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ABSTRACT: We investigate quantum corrections to the hypermultiplet moduli space M
in Calabi-Yau compactifications of type II string theories, with particular emphasis on
instanton effects from Euclidean NS5-branes. Based on the consistency of D- and NS5-
instanton corrections, we determine the topology of the hypermultiplet moduli space at
fixed string coupling, as previewed in [1]. On the type IIB side, we compute corrections
from (p, k)-fivebrane instantons to the metric on M (specifically, the correction to the
complex contact structure on its twistor space Z) by applying S-duality to the D-instanton
sum. For fixed fivebrane charge k, the corrections can be written as a non-Gaussian theta
series, whose summand for k = 1 reduces to the topological A-model amplitude. By mirror
symmetry, instanton corrections induced from the chiral type ITA NS5-brane are similarly
governed by the wave function of the topological B-model. In the course of this investigation
we clarify charge quantization for coherent sheaves and find hitherto unnoticed corrections
to the Heisenberg, monodromy and S-duality actions on M, as well as to the mirror map

for Ramond-Ramond fields and D-brane charges.
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1 Introduction and summary

To date, the hypermultiplet (HM) moduli space M in type II string theories compactified
on a Calabi-Yau (CY) threefold X has remained poorly understood. Yet, its importance
can hardly be overstated: quantum corrections to the moduli space metric encode impor-
tant geometric invariants of X', which are closely related to the degeneracies of BPS black
holes [2]. Moreover, this encoding naturally incorporates chamber dependence and duality
invariance. Obtaining the exact moduli space metric on M would have far-reaching im-
plications for mirror symmetry, and provide incisive tests of string dualities. It may also
be relevant for model building, as many A/ = 1 string vacua can be obtained by gauging
isometries on the hypermultiplet branch.

Quantum corrections to the tree-level metric on M fall in three categories: pertur-
bative, D-brane instantons and NS5-brane instantons [3]. Each of these corrections must
preserve the quaternion-Kéhler property of the metric, as required for supersymmetry [4].
While the perturbative and D-instanton corrections are by now fairly well understood, NS5-
brane instantons have remained elusive. One technical reason is that fivebrane instantons
break all continuous isometries, and their implementation consistently with supersymme-
try necessitates the full machinery of twistor techniques for quaternion-Kéahler manifolds.
Another deeper reason is that the type IIA fivebrane supports a chiral worldvolume the-
ory [5], the partition function of which is notoriously subtle to define. On the type IIB
side, the world-volume theory of the NS5-brane is non-chiral [5] and follows in principle



by S-duality from that of the D5-brane, but S-duality is also notoriously subtle in vacua
with A/ = 2 supersymmetry. In this paper, we take steps towards constructing fivebrane
instanton corrections on both sides, using insights from topological strings, mirror sym-
metry and S-duality. The remainder of the introduction is devoted to an account of the
relevant background for the paper, while concurrently providing a concise summary of our
main results.

1.1 The hypermultiplet moduli space

At tree level, the quaternion-K&hler metric on the HM moduli space M in type ITA (re-
spectively, type IIB) string theory compactified on X is obtained by the so-called c-map
procedure from the special Kéhler metric on the vector multiplet (VM) moduli space of type
IIB (respectively, type ITA) string theory compactified on the same CY threefold X’ [6, 7].
It describes the vacuum expectation values and couplings of the dilaton e? ~ 1/ 9(24), the

complex structure (respectively, complexified Kéhler) moduli 2%, the periods (ch, CN A) of the
Ramond-Ramond (RR) fields on &', and notably the Neveu-Schwarz (NS) axion o, dual to
the Kalb-Ramond field B in four dimensions (the range and meaning of the indices a and
A will be specified below). At fixed, vanishingly small string coupling gs and ignoring the
NS-axion (i.e., modding out by translations along o, which are symmetries of the pertur-
bative theory), the “reduced” HM moduli space in type ITA string theory is known to be
topologically the intermediate Jacobian® J.(X) of the CY family X, which is a torus bun-
dle over the complex structure moduli space M.(X) with fiber 7 = H3(X,R)/H?*(X,Z),
which parametrizes the space of harmonic RR three-form fields C' over X modulo large
gauge transformations [8]. In type IIB, the “reduced” HM moduli space is similarly a
torus bundle over the complexified Kéhler moduli space Mg (X), the fiber of which is the
quotient 7 = H®"(X)/T" where I is the lattice of D-brane charges. As in type ITA, 7
parametrizes the space of harmonic RR fields over X', modulo large gauge transformations.
We shall refer to the total space of this torus bundle as the symplectic Jacobian Jg (X).
In type ITA (respectively, IIB), the NS-axion o parametrizes a circle bundle C over J.(X)
(respectively, Jx (X)), the topology of which has remained hitherto obscure. One of our
goals will be to clarify the topology of the circle bundle C, by analyzing the breaking of
translational isometries along o due to fivebrane instantons.

The quantum corrected quaternion-Kéahler metric on M is most conveniently described
in terms of the twistor space Z4 associated to M, a complex contact manifold locally of
the form CP! x M (see e.g. [9-12]). By the LeBrun-Salamon theorem, the quaternion-
Kahler metric on M can be recovered from the complex contact structure on Z, and linear
perturbations of M respecting the quaternion-K&ahler property are encoded in holomorphic
sections of the Cech cohomology group H'(Zx, O(2)). The one-loop correction to the tree-
level metric was computed and further studied in [13-17]. It is believed to exhaust the series
of perturbative corrections, in the sense that higher loop corrections are expected to be
removable by field redefinitions. The twistorial description of the one-loop correction was

!The intermediate Jacobian usually refers to the torus 7 itself, rather than the total space of the fiber

bundle over M.(X). However, since X is really a family of CY manifolds with varying complex structure,
we find this language convenient.



found in [12], as a logarithmic singularity of a certain canonical Darboux coordinate at the
north and south poles of CP!.

The D-instanton corrections to the complex contact structure of Zuq (and, there-
fore, to the quaternion-Kéhler metric on M) were derived in [18-20], building on earlier
work [17, 21-23]. Key ingredients in this derivation were S-duality, electric-magnetic du-
ality (i.e. monodromy invariance) and mirror symmetry. In the type ITA language, these
D-instanton corrections are parametrized by a chamber-dependent “instanton measure”
n(z), which counts the number of stable special Lagrangian (sLag) submanifolds of A" in
the homology class v € H3(X,Z), on which Euclidean D2-branes can be wrapped. The re-
sulting complex contact structure is closely analogous to the complex symplectic structure
found on the twistor space of the (hyperkéhler) HM moduli space in N' = 2 super-Yang
Mills theories on R3 x S [24]. Indeed, upon compactifying the type IIA string theory
further on a circle and applying T-duality, M is mapped to the VM moduli space of the
dual type IIB string theory in 3 dimensions, thus providing a string theory analog of the
set-up studied in [24].

Similarly as in N = 2 field theories [24], the global consistency of the complex contact
structure on Zp requires that the instanton measure n.(z) satisfies certain wall-crossing
constraints, identical to the constraints for the generalized Donaldson-Thomas (DT) in-
variants established in [25, 26]. This supports the expectation that the instanton measure
n(z) is in fact equal to the generalized DT invariant (v, z) defined in [25, 26], and also to
the indexed degeneracy of 4D black holes in type IIB string theory on X in a vacuum with
asymptotic values of the VM moduli determined by z%. In the following we shall therefore
identify these objects and denote them by the common symbol Q(7, z), sometimes omitting
the dependence on the moduli z¢. Note however that due to the exponential growth of the
degeneracies of BPS black holes, D-instanton corrections only make sense as an asymptotic
series. The ambiguity of this asymptotic series can be argued to be of the order of the cor-
rections expected from Kaluza-Klein monopoles in type IIB on X x S', or after T-duality,
NS5-branes in type ITA on X [27].

1.2 Sum over H-flux and Gaussian theta series

In contrast to D-instantons, fivebrane instantons have remained largely mysterious. The
contribution of one Euclidean type ITA NS5-brane wrapped on X’ (or one M5-brane in the
M-theory picture) is expected to involve a sum over harmonic configurations H € T’ =
H3(X,7) of the 3-form flux H supported on the fivebrane worldvolume. Equivalently, one
expects contributions from all D2-NS5 (or M2-M5) bound states, where the D2/M2-brane
can wrap any sLag submanifold? v € T of X. However, the self-duality constraint on H
implies that fluxes on three-cycles 7, with non-zero intersection product (vy,7’) cannot
be measured (nor defined) simultaneously, and so the sum should run over a Lagrangian
sublattice I' C T" only [28] (see also [29-36]). As we review in section 2, the partition
function ZGl for a Gaussian self-dual three-form on X is then a holomorphic section of a

2Up to torsion, the lattices T = H*(X,Z) and T* = H3(X,Z) are isomorphic by Poincaré duality. In
this work we shall ignore torsion and identify I" = I'*.



certain line bundle Lg over the intermediate Jacobian torus, which we shall call the “theta
line bundle”. The first Chern class of Lg is known to be equal to the Kéhler class of 7 [28]:

Cl(£®)|’]’ = wT . (1.1)

To specify the line bundle Lg uniquely, one must choose a set of characteristics® ©
(more precisely, a quadratic refinement og of the intersection form on H?(X,Z)) which
determine the periodicity properties of the sections of Lo under translations by I', i.e. under
large gauge transformations [28, 34, 35]. By the Kodaira vanishing theorem, Lg admits a
unique holomorphic section Yo (N, C), which is proportional to the level 1/2 Siegel theta
series Ugjegel {g} (N,wn) of rank b3(X)/2 with characteristics © = (A%, ¢p), where N is
the (Weil) period matrix of X and wp are complex coordinates on the torus 7. Thus,
the Gaussian flux partition function Z((}l ) for k = 1 is given, up to a metric-dependent
normalization factor, by the Siegel theta series 9o(N, C).

In general, for k > 1 fivebranes wrapped on X', the partition sum Zék) over fluxes
for the “diagonal” Gaussian self-dual three-form (related by supersymmetry to the scalar
fields describing overall transverse fluctuations of the stack of fivebranes) is expected to be
a holomorphic section of E’é. By the same vanishing theorem, E’é admits k3(¥)/2 linearly
independent holomorphic sections, given by level k/2 generalizations of the Siegel theta
series, and thus Zék) is expected to be a linear combination of these theta series with
coefficients depending on the metric on X.

1.3 NS5-brane partition function and non-Gaussian theta series

)

Although it is a closely related object, the partition sum Zék of a Gaussian self-dual three-
form reviewed above is not yet the fivebrane partition function ZI(V’QS relevant for instanton

corrections to the hypermultiplet moduli space. There are several reasons for this:

i) Firstly, Z((}l ) only captures the topological degrees of freedom in the three-form H.
However, for the purpose of computing NS5-instanton corrections to the HM moduli
space metric, we require the partition function of the full (2,0) supermultiplet on the
brane world-volume. While the other fields in the multiplets do not couple to the
C-field, they do contribute to the metric-dependent normalization factor.

ii) Secondly, one should include an insertion of (—1)2/3(2J3)%, where J3 is a angular
momentum operator on the fivebrane, in order to absorb fermionic zero-modes. Since
the H-flux contributes to angular momentum, this may result in additional insertions
in the Siegel theta series.

iii) Thirdly, the action for H is Gaussian only in the limit where the flux H is much
smaller than the inverse string coupling 1/gs. Thus, the Gaussian partition function
Zél ) s only valid at g, = 0, after factoring out a vanishingly small factor e~ oNss
corresponding to the classical action Sygs = 4me® +imo of the fivebrane. To compute

3The characteristics may in general depend on the metric on X. They can in principle be computed in
M-theory, see [33].



the partition function at non-zero g, we require the full non-linear, kappa-symmetric
action for the (2,0) multiplet on X', topologically twisted as a result of the insertion

of (—1)2%(2.J3)2.

To address this last point in more detail, recall that two distinct kappa-symmetric
descriptions of the (2,0) multiplet have been developed in the literature: (a) The
action constructed in [37-40], of Born-Infeld type, contains an auxiliary one-form
(the gradient of a scalar field), whose equation of motion implies the self-duality
condition; this action is well suited when X allows for globally well-defined one-
forms, but seems inadequate for our purposes since for CY-threefolds b; (X)) = 0. (b)
In the second approach [41, 42], the action is polynomial and contains an auxiliary
5-form, the elimination of which again leads to a Born-Infeld type action; the self-
duality condition must however be imposed by hand (the action of [41, 42] is then
more properly a pseudo-action). Using this approach, it may be possible to separate
the self-dual and anti-self-dual parts of H after a suitable Poisson resummation,
generalizing the procedure in [28, 29, 32, 35], and then perform the topological twist.

iv) Finally, for & > 1 fivebranes , the degrees of freedom on the fivebrane worldvolume
are presumably no-longer field-theoretical, but should involve the full little string
theory in 6 dimensions [43, 44]. With our current understanding of this theory, there
seems to be no way of fixing the linear combinations of level k/2 theta series entering
in Zék) from first principles.

)

While all the reasons above show that the Gaussian theta series Z((}k and the fivebrane
partition function Zl(\f"‘s)5 governing instanton corrections to the HM moduli space are dis-
tinct functions of the metric and of the C-field, we nevertheless expect that both should
transform in the same way under large gauge transformations of the C-field. Indeed, the
latter depends only on the Wess-Zumino-type coupling between the C-field and the H-flux,
which is independent of the detailed dynamics on the fivebrane world-volume. Thus we
expect that Z((}k) and 21@5 are both sections of the same circle bundle Co = Lg over the
intermediate Jacobian torus 7, where £g denotes the unit circle inside the line bundle
Lo. In particular, ZI(V’QS should be given by a theta series with the same characteristics
) k)

O, albeit of non-Gaussian type. Unlike Z((}k however, ZI(\IS5 does not need to extend to a
holomorphic section of Lg, and may have different metric dependence.

Supersymmetry further requires that ZISQE) should be independent of the Kahler moduli
(since the latter are part of the VM moduli space in type ITA), and that corrections induced
from lelks)5 should preserve the quaternion-Kéahler property of the HM metric. Thus, Zl(\f"‘s)5
should (in a sense which we shall make precise below) lift to a holomorphic section on the
twistor space Zaq over M. Using twistorial techniques as well as insights from S-duality
and mirror symmetry, we shall construct the non-Gaussian theta series Zl(\IkS)EJ, and show
that its zero-coupling limit is a Gaussian theta series Zl(\lks?ac;' The latter is almost identical

)

to the usual Gaussian flux partition function Zék , but differs in its normalization factor,

and in having an insertion of a power of H in the sum over H-fluxes, cf. eq. (5.59) below.

(1)

In particular, for & = 1 the normalization factor of Z;’ can be expressed as a certain



product of holomorphic Ray-Singer torsions, the same product which appears in the one-
loop amplitude of the topological B-model [45].* This meshes nicely with the topology of
the one-loop corrected HM moduli space, as we now discuss.

1.4 Topology of the hypermultiplet moduli space and quantum corrections

Irrespective of their microscopic origin, instanton corrections from k fivebranes wrapped on
X are characterized by their non-trivial dependence on the Neveu-Schwarz (NS) axion o
through an overall phase factor e 7. Large gauge transformations of the B-field require
that o is a compact coordinate with periodicity o — o + 2 (in our conventions), consistent
with the above exponential dependence of fivebrane instantons. Thus, €™, 0 < ¢ < 2
parametrizes the fiber of a circle bundle C over the intermediate Jacobian J.(X). On the
other hand, fivebrane instanton corrections to the HM metric are expected to be of the

form

—dr|k|e? —miko z(k) (1.2)

2
dds”[Nss ~ e NS5-G -

Indeed, as we show in section 3.2.1, such a coupling reproduces the classical fivebrane action
computed from the 4D effective supergravity description in [49]. For the coupling (1.2) to
be globally well-defined, the circle bundle C should be isomorphic to the circle bundle Cngs
where the fivebrane partition function 212118)5 is valued.

On the other hand, the perturbative moduli space metric (3.1) exhibits a one-loop
correction to the kinetic term (3.2) of the NS-axion proportional to the Euler number x(X)
of the threefold X. As we explain in section 3, the origin of this correction can be traced to
the familiar B A Ig topological coupling in 10 dimensions. This fact provides an alternative
derivation of the one-loop correction to the HM metric, related by supersymmetry to the
computation in [13, 15]. In particular, the form of the axion kinetic term implies that the
curvature of the connection on the circle bundle C is given by

d <D20> =wr + X;jf) WSK 5 (1.3)

where w7 and wsk are the Kéhler forms on 7 and M.. The first term in (1.3) has support
on the intermediate Jacobian torus 7. It reflects the fact that translations along the torus
fiber 7 of J.(X) (i.e. large gauge transformations of the C-field) commute only up to a
translation along the circle fiber of C (i.e. a large gauge transformation of the B-field).
As a result, large gauge transformations obey a Heisenberg group law, see eq. (3.11).
Comparing (1.1) and (1.3), we see that ¢;(C) — ¢1(Cnss) has no support on 7. Thus,
the coupling (1.2) is indeed invariant under large gauge transformations, provided €™
transforms in the same way as 21%1535_(}, i.e. as a section of Lg.

The second term in (1.3), on the other hand, has support on the complex structure
moduli space M (X), and implies that the NS-axion picks up anomalous variations under
monodromies in M,.. At this point it is worth pointing out that the B A Ig topological

4This connection to the topological B-model is not surprising in view of the fact that the BPS sector
of the world-volume dynamics of a single M5-brane is governed by a deformation of Kodaira-Spencer
theory [46-48]. It is also generally expected from mirror symmetry and S-duality, as we discuss in section 1.5.



coupling, which is responsible for the second term in (1.3), is also responsible for an anomaly
in the phase of the fivebrane partition function [28]. Indeed, the two effects are related
by the anomaly inflow mechanism [50, 51], which ultimately ensures that the fivebrane
instanton coupling (1.2) is well-defined.

Now, the second term in (1.3), is equal to x(X)/24 times the curvature of the Hodge
line bundle £ over M(&X'), in which the holomorphic three-form €3y on X’ is valued. This
indicates that the restriction of the circle bundle C to M.(X) is £X(*)/24 Unless y(X)
is a multiple of 24 however, the definition of £X(¥)/24 requires additional data, namely a

2mis(M) from the monodromy group to the group of 24:th roots of

homomorphism M — e
unity — put differently, '™ is valued in a twisted circle bundle.® As a result, o transforms
under monodromies according to

X (&)

1 26(M 14
o— o+ o m far + 26(M), (1.4)

where fys is a local holomorphic function on M.(X) which determines the rescaling of the
holomorphic three-form under monodromy, {23 ¢ — efm Q30. (Here one must make a choice
of branch of the logarithm in defining fjs, correlated with the choice of branch in defining
k(M).) In order for the product (1.2) to be well-defined, the fivebrane partition function
z§1§5_G should transform in the opposite fashion. Since, as mentioned at the end of the
previous subsection, ZISQE)_G is proportional to the holomorphic part e/t of the B-model

2mik(M)

one-loop amplitude, this entails that e also governs the modular properties of ef1

under monodromies in M,.

1.5 Quantum mirror symmetry, S-duality and (p, k) fivebranes

The NS5-brane instanton corrections to the HM metric may also be obtained using mirror
symmetry® and S-duality. Indeed, according to the quantum mirror symmetry conjec-
ture [3] (see [22, 23, 54] for recent discussions), the same moduli space M must arise
as the HM moduli space of type IIB string theory compactified on the mirror threefold
X. At the perturbative level, this amounts to the classical mirror symmetry statement
M (X) =M K(z\? ) between the complex structure moduli space of X and the complexified
Kéahler moduli space of X, the one-loop correction being controlled by the same invari-
ant x(X) = —x(X) on both sides. At the non-perturbative level, the identity between
the two HM moduli spaces requires a matching between the D-instanton effects on the
type IIA side, corresponding to D2-branes wrapped on special Lagrangian submanifolds of
X, and D5-D3-D1-D(-1)-instantons on the type IIB side, corresponding to stable coher-
ent sheaves on X. In section 4.1, we explain how the fractional charges predicted by the
K-theory description of D5-D3-D1-D(-1)-instantons are consistent with the fact that D2-
brane charges are classified” by H3(X,Z). The resolution of this apparent paradox hinges

*We are grateful to G. Moore, A. Neitzke and D. Zagier for discussions which have helped shaping this
point of view.

SFor rigid Calabi-Yau threefolds, mirror symmetry is not available. NSb-instanton effects in this case
have been recently addressed in [52, 53] by postulating automorphic symmetries.

It would be interesting to formulate mirror symmetry directly at the level of the K-theory groups K ()3' )
and K'(X), but we shall not attempt to do so here.



on the quadratic ambiguity Axy, of the prepotential (4.4) in the large volume limit, and in
fact allows to derive constraints on the fractional part of the matrix Axy, some of which
had been observed in the early days of classical mirror symmetry [55-58]. Incorporating
these effects leads to novel corrections to the “Ramond-Ramond mirror map” and S-duality
action derived in [14, 18, 20], which we exhibit in eqgs. (4.18) and (4.31).

Assuming that these D-instanton corrections do match on both sides of the mirror map,
quantum mirror symmetry further requires that fivebrane corrections on the type ITA (or
M-theory) side match NS5-brane corrections, or more generally (p, k)5-brane corrections,
on the type IIB side. The latter are related by type IIB S-duality® to D5-brane instantons,
governed by the generalized DT invariants (). Thus, by combining S-duality and mirror
symmetry, one expects that the type IIA NS5-instanton contributions are expressible in
terms of the topological B-model amplitude on X [32, 59] for £ = 1, and more generally in
terms of the generalized DT invariants of X.

