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1 Introduction and summary

Four-dimensional N=2 supersymmetric quantum field theories are remarkable for the di-

versity of techniques which can be employed to calculate exactly many of their properties

at strong coupling. One such property is the flavor symmetry of a non-lagrangian1 super-

conformal field theory (SCFT). Information about the flavor symmetry can be gleaned

1One not continuously connected to a free theory by an exactly marginal deformation.
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from the isometries of the Higgs branch of vacua, from the spectrum of BPS states on the

Higgs and Coulomb branches, and from the analytic geometry of the mass deformations of

the Coulomb branch (CB) geometry. These methods often give only partial information

about the flavor symmetry, or are not readily calculable in general settings.

Our main goal is to introduce and explore a new general technique for calculating some

flavor symmetry information for N=2 SCFTs from the topology of their mass-deformed

CBs. This comes from generalizing a picture of BPS states on the CB as string webs

stretched between 7-branes in an F-theory realization of certain N=2 theories [1–8]. What

we calculate is a lattice of flavor charges of gauge-neutral states in the theory, which we

call the (neutral) “string web lattice”.2 The shape of this lattice (i.e., the lattice metric

ignoring overall normalizations of orthogonal sublattices) carries some information about

the flavor symmetry since it is a weight lattice of the flavor algebra. In the case, extensively

explored in the F-theory context in [5, 7, 9–11], where the flavor symmetry is a simple Lie

algebra, the neutral string web lattice is the flavor root lattice in a particular normalization.

But in the general, non-simple, case, the string web lattice metric carries other information

as well, encoded in the relative normalizations and deviations from orthogonality of the

sublattices corresponding to simple or U(1) flavor symmetry factors.

The bulk of this paper is devoted to defining and calculating the string web lattice for

rank-1 N = 2 SCFTs and IR free field theories, and to uncovering the information encoded

in the string web lattice by comparing it to the flavor and BPS spectrum data for these

theories found by other techniques. A systematic classification and construction of planar

Coulomb branch (CB) geometries [12–15] produced a list of all possible CB geometries of

rank-1 4d N = 2 QFTs, reproduced in table 1 below. This classification used a method

that required determining the Seiberg-Witten (SW) curves and one-form for each allowed

deformation, imposing a precise factorization of the discriminant, and performing a com-

plicated and lengthy computation of the one-form using an ansatz introduced in [16, 17].

From the detailed construction of the SW curves and one-forms the maximal flavor sym-

metry algebras of the QFTs corresponding to these geometries were determined, and are

also shown3 in table 1.

As we will describe shortly, in addition to being computationally difficult, the identifi-

cation of these flavor symmetries using this method suffers from unavoidable ambiguities.

This sort of uncertainty about deducing the flavor symmetry from the CB geometry is not

only an issue with the direct approach to constructing SW one-forms [13, 16–19] but also

is present in S-class [20, 21] and string [22] constructions of CB geometries, and in BPS

quiver approaches [23–27] to flavor symmetries. A less ambiguous method of determining

the flavor symmetry comes from the degeneracies of the spectrum of the Higgs branch op-

2There is a straight forward generalization of our construction to non-neutral states — i.e., those which

carry charges under the low energy U(1) gauge fields on the CB. We limit ourselves here to gauge-neutral

states only for simplicity.
3We use Dynkin notation for the simple Lie algebras, where An = SU(n + 1), Bn = SO(2n + 1),

Cn = Sp(2n), and Dn = SO(2n), as well as the exceptional E6,7,8, F4 and G2 algebras. Also, we use a

notation where U1 = U(1). Finally, it is useful to keep in mind the following low-rank algebra equivalences:

A1 = B1 = C1, D1 = U1, B2 = C2, D2 = A1 ⊕A1, and D3 = A3.

– 2 –
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erators which form representations of the flavor algebra [28, 29]. In particular, the SU(2)R
isospin-1 operators necessarily fill out the flavor adjoint representation. Unfortunately this

latter method is presently limited to theories which have S-class realizations.

All this prompts us to look for a different construction of the spectrum of gauge-neutral

states from a given CB geometry. One place such a construction has appeared is in the

F-theory realization [1–11] of the effective theory on the CB of certain N = 2 QFTs as

the worldvolume theory of a D3-brane probing a background IIB string geometry provided

by a set of parallel (p, q)-7branes. Here electrically and magnetically neutral BPS states

are realized as string webs stretching between the 7-branes, and so the lattice, ΛF , of

possible flavor charges is simply given by the lattice of allowed boundary conditions on

the (p, q)-7branes for such “neutral” string webs. Furthermore, a natural metric on ΛF

is induced from a symmetric pairing related to the intersection form of string webs. As

explored extensively in [5, 7, 9–11], the identification of this metric with the Killing metric

determined by the flavor Lie algebra gives consistent results.

In this paper we abstract this string web construction of the flavor charge lattice, ΛF ,

away from F-theory to a purely field theoretic setting. In particular, we show that the

flavor charge lattice can be deduced just from the topology of the special Kähler (SK)

structure of the CB, at least in the rank 1 case. So its computation has a much simpler

combinatoric character as compared to the algebraically complicated determination of the

SW curve and one-form data. In particular, string webs appear as a certain subspace of

the middle homology lattice H2(X,Z) where X
π−→ CB is the total space of the elliptic

fibration over the CB, and the metric on this lattice is given by the intersection pairing of

the middle homology cycles.

Once abstracted away from the F-theory setting, this string web construction can be

generalized to apply to arbitrary rank-1 N = 2 QFTs, shown in table 1, and not just the

subset that have F-theory realizations (which are the blue rows in table 1). We will argue

that this generalization is essentially unique. Unlike in the cases described by F-theory,

the total space, X, of the CB is now singular in general, and this generalization requires

a careful treatment of the middle homology of X. Our prescription for defining the flavor

charge lattice is to set

ΛF = H2(X̃,Z)/kerZ, (1.1)

where

X̃ := X \ {singular fibers}, (1.2)

H2 denotes the compact homology, and Z is the central charge map Z : H2(X̃,Z) → C
given by

Z(α) =

∫
α

Ω, (1.3)

where Ω is the holomorphic symplectic form on X̃ [18, 30, 31]. The intersection pairing on

H2(X̃,Z) restricts to a unique pairing on ΛF because of the fiber bundle structure of X̃

and the property that the fibers are lagrangian cycles with respect to Ω.

– 3 –
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# UV sing. deformation maximal flavor string web

type pattern symmetry lattice shape

1. {I110} E8 E8

2. {I16, I4} C5 FCC5

3. {I12, I42} C2 CUB2

4. {I14, I∗0} F4 F4

5. {I13, I∗1} C3 or B3 FCC3

6. {I3, I∗1} A1 CUB1

7. {I12, I∗2} C2 CUB2

8. {I1, I∗3} A1 CUB1

9. {I2, IV ∗} A1 CUB1

10. {I12, IV ∗} G2 HEX2

11.

II∗

{I1, III∗} A1 CUB1

12. {I19} E7 E7

13. {I15, I4} A1 ⊕ C3 CUB1 ⊕ FCC3

14. {I13, I∗0} B3 CUB3

15. {I12, I∗1} C2 CUB1 ⊕ CUB1

16. {I2, I∗1} A1 CUB1

17. {I1, I∗2} A1 CUB1

18.

III∗

{I1, IV ∗} A1 CUB1

19. {I18} E6 E6

20. {I14, I4} C2 ⊕ U1 CUB2 B CUB1

21. {I12, I∗0} G2 HEX2

22.

IV ∗

{I1, I∗1} U1 CUB1

23. {I16} D4 FCC4

24. {I23} C1 CUB1

25.

I∗0
{I12, I4} C1 CUB1

26. IV {I14} A2 HEX2

27. III {I13} A1 CUB1

28. II {I12} ∅ ∅
{I1n} An−1 ⊕ U1 HEXn−1

IRF U(1) In>0
many more (section 6.1) ⊕i (Ani ⊕ U1i) ⊕i HEXni Bi CUB1i

{I16+n} Dn+4 FCCn+4
IRF SU(2) I∗n>0 many more (section 6.2) ⊕Cmi

⊕Bnj
⊕Dpk

⊕CUBmi
⊕(CUBBF̃CC)nj ,pk

Table 1. Allowed CB deformations and assignment of the maximal flavor symmetry for the

corresponding rank-1 SCFT. The notation and the meaning of the shaded entries are explained in

the text.
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Because, as we have emphasized above, the metric on ΛF carries information beyond

its identification as a flavor weight lattice, we will call ΛF computed by the prescrip-

tion (1.1) a “string web lattice”. Also, we outline the generalization of this string web

lattice prescription to higher-rank CBs in section 7, at the end of the paper.

Results. The above prescription determines a flavor charge lattice with metric given by

the intersection pairing on the middle homology cycles. For simple factors of the flavor

algebra it is natural to associate this lattice with the flavor root lattice with its metric

inherited from the Killing form for that simple Lie algebra. Indeed, as mentioned above,

this identification was checked already in the blue-shaded cases in table 1 [5, 7, 9–11].

However, we find that that is not the case in general: the green-shaded string web lattices

in table 1 are cases where the string web lattice is a flavor charge lattice which is strictly

larger than the flavor root lattice.

One situation where this always occurs is when the flavor symmetry has u(1) := U1

flavor factors. The flavor root lattice of a U1 factor is the trivial (rank-0) lattice since the

adjoint irrep of U1 is the trivial irrep. But in field theories with vacua in a Coulomb phase

a global flavor U1 can mix in the IR with the (global parts of) the unconfined electric and

magnetic U(1) gauge groups. In this case even states which carry no electric or magnetic

charges — e.g., the neutral string webs we are generalizing here — can carry U1 flavor

charges. Again, this is easy to verify for IR free U(1) gauge theories, and we do that in

section 6.1. The result is that U1 flavor factors correspond to rank-1 sublattices of the flavor

charge lattice, but these sublattices need not be orthogonal to those of the simple factors.

The shape of the string web lattices that we find are recorded in the right-most column

of table 1. The flavor root lattices of simple Lie algebras have the forms

Lie algebra An Bn Cn or Dn En F4 G2

root lattice HEXn CUBn FCCn En F4 HEX2
(1.4)

where the subscript denotes the rank of the lattice. They are defined in appendix A, but

briefly: CUBn, FCCn, and HEXn are n-dimensional generalizations of cubic, face-centered

cubic, and hexagonal lattices, respectively, while F4 and E6,7,8 are certain exceptional lat-

tices. There are some low-rank equivalences between these lattices, recorded in appendix A.

Also, in table 1 orthogonal sums of these lattices are denoted as a direct sum ⊕, while non-

orthogonal combinations with the rank-1 CUB1 lattices of U1 flavor factors are denoted as

semi-direct sums, B.

The metric computed from the intersection form has a natural normalization, unlike

the Killing form on a simple Lie algebra. We compute it explicitly in equations (4.15)

and (4.16). For a semi-simple flavor algebra, the flavor charge lattice decomposes as the

orthogonal sum of weight lattices for each simple factor, but their relative normalizations

are not determined by the Killing form. However these relative normalizations are deter-

mined by our prescription, thus supplying additional data beyond their identification as

a flavor weight lattice. The relative normalizations of the various lattice factors are not

recorded in table 1, but are worked out in sections 5 and 6; see in particular tables 3, 4,

and 5. This relative normalization data reflects the relative low energy U(1) electric and

– 5 –
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magnetic charges of the (tower of) fields in the field theory which are charged under the

different flavor symmetry factors. This can be seen in the case of IR free gauge theories, and

is explained and illustrated in some detail in section 6 below. In particular, in section 6.3

we try to formulate a conjecture for how some properties of the BPS spectrum are reflected

in the flavor lattice metric. However, we have not been able to successfully associate all

properties of the string web lattice metric to properties of the BPS spectrum.

Determining the flavor charge lattice (as a lattice with metric) is still not enough

information to uniquely determine the flavor Lie algebra. Even in the cases where the

flavor charge lattice is the root lattice, the Lie algebra is not determined, as is apparent

from (1.4). The Lie algebra is determined by its root system, which is simply the finite

subset of the root lattice which are the roots of the Lie algebra. In the case of a simply-

laced Lie algebra, the root system is the set of shortest non-zero vectors in the root lattice,

but a given lattice may also support a non-simply-laced root system. If knowledge of the

root lattice is supplemented by knowledge of the flavor Weyl group, then the flavor algebra

is determined uniquely. Unfortunately, we have not been able to determine the Weyl group

action from the SK structure topological data in any simple way; see [11] for a discussion

of this problem in the F-theory context.

Nevertheless, as table 1 shows, there is still a rich class of examples of rank-1 N = 2

QFTs with associated flavor symmetries against which we can compare the flavor lattices as

computed using our generalized string web prescription (1.1) and (1.3). We find agreement

with the maximal flavor assignments in table 1. Furthermore, for theories # 5 and 15 in

the list the flavor lattice approach of this paper gives additional information:

• For theory #5, the flavor lattice is identified as an FCC3 lattice (see appendix A

for its definition) which is consistent with a C3 and not a B3 flavor algebra. This

was a case where the SW curve and one-form construction is not able to differentiate

between the B3 or C3 flavor algebra assignment.

• For theory #15, the flavor lattice is a rectangular lattice — the orthogonal sum of two

rank-1 lattices with generating vectors of different lengths — so not the CUB2 lattice

expected from the maximal symmetry assignment C2. This is not a contradiction be-

cause it was shown in [13, 14] that the maximal C2 flavor assignment of theory #15

is not self-consistent (see below). This is an example of how the extra lattice normal-

ization data from our homological approach can extract flavor symmetry information

that was not apparent from the SW curve construction of the CB geometry.

Indeed, the flavor algebra assignments deduced from the SW curve and 1-form and given

in table 1 are uncertain for a few reasons, discussed at length in [12–15]. The main point

of uncertainty is that all the flavor symmetries shown in table 1 were deduced by assuming

that the discrete symmetry of the family of mass-deformed SW curves is in fact the Weyl

symmetry of the flavor Lie algebra. But it is possible that the flavor Lie algebra is smaller,

and some of the discrete symmetry group of the curve is simply a discrete global symmetry

of the theory. Indeed, for theories # 3, 5, and 15 (shaded red in the table), the maximal fla-

vor assignment shown is not internally consistent with the structure of the RG flows turned

on by the mass deformations as deduced from their SW curves. Furthermore, for theory #3

– 6 –
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it was found that there is no sub-maximal flavor assignment which is consistent with the

RG flows of the curve, so there does not exist any SCFT corresponding to this geometry.

In addition to SCFT CB geometries, we have also calculated the string web lattices for

all rank-1 IR free gauge theories, shown in the bottom two lines of table 1. This computa-

tion is more difficult than for the SCFT CB geometries for a few reasons: (1) there are an

infinite number of distinct mass deformations of these geometries, (2) the topology of their

CB SK structures has not previously been worked out, and (3) we can encounter multiple

singularities on the CB coming from a hypermultiplet in a single irreducible representation

of the gauge group. Section 6 is devoted to surmounting these difficulties. In particular,

we are able to determine the topology of the CB SK structure for all mass deformations by

fairly elementary arguments using the fact that these are weakly coupled field theories. As

mentioned above, these examples have been useful for diagnosing the “extra” information

contained in the string web lattice metric.

(We have also worked out the SW curves and one-forms for these IR free theories,

even though we do not need them for the homological calculation of their string web lat-

tices. But since they have not appeared elsewhere in the literature, we present them in

appendices B and C.)

Relation to the BPS spectrum. Another possible way of determining the flavor sym-

metry from its charge lattice is to determine the subset of the flavor charge lattice whose

elements are realized as BPS states at various places on the CB, since these will necessarily

form Weyl orbits of the flavor symmetry.

But the determination of the BPS spectrum is also a complicated problem which seems

to depend on more than just the SK structure topological data. Indeed, in the F-theory

string web picture, the BPS states are associated to string webs of minimal length [4, 6] in

the background IIB string geometry. Upon T-dualizing to an M-theory picture, BPS states

correspond to M2 branes stretched along a holomorphic curve in a background complex

geometry [8].

The IIB background metric data is reflected in the Kähler metric on the CB and the M-

theory background complex structure data is reflected in the complex structure of the total

space, X, of the CB. Since neither of these structures are used directly4 in our homological

definition of the string web lattice, it is unclear to us how much or what information about

the BPS spectrum is captured by the string web lattice.

Relation to the rational geometry of X. Relatedly, Caorsi and Cecotti [32] have

proposed a method for determining the flavor algebras of rank-1 SCFTs from the rational

geometry of the total space of the CB. [32] works on a smooth compactification E of the total

space X̃ of (1.2), which is rationally equivalent to X, and essentially computes ΛF as a cer-

tain subspace of H2(E ,Z) defined through natural projections on the rational sections of E .

While this prescription is undoubtedly closely related to our proposal (1.1) — we both

get the same results for rank-1 SCFTs with semi-simple maximal flavor symmetries by

4The string web lattice definition rests on the fiber structure, π : X → CB, of the total space, and

the compatibility of the symplectic structure, Ω, on X with that fiber structure. The CB Kähler form is

ω(u) =
∫
Xu

Ω ∧ Ω, and π and Ω are holomorphic with respect to the complex structure of X.

