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investigation of the free tensor multiplet on the level of equations of motion, where the
problem of its formulation in Euclidean signature is circumvented by letting the time-like
direction lie in the two-manifold C' and performing a topological twist along My alone.
A compactification on C' is shown to be necessary to enable the possibility of finding a
topological field theory. The hypothetical twist along a Euclidean C' is argued to amount
to the correct choice of linear combination of the two supercharges scalar on My. This
procedure is expected and conjectured to result in a topological field theory, but we arrive
at the surprising conclusion that this twisted theory contains no Q-exact and covariantly
conserved stress tensor unless M, has vanishing curvature. This is to our knowledge a
phenomenon which has not been observed before in topological field theories. In the litera-
ture, the setup of the twisting used here has been suggested as the origin of the conjectured
AGT-correspondence, and our hope is that this work may somehow contribute to the un-
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1 Introduction

This work is an investigation of the topological twisting of the (2,0) theory which has been
suggested to be relevant in the explanation of the origin of the AGT-conjecture. Herein,
the simpler model of the free tensor multiplet is considered, and we find that the resulting
twisted theory exhibits some curious, undesirable properties. The most severe of these is
the lack of any satisfactory formulation of a stress tensor. This surprising result will be
clear eventually, but let us first start at the very beginning.

The theory known as (2,0) theory [1, 2] is a six-dimensional superconformal theory
that continue to resist attempts at unraveling its mysteries. One way to obtain information
about the theory is to look at its different compactifications. For example, when compact-
ified on a circle it gives rise to five-dimensional maximally supersymmetric Yang-Mills the-
ory [3]. Recently a whole class of four-dimensional gauge theories have been constructed
in this way by compactifying (2,0) theory on a two-dimensional Riemann surface with
possible defects [4-6]. This class of theories is sometimes referred to as “class S” in the
literature [7, 8]. The way these theories are obtained through compactification has led to a
conjecture about the relation of certain objects in four-dimensional- and two-dimensional
theories, the so-called AGT correspondence [9].



More specifically, this correspondence states that the correlation functions in two-
dimensional Liouville theory are related to the Nekrasov partition function [10, 11] of
certain N' = 2 superconformal gauge theories in four dimensions. One natural way to derive
it [9, 12, 13] would be to link it to a certain geometric setup in (2,0) theory, where the
spacetime is taken to be a product of a two-dimensional- and a four-dimensional manifold.
In such a setting, compactifications could either be carried out on the two- or on the four-
manifold, after which one could search for protected quantities which have survived the
compactification. A relation should then exist between the protected quantities of both
compactifications.

However, one is here faced with the great challenge of a lack of any satisfactory def-
inition of (2,0) theory that would permit such detailed calculations. While this is indeed
true for the full, interacting (2,0) theory, this is not the whole story for the abelian version.
Here, a classical formulation in terms of equations of motion exists.

Moreover, it is important to notice that for a general background all supersymmetry
will be broken and such a situation cannot be expected to shed any light on the AGT-
correspondence. In order to preserve some supersymmetry, one must first perform a topo-
logical twisting [14]. In a case where the six-manifold has the product structure mentioned
previously, i.e. Mg = C x My, and Mg is of Euclidean signature, (thus the holonomy groups
of both C' and M, are compact), such a theory admits a unique twisting, which has been
claimed [12] to be analogous to the Donaldson-Witten twist of four-dimensional N' = 2
Yang-Mills theory [14]. In the literature (see for example [12, 15]), it has been stated that
the six-dimensional twist of would result in a theory which would be topological along
M, and holomorphic along C' [16]. Herein, the behaviour of the Lorentzian theory (es-
pecially along the four-manifold), is investigated explicitly by computing a stress tensor.
Our result seems to indicate that this Lorentzian twist may as conjectured coincide with
the Donaldson-Witten twist on a flat background, however it does not seem to be true in
the general case. A more detailed discussion of this shall be presented towards the end of
this work.

However, the elusive side of (2,0) theory once again comes back to bite us here, since
not even the abelian version of this theory has a satisfactory description on a Euclidean six-
manifold, but rather only on a six-manifold with Minkowski signature. In such a situation,
the holonomy group would be non-compact, and a topological twisting that results in a
scalar supercharge cannot be performed. If the light-like direction is taken to lie in C', one
may still obtain supercharges that are scalars on My by a twisting procedure. One of these
charges has properties that would make it scalar along C' as well, were we in the Euclidean
scenario. In this work, this is the supercharge we will consider, and the behaviour of the
theory under it is the subject of investigation. The final conclusion is that, on a general
My, the stress tensor of the theory cannot be both ()-exact and conserved, and the theory
is thus not topological in the traditional sense.