To implement these ideas, we start from holomorphic sections of H'(Zx, O(2)) de-
scribing D5-D3-D1-D(-1) instanton configurations, with charges v = (p", p% qa, q0), and
sum over their images under S-duality. This twistor construction ensures that all instanton
corrections respect the quaternion-Kéhler property of the metric, as required by super-
symmetry. The resulting (local) holomorphic functions encode corrections to the contact
structure from (p, k)5-brane instantons with ged(p, k) = p°, bound to D3-D1-D(-1) instan-

tons, and take the following schematic form
k F o~ —irka zy(k s
H{S(6,€,G) ~ 7™ B (€,6), (1.5)

where the variables (f,g,d) are complex Darboux coordinates on Z,4. These functions
form an invariant set under the Heisenberg action (3.15) and under monodromies around
the point of infinite volume in M K(AA’ ), up to subtle phases which we compute in appendix
A. These phases indicate some tension between S-duality, Heisenberg and monodromy
invariance, and suggest that it may be necessary to relax some of our assumptions about the
way these symmetries are realized. In the absence of a satisfactory resolution and since, by
and large, our results seem to support our general assumptions, we dauntlessly forge ahead.

Ignoring these subtle phases then, the holomorphic functions (1.5) can be combined
into a formal Poincaré series, and rewritten as a non-Gaussian theta series with kernel given
in (5.37). For k = 1, the summand of the theta series can be recognized, using the DT/GW
relation between (ordinary, rank one) Donaldson-Thomas invariants and Gromov-Witten
invariants [60, 61], as the topological amplitude of the A-model on X (see eq. (5.42) below).
Thus, the partition function of a single type IIB NS5-brane is given by a theta series built on
the A-model topological string amplitude. Using mirror symmetry, the partition function
of a single type IIA NS5-brane is then also a theta series whose wave function coincides
with that of the B-model on X. By similar arguments, the partition function of type IIB
(p, k)5-branes is governed by rank r = ged(p, k) Donaldson-Thomas invariants on X.

8As in earlier investigations [18, 20, 21], we shall work under the assumption that the full SL(2,Z)
S-duality of ten-dimensional type IIB string theory stays valid in vacua with N' = 2 supersymmetry.



1.6 Fivebrane partition function and twistors

The object HI(\IkS?5 (€,€) in (1.5) is formally a holomorphic section of H'(Zx, O(2)), and pro-
vides, by a standard (though cumbersome) procedure described e.g. in [12], an infinitesimal
deformation of the metric tensor on M consistent with the quaternion-Kéhler property.
By construction, nglks)5(£ € ) and the phase e 7™ are separately invariant under rescaling
of the holomorphic three-form 3 o (up to subtleties in the definition of £X(X)/24 mentioned
at the end of section 1.4). Moreover, similarly as in (1.2), the two factors in (1.5) transform
oppositely under translations along the torus 7. Hence the fivebrane correction (1.5) to
the complex contact structure on Z is well-defined under both large gauge transformations
and monodromies (up to subtle phases that we ignore).

While this gives a (partial) answer to the question of main interest in this paper,
namely to compute fivebrane instanton corrections to the metric on M, one may ask
a different though related question: is it possible to construct a scalar-valued function
on M which would generalize the Gaussian fivebrane partition function Z((}k) at finite
coupling? A possible answer to this question is obtained by viewing (1.5) instead as a
formal holomorphic section of H(Z, O(—2)) (barring global issues) and applying the
standard Penrose transform, which relates sections of H'(Zx, O(—2)) to functions on M
satisfying a certain set of second-order partial differential equations (see e.g. [10]). While
this procedure is not rigorous in general, it has been made rigorous in the case of four-
dimensional quaternion-Kéahler manifolds (see [62]), and can also serve as a warm-up for
the more intensive computations involved in extracting the explicit metric on M. In either
case, the answer involves contour integrals over the CP! fiber of the twistor space Z, and
reduces to the same saddle points in certain classical limits.

Performing this computation in the large volume limit, we indeed find that the Pen-
rose transform of (1.5) reduces to a non-Gaussian theta series, whose summand displays
the expected non-linear action for (p,k)5-branes. Moreover, in the zero coupling limit,
this reduces to a Gaussian partition function of the type discussed in section 1.2, with a
normalization factor given by the same product of holomorphic Ray-Singer torsions which
appears in the one-loop amplitude of the topological B-model on X', and an additional flux-
dependent insertion in the sum. As a side-product, we also find a twistorial interpretation
for the “auxiliary parameter” ¢ introduced by [32] to relate the Griffiths and Weil complex
structures on the intermediate Jacobian of X.

1.7 Outline

The remainder of this article is organized as follows. e In section 2, we review the construc-
tion of the partition function of a Gaussian self-dual 3-form by holomorphic factorization,
and we recall some useful facts about topological strings. e In section 3, we discuss the
topology of the hypermultiplet moduli space, using the qualitative form of D-instanton and
NShH-instanton corrections to identify the periodicities of the RR and NS axions. e Then,
in section 4, we describe the corresponding type IIB picture and, using mirror symmetry
and S-duality, we find the classical action for general fivebrane instantons, and show that
it reduces to the Gaussian flux action in the weak coupling limit. e In section 5, we review



the twistorial description of the perturbative and D-instanton corrected HM moduli space,
and obtain a candidate section of H'(Z,, O(2)) which should govern deformations of the
complex contact structure on twistor space 2, induced by (p, k)-fivebranes. The partition
function 21@5 of k NS5-branes, including non-linear effects, follows by Penrose transform
from this holomorphic section. ® We conclude in section 6 with a summary and discussion.
e The transformation properties of the candidate fivebrane transition functions Hy, , 5 un-
der various actions are discussed in appendix A, and a directory of notations is provided

in appendix B. Note in particular the pervasive use of the notation E(z) = exp [27iz].

2 Flux partition functions and topological wave functions

In this section we begin by revisiting previous constructions of the fivebrane partition
function, originally spelled out in [28] and further discussed in [30, 32-35]. We also review
some relevant background material on topological strings, which will play an important
role in section 5.

e In section 2.1, we set up the problem and introduce our conventions for the moduli
space of metrics and RR C-fields on X. e In section 2.2, we obtain, up to an overall

)

factorization of the partition function of a non-chiral Gaussian harmonic three-form. e

metric-dependent factor, the partition function ch for a self-dual 3-form, by holomorphic
In this construction, a key role is played by a certain Zs-valued function og (a quadratic
refinement of the intersection form on H3(X,Z) modulo 2). As we discuss in section 2.3,
the quadratic refinement og ensures that Zék) is valued in a single line bundle E’é with
characteristics © € (Z/27)%. e In section 2.4 we discuss non-Gaussian generalizations
of this partition function and their interpretation in terms of certain wave functions. e
Section 2.5 is then devoted to a discussion of various aspects of the topological A- and
B-model, with particular emphasis on the wave function properties of their respective
partition functions. In particular, we recall some useful relations between topological wave
functions and the partition functions of Donaldson-Thomas and Gromov-Witten invariants.

Our exposition in sections 2.2 and 2.3 follows closely [28, 35] but is specifically geared
towards the partition funcgion of the NS5-brane on a Calabi-Yau threefold. As was already

is not the partition function of the NS5-brane, but only an

)

stressed in section 1, Z((}k
approximation thereof. In order to construct Z((}k through holomorphic factorization, one
is forced to make some simplifying assumptions, which we find in section 5 are in fact not
valid to accurately describe the NS5-brane. Nevertheless, we find it useful and illuminating

)

to go through the derivation of Zék in some detail in our conventions in order to facilitate

the comparison with the correct NS5-partition function constructed in section 5 using

)

which are expected of the NS5-brane partition function.

twistor techniques. Moreover, Zék does capture many of the key topological features

2.1 Setting the stage

Let us consider type ITA string theory compactified on a Calabi-Yau threefold X, with a
stack of k Euclidean NS5-branes whose world-volume W consists of X itself. For k =1,
the world-volume W supports 5 scalar fields (describing transverse fluctuations of W in
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R0 x S§1 where S! is the M-theory circle), two symplectic Majorana-Weyl fermions and a
2-form potential B, whose 3-form field strength H = dB must be imaginary self-dual [5],

ww H = iH . (2.1)

The world-volume W is a magnetic source for the NS 2-form potential B propagating in
the 10-dimensional bulk of space-time, while the flux H is an electric source for the RR
3-form potential C, mimicking D2-branes bound to the NS5-brane.

For k£ > 1 fivebranes wrapping X', the world-volume dynamics is poorly understood,
but presumably splits into “twisted sectors” labeled by pairs of integers (p,q) such that
pq = k [35], where the k fivebranes on X recombine into ¢ fivebranes wrapping p copies of
X. The dynamics in the (p, q) twisted sector should be described by ¢® interacting self-dual
two-forms B;j, 4, j,k = 1...q, such that the ¢ two-forms B;; stay massless on the Coulomb
branch. We shall focus on the Abelian 2-form B =

mass degrees of freedom. Moreover, we restrict to a regime where gs|H| < 1, such that

i=1..q B;;; describing the center of
the flux H contributes quadratically to the fivebrane action.

Our goal in this section is to revisit the construction of the Gaussian topological par-
tition sum Z((}k) for the field H together with its supersymmetric partners, as a function
of the moduli of the CY threefold X and the periods of the background C-field on X. By
topological partition sum, we mean the partition sum weighted by (—1)2/3(2.J3)2, which is
relevant for two-derivative couplings in the low energy effective action. As already men-
tioned in section 1.3, the assumption that g;|H| < 1 eventually breaks down for large values
of the flux, and the Gaussian action should be replaced by its non-linear, Born-Infeld type
completion [37-41] in order to obtain the physical NS5-brane partition function. We shall
return to this issue in section 5.5.

) is independent of the Kéhler structure of X, and

As will become apparent shortly, Zék
depends only on its complex structure. The moduli space M.(X) of complex structures

can be parametrized as usual by the complex periods

x4 :/_AA 230, Fa :/B Q30 (2.2)
A

of the holomorphic 3-form? Q along a symplectic basis (A", By), A = 0,...,hg1(X), of
H3(X,7Z) modulo holomorphic rescalings Q3o — ef§2370. We shall denote Q = (XA, Fy)T.
The vector €) thus takes values in an homogeneous complex Lagrangian cone Cy, generated
locally by a prepotential F'(X A) such that FA = Oxa F(X). The complex structure moduli
space M. (X) is the quotient Cx /C* by homogeneous rescalings, which we parametrize by
complex coordinates z%. Conversely, the cone Cx provides a canonical complex line bundle
over M.(X), known as the Hodge line bundle, which we denote by £. Recall that M .(X)
carries a special Kahler metric, with Kahler potential

K = —log[i(XAFy — XA Fy)] (2.3)

9We trust that the reader will not confuse the holomorphic 3-form Q with the generalized Donaldson-
Thomas invariant (). The latter will always come with an argument.
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and Kéhler class wsi = —217r dAg, where

Ay = ;(Kadz“ — Kadz%) (2.4)

10

is the Kahler connection. Under a monodromy M in M.(X), the symplectic ba-

sis (A, By) transforms by an integer-valued symplectic rotation p(M) = (Z j) €
Sp(b3(X),Z) with b3(X) = 2ha; + 2. At the same time Q30 — e/MQ3 is generically
rescaled, so the period vector Q transforms into e/ p(M)Q. In the process, K and A
change respectively by Kéhler transformations and gauge transformations of the form

K — IC—fM—fM, A — AK—i-dIm(fM). (2.5)

A topologically trivial real C-field on X can be parametrized by its real periods

CAz/AAC, ih=[ cC. (2.6)

Ba

Again, we shall abuse notation and write C' for the vector (¢4, EA)T. By charge quanti-
zation, the entries of C' are periodic with unit periods, and parametrize a point on the
b3 (X')-dimensional real torus

T = H*(X,R)/H*(X,7Z), (2.7)

equipped with the canonical symplectic form!!

wT:—/ dC AdC = dCy AdCh. (2.8)
X

The torus 7 is fibered over the complex structure moduli space M.(X), such that (¢*,(y)
transforms by the symplectic rotation p(M) under a monodromy M. We shall refer to the
total space of this fibration,

H3(X,R)/H3*(X,Z) — Ju.(X)
(2.9)
M.(X),

as the intermediate Jacobian J.(X). The Hodge star xy on H3(X,R) endows the fiber 7

with a complex structure and a positive-definite Kahler metric

1
2

1
ds% / dC A xxdC = —2de Im NAE doy, (2.10)
X

where the complex coordinates wp are given by

wp = Cp — Nasc¢®, @p = Cr — NaxC™. (2.11)

"Note that our definition of A differs by a factor of 2 from that used in [12, 17, 18].
11n this equation and (2.10) below, dC denotes the variation of C, not its exterior derivative on X'
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The Kéhler class of the metric on 7 is the symplectic form w7 in (2.8) above. Equipped
with the complex structure just defined, which we refer to as the Weil complex structure,
7T is a principally polarized Abelian variety.

The Weil period matrix AMpy is related to the Griffiths period matrix 7oy, = OpOn F(X)
via the usual special geometry relation

[Im7 - X|pA[Im T - X]p/ .

,/\/ I = TANA/ 21 ,
AN ZTAN T2 s ) e X

(2.12)
Recall that Im ANy and its inverse ImN?* are negative definite symmetric matrices,
while Im 7y and its inverse Im 72 have signature (1,b3(X) — 1). Under monodromies in
M. (X), both Mapr and Tpps transform by fractional linear transformations

N (AN +B) (CN + D)1, 7 (AT + B) (Ct + D). (2.13)

However, unlike the Griffiths period matrix 7oy, the Weil period matrix My, does not vary
holomorphically over M.(X).

As is well-known, the self-duality constraint on H leads to several complications in
defining its partition function. A self-dual flux H can only couple to the anti-self-dual
part of the background 3-form C, so one would naively expect Zék) to be a holomorphic
function on 7, independent of wy. Instead, as emphasized in [28] and reviewed in detail
below, Zék) is more properly viewed as a holomorphic section of a certain line bundle over
the torus 7. As in the case of two-dimensional chiral bosons [63, 64], it is convenient to
obtain the partition function of a chiral 2-form by factorizing the partition function of a
non-chiral two-form.

2.2 Factorizing the non-chiral partition function

To construct the partition function we first ignore the self-duality condition on the self-dual
3-form, and restrict to the limit of small string coupling. Then the action for the 3-form
flux on the world-volume pX of ¢ fivebranes is given by [28, 35]

S(H,C):p[g /X(H—qC)/\*(H—qC)—iw/XC/\H]. (2.14)

The overall factor of p reflects the wrapping number of each fivebrane on X', while the 1/q

factor is the familiar fractionization effect, coming from expanding /¢2/g% + H2/g2—|q|/g?

at small coupling. The factor of ¢ in H — gC' arises by summing H;;; — C over it =1...q.
Flux quantization requires that H € H3(X,Z), i.e. that the periods

n*= [ H, mya= | H (2.15)
AN Ba

be integer valued. Using (2.10), the classical action (2.14) then reads

SWN,H,C) = —;Z (mA _NAA’ﬁA/> Im NA* <ﬁ12 — /\722'772/) —imp (mal™ — nly),
(2.16)
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where we defined my = my — ¢Cp, 7 =n® — ¢¢*. We also indicated the dependence on
the period matrix AV. As advertised above, (2.16) is independent of the Kéhler moduli of

X. In terms of the self-dual and anti-self-dual components of the flux H,
Ry = mp —NAgnE, Ry = ma —./\/Agnz, (2.17)

and of the C-field, eq. (2.11), this is equivalently rewritten (in agreement with [35], eq.
2.4) as

SWN,H,C) = — Im NAZ [72729 RARs — mpwpRy, + 7T]29q WAL | . (2.18)

Thus, the self-dual part wy of C' decouples, save for the last term in (2.18) which originates
from the quadratic term C' A xxC in (2.14).

The partition function for a Gaussian 3-form flux in the twisted sector (p,q), with
k = pq, is now obtained as

PN, )= Y r(WLH,C)e SO, (2.19)
HEeH3(X7)

where the prefactor r(N, H,C) corresponds to the fluctuation determinant around the
harmonic flux configuration H = nax —ma 3", where (aa, ﬁA) is the symplectic basis on
the lattice I' = H3(X,Z) dual'? to (A*, By). In view of our ignorance of the non-Abelian
dynamics of ¢ fivebranes, we do not know how to evaluate r(N, H, C') from first principles.
Nevertheless, it was argued in [34, 35] on topological grounds that r(N, H,C) must take
the form

r(N,H,C) = |F)? [o(H)", (2.20)

where the normalization factor |F|? depends only on the metric on X (and possibly, on
the string coupling), but not on H-flux nor on the background C-field. We shall see in
section 5.5 that this assumption does not hold for the fivebrane instanton partition Zlglks)g)_G
derived from twistor techniques, where the factor |F|? appears to depend on H and C,
see (5.60) below. This dependence however is unessential for the topological properties
that we wish to emphasize here, and we proceed in the remainder of this section under the
assumption that |F|? is independent of the flux H and the background field C.

The second (essential) factor o(H) in (2.20) is a “quadratic refinement of the intersec-
tion form” on the lattice I'. This is defined as a homomorphism o : I' — U(1), i.e. a phase

assignment such that
o(H+H') = (=) o(H) o (H') (2.21)

where
(H,H') = mpn™ — m\n™. (2.22)

The most general solution of (2.21) is given by [35]
1
co(H) = E<—2mAnA + mpb™ — nA¢A> , (2.23)

12Name1y7 fAA ay = 5%7 fBA /BZ = 7512\:7 fAA ﬂz = fBA oy = 0.
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where © = (0%, )T are independent of H and defined modulo I'. As we shall see below, ©
determines the characteristics of the theta series governing the chiral partition function. By
analogy with the standard Jacobi theta series, © is sometimes referred to as a “generalized

spin structure” on X. © in general depends on the metric on X: under monodromies in
M.(X), © transforms as

N\ () 1 Ao
<¢A> pM) [((ﬁ/\) 2<(DTB)d>

where (A)y denotes the diagonal of a matrix A [65]. Since the H-flux transforms as H +—

, (2.24)

p(M) - H, the quadratic refinement og(H) is invariant. Moreover, while it is consistent
to assume that o3 (H) = 1, 20 € T for the partition of a self-dual three-form [28, 35],
in general, this is not so for the full fivebrane partition function, where og(H) may be
U(1)-valued. In this subsection, we nevertheless assume that o3 (H) = 1, which simplifies
the holomorphic factorization procedure. We shall relax this assumption in section 2.3
onwards.

In order to decouple the self-dual and anti-self dual parts of H, we now split the lattice
I' = H3(X,Z) into the sum of two Lagrangian lattices e @ I',, (where ’e’ and 'm’ stand
for ’electric’ and 'magnetic’), given by

FE:ZZﬁA, Fm:ZZaA, (2.25)
A A

and perform a Poisson resummation on the integers my € I'.. Denoting by r* € T =T,
the dual summation variable, we find

Zghq) (N, C) = DY2 | F|]? Z e, (2.26)

(nh,rh)el,

where D = det (—2; Im N). The dual action separates into

S =ink (ph Nan pp — p} Nanpl) + 2mik waph + 2mikq da(ph + pi)
k (2.27)

— 9 (DAImNAE(wg—G)g),

where the vectors pr,pr € I'yn/(2|k|) are the following linear combinations of n® and r*,

1 B

PR =, +ont — (7" +q0%), (2.28)
1 ~

pr = a7 —a)n® + (7t + g0 (2.29)

For later reference, we note that the last term in (2.27) may be rewritten in terms of the
real periods (2.6) of the C-field as

”j op ImNAE (s — ox) = ink A (Q - NAECE> : (2.30)
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Expressing the sum over (n?,r*) as a sum over pr, pg in suitably shifted lattices, the

total partition function then decomposes as ([35], Thm. E.1)!3
zrON, o)y =D ST 28 (W0 E2S) L (VLC) (2.31)
G ’ O, 1p+pg ’ O,1p—Hyq ’ ’ ’
#p€(Lm /p)/T'm
g €(Tm/a)/T'm

analogous to the sum of products of holomorphic and anti-holomorphic conformal blocks
appearing in the partition function of a compact scalar field on a two-torus. The “holo-

morphic conformal block” ZgL appearing in (2.31) is given by!'4

k _ ik

ZgiL(N, C)=F Z E<2 (nANAEnE—F HAgbA)—l—k (WA — @A) nA+14 WA Im/\/AE(wg—ng)).
nEFm-HH—@

(2.32)

In this expression, both the modulus and phase of the prefactor F are unspecified at this
point, but depend only on the complex structure of X and string coupling. Up to this
normalization ambiguity, Zék) = Z(gkL is then the sought-for partition function of a self-
dual three-form on the worldvolume ;Y, in the weak coupling limit, and in the topological
sector with quadratic refinement © = (0, ¢). The shift vector y runs over the |k|?(¥)
elements in (I',,/|k|)/Ty, so for |k| > 1 the partition function is vector-valued. While
the derivation of (2.32) from holomorphic factorization has assumed that 20 € T, the
result (2.32) is well-defined for any ©, allowing us the relax the assumption that © was
half-integer. We reiterate that Z((}k) differs from the fivebrane instanton partition function
in the weak coupling limit ZIE%)S_G to be computed in section 5, although the difference is
inessential at the level of the present discussion.