– 7 –
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looking at intersections of middle-dimension cycles on the total space of the CB — the

precise connection between the two is not clear to us. In particular, the compact middle

homology of X̃ modulo kerZ which we construct does not contain any sections of the

elliptic fibration; indeed, it does not have representatives which are holomorphic curves in

X̃. This reflects the fact that the construction of [32] uses a compact smooth version of

the total space where the singular fibers are replaced by certain resolutions, whereas in

our construction we use a non-compact space where these fibers are entirely absent. This

difference perhaps reflects different philosophies: on our part, since the singular fibers are

places where the effective description of the CB breaks down, we wish to derive as much

information as we can about the flavor physics without making any assumptions about

what happens at the singularities.

Relatedly, here we do not compactify the metric infinities of the CB. In the language

of [32] we remove their (dual) fiber “at infinity”. This has the practical implication that

we can also examine CB geometries which not only describe (relevantly deformed) SCFTs,

but also those which describe IR free field theories. These are theories whose CB geom-

etry is only unambiguous in the vicinity of the origin (and for small-enough deformation

parameters) because of the ambiguity in the choice of their UV completions, should those

even exist.

By not using specific models of the geometry at the singularities and infinity, our

proposal can also be generalized to cases where the CB does not have “planar” topology.

As discussed in [33] such cases might occur if there are rank-1 SCFTs with non-freely-

generated CB chiral rings. Caorsi and Cecotti’s approach might also be generalizable to

these cases were they to lift their assumption that the holomorphic symplectic form is

non-degenerate at the singular fibers. We will not discuss this generalization here.

Finally, note that [32] also make a proposal for how to identify the root system (not just

the root lattice) of rank-1 SCFTs in their approach. As mentioned above, in our approach

we did not find any natural way to identify the root system. It would be interesting to

understand if and how the rational section data that Caorsi and Cecotti use is translated

into the topological data we use.

Organization of the rest of the paper. In the next section we motivate our prescrip-

tion (1.1) for the flavor charge lattice by reviewing the F-theory string web picture, and

abstracting it away from string theory by reformulating it just in field theory terms. We

also review the topological invariants of the SK structure of rank-1 CBs. Section 3 then

shows how to compute the middle homology of (1.1) in terms of the topological data of

the SK structure. In section 4 we then show how to compute the middle homology inter-

section form, and then in the next two sections we compute the resulting lattices for all

rank-1 SCFTs and for the rank-1 IR free field theories, and compare the results we find

to the answers known from other techniques. We end in section 7 with a short discussion

on the generalization of the string web approach to higher ranks. The appendices review

root systems and root lattices of semisimple Lie algebras, and describe the construction

of Seiberg-Witten curves and one forms for IR free U(1) and SU(2) gauge theories, which

have not appeared before in the literature.

– 8 –
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2 Flavor charge lattice from the topology of the SK structure of the CB

2.1 Review of string webs in F-theory

In the F-theory realization [1, 2] of the CB effective actions of certain 4d N = 2 field

theories as the worldvolume action of D3-brane probes of parallel (p, q)-7branes, BPS states

are realized [3–6] as (p, q)-string webs ending on the 7-branes and 3-branes.

The 2d plane — which we will describe as the complex u-plane — transverse to the

worldvolume of parallel 7-branes is the CB of a rank-1 4d N = 2 QFT. The low energy

U(1) N = 2 electrodynamics at the vacuum at a given point u ∈ CB is given by the

worldvolume theory of a probe D3-brane placed at that point.5 The complex axion-dilaton

field, τ(u), is determined by its response to the 7-brane configuration and is the low energy

U(1) gauge coupling.

String webs consist of segments of (p, q)-strings — bound states of q fundamental

strings and p D1-branes in IIB string theory which exist for gcd(p, q) = 1 — which end

on the D3-brane or on a (p, q)-7brane, or at junctions with other (p′, q′)-string segments

satisfying charge neutrality at each junction. Minimal-length configurations of these string

webs are the BPS states of the theory at the vacuum given by the position, u, of the probe

3-brane. In the low energy U(1) gauge theory on the D3 brane, the (p, q) charge of the

string segment ending on the D3 brane is the (magnetic, electric) charge of the BPS state.

In [34] it was shown how to derive this string web picture of BPS states from the low energy

effective theory on the CB without reference to any string construction, showing that it

can be applied to general N = 2 QFTs and not just those special ones found in F-theory

constructions.

The string web picture of BPS states can be lifted to M theory by a series of dualities [8]

where the BPS string web appears instead as an M2-brane whose 2d spatial world volume

is a Riemann surface with boundary on an M5-brane (the lift of the D3-brane probe) and

wrapping nontrivial cycles in the bulk background geometry (the lift of the (p, q)-7brane

configuration). The symmetric intersection form of the M2-brane Riemann surfaces induce

a symmetric pairing of string webs in the F-theory picture.

The set of string webs thought of topologically — i.e., up to homotopies of the string

segments and splitting and joining of parts of webs where it is allowed by charge con-

servation — forms a lattice labeled by the sets of charges of all their endpoints. Thus

topologically each string web is labeled by the numbers, ni, of (oriented) string segments it

has ending on the ith 7-brane and the net (p, q) charge of the segments ending on the D3-

brane. Since the intersection form is a topological invariant, it defines a (perhaps indefinite)

metric on this lattice.

The positions of the 7branes in the u-plane are governed by the masses (or other

dimensionful scales) of the 4d N = 2 QFT. A 4d SCFT corresponding to zero masses is

thus given by a configuration where all the 7branes are coincident. If the 4d CFT has flavor

symmetry F , then upon turning on generic masses, it is broken to U(1)f with f = rank(F ),

5Certain higher-rank theories can be realized by placing more than one probe D3-brane in this 7-brane

background geometry. In this paper we only consider the rank-1 case.
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(0, 1) (0, 1) (0, 1) (−1, 2) (1, 1)

−(0, 1)

(0, 1)

2 · (0, 1)

(0, 3)

−(−1, 2) −(1, 1)

Figure 1. A neutral string web (in blue) ending on five 7branes (red dots). Each 7brane is labeled

by its (p, q) charges, satisfying gcd(p, q) = 1. An integer number, n, of (p, q) strings can end on a

(p, q)-7brane, and so carries n · (p, q) string charge away from the 7brane. String segments can meet

at junctions as long as the total string charge is conserved. The pictured web is “neutral” because

it has no segments ending on probe D3 branes.

since the masses transform in the adjoint of F . The conserved charges, ni, of these U(1)

global symmetry groups at generic masses are called the “quark number” charges. Thus,

in terms of the low energy U(1) gauge theory on the CB, the string web charge lattice is

the lattice of possible (magnetic, electric) charges for the U(1) factor (D3-brane) and the

“quark number” charges. It thus forms a lattice of rank 2 + f .

The flavor symmetry of the 4d CFT appears as the gauge symmetry of the 8d YM

theory on the worldvolume of the stack of coincident 7branes. Separating the 7branes

corresponds to Higgsing this gauge group by giving a vev to a complex adjoint scalar field.

In particular, the massive W-bosons of this Higgsing are the string webs which end only

on the 7branes. Since there are no string segments ending on D3 branes for such webs,

this subset of string webs are those with (p, q) = (0, 0) U(1) gauge charges, and so form a

rank-f sublattice of “neutral” string webs. Thus, the neutral string web charge lattice is

identified with the flavor charge lattice of the 4d flavor symmetry algebra.

A series of papers [5, 7, 9–11] developed this picture of the lattice of string webs. In

particular, they assumed that the metric on the flavor charge lattice coming from the string

web intersection pairing is the Killing metric on the weight lattice determined by the flavor

Lie algebra. They then compute in cases to show that this string web lattice with metric

given by the intersection pairing gives the correct flavor root lattices corresponding to the

then-known A-D-E series of rank-1 N = 2 SCFTs.

In the rest of this section we will rephrase this string theory construction solely in

terms of the low energy U(1) gauge theory on the CB. In particular, we will see that it

has a simple expression in terms of the topology of the special Kähler (SK) structure on

the CB. We will then show how in this field theory language it can be easily generalized

to CBs with SK structure of topological types not present in the string construction. But

first we provide a quick reminder of the main topological ingredients characterizing the SK
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structure of a rank-1 CB. (See [35] for a more general discussion of various definitions of

SK geometry and their interrelations.)

2.2 Review of rank-1 SK geometry

We describe a rank-1 CB as the complex u-plane with a Kähler metric given by the kinetic

terms of the complex scalar of the low energy U(1) vector multiplet. This metric will be

singular at points where additional U(1)-charged modes become massless. It has additional

structure, called a special Kähler (SK) structure, reflecting the way the lattice of U(1) gauge

charges varies over the CB.

Denote by ` the row vector of the U(1) magnetic and electric charges of a particle,

` := (p q). (2.1)

The Dirac-Schwinger-Zwanziger charge inner product of two dyons is

〈`1, `2〉 := q1p2 − p1q2. (2.2)

The freedom to choose different definitions of what we call electric and magnetic charges is

the freedom to choose different bases of the charge lattice which preserve the inner product.

This is the group of electric-magnetic (EM) duality transformations, Sp(2,Z) ' SL(2,Z).

It is generated by two elements,

S :=

(
0 −1

1 0

)
, and T :=

(
1 1

0 1

)
, (2.3)

which satisfy S2 = (ST )3 = −I. Note that the Dirac product can be written as 〈`1, `2〉 :=

`1S`
T
2 . An SL(2,Z)-invariant of a single dyon charge, `, is its EM duality invariant charge,

Q`, defined by

Q2
` := gcd(p2, q2). (2.4)

The low energy U(1) gauge coupling, τ(u), is complex analytic in u and is allowed

to be discontinuous by EM duality transformations which act on τ by fractional linear

transformations, τ → (Aτ + B)(Cτ +D)−1, for Mγ :=
(
A B
C D

)
∈ SL(2,Z). Here Mγ is the

EM duality monodromy of a closed path γ in the CB. By continuity, if γ is contractible

then Mγ = I since SL(2,Z) is discrete, so non-trivial monodromies are associated to paths

encircling singularities on the CB. More generally, the monodromies give a representation

in SL(2,Z) of the fundamental group of the CB minus its singularities.

τ(u) can be realized geometrically as the complex structure modulus of a complex

torus, Xu. Realize Xu as the complex plane modulo lattice translations, Xu = C/Λτ(u),

where Λτ(u) = {n + mτ(u), n,m ∈ Z}. Then the SK structure of the CB geometry is

encoded in the complex geometry of the total space, X, of the torus fibration, X
π−→ CB,

with fibers Xu = π−1(u).

The magnetic and electric U(1) charge numbers ` = (p q) parameterize the homology

class of a cycle [λ(`)] on the fiber Xu. More precisely, the 1-homology classes of Xu are
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parameterized by a pair of integers λ = (c d) ∈ Z2 as [λ] = c[α] + d[β], where we take α

and β to be a canonical basis of 1-cycles on the torus, i.e., one with intersection form

α · α = β · β = 0, β · α = −α · β = 1. (2.5)

The integers λ = (c d) are related to the magnetic and electric U(1) gauge charges by

` = (p q) =
√
P (c d) where P ∈ N is a positive integer characterizing a polarization

of Xu. More physically, we call
√
P the charge quantization unit, relative, of course, to

some normalization conventions; see appendix A and section 4 of [12] for a more detailed

discussion of the normalization of EM charges. We will also review this in a bit more detail

in section 6.2 below where it will be important.

Most of the rank-1 SCFTs theories listed in table 1 — all those except numbers 6, 9,

16, and 24 — have P = 1, so the distinction between the homology classes and the charges

is irrelevant for them. But this is not true in every case, and, indeed, infinitely many of

the IR free field theories in the last rows of table 1 have P 6= 1. Because of this, we have

introduced a notation emphasizing the difference between EM charges and fiber homology

classes, recapitulated here:

EM charge vectors: ` = (p q) ∈
√
P Z2, P ∈ N,

Fiber homology classes: λ = (c d) ∈ Z2 ' H1(Xu,Z), (2.6)

related by ` =
√
P λ.

The homology class of a 1-cycle, λ, on a fiber associated to a state of EM charge ` is

[λ] = c[α] + d[β] = λ

(
[α]

[β]

)
. (2.7)

Then the Dirac charge inner product (2.2) is encoded in terms of the intersection form of

1-cycles on Xu by

〈`1, `2〉 = P λ1 · λ2, where λ1 · λ2 = λ1Sλ
T
2 . (2.8)

Note also that the invariant charge (2.4) of a state with charge ` is

Q` =
√
P gcd(λ), where gcd(λ) := gcd(c, d). (2.9)

In this paper, since we are interested in computing homological invariants of the SK

geometry of the CB, we will be using fiber homology classes, λ ∈ H1(Xu,Z), exclusively,

and will only relate them to physical charge vectors, `, when we want to clarify the physical

interpretation of a given result.

There is one other geometric object on X that is needed to specify its SK structure.

This is the natural holomorphic symplectic form on X, i.e., the closed, non-degenerate

holomorphic (2,0) form on X given by [30, 31]6

Ω := du ∧ dz. (2.10)

6In the case of SK geometries of rank greater than one there are further conditions that Ω must satisfy.

In terms of SW theory, Ω is closely related to the exterior derivative of the SW one-form [18].
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The periods of Ω compute the central charge of the N = 2 supersymmetry algebra in the

low energy theory on the CB. In particular, if α is a 2-chain in X whose boundary is a

1-cycle γ(`) on Xu, then

Z(u) =

∫
α

Ω, ∂α ⊂ Xu, (2.11)

where Z(u) is the central charge in the u vacuum and in the ` charge sector. Since Ω is

closed and since its restriction to any fiber Xu vanishes, Z(u) is a linear map H1(Xu) ⊕
H2(X)→ C,

Z(u) = p aD(u) + q a(u) + ω(m). (2.12)

a(u) and aD(u) defined in this way are the special coordinate and dual special coordinate

on the CB, m ∈ Cf are the complex linear mass parameters, and ω is a vector in the

lattice ΛF of global U(1)f “quark number” charges — i.e., the flavor weights. We use a

notation in which weights and masses are dual: ω ∈ ΛF and m ∈ Λ∗F ⊗Z C ' Cf , and

ω(m) := ωimi is the dual pairing.

2.3 Proposal for identifying the flavor charge lattice

The linear mass parameters m transform in the adjoint representation of the global flavor

symmetry Lie algebra, F , of the massless theory (the SCFT or the IR free theory). Thus

f = rank(F ), and the lattice of the quark number charges, ΛF , is identified with a lattice

of weights, ω, of F . So if f is the Cartan subalgebra of F , then ω ∈ f∗ and m ∈ fC.

Whenever α(m) = 0 for α a root of F there should be a degeneracy in the BPS

spectrum since on these subspaces of the mass parameter space the flavor symmetry is

not completely broken to abelian factors. So we expect that all ω in the root lattice of

F should occur in the central charge (2.12). Conversely, if there were some ω not in the

root lattice of F , then there will be additional degeneracies in the BPS mass spectrum at

every point on the CB for masses satisfying ω(m) = 0 which are not due to an enhanced

symmetry. Discounting the existence of such “accidental” degeneracies which persist for

all values of u ∈ CB, one concludes that the lattice, ΛF , of quark number charges (flavor

charges) should be the root lattice of F : ΛF = ΛF -root. Indeed, in many of the cases we

check later in this paper we find this to be the case. But we will also see that there are

cases where ΛF ) ΛF -root. In particular, this always seems to be the case when there are

U(1) flavor symmetry factors; also in section 6 we will see many examples of lagrangian

theories with flavor charge lattices which include flavor weights not in the root lattice.

Since from the expressions (2.11) and (2.12) for the central charges we have that the

flavor weights ω are classes in H2(X,Z), we thus propose to locate the flavor charge lattice

as a subgroup ΛF ⊂ H2(X,Z).

Since X is not compact we have to specify the homology theory used to compute

H2. Physically, cycles whose central charges diverge correspond to infinitely massive states

which are decoupled from the theory. So we are only interesed in cycles γ ∈ H2(X,Z) for

which
∫
γ Ω <∞. This is equivalent to keeping only homology cycles with compact support.
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Not all classes in H2(X,Z) are in ΛF since there may be some elements of the middle

homology which are annihilated by the central charge map (2.11) on 2-cycles. Thus we

would like to identify the flavor charge lattice with the quotient

ΛF
?
= H2(X,Z)/ kerZ. (2.13)

The flavor Lie algebra F does not enter directly in the SK structure of the CB. This

is not surprising physically: the flavor symmetry has no action on the CB, and can only be

reconstructed from its action on the dependence of the mass parameters which explicitly

break the flavor symmetry to the U(1)f quark number symmetry. In particular, the Lie

algebra Killing forms on each simple factor of F , which determine up to overall normal-

izations metrics on the corresponding flavor charge sublattices of ΛF , is not an obvious

ingredient in the SK structure. But the intersection form on H2(X,Z) gives a natural sym-

metric bilinear form, so from (2.13) it is natural to guess that this gives the charge lattice

Killing metric. Indeed, this is effectively what was assumed (or conjectured and checked)

in the F-theory construction described in the last subsection. Our aim is to generalize

and check this conjecture in the case of general X. To check the self-consistency of the

proposal requires that one checks that modding out by kerZ respects the intersection form

on H2(X,Z), and that the resulting lattice bilinear form has definite signature. One then

must check whether the resulting lattice coincides with the physically known flavor charge

lattice for each X.

