Mills fields AY, 4, j =
1,...,5, five three-forms, S°, transforming in the 5 of SO(5) and 14 scalars parametrising
the coset SL(5,R)/SO(5) through the unimodular symmetric matrix 7;;. The bosonic
action for this theory may be expressed as

1 1 . 1 ) )
L7=Rx1- ZT; « DTj AT, ' DTy — ~ T T+ F9 N FM — 5T+ ST A S
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where Q5[A] and Q3[A] denote Chern-Simons forms for the gauge fields AY.5 and we
have defined

DT;; = dTij + g7 A* Ty + gAT* Ty,
DS' = dS* + g7 AY A 7,
Fi = dAY 4 g A A AN (2.2)

The potential is given by
2

V=2 21,1y - (T0)?). (2.3)

where g7 is the gauge coupling.
Given the full SO(5) theory, we can perform a group-theoretic truncation to 7D U(1)?
gauged supergravity [33] (see also [55]) by retaining two scalars, A7,”

: 2 2 2 2 —4X1—4)\
T;; = diag(e“™, e, ™2, ™2 e 1732 (2.4)

two gauge fields F12 = 2F!, F3 = 2F? and a three-form, S° = 2v/3¢;C.,8 with all other
fields set to zero. This leads to the simpler bosonic action [33]

L7 = R=x1 —5*(21()\1 —i—)\g)/\d(/\l—i-)\g) —*d()\l —)\2)/\(1(/\1 —)\2)
2
—ZQe‘Mi >x<Ff“/\Fi—6g$e‘4>‘1_4>‘2 xCNC+6g;CNdC -V x1
i=1
4
—8V3OANF'ANF2+ — (AAANF'AFPAF? + AXAF2AFYAFY),  (2.5)
gr

where we have dropped tildes on A’, since there is hopefully now no confusion regarding
the origin of the truncated gauge fields. The potential also simplifies accordingly,

2
V= %7 (—8@2’\1+2’\2 _femAhe o204 6—8/\1—8/\2> . (2.6)

To perform a reduction to 3D we now have options. Firstly, if we consider a reduction
on the product of two genus g; Riemann surfaces, ¥4, x Xg,, we could firstly reduce on
one Riemann surface, thus making contact with the results of ref. [24, 57] in 5D. However,
experience suggests [16] that the reduction is suitably simple that it can be performed at

STaking into account the rescaling A7 == 2A%Y  they may be written in our notation as [51]
1 apBydeng 1
Q3[4] = 1—66 Tr| AaFpy — gAaABAW Tr(FscFe),
L apysenc 2 1
Q5[A] = 16¢ Tr| AaFsy Fse Frpe — gAaAﬁA»YFganC - gAaAgFM;AanC

+%AQA5AWA5AEFW( — %AaAﬁAvAaAGAnAg). (2.1)

"This theory is a further truncation of the SO(4) ~ SU(2) x SU(2) theory with topological mass [56].
8Note we are now using the scalings for the fields as they originally appeared in [51]. The gauge couplings
are now simply related through g7 = m.



the level of the action, so we opt to plough ahead and focus on the 3D theory. We have
independently checked that the reduction may be performed at the level of the equations of
motion (EOMs), so it is by definition consistent. Furthermore, by choosing the curvatures
of the Riemann surfaces to be the same, one can replace X;, x ¥, with a more general 4D
Kahler-Einstein manifold, KE4. Therefore, our analysis is expected to cover dimensional
reduction on KE,4, simply through further truncation. This will be evident when we come
to compare with the results in c-extremization [15] in a later section.
To perform the reduction on Y;, x X,, we employ the spacetime ansatz

ds% = 6_4()‘3+)‘4)gm,dm“dx” + 62’\3d82(291) + 62)‘4ds2(292), (2.7)

where A7, I = 3,4 are scalar warp-factors for Riemann surfaces with constant curvature
ki, © =1,2 and g, is the 3D metric in Einstein frame. The warp factors conspire to bring
us to Einstein frame upon reduction. We also adopt an accompanying ansatz for the fluxes

ai as
- 7G1 2 vol(Sy,) — 22 vol(%y,),
bl b2
P 7G2 2Evol(Zg,) — 22 vol (B ),
1 1
C = g\/—igeu,,pdx#up + 501 A VOI(Egl) + 502 A VOI(ZEz)' (2.8)

This introduces additional gauge fields, B!, with field strengths G! = dB’, and one-
forms ¢y, which will be rewritten as field strengths later so that they conform to the
canonical structure of 3D gauged supergravity [25]. The normalisation of the constant
twist parameters, a;, b;, has been chosen to facilitate direct comparison with [15] and the
factor p is fixed by the equation of motion for C' to be

p= 8{9 (a1b2 + brag)e 4(A1+A2)=8(As+A4) (2.9)
7

Performing the reduction either at the level of the action or the EOMs, we arrive at
the 3D action:

2
L3 = R x*3 1*2 [5 kg d(Aar—1+A2r) A d(Aar—1+Aer)+ *3d(Aar—1—Aar) A d(Aar—1—Aar)
=1
5 2
_792 —4(>\1—|—)\2) Ze—4>\2+[ %3 CJ A cr

2
I=1

2
1
et MY "IN GIAGT — V%3 1 + Lo,
=1

where the 3D potential is now

14 Con— - 80—
‘/}) — 59%6 4()\3+)\4) _8€2>\1+2>\2 — e 2X1—4)9 —4e 4 2)\2+6 81 —8)\2

_i_éefs,\gfz;,\z; (a%€74>\1 n bfe*‘”@) i éefzugfsxl (a%e"”‘l 4 bge"”‘?)

e 4As+A4) <f<;le*2>‘3 + /igf”‘“) +

321 5 (a1bs + b1a2)264()‘1+)‘2)6*8(/\3+)\4)’
97



and the CS term becomes

Los = [b1b2B' A G + (a1bs + a2by) B' A G? + a1aa B> A G?

4g7
3
+(agby + a1bs) B? A Gl} + §g7(01 Adeg + co Ader)

+\é§ [61 A (bzGl + a2G2) +co A (blG1 + ale)] ) (2.10)

To recast the action in the accustomed form of a non-linear sigma-model coupled to su-
pergravity, we normalise and diagonalise the scalar kinetic terms through the redefinitions:

Wi= —2(A — A3 —\g), Wy = —2(Ay — A3 — \g), (2.11)
W3 = 2(/\1 + Ay + )\4), Wy = 2(/\1 + Ay + )\3). (2.12)
With these redefintions, the potential may be written as
4
Vs =—8T% 48 (0w, T), (2.13)

I=1

where we have introduced the superpotential 7"

T = % (2671 42672 o7 Wom W) (a1bs + brag)e= V1=

16g7
1
~3 (alefwrw“ +bre Wi Wa 4 goeWoWs 6267W17W3) . (2.14)
It can be checked that T recovers the correct potential provided the curvature of the
Riemann surfaces is related to the twist parameters through the following supersymme-
try condition

Ki = *f(alerl) (215)

From (2.13) it is clear that the critical points of V3 correspond to dw,T = 0. As we show
in the appendix, the same expression for T also appears in the dimensional reduction of
the fermionic supersymmetry conditions from 7D, thus providing further confirmation that
we have reduced the theory correctly. Using the results in the appendix, it is easy to show
that solving the Killing spinor equation to find AdSs3 vacua is equivalent to extremising
the superpotential.