2.3 Chiral partition function and Gaussian theta series

For k = 1, the partition function of a Gaussian self-dual three-form (2.32) is recognized
as a Siegel theta series of rank b3(X')/2 with in general, real characteristics © = (6%, ¢5),
evaluated at the period matrix A on the Siegel upper-half plane. More precisely, defining
the standard holomorphic Siegel theta series as

Dsioger 5] Vown) = 3 E(gnwmhm—mw), (2.33)

nely,+0

we have, independently of p,

20 (W.C) = fE@eAm oI A oy - wz))ﬂs,iegel Bl Wwn).  @39)

13Fq. (2.31) holds under the assumptions that © is half-integer, pg = p (mod 2) and ged(p,q) = 1, in
particular ¢ is odd. More generally, the partition function can always be decomposed into a sum of products
of level pg/2m? theta series, where m = gcd(p,q). The quadratic refinement o(H) in (2.20) is crucial in
ensuring that a single characteristics © appears in the sum [64].

" This matches eq. E.9 in [35] upon identifying (T, a1, as,v,n’,w’) there with (N, ¢, Copyn™, e + pgn™)
here.
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More generally, for |k| > 1 eq. (2.32) is a level k/2 generalization of the Siegel theta series.
Using (2.30), it may be usefully rewritten as

Zo,N.O) =F 3 E(i(cA— PN (¢ = ) kG~ onn L (02 0r c%)) .
n€lm+u+0
(2.35)

Under translations by a vector H = (n™,7s) € T on the torus 7, i.e. large gauge
transformations of the C-field, the partition function (2.35) satisfies the twisted periodicity
property15

25, (N.C + H) = (oo(H))* E(i(nACA - ﬁACA)> 250N, 0). (2.36)

Thus, Zg";L is not a function on 7, but rather a section of (C@)k , where Cg is the circle
bundle over 7 with first Chern class equal to the Kéahler class wz in (2.8), and whose
sections satisfy the twisted periodicity property (2.36) for k = 1 [28]. It is important to
stress that Co and Cg/ are non-isomorphic bundles unless © — ©’ € I'. Yet, the theta series

for different values of the characteristics are related by a translation along the torus,

k

8 (N.C) = E<2

((6,0') + (C,0 — @'>)> z8) W,C+6 -0). (2.37)

Moreover, thanks to its Gaussian character, the flux partition function is actually a
holomorphic section of (E@)k , where Lg is the line bundle with circle bundle £g = Ce.
Indeed, ZgL is annihilated by the covariant anti-holomorphic derivative

(agA ) 7;14 . NAZWE> 20 (N, @1) = 0. (2.38)
By the usual index theorem and Kodaira vanishing argument [28], the line bundle E’é
admits exactly |k:|b3(X)/ 2 holomorphic sections, corresponding to the possible values of
w € (I'n/|k|)/Tp. Physically, this is the familiar degeneracy of the Landau levels for a
particle moving on a bs(X)-dimensional torus with k& units of magnetic flux.

Having described the behavior of the flux partition function (2.35) under large gauge
transformations, we now turn to its behavior under monodromies in complex structure
moduli space M.(&X'). Under a monodromy M, the period matrix transforms by fractional
linear transformations (2.13), the C field transforms as C' — p(M) - C' and the charac-
teristics © transform as (2.24), leaving the non-chiral partition function Z((}p 9 invariant.
In contrast, the modular properties of the Siegel theta series imply that the chiral five-

)
o

over (I'y,/|k|)/Tm, and fixed characteristics ©’. Thus, the bundle where ZékL takes values
is also non-trivially fibered over M.(X), as will be further elaborated upon in section 3.

brane partition function ch is mapped to a linear superposition of Zgg,)u, with i/ ranging

Specifically, under symplectic transformations the level k/2 theta series 198;) S = F *IZ((;L

transforms as [35]:

5Note that the defining property (2.21) of the quadratic refinement is crucial in ensuring the consistency
of this periodicity condition.
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1. for p(M) = <A;T E‘):

(‘ANAT C C) _ATg A~ 1¢ .AT;L(N’ 'ATC7 A_la) ) (239)
10 . . .
2. for p(M) = <B 1), where B is a symmetric integer matrix,

ﬁ(k (./\/—i- B,(,C) = <—kBAA(6A +2u™) + ];BAE/LA/LZ>

(k) -
XV (9 g Ban™— ] 1,0 NG E= BO), (2.40)

3. for p(M) = <(1] Bl),
V/ det (—

(k) (k) F
19(9#15)7#( G C) Lbs(X )/2 Z E(_k/‘//‘) 19(_(;579),“/(/\/’ ¢, ¢).
#'e(le/[k[)/Te

2.4 Non-Gaussian theta series and wave-functions

Our discussion of the topological nature of the chiral partition function thus far was based
on the weak coupling result (2.35). However, as explained in section 1.3, we expect that
upon including the effects of non-Abelian dynamics and non-linearities on the fivebrane
world-volume, the exact NS5-brane partition function ZI(\I]CSL will continue to take values
in the same bundle. With this in mind, we note that the most general solution to the

periodicity conditions (2.36) can be written as a non-Gaussian theta series

2O )= X W (=) B (G s 000 - V) 242

nelm+u+o

where \If%“ (¢™) will also depend on the complex structure moduli and the string coupling.
In general, unlike its Gaussian counterpart, eq. (2.42) is a section of the circle bundle
CE = (L£3)* but not a holomorphic section of the line bundle £&.

In order to satisfy the same transformation law as (2.35) under monodromies in M, (X),
\If%“ (CA) should be invariant under the combined action of fractional linear transforma-
tions (2.13) on the period matrix A and under monodromies acting in the metaplectic
representation p,,(M). This implies that \I’f&’” (CA) should be viewed as the wave function
of a certain state [¥**) in the Hilbert space H of square-integrable functions on H3(X, R).
To spell this out, consider first a specific state ¥} € H, conveniently represented as
follows in terms of its wave function \I/Fm’ & (CA) in the (-representation (corresponding
to the real polarization for the topological wave function as further explained in the next
subsection):

\I/%’”’k’”(CA) _ e—iwkeAqu Z 5 (CA _nA) ekamn/\_ (2.43)
nel'm+u+0
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We further introduce two sets of operators, T and T}, acting on H. Their action on an

arbitrary wave function in the real polarization reads
T Wg(¢Y) = 20kC M OUR(CY),  Ta- Ur(Ch) = -0 TR(CY), (2.44)
so that they satisfy the Heisenberg algebra
[TA, Tx)] = 27ikds. (2.45)

Our main observation is then that the non-Gaussian theta series (2.42) can be rewritten
as a matrix element involving the two states introduced above:

BENOW, ) = (k] TG gy, (246)

In particular, the Gaussian chiral partition function (2.35) is recovered by choosing the
state |UFH) as follows: )
TER(CN) = Femik P Nases (2.47)

where F is the normalization factor in (2.35).

In section 5 we will find that the relation (2.46) indeed captures the correct partition
function ZIEI];)S of the NS5-brane, provided we identify |¥*#) with a particular state associ-
ated with the B-model topological string, for which the Gaussian wave function (2.47) cor-
responds to the weak coupling approximation. To pave the way for these developments, we

will in the next section introduce some relevant background material on topological strings.

2.5 Topological wave functions in different polarizations

In this section we review in some detail various important properties of topological string
wave functions that will play an important role in section 5. We begin the analysis from
the point of view of the topological B-model, while towards the end discussing the map to
the A-model. A novel observation of this section is that the chiral partition function ngL
in (2.35), restricted to k = 1, can be represented as the state (2.43) in the so called “Weil

polarization” as shown in (2.73).

2.5.1 Griffiths polarization

Recall that in the topological B-model on X, the partition function is defined as the gen-
erating function of the genus g correlation functions Cg?..an of n chiral fields [45]:

(o.0] [o.¢]
B x(X) _ 1 _ _
Upcov(z A z) =A== Texp () ) n!AQF’QCCE??..an(z,z)x“l---x% . (248)
g=0n=0

The correlation functions C(gf?..an, which are taken to vanish for 29 — 2 +n < 0, are
global sections of the vector bundle (7%)" ® £2729 over the complex structure moduli space
M_(X). Here, T* is the holomorphic cotangent bundle of M (X) and L is the line bundle
over M.(X) in which the holomorphic three-form 3¢ is valued. In particular, under

rescalings Q3 +— e/ Q3, the correlation functions transform as Cc(fll?..an — 6(2_29”06(5?..%.
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. . . (x) _ .
As a result, Upcovy is a section of the line bundle!'® L5 L provided \ transforms as a
section of L.
Moreover, Wpcovy satisfies the holomorphic anomaly conditions obtained in [45], eq.

3.17-18. As explained in [66], it is illuminating to rescale % and Upcoy as'”

Va(z, 201 z) = efl(z)\lfgcov(z, Z; A\ A\x) (2.49)

where f; is (locally) a holomorphic function determined from the factorization of the one-
loop vacuum amplitude Fj by

Fi =log [eﬁ(zHﬁ@ /M (2, z)}, (2.50)
where , -
_ 3 _ X
M(z,2) = gl 2(TEH)E g2 et (g): (2.51)

. . _x(X) b . .
More accurately, e/1(%) is a section of £ Yot ®Kcl / 2, where K. is the canonical bundle of

M_, locally trivialized by the section dz! A---Adz">1. Thus, f; transforms under holomor-
phic change of coordinates z — 2/(z) and rescaling (A1, 2%) + e~/ (A~!, 2%) according to

b3  x(X)

f1'—>f1+<4 04

+ 1> f+ ; log det (0z/0%") . (2.52)

This implies that the rescaled amplitude W and its covariant derivative V,¥q transform
as £/*-yalued holomorphic half-densities on M.(X), namely

U/ det (82/02) /4w . (2.53)

In terms of ¢, the holomorphic anomaly equations of [45] take the more appealing
form [66, 67]

(9 1 2IC A bb cé 82 ; (9
— Cr cc — ga J Yo = 07
[82’“ 0 “aed I grbgge ~ JaT gy-1| TG
9 ) 9 ) (2.54)
a— I b - o | -t ; abc bae Vg =
[V T g o 28 oglgl — A axz%—QCbxﬂ:} a =0,
where V, is the covariant derivative
0 p O ., 0 bs
a = a . 2.
\Y% aza+6lC<:U 8xb+)\ (9)\*1+ 4 (2.55)
The holomorphic anomaly equations (2.54) then guarantee that the inner product
(| W) :/dm“ dz® dx~t dx L \/|g] e 1K
(2.56)

exp (—e_lcx“gagfg + e_lc)\_lj\_1> Ua(Z, 2071, 2) Ug(z, 2071 2)
is well defined, and (at least formally) independent of the complex structure moduli.

16 As mentioned at the end of section 1.4, the definition of fractional power £X/?4 requires a homomorphism
M — E(k(M)) from the monodromy group to the group of 24:th roots of unity. In the present case, this
homomorphism is just the multiplier system of the one-loop amplitude et 1/\/Ja, where fi and Jg are
defined in (2.50) and below (2.68).

"The index G refers to the Griffiths complex structure, as will become clear momentarily.
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As explained in [66-69], the above equations may be interpreted as the fact that U is
the wave-function for a particular state |¥) = |¥'°P) in the Hilbert space H quantizing the
symplectic space H3(X,R) in a complex polarization determined by the Griffiths complex
structure. Indeed, for a given choice of the holomorphic €239 on &, any 3-form C €
H3(X,R) admits the Hodge decomposition

\/271' C = )\_19370 + I'GDGQ&Q + i‘aDaQ&O + 5\_1@370 , (257)

where A\~!, 2% are complex coordinates for the Griffiths complex structure on H3(X,C)
and the normalization factor /27 is inserted for later convenience. The solutions of (2.54)
may be written as the overlap

Ua(z, 22 L z) = (2,) (AL 2| w), (2.58)

where ;) (\71, x| is a basis of coherent states diagonalizing the action of the operators
quantizing the components A~! and z® in (2.57). The holomorphic equations (2.54) then
reflect the unitary transformation undergone by the coherent states under changes of com-
plex structure.

2.5.2 'Weil polarization

Alternatively, one may choose to diagonalize the operators quantizing A~! and z¢, which
are complex coordinates for the Weil complex structure on H?(X, C). The new topological
wave function in the “Weil complex polarization”

Uw(z, 237 2) = (A 2]) (2.59)

is obtained from the topological wave function in the “Griffiths complex polarization” (2.58)
by Fourier transforming over A~ !,

Uz, A ) = /d)\_1 exp (ie_lc()\j\)_l) Va(z, 207 2), (2.60)
such that the inner product is now given by a positive definite Gaussian kernel,

(| W) :/dx“ dz® dA "L dxL \/jg| e 1K
) (2.61)
exp <—e_’Cx“ga5£b - e_lc)\_lj\_1> U (Z, 2071 2) Uy (2,2 070 o).

It is in principle straightforward to work out the analog of (2.54) for this new polarization.
Since Wq transformed as (2.53) under holomorphic change of coordinates and rescalings,
Uy must now transform as a £3/4~1-valued holomorphic half-density,

Uy o 1/ det (92/02) T DI Wy . (2.62)

Importantly, the relations (2.53), (2.62) are properties of the coherent state bases
(A1 and (, 5 (A7, 2], and hold for an arbitrary state |¥) € H, not only [¥'°P) € H.
Moreover, both W and Ww depend on the complex structure of X, but are independent
of any choice of symplectic basis on H3(X,R).
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2.5.3 Real polarization and intertwiners

However, at the expense of fixing a symplectic basis ap, 8 of H3(X,R), it becomes possible
to express the state |¥) in a “background independent” way, i.e. independent of the complex
structure on X. Indeed, one may expand C' € H3(X,R) as in (2.6),

C = (tan — (B, (2.63)

where ¢ and (y are real Darboux coordinates on H 3(X,R), and express |¥) on a basis
of wave functions diagonalizing the operators associated to (%, say. The resulting wave
function

WR(Ch) = (M), (2.64)

in the so called “real polarization”, is locally independent of the complex structure of X,
but transforms according to the metaplectic representation p,, under changes of symplectic
basis, in particular under monodromies in M.(X). On square-integrable functions Ug(¢*),
the metaplectic representation acts according to

[om (%5 2)) - Wi (€)= wa(AT¢Y),
[Pm ((é (f)) : ‘I’R: h = E(é Bas <A<E> Tg(¢Y), (2.65)
(0 3)) ] €)= [ B(-00) watinr e

We further note that the metaplectic representation is unitary with respect to the inner

product
E) = [ W) walch) et (2.66)

The intertwiner between the real polarization and the Griffiths complex polarization
was discussed in [66, 67, 69, 70]. Since the Griffiths complex coordinates A~!, % and the
real coordinates (*,(y are related classically by

A= Q:A — FAnC” = 2i ImTpy ()\_1XZ + z¢ DaXZ) /\/27?, (2.67)

the intertwiner from the real polarization to the Griffiths complex polarization is given by
the Gaussian kernel

B Vv det Im T
Vo
A

where Jg = O\, 2%)/0x is the Jacobian from the “large phase space” variables 2 =

\IJG(Z, z )\717 .%') /eg TA ImTAEmz;f27TiIACAfi7TCA?AZCE \IIR(CA) ch7 (268)

Im 722y, to the “small phase space” variables A1, 2%. A simple computation shows that
b
[Ja|? = e 2% det (Im7) /|g], (2.69)

therefore Jg transforms as a section of £7%/2 ® K:'® det 61, where det ¢ denotes the
line bundle whose sections transform as w — det (C7 + D) w under monodromies. On
the other hand, as Wr(¢*) transforms according to the metaplectic representation under
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2 Asa result, (2.68)

indeed transforms as £%/* @ Kcl/ ? under monodromies. In the special gauge X0 = 1,
X% = 2% Jg evaluates to one, thereby identifying the bundles £7%/2 @ K:' and detg.
Since the quadratic form Im7 has indefinite signature, the intertwiner (2.68) is however

monodromies, the integral on the r.h.s. of (2.68) is valued in det Gl

only valid formally.

In contrast, the Weil complex coordinates (A~!, %) are related to the real coordinates

(¢, ¢a) by
wa = (p — NMan¢® =28 ImNps (AT1XY 4+ 2% D X) /27 (2.70)

The intertwiner between the real polarization and the Weil complex polarization is given
by the Gaussian kernel [67]

M2/ det (—ImN)

Uwiz, z; Xﬁl,m
( ) S

/eg op Im NAZE Dy —27iop A —im CANARCE \IJR(CA) dCA7

(2.71)
where Jyw = O(A~1, 2%) /0w is the Jacobian from @w® = Im N wy to A\~1, 2%, and the
quadratic term in the exponential is now negative definite. Using the relations

b3 Jw e K
Jwl? =e2X det (— ImN , = _ - 2.72
[ CmMlsl = ) (272
b — —
it is apparent that Jyw is a section of £1~ 3 QLTITRK, . L' detw 1, where detw denotes
the line bundle whose sections transform as w — det (CN + D)w under monodromies.

Since the integral on the r.h.s. of (2.71) is valued in det %,\/,2, (2.71) indeed transforms as a

section of £b43 1 Kc1 /2. For convenience, we summarize the transformation properties of
the various topological wave functions in table 2 on page 64.

We are now in a position to connect the present discussion to the Gaussian chiral
partition function. Let us choose Wr(¢*) in (2.71) to be the real-polarized wave function
associated to the particular state |¥T=#*#) € H in (2.43). Then (the complex conjugate
of) the chiral partition function (2.32) for £ = 1 can be written up to a Gaussian prefactor
as the wave function of this state in the Weil polarization

(1) = F —K/2 JW TwoAIm N2 oy g Pm, 1~
ZoulN.C)=Fe \/det(—lm,/\/)62 Uy (@a),  (273)

which is independent of y when k£ = 1.

2.5.4 Holomorphic topological partition function

Let us now discuss the relation between the topological wave function Upcoy and the
so-called holomorphic topological partition function Fjo. For this purpose, we first take
the holomorphic limit 2% — oo, while keeping 2% fixed. We further assume that in this
limit, the Griffiths period matrix 7py, — oco. In this case, the intertwiner (2.68) reduces to

A

a delta function with support on ¢* = —7¥zy,, so that

Ve (za) ~ Jg P UgR(C) . (2.74)

,23,



Let us consider the restriction of the left-hand side to the locus z* = 0, A fixed, where
2%, A\7! are related to zx by (2.67). On this locus, ¢* becomes complexified and equal to
XA /(A\/27), which we denote by ¢4, The BCOV amplitude therefore becomes proportional
to the topological string wave function in the real polarization \I/Esp, analytically continued
to the complex domain:

Upcov (2,2 — 0o A,z = 0) ~ e N WP (eh) | (2.75)
Thus, defining the holomorphic topological partition function as

— ) 1= 5

exp [Fhol(z,A)] =€ lim |\ 24 Upeov(z, 2, A)| (2.76)
Z—00

(where the prefactor restores the one-loop vacuum amplitude which was absent

from (2.48)), we have, in the Kihler gauge X" = 1, the relation [70]

1 o &

x(X) _
exp [Fhoi(2, )] = (€%) > wP(eh), A= ot F g

(2.77)

This relation will play an important role in section 5.4, where the coordinates €% will be
interpreted as Darboux coordinates on twistor space Zx .

2.5.5 Topological A-model and Donaldson-Thomas invariants

So far we have been discussing topological wave functions in the context of the B-model.
However, the properties of the topological wave functions discussed in this section hold
both for the topological B-model on a CY threefold X and for the topological A-model
on a CY threefold X, provided one replaces the Euler number x(X) by —X(./'% ). Indeed,
mirror symmetry X — X exchanges the two topological wave functions [45, 71]. We shall
now proceed to discuss some key features of the A-model, which will play an important
role in section 5.

In contrast to the B-model, the A-model topological string encodes deformations of the
(complexified) Kihler structure of the mirror Calabi-Yau threefold X. The holomorphic
wave function Fy(2%, A) of the topological A-model on X therefore depends on the Kéahler
moduli z* € M K(z\? ) together with the topological string coupling A\. The A-model wave
function Fio(2%, A) is moreover related to the partition function of Gromov-Witten (GW)
invariants via

exXp [Fhol(z“, )\) — Fpol(z“, )\)] = ZGW s (2.78)
where ,
27 1 1 27
Fool(2%,X) = —( )\2) <6/<abcz“zbzc - QAAngzE> Y 202" (2.79)

is the “polar part” of Fi,o)(2%, \), and kg is the intersection product on H3(./'%, 7). Here we
included the “quadratic ambiguity” Aaxz"2> in the prepotential, where A,y is a constant
real symmetric matrix and z* = (1, 2%). This quadratic term does not affect the metric on

the Kahler moduli space but plays a crucial role for charge quantization, as we demonstrate
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in section 4. The right hand side of (2.78) involves the partition function Zgw = Zgw Zews
where Z(, encodes the non-degenerate GW-invariants, while

Zoy = NSO [ (N2 (2:80)
contains the contribution from degenerate GW-invariants. This follows from the weak
coupling expansion of the Mac-Mahon function M (q) = [[(1 — ¢")™™ (see e.g. appendix E
in [72]),

— ! <(3) = ny2n+2 |BQn+4| (27’L + 3)
M(e ) ~ K \12 exp < + ) (1)t Ba, ) , (2.81)
A2 nzo (2n + 4)! (2n + 2) 2T

where B,, are the Bernoulli numbers and K is a numerical constant. Upon choosing the
parameter egw in (2.80) equal to one, the power of A in (2.80) cancels the similar power
in (2.81), as usually assumed in the topological string theory literature. In [72, 73], it
was however noticed that the choice eqw = 0 was necessary in order to match the OSV
conjecture. We do not take sides at this point and leave the parameter eqw arbitrary.