The outline of this work is as follows: in section 2 we describe the twisting procedure
giving rise to the supercharge that is scalar on M, and give a detailed description of the field
content in this new, twisted theory. Section 3 deals with the equations of motion as well
as the supersymmetry transformations of the twisted theory. In section 4, a stress tensor



is computed in the flat case which is shown to have all desired properties. An attempt at
generalising this to a general My is made, and any @)-exact stress tensor is shown to not be
covariantly conserved. It is also shown that no modifications to either equations of motion
or supersymmetry variations may be done which would rectify these obstructions when M,
is curved.

2 The twisting

We consider the free tensor multiplet of the (2,0) theory on a flat six-manifold Mg ,
endowed with a product metric such that Mg = C x My, with C' some two-manifold
and My some four-manifold. Throughout this work, light-cone coordinates {+, —} on C,
and indices u,v € {1,2,3,4} denoting directions along My, will be used. When needed,
M,N € {0,1,2,3,4,5} will denote indices in six dimensions.

The tensor multiplet [17] contains a symplectic Majorana-Weyl spinor ¥ transforming
in the 4 of the R-symmetry group Spin(5)g, a scalar ® in the 5 of Spin(5)r and a self-dual
three-form Hpy;nyp. This section will deal with the decomposition of these representations
under the twist, and the next section will provide a detailed dictionary for reinterpreting
these in terms of the field content of the twisted theory.

If Mg is of Euclidean signature, as previously mentioned, the theory admits a unique
topological twisting. This since the R-symmetry group Spin(5) contains a subgroup SU(2) g X
U(1)g, which also may be found as subgroups of the Lorentz group of C' x My: U(1) x
SU(2); x SU(2),. The twisting procedure is carried out by defining SU(2)" to be the diag-
onal subgroup of SU(2), x SU(2)g and U(1)" as the same in U(1) x U(1)r. By considering
the theory under the group U(1)’ x SU(2); x SU(2)’, one finds a single supercharge which
is scalar hereunder, and thus the possibility of a topological field theory exists.

However, the lack of a satisfactory formulation of the free tensor multiplet of (2,0)
theory in Euclidean signature forces us to work in a situation where C is of Minkowski
signature instead, with the correspondingly non-compact Lorentz group Spin(1,1). There
will thus be no way to embed this into U(1)g, and hence it is not possible to perform a
twisting along the two-manifold C as in the above case. My is however still of Euclidean
signature, hence the twisting along these directions will not have been affected. This will
be described in greater detail below.

In table 1 and 2, the representations of the fields and supersymmetry parameters
before and after twisting along M, are shown. A more detailed explanation on how the
six-dimensional field content should be translated to the fields of the twisted theory will as
mentioned follow in the next section.

The superscripts indicate the charge under U(1)g. For clarity, it should here be pointed
out that the representations for the fermions and for the supersymmetry parameters differ
in their chirality on C' (which is not shown in table 1 and 2).

If we were in Euclidean signature, all of these new fields would also have charges under
the U(1) which would then be the Lorentz group of C. In the second step of the twisting
procedure previously described, these charges would combine with the charges under U(1)g.
The charge under the new diagonal subgroup U(1)’ would then be given by the sum of these



SU(2); x SU(2), x SU(2)g x U(1)r
® (1,1,3)°@ (1,1,1)*!
T (2,1,2)F29(1,2,2)F/?
H (3,1,1)°®(1,3,1)°®(2,2,1)°
e (2,1,2)F29(1,2,2)F/?

Table 1. Representations before twisting.

SU(2); x SU(2)" x U(1) Twisted fields
® (1,3 (1,1)*! E,6,0
vo(2,2)77 9 (1,3) 2@ (L 1) G s X, Xy 1,71
0 0
H (3,1)°a(1,3)®(2,2) oo Fly Ay
e (2,2)70 1,3 P e 1,12 . (9,

Table 2. Representations after twisting.

U(1) x SU(2); x SU(2) x U(1)g
d (1,3))e (1, 1)F!
vo(2,2)) e (1L,3) e (L))
H (3,19 (1,3))e(2,2))
e 22558 01,8) ) e 1,1

Table 3. Hypothetical Euclidean twist.

two charges. Hence the supercharge that would become scalar under such a twist would
be the one with U(1)g-charge of —1/2 whose parameter shall be denoted by €. The other
supersymmetry scalar on My, with U(1)g-charge of +1/2, is denoted by &. That ¢ is the
parameter of interest can be seen by studying table 3 where the representations after the
four-twist in the Euclidean scenario is written down. The superscript here denotes the
charge under the U(1)r whereas the subscripts denote the charges under the U(1) Lorentz

group of C.