The condition (2.15) guarantees that the lower-dimensional theory is indeed a gauged
supergravity, one with N/ = 2 supersymmetry. Choosing g; = 2, which leads to the
canonical normalisation for AdS7 x S* so that the radius of the original AdS; vacuum is
unity, (2.15) corresponds with the supersymmetry conditions presented in [15].

To back up our claim that the theory corresponds to an N' = 2 gauged supergravity,
we need to demonstrate that there is a Kahler scalar manifold. To show this is indeed the



case, we record the following equations of motion that follow from the 3D action

1
der = gre sy — (iG* + a1 G?), (2.16)
2v/3g7
1
dey = gre sz e — (b2G* + a2 G?), 2.17
2v/3g7 (217)
2Wy 1 \/g 1 1 2
d (6 x3 G ) = 7(b1d62 + bgdcl) + @ [bleG + (a1b2 + agbl)G ] , (218)

3 1
d (e 43 G?) = \g(deQ + agder) + 3597 [a1a2G? + (a1bs + azb1)G'] . (2.19)
7

An observation that we can make at this point is that one cannot truncate out c¢; without
setting G! = 0 for generic twists, in which case one recovers the ansatz of [15]. So, if we
plan on retaining G', then we are forced to also incorporate ¢;. We now introduce scalars
Y7 through the following covariant derivatives

e 43 Gt = DYy = dY; + %(@Al + b1 A%) + 4;7(@152 + agby) B?, (2.20)
W2 43 G2 = DY, = dY, + %(@Al + a1 A?) + 4;7(@152 + agb)BY, (2.21)
—V/3g7¢y = DY3 = dY3 + %(5231 + ayB?) — g7 A2, (2.22)
—V/3g7e; = DYy = dY, + %(blBl + a1 B?) — g7 A, (2.23)

This ensures that (2.16)—(2.19) are trivially satisfied. It is worth recording that the deriva-
tive (2.16) and (2.17) imply that e 2"3 x ¢y = dA, where A is an arbitrary one-form. The
precise relationship can be fixed by comparing with (2.22) and (2.23), resulting in

1 1
F2?2, Wi g0y =

F*, (2.24)
V3g7 V3g7

6_2W4 *3 C1 =

where F!I = dA”.
Once the scalars Y7 are introduced, we can rewrite the kinetic terms as

ﬁscalar =

4
[x3dW; A AW + e T 53 DY A DY) . (2.25)
I=1
The CS terms consistent with (2.20)—(2.23) are
1
Los = grAV ANF? — E(albg + agby)B' A G?
7
1 1
—§A1 A (byGY 4 aaG?) — §A2 A (b1GY 4 a1G?). (2.26)

We are free to then introduce complex coordinates z; = €7 + iY; so that the Kihler
potential for the manifold is

4
K == log[R()], (2.27)
I=1



thus demonstrating that the Kihler manifold is [SU(1,1)/U(1)]*. This confirms that the
bosonic action is consistent with A" = 2 gauged supergravity [25].

Extrema of T' correspond to supersymmetric AdSs3 vacua. In our notation, these may
be expressed explicitly as

Wi 4 (albg + agby — alag) g% W2 4 (albg + asby — blbg) g%
a%b% + a%b% + arasbi1by ’ a%b% + a%b% + ajagb1by ’
€_W3 _ 2 (a%bz + agb%) gr €_W4 _ 2 (a§b1 + alb%) g7 (2 28)
a%b% + a%b% + alagble’ a%b? + a%b% + arasb1by ' '

Using the redefinitions z; = a; — b;, (2.11) with g7 = 2, it can be checked that these agree
with the critical points of [15] once a flip in the sign of the scalars A\; and A9 is taken into
account. We recall that these vacua were originally found by solving the Killing spinor
equations [15], whereas here we have simply identified and extremised the superpotential
of the effective 3D theory. We stress that the above expressions for supersymmetric AdSs
critical points hold for generic a;,b; with N' = (0,2) supersymmetry. Special points in
parameter space exist where supersymmetry is enhanced to A = (0,4) supersymmetry,’
where a1 = ao = 0 or by = by = 0, however it can be verified from the superpotential that
no extremum exists for these values. Similarly, when aq; = b1 = 0, or as = by = 0, there is
no flux to support an AdS3 vacuum and as a consequence there is no solution.

There is one special case with an AdSs; vacuum and enhanced supersymmetry, which
may be found by setting a; = by = 0, or as = by = 0. Here supersymmetry is enhanced to
N = (2,2), a feature that can be seen from (A.4), since we need only impose two projection
conditions, y12I'"2e = €, y34'**€ = €, resulting in eight supersymmetries. Extremising the
potential, we note that

Wi = Wa = log (‘fg?) . Wy = log (2“;7) . Wy =log (;;) , (2.29)
where we have assumed ay and b; are non-zero. Indeed, for Wi € R, we further infer that
az > 0 and b; > 0, which implies through (2.15), with positive g7, that in order to preserve
supersymmetry we must consider compactification on a product of hyperbolic spaces.

Setting g7 = 2, one can quickly identify the compactifications leading to real AdSs
vacua. One notes that solutions only exist for H? x X, or put differently, one of the
Riemann surfaces should be hyperbolic. Choosing k1 = —1 and k2 € {0,%1}, we note the
following constraints on the parameters:

1 2
H? xT? {a2>0,a1<3}u{a2<0,a1>},

3
2
H? x §? >0, 2 sg > B2
{QQ " 3as +1 a“ 2a9 + 1
2ag + 1 a3
U < -1, <ap < — )
{a2 3as + 2 “ 2(12—1-1}
H? x H? {3(a1 +ag) — 6ajaz — 1 > |ag + ags — 1]}, (2.30)

9This corresponds to setting either F12 = 0 or F3* = 0 in 7D notation, so we only need to impose half
the projection conditions given in (A.4).



where we have eliminated b; through (2.15). We have checked that these agree with the
parameter constraints given in [15]. Identifying a; = ay = a, by = by = b, one can
show similarly that twisted compactifications on KE4 only lead to real AdSs vacua when
k= —(a+b) <0, so the space is negatively curved.