We further note that Z¢, is related to the partition function of the (ordinary, rank
one) Donaldson-Thomas invariants Npr(Qg,2J) via the “GW/DT relation” [60, 61]

Ziy = [M (7)) X000 71y (2.82)
where the DT partition function is defined as

Zor = Y (—1)* Npp(Qq, 2J) e A/ +2mQe=", (2.83)
Qa,J

In the relation (2.82) we have also allowed for an arbitrary parameter epr, which is usually
taken to be equal to one in the literature. We shall nevertheless leave it unspecified for
now. Physically, the DT invariants count bound states of one D6-brane with 2J DO0-branes
and @, D2-branes wrapped along v € Hg(./'% ,Z). They are also expected to provide the
instanton measure for D5-D1-D(-1) Euclidean configurations.

We may now combine the above relations and express the holomorphic wave function
efhol(22) in terms of the DT partition function:

_x(®)

thOl(Z,)\) =\ 54 EGW [M(e—)\)](;—eDT)X()E)erol Z (_1)2JNDT(Q(17 2J)e—2)\J+27riQaza.

Qa,J
(2.84)

This relation will play an important role in section 5.4.

3 Topology of the type ITA hypermultiplet moduli space

We shall now discuss quantum corrections to the hypermultiplet (HM) moduli space M =
Q.(X) in type IIA string theory compactified on a CY 3-fold X. By the usual T-duality
and mirror symmetry arguments reviewed e.g. in [18, 54|, the same space M also appears as
the HM moduli space in M-theory on X, as the HM moduli space in type IIB on the mirror
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ITA/X x Sh IIB/X x Sk,
HM VM VM HM
M Q(X)  Qk(X)  Q(X) Q (X)
ro gl (R/lw)®  (B/lw)? /g%,
O(e~vV") D2 D0-D2-D4-D6 D3  D(-1)-D1-D3-D5
O(e™") NS5 KKM KKM NS5

Table 1. Dictionary between various realizations of Q.(X) = Qx (X).

3-fold X, as the VM moduli space in type IIA on X x S! or as the VM moduli space in
type IIB theories on X x S! (see table 1). Here using insights from the previous section, we
clarify the qualitative structure of NS5-instanton corrections to the hypermultiplet metric,
a result which allows us to specify the topology of the perturbative moduli space in the
weak coupling limit. Some of the results in this section were already announced in [1].

3.1 Perturbative HM moduli space

The HM moduli space in type ITA string theory compactified on a CY 3-fold X is a
quaternion-Kéhler manifold M = Q.(X) of real dimension 2b3(X) = 4(hg,; + 1). Here the
subscript ¢ refers to the fact that Q.(X) encodes the moduli space of complex structures
M. (X), as well as the four-dimensional dilaton r = ¢® ~ 1/ g(24), RR-field C' and NS axion
o. In the weak coupling limit » — oo, the quaternion-K&ahler metric on M is given, to all
orders in 1/r, by [14, 16, 17]

ds2

4(r +¢) r+c 9

+ i; K |zAdCA —FAdCA|2 + 1602(r 1 20) Do~

(3.1)
Here, (¢, (a) are the real periods (2.6) of the C-field on a symplectic basis of H?(X,R), ds%
is the metric (2.10) on the (torus fiber of the) intermediate Jacobian, ds% = K dzodzb
is the special Kdhler metric on SK = M, (X), with Kéhler connection (2.4), Do is the

one-form

dr? + dsi+

Do = do + (pd¢™ — ¢Adly + 8¢ Ak (3.2)

and c is a deformation parameter which encodes the one-loop correction,
c=—x(&)/(1927) . (3.3)

In the special case where x(X) = 0 (or to leading, tree-level approximation in the weak
coupling limit 7 — 00), the metric (3.1) follows from the special K&hler metric on SK by the
c-map construction [6, 7]. All higher loop corrections are presumed to vanish, for reasons
that will be recalled shortly. On the other hand, non-perturbative corrections from D2-

", respectively [3].

brane and NS5-brane instantons will correct (3.1) at order e V" and e~
In particular, such corrections should resolve the curvature singularity of the perturbative

metric (3.1) which is present at r = —2¢ when x (&) > 0.
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3.1.1 Ten-dimensional origin of the one-loop correction

It is interesting to note that the connection term in (3.2) amounts, after dualizing the
NS-axion o and the RR-axions ¢, into two-form potentials B and B?, to a topological
coupling

/ ( Re Ny (dBA + ¢*dB) Ad¢* — 8¢ B A wg;c> (3.4)

in the 4D effective action.'® This in turn follows by dimensional reduction of the topological
coupling in 10-dimensional type ITA supergravity

/y(éBAdCAdC—BMg(R)» (3.5)

where Ig(R) = (p2 — ip%)/48 on X (or from the similar coupling in 11D supergravity on
X x S1). Indeed, using the standard relations between Pontryagin classes p; = ¢ —2co and
p2 = 3 — 2cie3 + 2¢y (see e.g. [74], section 6.4), the second term in (3.5) can be rewritten,
on an arbitrary complex manifold ), as

1 1 1
BNy =, BA [c4 - (Cg + 8@% -y c102>] : (3.6)

Taking'® ) = R* x X, where the complex structure of X varies as a function of the
position in R*, and integrating the term in parenthesis on the CY threefold X produces
;jf) B A c; on R* which by the arguments in [45] is equal to X;jf) B A wsk.

This derivation of the one-loop correction to the metric can be viewed as a supersymmetric

a coupling —*

counterpart of the derivation in [13, 15],2° where corrections to the scale factors in the
metric (3.1) were obtained by reduction of the CP-even R*-type couplings in 10 dimensional
type ITA supergravity.

3.2 Topology and instanton corrections

While (3.1) describes the local, Riemannian geometry of M, it is of prime importance to
understand its topology. Since the metric (3.1) is only valid in the weak coupling regime,
we shall restrict our discussion to the topology of the hypersurfaces C(r), corresponding
to fixed values of the dilaton » € R,, which foliate the full moduli space M. The global
structure of C(r) (which, evidently, must be independent of r) can be specified by providing
a group of discrete identifications of the coordinates 2%, %, CNA, o, acting isometrically on
C(r). The precise subgroup can be identified by studying the allowed instanton corrections
to the metric. In the rest of this section, we shall discuss instanton corrections to (3.1) at a
qualitative, semi-classical level, ignoring the tensorial nature of the metric. A more precise
discussion will be given in section 5 using twistor techniques.

¥To dualize the NS-axion, we add a term —dB A ‘12" to the Lagrangian ds%, and integrate out the
one-form do, leading to féTQdB A*dB+ B A (wr + Xéf)wSK), where wsi = *QIW dAx.

9 Taking instead J = R? x G, where G is a CY four-fold, eq. (3.6) reproduces the 214ng one-point
function found in [75]. When G is a CY threefold fibered over CP', (3.6) should instead reduce to Eq (19)
in [76].

20Note that the analysis of [15] was restricted to the “universal sector”, where the B A wsk coupling

vanishes. In particular, for rigid CY threefolds, the last term in (3.2) is absent. We are grateful to R.
Minasian and P. Vanhove for discussions on these issues.
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3.2.1 Instanton contributions to the HM moduli space

In type IIA string theory on X, these correspond to D2-brane instantons wrapping a sLag
submanifold of X (more precisely, to stable objects in the Fukaya category of X'). Such
instantons produce corrections to the metric on Q.(X') of the form [18]

5d52|D2 ~ exp <—87Te¢/2|Z,Y| — 27Ti(qACA — pAEA)) ) (3.7)

where (p™, gp) are integers which label the homology class v = gAY —p* By € H3(X,Z) of
the sLag, while the central charge Z, = eX/2(gpaX* —pAFy) (or, in mathematical parlance,
the stability data) is the volume of the sLag, induced from the CY metric. The expres-
sion (3.7) is only valid in the classical, weak coupling limit » — oo, up to a one-loop deter-
minant prefactor which we discuss in section 3.2.3. There are also multi-D-instanton cor-
rections to the metric, but the dependence on the axions ((, f ,0) is always of the form (3.7),
where (pA, ga) is the total charge carried by the multi-instanton configuration.

At subleading order e™", there are in addition corrections from NS5-brane instantons
in the homology class kX [3]. For k > 0, these corrections are expected to be of the form

§ds?|ngs ~ e~k mimke Z () (v eM Gy, (3.8)

where Zl(\IkS)EJ_G is the NS5-partition function in the Gaussian, weak coupling approximation,

while the prefactor in (3.8) incorporates the Euclidean action for k& NS5-branes. For the
purposes of reading off from (3.8) the classical NS5-brane action, one can replace ZI(QE)_G
with the self-dual flux partition function Z(Gk,zt obtained in (2.35). Then retaining one of
the terms in the sum (2.35) and disregarding normalization factors, the classical action for
the non-perturbative corrections in (3.8) is found to be

Sxss/ma =7k [4e? —i(nt = (M) Nas(n® - ()| 59)
+ink(o + (M) — 2mik (Ca — da)n® — k6 oy . '

The first line matches precisely the instanton action obtained in [49], eq. (4.54), based
on a classical analysis of instanton solutions in A/ = 2 supergravity, while the second line
restores the appropriate axionic couplings (including characteristics). The integers kn?
may be interpreted as the flux on the fivebrane, or as charges of a D2-brane wrapped
on kn®Bx € H3(X,Z), although this classical interpretation is misleading since fluxes or
D2-brane charges are inherently quantum-mechanical on the fivebrane worldvolume.

3.2.2 Large gauge transformations

The isometry group of C(r) contains in particular the continuous translations
Ty (¢ Cas o) = (¢ Cutiing o426 —inC™ +0a), (3.10)

with H = (n™,75) € R%, k € R, satisfying the Heisenberg group law

THW’”?THlv“l - TH1+H2,H1+H2+5<H1,H2> ’ (3'11)
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where (H, H') is the symplectic pairing (2.22). While being a symmetry to all orders in
1/r, the continuous shifts Ty o are generally expected to be broken to a discrete subgroup
by D-instantons. The form of the D-instanton corrections (3.7) implies that d, continues
to be an isometry of the HM metric at order e~ V7", but that invariance under continuous
translations of the C-field is broken to the discrete group I' = H3(X, Z), dual to the lattice
Hs(X,Z) of D2-brane charges, acting by integer shifts on the RR axions

(€, Ca) = (CM 0, Ca i), (3.12)

where H = (n),ip) € H?(X,Z). In order to be an isometry of the perturbative met-
ric (3.1), this must be accompanied by a shift of the NS-axion, so that I' acts as the
transformation T in (3.10), possibly combined with a certain translation Ty () of o
which, at this order, remains undetermined. Thus, ignoring the NS-axion ¢ and keep-
ing the complex structure of X fixed, the hypersurface C(r) projects to the intermediate
Jacobian torus 7 = H3(X,R)/H3(X,Z), as stated in [8].

The NS5-brane corrections (3.8) further break the continuous translations in o to dis-
crete identifications®! Tok) : 0 0+ 2k, k €Z. This implies that the hypersurface C (r)
is a circle bundle over the intermediate Jacobian J.(X), the fiber of which is parametrized
by €77, 0 < ¢ < 2. In addition, eq. (3.8) implies that the restriction of C(r) to the torus
7T must be isomorphic to the circle bundle Cg where the NS5-brane partition function is
valued. In particular, the shift Ty ;) which must accompany the large gauge transfor-
mation (3.12) follows from the transformation property (2.36) of the fivebrane partition
function. This shift is given by

1 A _
e(H) = = itiia + 0" =0 ¢y mod 1, (3.13)
where © = (0%, ) are the characteristics governing the chiral partition function (2.35).
In particular, ¢(H) satisfies

C(Hy + Hy) = ¢(Hy) + o(Hy) + ;<H1,H2> mod 1, (3.14)

as a result of the quadratic refinement law (2.21) for oo (H) = (—1)2¢()), Thus, large gauge
transformations imply that the axions (C, o) take values in the quotient (H3(X,Z)xR)/T",
where I is the group generated by Ty, = Ty, +e(r) acting via

Th (¢ Cay o) = (CM+ 0, Ca+iiay 0+ 26 — aCh + 0Py + 2¢(H)),  (3.15)

where H = (™, ) € H*(X,Z), k € Z and ¢(H) € R is chosen such that (3.13) holds. Tt
should be noted that the extra shift?? of ¢(H) is crucial for the consistency of this action.

2'Here we assume that k is integer. This can be argued by carefully dualizing o as in footnote 18, and
will be confirmed shortly using S-duality.

22The shift in o induced by the quadratic refinement was already observed in the context of rigid Calabi-
Yau compactifications upon assuming that the moduli space should be invariant under a certain natural
arithmetic group [53]. With hindsight, this additional shift could also have been uncovered in the SL(3, Z)-
invariant construction of [54], had it not been obscured by a redefinition of .
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Indeed, the composition of two large gauge transformations

/
= THl+H27/{1+H2+C(H1)+C(H2)+; (Hy,Hs)—c(Hi+Ha) (3.16)

T],;IQJiQ T],;ILHI
is again a large gauge transformation T}{&Ka with k3 € Z, by virtue of (3.14). Thus, upon
acting on functions of the form Fj, (¢4, Ca, o) = F(¢h, Q:A) ek with k integer, large gauge
transformations T;i .. are effectively Abelian.

To summarize, at a fixed point in complex structure moduli space we have found
that the circle bundle C indeed restricts to the circle bundle Co over the torus 7 =
H3(X,R)/H3(X,Z) governing the fivebrane partition function. We now discuss the fi-
bration of C(r) over the complex structure moduli space.

3.2.3 Monodromies

For discussing the fibration of the circle bundle C(r) over M.(X), and in particular its
behavior under monodromies, it becomes important to include the normalization factors
for the D-instanton and NS5-instanton corrections (3.7) and (3.8).

In the case of D-instantons, the normalization factor was determined in [18, 24]. While
the answer depends on the metric component under consideration (see section 5.2.2 for
details), the normalization factor universally involves the product Q(v)op(7y), where Q(y)
is the generalized DT invariant associated to the sLag submanifold v = (p*, qa), and op(7)
is again a quadratic refinement?? of the intersection form on H3(X,Z). As in the case of
the fivebrane partition function, op(vy) may be parametrized by characteristics Op,

1
op(y) = E(—QquA +qabp — pA¢D,A> = oo, (7). (3.17)

In order that the product Q(v)op(y) be invariant, ©p must transform in the same
way (2.24) as the fivebrane characteristics © under monodromies C' +— p(M) - C.

While it seems natural to identify the two set of characteristics, © and ©p, we do
not know for sure that this is a consistent choice. On the one hand, it is desirable that
physics (in particular the HM moduli space M) be independent on any choice of quadratic
refinement, as it is the case for the class of N' = 2 field theories considered in [78]. For
what concerns the D-instanton corrections (3.7), a change ©p — Op, of the D-instanton

characteristics can be canceled by redefining the coordinate C' = ((, ¢ ) into*
C'=C+6p - 6p. (3.18)

Similarly, for what concerns the NS5-instanton corrections (3.8), a change © — ©’ of the

fivebrane characteristics can be canceled by redefining

C=C+0-0, 6=0+(©-0,0)-(0,0), (3.19)

21t would be very interesting to obtain op(v) from the one-loop determinant for the topological field
theory on the D2-brane, along the lines of the superpotential computation in [77].

2The cost to pay is that C’ no longer transforms as a symplectic vector under monodromies, as observed
in section 4.1 of [24].

,30,



where we have used (2.37). In order for these two field redefinitions to be consistent, we
require that ©p and © should vary in the same way. This suggests that the difference
© — Op should be fixed, although it does not yet imply that it should vanish. Now, it
follows from (2.24) that the difference of characteristics transforms as a symplectic vector
under monodromies, modulo the addition of integers. In general, there is no non-zero vector
invariant under the full monodromy group, and so no canonical choice for the difference
O — Op except zero. On the other hand, while type 1IB S-duality suggests that the two
quadratic refinements should be related (as one governs NS5-brane instantons while the
other controls D5-brane instantons) in section 5.3 we shall find some tension between the
equality of the two characteristics and S-duality. In view of this, we shall continue to
distinguish the two quadratic refinements in the sequel.

We now turn to the monodromy invariance of the fivebrane instanton correction (3.8),
and to the topology of the NS-axion circle bundle C over the complex structure moduli space
M. (X). As a first approach to this problem, let us evaluate the curvature d(Do/2) of the
horizontal one-form (3.2), suitably normalized to take into account the mod 2 periodicity

d <D0> g+ X e (3.20)

of o:

2 24

The first term, equal to the Kéhler class on the intermediate Jacobian torus 7, is recog-
nized as the curvature of the circle bundle Cg discussed in section 2.3. The second term,
proportional to the Kéhler class of the complex structure moduli space M (X)), suggests
that the restriction of C to M.(&X) is isomorphic to Eng) , where L is the Hodge line bun-
dle over M (X). Unless x(X) is divisible by 24, there is no canonical definition of £
(equivalently, the curvature (3.20) is not an integer cohomology class). This suggests that
C is a twisted circle bundle and that the coordinate ¢ is in fact not globally well-defined,
as already observed in a slightly different context in [79].
To address this point in more detail, observe that under local holomorphic rescalings
Q39— el 230, the requirement that the horizontal one-form (3.2) be invariant implies that
aHa+X2(4);) Im f + 2k (3.21)
(indeed, recall from (2.5) that Ax — Agx + dIm f under Kahler transformations I —

K — f — f). Here, sy is an undetermined constant modulo 1. More generally, under a

o must shift according to

monodromy transformation M in M.(X), C and ¢ must transform as

Cw—pM)-C, 0n—>a—i—X2(§T) Im far +2k(M), (3.22)

where fys is a local holomorphic function on M. (X) determined by the rescaling Q3¢ —
e/ Q30 of the holomorphic 3-form around the monodromy, and x(M) is again an un-
determined constant defined modulo 1. The consistency of the monodromy transforma-

2mik(M)

tions (3.22) requires that e be a unitary character of the monodromy group. The

: : _ XY dire h f
combination s = e~ 48 then transforms as

e2mr(M) gi f g (3.23)

S —
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which may be taken as the definition of the twisted bundle Eng) . Since the bundle £ itself
is well-defined, the first factor must be a x(X)/24:th root of unity, k(M) € x(X)Z/24.
Similarly, the additional term 2k € x(X)Z/12 in (3.21) is needed to escape the paradox
raised in [1]: in the absence of this term, a trivial rescaling Q3o — 627T193,0 would lead
to identifications o = o + x(&')/12 in conflict with the periodicity modulo 2 of o. Let us
further recall that the twisted bundle Eng) from section 2.5 also arises in the B-model
topological wave function, which is valued in £ -1 [45].

In order to fully specify the topology of the circle bundle C, it is necessary to determine

2min(M) - and more to the point, its logarithm k(M). To appreciate

the unitary character e
the nature of this question, it is useful to recall a similar problem which arises in the
study of classical modular forms:?> determine the modular properties of the logarithm of
the Dedekind 7 function. The answer to this question is well-known since the work of
Dedekind (whose sums we shall encounter again in section 4.3), but is most satisfactorily
understood in the language of determinant line bundles [80]. Transposing to the present
context, we expect that the role of the Dedekind 7 function will be played by the one-loop
B-model topological amplitude e/1 /v/Jq, and that (M) should be computable from the
fivebrane determinant line bundle along the lines of [35, 36, 81]. Indeed, we shall find
in section 5.5 that the metric-dependent normalization factor of the fivebrane partition
function in the weak coupling limit is proportional to the one-loop B-model topological
amplitude, consistently with the coupling (1.2).

Summarizing, we have found that the HM moduli space M, in the weak coupling limit,
is foliated by a family of hypersurfaces C(r) which are circle bundles?® over the intermediate
Jacobian (2.9),

M ~ R x ! : (3.24)

whose curvature is given by (3.20). The perturbative moduli space may be defined globally
by the metric (3.1), subject to identifications (3.22) under monodromies, (3.15) under large
gauge transformations, and to possibly other identifications relating different leaves C(r),
as required e.g. by S-duality.

4 Mirror symmetry, S-duality and NS5-branes in type IIB

So far we have worked exclusively within the type ITA picture. In this section we discuss
the mirror map to type IIB where S-duality provides a powerful tool to analyze NS5-brane
effects. We recall that mirror symmetry identifies the HM moduli space Q.(&X') in type IIA
string theory compactified on a CY 3-fold X with the HM moduli space Qg (X) in type
IIB compactified on the mirror CY 3-fold X'. While the former extends the moduli space of
complex structures M.(X) with data about the dilaton, RR-fields and NS axion, the latter

ZWe are grateful to A. Neitzke and D. Zagier for suggesting this point of view.

#6The dilaton factor R;” may be used to formally convert this circle bundle into a C*-bundle [82], although
the total space M is not expected to carry a global complex structure.
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instead extends the moduli space of (complexified) Kéhler structures Mg (X') with similar
data. In contrast to M.(X), the special Kihler metric on Mg (X) receives worldsheet
instanton corrections, and is most easily obtained from M (X) by mirror symmetry.

e In section 4.1 we review the mirror-dual description of M = Q.(X) as the type
IIB HM moduli space M = QK(/\?) In the process, we discuss charge quantization,
and reconcile the apparent fractional charge shifts in the K-theory description of type I1IB
instantons (or type ITA black holes) with the manifestly integer charges v € Hs(X,Z)
of type ITA instantons (or type IIB black holes). e In section 4.2, we then discuss the
action of S-duality on the type IIB hypermultiplet moduli space in the large volume limit
and incorporate a novel shift of the D3-brane axion ¢, needed to ensure consistency with
charge quantization. e In section 4.3, we use this action to derive the classical action of
(p, k)5-branes. In particular, we show that this action is consistent with the Gaussian flux
partition function discussed in section 2 in the weak coupling limit.