One may choose some chiral, constant spinors et to generate the two spinor represen-
+1/2
—~1/2°
denotes the charge under a hypothetical U(1) Lorentz group of C, and is what distinguishes
the two fermionic singlet representations on My from the ones of the supersymmetries.) In

tations for the fermions which are scalar on My, namely (1,1) (Again, the subscript

some cases, it is convenient to think of these two new base-spinors as complex linear combi-
nations of constant symplectic Majorana-Weyl spinors, e; and es, such that et = e + ies.

The two spinors e will as mentioned need to be chiral in the six-dimensional sense to
generate the fermionic representations. I' e

generate the (1, l)ﬂg

are then anti-chiral, constant spinors, which
where the supersymmetry-charges that are of interest to us live.



This allows for a parametrisation of the two supercharges which are scalar on M, in
terms of some Grassmann parameters u and v, together with a I'-matrix along C' to account
for the six-dimensional chirality. These relations are given by:

e=vly e, E=ulje™, (2.1)

where as repeatedly mentioned, the supersymmetry parameter that would become scalar
on C' as well after a hypothetical further twist is e.

2.1 Detalils of reinterpreting the fields

The next order of business is to create a dictionary, translating the original field content of
the six-dimensional free tensor multiplet (table 1) to the field content of the twisted theory
(table 2).

Bosonic scalar. Let the indices i,7 € {1,2,3}. One can then quite easily see that the
self-dual two-form E,, of the twisted theory can be related to the first three components
of the six-dimensional scalar field ® as follows:

Ey= - (2.2)

k
Eij = eijkq) .

Furthermore, the two last components of the six-dimensional scalar ® are after twisting
combined into a complex scalar o:

o= i((I>4 —iPj). (2.3)

V2

Bosonic three-form. Reinterpreting the six-dimensional bosonic three-form in terms of
the new, twisted fields is only slightly more complicated than the case of the scalars above.
By using the fact that Hysnp is self-dual, (with respect to the orientation and Riemannian
structure on Mg), one may show that H,, is a self-dual two-form in four dimensions, and
H_,, likewise is an anti-self-dual two-form on My (all with respect to the orientation and
Riemannian structure on My). This gives us a natural interpretation of the components of
H in terms of the twisted two-form F' as:

1 g
Hypw = §€;wp Hipo = F;:/ (2.4)
1 _
H_ = - §6WpaH—pU =L

where F;E, denotes the self-dual and anti-self-dual parts respectively.
Moreover, one may in a similar fashion interpret H,,, and H, _, in terms of the twisted
one-form A, and its dual as:

Huup = 6uypaHif = EuupUAU- (25)



Fermionic fields. ¥ may be expanded in terms of the twisted fields 7, ¢, ... as follows:
K 1 s\ o+ ~ T 1 v\ —
U= (n+T "+ ZFHFVX e"+ (n+TTt + ZI‘MFVX e . (2.6)

The terms in the above decomposition are precisely the twisted field content of the spinor

field as given in table 2. By using how e*

are related to symplectic Majorana-Weyl spinors,
one can show that ¥ indeed is a symplectic Majorana-Weyl spinor as well under the con-
dition that the fields with- and without twiddles are related by complex conjugation. This
also is consistent with the U(1)z-charges of these different fields.

However, in the case we wish to consider, namely the theory invariant under only the
one supercharge that would become scalar in a Euclidean scenario, we must loosen these
requirements on W, since there is no such notion as a spinor being Majorana-Weyl on a
six-dimensional FEuclidean manifold. This means that the fields with- and without the

twiddles will need to be considered as independent of one another non the less.

2.2 Some useful relations

To perform further calculations, we must first find ways to handle the I'-matrices which
arise both in (2.6) when reinterpreting the fermionic spinor field in terms of the new,
twisted ones, as well as in the expression for how the relevant supersymmetry parameter is
written down in terms of our base spinors (2.1). In this section, some useful formulas for
handling these are presented.

The first, and maybe most important relation comes from the knowledge that our
constant base spinors are singlets under all of the SU(2)’s after twisting, which gives us
the relations

1 1 ;
5 <F4i - Qeijkrjk>€i =0 (2.7)

;(FM + ;Eijkrjk>€i + %Eijkl—‘%gei = 0.
Here I'" denotes the I'-matrices of the Lorentz group, whereas I'p denotes the gamma
matrices of the R-symmetry group. Again, the indices {i, j, k} take values in {1,2,3}. The
top one of the above equations enforces that the e* are singlets under SU(2);, and the
lower one reflects the same behaviour under SU(2)".