We have also checked that our results at leading order are consistent with the 5D
analysis presented in [24], where subleading corrections to the geometry are considered.
More precisely, one can check that e"? corresponds to the lone 5D hyperscalar, which
appears upon reduction from 7D, and that the scalars in the three vector multiplets are

2 2 4
Xl — 6_5/\4+2/\1, X2 — 6—5/\4-1-2)\2’ X3 — €§>\4_2>\1_2>\2. (231)

In terms of the remaining W;, we have

A e A w o As (2.32)

€ 9y ) )
as20a3 ajas a1ag

where A1 = (g5/2)(—a1P1 + a2 P> + a3Ps3) is expressed in terms of the 5D gauge coupling,
g5, the 5D twist parameters a; and the moment maps [24]:

g5P, = 2m — %e*Wﬂ g5 Py = 2m — %efw‘"’, gsP3 = me~ W3, (2.33)

with 7D gauge coupling m. Similar expressions can be found for As, As. To make the nota-
tion of ref. [24] consistent with our notation, one should employ the following redefinitions:

az — p1 — ag, p2 — ba,

2
2 9y
as — R(allb +agby), m — gr. (2.34)

One can also check that one of the conditions arising from the vanishing of the 5D hyper-
ino variation
kXX =0, (2.35)

where k‘f denote Killing vector parameters associated to a quaternionic submanifold of
the hyperkahler manifold corresponding to the hypermultiplets, is recast in 3D into the
condition that the 3D superpotential is independent of the hyperscalar oy, T = 0.

With an eye on the analysis in section 4, we record the value of T" at the extremum,

(2a1b2 + 2a2by — ajaz — bibs) g3

T —
a%b% + a%b% + ajasbiby

(2.36)

This in turn sets the AdSs radius, ¢, through ¢ = 1/(2T), as can be seen from the
scalar potential.

2.1 Further truncations

It is clear from the earlier analysis that one can further consistently truncate our theory. For
example, for the choice of parameters a; = as = a and by = by = b, which implies k1 = ko,
one may consider the simplification W3 = Wy, A! = A? and this gauged supergravity



with [SU(1,1)/U(1)]? Kéhler target space contains information about reductions on KEy.
More precisely, in addition to the complex scalars zi, zo, which are unaffected, we retain
23 = e™3 4+ 4Y3 and the Kihler potential for the target becomes

K = —log[R(z1)] — log[R(22)] — 2log[R(z3)]. (2.37)
and the scalar potential may be expressed as
Vs = —8T2% 4+ 8[(0w, T)? + (Ow,T)? + %(6W3T)2], (2.38)
where the superpotential is now

b 1
T =72 (2" 4272 4 ¢72W3) B e=Wi-Wa _ Ze*W3 (ae™"2 +be™ 1) . (2.39)

8g

ENT

Solving Ow,T = 0, I = 1,2, 3, one recovers the supersymmetric AdS3 values (2.28) with the
constrained parameters, as expected. It is a simple exercise to consider further truncations
to [SU(1,1)/U(1)]? target manifolds by identifying W1 = Wh, etc.

3 All timelike solutions

In this section, noting that the 3D gauged supergravity in section 2 is structurally the same
as the U(1)3 theory presented in [41], we derive the general solution to all timelike super-
symmetric solutions. In both cases, the respective 3D gauged supergravities possess Kahler
target space [SU(1,1)/U(1)]",n € {3,4}, so it may be anticipated that supersymmetric ge-
ometries are the same. We remark that it is straightorward to generalise our results to
arbitary n € N in analogy with known 5D classifications [45]. While our interest here is
gauged supergravity with scalar potentials, we also note that ungauged supergravities in
3D were classified in [38-40].

Following ref. [41], supersymmetric timelike solutions for the 3D gauged supergravity
presented in section 2 take the form

ds3 = —(dr + p)* + P~ F (da? + da3),
G' = e W1 [—40w, T e*P~Kdwy Adas + (AT + p) AdW],
FI = e Wi+ [—40w,,,T AP~ Kdzy Adao + (A7 + p) A dWirie], I=1,2, (3.1)

where repeated I indices in F/, G' are not summed, (21, x2) parametrise a Riemann surface,
p is a one-form connection on the Riemann surface satisfying

dp = 4Te*P~Kdzy A day, (3.2)

D is the breathing mode for the Riemann surface and K is the Kéahler potential (2.27).
We observe that the expression for the field strengths ensures that the algebraic 3D Killing
spinor equations presented in the appendix (A.7) are satisfied. When the gauge fields
are zero we have full supersymmetry, so it is hopefully clear that non-zero field strengths
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imply the projection condition v'2¢ = &, thus breaking supersymmetry by one-half, leaving
generically two supersymmetries.

To see that the one-form connection must satisfy (3.2), as in [41], we can introduce
the vector spinor bilinear PV = £7,¢ and make use of the Killing spinor equation (A.8),

.2
1 : ; ) ;
Dot Tt g 3 (MG + Mo L) 6 =0, (33)
=1

to determine that dP? = 4T %3 P°. Further defining the complex vector bilinear (P! +
iP?), = £y,&, we can use the same technique to find the differential condition:

e~3Kd [e%K(Pl + z‘PQ)} = g7 (™1 + e "2) x3 (P 4 iP?)
+ig7(B' + B%) A (P! +iP?). (3.4)

In this equation we note that the l.h.s. does not depend on the timelike Killing direc-
tion, while the r.h.s. does. As a result, since B! generically have electric components, for
consistency we require that B! takes the form

Bl =eWidr+p)+Bf, 1=1,2, (3.5)

where B! is a one-form depending only on the coordinates of the Riemann surface, x1, zs.
Furthermore, with this choice for gauge potential, B! is now consistent with the field
strength G! (3.1). From the same equation, we can determine the equation for the warp
factor D. We note that the form of the metric in (3.1) is consistent with the choice
Pl +ip? = eD_%K(dxl + i¢dz). Inserting this expression for the complex vector into the
above differential condition, we find that g7 (B 1 —i—BZ) = *x9dD. Taking a further derivative,
we find a second order equation:

2
VPD =4g7) (e Mo, T+e "1T) P 7K, (3.6)
I=1

which is exactly the same as in the U(1)3 theory [41], modulo a different expression for
the superpotential T' and an overall factor of the coupling g7;. This is in line with our
expectations. At fixed Wi, this equation is nothing more than the Liouville equation
V2D = —Ke?P, where K is the Gaussian curvature of the Riemann surface. As discussed
further in [41, 50], at extrema of the superpotential, the Gaussian curvature is related to
the AdSs radius, ¢ and the extremal value of T in the following fashion,

4 2

R 37

1
= m|ext‘

To extract supersymmetry conditions for the scalars we can use the expressions for the
field strengths (3.1) in the flux EOMs:

eI = 16| > 0w, T 0y, w, T — T 0w, T | e*P 7K. (3.8)
JAT
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We clearly note the presence of the supersymmetric critical point, O, T = 0, where Wy
becomes constant. It is interesting that the explicit expression for the superpotential does
not appear, so this is presumably a general result for all 3D gauged supergravities with
target space [SU(1,1)/U(1)]", n € N.

One can show that these conditions along with (3.1) imply the scalar EOMs and the
Einstein equations. As explicitly shown in [41], the Einstein equation along the temporal
direction is trivially satisfied, whereas the Einstein equation along the Riemann surface
reduces to the equation

4
(1677 — 8(0w, T)?] 2P~ X — V?D — % Y ez <. (3.9)
I=1
Using (3.6) and (3.8) one can show that this equation is satisfied, thus providing us with
a valuable consistency check.