4.1 Topology of the perturbative type IIB HM moduli space

Recall that in the weak coupling limit, the metric on M = QK(/\? ) is again given by the
one-loop corrected c-map metric (3.1), where the special Kéhler manifold SK = Mg (X)
is now the moduli space of complexified Kéahler structures, the torus 7 parametrizes the
periods of the RR potential

AR = AO) 4 AC) 4 AD) 4 A©) ¢ Fon (R R), (4.1)

and the coordinates r = ¢® ~ 1/ g(24) and o still parametrize the 4D string coupling and NS
axion. The deformation parameter ¢ takes the same value ¢ = x /192 = —x(&X)/1927
as in (3.3). We refer to the total space of the torus 7 over Mg (X) as the symplectic
Jacobian Jg (X).

4.1.1 Kahler moduli space

To describe the geometry of 7 K(z\? ) in more detail, let us choose a basis 7%, a =
1,...,hb! (./'%), of 2-cycles (Poincaré dual to 4-forms w®), and a basis -, of 4-cycles (Poincaré
dual to 2-forms w,), such that

Wa N\ Wp = Kgpe w®, wa/\wb:62w2, / wb:/ wh =9y, (4.2)
e 8

where w ; is the volume form, normalized to f pwp =1, and Kgpe = f $ Wapwe = (Ya, Vbs Ve
is the triple intersection product in Hy(X,Z). The space H®*"(X) carries a symplectic
form given by

(H,H') = /X HAT(H), (4.3)

where 7 flips the sign of the 2-form and 6-form part of H’. It will be convenient to let

wh = (wp,w?),wp = (1,w,) such that (w®,wy) forms a symplectic basis of HV°"(X,R).

~

The Kéhler structure moduli space Mg (X') may then be parametrized by the periods
z% = br+it* = fﬂ{a (B+iJ) of the complexified Kéhler form. In projective special coordinates
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XA = (X9 X9 such that 2% = X?/X°, the prepotential governing MK(./'%) is given by?”

a 0\2 02 a
F(X):—Nggg )+;AA2XAX2+><(X) 4(2?2)2(751()3) - E;i; > n,(j” Li; [E (kcéoﬂ
ko €Hy (X)

(4.4)
where N(X%) = é,«;ach @XbX¢ and Ay is a constant, real symmetric matrix. The matrix
Apy is ambiguous up to integer shifts Axy, — Apy + Bas, Bax € Z, and does not affect
the Kahler potential K = —log[i(XAFy — X2Fy)] on M (X). However, as we shall
demonstrate shortly, it is crucial for charge quantization. In (4.4), the sum over effective
divisors represents the effect of genus 0 worldsheet instantons, while the trilogarithm sum

Liz(z) = 302, 2" /n? encodes multi-covering effects.

4.1.2 Charge quantization

By the same reasoning as in the type IIA analysis of section 2.1, the torus 7 in the mirror
type IIB can be written as
T = H®"(X,R)/T, (4.5)

where T is the lattice dual to the charge lattice classifying D5-D3-D1-D(-1)-instanton con-
figurations. To determine this lattice, we must invoke the K-theory description of D-brane
charges [83].

For non-vanishing D5-brane charge p®, D5-D3-D1-D(-1)-instanton configurations can
be represented as a coherent sheaf F on X, of rank tk(E) = p° and generalized Mukai
vector 7/, defined by?® [83]

v = ch(E)\/Td(i’) =’ + pw, — G + qowp s (4.6)

where ch(E) and Td(X) are the Chern character of E and Todd class of TX. Using

1 1 1
ch =rk+c¢; + <20% —02> + 5 <03 —c109 + 30‘%) + ...
(4.7)

1 1 .
Td=1+ o+ 12(6% +e) + , creae e = e A,

24

where A is the Dirac genus, the coefficients p*, ¢y of 7" on the symplectic basis wa, wh are

found to be [84]

0
= [aE d== ([ dum ).,
e Ya

g = /X (chg(E)+214 ¢1(E) cz(ze)). -

2TWe restore the important quadratic contribution éAAEX AX® which was omitted in [18]. Equivalently,
one may extend the range of indices for the cubic form k.. and define kooo = —3A00, Kooa = —2A0a, Koab =
—Agp.

28The prime anticipates the fact that the vector ~' lies in Heve“()é,@). In eq. (4.20) we introduce a
“modified Mukai vector” which lies in H*V*"(X,Z).
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Due to the fractional coefficients appearing in (4.8) and in ch,,(F), the generalized Mukai
vector 7' = (p*, ¢}) is not valued in Heven(/\?, Z) but rather in Heven(/\?, Q). This appears
to challenge the fact that the D2-brane charges in type IIA compactified on the mirror
3-fold X are classified by H3(X,Z) modulo torsion. To find the correct integer-valued

—~a .
#"wan! associated

charge vector v = (pA, qa), it suffices to match the central charge [ pe
to the sheaf F' with the holomorphic supergravity central charge e X/ 2Zv = g XA —pAEy,
leading to

gr = gy + Ansp” . (4.9)

Thus, ga and ¢ differ by a (non-integer) symplectic transformation, which removes the
real quadratic terms in (4.4), transforming the prepotential F into

F'(X)=F(X) - ;AAgXAXZ . (4.10)

The magnetic charges p” and p® are manifestly integer. To see that the electric charges
qa are integer, it is convenient to rewrite them as

627 1
Ga = / co(E) + p’ <A0a - a) + Awp” — | Kaved"p",

24 2
(4.11)

_ $ a _ C27a 0
o= ( [ enl®) Ta®)) + 57 (d0n = G5) + v

Observing that the first term in ¢q is the index of the Dirac operator coupled to the sheaf
F, and therefore an integer,?® it follows that gy € Z provided the following additional
constraints are imposed on the matrix Axy:

1
i) App’ — 0 KapeD'p° € Z  for Vp* € 7,

C2.a
N (4.12)
24 + &

Z’LZ) Ago € 7.

ZZ) Ap, €

The last condition shows that Agg can be chosen to vanish. The second condition was
conjectured long ago in [85] on the basis of a few examples, and is now seen to follow
from K-theory considerations. Without loss of generality we shall choose Ay, = c24/24.
The first condition, which appears to be novel, requires that 2A,; is integer. It indeed
holds true in the few examples where Apy, has actually been computed [55-58]. For later
reference, we note that the integrality of the Dirac operator on X coupled to a rank one
sheaf (co(E) = c3(F) = 0) further requires®’

1
iv) N(p®) + 19 coap” €7 for Vp* € Z. (4.13)
In view of 4) and 7v), it will be useful to define the integer-valued combinations
1 1
Lo(p") = N(0*) + |y 2ap"s La(p") =, Kbt = Aup”- (4.14)

2We are grateful to R. Minasian for discussions on related issues.
30This condition also guarantees that the dimension of the moduli space of the divisor Poincaré dual to
c1(E) be even [86].
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Assuming that these integrality conditions are obeyed (as they must for mirror sym-
metry to hold), the charge vector v = (p™,qa) is now valued in H®*"(X,Z), and can be
meaningfully identified with the homology class of a special Lagrangian submanifold on
the mirror type ITA side. On the other hand, the primed charges (4.8) satisfy

pO

1
04 phcaq - (4.15)

1
Kabcpbpca Q(,) €Z— 24

¢, €7 — )

2.a —
For p' = 0, we recover the quantization conditions ¢/, € Z— éﬂabcpbpc and ¢, € Z— 214 piC2q
familiar from studies of the D4-D2-D0 brane partition function [72, 73, 87, 88]. As we shall
see in section 4.2, the fractional shifts in (4.15) have important implications for S-duality.

4.1.3 Symplectic Jacobian and mirror symmetry

We are now finally ready to relate the variables (¢, ¢ A) appearing in the metric (3.1) to
the periods of the type IIB RR form A®V°", and to specify the torus bundle 7 — 7, K(z\? ) —

Mg (X). For this purpose, recall that the classical action of the D-instanton associated to
the sheaf E is given by [46, 89]

S, = 8rel@ )2

/ 6‘77" + 27Ti/ 7' A AV e B (4.16)
x X
Identifying the periods of the RR potential A®V°" as
Aven =B — 0 _ oy, — CN(;w“ — Eéw/\; (4.17)
and defining the unprimed axions
Ca = Ch + Apnch, (4.18)

we find that the Euclidean action (4.16) associated to the D5-D3-D1-D(-1) bound state
with integer charges (p™,qa) becomes equal to the Euclidean action (3.7) of a D2-brane
wrapping a sLag in the integer homology class gAY — p*By € H3(X,Z) on the mirror
threefold X. In particular, the coordinates (¢*,(y) defined by (4.17), (4.18) have unit
periodicity, and parametrize the torus 7.

Under a monodromy M in the moduli space of Kéahler structures Mg (X), the torus

transforms by a symplectic rotation p(M) € Sp(2b2(X) +2,Z) computable from the prepo-
tential F'(X) (see section 4.1.4). Thus, the symplectic Jacobian Ji(X) is the total space
of the torus bundle . )
HYV™(X,R)/)T — Jkg(X)
! (4.19)

Mg (X),
where the lattice T' ¢ H®V*"(X,Z), dual to the lattice of D5-D3-D1-D(-1) brane charges, is

the image of the K-theory lattice K (X)) under the “modified Mukai map”

E—y=¢ ch(E)\/ Td(X) € HY(X,7), (4.20)

A

where e represents the fractional symplectic transformation (4.9).
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Having specified the torus bundle Jx(X'), the topology of the type IIB perturbative
HM moduli space M follows by the same reasoning as in section 3: M is foliated by
hypersurfaces C(r) of constant coupling, each of which is a circle bundle C(r) over Jg (X),
with curvature given by

d <D20> = w7 — X(Zf) WSK (4.21)

where wgi is the Kahler class of M K(z\? ), and the characteristics © which remain to be
specified. This is in full agreement with the quantum mirror symmetry conjecture. While
classical mirror symmetry identifies M K(z\? ) = M.(X), semi-classical mirror symmetry
(in its weakest form) demands Jx (X) = J.(X), quantum mirror symmetry requires the

identity of the full HM moduli spaces Q.(X) = Qi (X)) as quaternion-K&hler manifolds.

4.1.4 Monodromy around the large volume point

We mentioned previously that the torus 7 is non-trivially fibered over Mg (X'). Here we
consider the monodromy M:

bt — b + €, el (4.22)

A~

around the large volume point in Mg (X). This monodromy must be accompanied by the
symplectic rotation

_ 1
"=+ Eafoa C,/l — C,/l — ffabch ¢ — 5 Comabcebec,
~ ~ ~ 1 1 (423)
o — Co— €Cy + 9 KabeC e e + 6 COk gpee €€

on the torus 7, as follows from the definition (4.17). Upon transforming the charges
according to

1

PP p?, pt e, gl dl — Rapep et — ) PPapee’el,
(4.24)
/ / a / 1 a b c 1 0 abc
qO'_>qO_6 qa+2"€abcp €€ +6p Rabc€ € €,

the instanton action (4.16) remains invariant. The transformation (4.24) amounts to ten-
soring the sheaf F with a line bundle E’ with first Chern class ¢;(E’) = €%w,. We refer to
the transformation (4.24) as a “spectral flow” transformation with parameter €%, and the
transformed (unprimed) charge vector as y[e]. The spectral flow (4.24) can be rewritten as
an integral symplectic transformation of the integral charge vector +,

1 0 0 0

€’ 0% 0 0
= o(M) - M) = 4.25
M=o, pon=| S g )

Lo(e) Ly(e) + 2A4p6¢ —€® 1

which makes it clear that the spectral flow preserves the quantization conditions (4.15).
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For p° # 0, the combinations

) L phpe )
Q(z:q(,l"i_Qﬁabcpo 5 QOZQ6+

pla, 1 piphp©

0 g o (4.26)
are invariant under the spectral flow (4.24). For a fixed p°, we shall refer to 4 = (p%, qa, Go)
as the reduced charge vector. The invariant charges gy may be expressed in terms of the
Chern classes of E as

0 0

A 1—p" 5 p

o= (B (B — . 24,
q [{a |: 2( ) + ?po 1( )] 24 2, 1 (427)
Go = /X [chg(E) — 0 c1(E) chy(E) + 3(p0)2 A (E)

These combinations coincide (up to the last term in ¢,) with the homogeneous invariants
0
of [84]. In particular, 4, + 5, ca,q is recognized as the “Bogomolov discriminant”. It is also

useful to observe that
0
. D 1 .
Qa=1p" <Q(z + 2402,a> . J=_0"% (4.28)

are precisely (after matching conventions) the electric charge and angular momentum of the
5D lift of the 4D D6-D4-D2-DO0 black hole with charges (p°, p®, ., q}) [90-92]. Moreover,
for p° = 1, Q, and 2J are integer. These observations will play a role in section 5.4.

While the combined action of the monodromy M on the moduli via (4.22) and (4.23)
and on the charges via (4.24) preserves the D-instanton action and stability condition, and
therefore the generalized Donaldson-Thomas invariant (-, 2%), the latter is in general not
invariant under 7 +— 7[e] at fixed values of the moduli, due to wall-crossing phenomena.
In the heuristic discussion of section 5, we shall however ignore this issue and assume that
Q(7) is in fact invariant under spectral flow, at fixed values of the moduli.

4.2 S-duality

The type IIB description is more advantageous for dealing with non-perturbative cor-
rections as it provides an infinite discrete symmetry mixing worldsheet instantons and
D-instantons, the 10D SL(2,7Z) S-duality symmetry.3! In the zero coupling, infinite vol-
ume limit, where only the first, cubic term in the prepotential (4.4) is retained and the
one-loop correction can be ignored, the moduli space QK(A? ) admits an isometric action
of SL(2,R) [14, 18, 93], corresponding to the S-duality of 10-dimensional type IIB string
theory. This action is most easily described using new coordinates (11, c%, ¢4, ¢, 1) related

31The same SL(2,7Z) action is also manifest geometrically in the context of M-theory on X x T2, whose
VM moduli space is given by the same space Qg ()2) As already pointed out in the introduction, it is
debatable whether the full SL(2,7Z) symmetry should stay unbroken in vacua with A' = 2 supersymmetry,
or whether it should be broken to a finite index subgroup. At this point we assume that it does, though
our discussion can be adapted to accommodate the weaker option.
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to the coordinates (¢, (a,0) by

=n, ("= —(c" = 1b"),

- 1 ~ 1

C(/z =Cq+ 9 Rabe bb(cc - lec) s C(l) = Cy — 6 Kabe babb(cc - lec) ) (429)
1 1

o=-=20+ 27'100) + cq(c® — b)) — 6 Kabe b“cb(cc — 7%

and the ten-dimensional inverse coupling 75 = 1/g; related to the 4D dilaton by [18]

2
6 _ Ty Kz _ X(X) 4
e 16 e 1995 ° (4.30)

Then, an element 6 = (ZZ

axio-dilaton field 7 = 7 + i7o, rescaling of the Kéahler moduli and by linear action on the

RR and NS axions:

) € SL(2,R) acts by fractional linear transformations of the

at +b
ertd’ t* — t%er + d|, Cq — Cq+4(0),

c? ab c? co d —c co (4.31)
— — .
b® cd be |’ P —b a P
Here we deviate from [14, 18, 93], and allow for a shift in the D3-brane axion ¢, by an

additive character £,(0) of SL(2,R), i.e. such that £,(0 - 0") = £4(d) + €4 ().
The continuous isometric action (4.31) is broken by the worldsheet instanton effects

T =

in (4.4) and the one-loop correction ¢, but a discrete SL(2,7Z) subgroup can be restored
by including D(-1) and D1-brane instantons [21]. This in particular provides a common
origin®? for the degenerate instanton contribution, proportional to ¢(3)x(X) in (4.4) and
the one-loop correction, proportional to ¢ (2))((2% ). The analysis in [21] did not probe the
possibility of an additional character £,(9).

In the presence of D3-brane instantons, the character £,(d) is needed for the following
reason. Due to the fractional shift (4.15) of the D(-1)-brane charge ¢, a D-instanton

contribution proportional to E<pAg:A — qACA> = E<pAC~1’\ — qj\CA> transforms under an

S-duality action d, = <(1] l{) by a phase E(pagj’“ b —|—p“6a(5b)>. Moreover, this S-duality
action differs from the Heisenberg shift (3.15) with parameter n° = b by a fractional shift
CNQ — éa + eq(dp) + 622;1“ b. Both these problems can be avoided by choosing the character
£q(6) such that £4(8,) = — %y b. This is indeed the case if g, is taken to be proportional

to the multiplier system of the Dedekind eta function,

£q(0) = —c2,4€(6) , (4.32)
where (0) is a fractional number defined, up to the addition of integers, by the ratio?
at +b 1
—E 2. 4.
0 (875 0) /) =B fer + 0 (4.39)

32Tn fact, this was used in [21] to confirm the normalization of ¢ in (3.3).

33Strictly speaking, the two factors on the r.h.s. of (4.33) both have sign ambiguities, and only their
product is well-defined. But since the condition (4.13) ensures that ¢z, is even, one only requires the value
of £(4) modulo 1/2.
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In particular, 24e(¢) is integer, and may be obtained explicitly as

b Sen C =
() = { a2 e (439

24c
where
1 a7 ™ nd
d t t 4.35
s(d, c) 4l nz:l cot " - cot (4.35)

is the Dedekind sum. The identification (4.32) is also supported by the modular properties
of the D4-D2-D0 partition function [73, 87, 88, 94, 95|, which transforms with the multiplier
system E(—cg op®e(8)) [73, 94].34

4.3 Semi-classical (p, k)5-brane instantons

Having rectified the action of S-duality on the large volume, weak coupling HM moduli
space, we can now use it to obtain NS5-brane instantons from D-instantons. Indeed, from
the action on (cg,®) we see that S-duality maps D5-branes, with minimal coupling to
the D5 axion ¢y, to NS5-branes coupled to the NS-axion v, or more generally to (p, k)5-
branes coupled to pcy + k. In particular, since ¢y = fo 4+ ... has unit periodicity and
P = —; o+ ..., we conclude that the NS-axion ¢ must have periodicity 2, as anticipated
in section 3.2.2.

Let us now consider a configuration of D5-D3-D1-D(-1) instantons with charges (p" #
0,0%, qa, qo), discussed in detail in the previous subsection. The classical action associated
to this charge configuration is

Sy = dn|W,| + 2mi(dh¢* — pPCh), (4.36)
where
-
Wy =) (dh=" = Fi(2) (4.37)

is proportional to the central charge Z, = e’C/Q(qAXA — pAF/’\) of the D-instanton. In the
large volume limit where the cubic term in (4.4) dominates,
—— (N(p“ —p%2%)  Ga(p* —p%2%) | . >
N = .

: - o (4.38)

(P°)? P’

For any two integers (p, k) # (0,0), with greatest common divisor (ged) p”, we now apply
an S-duality transformation

5= ( a b ) € SL(2,7), (4.39)

—k/p° p/p°

where the integers (a,b), ambiguous up to the addition of (k/p°, —p/p°), are chosen such
that ap + bk = p°. This will map the D5-brane configuration into a (p, k)5-brane.

34We are grateful to J. Manschot for discussions on this issue.
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Using (4.31), one finds that the image of W, under the map (4.39) is given by

T2 o \ ra .
Wips=0Wy=o "o [N (5“—ilp — k7[t*) = p°Ga (5" — ilp — k7]t")+ (") *Go] , (4.40)
where we recall that 4 is the reduced charge vector (p®, 4q, §o) and p* = p® + kc® — pb®. As
a result, the action (4.36) is mapped to Sy , 5 which reads as follows

p— k7

Skips = 4T [Wipsl + 2mi [—(pco TRO D)+ e (V@) = 2"+ () )

a

+2k

a

. ahp° + ca.ap®e(9)].

1 . " .
( 5 Habe (pb® — kc®)(3p° + pb® — kc®) + ﬂabcpbpc—2p0qa> -

(4.41)

It should be stressed that the unusual additional terms in the imaginary part of Sy, , 5 follow
from the ordinary axionic couplings in (4.36) by S-duality, and evade the no-go result of [96].
This is eventually tied to the impossibility of defining instanton vacua with well defined
mutually non-local D-instanton charges in the presence of NS5-brane instantons. Notice
that the last two moduli-independent terms in (4.41) are the only ones depending explicitly
on the upper entries in the S-duality matrix (4.39). What is important however is that
their combination is independent of the choice of these entries so that the action is well
defined. Although some terms are singular at & = 0, but the total sum in (4.41) is regular
at k = 0, where it reduces to (4.36). Moreover, for 4, = ¢o = 0, the action reduces to the
answer found in eq. (3.72) of [54], based on the assumption that the S-duality group is
extended to SL(3,Z).