Furthermore, the charge under the U(1)p is known for the two spinors, and it is thus
known how the generator of this group acts on them:

iTEThe® = et (2.8)

A short calculation also shows that the action of one of these, say F‘}%, corresponds to
flipping the U(1)g-charge and thus:

Ihet =eT. (2.9)



Now we move on to relations involving the I'-matrices of the Lorentz group. The
spinors are chiral in a six-dimensional manner, thus

Dol DolsTylset = et (2.10)

This may be reduced to chirality along C' and My individually by studying how these
representations decompose under the twisting procedure. If we let the six-dimensional
indices be divided such that {0,1} € C' and {2,3,4,5} € My for the moment, this may be
expressed as:

DolslyTse® = —e* Dolet = —et. (2.11)

From the above relations, all information necessary to perform our desired calculations
may be deduced.

It is convenient to define
1
V2

since we as previously mentioned wish to use light-cone coordinates on the two-manifold,

s Ty 4+Ty) , TI'*F=T, (2.12)

and to consider the action of these on the spinors instead. This may be derived in a
straight-forward manner using (2.12) together with (2.11), leading to the expressions:

1 1
ﬁ(rl +To)et =V2let | T et = E(F1 —Ty)et =0. (2.13)

The most favourable way to express these relations is not however in the form in which

F+ei -

they are given now, but rather in terms of the relations for some spinor bilinears which
they lead to. Below, the most commonly used ones of these are listed:

efr—et =1 e, I, et =4,
eflter =0 e T, Tl e™ = 0,u0p0 — 0up0v0 + Opobup — Epwpo (2.14)
etrEet =0 e I Tiet =2

2.3 Compactifying on C

In the construction of the class S theories [4], C' is a Riemann surface of genus g with
punctures. The N' = 2 Yang-Mills theory arise in the IR limit of (2,0) theory compactified
on this surface. When considering the theory on a flat C, this simply means that we take
all derivatives in these directions to vanish. Such a compactification seems necessary in
our setup as well if we want the theory on My to be topological, since terms containing
derivatives on C otherwise spoil all the interesting properties of the theory: @ invariance
and exactness of T as well as the nilpotency of ().

However, it may be interesting to point out that there are two supercharges that are
Lorentz scalars on My, described by parameters € and €. We have herein chosen to only
consider the observables which live in ()-cohomology, since we are interested in only the
supercharge which would become scalar if the signature of C' was Euclidean and we thus
could twist along that direction too.



3 The theory after twisting

After having worked out the field content in the previous section we now turn to the
formulation of the theory after the twist. Here we will use the known equations of motion
and supersymmetry variations for the abelian tensor multiplet to derive the corresponding
expressions for the twisted fields. With the explicit correspondences given in section 2.1
this is almost immediate.

3.1 Equations of motion

In the six dimensional formalism, the scalar fields fulfil the Klein-Gordon equation, and
the self-dual bosonic three-form satisfies dH = 0. Furthermore, the fermionic field satisfies
the Dirac equation.

DMDy® =0 (3.1)
dH =0
™pyo =0

Translated into the language of the twisted theory, the bosonic two-form and the
complex scalar also satisfies the Klein-Gordon equation. Since any derivatives in the first
two directions will vanish identically due to the compactification, what remains is the
Klein-Gordon equation along My, that is:

0,0°Ey, =0 (3.4)
0,00 = 0.
Moreover, we may split the six-dimensional equation of motion for the bosonic three-

form according to the number of indices along M,. The six-dimensional equation of motion
are then easily reinterpreted in terms of the twisted fields as:

20}, A, = 0 (3.6)
+
8[MF;/p] =0
9, Al = 0.

Likewise, the equations of motion for the twisted fermionic fields may, after some
calculations, be written as:

it =0 (3.7)
a,uﬁ - 8V>~(,uu =0
(8uwu)+ =0,

and equivalently for the fields without twiddles. The notation (8ME,,)+ refers to the self-
dual part of a[ui)y}. Furthermore, since all components of the six-dimensional fermions
satisfy the Klein-Gordon equation, one can show that the same applies to all components
of our twisted fermionic fields (and, as for the scalars, particularly along My).