3.1 Warped geometries

We now have closed expressions for all timelike supersymmetric solutions to the 3D gauged
supergravity that arise through a compactification from 7D on a product of Riemann
surfaces or a Kahler-Einstein four-manifold. As we have shown, the task of finding new
solutions reduces to solving (3.6) and (3.8). In this subsection, we will focus on the simplest
class of solutions with constant W; and leave more involved, potentially numeric solutions,
to future work. This will lead to new solutions and, as a further consistency check, the
recovery of supersymmetric AdSs vacua highlighted in section 2.

Our strategy is then to consider fixed-points where dWW; = 0. As a consequence, the
r.h.s. of (3.8) must vanish. In contrast to the simpler gauged supergravity of wrapped
D3-brane geometries [41], here it is difficult to find analytic expressions for the scalars
in terms of our parameters, a;,b;. As a result, we adopt different means; we impose the
quantisation condition (5.8) from the outset, thereby imposing a grid of discrete solutions,
before sampling various points. Throughout, we use the coupling g7 = 2.

We recall that when W7 is constant, (3.6) reduces to the Liouville equation, V2D =
—Ke2?P on the Riemann surface. A simple single-centered solution takes the form

p_ 2VIKL 3.10
T+ (3.10)
leading to the 3D solution

2 2 2 21,2
2 2 r o (dr® +rody?)
ds” = -4 (d“L (1+sgn(/C)r2)d‘P) T een(K)2)? (3:-11)
where )
4T 4
@ = U7 (3.12)

2K |2’ 2= eK|K|

When ¢; = {5 and K < 0, we recover unwarped AdSs.'°

Tt is well-known that the BTZ black hole [3] is a quotient of AdSs. While locally BTZ possesses as
many supersymmetries as AdSs, globally the number of supersymmetries depends on the mass, M, and

angular momentum, J. For extremal black holes, J = M/, one supersymmetry is preserved, for M = 0
two, and M = —1 (AdSs) four [58].
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(a1,a2) (91,9,) (W1, eW2 eWs Wa) K Uy )ty
0, 1) (n+1,1) (0.0625,0.0313,0.2500,0.2500) | -1.1250 | 1

0.25,1) | (2n+1,1) | (0.1094, 0.0219, 0.2188, 0.1094) | -0.6891 | 1

(0.0046, 0.0044, 0.2310, 0.0326) | 0.0743 | 0.1575

( )

( )

(-05,1) | (n+1,1) 0.0813, 0.0580, 0.4063, 0.8125) | -5.4321 | 1

0.1182, 0.0251, 0.1748, 0.0285) | -0.4781 | 0.3285

(0, 1) (n+1,0) | (0.0625,0.0208, 0.2500, 0.2500) | -1.3333 | 1
(0,02) | (B5n+1,0) | (0.1500, 0.0150, 0.2143, 0.0750) | -0.7779 | 1
(0.00067, 0.0027, 0.2490, 0.0325) | 0.0735 | 0.0657

(0.5,05) | (n+1,n+1) | (0.0469, 0.0469, 0.1875, 0.1875) |-0.5625 | 1
(0.0078, 0.0078, 0.1875, 0.0313) | 0.0625 | 0.2041
(0.0078, 0.0078, 0.0313, 0.1875) | 0.0625 | 0.2041

(1,0) | (n+1,n+1) | (0.0625, 0.0625, 0.2500, 0.2500) | -1 1
(0.0680, 0.0680, 0.1946, 0.1946) | -0.7608 | 0.9711

Table 1. Critical points for given parameters a; and Riemann surface genera g; with n € Z. K
denotes the Gaussian curvature of the Riemann surface and ¢5/¢; the degree to which the radius of
the Riemann surface is squashed relative to the timelike direction. Expressions have been rounded
to four decimal places, but can be found numerically to greater accuracy. Dots separate points
corresponding to reductions on H? x T2, H? x S? and H? x H?, respectively. The final entry
corresponds to a point where supersymmetry of the AdSs vacuum is enhanced to N' = (2,2).

When K < 0, the Riemann surface is hyperbolic, whereas for £ > 0, we encounter
a sphere. This can be easily seen by employing the coordinate transformations, r =
tanh(p/2), and r = tan(f/2), respectively. As a consequence, we see that for £ < 0,
we have 0 < r < 1, whereas for I > 0, the radial direction is simply bounded below by
zero, 0 < r. Regardless of the sign of the Gaussian curvature, we recognise that CTCs
appear where the signature of the g,, term in the metric changes sign from positive to
negative. The geometry is therefore CTC-free in the range
r < 6—2 (3.13)
4
For unwarped AdSs this range coincides with the range of r, so there are no CTCs. To
see that uplifting the warped vacua will make no difference to the presence of CTCs, we
remark that when a = 0 in the uplifted geometry (5.3), A“ makes no contribution and the
problem reduces to analysing the presence of CTCs in the 3D metric, which we have done
above. It should be clear that 3D CTCs will persist in 11D.
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Our findings mirror the results for 3D gauged supergravities based on wrapped D3-
brane geometries presented in [41]. For parameters in the allowed ranges where good AdSs
vacua exist, we either recover the unwarped AdSs vacuum, or in addition we find extra
fixed-points. Solutions for sample points in parameter space are given in table 1. For
these new fixed-points, the geometry is supported by fluxes and the timelike direction is
stretched, ¢1 > {5 leading to CTCs. For all points in parameter space we have studied, we
find that ¢; does not change, whereas > decreases as we warp the geometry. Depending
on the Gaussian curvature of the Riemann surface, the new solutions are either R x H?
(K < 0), which we know as Godel solutions [46, 47], or R x S? (K > 0), which may be
referred to as warped de Sitter [59].

To find these new warped solutions, we have solved (3.8) for W7y, i.e. given (aq, az) four
equations for four unknowns. One can also attempt to find points where K = 0, where
the spacetime would be topologically, R x T2, but in all the points we have studied, we
have found no real solutions. This mirrors the wrapped D3-brane case [41], where such an
outcome was shown not to arise.

However, in contrast to our expectations based on the analysis of ref. [41], for points
in parameter space where the AdSs supersymmetry is enhanced to N = (2, 2), for example
(a1,a2) € {(0,1),(1,0)}, (g1 > 0,92 > 0), we find new fixed-points. This is hopefully
evident from the last two entries of table 1.

4 Supergravity dual of c-extremization

In this section we review the results of c-extremization [14, 15], a procedure to identify
the exact R symmetry and central charge of a 2D theory with A" = (0, 2) supersymmetry.
We recall that N' = (0,2) SCFTs, like their N' = 1 counterparts in 4D, possess a U(1) R
symmetry, which is associated with the right-movers in 2D. If there are additional Abelian
flavour symmetries in the theory, it is well-known that there is an ambiguity in the R
symmetry, since it is free to mix with other symmetries. The achievement of ref. [14, 15]
is that the exact superconformal R symmetry is uniquely determined by extremising the
trial c-function,

CRtrial(tI) =3 <k‘RR + 2 Zt[k‘IR + Zt[tjkl‘]> , (4.1)

I 1J

where k% denotes the coefficient in the two-point function of the right-moving R current
and k7 are the coefficients of the flavour current two-point functions. Note that since ¢g trial
is quadratic, it has a unique extremisation, leading to a procedure called c-extremization.