But, unlike the F-theory cases where under a generic deformation the total space X

is a manifold, the general rank-1 CB geometry X has complex singularities. Even though

compact homology is still defined for these spaces, Stokes’ theorem can break down, and

so the appropriateness of modding out by kerZ in (2.13) must be re-examined. Also, from

a physical perspective, the description of the low energy effective action as a theory of

massless U(1) vector multiplets breaks down at the singularities of the CB. Instead of

trying to resolve or otherwise interpret any singularities of the total space that occur over

the metrically singular points of the CB base, we will pursue a strategy of trying to extract

the flavor physics from the structure of X away from the singular fibers. Thus we propose

to replace X with the (non-compact) smooth manifold X̃ given by removing all singular

fibers from X. X̃ is thus a smooth elliptic fibration over the CB minus its metrically

singular points with regular fiber everywhere.

In the next subsections we will show that the most straight forward identification,

ΛF = H2(X̃,Z)/ kerZ, (2.14)

with H2 computed with compact support makes sense physically. The intuitive reason one

expects that this prescription should work is that since the holomorphic 2-form Ω does

not diverge as one approaches the singular fibers7 and also vanishes when restricted to

any fiber, the details of any cycle near a singular fiber should be killed by the Z-map.

7The reason Ω is regular at the singular fibers follows from a combination of unitarity of the underlying

N = 2 QFT and from the regularity of the complex structure of the CB base at its metric singularities

(i.e., at the singular fibers). See [33] for a detailed discussion of this point.
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Possible singular fibers of X
π−→ CB

Kodaira type M order of M

II∗ ST 6

III∗ S 4

IV ∗ (ST )2 3

I∗0 −I 2

IV (ST )−2 3

III S−1 4

II (ST )−1 6

I0 I 1

I∗n (n > 0) −Tn ∞
In (n > 0) Tn ∞

Table 2. Singular fibers of the elliptic fibration over the CB describing its SK structure, labeled by

their Kodaira type, a representative M ∈ SL(2,Z) of the conjugacy class of the monodromy around

the singular fiber, and the order of M . The I0 row describes the regular fiber and corresponds to

a free U(1) vector multiplet. The last two rows give infinite series of singularities describing IR

free theories.

Thus after modding out by the kernel of Z, it should make no difference whether we use

the singular total space X, or restrict to only its smooth fibers, X̃. Indeed, we will see

explicitly that (2.14) defines a lattice (no torsion appears) of the correct rank, and we will

show how to compute the intersection form induced on ΛF purely topologically.

2.4 Topological invariants of rank-1 SK structures

The torus fibration over the CB has singular fibers over a set of points {ui, i = 1, . . . , A}
in the CB, and the fibers have non-trivial SL(2,Z) monodromies around these points. In

fact, the set of possible degenerations of the fibers and their associated monodromies have

been classified by Kodaira [36–38] in the context of the classification of elliptic surfaces.

Indeed, X is an elliptic fibration with a non-vanishing canonical class, Ω, so meets Kodaira’s

requirement for the resolutions of its singular fibers to give an elliptic surface. Kodaira’s

classification8 is shown in table 2.

Each singular fiber Xui has a corresponding EM duality monodromy Mi ∈ SL(2,Z).

More explicitly, choose a canonical basis [α], [β] ∈ H1(X0,Z) of 1-cycles of the fiber over

a chosen base point 0 ∈ CB, satisfying (2.5). This basis is then extended by continuity to

the whole CB minus the conventional set of cuts emanating from the singularities of the

CB; see figure 2. Upon dragging this basis along a simple closed curve µ encircling one of

the singularities (so crossing just one of the cuts) counterclockwise, it suffers a monodromy(
[α]

[β]

)
µ

M

(
[α]

[β]

)
, M ∈ SL(2,Z). (2.15)

8As pointed out in [32], the non-appearance of multiple fibers — the mIn in Kodaira’s classification —

follows from the existence of a chosen section of the elliptic fibration.
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A general fiber homology class is [γ] = c[α] + d[β] = γ
([α]

[β]

)
, so under the µ-monodromy

becomes

γ
µ
 γ′ := M ◦ γ with γ ′ = γM. (2.16)

Here we have introduced the shorthand M ◦ γ to denote the action of a monodromy on a

fiber cycle.

If we drag a fiber cycle γ = γ
(
α
β

)
counterclockwise around a curve µ1 with monodromy

M1, then γ
µ1 γ′ = γM1

(
α
β

)
:= γ ′

(
α
β

)
. Following this with a second curve, µ2, with mon-

odromy M2 then gives γ′
µ2 γ′′ = γ ′M2

(
α
β

)
= γM1M2

(
α
β

)
. So, in these conventions we have

M1 ◦M2 = M1M2, (2.17)

where ◦ means concatenation of base cycles (with first cycle on the left).9

Under a change in choice of canonical 1-cycle basis of the fibers by an element g ∈
SL(2,Z), Mi changes by Mi → gMig

−1, so only the conjugacy class of Mi in SL(2,Z)

is an invariant property of the singularity. Representative monodromies of the Kodaira

singularities are listed in table 2. The Kodaira type of the singularities are uniquely

determined by the conjugacy class of their EM duality monodromy, [M ], though not all

such conjugacy classes occur.

The set of EM duality monodromies, {Mi, i = 1, . . . , A} around each of the singu-

larities on the CB characterizes the topology of the SK structure of the CB. This set of

monodromies can be specified up to an overall SL(2,Z) conjugation by picking a base point,

an ordering of the singularities, and a set of simple closed paths encircling each singularity

in the same sense. A convenient way of specifying the ordering and paths is by choosing a

set of non-intersecting “branch cuts” emanating from each singularity and going to u =∞
parallel to the negative imaginary u-axis. Then the singularities are ordered according to

increasing Re(u)-values of the cuts at Im(u)→ −∞, and a basis of (homotopy classes of)

closed paths on the punctured u-plane, {µi}, are defined by demanding that µi crosses only

the ith branch cut just once counterclockwise; see figure 2.

Denote the SL(2,Z) monodromy around µi by Mi for i = 1, . . . , A. These monodromies

are specified up to a common SL(2,Z) conjugation, reflecting the freedom to choose an

arbitrary EM duality basis at the base point. Furthermore, the ordering of the singularities

is arbitrary, and can be changed by moving cuts across neighboring singularities (therefore

passing them through neighboring cuts). Upon dragging the monodromy paths, one finds

that neighboring monodromies can get interchanged or conjugated by each other, giving

an action of the braid group on n strands on SL(2,Z) matrices. This braid group action

is described in more detail in [9, 10, 13]; we will not need it here. Thus it is really only

the set of {Mi} monodromies up to an overall SL(2,Z) conjugation and braid equivalences

which is a topological invariant of a CB geometry.

9Note that the opposite convention, namely M1 ◦M2 = M2M1, was used in [12–15], even though (2.15)

was also adopted there, which is an inconsistent choice of conventions. Nevertheless, the results of those

papers are not affected: one should simply reverse the order of the monodromy data for the CB geometries

constructed there.
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u1

u2

u3

M1

M2

M3

Figure 2. Singularities and their monodromies on the u-plane. The solid points with coordinates ui
are the singularities shown with a choice of “branch cuts” emanating from them. The Mi ∈ SL(2,Z)

are EM duality monodromies associated to the closed paths looping around these singularities

starting from a conventional base point given by the open circle.

Since the set of EM duality monodromies, {Mi}, up to overall SL(2,Z) conjugation

and braid equivalences is an algebraically complicated topological invariant, it is useful

to have some simpler, though less detailed, invariant of the SK structure. One is simply

the unordered list, {K1, . . . ,KA} of Kodaira types Ki of the singular fibers Xui . This is

equivalent to an unordered list of SL(2,Z) conjugacy classes of monodromies around each

singularity. We call this list the deformation pattern of the CB geometry [12, 13], since if we

have an “initial” singular fiber X0 of Kodaira type K0, then upon (mass) deformation the

deformation pattern shows how it splits into a collection of singular fibers Xui of Kodaira

types Ki. The possible deformation patterns for all rank-1 SCFTs were classified in [12, 13]

and are shown in table 1. It turns out that the specification of an initial singularity type

and its deformation pattern completely determines the SK geometry of the family of mass-

deformed CBs.

Summary. So far we have proposed that the flavor charge lattice is given by middle-

homology cycles of the total space X̃ of the smooth fibers over the CB. More precisely, we

proposed that ΛF = H2(X̃,Z)/ kerZ, i.e., it is the lattice of middle homology cycles which

are not annihilated by the central charge map (2.11), and a metric on this lattice is given

by the intersection form on the middle homology. We have also seen how the topology

of the SK structure on a rank-1 CB is characterized by the ordered set of EM duality

monodromies, {M1, . . . ,MA}, around the singularities (modulo equivalences having to do

with choice of a basis of cycles on the CB and modulo an overall SL(2,Z) conjugation).

We will now show how to compute H2(X̃,Z)/ kerZ and its intersection form from this

topological data, and in doing so we will also show that we precisely recover the F-theory

neutral string web picture.
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3 String webs from the topology of the SK structure

3.1 Middle homology cycles as string webs

We now show that the part of the compact middle homology of X̃ which is not annihilated

by the central charge map is determined by the EM duality monodromy data on the CB.

Since X̃ is a fiber bundle, we can understand its homology in terms of a basis of

cycles which can be deformed to be in the CB base (i.e., is homologous to a cycle which

is contained in a section of X̃), in a fiber, Xu, or is extended in both the base and fiber

directions. A cycle homologous to one extended only in the base or in a fiber is annihilated

by the Z map (2.11) since Ω has one leg in the base and one in the fiber.

So to understand H2(X̃)/ kerZ we need focus only on cycles which extend in both the

base and fiber directions. Locally in the base these are homotopic to segments on the base

times a cycle in the fiber (continuously dragged along the segment). Since H1(Xu) = Z2,

each such segment is labeled by a pair of integers λ = (c d) describing the 1-homology

cycle in the fiber, [λ] = λ([α] [β])T = c[α] + d[β], in terms of a canonical basis, {α, β},
of H1(Xu). As u varies along the segment, λ remains constant, i.e., the fiber cycle is

continuously dragged using the natural (Gauss-Manin) connection on the local system of

H1(Xu) over the CB. Thus, locally on the CB these 2-chains in X̃ look like (p, q)-string

segments, and we will simply call them λ-segments.

An orientation on a λ-segment is determined by a choice of orientation on the line

segment in the CB base along with an orientation of the cycle in the fiber. Changing

λ→ −λ reverses the orientation of the fiber cycle. Thus the orientation of the λ-segment

is unchanged upon simultaneously reversing the orientation of the line segment in the CB

and the sign of λ.

Note that just like (p, q)-strings, multiple λi-segments, i = 1, . . . , k can join at a point

u ∈ CB to give a locally closed 2-chain as long as
∑

i λi = 0. In this way segments can be

joined together to form webs of segments, much as in figure 1.

λ-segments are not closed 2-chains: if the segment has boundary points u0 and u1 in

the CB, then the λ-segment has boundary λ×{u0}−λ×{u1}. There are basically two ways

to “close off” an end of a λ-segment at u0 ∈ CB to make it into a cycle. One is to put u0 at

a point in the CB where the λ cycle pinches off. This is illustrated in figure 3 (a), and can

only happen at one of the metric singularities on the CB where the fiber degenerates. But

cycles of Xu only pinch off when the fiber is singular, and the singular fibers are removed

from X̃, as discussed above. So ends like in figure 3 (a) do not contribute to the compact

middle homology of X̃.

The other way to close off an end of a λ-segment is for two ends of the segment (or web

of segments) to coincide, with the two segments carrying opposite λ charges. Examples are

shown in figure 3 (b) and (c). If the cycle in the CB in figures 3 (b) or (c) can be deformed

to a point without encountering a metric singularity, then the cycles are homologous to

zero. Thus the only way of making homologically non-trivial 2-cycles from λ-segments

involves segments which forms a closed loop around at least one singularity on the CB.

If a 2-cycle, α, has a component whose segments only loop around a single singularity,

u = ui ∈ CB, as in figure 3 (b), then the cycle can be shrunk homologously to an arbitrarily
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(a) (b) (c)

Figure 3. Ways for λ-segments to close: (a) by pinching off, (b) by circling back on itself, or (c)

by circling back and joining another λ-segment.

small neighborhood of the singularity. Because the holomorphic 2-form Ω is regular on X,

including at the singular fibers, we have limα→Xui
∫
α Ω = 0. But since Ω is closed, its

period depends only on the homology class of α, so we learn that
∫
α Ω = 0, i.e., α ∈ kerZ.

Thus the only middle homology classes of X̃ that may not be in the kernel of the

central charge map are those with representatives given by a web of λ-segments which

ends on two or more singularities on the CB as in figure 3 (c). Note that if the web of

λ-segments loops around more than one CB singularity, it can always be deformed into a

set of simple loops each enclosing a single singularity. (The fundamental group of an A-

punctured plane is freely generated on A generators which can be taken to be the homotopy

classes of simple loops around each puncture.) Thus the most general such homology class

can be deformed into a tree of λ-segments with ends given by small loops around each CB

singularity. Furthermore, by the argument of the last paragraph, each small loop can be

shrunk to be arbitrarily close to its singular fiber without affecting the value of the central

charge (its Ω period).

This characterizes all the elements of H2(X̃,Z)/ kerZ as tree-like webs of oriented

intervals on the CB ending at the singularities ui ∈ CB with a 1-cycle with in a given fiber

homology class, λi ∈ H1(Xu,Z), suspended above each such interval. At an intersection of

A intervals in the base labeled by {i1, . . . , iA} (say all oriented into the intersection), the

condition that the suspended 1-cycles join to form a closed 2-cycle is the condition that

A∑
a=1

λia = 0. (3.1)

We will call this condition “charge neutrality” of the web. This is precisely the string

web picture shown in figure 1. The set of such webs forms a lattice with elements labeled

by charges λi of their intervals ending on CB singularities, subject to one overall charge

neutrality condition (3.1).

Thus any class in H2(X̃,Z)/ kerZ can be represented as in figure 4. Here the 2-cycle

in X̃ has been deformed into the blue “web” on the cut CB with a class of H1(X0,Z)

suspended over each edge of the web. Thus the edge emanating from the ith singularity
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. . . . . .

∆i−1 ∆i

δ1 δi δA

Figure 4. A CB with A singularities (red dots) and their associated cuts (red wavy lines). Any

class in H2(X̃,Z)/ kerZ can be represented as a tree-like “string web” shown in blue with ends on

the singularities and each edge carrying a class of H1(X0,Z).

on the CB carries a fiber 1-cycle δi with homology class δi ∈ H1(X0,Z), and

∆i =

i∑
k=1

δk (3.2)

by the charge neutrality of junctions of λ-segments, i.e., the requirement that fiber classes

suspended over the segments join together to form a 2-cycle in the total space. The charge

neutrality condition (3.1) is thus

0 = ∆A :=
A∑
k=1

δk. (3.3)

Here H1(X0,Z) are the homology classes of 1-cycles of the fiber X0 over a chosen

base point 0 ∈ CB. H1(Xu,Z) for any u in the CB minus the cuts is then identified with

that H1(Xu,Z) by continuity (i.e., by transporting the H1(X0,Z) linear system via the

Gauss-Manin connection).

3.2 Boundary charges at singular fibers

Thus to compute the lattice ΛF = H2(X̃,Z)/ kerZ we need only determine the possible

fiber homology classes, δ ∈ H1(Xu,Z) ' Z2, of a λ-segment ending at a singular fiber.

We will call this set of allowed charges for a segment ending at a given singularity the

“boundary charges” for that singular fiber. We will now show that the set of boundary

charges is fixed by the EM duality monodromy, M ∈ SL(2,Z), associated to that CB

singularity relative to a choice of base point and a basis of monodromy cycles as illustrated

in figure 2.

As argued above, in the compact middle homology of the non-singular but non-compact

total space, X̃, the only way a λ-segment can end at a singularity is by a configuration

shown in figure 3 (c). This is illustrated in figure 5.

Here Mi is the SL(2,Z) monodromy associated with the counterclockwise cycle around

the ith singularity labeled by the γi and γ ′i classes. Thus, if γi ∈ H1(X0,Z) is the fiber ho-

mology class associated to the left side of the cycle, then γ ′i is the image of γi under the Mi.
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Mi

∆i−1 ∆i ∆i−1 ∆i

δi
δi

γi γ′i = Mi ◦ γi
'

Figure 5. A convenient homology equivalence in H2(X̃,Z)/kerZ.