3.2 Supersymmetry

After the twisting procedure we are left with two supercharges which are Lorentz scalars
on My, and as explained in section 2, the one with positive U(1)z charge is the one which
we focus on herein. We now derive the component expressions for this supercharge acting
on the twisted fields starting from the six-dimensional expressions. In a flat space-time,
these supersymmetry variations for the free tensor multiplet are given by:

SHynp = 30 (Pal nppe®) (3.8)
5Py = 2(TR) 0% (3.9)
ST — f—QHMNPFMNPeO‘ + Mg, Oy (TR)PRETM e, (3.10)

Where K denotes an index in the vector representation of the R-symmetry group Spin(5).
Using the twisted field content of definitions (2.2)—(2.6) together with the supersymmetry
parameter ¢ of (2.1) , these variations induce the following variations of the twisted fields:

S0 = \/2iv on =0
86 =0 S1h, = —viV/20,5
OF,, = ixuwv Oxu =0
L o Ko (3.11)
oF,, =0 (En =0
0F,, = —40,¢,v 0y, =ivA, —vo,E1
0A, = Ounu X = 2ivFJV

These can be verified to square to zero, which is equivalent to the supercharge () consid-
ered here indeed being nilpotent. Furthermore, these variations can be shown to induce
an isomorphism on the space of solutions to the equations of motions presented in equa-
tions (3.4), (3.5), (3.6) and (3.7).

4 Stress tensor

A first step towards computing the stress tensor for the theory in a general background is
to first perform the calculations in the special case when M, has vanishing curvature. This
is the subject of this section, and is something that will greatly facilitate the investigation
of the general case (performed in section 5).

4.1 Actions

Since the main objective of this paper is to obtain an explicit expression for the stress ten-
sor of the twisted theory, it would be highly convenient if we could formulate an action for
it. The derivation of the desired stress tensor would in principle then be straight forward,
and could be carried out by a standard metric variation of this action. However, as pre-
viously mentioned on repeated occasions, there are some well-known problems with giving
a satisfactory formulation of (2,0) theory in general, and using a Lagrangian formalism



in particular, and we cannot hope to do this here either. However, there is a well-defined
action for both the fermionic fields as well as the scalar fields of the abelian (2,0) theory,
and by writing these down we may find an Ansatz for the contributions to the stress tensor
which arise from these fields.

Scalars. The action for the scalar field in six dimensions is given by the
standard expression

Localars = —On KM & . (4.1)

By exploiting the fact that all derivatives in the +-directions vanish, together with
the relations:

1
O, = 1EWEW (4.2)
O,P* + D59° = 205,

the action for the scalar fields in the twisted theory may be written as:
L _ ! 0,E,,0° E*" — 20,006 4
scalars — _Z pLpy -2 p00U 0. ( 3)

Fermions. In six dimensions, the fermionic part of the action may be written on the

well-known form

L= %@FMDM\D. (4.4)

Recall that these six-dimensional fields may be reinterpreted in terms of the twisted ones
according to equation (2.6), which states:

1 |
= (n + Ty Dy + 4FW><“”) et + <ﬁ + Ty Tt + 4Fuy>zﬂ”) e, (4.5)

where et and e~ as previously are constant spinors which span the two chiral spinor
representations that are Lorentz scalars on My. From this, an expression for ¥ may be
obtained as:

- 1 s ~ 1 N
U = (2+ <77 — F+PM¢M — 4FMVXMV> +e <7] — P_A,_FM’(/}‘u — 4F,uyij> . (46)

By using the properties (2.14) derived for the I'-matrices, integration by parts and
the fact that all derivatives along C' vanish, the six-dimensional fermionic action may be
written in terms of the twisted fields as:

ﬁFermions = _i<778;ﬂ/;'u + 1/1“8uﬁ - Ipual/)zwj + X'Lwazﬂz)y)' (47)

,10,



4.2 Ansatz and modifications

The stress tensor in the flat case is obtained by computing the individual contributions orig-
inating from the six-dimensional bosonic three-form, the bosonic scalar and the fermions
separately, whereupon the relative coefficients are fixed by requiring supersymmetry invari-
ance. However, which to us was somewhat unintuitive, some modifications to the terms
containing the bosonic self-dual two-forms are required in order to obtain an expression
which is both conserved (i.e. satisfies D, T*” = 0), and Q-closed. This final expression of
T may then be shown to also be (Q-exact as desired.

Another important feature is that since the theory has no other definition than in
terms of the equations of motion, the stress tensor will only be considered on-shell.

For the fields where an action exists, an Ansatz of the stress tensor may be computed
in a standard way, namely by using

1 oL
T = —g"' [ .
2g + 09w

(4.8)

For the part arising from the bosonic three-form however, we are forced to take a slightly
different approach. We may regard the action for a non-chiral 3-form in six dimensions,
taking the familiar expression

L = HynpHYNE, (4.9)

which may be used to compute a stress tensor by the recipe stated in equation (4.8). After
this is done, the condition that H is self-dual in six dimensions is imposed, and thus the
first term in equation (4.8) will vanish. The remaining terms on M, will, in the language
of the twisted fields, be given by

TH = —4AWAY) —oFTH F=Pv _gF~H FEPV L 9ghv A AP, (4.10)