One setting where c-extremization plays a role is in the dimensional reduction of the
6D N = (2,0) theory associated to M5-branes on a product of Riemann surfaces, X4, X X,
to 2D, where it serves to identify the exact R symmetry and central charge. We here sketch
the calculation, while referring the reader to ref. [15] for further details.

The 6D N = (2,0) theory has an SO(5) R symmetry, so to preserve supersymmetry in
the reduction, one twists the theory by turning on background gauge fields coupled to the
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SO(2)? Cartan subgroup of SO(5). In the compactification, the trial R symmetry becomes
a linear combination of the generators of SO(2)?, T4

Tr=(1+eTa+(1-eTs ecR, (4.2)

normalised so that a complex supercharge has R charge one. To determine the trial central
charge (4.1), in the absence of a weakly-coupled Lagrangian formulation for 6D N = (2,0)
theories, one can exploit the M5-brane anomaly polynomial [9, 60, 61]

rg

B 9 rcha(hg + 1)
T p2 +—

I
8 24

(N) = pa(T) + §(1(T) ~ pr(N)) p(N),  (43)

where N and T are the normal and tangent bundles, p; is the i*® Pontryagin class,'!
and rg and hg are the rank and Coxeter number, respectively. For the Ay_1 theory,
one has r¢ = N — 1,dg = N?> — 1 and hg = N. Integrating the eight-form anomaly
polynomial Ig over Y,, X Xg,, one compares with the anomaly polynomial of a 2D theory
to determine cg trial,

CR 2 CR—CL
Iy = —c(F)” — 1 4.
17 c1(F) o pi(T), (4.5)

where ¢ denotes the first Chern class. Extremising cgiria to determine €, one plugs the
expression back into cp to determine the exact left and right central charges [15]

_ e déh%ﬂ) + 2dgh(;r(;(3z%z§ — 8Kk1K92122 + n%m%) + 37’%2122(,2122 — 2K1K2)

4 dehg (k1K — 32122) — 3rgz122 ’
M déhé?? + 2dghara (32223 — 8k1kaz1 20 + KIKS) + 97‘%/{1/{22122 (4.6)
4 daha (k1K — 32122) — 3rgz122 ’ '
where we have defined
P = 32323 + K325 + K32t — Sk1koz1 29 + 3KTKE. (4.7)

To make sense of the above expressions for ¢ g, we need to additionally define

17 gi = 17
i = { (4.8)

The exact R symmetry is

dghg(lilzz -+ I€221)

Tp =T T
R atis+ dgha(k1ke — 32122) — 3rgz129

(Th —Tp). (4.9)

At the two-derivative level in supergravity, the goal is to recover the large N limit of
the exact central charge and R symmetry. To this degree of approximation, the central

HEor a vector bundle E over a differentiable manifold, M,

1i\ o LN 2 4
pl_—<—7r> trFe, p2_§(%) (trF= A trF*° — 2trF"), (4.4)

where F' denotes the curvature two-form, i.e. the background SO(5)r field strength.

~15 —



charge (4.6) and R symmetry (4.9) become:

3 a%b% + a%b% + arasb1by

~ep v D N 4.10
CL CR 771"72 2@1[)2 + 2a2b1 — a1a2 — b1b2’ ( )
. 9(arbs + asbi — byb
- (a1bz + agby — ajas) T.+ (a1b2 + azby — biby) Tg, (4.11)
2a1by + 2a2b; — araz — biby 2a1by + 2a2b1 — arag — bib
where we have rewritten expressions using z; = a; — b; and the supersymmetry condi-

tion (2.15) with g; = 2. We remark that the subleading terms for the central charges, ¢y, cg,
ie. ﬁ suppressed terms, have recently been matched at the four-derivative level [24].

Here we will show that the superpotential T' captures all information at the two-
derivative level. We emphasise that this agreement does not stop at just the central charge
and R symmetry, but the extremisation of 7', which produces supersymmetric AdS3 vacua,
is the direct supergravity analogue of the trial central charge in field theory that one
extremises to find the exact result.

It is now timely to recast our supergravity action in terms of the canonical expressions
for a 3D N = 2 gauged supergravity [25]. To do so, we recall some salient details; firstly,
the superpotential is quadratic in the moment maps V! associated to gauged isometries

T =2V'e V7, (4.12)
which is further given in terms of the embedding tensor ©;;. Secondly, it is the embedding
tensor that determines the CS term:!'?

1
Los = §AI@IJdAJ. (4.13)

Writing the gauge fields, A, I =1,...,4 in the order B!, B2, A" and A? respectively, thus
making connection with the gauge fields of section 2, we can read off the components of
the embedding tensor

1 1 1
O12 = — —(a1b b O13= —=b Ou=—-
12 497(611 2 + asby), 13 502 14 542

1 1

O34 = g7, O23 = — 551, O = — 501 (4.14)
This then determines T" once we identify the associated moment maps:
1w

V' = 1€ 1 (4.15)

To fully specify T, we should introduce V° = 1, which is associated to a central extension
of the isometry group that generates the SO(2) R symmetry. The additional components
of the embedding tensor are ©9 = %.

It should be clear from the above analysis that the inverse of the superpotential T
may be regarded as the trial c-function in the vicinity of the superconformal fixed-point.

Not only is it extremised at the AdS3 vacuum, but it is also quadratic in moment maps,

12Here we just focus on the Abelian case.
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mirroring the trial c-function (4.1). Moreover, as we have just seen, since £ ~ &, we have

T

from the Brown-Henneaux formula [7], ¢ = %G%, that the central charge c is inversely
proportional to T'. In fact, it is known that the role of 7" is more general; it is the natural
(super)gravity analogue of the Zamolodchikov c-function [13] for holographic RG flows
interpolating between AdSs vacua [12]. It has recently been noted [50] that it also decreases
in flows from AdS3 to Godel [46] fixed-points.

To make comparison, we need to fix the constant of proportionality, an exercise that
is most easily performed by borrowing the conventions of of [26] and comparing to the

Brown-Henneaux formula. Doing so, we recover the result of [15],

8¢ 16mm
2G5, T

c= %(CL—I-CR) ~ N3, (4.16)
which agrees with (4.10) when gy = 2. Note, this result holds for the Ay theory. To get
the result for the Dy theory, we can simply consider the Zy orbifold of flat spacetime with
Mb5-branes at the origin. As a result, we have ch ~ cgN ~ 4021\’ .

We can also extract the R symmetry from 3D supergravity in the large N limit. To do
so, we recall that the R symmetry evaluated at the AdSs fixed-point is given by the linear

combination [16]'
I

R= %Q I, (4.17)
where @7 denotes the charges corresponding to the U(1) currents. From the higher-
dimensional supergravity perspective, the R symmetry is a linear combination of the two
gauged U(1) isometries with gauge fields B, i.e. of the gauged SO(2)? Cartan of the maxi-
mally supersymmetric 7D theory. As can be seen from (2.20) and (2.21), these gauge fields
are dualised into U(1) isometries in our scalar manifold, Y7, which enjoy a shift symmetry
Yr — Y7 + a5, where a; denote constants. We can thus extract the R symmetry from the

moment maps V! = %e_WI, I = 1,2 associated to the gauging of these isometries. The
result is
271)1 2(&152 + agby — alag) % 2(@152 + asby — ble)

T - (2(11()2 + 2a9b1 — aja9 — bll)2)977 T o (2(11()2 + 2a9b1 — arag — b1b2)97' (4'18)
We note that this agrees perfectly with (4.11) when g7 = 2 and one takes into account
the factor of one-half in (2.8) between F! and G, since the moment map associated to
Flis %e‘wf .