The argument of the previous subsection shows that the homology class in H2(X̃,Z)/ kerZ

of the string web depends only on δi = γ ′i − γi. There are infinitely many different γi and

γ ′i which give the same δi, but they all differ by classes in H2(X̃,Z) which can be shrunk

to the singular fiber and so are annihilated by the central charge map.

The fiber homology, δ, that can be carried away from a CB singularity with monodromy

M is then (see figure 5)

δ = γ ′ − γ = γ(M − I) (3.4)

for any γ ∈ Z2. Thus the lattice of charges of λ-segments ending at a CB singularity

with monodromy M is the image of M − I acting on the Z2 EM charge lattice. Thus, the

conclusion is that the fiber homology class δi at the ith singularity satisfies

δi ∈ Im(Mi − I) acting on the lattice of fiber 1-cycles. (3.5)

This is our desired characterization of the boundary charges associated to a given

singularity.

Note that allowing multiple windings around a singularity does not enlarge the set of

boundary charges. This follows since any multiple winding is homologous to a sum of single

windings. Algebraically, the boundary charges from an s-fold winding is in the image of

M s − I, but M s − I = (M s−1 + · · ·+ I)(M − I) so its image is in the image of M − I.

Since M − I is an integral linear map, its image is a sublattice of the total (rank-2)

lattice of EM charges. If M does not have an eigenvalue +1 then det(M − I) 6= 0, and

the rank of the image sublattice is also 2. Since M ∈ SL(2,Z), if one of its eigenvalues is

+1, then both are. In that case the rank of the image sublattice is smaller than 2. In case

M = I (the trivial monodromy) then the image sublattice has rank 0; i.e., the boundary

charge is zero in this case, reflecting the fact that string webs have non-trivial ends only

at singularities. In other cases where both eigenvalues of M are +1 but M is a non-trivial

Jordan block, the rank of the image lattice is 1.

We will now compute explicitly the image lattices for the monodromies appearing in

the deformation patterns listed in table 1 in the introduction. Inspection of that list shows

that only singularities of Kodaira types In, I∗n, III∗, and IV ∗ enter into the deformation

patterns of CFTs or of IR free theories. (As explained at length in [12], this follows from a
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combination of the safely irrelevant conjecture on N = 2 renormalization group flows and

the conservation of the order of vanishing of the discriminant under relevant deformations.)

We examine each of these four classes of singularities in turn.

3.2.1 In singularities

From table 2, a singularity of In type is associated to a monodromy in the conjugacy class

of Tn = ( 1 n
0 1 ) ∈ SL(2,Z). The image of Tn − I is then simply

λ(Tn − I) =
(
c d
)(0 n

0 0

)
=
(

0 nc
)

for all (c d) ∈ Z2. (3.6)

It thus spans a rank-1 sublattice of the lattice of EM charges, namely the sublattice gener-

ated by electric charge n, i.e., by the charge Λn := (0 n). Thus the fiber 1-cycles that can

be carried away from a singularity with Tn monodromy are δ with δ = cΛn for any c ∈ Z.

As is apparent from table 1, theories exist with deformation patterns containing mul-

tiple In-type singularities. So even if an EM duality basis were chosen so that one of the In
monodromies is Tn, the other Ini monodromies will in general be Tni conjugated by some

gi ∈ SL(2,Z).

So consider an In singularity with monodromy Tn conjugated by some g :=
(
A B
C D

)
∈

SL(2,Z),

M(In, g) = g−1Tng =

(
1 + nCD nD2

−nC2 1− nCD

)
. (3.7)

Note that det(g) = 1 implies that gcd(C,D) = 1. Then Im[M(In, g)− I] = (Im[Tn − I])g

which is therefore the sublattice of Z2 generated by (0 n)g = n(C D). Denote this rank-1

lattice by

Γ(In, g) = {λ = c(nC nD), c ∈ Z}. (3.8)

Then the possible 1-cycles δ(In, g) that a segment ending at the In singularity can carry are

δ(In, g) ∈ Γ(In, g). (3.9)

Thus the set of pairs (C,D) ∈ Z2 with gcd(C,D) = 1 modulo their overall sign, (C,D) ∼
(−C,−D), parameterizes the possible inequivalent lattices of boundary charges for an In
singularity.

This gives a picture of the flavor lattice for theories with only Ini singularities as string

webs with string charges for segments ending on an Ini singularity labeled by an integer

multiple of a pair of integers (Ci, Di) with gcd(Ci, Di) = ni. This reproduces the string

web picture found from the F-theory construction reviewed in section 2.1 and illustrated

in figure 1, as long as all ni = 1. Indeed, the (p, q)-7branes of IIB string theory have

gcd(p, q) = 1 and axio-dilaton monodromy conjugate to T 1.
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Thus for SCFTs with deformation pattern including In singularities with n > 1, we

have generalized the F-theory picture simply by allowing (p, q)-7branes with gcd(p, q) =

n > 1. These would seemingly correspond in IIB string theory to bound states of n

parallel same-charge 7branes; but no such IIB brane configurations are known. So such

SCFTs seemingly cannot be realized in string theory via the F-theory construction. (Many

of these theories can be realized in M-theory or class-S constructions [14].)

From the field theory perspective, the interpretation of the In singularities is very

simple [12]: an In type singularity in the deformation pattern corresponds to an IR free

U(1) theory with a single massless hypermultiplet with charge vector L with invariant

charge Q =
√
n. Thus in some EM duality basis, its EM charge vector is

Ln :=
√
n(C D) with gcd(C,D) = 1, (3.10)

for some integers (C,D). The monodromy (3.7) then follows from the one-loop beta func-

tion of the U(1) theory with a hypermultiplet of charge L.

The factor of
√
n difference between the EM charges (3.10) and the fiberH1 classes (3.8)

is closely related, but not identical, to the factor of
√
P from the polarization of the Dirac

pairing entering in the EM charges, reviewed in section 2.2. In case n is square-free, then

an In deformation pattern singularity is only consistent with a non-principally polarized

Dirac pairing with P = n. Thus, for example, a deformation pattern with an I2 singularity

(as in lines 9, 16, and 24 of table 1) is only consistent with a theory with P = 2. But if n is

not square-free, then multiple different choices of polarization are consistent. For instance,

a deformation pattern with an I4 singularity (as in lines 2, 3, 13, 20, and 25 of table 1)

is consistent with either P = 4 or P = 1 since
√
P is an integer. Note, however, that the

value of P is fixed for the whole theory, so all In singularities in the deformation pattern

must be consistent with the choice of P . (This is just a reflection of the consistency of

the low energy theory with the Dirac quantization condition, as discussed in [12].) For

example, since all the I4 examples in table 1 also have I1 singularities, the only consistent

polarization for them is the principal one, P = 1.

3.2.2 I∗n singularities

An I∗n singularity has an associated monodromy in the conjugacy class of

M(I∗n) = −Tn =
(−1 −n

0 −1

)
. (3.11)

Since every deformation pattern in table 1 contains at most a single I∗n singularity, we can

always choose an EM duality basis so that the I∗n monodromy is in a particular conjugacy

class, which we will choose to be that shown in (3.11).

The image of M(I∗n)− I is then

λ(−Tn − I) =
(
c d
)(−2 −n

0 −2

)
=
(
−2c −nc−2d

)
for all (c d) ∈ Z2. (3.12)

This is a rank-2 sublattice of the lattice of EM charges, Γ(I∗n), which it is easy to see is

Γ(I∗n) =

{
{λ = (2c 2d) for c, d ∈ Z} if n is even,

{λ = (2c c+2d) for c, d ∈ Z} if n is odd.
(3.13)

– 23 –



J
H
E
P
0
2
(
2
0
1
9
)
0
2
6

(a) (b) (c) (d)

Figure 6. Allowed sublattices, Γ(M) ⊂ Z2, of fiber homology cycles for a λ-segment ending at

a singularity with monodromy M for (a) Γ(I∗n), n even, (b) Γ(I∗n), n odd, (c) Γ(III∗), and (d)

Γ(IV ∗).

These are the two index-4 sublattices shown in figure 6 (a) and (b). Thus the possible

1-cycles δ(I∗n) that a segment ending at an I∗n singularity can carry are

δ(I∗n) ∈ Γ(I∗n). (3.14)

3.2.3 III∗ singularity

A III∗ singularity has an associated monodromy in the conjugacy class of

M(III∗) = S =
(

0 −1
1 0

)
. (3.15)

Since every deformation pattern in table 1 contains at most a single III∗ singularity, we

can always choose an EM duality basis so that the III∗ monodromy is in a particular

conjugacy class, which we will choose to be that shown in (3.15).

The image of M(III∗)− I is then

λ(S − I) =
(
c d
)(−1 −1

1 −1

)
=
(
−c+d −c−d

)
for all (c d) ∈ Z2. (3.16)

This rank-2 sublattice, Γ(III∗), can also be expressed as

Γ(III∗) = {λ = (c 2d+c) for c, d ∈ Z}. (3.17)

This is the index-2 sublattice shown in figure 6 (c). Thus the possible 1-cycles δ(III∗) that

a segment ending at a III∗ singularity can carry are

δ(III∗) ∈ Γ(III∗). (3.18)

3.2.4 IV ∗ singularity

A IV ∗ singularity has an associated monodromy in the conjugacy class of

M(IV ∗) = (ST )2 =
(−1 −1

1 0

)
. (3.19)
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Since every deformation pattern in table 1 contains at most a single IV ∗ singularity, we can

always choose an EM duality basis so that the IV ∗ monodromy is in a particular conjugacy

class, which we will choose to be that shown in (3.19).

The image of M(IV ∗)− I is then

λ((ST )2 − I) =
(
c d
)(−2 −1

1 −1

)
=
(
−2c+d −c−d

)
for all (c d) ∈ Z2. (3.20)

This rank-2 sublattice, Γ(IV ∗), can also be expressed as

Γ(IV ∗) = {λ = (3c−d d) for c, d ∈ Z}. (3.21)

This is the index-3 sublattice shown in figure 6 (d). Thus the possible 1-cycles δ(IV ∗) that

a segment ending at a IV ∗ singularity can carry are

δ(IV ∗) ∈ Γ(IV ∗). (3.22)

3.2.5 Summary

We have thus effectively computed ΛF = H2(X̃,Z)/kerZ in terms of topological data of

the SK structure of the CB. In particular, given an ordered set of SL(2,Z) monodromies,

(M1, . . . ,MA), corresponding to A singularities on the CB ordered by a choice of “cuts” as

described above, the general element of ΛF is given by the ordered set (δ1, . . . , δA) where

each δi is an element of a rank-1 sublattice of Z2 given by (3.9) if [Mi] = In, or a rank-2

sublattice of Z2 given by (3.14), (3.18), or (3.22) if [Mi] = I∗n, III∗, or IV ∗, respectively.

Furthermore, the δi must satisfy the linear charge neutrality condition (3.3) in Z2. We will

call a general element of this lattice a “string web” and denote it by the formal sum

W =
A∑
i=1

δi Si, with δi ∈ Γ(Mi) ⊂ Z2 such that
A∑
i=1

δi = 0, (3.23)

where Si is a placeholder symbol denoting the ith singularity. This expression denotes the

2-cycle in X̃ depicted in figure 4.

4 Computing the middle homology intersection form

It is now straightforward to compute the intersection form of two middle homology cycles

of X̃ of the form (3.23). By using the homology equivalence of figure 5, any two string webs,

W and W̃, given as in figure 4 can be deformed into a configuration, shown in figure 7,

where they only intersect at two points in the vicinity of each singularity.

Their intersection number is thus the sum over the points Pi and Qi in figure 7 of the

product of the intersection numbers of the webs in the CB with the intersection numbers

of the homology cycles in the fibers at those points. By inspection of figure 7 we thus find

W · W̃ =
A∑
i=1

(
δi · γ̃i + ∆i · δ̃i

)
=

A∑
i=1

δi · γ̃i +
∑

1≤j≤i≤A
δj · δ̃i, (4.1)
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Mi

• • • • • •
∆i−1 ∆i

δi

• • • • • •
∆̃i−1 ∆̃i

δ̃i

γ̃i γ̃′i = Mi ◦ γi

Pi

Qi

Figure 7. A convenient configuration for two string webs, W (in blue) and W̃ (in green), showing

their intersection points, Pi and Qi, on the CB in the vicinity of the ith singularity, and with their

edges labeled by 1-homology cycles of the fiber.

where we used (3.2) in the last equality. We have chosen the overall sign of the intersection

form so that the inner product is positive definite on the string web lattice. (Although the

total space, X̃, of the CB has a complex structure and therefore a preferred orientation

and sign of its middle homology intersection form, our purely topological construction is

insensitive to this complex structure.)

This inner product, coming as it does from an intersection form of 2-cycles, is sym-

metric. The expression (4.1) is not manifestly symmetric, but its symmetric nature can

be checked:

W · W̃ − W̃ · W =
∑
i

(δi · γ̃i − δ̃i · γi) +
∑
j≤i

(δj · δ̃i − δ̃j · δi)

=
∑
i

(δi · γ̃i + γi · δ̃i) +
∑
j≤i

(δj · δ̃i + δi · δ̃j)

=
∑
i

(δi · γ̃i + γi · δ̃i + δi · δ̃i) +
(∑

j

δj

)
·
(∑

i

δ̃i

)
(4.2)

=
∑
i

(δi + γi) · (δ̃i + γ̃i)−
∑
i

γi · γ̃i

=
∑
i

(Mi ◦ γ′i) · (Mi ◦ γ̃′i)−
∑
i

γi · γ̃i = 0.

In the second line we used the antisymmetry of the intersection product of 1-cycles on the

fibers and in the fourth line the charge neutrality condition (3.3). In the last line we used

the relation (3.4) between δi and γi that

δi = Mi ◦ γi − γi, (4.3)

where M ◦ γ denotes the action of the monodromy on the 1-cycle γ as in (2.16). Finally,

in the last step we used the fact that the intersection product on 1-cycles is SL(2,Z)-

invariant. It is useful, in the light of (4.2) to write the web inner product (4.1) in a
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manifestly symmetric manner W · W̃ = 1
2(W · W̃ + W̃ · W) giving

W · W̃ =
1

2

A∑
i=1

(
δi · γ̃i − γi · δ̃i

)
− 1

2

A∑
i,j=1

(θij − θji) δi · δ̃j , (4.4)

where we have defined

θij :=

{
1 if i > j

0 if i ≤ j
. (4.5)

Less obvious is the claim that this inner product is well-defined on H2(X̃,Z)/kerZ.

The issue is that the elements of H2(X̃,Z)/kerZ are given by the string webs (3.23) which

are defined in terms of the δi alone, whereas the inner product in (4.4) seems to depend

on the γi, which, recall, were a priori ambiguous cycles associated with 2-chains in kerZ;

see figure 5. Nevertheless, (4.4) is, in fact, independent of the possible choices of the γi.

Indeed, two γi satisfying (4.3) can differ by a cycle, κi, in the kernel of Mi−I, i.e., satisfying

κi = Mi ◦ κi. Then the κ̃i-dependent terms in (4.4) vanish:

δi · κ̃i = (Mi ◦ γi − γi) · κ̃i = (Mi ◦ γi) · (Mi ◦ κ̃i)− γi · κ̃i = 0. (4.6)

Thus (4.4) can be re-expressed solely in terms of the δi’s which characterize the string webs.

In the cases where [Mi] ∈ {I∗n, III∗, IV ∗}, this is easy to do since Mi − I has zero

kernel so is invertible. Thus the γi-dependent terms in (4.4) can be written in terms of

the δi’s using γi = (Mi − I)−1 ◦ δi, for [Mi] ∈ {I∗n, III∗, IV ∗}. If the image of M − I is an

index-d sublattice, i.e.,

d = det(I −M) = 2− Tr(M), (4.7)

then (M−I)−1 = d−1 ([Tr(M)− 1]I −M), as follows from the identity M2−Tr(M)M+I =

0 valid for M ∈ SL(2). Using this, the symmetrized form of the δi · γ̃i terms appearing

in (4.4) then simplifies to

1

2

(
δi · γ̃i − γi · δ̃i

)
=

1

2di
δi(MiS − SMT

i )δ̃
T

i . (4.8)

Here we are using a notation, introduced earlier, where δ := δ
([α]

[β]

)
, {α, β} are a canonical

basis of fiber homology 1-cycles satisfying (2.5), δ is row a vector in Z2, and δ · γ = δSγT .

From the explicit form of the monodromies chosen in (3.11), (3.15), and (3.19), it follows

that

1

2d
(MS − SMT ) =


−n

4 ( 1 0
0 0 ) if M = M(I∗n),

−1
2 ( 1 0

0 1 ) if M = M(III∗),

−1
6

(
2 −1
−1 2

)
if M = M(IV ∗).