For the scalars and the fermions, one arrives at the following expressions respectively
1 1

TY = — g"9,00°5 + 20ad")5 + 18(“Ep08”)Ep” - gg“l'@)\EpaaAEpU, (4.11)

v Z v od ~ . Tv ~ v
Ty = 29" (00 + 0,i” ) — i (9Wmy) + o)) (4.12)

i v [ ~po o 7
—Zg“ (Xp OpYq) + X” a[,ﬂ%])

i 7 ~0 v o v),7, ~0 v
5 (WD) + PO — XNy — 7O, )

It should be noted here that since we have self-dual fields, the variation of the metric
is not as straight-forward as it would appear to be in equation (4.8). This is because the
condition of self-duality contains an implicit metric dependence, and thus a variation of the
metric must be accompanied by a variation of all self-dual fields present. A term consisting
of such a self-dual field, x,,,, with indices contracted with some other rank-2 tensor, X*¥,
will under a metric variation take the form:

1
X'uV(SgXuV = _Zéguuglem\XH)\ + 5gul/X[lw]XVcr~ (4'13)

— 11 —



The three pieces in (4.10), (4.11) and (4.12) are each conserved individually, which
may be shown by straight-forward, but yet tedious calculations that are omitted here. In
order to stand a chance of fulfilling supersymmetry invariance under the transformations
listed in equation (3.11), the relative coefficients amongst the different contributions are
fixed. The stress tensor one then finds is given by:

TH = ;( — g",00°5 4 20Wad)G + %a(ﬂEpga")EP" - ;g“”f)AEpUa)‘Ep”) (4.14)

+ é (44" — 2P Fr 2T FEY 4 2G4, A7)

+ 20 (Bpnd® + By — i (00 + o))

Lo =po o 7,
- Zgu <Xp a[pwa] + Xp 8[,)1%])

i v ~0 v o v),7, ~0 v
+ 5 <XU(H80'(/) ) + X (“aﬂﬁ ) - X (Ha )7!}0 — X (,ua )¢a> .

However, some problematic terms still exist which prevents the above expression from
being Q-closed. By a long and quite intricate calculation, one may show that this obstruc-
tion is solved if the part of the stress tensor containing the self-dual two-form which arose
from the six-dimensional scalars, namely terms containing £),,, is altered to:

1 1 1
THY torms = 79" 0" Epn0g B = S0 (BB, + SOV OB, (4.15)

Also this part is conserved on its own, and so this alteration preserves the conservation of
TH . This may be shown by a slightly more complicated calculation than for any of the
other terms, which requires the repeated use of the self-duality of E,, .

That this problem of supersymmetry invariance is solved by altering the terms con-
taining the fields originating from the scalars, for which we had an action from which to
derive a stress tensor, may seem quite unintuitive. However, we must bear in mind that
even though we have an action for some fields in the theory, there is no action for the
entire theory. Hence we do not have a supersymmetric quantity from which we may derive
a supersymmetric stress tensor, and though using the actions presented in equations (4.7)
and (4.3) provides us with a good Ansatz for a stress tensor for the entire theory, we should
not expect this approach to give us a supersymmetric result.

The complete stress tensor for this theory when placed on a flat background may then
finally be written down explicitly as

1

T = 5( — g™ 0,00°5 + 2(9(“03”)5) (4.16)

+ é (—4A(”A”) —QFTH R _9FTH eV 2g“”A,,AP)
i n ~ . TV ~ v

+ igw (ame + 3pn¢p> — (a(unw ) 4 3(#77w ))
i v [ ~po o 7

- Zg“ (Xp OpYe) + X” 3[,)%])
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dimensionality | U(1)g-charge
77’1%#79(#1/ 5/2 +1/2
i By K 5/2 —1/2
o 2 +1
o 2 -1
E,. 2 0
A Fy 3 0
T, 6 0
: —1/2 ~1/2

Table 4. Mass dimension and U(1)g charges of the fields, parameters and curvature tensors.

i 7 ~0 v o v) 7. o0 14
+ 3 (Xa(uagww + WP p) — T B ), — 7Y )?ba)

1 1 1
19" O B0y B — 50" (B E,) + SOVOETEY,,

where the last line above is the manually altered terms that are needed to make the stress
tensor invariant under the supersymmetry transformations in equation (3.11).

4.3 (Q-exactness

The stress tensor presented above in (4.16) is after an examination found to be Q-exact
and may be written as

THY — {Q’ )\W}, (4.17)
where
1 - ~ ~
A\ — > (\/5@'1/)(“8”)0 +prarEY) 4+ 9,0 EY) , — WP EY), (4.18)

V2

To find A, an Ansatz was used in which all possible allowed terms were included.