From (4.41), it is now apparent that 1 is periodic with period 1, and therefore o is
periodic with period 2. Moreover, in the weak coupling limit 79 — oo and using the form
of the period matrix A for a cubic prepotential,

A= —3(bbb) 5 (bb)g o — g (ttt) + (bbt) — 3, (btt)> —(bt)q + 4, (btt)(tt)q
5 (bb)a  —Kapeb® —(bt)a + 4y (BE)(t)a  Kapet® — 3 (@)altt)y )’
(4.42)
where we introduced the notation (zyz) = Kapet®y’2¢, (2Y)a = Kapex?y®, we find that the

action for £ NS5-branes reduces to
Skpy=2m|k|V 75+ ik <0+ ¢Ah— 20ty — Mas (¢t —nt) (¢ — n2)> — 27mimpzt. (4.43)
Here we defined
n® =p/k, n® =p*/k, ma = p°qa/k, mo = ap’qy/k — ca.ap™e(0). (4.44)

For mp = 0 this reproduces (3.9), and thus confirms the validity of (3.8).

5 NSb5-instantons in twistor space

In the previous sections we discussed instanton corrections to the HM moduli space M
of type II string theory on a Calabi-Yau threefold at a qualitative level, ignoring the
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tensorial nature of the metric on M and jettisoning the constraints of supersymmetry.
The latter however require that all quantum corrections preserve the quaternion-Kéhler
property of the metric on M [4]. A convenient way to ensure this is to formulate the
quantum corrections as deformations of the complex contact structure on the twistor space
Z ., a complex contact manifold locally of the form CP! x M.

In this section, we take steps towards identifying the deformation of the complex con-
tact structure on Zy induced by NS5-brane instantons, by applying S-duality to the known
twistorial description of D-instantons. We work in the one-instanton approximation, i.e.
treat instanton corrections as an infinitesimal deformations of the complex contact structure
on Zpert, the twistor space of the perturbative HM moduli space discussed in section 3.
Infinitesimal deformations are encoded in a holomorphic section of H(Zpet, O(2)). In
practice it is most convenient to represent this section as a set of local holomorphic func-
tions defined on the overlap of two patches in a suitable open covering of CP!. In general,
this set need only be invariant under discrete symmetries up to local contact transforma-
tions. Here we assume that this set is in fact simultaneously invariant under S-duality,
Heisenberg invariance and monodromy transformations, without the need for any compen-
sating contact transformation. This is the simplest approach to constructing a metric with
the required discrete symmetries. While we find strong indications that this assumption
is reasonable, we do encounter difficulties in realizing all symmetries simultaneously, due
to certain phases spoiling exact invariance. As a result, sections 5.3 onward should be
considered as exploratory, though we do believe that the structure we uncover should be
realized in a fully consistent treatment.

The outline of this section is as follows. e In section 5.1, we briefly recall the twistorial
description of general quaternion-Ké&hler manifolds, following [12, 18]. e In section 5.2, we
summarize the twistorial description of D-instanton corrections established in [18], taking
into account the fractional shift (4.18) and quadratic refinement which had been overlooked
in previous treatments. e In section 5.3, we obtain the twistorial description of (p, k)5-
brane instantons in type IIB string theory compactified on X, by applying S-duality on a
general D5-D3-D1-D(-1) configuration. We show that the corresponding deformation of the
contact structure is invariant under the Heisenberg shifts (3.15) and monodromy around
infinity (4.23) (or rather their holomorphic lifts (5.12), (5.13) to the twistor space Zpert), up
to subtle phases which we do not understand. e Under this caveat, we show in section 5.4
that the total contribution of fixed NS5-brane charge k£ can be expressed as a non-Gaussian
theta series with wave function Hy, ,. For a single NS5-brane, k = 1, Hy o is recognized (up
to certain prefactors) as the A-model topological string wave function on X, in the real
polarization. e Finally, in section 5.5 we obtain the non-Gaussian chiral partition function
21@5 for k fivebranes as the Penrose transform of the holomorphic function encoding NS5-
brane corrections to the contact structure. In the saddle point approximation it reproduces
the non-linear (p, k)-fivebrane action from section 4.3, whereas the weak coupling limit of

Zlglks?g) reduces to a Gaussian partition function ZISQE)_G similar to (but distinct from) the

)

Gaussian flux partition function Zék discussed in section 2.
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5.1 Twistor techniques

Recall that a manifold M of real dimension 4n > 4 is quaternion-Ké&hler if its holonomy
group lies in USp(n) x USp(1) € SO(4n), where USp(1) = SU(2) (in dimension 4, this
condition must be replaced by the vanishing of the self-dual part of the Weyl curvature).
While M admits locally a triplet of almost-complex structures I satisfying the quaternion
algebra, these are not integrable. The space M is nevertheless amenable to complex anal-
ysis by considering its twistor space Zx, a CP! bundle over M which carries a canonical,
integrable complex structure, Kahler-Einstein metric as well as a complex contact struc-
ture. To explain how this comes about, let £ be a complex stereographic coordinate on
CP!, and j be the SU(2) part of the Levi-Civita connection on M. Under SU(2) frame
rotations, p transforms as a SU(2) gauge potential, while ¢ is acted upon by fractional
linear transformations. The complex contact structure on Z4 is defined by the kernel of

the one-form .

Dt = dt + py — ipst + p_t?, Pt = —2(p1 Fipa). (5.1)

Locally, on a patch U; C Zq there exists a function ®;) on Zx, holomorphic along the
CP!-fiber (i.e. independent of ) and defined up to an additive holomorphic function on
U;, such that the product

wlil = 9 D! (5.2)
it

is a locally holomorphic one-form (i.e. O-closed). We refer to ®(; as the contact potential.
®(;) determines a Kéhler potential [12]

1+t

CJ—
KZM = log "

+ Re (I)m(xu,t) (5.3)

for the canonical Kéhler-Einstein metric on Z

|Dt|2 vV o2

d52 + 4 dSM (54)

Zm (1 + tD)2
(here v is a normalization constant which determines the scalar curvature of M). Moreover,
Z is endowed with a real structure acting as the antipodal map on CP?!, and preserving X

According to theorems by Salamon and Lebrun [97, 98], the complex contact structure
and real structure on Z, uniquely specify the quaternion-Kéhler metric on M. Locally,
one may always choose complex Darboux coordinates 5{;],£K],a[i} (A=0,...,n—1) on
U; C Zrq such that the contact one-form X takes the Darboux form

Xl = qald 4+ g[/i\} dNK] . (5.5)

We shall find it convenient to define a variant of this coordinate system, with &l =
—2all — g[f;]gk} such that the contact one-form takes the symmetric Darboux form

. 1 ~ i 17 =7
A= (aat — gfy agl) + & agty) - (5.6)
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On the overlap of two patches U; N U;, the Darboux coordinates are related by com-
plex contact transformations preserving X up to holomorphic rescaling. Thus, the com-
plex contact structure on Zxq may be specified globally by giving generating functions
Sl (5{5,5}{},04[31) of these complex contact transformations. These must satisfy the ob-
vious reality conditions and compatibility constraints, and are themselves defined up to
independent complex contact transformations on each patch.

The quaternion-Kahler metric on M can be obtained by solving the gluing conditions
for the Darboux coordinates on U; NU; following from the generating functions S (i1,

A _ =249 olij] fli _ [i4]
&1 = i~ 95 Sn = 0y S (5.7)
alll = §1) — oy S, P = f2 et '

where sz = 0,15 3] = 11/ 20 is the homogeneity factor relating the contact one-forms.
The parameter space {z*} of solutions is M itself, while the solutions ffl\} (t;zH), 51[(] (t; )
and ol!(t; z*) can be plugged in (5.5) to read off the SU(2) connection in (5.1). The metric
itself follows after some more steps explained in [12].

Furthermore, infinitesimal perturbations around a given quaternion-Kéhler mani-
fold preserving the quaternion-Ké&hler structure are in one-to-one correspondence with
HY(Z),0(2)) [99]. They can be parametrized explicitly as a set of local holomorphic
functions H, ([g} on the overlap of two patches U; NU;, corresponding to the variation of the

quantity H["! entering in the generating function S via [12]
glid] (5[/;],5[{}’ alll) = alil + 5[31 g[Ajl _ plid] (5[@}, ﬁAjl,am) , (5.8)

The consistency conditions on S are equivalent to the cocycle conditions on HU4! at
the linearized level. For perturbations around a toric quaternion-Kéahler manifold, the
variation of the Darboux coordinates and contact potential can be obtained by certain
contour integrals of Hll as explained in [12], from which the variation of the metric
follows. While the integral formulae in [12] are rather involved, they generalize the well-
known Penrose integral formula

Z/C it 2V (1) pylid] (Sfi](t)f/[f}(t%am (t)> (5.9)
j J

which maps a holomorphic section of H!(Zx, O(—2)), which we again represent by a local
holomorphic function H[%] into a function on M which satisfies a certain set of second order
differential equations determined by the quaternion-Kéahler structure on M [10]. In sec-
tion 5.5, we shall use (5.9) to construct a scalar-valued fivebrane partition function on M.

Finally, we recall that via the moment map construction, continuous isometries of
M are in one-to-one correspondence with real elements of H°(Zx, O(2)), i.e. with global
holomorphic sections of the line bundle O(2) over Z,, invariant under the antipodal map.
It follows that any continuous isometry of M can be lifted to a holomorphic isometry
of Zyq. Moreover, one can always choose the local Darboux coordinates such that the
holomorphic Killing vector is d ;) on each patch U;. In that case, the generating function
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HU] becomes independent of al, the contact one-form X0 becomes globally defined, and
HU] can be viewed as a generating function for symplectomorphisms with respect to the
complex symplectic form dX on the quotient of Zx by the vector field d,;. Thus, any
quaternion-Kahler manifold with a Killing vector can be mapped locally to a hyperkéhler

manifold of the same dimension.3®

5.2 Twistorial description of M

The twistorial description of the HM moduli space was worked out at tree-level in [10], the
one-loop correction was included in [12, 17] and D-instantons were incorporated in [18, 19].
The structure of the D-instanton corrected twistor space is closely related to that of the
twistor space of the hyperkdhler manifold governing the moduli space of N' = 2 gauge
theories on R3 x S! [24], in line with the remark at the end of the last subsection.

5.2.1 Perturbative twistor space

In the absence of non-perturbative effects, i.e. for the one-loop corrected metric (3.1), the
twistor space may be described by three patches U, ,U_,Uy around the north pole (¢ = 0),
south pole (¢t = co) and equator of the CP! fiber over a fixed point on M. The transition
functions from Uy to Uy are governed by the prepotential F' on SIC, viewed as function of
Darboux coordinates £*, as explained in [12, 18]. The one-loop correction is incorporated
by a non-zero “anomalous dimension”, i.e. as a logarithmic singularity around the north
and south pole. In the patch Uy, the “Darboux coordinates” may be chosen as

§A — CA ) (tfl A tEA) ,
Er =+ 5 » (t71Fa(2) =t Fa(2)) , (5.10)

z
&:a+T2(t W (z) -t W(z)) + XY logt,

where W (z) = Fp(2)¢* — 22¢a. As in (4.18), we define
_ 1
Eh=Er— A€, o =a— AxieT, (5.11)

such that, for any charge vector v € T', ga&™ — pAép = ¢\ &N — pPé).

Under monodromies M in SK, (€A, €,) transforms linearly under p(M). On the other
hand, & is shifted by (M) from (3.22), whereas the middle term is canceling against the
variation of the logarithmic term in (5.10) under the R-symmetry rotation t — ¢t el™ /M In
particular, under a monodromy b® — b® + €* around the large volume point, the Darboux
coordinates transform as

A T LN Ry O
2 (5.12)
Fabe€r€ 6650 a— &+ 2k.€e%,

1 1
9 "iabcgaebec + 6

where we used (5.10), (4.23), and took into account the fact that x(M) must be linear in

€?, k(M) = kq€e*. The constants k, should be computable along the lines suggested in the

& & — e+

discussion below eq. (3.23), but we do not know their values at this stage.

35We are grateful to A. Neitzke for discussions on this construction.
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Similarly, the Heisenberg action (3.15) lifts to a holomorphic action on Zx4 given by
T(,H7H) : <£A’ gA’ d) = <£A +77Aa é/\ + 7,

5.13
G+ 25 = g+ My — (i — 200 + 27 0n) ) o
where 7, 7ip, & € Z. Thus, the quotient of Zx¢ by translations along 95 defines a com-
plexified torus 7¢, parametrized by the coordinates (&2, 3 A) and their complex conjugates,
while €l™® parametrizes the fiber of a C*-bundle E% over 7¢. The restriction of E% to the
intermediate Jacobian torus 7 C 7¢, at a fixed point on the special Kéhler base SKC, coin-
cides with the theta line bundle Lg. It is interesting to note that the two-form dX endows
Tc with a complex symplectic structure, and therefore a natural hyperkéhler metric, as
explained at the end of section 5.1.

5.2.2 D-instanton corrected twistor space

In the presence of D-instantons, the covering of Zx( must be refined as follows [18, 24].
Over a fixed point in M, the CP! fiber of Z), is divided into angular sectors extending
between two BPS rays

by ={t: Z,(2")/t €iR™}. (5.14)

Across such a BPS ray, the Darboux coordinates (§A,§~ A) are related by a complex sym-
plectomorphism generated by?¢

Hy = o) Lialon(1) B-2,)]. (5.15)
where 2, = grED — pPEy, the factor Q(v) is the generalized Donaldson-Thomas (DT)
invariant for the charge vector v, Lis(z) = > 7| 2" /n? is the dilogarithm function, taking
care of multi-covering effects, and op () is a quadratic refinement (3.17) of the intersection
form on the charge lattice I', which plays a crucial role in ensuring consistency across walls
of marginal stability [24]. As discussed in section 3.2, although op() should be related to
the quadratic refinement which governs the fivebrane partition function and the NS-axion,
and moreover they are expected to coincide, we refrain from identifying them at this point.

The gluing conditions (5.7) for the Darboux coordinates ¢, €x can be summarized by
the following integral equation

_ . 1 dt" t +¢' . -
E =0,+W,/t =Wt — 82 Z Q) (v, 7'>/l oy Lii [op()E(=E4 ()], (5.16)
v g

where 0., = gA¢" — p™{a, and we recall that Lij(z) = —log(1 — x) = 9, Lis(z). It is worth
noting that eq. (5.16) is identical to the integral equation found in [24] in the context
of hyperkéahler geometry. Moreover, it has the form of a Thermodynamic Bethe Ansatz

%Fq. (5.14) holds in the one-instanton approximation only, and must be amended to take into account
the difference between Darboux coordinates in different angular sectors. The exact generating function

was derived [19], and reproduces the symplectomorphism appearing in [24], up to the quadratic refinement
op () which must be added by hand.
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equation [24] with an S-matrix satisfying all axioms of integrable field theories [100], hinting
at a possible integrable structure.

Once the Darboux coordinates (€4, 3 A) have been determined, the Darboux coordinate
a follows from the contour integral

- iv(X 1 -
a=o+ 722 (W —tW) + ) gy 42 2 U (E7TW 1) 75,(0)
Y

247

g 200) [i [ T i B )] (0 W =) 7,

T
1 dt’ t+ ¢ . _
= 642 > 9(7)9(7/)<%7’>/ o L [on (M E(=E,(1))] Ty (1), (5.17)
vEY by
where At
+ . -
7. (1) :_/g oo it o () B(-2,())] (5.18)
2l
The contact potential is similarly given by
2 .
o1} — T2 —K(z,2) X(X) 1 Q / de t*l —_t T Li E(==_(t
R e 1 0 [y (W =) it () B, 1)

(5.19)
Note that it is constant on CP?, as required by the continuous shift isometry along o, and
may be chosen to define the “instanton corrected 4D string coupling” e? = e?.

Egs. (5.16) (and subsequently (5.17), (5.19)) may be solved recursively by first substi-
tuting =, (¢) on the r.h.s. by its perturbative value E(yo) (t) = ©, + W, /t — W,t, computing
the integral to obtain the one-instanton correction Ef(yl) and iterating this procedure. This
provides an asymptotic series for the exact, D-instanton corrected Darboux coordinates,

o0
Ey(t) = Oy + W/t =Wt + > =M, (5.20)
N=1
(N)

where Z5 7 involves N nested contour integrals of sums of products of N DT-invariants
Q(vk), k=1,...,N. This can be interpreted as corrections from multi-centered instanton
configurations, with €(+;) providing the contribution to the instanton measure of the kth
center. In the vector multiplet context, these are instead multi-centered Euclidean black
holes whose worldline winds around the Euclidean time direction, and €2(v;) is instead the
indexed degeneracy of the kth center. At fixed N, the sum over ~y, typically has zero radius
of convergence, due to the expected exponential growth of the generalized DT-invariants.
It was argued in [27] that the ambiguity of this asymptotic series is of the same order as
the corrections expected from NS5-branes.

Noting that the BPS rays £, and ¢, are identical, one may dispose of the dilogarithm
in above formulas by replacing the integer-valued DT invariants () by the rational-valued

DT invariants3”
00) = L, 90/d), 96 =3, wd)0/d), (521)

dly dly

37The rational invariants Q(vy) are also relevant for S-duality and wall-crossing [101, 102].
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where p(d) is the Mébius function. In particular, one finds that the D-instanton corrected
twistor space can be equally obtained from the above construction where the holomorphic
functions (5.15) are replaced by

% op(7) ’

Hy =700 Q) B(p - h&) - (5.22)
(2m)

Here we expressed the result in terms of the primed charges ¢, and Darboux coordinates

¢ and used the fact that op(dy) = (op (v))? for any positive integer d. As an illustration,

the contact potential in the one-instanton approximation is found to be [18]

2
o _ T2 —K(zz
e =g e + 967T 4w2’YZ€;JD V) Wy cos (2m0,) Ky (4n|Wy[) + ... . (5.23)

In this approximation, e® will in general be discontinuous across lines of marginal stability
in SK, where Q(v) may jump. However, this discontinuity is canceled by the two- and
higher-instanton contributions, provided the jump in () obeys the Kontsevich-Soibelman
wall-crossing formula [24].

5.2.3 S-duality in twistor space

As mentioned in section 4.1, in the infinite volume and zero coupling limit, Qp (X ) admits
an isometric action of SL(2,R) given in (4.31). This action lifts to a holomorphic action
on Z), given in terms of the Darboux coordinates in the patch Uy as [18]

0 a£0+b a é—a ] =7 (&
£ HC£O+d’ & — 50—{—(1, ga'_}ga+2(c£0+d)ﬁabc££ CQae()

) (5.24)
& ¢ aghee ¢/(e€? +d)
<o?> — ( b a> (a()) + 6 Kabe§ §b§ (—[62(a§0 +b) —|—20]/(C£0 —{—d)2> ’

Indeed, substituting the Darboux coordinates (5.10) in (5.24) and using the classical mirror
map (4.29), one recovers the isometric action (4.31), supplemented with the following SU(2)
action on the CP! fiber,

ety + t(ery + d) + tler + d|
—

. 5.25
(e +d) + |eT + d| — ter (5:25)

Under the holomorphic action (5. 24) the complex contact one-form transforms by an
overall holomorphic factor Xl — Xl / (c€® 4 d), leaving the complex contact structure
invariant. Moreover, the relations

o e? i tl [es? +dP?

5.26
Tler+dT QP2 1+ )2 Jer + d)? (5:26)

ensure that the Kéahler potential varies by a Kéhler transformation, consistent with the

rescaling of XU,
Kz — Kz —log(|ce® + d|). (5.27)
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/2

Note that e® transforms like 7'21 , i.e. has modular weight (—3, —1). The character ¢z 42(0)

in the transformation of &, follows from the shift of the real coordinate ¢, in (4.31). It
may be interpreted geometrically by saying that E<p“§:é> transforms like the automorphy

factor of a multi-variable Jacobi form of index my, = %/@abcpc and with multiplier system
E(—cqp®e(9)).

As discussed in section 4.1, worldsheet instantons and the one-loop correction break
continuous S-duality, but an SL(2,7Z) subgroup can be preserved upon including D1-D(-
1)-brane instantons, as shown in [21]. The corrections to the Darboux coordinates from
such instanton configurations were computed in [20]. It was found that the Darboux
coordinates continue to transform under the tree-level transformation rules (5.24), up to
a local contact transformation. It is possible to construct new Darboux coordinates which
transform precisely according to (5.24) (those were called €8] in [20]), although these
coordinates will only be valid in a certain open set in CP!. If S-duality is indeed maintained
at the quantum level, this should remain true in the presence of D3-brane instantons, and
ultimately, in the presence of D5 and NS5-brane instantons. In the following, we shall be
using such adapted Darboux coordinates, though their explicit construction in the presence
of D3-D1-D(-1) instantons is still an open problem [103].

5.3 Contact structure for fivebrane instantons

In this section, we use the qualitative insights gained in the previous sections and the twistor
techniques reviewed above to determine the form of NS5-brane instanton corrections to
the HM moduli space M, consistently with supersymmetry and S-duality. Our aim is to
determine the data governing the deformation of the complex contact structure on Zug
which encode the NS5-brane corrections. Such data are provided by contours ¢y, s and
the associated holomorphic sections Hy 4 € H(Zpert, O(2)) describing discontinuities of
complex Darboux coordinates across these contours. To find them in the one-instanton
approximation, we covariantize under S-duality the data responsible for the D-instanton
corrections, which are given by the holomorphic sections (5.22) and the contours £, (5.14).
Performing this covariantization, we assume that S-duality requires the invariance of all
these data, namely, that every pair (Hy 4, p4) is mapped to another one so that the
total structure of the twistor space remains intact. As apparent from the analysis of the
D1-D(-1)-instanton sector [20], this assumption is strictly speaking unwarranted, since S-
duality can produce contributions which can be canceled by local contact transformations.
Moreover, it leads to a dense set of mutually intersecting discontinuities on the CP! fiber,
whose mathematical status is questionable. However, we shall see that it does lead to
an appealing result which matches general expectations about the fivebrane contributions.
We therefore believe that the main features of our approach should subsist in a more
sophisticated treatment.