(4.9)

For a singularity with monodromy M(In, g) of In type, M − I has a 1-dimensional

kernel, so is not invertible. But it is easy to solve (4.3) for γ given an allowed δ for such a

singularity given by (3.9)

δ = cn(C D) c ∈ Z and gcd(C,D) = 1, (4.10)
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from the explicit expression (3.7) for M(In, g) to find

γ = c(A B) for any A,B ∈ Z such that AD −BC = 1. (4.11)

Infinitely many integer pairs (A B) exist since gcd(C,D) = 1, but the argument from 2

paragraphs earlier shows that the δ · γ̃′ terms in (4.4) are, in fact, independent of the choice

of (A B). Indeed, one computes explicitly

1

2

(
δ · γ̃ − γ · δ̃

)
=

1

2

(
δSγ̃T − γSδ̃

T
)

= ncc̃. (4.12)

Note that nc is an SL(2,Z)-invariant10 of δ since

nc = gcd(ncC, ncD) := gcd(δ), (4.13)

the invariant charge introduced in (2.9). In this notation (4.12) reads

1

2

(
δ · γ̃ − γ · δ̃

)
=

1

n
gcd(δ) gcd(δ̃). (4.14)

Putting (4.8), (4.9), and (4.14) into (4.4) gives

W · W̃ =

A∑
i=1

Gi(δi, δ̃i)−
1

2

A∑
i,j=1

(θij − θji) δiSδ̃
T

j , (4.15)

with

Gi(δi, δ̃i) =


+ 1
n gcd(δi) gcd(δ̃i) if Mi = M(In, g)

−n
4δi
(

1 0
0 0

)
δ̃
T

i if Mi = M(I∗n)

−1
2δi
(

1 0
0 1

)
δ̃
T

i if Mi = M(III∗)

−1
6δi
(

2 −1
−1 2

)
δ̃
T

i if Mi = M(IV ∗)

. (4.16)

Equations (4.15) and (4.16) are our main result, expressing the inner product on the middle

homology cycles in terms of the “web charges”W =
∑

i δiSi and the ordered monodromies

Mi = M(Si) around each singularity.

Comparison to the F-theory result. Recall from (2.6) that to each homology cycle

δ ∈ Z2 there is a corresponding EM charge vector d =
√
P δ, where

√
P for P ∈ N is the

charge quantization unit for the theory in question. From (2.9) and (2.8), the EM duality

invariant charge, Qd, of d, and the Dirac inner product of two charges satisfy

Qd =
√
P gcd(δ), and 〈d, d̃〉 = P δSδ̃

T
. (4.17)

10As is clear from (3.7), the pair (C,D) characterizing the conjugated M(In, g) monodromy is only defined

up to overall sign, (C,D) ∼ (−C,−D), and thus the sign of gcd(δ) is not unambiguously defined. But the

relative sign between gcd(δ) and gcd(δ′) for any two fiber 1-cycles carried away from a singularity with

given M(In, g) monodromy is unambiguous, and is significant.
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Rewriting (4.15) in terms of EM charge vectors di, and in the case where all the singularities

have monodromies of type Mi = M(Ini , gi), the string web inner product becomes

W · W̃ =

A∑
i=1

1

Pni
QdiQd̃i

− 1

2P

A∑
i,j=1

(θij − θji) 〈di, d̃j〉. (4.18)

If we specialize to the F-theory case, where P = ni = 1 (i.e., all singularities are of I1-type

and the unit of charge quantization is therefore necessarily P = 1), this coincides precisely

with the string web inner product found there [5, 7, 9].

5 String web lattices of rank-1 SCFTs

We now apply the formalism developed in the last two sections to compute the string web

lattices and their metrics for all the rank-1 SCFT CB geometries listed in table 1.

In more detail, our method is as follows.

1. We describe the string web lattice by parameterizing all sets (δ1, . . . , δA) of A integer

pairs characterizing the fiber 1-homology cycles of webs ending at A singularities in

the CB. This set has to satisfy the charge neutrality condition (3.23), as well as the

boundary conditions (3.9), (3.14), (3.18), and (3.22) depending on the monodromy

associated to each singularity. This gives a finite-rank lattice with metric given

by (4.15) and (4.16).

2. In order to determine the shape of this lattice, we then search for the shortest and

next-to-shortest non-zero elements in this lattice, and use them to construct a lattice

basis in which the metric has a recognizable form.

3. Finally, we compare these lattice shapes to those expected to occur as root lattices

of semisimple Lie algebras. These latter are orthogonal sums of one of four ex-

ceptional lattices, E8, E7, E6, and F4, corresponding to the simple Lie algebras of

the same names, and one of three infinite series which we name CUBr, FCCr, and

HEXr. Here the subscript refers to the rank of the lattice and the names stand for

(higher-dimensional analogs of) cubic, face-centered cubic, and hexagonal lattices,

respectively. These are defined in appendix A, where the relations with simple Lie

algebra root lattices,

Λ(Ar) = HEXr, Λ(G2) = HEX2,

Λ(Br) = CUBr, Λ(Cr) = FCCr, Λ(Dr) = FCCr, (5.1)

and the low-rank equivalences,

CUB1 = HEX1 = FCC1, CUB2 = FCC2, FCC3 = HEX3, (5.2)

are explained.

Of these steps, the second is the most difficult, and can be computationally intensive for

high rank lattices. Luckily, we will only have to compute at rank five or lower.
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5.1 CB geometries of I1 type

We start by first looking at the SCFTs appearing in the blue-shaded rows in table 1

whose deformation patterns contain singularities only of I1 type. These are also called

the maximal deformations, and are the ones which are realized as configurations of (p, q)-

7branes in F-theory, as reviewed in section 2.1 above. As we showed at length in the last

sections, our middle-homology construction of the lattices coincides in these cases with the

F-theory construction. The neutral string web lattices in these cases have been studied in

detail in [5, 7, 9], and give the results recorded in the corresponding entries in table 1.

5.2 CB geometries of In>1 type

A more complicated set of CB geometries are those with deformation patterns all of In
type with at least one entry not I1. These are numbers 2, 3, 13, 20, 24, and 25 in table 1.

Thus the topology of the SK structure of the CBs in these cases is given by an ordered list

{M(In1 , g1), . . . ,M(InA , gA)} of monodromies around A singularities.

Recall that a general In type monodromy, M(In, g) is characterized by n and a pair,

(C,D), of coprime integers. We will use the shorthand notation(
C

D

)
n

:= M(In, g), (5.3)

and drop the n subscript when n = 1. Furthermore, if there are repeated adjacent entries

in the list of monodromies, we will indicate them by a superscript.

The boundary condition (3.9) for the allowed fiber homology cycle for a web ending

on an M(In, g) singularity states that the corresponding δ = an(C D) for some integer

a. Thus for this set of geometries we can specify a string web (homology 2-cycle) just by

listing the integers ai, that is, the web is given by W(ai) :=
∑

i δiSi with δi = aini(Ci Di).

Allowed string webs (closed homology 2-cycles) are those which satisfy the charge neutrality

condition (3.23).

We then construct the neutral string web lattice, find a convenient basis of short webs

and compute the lattice metric to find the results listed in table 3. For instance, the

first line in table 3 refers to CB geometry #2 in table 1 corresponding to the deformation

pattern II∗ → {I4, I
6
1}. As constructed in [13], the CB topological data is realized by the

ordered set of monodromies 
(

1

1

) (
−1

2

) (
0

1

)4 (
0

1

)
4

 , (5.4)

in the notation defined in (5.3). Numbering the integers ai describing the string web

boundary conditions from left to right, the charge neutrality condition (3.23) becomes(
a1 − a2

a1 + 2a2 + a3 + a4 + a5 + a6 + 4a7

)
= 0, (5.5)
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CB SK topology basis of webs metric g =

#2 :
{

( 1
1 ) (−1

2 ) ( 0
1 )

4
( 0

1 )4

}
a1 a2 a3 a4 a5 a6 a7

W1 0 0 0 0 −1 1 0

W2 0 0 0 −1 1 0 0

W3 −3 −3 1 2 1 1 1

W4 3 3 −2 −1 −1 −1 −1

W5 2 2 0 0 −1 −1 −1


2 −1 0 0 0

−1 2 −1 0 −1

0 −1 2 −1 0

0 0 −1 2 0

0 −1 0 0 2



#3 :
{

( 1
1 ) (−1

2 ) ( 0
1 )

2
4

} a1 a2 a3 a4

W1 −4 −4 1 2

W2 −4 −4 2 1

(
4 0

0 4

)

#13 :
{

( 1
1 ) (−1

2 ) ( 0
1 )

3
( 0

1 )4

} a1 a2 a3 a4 a5 a6

W1 2 2 0 −1 −1 −1

W2 0 0 −1 0 1 0

W3 −2 −2 2 0 0 1

W4 −1 −1 1 1 1 0


2 −1 0 0

−1 2 −2 0

0 −2 4 0

0 0 0 2



#20 :
{

( 1
1 ) (−1

2 ) ( 0
1 )

2
( 0

1 )4

} a1 a2 a3 a4 a5

W1 −2 −2 1 1 1

W2 0 0 −1 1 0

W3 −1 −1 −1 0 1

2 0 1

0 2 1

1 1 4


#24 :

{
( 1

0 )2 (−1
1 )

2
( 0

1 )2

} a1 a2 a3

W −1 −1 1

(
2
)

#25 :
{

( 1
1 ) (−1

1 ) ( 0
1 )4

} a1 a2 a3

W −2 −2 1

(
4
)

Table 3. Topologies of the special Kähler (SK) structure of the CB, string web lattice bases, and

metrics for CB geometries with deformation patterns having only In singularities with at least one

n > 1. The numbers on the left refer to table 1.

giving two independent conditions, and thus a rank-5 lattice. By scanning over the

webs in the lattice and computing their inner products from (4.15), we obtain the ba-

sis {W1,W2,W3,W4,W5} given in the second column of table 3. The lattice metric is

given by the third column of table 3.

From these lattice metrics we easily read off the lattice types for most of the entries:

the metric for #2 is the D5 Cartan matrix, and so, as discussed in appendix A, the lattice

is an FCC5 lattice; #3 is a CUB2 lattice; #13 is the Killing form of C3 ⊕ A1 thus giving

an FCC3 ⊕ CUB1 lattice; #24 and #25 are both CUB1 lattices. These lattice types are

shown in the rightmost column of table 1.

The only entry for which the lattice is not semisimple is #20. In this case {W1,W2}
span a CUB2 lattice, while {W3} spans (trivially) a CUB1 lattice which is not orthogonal

– 31 –



J
H
E
P
0
2
(
2
0
1
9
)
0
2
6

CB SK topology basis of webs metric g =

#9 : {M(IV ∗), ( 0
1 )2}

δ1 δ2

W (0, 6) (0,−6)

(
6
)

#10 : {M(IV ∗), ( 0
1 )2}

δ1 δ2 δ3

W1 (0,−3) (0, 2) (0, 1)

W2 (0, 3) (0,−1) (0,−2)

(
2 −1

−1 2

)

#11 : {M(III∗), ( 0
1 )} δ1 δ2

W (0, 2) (0,−2)

(
2
)

#18 : {M(IV ∗), ( 0
1 )} δ1 δ2

W (0, 3) (0,−3)

(
6
)

Table 4. Topologies, string web lattice bases, and metrics for CB geometries with deformation

patterns containing a III∗ or IV ∗ singularity.

to the CUB2 lattice. We therefore characterize this lattice as the non-orthogonal sum

CUB2 B CUB1 in table 1. The CUB1 sublattice is interpreted as the flavor charge lattice

of a U1 flavor factor under which the C2 flavor root vectors (spanning the CUB2 sublattice)

are charged. This is an example of flavor charge mixing with U(1) factors mentioned in

the introduction. It will be explored in more detail in section 6.1.

5.3 SCFTs of III∗ and IV ∗ type

CB geometries # 9, 10, 11, and 18 in table 1 have deformation patterns which include III∗

or IV ∗ type singularities. The monodromies associated with these deformation patterns,

found in [13], can be conjugated to put the III∗ and IV ∗ monodromies into the canonical

forms (3.15) and (3.19), giving

CB #9: II∗ → {IV ∗, I2} ' {(ST )2, T 2},
CB #10: II∗ → {IV ∗, I2

1} ' {(ST )2, T, T}, (5.6)

CB #11: II∗ → {III∗, I1} ' {S, T},
CB #18: III∗ → {IV ∗, I1} ' {(ST )2, T}.

Each string web is labeled by an ordered set of pairs of integers δi = (pi, qi), each denoting

the fiber homology cycles of each segment of the web ending at each singularity as in (3.23).

These δ’s must satisfy the boundary conditions (3.9), (3.18), and (3.22) appropriate to the

monodromies given in (5.6), as well as the overall charge neutrality condition. The resulting

lattice metrics are shown in table 4. The corresponding lattice types are listed in table 1.

5.4 SCFTs of I∗n type

The remaining scale-invariant CB geometries listed in table 1 all have deformation pat-

terns involving Ini singularities and a single I∗n singularity. It was shown in [13] that the
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monodromy data of most of these CB geometries can be written uniformly as{(
1

2

)
, M(I∗n),

(
0

1

)m−n}
, 0 ≤ n ≤ m, and m ∈ {1, 2, 3}, (5.7)

using the column vector notation for the M(In, g) monodromies defined in (5.3). These

correspond to deformations patterns {Im+1−n
1 , I∗n} of the II∗, III∗, and IV ∗ singularities

for n = 3, 2, and 1, respectively. These are entries # 4, 5, 7, 8, 14, 15, 17, 21, and 22 in

table 1. There are two remaining CB geometries with I∗n singularities in their deformation

patterns. In these cases we calculate their monodromy data from their Seiberg-Witten

curves given in the appendices to [13], and find

CB #6 : II∗ → {I∗1 , I3} ⇔

{
M [I∗1 ],

(
1

0

)
3

}

CB #16 : III∗ → {I∗1 , I2} ⇔

{
M [I∗1 ],

(
1

0

)
2

}
. (5.8)

Using a similar notation as in table 4, namely, δi denote the fiber homology cycles corre-

sponding to the m−n+2 monodromies in (5.7) or the two monodromies in (5.8), numbered

from left to right, we find the lattice bases and their metrics shown in table 4. The resulting

lattice is easily recognized from the metric in most cases, and is shown in table 1. The cases

where it may not be obvious are: #7, where the metric is the Cartan matrix of a C3 root

lattice, and so is of type FCC3; #8, where the metric is the Cartan matrix of an F4 root

lattice; and #15, where the metric describes a CUB1 ⊕CUB1 lattice which is not a CUB2

lattice, since the lattice basis vectors are of different lengths in the two CUB1 sub-lattices.

6 Geometries with general IR free configurations

Coulomb branches with a single non-scale invariant singularity — i.e., of In or I∗n type

in table 2 — are not on the same footing as the scale invariant geometries. These cases

correspond to IR free theories with a lagrangian description. At rank 1, we have two pos-

sibilities: a U(1) or an SU(2) gauge theory with sufficient massless charged matter. These

two families of theories are identified in the geometrical classification with deformations of

the In and I∗n geometries respectively.

Because these are weakly coupled lagrangian theories, and because there are (infinitely)

many of them with distinct flavor symmetries, they are an excellent place to test and

diagnose our homological (string web) approach to flavor symmetries.

But these IR free gauge theories also present two unique challenges. The first is that

since these theories are not UV complete, they break down at some UV strong coupling scale

(the scale of the “Landau pole”), Λ, where typically they are nonunitary unless additional

degrees of freedom are included. This is reflected in the low energy theory on the CB in

the fact that without adding any additional structures into the scaling solution for the CB

geometries of an In or I∗n singularity, their CB metrics are no longer positive definite for

|u|1/∆ ≥ Λ. Because of the necessity for and ambiguity in UV completions of these theories,
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CB SK topology basis of webs metric g =

#4 : {( 1
2 ),M(I∗0 ), ( 0

1 )3}

δ1 δ2 δ3 δ4 δ5
W1 (0, 0) (0, 0) (0, 0) (0,−1) (0, 1)

W2 (0, 0) (0, 0) (0,−1) (0, 1) (0, 0)

W3 (0, 0) (0,−2) (2, 0) (0, 0) (0, 0)

W4 (−2,−4) (2, 4) (0, 0) (0, 0) (0, 0)


2 −1 0 0

−1 2 −2 0

0 −2 4 −2

0 0 −2 4



#5 : {( 1
2 ),M(I∗1 ), ( 0

1 )2}

δ1 δ2 δ3 δ4
W1 (0, 0) (0,−2) (0, 1) (0, 1)

W2 (−2,−4) (2, 3) (0, 1) (0, 0)

W3 (0, 0) (0, 0) (0,−1) (0, 1)

 2 −1 0

−1 2 −1

0 −1 2


#6 : {M(I∗1 ), ( 1

0 )3}
δ1 δ2

W (12, 0) (−12, 0)

(
12
)

#7 : {( 1
2 ),M(I∗2 ), ( 0

1 )}
δ1 δ2 δ3

W1 (−2,−4) (2, 2) (0, 2)

W2 (2, 4) (−2,−4) (0, 0)

(
2 0

0 2

)

#8 : {( 1
2 ),M(I∗3 )} δ1 δ2

W (4, 8) (−4,−8)

(
4
)

#14 : {( 1
2 ),M(I∗0 ), ( 0

1 )2}

δ1 δ2 δ3 δ4
W1 (0, 0) (0, 2) (0,−1) (0,−1)

W2 (0, 0) (0, 0) (0,−1) (0, 1)

W3 (2, 4) (−2,−2) (0,−1) (0,−1)

2 0 0

0 2 0

0 0 2



#15 : {( 1
2 ),M(I∗1 ), ( 0

1 )}
δ1 δ2 δ3

W1 (2, 4) (−2,−3) (0,−1)

W2 (0, 0) (0, 2) (0,−2)

(
2 0

0 4

)

#16 : {M(I∗1 ), ( 1
0 )2}

δ1 δ2
W (4, 0) (−4, 0)

(
4
)

#17 : {( 1
2 ),M(I∗2 )} δ1 δ2

W (2, 4) (−2,−4)

(
2
)

#21 : {( 1
2 ),M(I∗0 ), ( 0

1 )}
δ1 δ2 δ3

W1 (0, 0) (0,−2) (0, 2)

W2 (2, 4) (−2,−2) (0,−2)

(
4 −2

−2 4

)

#22 : {( 1
2 ),M(I∗1 )} δ1 δ2

W (4, 8) (−4,−8)

(
12
)

Table 5. Topologies, string web lattice bases, and metrics for CB geometries with deformation

patterns containing an I∗n singularity.

their IR free field theory descriptions are only effective descriptions valid for energy scales

µ � Λ. Thus their CB geometries are only valid near the singularity, i.e., for |u|1/∆ � Λ

and for mass deformation parameters |m| � Λ. (We give explicit constructions of these

CB geometries in terms of Seiberg-Witten curves and one-forms in appendices B and C.)