. T v ~ —v v 1 v o i V7
4_“/,(#14 ) _ X(“pF ) _ 9", 0 — igu V,0, EP7 — igu prp)

N .

These are however not as many as one may think, since there are constraints due to
dimensionality and U(1)-charge. These constraints forces us to restrict ourselves to terms
of dimensionality 11/2 and U(1) charge of —1/2, (which all of the above terms clearly
satisfy). In table 4, the dimensionality and U(1)-charge of the different fields, as well as
the supersymmetry parameter and stress tensor, are listed.

5 The case when M, is curved

In the previous section, an expression for the stress tensor when M, has vanishing curvature
is obtained and shown to indeed be Q-exact. This was done by explicitly finding a A"
such that T = {Q, \*}. Now we are faced with the question: how does this change in
the case when My is curved?

,13,



A simple starting point here would instead be to ask the question “How may A" change
when M, becomes curved?”. The restrictions imposed upon M* by dimensionality may be
used here as well. Since M is of fractional dimension, an odd number of fermionic fields
must be included. Also, since we wish to add terms related to curvature, the Riemann-,
Ricci-tensor or curvature scalar must be included in these, each of which is of dimension
2. The remaining part of these terms must be of dimension 1, which means that our only
option is to incorporate a derivative. Terms like these are however not bilinears in the
fields, and thus make no sense at all.

By the reasoning above, there are no terms which may possibly be added to A*” in the
case when My is curved. Thus, the stress tensor even in this case will still be given by the
expression {Q, \*}.

It should be noted that there are two more places that could be modified in the curved
case: the scalar equations of motion and the fermion supersymmetry variations.

The scalar equations of motion could be modified to replace the right hand side of
the Klein-Gordon equation in both (3.4) and (3.5) with a multiple of the curvature scalar
multiplying the fields. However, such a modification in (3.5) would ruin the conservation
properties of the part of the stress tensor containing the bosonic scalars and is thus not
allowed. The same modification in (3.4),

D,D’E,, = aRE,,, (5.1)

may be carried out, where a is some constant. However, this will not be enough to rectify
the problems arising when My is curved, something which is further discussed in section 5.1.

The fermionic supersymmetry variations for the six-dimensional free tensor multiplet
in a curved background may contain an extra term of the form

60 = 4 dIMDyye. (5.2)

This term will not contribute to the twisted supersymmetry transformations since the
whole point of the twisting is to manufacture a covariantly constant supercharge.

Thus, in the curved case, the stress tensor cannot be subject to any modifications and
will still be given by {Q, )\W}, where all partial derivatives in A are now replaced by
covariant ones. This gives us T*” as in equation (4.16) but again, with partial derivatives
replaced by covariant ones. The generalisation to a curved M} is thus:

1
T — 5( — g™ D,oD" + 2D(“0D”)6) (5.3)
+ % (—aA®A”) — 2 e o FEY 4 29 A, A7)

+ 20 (Dynd? + D) — i (D) 4 D))

7 ~ o o 7,
- ZQW (Xp D[pwa] + Xp D[pd’a])

i Tv ~0 v (oa V), v v
+5 (X“(“Dw )4 XD,y = xTDY G, — 37Dy, )

1 1 1
+ 19" D Ep Do B — - D (DM EY B, ) + S DY DB E),,
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That this stress tensor is still Q-exact is obvious, but it is not completely clear that it
still fulfils the criteria of being covariantly conserved. Rather surprisingly, it would seem
that it does mot. Again, the complications lie in the part containing the self-dual bosonic
two-forms. By considering the covariant derivative of these terms, the complications arising
here for a curved My will be apparent.

5.1 Covariant conservation of T*” in the curved case

Consider the covariant divergence of the terms containing the bosonic self-dual two-forms:

DHTﬁgrved EFE-terms _ + %gHVDMDNEpKZDO'EpU _ %D[NDP} (DHE(MKE,,),O) (5.4)
- %D(“Dp) (DB Eyp) + %D“ (DDE™E),).

This can, as previously mentioned, be shown to vanish when M, is flat, but in the
curved case, there are additional terms arising from commuting the derivatives which may
yet cause problems. A few of the above terms will give rise to terms containing derivatives
on the curvature tensors, which must cancel on their own for any chance to maintain
conservation of T#”. Such terms will arise from terms containing three derivatives acting
on the same field, that is from the two last terms in the expression above.

Let us start by considering terms of this kind. By using two forms of the Bianchi
identity, together with a basis expansion of the self-dual two-forms according to F,, =
EinLw (where i € {1,2,3} and the T%s form a basis on the space of self-dual two-forms)
in the cases where the two bosonic fields are contracted, one may in a straight-forward
manner show that all terms containing the derivatives on the curvature tensors may be

written as:

1-2 |
D REE'. (5.5)

1 1
~ Dr R "B, + Dy Ry BT B +

To obtain this expression, the most general form of the equations of motions for £, on a
curved background were used, as given in (5.1).