Thus, we start with the holomorphic sections H, € H'(Zper, O(2)) given in (5.22),
which describe the D-instanton corrections to the perturbative metric (3.1) in the one-
instanton approximation. In the absence of D5-brane instanton corrections p° = 0, and
for a fixed D3-brane charge p®, the corrections to the moduli space metric from fL, should
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preserve the isometric action of SL(2,Z) (or a finite index subgroup thereof). On the
other hand, the instanton corrections with p® # 0 break S-duality completely, unless they
are supplemented by additional contributions from NS5-branes, or more generally (p, k)5-
branes. It is natural to propose that S-duality is restored by refining the contact structure
on Zp by adding all images of (H.,,¢,) under I',,\SL(2,Z), where 'y, is the subgroup
of strictly upper triangular matrices, to the data describing discontinuities of Darboux
coordinates. The coset I'oo\SL(2,Z) can be parametrized by matrices

ab
(). oo

where (¢, d) run over coprime integers, and the integers (a,b) are functions of (¢, d), deter-
mined up to multiples of (¢, d) by the condition ad — bc = 1. Thus, we propose that in the
one-instanton approximation the contact structure is described by the following data

Hypy =0 I:Iw lepy=0-Ly, (5.29)

where ¢ - H,, and § - £, denotes the image of (5.22) and (5.14) under the SL(2,7) transfor-
mation (5.28) with (c,d) = (—k/p°,p/p°) as in (4.39), and we recall that 4 = (p%, Ga, Go)-

We expect that Hj, , 5 represents the effect on the contact structure of a (p, k)5-brane.
Using (5.24), it evaluates to

~_on(y) Kk PP (kGa ("= n®) + p°4o) Pq "

where

N(£* —n?)
€0 —po

pY is defined as ged(p, k), v = (p°, p%, ¢a; qo) € T', and we have denoted n® = p/k, n® = p/k,

valued in Z/k. On the other hand, the transformation (5.25) can be used to find the contour

lkp - It is easily seen to be a half-circle stretching between the two zeros of €9 —n0, which,

S = a4+ (8 —2n™)Ey +2 (5.31)

as will become clear below in (5.44), are the only singularities of Hy, 5. The direction
of the contour is determined by the same condition as (5.14) with Z, replaced by Wi, 5,
which was introduced in (4.40). As a result, the complete set of contours is given by an
infinite number of copies of the “melon-shaped” picture for D-instantons [18, 24], rotated
into each other by SL(2,Z) transformations. For fixed (p, k), the new BPS rays extend
between two antipodal points whose location is completely determined by a sole rational
number p/k.

A crucial requirement on the new contact structure is that it should be invariant under

the Heisenberg group (5.13). The invariance with respect to 717 follows trivially from

the invariance of the holomorphic functions (5.30), provided tl(l(j;—;n%izebrane characteristics
0 are set to zero. In contrast, H k,p,s are not individually invariant under T(,n70)70' To be
nevertheless consistent with the Heisenberg symmetry, the set of functions (5.30) should
be globally invariant under T(’n,o),o,
chosen map (p,¥) — (p',4’), with the contours ¢ , 5 following the same pattern.

i.e. Hy p 5 should be mapped to Hy, , 5 for a suitably
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As we demonstrate in appendix A, under the crucial assumption that 2(+) are invariant
under the spectral flow (4.24), the combined action of the Heisenberg symmetry together
with a shift p — p + kn® and the spectral flow action (4.24) with parameter ¢* = kn®/p°
on the charges p®, qq, qo leaves the set of functions (5.30) globally invariant, up to a phase
factor v(n) computed in (A.6),

Tl 0,0) " Hieprton 31 1) = v(1) Hep (5.32)

where 4[] = (p* + €*,44,4o). Moreover, the contours ¢y, s stay invariant under this

0 are explicitly

combined transformation. Indeed, their endpoints, being the zeros of € —n
invariant and the direction of approach is also conserved by virtue of the invariance of
Wi p4 (4.40). Under the same assumptions, Hy, ;, 5 are also invariant, up to a phase factor
V'(n) computed in (A.12), under the combined action of monodromies (5.12) and of the

spectral flow (4.24) with parameter ¢* = (p/p")e?,
Mes - Hyep sppe/p) = V'(€) Hieps: (5.33)

where M.a is the monodromy operator acting on complex Darboux coordinates as in (5.12).
Unfortunately, while the phase v(n) can be set to one in the k = 1 case by an ad hoc
choice of the characteristics, namely 9% =0, ¢o = Ao/2, Pg — Ppo = Aqq, this is not
possible for general values of k, and it does not lead to a cancelation of the phase v/(e).
Moreover, these conditions are not compatible with the transformation rule (2.24) of the
characteristics under monodromies, and therefore should probably not be taken seriously.
This tension between S-duality, Heisenberg and monodromy invariance indicates that it
may be necessary to relax some of our assumptions about the way these symmetries are re-
alized. In this paper, we shall ignore this difficulty and proceed with the analysis as though
the phases v(n) and v/(e) were absent, leaving a more complete analysis for future work.

5.4 Poincaré series for NS5-instantons and the topological string amplitude

It is instructive to construct a formal section of H'(Zpet, O(2)) given by a sum of the

holomorphic functions (5.30) over the integer charges p, p® and gx:

(€6 a) = S Hipsl66d). (5.34)

PP qA

This sum is formal since each term is attached to a different contour on CP'. Nevertheless,
it can be meaningfully inserted into general formulas for Darboux coordinates and the
contact potential from [12], provided the sum is performed after integration along CP?.

Let us now recast (5.34) in the form

~ 1 - k -
Hyh(E&a) =, > Hyg (€n?) E(lmA<§A — o), (@ +§A5A)) . (5.35)
HE(m /|k[)/Tm
nel'm+u+0

Using results of the previous subsection, we find that the characteristics #* vanish and
that the function Hlslkég) (£A,nA) is invariant, up to the phase (A.6), under simultaneous
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shift of € and n®. Therefore, up to the same phase, it is actually a function of only their

difference,
k7
Hy) (€%n%) = vin — ) B (€ = n). (5.36)
where the function on the right is given by
kN(E™) | P (kg +1%00) K
HEW ZKk PR 0IC) > (- o + ( ak2§0 ) + AnséNe® ), (5.37)
and we Collected various constant factors into
k Ogt
Kj s gn = 0D (7) E(— 0 Apsp ™ +a pk O — keg ou®e(0) + kuA¢A> . (5.38)
In this expression, v = (p°, ku®, qu, qo) where p° = ged(k, ku®),
A_/_i_k2 b, c A_/_i_ka/_i_ k3 a, b c (539)
Ga = qa 2p0 Rabet b, qgo = qO po/’[/ qa 3(p0)2"€ab(2:u Hop, .

and ¢, g are related to qq, go via (4.9). The vectors k(u’, u) are identified as the residue
class of (p,p®) modulo k. Setting the phase factor v(n — p) in (5.36) to one (which can
be achieved in the case kK = 1 by the aforementioned ad hoc choice of characteristics, and
should result more generally from a fully consistent treatment of Heisenberg, S-duality and
monodromy symmetries), we find that the holomorphic section Hl(\gg] (5.35) encoding the
fivebrane corrections has the form of a (non-Gaussian) theta series.

Having recast the fivebrane corrections (5.34) into the form (5.35), we can now unravel
the connection between the fivebrane wave-function HISS)S for k = 1 and the A-model
topological string amplitude discussed in section 2.5. To this end, notice that for k = 1,

eq. (5.37) simplifies dramatically to
1,0) N(EY) | Ga€® + o
Hyg (€)= € 3 00) E( $ eIy Ay sAsE) (5.40)
Here we fixed the characteristics as in egs. (A.7), (A.9) as required for Heisenberg invari-

ance and took into account that p® = 1, ™ = 0 for & = 1. The factor ¢ = (—1)’400_%4)/2

is irrelevant and will be omitted in what follows. Now recall the relation (2.84) which
Fhol(z7)‘)

Ga,qo

expresses the A-model wave function e in terms of the DT partition function. Iden-
tifying (Qa,2J) = (Gu + 2.0/24,do) as in (4.28) (which are integer-valued when p° = 1, as
noted below (4.28)) and using the relation®® (2.77) between Fio(z,A) and the wave func-
tion \I’Esp (€M), we obtain the twistor space version of the real-polarized A-model topological
string wave function

()

o € X i — % g ” 1 R
\I’[t[gp(gA) _ (50)1+(1+ aw) 5y [M(eQm/ﬁo)](é epT)X(X) Z(_l)QONDT <Qa + 2462a,q0>

4o,qa
><E< éga)-i- Apseie® +q‘§+gg>.
(5.41)

%Here we use the relation A\ = 27/(i€°), rather than A = 1/(¢°v/2n) as stated in (2.77). We do not
understand the origin of this normalization mismatch. Note also that the prefactor in (5.41) behaves as

14(2 x(X) . . . . .
(€%) FEeoTHeaw) Tai” which seems unnatural for the usual choices of €cw, epT given in the literature.

,52,



Comparing (5.41) with (5.40) and identifying the DT-invariants Npr(da + o424, d0)
with the rational instanton measure (), we find that the wave function HI(\}S’,? (€M) gov-
erning NS5-brane instantons in type 1I1B/ X is proportional to the wave function of the

topological A-model on X in the real polarization,

X(X)

G (6%) = (€0) 7171 aw) e [ag(e2m/e ) (eon—a () pp(eh) . (5.42)

We note that the sign factor (—1)?/ = €™ predicted by the GW/DT relation nicely
agrees with the factor E(—%quA) in the quadratic refinement og. The relation (5.42)
is moreover generally consistent with the fact that both Hl(\llég) (€M) and TP (€M) should
transform under monodromies according to the metaplectic representation, although the
powers of ¢¥ and M(e%i/fo) appear to spoil these transformation properties. Eq. (5.42) also
suggests that the proper mathematical interpretation of the real-polarized wave function
\Ifﬁgp may be as a section of H'(Zx,), rather than H°(M ) as is commonly assumed.

By mirror symmetry, (5.42) should also determine the wave function governing NS5-
brane corrections in type IIA string theory compactified on X, in terms of the wave function
\Ifﬁsp of the topological B-model on X in the real polarization, in agreement with general
expectations expressed in [59], and earlier in [32, 104]. We offer further support for this
assertion in the remainder of this section. More generally, we expect that the wave function
Hlslksg ) (€M) for k > 1 in type ITA should originate from a higher rank version of the topolog-
ical B-model on X, presumably related to the generalized invariants of Joyce and Song [26].

5.5 Fivebrane partition function from twistor space

Having identified candidate sections Hy p 5 in H'(Za, O(2)) governing the corrections to
the contact structure on the twistor space Zxq from k fivebranes, we would now like to
make contact with the qualitative discussion of fivebrane instanton corrections to the HM
moduli space metric of sections 3 and 4. To this end, we should in principle evaluate the
corresponding corrections to the Darboux coordinates and contact potential ® using the
integral formulae in [12, 18], and from them obtain the corrections to the metric on M.
This analysis is however beyond the scope of the present work.

Instead, we shall address the simpler question raised in section 1.6, namely construct

)

at finite coupling. To this end, let us view (5.34) as a formal holomorphic section of

a scalar-valued function on M which generalizes the Gaussian flux partition function Zék

HY(Z),0(-2)) (barring global issues) and apply the standard Penrose transform (5.9).
This produces a certain function ZI(\I]CSL on the perturbative HM moduli space, satisfying
certain second order differential equations. We shall see that this function reduces to a

)

close variant of the Gaussian flux partition function Z((}k discussed in section 2 in the
limit g5 = 0, thereby motivating the name “non-Gaussian NS5-brane partition function”.
This computation may also be viewed as a warm-up for the more complicated compu-
tations involved in extracting the corrections to the HM metric from the H'(Zx, O(2))

section (5.34).
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5.5.1 Penrose transform

We thus consider the Penrose transform (5.9) of a single term Hj, p 5 in the sum (5.34),
given in (5.30):

At k(o on g nya ) BN(E =0 kpda(€"— n)+(0°)%do
/ek,mt E<—2 <a+(£ —2n )£A>— €0 _ 0 + K2(€0 — o) > (5.43)

where the contour ¢}, 5 interpolates between the two zeros of €9 —nO, and passes through
the saddle point to be analyzed below. We omitted the contact potential which appears
as the overall factor since in our approximation it is independent of ¢ and also dropped
the constant factors given by the quadratic refinement and the last two terms in (5.30).

itke “and manifestly invariant under

Note that, by construction, (5.43) is proportional to e~
Kéhler transformations and (after summing over charges, ignoring the phases discussed in
appendix A) under Heisenberg translations.

Using the expression for the Darboux coordinates given in (5.10), the integrand eval-

uates to

5 E (—k:

where we abbreviated 7 = 7 — n° and introduced

2 n+ -t

™ (+=1 A _ 4+ 2
) (o (¢ =200 - Tf Re(App + 5 E (A M)D . (5.44)

2 1 0x
A= T2 = (=T P = P (5.45)
2 0z 0\2 4
Ty ([~ a a byc Pda ;¢ a (p ) q0
B=NC—n)= "7 (AReN() + (¢ —nraet’t) = 3 (¢ —n) = ¥ .
It is useful to note that
kry -
2‘%’22 (1 Re A — B —i|7| Tm A) = Wi 5 (5.46)

reproduces the quantity introduced in (4.40). The integral over ¢ is dominated in the weak
coupling limit by a saddle point at

_ mimA- V(B — 7 Re A)? + |7[2(Tm A)2

— ’ 4
° B-7A (5.47)

Substituting into (5.44), we find that (5.43) is given, in the semi-classical approximation,

by the expression
_x(®) S
Jty 2 eI (5.48)

where the classical action is given by

2
S(t ﬁf¢ — FRe A)2 + |7[2(Im A)2
(5.49)

1 N 2
+ 2mik [2 (a + (M- 2nA)<'A) - 12 Re (2 FA) + 7|72 (5 Re A + 71 B)
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and .J is defined as

_ p— kgo(ts)

I p — k7| W ps|'/?
lp — k|

W -1/ — . 5.50
| Whp3l (p — k11)[Wi p5| —ikma Re Wi 5 ( )

It is straightforward to check that (5.49) (plus the omitted constant terms) reproduces the
action Sy, 5 in (4.41) obtained by S-duality transformation of the standard D-instanton
action (4.36).

It is also instructive to compute (5.43) directly in the weak coupling limit. Assuming
that the integral is controlled by a saddle point with t5 ~ 1/79 as 75 — oo (which is indeed
the case of (5.47)), we can redefine t = t'/79 and expand the exponent in the limit 75 — oo,
keeping t’ finite. Neglecting the logarithmic contribution, we obtain that the argument of
the exponential in (5.43) reduces to

_ 0
S o ik <a + (A - 2nA)g’A> + drke? — 27111; Go 2 (5.51)

1
—7k (iTAg(CA — ™M) (T = n®) + 20t — M) ImTpnz” — 5 m2t2Z> Im TA2§E> .

The saddle point for the t integral lies at

2(¢N — M) Im rppz™

te =
s D) ZA Im TAZ,?E

=4 (¢ — M Im Npsz™ (5.52)
consistently with the weak coupling limit of (5.47), so that the semi-classical approximation
to (5.43) becomes
_1_x(®)
TR (B Im g ER) M2 e S (5.53)
with

S(ts) = dmhe? + ik (7 + (¢ = 20%)y = Nas(Ch = n)(¢7 = %)) - sz;: Gaz". (5.54)

The classical action (5.54) indeed reproduces the Gaussian fivebrane action (4.43), after
using identifications (4.44). While this agreement was guaranteed given the fact that (5.49)
equals Sy p4 which reduces to (4.43) at weak coupling, this computation allows us to
make contact with the analysis in [32], where an auxiliary variable ¢ was introduced as
a way to turn the Gaussian partition function in the Weil polarization into an indefinite
Gaussian partition function in the Griffiths polarization: this auxiliary variable t is just
the coordinate on the CP! fiber over M, after a simple rescaling.

Eq. (5.51) also indicates that the non-Gaussian theta series (5.37) is formally divergent,
as it reduces to an indefinite Gaussian sum in the regime of weak coupling. However, it
should be kept in mind that each term in (5.37) is integrated on a different contour in CP*.
Provided one first carries out the contour integral in CP! and then the sum over charges,
the end result will involve a sum of exponentially suppressed instantonic corrections, though
each of them might be multiplied by an exponentially growing summation measure as in
the D-instanton sector [27].
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5.5.2 Non-Gaussian fivebrane partition function

We define the non-Gaussian fivebrane partition function by summing the Penrose transform
evaluated in 5.5.1 over charges,

Z = [ U Hgsen.do.a0). (5.55)

Pip®dardo ¥ tepi

The fact that the Gaussian action (5.54) resulting from the integral and the omitted con-
stant prefactor, both depend on charges ¢a linearly, allows us to carry out the sum over
electric charges explicitly. We now evaluate this sum for £ = 1 in terms of the partition
function of DT invariants. Setting n® = 0 by Heisenberg invariance, we have p° = 1,
o = Qu — c;;f and so only one term in (5.54) contributes. Reinstating the summation
measure () and the quadratic refinement with the characteristics fixed as above, the

sum over electric charges leads formally to

. 1. €242
Q) B oz — —B(- Zom (2, )| .
> 2 <qaz ) (Jo> ( o ) pr(z V)|, (5.56)
qa»q0
where Zpt is the DT-partition function (2.83). Using the DT/GW relation (2.84), this
may be further rewritten as

Y I i 3
)\ng)fGW [M(e—)\)](eDTfé)X(X) thol+(2)\2) (N(za)_;AAEzAZE)

. 5.97
A—0 ( )

In the limit A — 0, only genus 0 and genus 1 contributions to Fj, remain. For epr = 0 the
power of the Mac-Mahon function cancels the degenerate Gromov-Witten contributions in
Fo1, while the total remaining power of A cancels for egw = 1. Still, the non-degenerate
genus zero Gromov-Witten contributions seem to make the limit A — 0 singular. It is
plausible that these singular contributions may be canceled when o/ and D(-1)-instanton
corrections to the Darboux coordinates are included, and we shall ignore them in what
follows. Thus, we conclude that the expression (5.57) can be replaced by e/1(*) where f;(2)
is the holomorphic part of the one-loop vacuum amplitude F; (2.50).

As a result, we find that the weak coupling approximation of the fivebrane partition
function is given by

1= X()

Zhds ~ el K (A Imnpe2®) V2N 4 ¢ 2mintoa=5'(t) (5.58)

nely,+0

where §'(t,) is the action (5.54) without the last term. Extracting the factor e~4me’~imo,

as in (3.8), we obtain the Gaussian NS5-partition function
1) _ - 1 .-
2oz X FB(4C - Nanc %)+t G- o)~ g0 ) (59
nel'y,+6
where the prefactor F is given by

(e Kmy)?* Xy

\/ZAIm TANZE

()
—1- X24

F(n; N, z,0,¢) = [(¢* = n™)ImNys2™] e, (5.60)
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Comparing the result (5.59) with the analysis in section 2.2 shows that the dependence
on the C-field is given by a generalized Siegel theta series, with an insertion of a power
of ts (given in eq. (5.52)) in the sum.? Thus, the assumption made in section 2.2 that
the normalization factor F did not depend on the flux H was erroneous. In retrospect,
such flux-dependent insertions into the fivebrane theta series were already present in the
automorphic studies [52, 54].

The fact that the holomorphic part fi(z) of the B-model one loop amplitude F; (2.50)
appears in the prefactor (5.60) implies that the one-loop determinant of the non-chiral
fivebrane partition function in the flux sector H is proportional to ef*, as anticipated
in [32]. The latter is a product of analytic Ray-Singer torsions [45],

pa-pte (det’A2%) 7 (det’ ALY
ef = H [det'Ag’q} aPa(-1F q:( e 5o ) ( o= ) , (5.61)

0<p.g<3 (det’Az° )’

where Ag’q is the Laplacian on p-forms valued in AT X, and det’ is the determinant with
zero-modes removed. In the second equality we used the standard identities det’ Ag’q =
det’ A%_p "= det’A%L” (see e.g. [105]). The fact that this normalization factor differs from
the one computed in [35, 81] should come as no surprise, since these authors considered
the partition function of the chiral two-form, whereas our result applies to the partition
function of the (2,0) supersymmetric field theory on the NS5-brane with an insertion of
(—1)2%3(2.J3)2, as required for computing instanton corrections to the two-derivative low
energy effective action. It would be very interesting to perform the one-loop determinant
computation explicitly.

To summarize, we have found that the saddle point approximation of the Penrose
transform (5.43) produces a refinement of the chiral Gaussian partition function constructed
in section 2.2. It is therefore natural to consider the original Penrose transform as an
extension of the Gaussian fivebrane partition function (5.59) in the regime where the energy
stored in the three-form flux is of the same order or larger than the energy in the fivebrane
itself. Building upon the discussion at the end of section 2.3, we thus define the full
non-linear partition function of k£ chiral NS5-branes as the integrated matrix element

2y — oo [ et gk dETGT ) (e

391t is interesting to note that insertions of powers of ¢, in the sum do not spoil the modular properties
of the theta series, at least in the semi-classical approximation. This is obvious for transformations of
type (2.39) and (2.40). For the inversion N — —N "' it suffices to evaluate the Fourier transform

/ dEM (M ImNas () "1 60 i€ Nanc™ bamikehey

in the saddle point approximation. At the extremum ( = /\7_157 we have zAImAMpn¢® =
LANWNT N YA C = —FalIm (N 1)]*%¢s, where we used the identity Nanz> = F, so that
the integral becomes

_ ~ (®) oz - =
(det A) ™Y/ (= Fu[Im (W 1)A%8g) 71750 ma W HM e

consistently with the transformations properties of the various quantities involved.
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where WTm*:# i the same distribution as in (2.43), and |H1£Ikég)> is the state whose wave-
function in the real polarization is given by (5.37). Note that we are here including the
dependence on the NS-axion ¢ in the definition of the non-Gaussian partition function.
This is quite natural given the observation at the end of section 3.2.3 that o is in fact not
well defined by itself.