The second challenge is presented by the IR free SU(2) gauge theories. Because the

gauge group is nonabelian, its charged fields come in representations of dimension greater

than 1 (unlike in U(1) gauge theories). With respect to the low energy unHiggsed U(1)

gauge factor on the CB, a field in such a representation will generally have components

with a spectrum of different U(1) charges. Upon turning on a mass, m, for such a field,
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the singularity at the origin of the CB will split into a spectrum of correlated singularities

on the CB with positions proportional to m2 and inversely proportional to the square of

the U(1) charges of its components: each hypermultiplet in an irreducible representation

of the SU(2) gauge group generally contributes multiple singularities on the CB.

With this multiplication of the number of singularities, the rank of the neutral string

web lattice generally far exceeds the rank of the flavor symmetry (which is the number of

independent mass parameters). For instance, a theory with a single hypermultiplet in an

isospin-j irrep of SU(2) has a rank-1 flavor symmetry but has neutral string webs stretching

between the singularities associated to this single multiplet spanning a lattice of rank dje.
Thus some additional rule is necessary to select a smaller set of representative string webs

which do not overcount within SU(2) multiplets in this manner. We present and test such

a rule in section 6.2. Note that in the case of hypermultiplets in j = 1/2 and j = 1 irreps

of SU(2), which are the only ones which enter into asympotically free and scale invariant

SU(2) gauge theories, this over-counting problem does not arise since in both cases dje = 1.

6.1 Flavor lattices and deformations of IR free U(1) gauge theories

A general IR free N = 2 U(1) gauge theory is specified by its spectrum of massless charged

hypermultiplets. If there are H such hypermultiplets of charges ±qi, i = 1, . . . ,H , then

the coefficient of the 1-loop β function is proportional to

N :=
H∑
i=1

q2
i , (6.1)

and the Coulomb branch geometry has a singularity at the origin with TN monodromy, so

an IN -type singularity; see table 2.

The possible N=2-preserving mass deformations of this theory govern the possible

deformations of the CB geometry. The effect of mass deformations follows easily from the

U(1) gauge theory lagrangian. Write the hypermultiplets in N = 1 superfield notation

as a pair of chiral superfields (Qi, Q̃i) with opposite U(1) gauge charges, (qi,−qi), and

the U(1) vector multiplets as an N = 1 vector multiplet and neutral chiral superfield Φ.

Partition the set of hypermultiplets into T subsets {QIi , Q̃iI} with i = 1, . . . , T , where the

hypermultiplets in each subset have the same charge {qi}, and where I = 1, . . . , fi labels

the fields within that subset. So the total number of hypermultiplets satisfies H =
∑T

i=1 fi
and the N in (6.1) is now

N =

T∑
i=1

fiq
2
i . (6.2)

The global flavor symmetry group of the massless theory is then

F = U(f1)× · · · × U(fT ) (6.3)

The N = 1 superpotential for this theory is W = q2
iQ

I
iΦQ̃iI −M J

iI Q
I
i Q̃iJ . Here M IJ

i

are complex mass matrices which satisfy the N = 2 supersymmetry condition [Mi,M
†
i ] = 0
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for each i. Such Mi can be diagonalized by flavor rotations so that the superpotential

becomes

W = QIi (q
2
i Φ−mI

i )Q̃iI . (6.4)

This implies that whenever the CB complex coordinate u := 〈Φ〉 = q−2
i mI

i , a single hyper-

multiplet of U(1) electric charge qi becomes massless. The presence of a massless charged

state results in a singularity (non-analyticity) in the effective metric on the CB. Since a

charge-qi massless hypermultiplet contributes a coefficient of q2
i to the 1-loop β function,

the EM duality monodromy about this singularity will be Tni , with

ni := q2
i , (6.5)

and thus the singularity will be of Ini type in the classification of possible rank-1 CB

singularities given in table 2. Though this structure of the CB geometry was deduced from

the classical lagrangian description, by keeping all the masses small compared to the strong

coupling scale, Λ, of the U(1) gauge theory, the theory is kept arbitrarily weakly coupled,

and so is arbitrarily well described by its lagrangian.

The general deformation pattern of an IN singular CB geometry is thus

IN →
{

(In1)f1 , . . . , (InT )fT
}
. (6.6)

Furthermore, since all the massless states at these singularities are electrically charged

with respect to the U(1) gauge group, it follows that all the singularities will have Tn

monodromies (i.e., not relatively conjugated ones). Thus the topological data describing

the special Kähler (SK) structure of a CBs with deformation pattern (6.6) is the ordered

set of monodromies {
( 0

1 )n1

f1 · · · ( 0
1 )nT

fT
}
, (6.7)

where we are using the notation introduced in (5.3) for In-type monodromies. Because

they are all mutually local their ordering does not matter.

Constructing the SK geometry of these CBs (not just the topology of their SK struc-

ture) is quite a bit harder. Though it is not needed for our homological calculation of the

string web lattice, we nevertheless present its solution in appendix B; it has not appeared

elsewhere in the literature.

Having constrained the possible deformations that can appear in (6.7), we only need to

distinguish two cases which will have a different qualitative behavior. The first is when all

singularities on the right hand side are of the same ni type, so only the first entry in (6.7)

occurs. The second is when we have multiple ni types, in which case we only need to look

at the case with two entries in (6.7), since additional ones will follow the same pattern.

These two families of examples are described in the following subsections.

6.1.1 One family of In-type singularities

We start with the case of a simple configuration of In singularities all having the same

monodromy Tn. This has deformation pattern and monodromy data

IN →
{
In
f
}
, with monodromies

{
( 0

1 )n
f
}
, where N = fn. (6.8)
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As explained above, this corresponds to a U(1) gauge theory with f hypermultiplets all

of electric charge q =
√
n, and thus has flavor symmetry U(f) = U(1) × SU(f). Let

I, J ∈ {1, . . . , f} be flavor indices, which can also be taken to label the f In singularities.

The boundary conditions on string webs are that segments ending on the Jth singu-

larity can carry fiber 1-homology class δJ = aJ(0 n) for any integer aJ . The string web

neutrailty condition is then just the condition that
∑f

J=1 aJ = 0. A simple choice of basis

string webs for the resulting rank-(f − 1) lattice is

a1 a2 a3 . . . af−1 af
W1 1 −1 0 . . . 0 0

W2 0 1 −1 . . . 0 0
...

. . .

Wf−1 0 0 0 . . . 1 −1

. (6.9)

The inner products of these webs, from (4.15), is simply W · W̃ =
∑f

J=1 naJ ãJ , giving the

metric in the above basis

g = n



2 −1 0 . . . 0 0

−1 2 −1 0 0

0 −1 2 0 0
...

. . .
...

0 0 0 2 −1

0 0 0 . . . −1 2


. (6.10)

Since this is proportional to the Cartan matrix for Af−1, this is a HEXf−1 lattice.

We can compare this result to the predictions from the U(1) gauge field theory. The

lattice of neutral string webs should be generated by the gauge-neutral BPS states of the

theory. These correspond to the holomorphic “meson” operators M I
J := QIQ̃J . They fill

out the adjoint representation of the U(f) ' U(1) × SU(f) flavor symmetry. These span

an Af−1 root lattice, i.e., a HEXf−1 lattice. Thus even though the flavor symmetry has

rank f , the flavor root lattice has rank f − 1 because none of the gauge-neutral states

are charged under the overall U(1) flavor factor. This matches with the calculation of the

string web metric in (6.10).

The normalization of the metric in (6.10), though, is not a property of the repre-

sentation of the flavor symmetry on neutral states. The length-squared of the shortest

(non-zero) lattice elements is 2n in (6.10), which is twice the electric charge squared of the

hypermultiplet fields in the theory. This charge is observable in the low energy theory on

the CB as the smallest non-zero electric charge of BPS states in the theory.

This suggests the conjecture that the normalization of the neutral string web metric

is twice the square of the smallest invariant EM charge of BPS states on the CB. In this

form the statement can be tested in non-lagrangian theories: the normalizations of the

lattice metrics computed in tables 3, 4, and 5 can be checked against the BPS spectra of

the SCFTs in the cases where it has been worked out. We postpone the discussion of this

test to section 6.3 where we present a more general form of the conjecture.
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6.1.2 Two or more families of In-type singularities

Consider now the case of mutually local singularities divided into two sets. This is a

deformation of the form

IN →
{

(In)f , (In′)f
′
}
, with monodromies

{
( 0

1 )n
f

( 0
1 )n′

f ′
}
, (6.11)

where

N = fn+ f ′n′. (6.12)

This corresponds to a U(1) gauge theory with f hypermultiplets all of electric charge

q =
√
n and f ′ hypermultiplets all of electric charge q′ =

√
n′. It thus has flavor symmetry

U(f)×U(f ′) = U(1)2×SU(f)×SU(f ′). Let I, J ∈ {1, . . . , f} label the f In-type singular-

ities and I ′, J ′ ∈ {1, . . . , f ′} label the f ′ In′-type singularities. Thus the I, J can be taken

to be flavor indices for the U(f) factor, while the I ′, J ′ indices are flavor indices for the

U(f ′) factor.

Consistency with Dirac quantization requires that the hypermultiplet charges be com-

mensurate.11 This means that the possible physically consistent n and n′ must satisfy

n = P q̂2, and n′ = P (q̂′)2, where P, q̂, q̂′ ∈ Z and gcd(q̂, q̂′) = 1. (6.13)

Note that here

P := gcd(n, n′), (6.14)

and the extra condition (6.13) on the singularity types is that n/P and n′/P are per-

fect squares. Physically, we can take
√
P to be the unit of charge quantization, and the

hypermultiplet charges, q =
√
P q̂ and q′ =

√
P q̂′, are commensurate.

Each subset of fi singularities of Ini type will make up its own rank-(fi − 1) HEXfi−1

sublattice, and together they span a rank-(f + f ′ − 2) lattice. However, we have a total of

f + f ′ singularities and, since all the monodromies are mutually local, only one constraint

equation coming from web neutrality. Thus the total rank of the neutral string web lattice

is f + f ′ − 1, indicating that besides the HEXf−1 ⊕ HEXf ′−1 factors, there has to be an

additional rank 1 contribution to the lattice. This is generated by an additional neutral

web connecting the two subsets.

Parameterize the string webs as

W =

f∑
J=1

aJSJ +

f ′∑
J ′=1

a′J ′SJ ′ , (6.15)

where, as in (3.23), SJ and SJ ′ are formal symbols denoting the Jth or J ′th singularity.

Take the first f − 1 basis webs, Wi, i = 1, . . . , f − 1, of the form expressed in (6.9),

connecting the In-type singularities, and the final f ′ − 1 basis webs, W ′j , j = 1, . . . , f ′ − 1,

11Even though there are no magnetic charges in this IR free field theory, any UV completion of the theory

will introduce them, and so requires the Dirac quantization condition.
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to be of the same form, but now connecting the In′-type singularities. The remaining basis

web, W∗, comes from connecting the set of In-type to the set of In′-type singularities. The

web neutrality condition for W∗ is

0 = n

f∑
J=1

aJ + n′
f ′∑

J ′=1

a′J ′ . (6.16)

It is not hard to see that any choice of aJs and a′J ′s satisfying this condition which minimize

|
∑

J aJ | and |
∑

J ′ a′J ′ | while keeping them positive is a basis web. A basis web can thus

be taken to have

f∑
J=1

aJ = n′/P, and

f ′∑
J ′=1

a′J ′ = −n/P. (6.17)

It is convenient to choose the shortest such basis web for W∗, so that the shape of the

resulting lattice is clear from the metric. The length-squared of W∗ is, from (4.15),

W∗ · W∗ = n

f∑
J=1

(aJ)2 + n′
f ′∑

J ′=1

(a′J ′)2. (6.18)

This is minimized by choosing the integers |aJ | and |a′J ′ | to be as small as possible, subject

to (6.17). If n′/P & f or n/P & f ′, then the solutions minimizing (6.18) subject to (6.17)

depend in a complicated way on n, n′, f , and f ′. But in two limiting cases these solutions

are easy to describe.

The first limiting case to consider is when

n′/P < f and n/P < f ′. (6.19)

Then the solution is to set n′/P of the aJ = 1 and the rest to 0, and set n/P of the

a′J ′ = −1 and the rest to 0, giving the basis

a1 a2 . . . af−1 af a′1 a′2 . . . a
′
f ′−1 a

′
f ′

W1 1 −1
...

. . .

Wf−1 1 −1

W∗ ←− n′/P “+1”s −→ ←− n/P “−1”s −→
W ′1 1 −1
...

. . .

W ′f ′−1 1 −1

(6.20)
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(where all the empty entries are zero). Furthermore, by placing the +1’s and −1’s in W∗
strategically — e.g., by setting a1 = · · · = an′/P = 1 and a′1 = · · · = a′n/P = −1 — we find

that W∗ has a non-vanishing inner product with only the Wn′/P and W ′n/P webs, giving

the metric

g =



2n −n

−n 2n
. . . n

. . .
. . . −n
−n 2n

n 2nn′/P −n′

2n′ −n′

−n′ −n′ . . .
. . .

. . . 2n′ −n′

−n′ 2n′



, (6.21)

where the “n” entry in the W∗ row and column are in the a = n′/P column and row,

respectively, and the “−n′” entry in the W∗ row and column are in the a′ = n/P column

and row, respectively. (If n′/P = f or if n/P = f ′, then the corresponding W∗ row and

column entries vanish.)

A second limiting case is when

n′/P � f and n/P � f ′. (6.22)

Then the solution is to set all the aJ ≈ n′/(fP ) and all the a′J ′ ≈ −n/(f ′P ). Here the

“≈” means that the aJ are either bn′/(fP )c or dn′/(fP )e such that (6.17) is satisfied, and

similarly for the a′J ′ ’s.12 We then have a basis of string webs

a1 a2 . . . af−1 af a′1 a′2 . . . a′f ′−1 a′f ′

W1 1 −1
...

. . .

Wf−1 1 −1

W∗ d n′

fP e d
n′

fP e · · · b
n′

fP c b
n′

fP c −d
n
f ′P e −d

n
f ′P e · · · −b

n
f ′P c −b

n
f ′P c

W ′1 1 −1
...

. . .

W ′f ′−1 1 −1

(6.23)

12bxc is the greatest integer ≤ x and dxe is the least integer ≥ x.
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giving the metric

g =



2n −n

−n 2n
. . . n

. . .
. . . −n
−n 2n

n
[

nn′

ff ′P 2 +O(1)
]
N −n′

2n′ −n′

−n′ −n′ . . .
. . .

. . . 2n′ −n′

−n′ 2n′



, (6.24)

where N = fn+ f ′n′, as in (6.12).

In both cases, the lattices (6.21) and (6.24) have the shape HEXf−1⊕HEXf ′−1 B CUB1,

with the “additional” rank-1 CUB1 sublattice becoming more accurately orthogonal to the

HEX sublattices as n and n′ become large. Also, in the special cases where fP |n′ and

f ′P |n, then the CUB1 sublattice is exactly orthogonal to both HEX sublattices.

It should be clear that these qualitative features also hold for the lattice of string

webs of the general deformation pattern (6.6) when the number of singularity types, T , is

greater than 2. The lattice shape is ⊕Ti=1HEXfi−1 BT−1
j=1 CUB1j , with the CUB1j sublattices

becoming more accurately orthogonal to each other and to all the HEXfi−1 sublattices in

the limit where all the ni satisfy ni � 1.

We can, again, compare this result to the predictions from the U(1) gauge field theory.