As mentioned earlier, by tuning the parameters a; = as = a, by = by = b, and
consequently, k1 = ko = K, it is now easy to determine the corresponding central charge
and R symmetry for M5-branes wrapped on a KE4 manifold. With g7 = 2, we immediately
see from extremising 7" that x < 0, so that the four-manifold is negatively curved. Once
again, we normalise so that k = —1.

3n the conventions of [26], the 11D Newton’s constant is Gy = 167r7£g, the AdS7 radius is taken to be
one, Raas, = Q(WN)%ZP = 1. As a direct consequence of the choice of radius, the gauge coupling of the
SO(5) gauged supergravity becomes m = 2 and G = (37°/16)N ~>.

1Gee [62] for the 5D analogue.
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The central charge and R symmetry then follow from (4.16) and (4.17)

a?v? 3vol(KE4) N3

“Tlab—a2 2 22
2(2b — a) 2(2a — b)
Th 0 ——— —T 4.19
R b= -2 A d—a2— 2 P (4.19)

and are simply a refinement of previous expressions, once one takes account of the fact
that mne = #vol(ﬁl X Yg) = #VOI(KE@ and a +b = 1. As expected, both of these
agree with the exact central charge and R symmetry in the large N limit [15].

5 11D uplift of AdS5; vacua

As demonstrated in section 2, any solution to our 3D A = 2 gauged supergravity may
be viewed as a solution to 11D supergravity [53, 54]. In this section, we focus on the
uplifts of supersymmetric AdSs vacua corresponding to the extrema of the superpoten-
tial, which we will write in canonical form as a U(1) fibration over a 6D SU(3)-structure
manifold [52, 63, 64].

To perform the uplift, it is easiest to make use of the results of ref. [65], which are
already tailored to the U(1)? truncation of the 7D theory. In the process, we adopt the
following parametrisation for the (constrained) S* scalars,

H5 = Po;  H2a—-1 = Pa SN Pa,  fl2a = Pa COS Pu, (5'1)

where a = 1,2 and ¢, are 27-periodic. We observe that since the u; are constrained so
that Zle u? = 1, we necessarily have Zi p2 =1, so that p, = 0, 1,2 now parametrise an
S2. More concretely, we can choose,

po =cosa, p1p=sinacosfB, po =sinasinf. (5.2)

In terms of the coordinates «, 3 parametrising the S?, the uplifted 11D metric for AdSs
vacua may be expressed as

ds?, = A5 [6_4()‘3+’\4)d52(Ad53) + 62’\3d52(291) + 62)\4(152(2”)} (5.3)
1 A
+ZA—% |:e4>\1+4)\2Xda2 + 6—2()\1+>\2)XD52
+sin? o (e*”‘l cos? ,BD(Z)% + e~ P2 gin? ﬁDqﬁg)] ,
where g7 = 2, the warp factor is now A = e *1~*2 cos? o + sin? a X, and we have fur-
ther defined
D¢o = doa + 4A%, a=1,2,

X = M cos? B + M2 sin? 3,
(62)\1 o €2>\2)

DS = sinad
£ = sinadfB + e

cos « cos B sin Sda. (5.4)
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The four-form flux may be expressed as

1
Gy = gUA—2 sin? & cos (3 sin D¢ DpadaD

AL A
+——F?D¢y [sin a cos? fe?M Yda — e~ 7422 o5 oy sin o cos B sin ﬁDB]

2
AT . 2, o A AN —4N : .
+TF D¢s |sin asin” Be 2Xda+e 17342 cos asin «v cos B sin fD S
1
+1—6(a1b2 + asby) {2 cos avol(Xg, ) vol(Xg,) — sin aetP1FA2) =80 +A) vol(Ang)da} ,
(5.5)
where we have omitted obvious wedge products to save space and defined
U = cos’a (6_8’\1_8’\2 — e M4 _ 26_2)‘2_4)‘1) (5.6)

—sin® acos? 3 (262)\1+2)\2 + 672)‘174)‘2) — sin? asin? 8 (262)‘1+2)\2 + 674)\172&) .

Imposing the Bianchi identity dG4 = 0 leads, in the notation of the earlier section, to
the constraints:

4
dd = §F1 AF?+2V/3ge M2 40 O = 0. (5.7)

One observes that these constraints are indeed satisfied for AdSs vacua, when the expres-
sions for the field strengths F! and three-form potential (2.8), (2.9) are inserted.'®

Having uplifted the geometry, we can now comment on how the twist parameters a;, b;
should be quantised, so that the geometry is well-defined. Demanding that the gauge field
is a connection on a bona fide U(1) fibration, we require that the periods of the first Chern
class be integer valued. This leads to the conditions

1 1
72 2g7 dAl = g7 ai(g — 1) € Z, / 2g7 dA2 = g7 bl(g — 1) S Z, (5.8)
T J5, 2m Eg

where g # 1 is the genus of the Riemann surface, ¥4, over which we integrate. When one
compactifies on a torus, g = 1, this condition simply reads a;, b; € Z. As such, we recognise
the need to quantise the parameters so that the internal geometry is well-defined. This
requirement places stringent constraints on reductions on spheres and tori, however in the
case of compactifications on hyperbolic spaces, one is free to quotient the Riemann surface
without breaking supersymmetry, thus increasing the genus.

We can now use the result of the previous section, namely (4.17), to rewrite (5.3) in the
canonical form in order to distinguish the R symmetry U(1)r from the global symmetry
U(1)g. From (4.17), we see that the R symmetry vector, K, is

—-Wh —Wao

(&
K =
7 00+

O, = 2023 tA) (62/\1(9(;51 + 62/\28@) (5.9)

5The contribution to G4 due to C' was omitted in [15], so the Bianchi identity will not be satisfied.
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where Jy, are vectors associated to the U(1) isometries. Furthermore, we have rewritten
T in terms of the AdSs radius, T' = 1/(2¢) and Wy in terms of A\; (2.11). Using the 11D
metric (5.3), one can determine the dual one-form

(sin? o

_ o s 2 .2
= e AL (cos® D¢y + sin® D) . (5.10)

Normalising K to unit norm, we can rewrite the metric in the ¢;-directions in the following

fashion:
.2
ds2 = LIIA? (6_2’\1 cos® BD¢? + e 2 sin? B D¢%> (5.11)
3
i 2 2
= :lei( [(cos2 BD¢; + sin? ﬂD¢2)2 + cos® Bsin? B (6)‘27A1D¢1 - €A17}‘2D¢2) ] -
3

We note that the first term on the r.h.s. is simply the one-form corresponding to the R
symmetry, while the remaining term is the U(1)s symmetry.
We are free to change coordinates as follows:

dpy = €M (dipy + dipa), gy = €2 (dgpy — dapy), (5.12)

where we observe for AdS3 solutions that A; are simply constant. As a result of this
redefinition, the 11D metric (5.3) becomes

ds%1 — A3 |:€74()\3+)\4)d82(14d53) + 62)\3(152(291) + e2>‘4d52(292)]

%A—% <e4()‘1+)‘2) % da? 4 e72M1H22) x D2 (5.13)

221 20 2\ w12 2 2(A1+A2)
+sin2a[X (Dw1+ (e cos ﬁXe s mez) —I—eXsin2(2B)Dw%]>,

which is the canonical form for U(1)g x U(1)g, where 0y, is the R symmetry vector and
Oy, the global symmetry vector and we have defined

Dy = difq + 267 2M AL 4+ 26722242 Dipy = dapy + 267 M AL — 2e72M2 42, (5.14)

It is straightforward to recast the four-form flux, G4, in the new coordinates v; and we
omit the expression.