Finally, we note that the functional space where the generators T and T operate is
recognized as a space of (local) holomorphic sections on Zyq. For supergravity theories
with a symmetric moduli space, this same space is the habitat of the quaternionic discrete
series representations, whose relevance to the issue of instanton corrections to the HM
moduli space has been advocated previously [2, 52, 54].

6 Discussion

In this work, we have taken steps towards understanding NS5-brane instanton corrections
to the hypermultiplet moduli space M in type ITA string theory compactified on a Calabi-
Yau threefold X', and other moduli spaces related to it by T-duality and mirror symmetry
(see table 1 on page 26).

Our first main result, announced previously in [1], is the identification of the topology
of M around the weak coupling limit: M is a foliated by hypersurfaces C(r), r € R™,

each of which being a circle bundle (Lo ® £ )¢ over the intermediate Jacobian J.(X).
Recall from (2.9) that J.(X) is the total space of the torus bundle over the complex
structure moduli space M. (X)) with fiber 7 = H3(X,R)/H3(X,Z). Physically, r ~ 1/9(24)
denotes the 4D string coupling, 7 parametrizes the harmonic C-field on X, and the circle
fiber SL of C(r) parametrizes the Neveu-Schwarz axion. The curvature of C(r) (1.3) has
two components: i) the Kéhler class wy reflects the fact that translations on 7 commute

()
24

shifts under phase rotations of the holomorphic three-form €33 on X as well as under

up to a translation along the circle fiber S}, ii) while %, ’wsi reflects the fact that o
monodromies in M.(&X). In the strict weak coupling limit, g4 = 0, the metric is invariant
under continuous translations on 7 and S}, but these continuous isometries are broken
to discrete identifications (3.15) by D-instantons and NS5-brane instantons, respectively.
In particular, the identifications (3.15) and (3.22) involve a choice of quadratic refinement
oo of the intersection form on H3(X,Z), together with a unitary character e2ms(M) of the
monodromy group which, to our knowledge, had not been noticed previously (the former
did however appear in [53], which was developed concurrently to the present work). The
2mik(M)

character e is related to the multiplier system of the one-loop amplitude of the

topological B-model on X, and enters in the definition of the twisted line bundle £x(¥)/24
where the NS-axion is valued.

The hypermultiplet moduli space in type IIB string theory compactified on the mirror
CY threefold X exhibits the same structure as in type IIA, as required by quantum mirror
symmetry. The hypersurfaces C(r) are now circle bundles over the “symplectic Jacobian”
Tk (X) (4.19), which is the total space of a torus bundle over the Kihler moduli space
Mg (X) with fiber H®" (X, R)/K(X). In particular, we have clarified the map from the

K-theory lattice K (/\? ) to the D-brane charge lattice H e"en(z’% ,Z), by showing explicitly
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that it is given by a modification (4.20) of the standard generalized Mukai map. This
modified Mukai map crucially involves the quadratic real matrix Ay, appearing in the
prepotential (4.4). Due to the fractional value of the (primed) D(-1)-brane charge, we
furthermore found it necessary to modify the action of S-duality given in [14, 18, 20] on
the D3-brane axion ¢4, by a shift proportional to the multiplier system of the Dedekind eta
function. Of course, the same considerations also apply for D6-D4-D2-D0 branes in type
IIA string theory compactified on the CY threefold X.

Using S-duality, we inferred the qualitative form of (p,k)5-brane corrections to the
metric, and verified agreement with the type ITA Gaussian result in the weak coupling
limit. It should be stressed that although the type IIB fivebrane is non-chiral, its par-
tition function can still be written as a theta series of a similar form as in the type IIA
picture. In particular, it must involve a quadratic refinement og, which can in principle
be computed by S-duality from the quadratic refinement og, governing D-instantons. It
would be interesting to understand the origin of this apparent “chirality” on the type I1IB
NS5-brane worldvolume, perhaps along the lines of [106]. The independence of the physical
hypermultiplet metric on the choice of quadratic refinement (as is known to be the case in
N = 2 field theories [24]) further suggests that the NS5- and D-instanton characteristics
© and Op should be equal. On the other hand, our naive implementation of Heisenberg
and S-duality indicates a different answer, eq. (A.7) and (A.9). It is an important open
problem to resolve this discrepancy.

To implement NS5-brane instanton corrections consistently with supersymmetry, it is
necessary to reformulate them in terms of deformations of the complex contact structure on
the twistor space Zpq over M. At the perturbative level and over a fixed point in M.(X),
Z can be obtained as the quotient of H3(X,C) x C by the discrete Heisenberg identi-
fications (5.13). Corrections to the perturbative metric are then encoded in holomorphic
sections of H'(Zx, O(2)). As alluded to above, by applying S-duality to the holomorphic
sections describing D5-D3-D1-D(-1) instanton corrections in type IIB, we constructed a
candidate section Hy, ;5 in eq. (5.30) encoding the contribution of a charge k& NS5-brane
instanton. The resulting deformation of the contact structure is formally invariant under
Heisenberg shifts and under monodromies around the large volume point, up to phases
v(n) and v/(e) computed in appendix A. The most conservative explanation of this clash
is probably that our assumption of the invariance of the transition functions is too re-
strictive, and one must allow for local compensating contact transformations, as already
observed in [20]. It is also conceivable that one (or more) of the symmetries must give in.
For instance, one might expect that S-duality is broken to a finite index subgroup, as is
sometimes the case of electric-magnetic duality in AV = 2 field theories.

In spite of the problems mentioned above, our results nonetheless indicate that our
approach is reasonable. In particular, we find that the single fivebrane wave-function
ngllég) (5.37) is proportional to the wave-function \Ifﬁsp of the topological B-model in the
real polarization, up to certain factors which deserve further study (see (5.42)). Moreover,
its Penrose transform reproduces a variant of the Gaussian flux partition function with a
normalization factor proportional to the one-loop B-model amplitude, consistent with the
topology of the one-loop corrected HM moduli space. It would be interesting to verify this
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result by a direct computation of the twisted partition function of the (2,0) field theory
on the fivebrane worldvolume, and elucidate the origin of the flux-dependent insertion in
the Gaussian sum.

While we feel that the above results constitute significant progress towards under-
standing fivebrane instanton corrections, they are still far from providing the exact metric
on the HM moduli space. In particular, our prescription for “summing” over images under
SL(2,7Z) formally leads to a dense set of mutually intersecting “BPS rays” on the twistor
fiber at fixed values of the moduli, whose mathematical status is unclear. While the twisto-
rial construction of NS5-brane instantons presented in this paper is adapted to type 1IB
S-duality, it is natural to wonder if there exists an alternative construction, more suitable
for type ITA, which would make symplectic invariance manifest, and hopefully remove the
dense set of contours mentioned above, as in the D1-D(-1) sector considered in [20].

It is also important to understand how our prescription is consistent with wall-crossing.
Indeed, one of the hints in uncovering the structure of the D-instanton corrections [18-20]
was the Kontsevich-Soibelman wall-crossing formula [25], which involves a product of sym-
plectomorphisms: as shown in [24], the KS formula finds a natural interpretation in the
twistorial description of the hyperkiihler moduli space of N' = 2 gauge theories on R? x S1.
In the presence of NSh-brane instantons we require a similar formula now involving a
product of contact transformations, perhaps arising from a suitable limit of the motivic
wall-crossing formula of [25]. We hope to return to these issues in future work.
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A Action of Heisenberg shifts and monodromies on Hy j, 5

In this appendix we derive how the transition functions (5.30) encoding NS5-brane correc-

tions transform under the Heisenberg action and monodromies around the large volume
point in Mg (X).
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A.1 Heisenberg symmetry

Let us start from the transition function (5.30) obtained by S-duality on the D-instanton
series. It can be presented in the following form

1 k /. - . N (& — no
Hips = 402 200 E(— s (@466 +int (- on) -6 VS0
k P° (kGa(€* —n®) + p°Go)
A A A DINENS Al
+y (€t =€ =)+ T T (A1)
PO% a k Ay 1 A A A A
ta’, T = caap e(d) — o ArsninT = gap” 4+ aalp — pTp A +knon |

where we distinguished between characteristics appearing in the D-instanton series, which
we denoted by (93, op, A), and the characteristics appearing in the Heisenberg symmetry
transformation (5.13), (8%, ¢), which are relevant for NS5-branes. Note that the two
terms proportional to the matrix Axy, come from the difference between {Nj\ appearing in
Sa, €q. (5.31), and €, appearing in the Heisenberg action (5.13).

It is easy to see that invariance of Hy , 5 under Heisenberg shifts (5.13) with =0
is ensured provided the characteristics 6% are set to zero. Thus, it remains to consider
Heisenberg shifts with 74 = & = 0. It is clear that the shift ¢ — &* + ™ should be
compensated by a similar shift of the charges n®. The shift n® — n® +7° corresponds to a
S-duality transformation changing p — p + kn°, whereas the shift n® — n® + n* amounts
to a spectral flow transformation (4.24) on the magnetic charges p®, with flow parameter
€* = kn®/p°. Applying the rest of the spectral flow transformation (4.24) to the charges
da; 90, and using the invariance of §,, §o, one observes that the first two lines in (A.1) are
explicitly invariant under this combined action provided €(7y) is invariant under the spectral
flow, Q(v[e]) = (7). As a result, under this crucial assumption, we need to evaluate the
transformation of only the constant terms in the last line and the full variation of Hy, 5
takes the form

i o (€8 + %606+ 0N En = 200)) = v Hips (6460,6),  (A2)

where v(n) is the phase factor to be found.

We split the phase v(n) into three contributions. The first one is given by the variation
of the quadratic refinement

(e = PO :E(l R = (02Lo(e) + & (102La()e” — p e, (A3)

op(7) 2 2 2
g2 (Rabcpbec + pOLa(e)> — 09 (%qq + p"La(e) — Lo(e) — (pee))> ,

where Lo, L, are the integer valued functions defined in (4.14). Second, the variation of
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the first two terms in the last line of (A.1) is given by

0(,/ €l — d’
va(e,n’) = E<—02,a (p%e%e(6[n°)) + p“(e(8[n°]) — €(9)) + a? (gole] q0)>

k
P 1 P k 1
— E(»° a — A4
<p C2,0€ <24k+25<p0, p0>+8> (A.4)
0 C
+az (pALA(e) — qa€® + 2Aab6“pb> + (p* + pe*) 22;1“ n0> :

where gj[e] = qole] — Aoap™[e], 6[n°] is the SL(2, Z) matrix (5.28) with d replaced by d—cn°,
and we used the fact that the Dedekind sum (4.35) satisfies s(d — 1%, ¢) = s(d, ¢). Finally,
the third term in the same line generates the following contribution

k
V3(€7770) = E<—2(77A+27’LA)AA2772> (A5)
gl Py (16" + 2p) & — 20 PP’ 0 a0 00} _F )2
ok “ b \P P o4 \ 1 P+ pietn o Aoo(17)" ) -

As a result, the total variation of the transition function (A.1) is described by the following
phase factor

k k an’
= E(kn%o — Aoo(n0)2> E</<777“(¢a = 00.a) T 0 (00 + 7 P ULAC)
A6)
k a p k 1 0 k(k + 1) a, b a b (
+ C2all (s <p0’_p0 +, (1-p )> =y Awnn’ =" Awp

—0% (nabcpbec —i—pOLa(e)) — 0% (*qa + p*La(e) — Lo(e) — (pee))) .

One may try to cancel this phase by a suitable choice of characteristics. e.g. the first
factor, which carries the dependence on n° and the only ¢g-dependent term can be canceled

by choosing, in a ad hoc fashion,
1

=0, o=, Aw. (A7)

Note that vanishing of 6" is required by the Heisenberg invariance and equivalently results
from casting (5.34) into (5.35). For k = 1, the phase simplifies in this case drastically into

Vk=1(1) = E(n“(% — 6p.a) — Aan™n” — 0% (Kabcpbnc + pOLa(n))> : (A.8)

>

where we took into account that p° = 1,s(p,—1) = 0. It may therefore be canceled
completely by further choosing

05 =0,  ¢a—bpa= A - (A.9)

Thus, provided one takes 6 = 04 = 0 and (A.7) together with (A.9), for k = 1, the
Heisenberg symmetry can be kept unbroken. Unfortunately, the choices (A.7), (A.9) are
inconsistent with the transformation properties of the characteristics under monodromies,
as we now discuss.
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A.2 Monodromy transformations

Next we discuss the transformation of the transition functions (5.30) under monodromies
M around the large volume point in M K(z\? ) which acts holomorphically on the twistor
space by (5.12). It is clear that to compensate this transformation, one should supplement
it by a spectral flow transformation of charges (4.24) where the transformation parameter
is taken to be € = (p/p°)e®. Under this simultaneous variation, the quantity S, defined
in (5.31) simply varies by a constant

1
So = Sy + Kapee® | nPn¢ + nnbec + 3 (n%)2e%c| . (A.10)
In addition one should take into account that the monodromy induces a transformation of
characteristics given in (2.24). It is explicit form can be obtained using the matrix p(M)
given in (4.25). Then taking into account that #* = 0, the characteristics undergo the
following transformation

®o +— Po — Ea(ba - ; (LO(G) - eaLa(E) - (666)) ) Ga > Ga + ; "iaacfc7 (A'll)

where we took into account that ; (naac — Ebliabc) €’e¢® € Z and can be neglected.
As a result, assuming again that the invariants () are not affected by the spectral
flow, we can write the total variation as in (5.33) with the phase factor v/(€) given by

0 0

P p
Ga€” + poea(bD,a + 9 (LO(G) - EaLa(e) - (666))

k
/ — E _ a
V' (e) ( kkqe ) 0eSa + I

X (A.12)

= (w94 1 ) ) mato ot 1.0,
Unfortunately, it does not seem to be possible to dispose of this phase factor either. For
k =p® =1 it can be simplified to

a
Cg,ae

2
@ =B )= U A ot - D) ) a1y
and does not vanish even in this particular situation.

Moreover, the transformation of the characteristics (A.11) seems to be inconsistent
with the identifications (A.7) and (A.9). This shows that although the Heisenberg invari-
ance can be achieved for £ = 1, there is a tension between the conditions ensuring this
invariance and the monodromy transformations. In particular, this is why the considera-
tions of the previous subsection do not necessarily imply that the D-instanton and fivebrane
characteristics are not equal.

,63,



_ x(Xx)
Upcov L1

o1 -0 +% o Kcé
ek L&L
bs 1
\I/G Li® KCQ
1
Uy L1 K
Ja L7520 K71® det !
Jw L3 QLT Q K ® detwy !
det (— ImN) det ' ® det W
det (Im7) det ' ® det G_l
XM Im e XT L@ detw ® detg '
XAImNAgXZ E2® detq ® detw_l
e~ Xfl‘:) K+iro Lo® ﬁX/24

Table 2. Transformation properties of various quantities under £ ® K. ® det ¢ ® det .

B List of notations

Here we present a list of the most important notations used throughout the paper (roughly
in order of appearance):

E(z)  exp|[2rizZ]
(X, X ) mirror pair of Calabi-Yau threefolds
M Q.(X) (ITA) or Qg (X) (IIB), quaternion-Kihler manifold
QC(X ;
Qi (X) hypermultiplet moduli space in type IIB on X
SK M (X) (ITA) or Mg (X) (IIB), special Kéhler manifold
M.(X) complex structure moduli space of X
Mg (X)  (complexified) Kéhler moduli space of X
K Kahler potential for the special Kahler metric on SIC

WSK Ké&hler form on SK

hypermultiplet moduli space in type IIA on X

_ —

K. canonical bundle over SIC

TAY period matrix in Griffiths complex structure (A, X =0,1,...,ho1)
Nas period matrix in Weil complex structure (eq. (2.12))

T torus H3(X,R)/H3(X,Z) (IIA), H®"(X,R)/K(X) (IIB)

r charge lattice, H3(X,Z) (IIA) or K(X) (IIB), or its Poincaré dual
7Y qap™ — pP¢l, integer symplectic pairing on T
I'e,I';y  electric and magnetic charge sublattices of I' = I'e @ Iy, isotropic
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w1
Je(X)
Ik (X)

k k
P

(k)
2\Ss

(k)
ZNS5-G

Cnss
O = (04, ¢n)
o}
(AN By)
(O‘A’BA)

H=dB

C=(¢M )
Q= (XN Fy)
2% =X/ X0

F(X)

H:(nA,mA)
x(X)
_ b 2
r=e’ =gy
7’2:1/93

Kahler form on 7, (eq. (2.8))

intermediate Jacobian: total space of T — J.(X) — M.(X)
symplectic Jacobian: total space of T — Jx(X) — Mg(X)
holomorphic 3-form on X

Hodge line bundle £ — M(X) where Q3¢ is valued

“theta line bundle” Lg — 7T, defined by periodicity (eq. (2.36))
unit circle bundle £g inside Lg

Gaussian partition function of a chiral 3-form obtained by
holomorphic factorization

non-linear NS5-partition function governing instanton corrections
weak-coupling limit of Zl(\f"‘s)5 /e~ 4 kle? —mika]

metric-dependent normalization of Z((;,L

circle bundle Cnss — Je(X) of which Zl(\118)5 is a section
characteristics of the theta function Z((ak,L

quadratic refinement of the intersection form on H?3(X,Z) modulo 2
symplectic basis of H3(X,Z) (A =0,1,...,hg1)

symplectic basis of H3(X,Z)

RR 3-form potential in D = 10 type IIA string theory

2-form in D = 4 spacetime

“chiral” 2-form on the worldvolume X of the NS5-brane
imaginary self-dual field strength of B

periods of C' along (A%, By), “RR-axions” (eq. (2.6))

periods of Q3 along A*, By (eq. (2.2))

projective coordinates on M (X) = Mg (X)

(a=1,...,ho1(X) = hy1(X))

(1,29)

prepotential, Fj = 0xaF(X)

dual of the 2-form B (“NS-axion”)

integral periods of H along (A", By)

Euler number of X

four-dimensional dilaton ¢ and string coupling g(4)
ten-dimensional type IIB string coupling, related to ¢ via eq. (4.30)
wave function in the real polarization

one-loop topological string vacuum amplitude

holomorphic part of F} (eq. (2.50))

logarithm of a unitary character of the monodromy group of M.,
charge vector (Mukai vector), valued in H3(X,Z), Heven (X, Z)

for ITA, IIB
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Zy
W,
C(r)
N(X%)
W, W We, 1

X, %a,7%, [pt]
Aps
C2.a

v =(p",qn)

0

C,A
qn
o

Qaa J
Aeven

1 .a
T,C 7Ca7CQ,'l/J

central charge e/2(gy X" — pAFy) (stability data)
rescaled central charge, W, = 73 e K/ QZ,Y

circle bundle C(r) — J.(X) (ITA), or C(r)— Jx (X) (IIB), with fiber S}

shape X X0 X©

symplectic basis of HS(X) @& H*(X) & H2(X) & H(X)
symplectic basis of Hg(X) @ Hy(X) @ Ho(X) & Ho(X)

real symmetric matrix defined up to integer shifts (eq. (4.4))
Jee (/l? JWa

integer magnetic and electric D2-brane charges

(resp. D(-1)-D1-D3-D5 in IIB)

primed electric charges, Q-valued (eq. (4.9))

primed RR axions (eq. (4.18))

spectral flow-invariant combination of electric charges (eq. (4.26))
reduced charge vector (p®, Ga,4o)

electric charge and momentum of 5D black hole (eq. (4.28))
type IIB RR potential

RR and NS axions adapted to S-duality (eq. (4.29))

integer NS5-brane charge

twistor space of M, a fibration Z — M with fiber CP?

open covering of Z

complex contact one-form (eq. (5.2))

contact potential (eq. (5.2))

Kéhler potential on Z (eq. (5.3))

generic coordinates on M x CP!

complex Darboux coordinates on U; ¢ Z, Xl = dall + ffl\} dék]
—20 — £M¢y, symplectic invariant Darboux coordinate
holomorphic section of H(Z,0(2)), controlling deformations of Z
complex symplectomorphism encoding deformations of Z due
to D-branes

“BPS ray”, defined as {t: Z,(z%)/t € iR™}

generalized Donaldson-Thomas invariants (Z-valued)
generalized Donaldson-Thomas invariants (Q-valued) (eq. (5.21))
standard (rank 1) Donaldson-Thomas invariants (Z-valued)
Donaldson-Thomas partition function

Gromov-Witten partition function

SL(2,Z)-transformation (eq. (4.39))

multiplier system of the Dedekind n-function (eq. (4.34))
Dedekind sum (eq. (4.35))
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Wips image of D-instanton central charge W, under §

lkps image of the BPS ray ¢, under ¢

Hj, 5 image of D-instanton transition function H. under o

HI(\I]CSL formal sum of Hy, , 5 over all p,¥
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