Recall that the field theory had flavor symmetry U(f)× U(f ′) ' U(1)× U(1)′ × SU(f)×
SU(f ′). An algebraic basis of gauge-neutral holomorphic meson operators is

M I
J = QIQ̃J ,

(M ′)I
′
J ′ = Q′

I′
Q̃′J ′ , I, J ∈ {1, . . . , f}

(M∗)
I1···Iq̂′
J ′
1···J ′

q̂
= QI1 · · ·QIq̂′ Q̃′J ′

1
· · · Q̃′J ′

q̂
, I ′, J ′ ∈ {1, . . . , f ′}

(M̃∗)
I′1···I′q̂
J1···Jq̂′

= Q′
I′1 · · ·Q′I

′
q̂Q̃J1 · · · Q̃Jq̂′ , (6.25)

where {QI , Q̃I} are the f charge q =
√
P q̂ hypermultiplets, and {Q′I

′
, Q̃′I′} are the f

charge q =
√
P q̂ hypermultiplets, where P , q̂ and q̂′ are defined in (6.13) and (6.14). The

M and M ′ mesons fill out the flavor root lattices of the SU(f) and SU(f ′) simple flavor

factors, just as in the simpler example in section 6.1.1. In the basis for the U(1) × U(1)′

flavor factors in which the hypermultiplets have unit charges, the M∗ and M̃∗ operators
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have charges

U(1)×U(1)′ ' U(1)0 ×U(1)1

QI +1 0 q̂ q̂

Q̃I −1 0 −q̂ −q̂
Q′I

′
0 +1 q̂′ −q̂′

Q̃′I′ 0 −1 −q̂′ q̂′

M∗ q̂′ −q̂ 0 2q̂q̂′

M̃∗ −q̂′ q̂ 0 −2q̂q̂′

(6.26)

Because the U(1)2 charge vectors for M∗ and M̃∗ are parallel, there are bases of the U(1)2

flavor factor for which they are both neutral under one of the U(1)’s. One such basis is

shown in (6.26), where U(1)0 is the neutral factor, and U(1)1 is an arbitrary choice for the

other factor. Since the M and M ′ operators are neutral under the U(1)2, it follows that no

states are charged under the U(1)0 factor. On the other hand, the M∗ and M̃∗ operators

do carry charges under the SU(f)× SU(f ′) flavor factors.

Since M and M ′ fill out the adjoint representation of the SU(f)× SU(f ′) flavor sym-

metry, states built from powers of them will span an Af−1 ⊕ Af ′−1 root lattice, i.e., an

orthogonal sum HEXf−1 ⊕ HEXf ′−1 sublattice. The flavor charges of the M∗ and M̃∗
operators and their powers span an additional rank-1 sublattice but which is not orthogo-

nal to the HEXf−1⊕HEXf ′−1 sublattice. This matches with the above calculations (6.21)

and (6.24) of the string web lattice metric, giving the HEXf−1⊕HEXf ′−1 B CUB1 structure

found there.

The normalization of the metric for the simple HEXf−1 ⊕ HEXf ′−1 sublattice factors

follows the rule proposed in the last subsection: the length-squared of the flavor charge

lattice basis of simple roots is twice the electric charge squared of the hypermultiplet fields

in the theory.

But the normalization of the CUB1 sublattice and the angle it makes with the

HEXf−1⊕HEXf ′−1 sublattice does not seem to be related in an obvious way to the flavor

U(1)1 charges of the generating M∗ and M̃∗ operators. For instance, the U(1)1 charge-

squared of the generating M∗ and M̃∗ fields is 4nn′/P 2, and twice the electric charges

squared of the fundamental hypermultiplets are 2n/P and 2n′/P . None of these match the

lengths-squared of the shortest generatingW∗ web found in (6.21) and (6.25); in particular,

they do not show the interesting and intricate dependence on f and f ′ that W∗ · W∗ does.

So, beyond the fact that they have something to do with U(1) flavor symmetry factors, it

is unclear to us what gauge-invariant and convention-independent property of the N = 2

field theory is captured by the normalization of the non-orthogonal CUB1 factors in the

string web lattice.

6.2 Flavor lattices and deformations of IR free SU(2) gauge theories

The SK structure topologies for CBs of IR free SU(2) gauge theories is quite a bit more

complicated than what we found in the last subsection for IR free U(1) gauge theories.

The result, which we will derive in the next few pages, is that there are two classes of
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deformation patterns and associated ordered set of monodromies,

(i) deform. pattern: I∗N →
{

(I1)2, (In1)f1 , . . . , (InX )fX
}
,

monodromies:
{

( 1
1 ) (−1

1 ) ( 0
1 )n1

f1 · · · ( 0
1 )nX

fX
}
,

constraint: N =− 4 +
∑X

a=1nafa,

(ii) deform. pattern: I∗N →
{
I∗n0

, (In1)f1 , . . . , (InX )fX
}
, (6.27)

monodromies:
{
M(I∗n0

) ( 0
1 )n1

f1 · · · ( 0
1 )nX

fX
}
,

constraint: N = n0 +
∑X

a=1nafa,

where we are using the notation introduced in (5.3) for In-type monodromies. Furthermore,

there is a somewhat complicated relationship between the integers na and fa that can

appear in (6.27), analogous to the constraints (6.13) and (6.14) coming from the Dirac

quantization condition in the U(1) gauge case, but which also reflects the SU(2) irreducible

representations in which the hypermultiplets reside. These constraints are described in

detail in section 6.2.1 below.

In section 6.2.2 we motivate an additional rule on allowed string webs so that they

are not only neutral under the unconfined low energy U(1) on the CB, but also under the

microscopic SU(2) gauge group as well. Then in section 6.2.3 we use this prescription to

calculate the neutral string web lattice geometries of general IR free SU(2) gauge theory

CBs, and compare them to the field theory expectations in section 6.2.4.

6.2.1 SK structure topology of the CB of IR free SU(2) gauge theories

Hypermultiplets of N = 2 supersymmetric SU(2) gauge theories are in isospin-j irreducible

representations of the gauge group. The integer j irreps are orthogonal (real) and odd-

dimensional, so we must have an even number, 2Oj , of half-hypermultiplets. Half-odd-

integer j irreps are symplectic (pseudo-real) and even-dimensional, so we can have any

number, Sj , of half-hypermultiplets. We will call the resulting theory the SU(2) gauge

theory with matter representation

R =
⊕
j∈N

(2Oj · j) ⊕
⊕

j∈N+ 1
2

(Sj · j), (6.28)

where we denote the isospin-j irrep as j, i.e., by its highest weight (and not by its dimen-

sion, which is the more common convention). With massless hypermultiplets, the flavor

symmetry is then

F =
⊕
j∈N

Sp(2Oj) ⊕
⊕

j∈N+ 1
2

SO(Sj). (6.29)

The Z2 global anomaly [39] for gauge theories with Weyl fermions in symplectic represen-

tations imposes a further constraint that∑
j∈2N+ 1

2

Sj = even. (6.30)
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On the CB where the SU(2) gauge group is Higgsed to a U(1), the 2j+1 components of

a field in the j-irrep will carry U(1) charges m ∈ {−j,−j+ 1, . . . , j}, which are the weights

of the j-irrep. The SU(2) vector multiplet together with the hypermultiplets contribute a

beta function whose one-loop coefficient, N , is

N := −4 +
∑
j∈N

OjT (j) +
1

2

∑
j∈N+ 1

2

SjT (j), (6.31)

where the quadratic index for an SU(2) irrep is

T (j) :=

j∑
m=−j

2m2 =

(
2j + 2

3

)
. (6.32)

For massless hypermultiplets, the CB geometry of such a theory has a singularity at the

origin with −TN monodromy, so is an I∗N -type singularity; see table 2. Note that the global

anomaly constraint (6.30) precisely ensures that N is integral.

The possible N=2-preserving mass deformations of this theory govern the possible

deformations of the CB geometry. Write the 2Oj or Sj half-hypermultiplets in the isospin-

j SU(2) irrep in N = 1 notation as chiral superfields QJj with J = 1, . . . , 2Oj or Sj .

The N = 1 superpotential has the general form W = Tr[QJj ΦQJj −MJKQ
J
jQ

K
j ] where

Φ is the N = 1 chiral multiplet part of the N = 2 vector multiplet, the trace is in the

isospin-j irrep, and M is a complex N = 2 supersymmetric mass matrix. Φ is valued in

the gauge Lie algebra, and on the CB its components in a complexified Cartan subalgebra

get vevs, 〈Φ〉 := at, where t is the Cartan generator. In a basis of the isospin-j irrep

which diagonalizes t, the components of the hypermultiplets, QJj,m, will be labeled by their

eigenvalues under the t action, i.e., by their weights, m. The superpotential thus has the

form W =
∑

J,m(am −MJ)QJj,−mQ
J
j,m where MJ are the (skew) eigenvalues of the mass

matrix. Thus one finds a massless hypermultiplet with electric charges ±m coming from

the Jth flavor whenever a = MJ/m. The CB vev a is gauge equivalent to −a, so in

terms of the gauge-invariant CB vev u := a2, there is a massless hypermultiplet of charge

proportional to m whenever u = M2
J/m

2 for m ∈ {−j, . . . , j}. Note that the component

with weight m = 0 does not contribute a singularity on the CB.13

So turning on a mass MJ for a hypermultiplet in an isospin-j irrep of the gauge group

results in massless hypermultiplets of electric charges q ∝ m with m ∈ {−j,−j + 1, . . . , j}
at points u = M2

J/m
2 on the CB. The CB geometry will have metric singularities at these

points. Since the Z2 Weyl group orbit of a weight m is {m,−m}, there are always two

electric-charge-q hypermultiplets at each of these singularities. But the Z2 Weyl group is

part of the gauge group, so the weight m and −m hypermultiplets are gauge-identified.

In particular, there is no gauge-invariant mass deformation that can separate a weight-m

from a weight-(−m) singularity on the CB. Therefore they should not really be thought of

as contributing two electric-charge-q hypermultiplets in the low energy theory, but rather

13Such components instead contribute massless neutral hypermultiplets everywhere on the CB, turning

the CB into an “enhanced CB”, discussed extensively in [15].
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as a single hypermultiplet of SU(2)-invariant effective charge q ∝ |m| for each pair of

weights {±m}.
We can fix the proportionality factor between the hypermultiplet effective U(1) electric

charge q and the SU(2) Weyl orbit of weights {±m} to be

q = 2 |m| (6.33)

as follows. By the effective electric charge q, we mean the charge in the normalization

where such a hypermultiplet contributes q2 to the coefficient of the one-loop beta function

for the low energy U(1) coupling, or, equivalently, gives rise to a singularity on the CB

with EM duality monodromy T q
2
. Follow the standard charge normalization conventions14

where a massless SU(2) isospin- 1
2 hypermultiplet gives a singularity on the CB with an EM

monodromy in the conjugacy class of T ∈ SL(2,Z). T q
2

= T implies q = 1 = 2 |m|, since

the j = 1
2 irrep only has weights |m| = 1

2 . Note that this coincides with the normalization

in which a root (a highest weight of the j = 1 irrep) has length-squared q2 = 4m2 = 4.

This is implicitly the normalization we used in defining the quadratic index T (j) in (6.32)

which can be rewritten as

T (j) :=

j∑
m>0

4m2 =

j∑
m>0

q2. (6.34)

Thus the EM duality monodromy of the singularity at u = M2
J/m

2 due to the compo-

nents of the isospin-j hypermultiplet with weights ±m is T q
2

= T 4m2
, and so the singularity

is of I4m2-type. Recalling that the weight m = 0 component gives no singularity, we have

found the rule: a massive hypermultiplet in an isospin-j irrep of the SU(2) gauge group

contributes bj + 1
2c singularities of types

SU(2) isospin-j hyper→

{{
I1, I32 , I52 , . . . , I(2j−2)2 , I(2j)2

}
if j ∈ N + 1

2 ,{
I22 , I42 , I62 , . . . , I(2j−2)2 , I(2j)2

}
if j ∈ N.

(6.35)

Recall that the number, Sj , of isospin-j half -hypermultiplets for j ∈ N + 1
2 can be

odd. N = 2 supersymmetric masses can occur only for full hypermultiplets (pairs of half-

hypermultiplets), so a general mass deformation gives masses to all Sj half-hypers if Sj is

14Dirac quantization [40–42] says that the (p, q) (magnetic, electric) charges of dyons obey pq′ − qp′ ∈ Z,

which implies that p = cm and q = de for integers (c, d) (with both c = 1 and d = 1 realized in the spectrum)

and some fixed positive real (m, e) satisfying me := P ∈ N. m and e are the electric and magnetic unit

charges which can be rescaled by inverse factors by a change in the definition of the U(1) gauge coupling.

The invariant
√
P of a given theory is the charge quantization unit defined in section 2.2. The EM duality

group — the subgroup of GL(2,R) preserving the EM charge lattice and Dirac inner product — is the

group of matrices of the form ( α βm/e
γe/m δ ) ∈ SL(2,R) with α, β, γ, δ ∈ Z. By choosing conventions in

which we rescale the U(1) coupling so that m = e =
√
P , the EM duality group becomes SL(2,Z). These

are the standard conventions, used in, e.g., [18]. Furthermore, there are inequivalent possible choices of

normalization of the SU(2) gauge generators consistent with the Dirac quantization condition on the CB,

and they are closely related to the choice of the charge quantization unit
√
P . This is the a parameter

introduced and discussed in detail in section 4.2 of [12]. In this section we will assume for simplicity that

a = 1; this implies that an isospin j = 1
2

hypermultiplet contributes a single hypermultiplet of charge 1

with respect to the U(1) gauge field on the CB.
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even, and to all but one if Sj is odd. It will be useful to define

p(Sj) := Sj (mod 2) =

{
0 if Sj is even,

1 if Sj is odd.
(6.36)

For the integer-isospin irreps, the number, 2Oj , of half-hypers is even, so all gain masses

under a generic mass deformation. Thus even after a generic mass deformation of an IR

free SU(2) gauge theory (6.28), there will be left at the origin a singularity on the CB

corresponding to an IR free SU(2) gauge theory with massless matter in the representation

R =
⊕

j∈N+ 1
2

p(Sj) · j, (6.37)

where we are using the notation of (6.28). This is a “frozen” theory, since it follows

from (6.29) that it has no flavor symmetry and hence no mass deformation. From (6.31)

it follows that it gives an I∗n0
singularity on the CB with −Tn0 monodromy and

n0 = −4 +
1

2

∑
j∈N+ 1

2

p(Sj) · T (j). (6.38)

Note that the global anomaly condition (6.30) together with the properties of the quadratic

index (6.32) ensure that n0 is a positive integer for all such theories for which at least one

p(Sj) = 1. For instance, the smallest n0 occurs when p(Sj) = 0 for all j except for

p(S 3
2
) = 1, giving n0 = 1; the next-smallest has p(S 1

2
) = p(S 5

2
) = 1 and the rest 0, giving

n0 = 14; and so on.

This I∗n0
singularity together with the In-type singularities contributed by all the mas-

sive hypermultiplets as in (6.37) then gives the deformation pattern of the type shown in

case (ii) of (6.27). Note that the multiplicities, fa, of the Ina-type singularities are related

to the representation content (6.28) of the theory through the deformation patterns typical

of each SU(2) irrep, shown in (6.37).

This structure of the CB geometry was deduced from the classical lagrangian descrip-

tion, which is valid if there is a regime with all masses turned on where the U(1) gauge

theory is weakly coupled at all scales (well below its UV strong coupling scale Λ). But

this is not always possible. In particular, if p(Sj) = 0 for all j ∈ N + 1
2 , then all the half-

hypermultiplets will be massive, and the effective theory at energy scales much less than

those masses is pure N = 2 SU(2) superYang-Mills (sYM). This theory is asymptotically

free, and so flows to strong coupling, and its CB geometry cannot be deduced from the

classical lagrangian. But, famously, this CB geometry was found in [43] to have two I1-type

singularities separated by the strong coupling scale of the sYM theory, and correspond to

the occurrence of a massless dyonic hypermultiplet in the low energy U(1) theory at each

singularity. Furthermore, in the duality frame in which the total monodromy around these

dyonic singularities is −T−4 — which is what follows from (6.38) when all the p(Sj) = 0

— the ordered monodromies of the dyonic singularities are{
( 1

1 ) (−1
1 )
}
. (6.39)
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In a regime where the masses of the original IR free SU(2) theory are all small compared

to its UV strong coupling scale, and also all of the same order of magnitude, then the

strong coupling scale of the effective sYM theory is parametrically small compared both to

the masses and UV strong scale. Thus in this regime where there is a large separation of

scales, the sYM solution for the CB geometry is reliable for CB vevs much smaller than the

masses, while the mass-induced singularities found in (6.35) are reliable for CB vevs on the

order of the masses. This then shows that the topological structure of the CB geometry in

the cases where p(Sj) = 0 for all j ∈ N + 1
2 is given by case (i) in (6.27). Thus case (i) is

just like case (ii) but with the naive (semi-classical) I∗−4 singularity at the origin replaced

by an (I1)2 pair of singularities with the dyonic monodromies of (6.39) reflecting the strong

coupling effects of the effective sYM description at small vevs.