At this stage we could contemplate performing a dimensional reduction on the U(1)g
isometry, however this would lead to a singular geometry where the dilaton ® blows at
a = 0. One could further choose one of the Riemann surfaces to be a torus and perform a
T-duality without breaking supersymmetry, but the singularity will persist,'® so it is better
to consider the 11D geometries, which are regular.

As a consistency check on the uplifted geometry (5.3) and the identification of the
R symmetry in 11D, we should compare with existing classifications. To the extent of

16Tn the the process of twisting and compactifying the Killing spinor become independent of the Riemann
surfaces. One can then infer from ref. [66] that supersymmetry will be preserved in the T-duality.
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our knowledge, the most general existing classifications of supersymmetric AdS3 solutions
of 11D supergravity, with /' = (0,2) dual SCFTs, can be found in ref. [63] and ref. [52].
Since [63] considers purely magnetic flux configurations, we focus on the [52]. It has already
been checked that a number of known solutions to 7D supergravity [27, 28] fall into these
classifications. Supersymmetric geometries in this general class take the form [52]

1 A3

2 2 7 7 2

ds}; = s ds*(AdS;) + 4Sin29dp®dp +e' ®e' 4+ ds*(Ng),

1 _

F, = poc volags, Ad[p — A™3/2 cos 6] (5.15)

2\3/2
+ g (cos 0 + x3) (AN 32 sin 0T A €] — 2mAT T AT) + 2mAV 2T A €T A p,

S1n

where Ng admits an SU(3) structure, which along with A, 6, is independent of AdSs
coordinates and we have defined p = A/(2msin@)dp. In terms of the SU(3) structure
forms, J and (2, the supersymmetry conditions may be expressed as [52],'"

pAANTIIAT) =0, (5.16)
1 3
2mA2 A2 0
Jode” = m ’ (2 — sin? ) — cos fpad log ( 2_ C;)S ) , (5.17)
sin sin” 6
d(/\_% sinfIm Q) = 2mA 1 (e” AReQ — cosfp AIm Q). (5.18)

The combination A~3/2cosf just depends on the coordinate p, flp) = A"3/2cosf, and
setting f(p) = p, we recover purely magnetic solutions and the results of ref. [63].

To make comparison, we note that the metric and electric flux take the same
form provided

p =012 HM) o5 f = 722 =60sHA) (o6 ¢, (5.19)
Furthermore, we have checked that
sin a .
e’ = —F——(cos® D¢y + sin? fDgy),

2A3y/X
J = A3 [62)‘3 vol(Zq, ) + e V01(ZQ2)]
e~ (M1t22) i oy 8in 23
8A3
Q= %e‘*l—h“ﬁ*‘* (&' +ie*) A (& + ie*)
A [sinasin 203
2VX

where & denote appropriately chosen one-forms on the Riemann surfaces, satisfy the above

+

(¢ Dgn — M Dgy ) A DB,

(e*2D¢y — e Dghy) + z'\/)?Dﬂ] : (5.20)

supersymmetry conditions through a number of non-trivial cancellations. Just highlighting

""Here AuB = % Ay, B #7 for p-forms A and B.
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one particular case, we observe that the simplest condition (5.16) implies the following
constraint on the scalars

e (a1eM? + age™1) = "2 (b1e"3 + bye't) 4 8t Wa (W1 _ W2, (5.21)

We emphasise that it is not immediately obvious that this condition is satisfied, since this
equation is an artifact of the 11D description. However, it can be checked using (2.11) that
this condition is satisfied for all a;,b;. This agreement provides yet another consistency
check on the results of ref. [52] and also allows us to confirm that the R symmetry from
the 3D perspective agrees with the canonical R symmetry from 11D supergravity, in line
with our expectations.

Finding that the supersymmetry conditions are satisfied for all twistings a;, b; is not
entirely unexpected. The reason being that the classification of ref. [52], although it assumes
a wrapped Mb5-brane ansatz from the outset, recovers a known classification of all minimally
supersymmetric AdSs solutions in 11D supergravity [67]. Since classifications with different
supersymmetry are simply related via an identification of GG structures — in this case two
orthogonal Ga-structures define the SU(3)-structure — it may be expected that (5.15) is
sufficiently general to cover the uplifted 11D geometries.'®

Finally, one last comment. While we have focused on 11D uplifts in this section, re-
cently it has been shown [72] how minimal gauged supergravity [73] in 7D may be embedded
in massive ITA supergravity. Since minimal gauged supergravity has SU(2) valued gauge
fields, this necessitates that one truncates the U(1)? theory to U(1), leaving a single gauge
field and scalar in 7D. As a result, only solutions based on K&ahler-Einstein compactifica-
tions from section 2, where a; = ag, b1 = by, can be embedded this way.

6 Discussion

If there is a take-home message from our work, it should be the observation that, for the
class of 3D gauged supergravities arising from wrapped Mb-branes, the superpotential T’
contains a wealth of information. Extremising it, we get the AdS3 vacua, and the Brown-
Henneaux central charge is, modulo a coefficient, simply the inverse of 7. Indeed, the
extremisation process through which one arrives at AdSs; vacua deftly encapsulates the
c-extremization procedure from 2D CFTs [14, 15]. To add weight to this statement, one
should recall that the R symmetry in the large /N limit is given in terms of the moment
maps, which appear in T' quadratically contracted with the CS coefficients (embedding
tensor). We have checked that the R symmetry agrees with the canonical U(1) R symmetry
from known classifications. Moreover, as we have seen in section 3, T dictates all the
supersymimnetric solutions in the theory and as expressions are presented implicitly in terms
of T, the analysis should hold for all timelike supersymmetric solutions to 3D N = 2 gauged
supergravity, once the explicit superpotential is determined.

'8Recently, AdSs solutions with A/ = (0, 2) supersymmetry [68, 69] have been generated via SU(2) non-
Abelian T-duality [70] (also [66]). It would also be interesting to confirm that these fit into the above
classification. It was reported recently that another non-Abelian T-dual AdS3 geometry with A = (0, 4)
supersymmetry [71] fell outside of one of these classes.
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Although we have not touched upon it in this work, 1" also gives a concrete prediction
for the central charge at the warped AdSs fixed-point. This claim is based on the as-
sumption that we can use the same coefficient that reproduces the Brown-Henneaux result
for AdS3 vacua. It would be interesting to see if the same result may be recovered from
the asymptotic symmetry algebra by generalising the analysis of ref. [49] to theories with
scalar potentials.