This is in general non-zero, which may be easily shown by introducing a concrete
example in which this quantity does not vanish. An example of such a configuration is
My = R x Mj, where index value 1 denotes the coordinate along R, and Ms is of non-
vanishing curvature. Consider (5.5) in the case where v = 1. In such a case, the two
last terms vanish, where as the first one in general does not. We have thus shown that
the unique, Q-exact stress tensor of the theory is not conserved when the theory is placed
upon a general four-manifold My.

That the divergence of the suggested stress tensor is non-vanishing is deeply unsettling
since in general, conservation of the stress tensor is a direct consequence of general covari-
ance of the theory. In particular, any stress tensor for a topological field theory needs to
satisfy this, as well as being Q-exact.! Our result thus implies that the theory obtained
herein does not appear to be topological. One should however notice that no claims are
made as to the situation when the condition of @Q-exactness of TH” is removed. Such a
setup lies outside the scope of this work.

!This is a characteristic feature of the class of topological field theories considered herein.
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6 Conclusion and outlook

Herein, we have shown that there is no possible covariantly conserved, QQ-exact stress tensor
when this twisted form of the theory is placed on a general background. The twisting in
question is taken to be the one described, for example, in [12] where the free tensor multiplet
of (2,0) theory is placed on Mg = C' x M, with Minkowski signature. Twisting along My
and compactification along C' as described in section 2 is then performed. Furthermore, the
theory is only considered under the supercharge that would become scalar on C' if it were of
Fuclidean signature and further twistings could be performed. This must however remain
an “if” because of the problems surrounding the formulation of (2,0) theory, especially in
Euclidean signature. Because of these problems, all of our investigations were kept on the
level of equations of motion.

The lack of a QQ-exact stress tensor in general is to us a surprising result, and we shall
below discuss some potential explanations to its origin:

One obvious possible source of this unexpected result may be found in the details of
the twisting procedure itself. It should be noted that when compactifying the (2,0) theory
on a general two-manifold, C', all supersymmetry is broken and there is thus no way to
twist the resulting four-dimensional theory. However, when the six-dimensional theory
is twisted (in the Euclidean case), one supercharge is preserved, and thus a successive
compactification on C' could result in a supersymmetric theory. The moral of this is that
in general, a twist of the six-dimensional theory cannot be seen as a twisting obtained
through a four-dimensional super Yang-Mills theory.

A more explicit way to illustrate this is through the following rather simple scenario:
consider the free (2,0) theory on a Euclidean six-manifold with a product structure, C'x My.
The simplest possible approach to obtain a four-dimensional supersymmetric theory would
be to take C to be a flat two-torus and compactify on this to obtain the well-known A = 4
Yang-Mills theory. This theory in turn admits three inequivalent topological twists [18],
resulting in three different four-dimensional theories. However, starting at the other end,
the six-dimensional (2, 0) theory admits one unique twist. After this is carried out, one may
compactify on the two-torus and obtain some particular four-dimensional theory. Hence
these two approaches cannot be considered equivalent.

The conjecture that the twisted theory along M, should coincide with Donaldson-
Witten theory is obtained through thinking about the six-dimensional topological twist in
the manner discussed in the above paragraphs. That is, it is considered equivalent to first
compactfying down to the class S theories and then twisting these. Our arguments above,
together with the obtained result of section 5.1 would seem to indicate that the situation
may actually be more complicated.

However, the reasoning above is in full carried out in a Euclidean scenario where, as
noted on many occasions, no satisfactory formulation of the (2,0) theory exist. Rather
all the calculations presented in this paper are carried out in a Lorentzian signature, and
the twisting along C' is for obvious reasons not carried out. One could then ask if this
situation finds its remedy in the hypothetical twisting along C. This will however not be
the case since this twisting would only result in different U(1)-charges of the fields, and all
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arguments done here for possible curvature corrections etc are not dependent on this, but
rather on dimensionality which remains unchanged. Moreover, it shall be noted that the
issue of signature also affects the compactification on the two-manifold, which may be a
contributing factor to the obtained result.

Another possible resolution of these difficulties may be found in a hypothetical formu-
lation of the free (2,0) tensor multiplet in a Euclidean signature. If one requires that this
hypothetical theory should indeed give rise to a topological field theory under the twisting
described herein, this investigation of the difficulties presented for its Minkowski analog
may shed some light on desired properties of the Euclidean theory.
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