Unfortunately, all comments above are restricted to the two-derivative level and it
would be interesting if one could find a higher-derivative analogue of the superpotential
in 3D that also encodes the corrections. From a 5D perspective [24], we already know
the corrected AdSs supersymmetric geometries, and that the CFT result may be recov-
ered at subleading order using c-extremization of Kraus-Larsen [10], while the difference
between c¢j, and cg, which is not evident at the two-derivative level, can be read off from
the gravitational CS terms in 3D [74]. It would be nice to streamline this process using
supersymmetry, if possible. By either dimensional reduction of 5D off-shell supergravity, or
working directly with known supersymmetric invariants in 3D, for example [75], one should
be able to identify the analogue of T' with four-derivatives in order to see to what extent
corrected solutions may be found via an extremisation process. As a warm-up, it should
be interesting to match the R symmetry at subleading order to reconcile the prescription
in the literature [76] with the analysis of ref. [24], which already agrees with the expected
CFT central charges.

It is a common feature that the 3D gauged supergravities, which we have found via
dimensional reduction, all have non-compact target spaces. In principle, 3D A = 2 gauged
supergravity also allows for compact target spaces, such as CP! [77] and more generally
CP™ [78]. Identifying an embedding for these theories would help elucidate properties of
the dual A/ = (0,2) SCFT and allow one to study RG flows from both the perspective of
field theory and supergravity. We hope to explore this in future work.
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A Reduction of supersymmetry variations

In this appendix, we reduce the supersymmetry variations of the U(1)? truncation of 7D
SO(5) gauged supergravity on a product of Riemann surfaces. A similar reduction on a
single Riemann surface from 5D U(1)3 gauged supergravity appeared in [41]. In 7D the
supersymmetry variations read [51]:

O = | Vit 3Qui T + 55T = 350" = 884"y T4 I, FP

gr v 9 v 3 —
*10v3 (w 7= 2‘%’”) (T 1)245Aupo] €,

~ 93 -



1 . 1 - 1 1
oxi = {2Pm~ﬂ“1” + % <Tz — 55ijT> 7+ 6 <Fklri - 5Fisz)7WH?4HIBF£/B
g7 i j -
+ MVMVP(FiJ —456.7)(II 1)34SAMVP:| €, (A.1)

where € denotes the 7D supersymmetry variation, T = §% T;j, and we have further defined
Hi& _ diag(ef)\l’6*)\1’67)\27 67)\2, 62)\1+2)\2),
Myi; = M40 420, + 297AMAB)HkB5kj7
1

1
Quij = 5(Myij = Myji)s - Puij = 5(Myij + My ji). (A.2)

The corresponding expression for T;; appears in the text (2.4).
To perform the reduction, we decompose the 7D supersymmetry variation and gamma
matrices as

e=eCc@m @,
,Ya :pa®0'3®0'3,
,Ym+2 — 1®0,m®0,3,
A =191 0™, (A.3)

where now a = 0,1,2, m = 1,2 and C is a 3D scalar, yet to be determined. We impose the

projection conditions
va4€ = ys6€ = —'2e = —T34e = je, (A.4)

where ~; are tangent space gamma matrices and I'* denote SO(5) gamma matrices. Note

012¢ — ¢. With four projection

we also take vo123456 = 1 and I''?3% = 1, so this implies v
conditions, we are generically left with two supersymmetries.

Performing the reduction using the ansatz in the text, one finds the following alge-
braic conditions:

1
2DMaxs = 208N | (=B + 2+ Wy + Wa) + 5 (3¢ — 20712 — e Wo )

1
+% (3ale*W27W4 + 3age” V2 Ws _op e WimWa _ 2b267W17W3) ,

W — 397, _w —W
- aiby + agshy)eV1 W2 e M e 3
4097( 1b2 + azbr) 10\/3( ¢ )
3 Wy ol 1 Wa 42
—1—1206 & zme @ e,

1
203 = e2(RatAa) —TO&?(QWl — 3Wo + W5 + Wy) + % (36_W2 —2e W1 e_WS_W4)

1
+270 (?)blffwrw‘1 + 3b267W17W3 — 2@167W27W4 — 2a267W27W3) ,

1 W . 397w —W.
- ai1by + ashy)e ™ W1W2 _j IL (o=Way 4 o=Ws
4097( 102 + azby) 10\/§( ¢ £s)
1
+i%€w2$2 — iTO€W1$1 €, (A5)
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293503 = 23t am + W — 2Ws + 3W,) + 1—0 T (2 Wt 4 2¢7W2 4 ¢ W Wa)

1

20 (a26 Wo—W3 4 b267W17W3 _ 4&167W27W4 . 4b1€7W17W4)
i W 7; W: 397 W . 997 oW
+—eM _|_ 2 3 4
20 $ $ 5\[ ¢2 10\[ ¢1
72097 (a1b + “2b1)€_w1_w2 €,

29°01ps = € 200314) r?(W1 + Wo + 3W3 — 2Wy) + It (2€7W1 +2e W2 4 67W37W4)

10 10

20 (are” WerWa e =W — ggpe= V25 — 4b26_Wl_W3)
e e e g g,
- 20197 (a1b2 + azbl)efwlfw2 €.
In deriving these expressions, we have made use of (2.15) and the inverse relations:
AL = 110( 3W1 +2Wa + W3 + Wy), Ay = 110(2W1 — 3Wa + W3 + Wy),
Az = TO(WI + Wa — 2W3 + 3Wy), Ay = E(Wl +Wa +3Ws —2W,).  (A.6)

We observe that the d x5 supersymmetry variation offers nothing, since consistency demands
that T'"y; = 0 = I'"§x; = 0. Taking various linear combinations, one finds the 3D algebraic
supersymmetry variations:

OO\ [ 7
4e=C=22 =22 (DLiy ) 4 30003 + 7°00s) = 3W1+§eW1$1—48W1T ER@m @12,

o [ ?
Ae= O~ 220 (D25 o 4 2350 + 7P005) = aW2+§eW2$2—48W2T §@m @ ng,

(O \e [ 7
4e” O P20 (Dlgyy — Dyg 4+ 4P005) = aW3+§eW3F1—4aW3T EQm @2,

o [ i ]
47O 2M(_Dlgy ) — T3ys +~43003) = |§Wy + 56W4F2 — 40w, T| E@m @19, (A7)

where we have decomposed the spinor and dualised c¢; using (2.24). Following a procedure
outlined in [41], we can also extract the following

e 5T G4 + 294 (7P 003 + 77515 )]
.2
_ v Wi  bevi Wi be i
= [Da + Tpq + 3 ; (e Po Gy + €7t p, Fbc)]f ®m n2, (A.8)

where we have defined D, = V, — i% (B! + B?), and C = —(A3 + \y).
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