The explicit CB geometry — not just the topology of its SK structure which we have

determined above — can be determined from its Seiberg-Witten curve and one-form. Even

though we do not need them for the homological calculations we do here, we describe

these curves and one-forms in appendix C, since they have not appeared elsewhere in

the literature.

6.2.2 SU(2) gauge-neutrality conditions on string webs

One of the main results of the above analysis is that a hypermultiplet in a single isospin-j

SU(2) gauge irrep gives rise to bj + 1
2c In-type singularities on the CB, as shown in (6.35).

With f such isospin-j multiplets, the flavor symmetry has a rank-f simple factor, but

f · bj + 1
2c mutually local In-type singularities. This gives a neutral string web lattice of

rank ∼ f · bj + 1
2c, greater than that expected for j > 1.

From the field theory perspective it is clear that we are over-counting neutral string

webs. The reason is that the SU(2) gauge invariance requires fields to occur in irreps of

the gauge group, and so upon Higgsing to a U(1) ⊂ SU(2) subalgebra on the CB, each

isospin-j field, Φj , contributes precisely one component for each weight, m ∈ {−j, . . . , j},
of the irrep where each component has U(1) charge proportional to that weight as found

in (6.33). SU(2)-invariant states, e.g., one created by an operator such as Tr(ΦjΦj), will

thus be formed only from a specific sum of U(1)-neutral combinations of components.

This is a selection rule on the kinds of states that will appear in the low energy theory

on the CB. In terms of string webs, this selection rule is equivalent to requiring that

only string webs which end with equal multiplicity on all the In-type singularities coming

from a single SU(2) isospin-j hypermultiplet are allowed. This is illustrated in figure 8.

Effectively, the requirement of SU(2) gauge invariance imposes that the bj + 1
2c In-type

singularities on the CB coming from a single SU(2) isospin-j hypermultiplet be treated as

a single “bound” singularity. Since each bound group consists of an I4m2-type singularity

for each positive weight m, and all have mutually local monodromies, the effective type of

the bound singularity is IT (j), since T (j) =
∑j

m>0 4m2, by (6.32).

This selection rule leads to a great simplification of the string web lattice calculation.

Using it, we can effectively replace the CB monodromy data of (6.27) with its complicated
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I1

• • •
I4m2

• • •
I4j2 IT (j)

singularities from one

SU(2) isospin-j hyper

a·1 a·4m2 a·4j2 a·T (j)

Figure 8. The selection rule from demanding gauge invariance of string webs requires them to

end with equal multiplicity, a, on each I4m2 singularity, m ∈ {−j, . . . , j}, coming from a single

SU(2) isospin-j hypermultiplet. For the purpose of computing the neutral string web lattice, this

is equivalent to replacing the singularities from the isospin-j hypermultplet with a single In-type

monodromy with n = T (j), the quadratic index of the isospin-j irrep.

dependence of the na’s and fa’s on the field content of the IR free SU(2) theory, with

(i) deform. pattern: I∗N →
{

(I1)2, (IT (j1))
f1 , . . . , (IT (jX))

fX
}
,

monodromies:
{

( 1
1 ) (−1

1 ) ( 0
1 )T (j1)

f1 · · · ( 0
1 )T (jX)

fX
}
,

(ii) deform. pattern: I∗N →
{
I∗n0

, (IT (j1))
f1 , . . . , (IT (jX))

fX
}
, (6.40)

monodromies:
{
M(I∗n0

) ( 0
1 )T (j1)

f1 · · · ( 0
1 )T (jX)

fX
}
,

where

N = − 4 +
∑

ja∈N+ 1
2

T (ja)p(Sja) +
∑X

a=1T (ja)fa, (6.41)

and recall that p(Sj) = 1 if Sj is odd, and zero if it is even. These monodromy patterns

are simply related to the flavor data (6.28) and (6.29) of the theory by

fa =

{
Oja if ja ∈ N,
1
2 [Sja − p(Sja)] if ja ∈ N + 1

2 ,
(6.42)

Case (i) applies when p(Sja) = 0 for all ja ∈ N+ 1
2 ; otherwise case (ii) holds with n0 given

by (6.38).

This selection rule on the string webs depends on grouping the singularities on the

CB into subsets associated to SU(2) isospin-j irreps. It might seem that extra, non-

topological, data about the singularities — namely, their associated SU(2) (j,m) weights

— is necessary in order to implement the selection rule. But, in fact, a purely topological

prescription exists:

(1) Locate the electric In singularity with the largest value of n = 4j2.

(2) Choose bj − 1
2c of the remaining electric In-type singularities with n = 4m2 for

m=j−1, j−2, . . . , (1 or 1
2), and group these with the singularity located in step (1).

(3) Repeat the process starting from step (1) on the remaining un-grouped singularities.
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This terminates with a set of grouped electric IT (j) effective singularities and either two

dyonic I1 singularities or an I∗n0
singularity, as in (6.40).

This topological prescription, however, depends on knowing “in advance” that the

singularities on the CB are organized by SU(2) representation theory, which itself is not a

strictly topological piece of information. One can dispense with this advance knowledge of

the IR free gauge group by using some analytic information about the CB geometry. In

particular, the sets of CB singularities which should be grouped together are those which

have mutually local In-type singularities and whose CB positions are not independent under

general variation of the (mass) deformation parameters.

Note that the need for this additional rule grouping singularities on the CB into gauge-

invariant combinations is only necessary when there is matter in gauge representations

whose weights fall into multiple distinct non-zero Weyl orbits. In the case of SU(2), that

means that the rule is needed only if there are fields in irreps with isospin j > 1. SU(2)

gauge theories with j > 1 matter are all IR free theories. But this fact is a coincidental

property of SU(2): higher-rank gauge groups can have irreps with multiple distinct non-

zero Weyl orbits and not lead to IR free gauge theories. Thus this kind of additional rule

picking out gauge-neutral string webs is likely to be required on higher-rank CBs.

6.2.3 String web lattices for IR free SU(2) theories

Given the CB monodromy data for IR free SU(2) gauge theories summarized in (6.40)–

(6.42) above, it is a simple matter to compute the resulting string web lattice geometries.

In fact, the calculation can be made even simpler by noting that in the case of deformation

patterns of type (i) in (6.40), since the total monodromy around the initial
(

1
1

)
and

(−1
1

)
singularities is −T−4, so of I∗−4-type, any neutral string can be replaced by an equivalent

neutral string web of type (ii) with initial singularity monodromy M(I∗−4). Thus, for the

purposes of computing string web lattices, we can treat type (i) geometries as special cases

of type (ii) geometries with n0 = −4.

Since the monodromies are therefore of the form{
M(I∗n0

) ( 0
1 )T (j1)

f1 · · · ( 0
1 )T (jX)

fX
}
, (6.43)

any neutral string web, by (3.13), must end on the I∗n0
singularity with charge (i.e., fiber

cycle) δ∗ = (0 2a∗) for some integer a∗. Consider just the subset of string webs ending on,

say, the I∗n0
singularity and one set of f IT (j) singularities. The neutrality condition for

these webs is

0 = 2a∗ + T (j)

f∑
i=1

ai, (6.44)

where we are using a notation for the string webs of In-type singularities as in (6.15), and

a convenient basis is

a∗ a1 . . . af

W1 −1
2T (j) 1

...
...

. . .

Wf −1
2T (j) 1

if T (j) is even, (6.45)
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or

a∗ a1 a2 . . . af

W1 1 −1
...

. . .
. . .

Wf−1 1 −1

W∗f −T (j) 2

if T (j) is odd. (6.46)

These sublattices have then have metrics

g = T (j)

1
. . .

1

 if T (j) is even, (6.47)

and

g = T (j)



2 −1

−1 2
. . .

. . .
. . . −1

−1 2 −2

−2 4


if T (j) is odd. (6.48)

Recognizing the first as a cubic lattice and the second as the Killing form the Cf Lie

algebra, we learn that

an isospin-j sublattice is

{
CUBf if T (j) is even,

FCCf if T (j) is odd.
(6.49)

Furthermore, using similar bases for each isospin-jk block, it is easy to see that we

span a lattice of neutral string webs in which each isospin-jk sublattice is orthogonal to

every other one. The reason for this is that the only basis webs from different sublattices

which end on the same singularity and so could potentially have a non-zero inner product

are the ones which all have a common end on the I∗n0
singularity. But since their fiber

cycle at this singularity is purely electric, i.e., of the form δ∗ = (0 2a∗), their web inner

product vanishes due to the projector onto magnetic charges appearing in G(δ∗, δ̃∗) for

I∗n-type singularities in (4.16).

However, in the case where there are two or more isospin-jk blocks with T (jk) odd,

the choice of basis webs as in (6.48) for each block does not provide a basis for the whole

lattice. To see this, consider a case with two such blocks:{
M(I∗n0

) ( 0
1 )T

f · · · ( 0
1 )T ′

f ′
}
, with T := T (j) and T ′ := T (j′) both odd. (6.50)
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Then a lattice basis is

a∗ a1 a2 . . . af a′1 a′2 . . . a
′
f ′

W1 1 −1
...

. . .
. . .

Wf−1 1 −1

Wf −1
2(T+T ′) 1 1

W ′f ′ −1
2(T−T ′) 1 −1

W ′f ′−1 1 −1
...

. . .
. . .

W ′1 1 −1

(6.51)

with resulting metric

g =



2T −T

−T 2T
. . .

. . .
. . . −T
−T 2T −T −T
−T T+T ′ T−T ′ T ′

−T T−T ′ T+T ′ −T ′

T ′ −T ′ 2T ′ −T ′

−T ′ 2T ′
. . .

. . .
. . . −T ′

−T ′ 2T ′



. (6.52)

This does not decompose as the orthogonal sum of simpler sublattices, though it contains

the orthogonal sum FCCf⊕FCCf ′ as a sublattice, since theW∗f webs of (6.46) areWf±W ′f ′
in terms of the (6.51) basis. Note that the lengths-squared of the new basis webs in (6.52),

T + T ′, are shorter than one or both of the length-squared 4T or 4T ′ webs they replace

in an orthogonal sum FCCf ⊕ FCCf ′ of T (j)-odd lattices of the form (6.48). However

they are longer than the shortest basis webs of an orthogonal sum CUBf ⊕ CUBf ′ lattice

normalized as in (6.47) to have lengths-squared T and T ′.

We will denote the lattices (6.48), (6.52) and their generalization to more than two

factors with T (ja) odd as the non-orthogonal lattice sums BaF̃CCfa . With the CUB and

FCC lattice metric normalizations as in (6.47), (6.48), we have the lattice inclusions

⊕aFCCfa ⊂ BaF̃CCfa ⊂ ⊕aCUBfa . (6.53)

Since T (j) is odd when j ∈ 2N + 1
2 , and is even otherwise, it follows that the final

result for the string web lattice for an IR free SU(2) gauge theory with hypermultiplets in
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representations (6.28) is the lattice

ΛF -string web =
⊕

BaF̃CCfa for ja ∈ 2N + 1
2 ,

⊕aCUBfa for ja ∈ 2N + 3
2 ,

⊕aCUBfa for ja ∈ N,

(6.54)

where fa is given by (6.42).

6.2.4 Comparison to flavor-charge lattice of IR free SU(2) gauge theory

The SU(2) gauge theory with the same hypermultiplet representation content that gives

rise to the string web lattice found in (6.54) has flavor symmetry (6.29), and so its flavor

root lattice is

ΛF -root =
⊕

⊕aCUBfa for ja ∈ N + 1
2 and Sja odd,

⊕aFCCfa for ja ∈ N + 1
2 and Sja even,

⊕aFCCfa for ja ∈ N.

(6.55)

The results for the neutral string web lattice and the flavor root lattice clearly do not agree.

But — as we also learned in the IR free U(1) gauge theory case — the flavor charge

lattice, ΛF , does not coincide with the flavor root lattice: ΛF ⊃ ΛF -root. We can see this by

looking at gauge-neutral BPS states in the gauge theory. Denote the half-hypermultiplets

(N = 1 chiral multiplets) in the isospin-j SU(2) irrep by Q
(j)
J for J = 1, . . . ,Hj where

Hj = 2Oj if j ∈ N and Hj = Sj if j ∈ N + 1
2 , and denote the SU(2)-adjoint N = 1 chiral

multiplet in the N = 2 vector multiplet by Φ. Then gauge neutral BPS states are created

by holomorphic gauge-singlet combinations of the Q
(j)
J and Φ fields.

For j ∈ N, an algebraic basis of such holomorphic monomials are Tr(ΦjQ
(j)
J ) for J =

1, . . . , 2Oj . These transform in the fundamental 2Oj-dimensional representation of the

Sp(2Oj) flavor symmetry factor, and so their flavor weights span a simple cubic lattice

ΛF -BPS = ⊕aCUBfa for ja ∈ N, (6.56)

which matches the string web computation (6.54). Furthermore, note that in the normaliza-

tion where the shortest Sp(2Oj) root has length-squared 2T (j), as in the FCC lattice (6.48),

the Sp(2Oj) CUB weight lattice will have shortest element of length-squared T (j), as in

the CUB lattice (6.47) computed from the string web picture.15

For j ∈ N+ 1
2 , an algebraic basis of holomorphic monomials are quadratic in the Q

(j)
J ’s,

since gauge-invariant monomials which are linear do not exist. These are all of the form

Tr(Q
(j)
J ΦkQ

(j′)
L ) for some integer k. For j = j′, these then transform in the tensor product

of two vector representations of the SO(Sj) flavor symmetry factor, and so span the root

lattice of this factor. For j 6= j′ (and appropriate k ≥ |j−j′|), they are in the tensor product

of vector representations of two different flavor factors, SO(Sj)×SO(Sj′). The CUB lattice

15This statement is true for Oj > 1, but fails when Oj = 1, where the flavor symmetry is Sp(2) ' SU(2).

In that case one has instead that if the root has length-squared 2T (j) then the weight lattice has shortest

element of length-squared T (j)/2.
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generated by the SO(Sj) vector weights will have shortest element of length-squared T (j)

in the normalization where the shortest root has length-squared 2T (j). We thus may

expect that the flavor charge lattice generated by the Tr(Q
(j)
J ΦkQ

(j′)
L ) BPS states will be

a sublattice of a CUBf ⊕ CUBf ′ lattice with factors normalized as in (6.47), and will be

generated by shortest elements of length-squared T (j) +T (j′). These are properties of the

F̃CCf BF̃CCf ′ string web lattice found in (6.52). Combining this with the conclusion (6.56)

in the j ∈ N case, it is thus plausible to conclude that the flavor charge lattice generated

by the gauge neutral BPS states of an IR free SU(2) gauge theory is

ΛF -BPS =
⊕{

BaF̃CCfa for ja ∈ N + 1
2 ,

⊕aCUBfa for ja ∈ N,
(6.57)

and with the same normalizations of the sublattices as in the string web lattice (6.51).

While (6.57) is close to the string web lattice (6.54), it is not the same for flavor factors

coming from hypermultiplets with j ∈ 2N + 3
2 . For those factors the string web lattice is

larger (finer) than the flavor charge lattice generated by gauge neutral BPS states, since

⊕aCUBfa ⊃ BaF̃CCfa . It is a logical possibility that the string web lattice is a flavor charge

lattice which is at least partially generated by non-BPS states, and so the BPS-generated

flavor charge lattice (6.57) is a sub-lattice of the string web lattice.

6.3 On the normalization of the string web lattice metric

We emphasize that the comparison of the string web lattice to the flavor charge lattice

computed from the field theory in the last section suffers from the fact that we have

no clear prescription for how to compute a metric on the flavor charge lattice from the

field theory. Instead, the field theory gives us only the flavor weights of gauge neutral

BPS fields. Each simple factor of the flavor symmetry has a Killing form, providing a

natural metric up to normalization, but the overall and relative normalizations of the

factors is undetermined. Furthermore, for sublattices charged under two or more simple

flavor factors (as we encountered in the last section), even their metrics up to normalization

are undetermined.

The unambiguous metric determined by the intersection form on the string web lattice

thus reflects some property of N = 2 SCFTs which goes beyond just the flavor symmetry.

We do not have a clear conjecture for what property of the SCFT the string web lattice

metric measures, but we can make a partial conjecture based on the experience gained

from the IR free field theories examined in the last section.

In the case of IR free U(1) gauge theories we saw that the lengths-squared of the

string webs corresponding to roots of the simple Af ' SU(f + 1) flavor sublattices is 2q2

where ±q is the U(1) electric charge of the hypermultiplets transforming under that simple

flavor factor.

In the case of IR free SU(2) gauge theories we saw that the lengths-squared of the

string webs corresponding to roots of the simple flavor sublattices is either T (j), 2T (j), or

4T (j), where T (j) is quadratic index for the SU(2) isospin-j irrep of the hypermultiplets

transforming under that simple flavor factor. Recall (6.34) that T (j) is the sum of the
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squares of the U(1) electric charges of the (effective) hypermultiplets coming from com-

ponents of an isospin-j SU(2) hypermultiplet. For the simply-laced Df ' SO(2f) flavor

factors the roots have length-squared 2T (j); for the non-simply-laced Cf ' Sp(2f) flavor

factors the short roots have lengths-squared 2T (j) while the long roots are 4T (j); and for

the non-simply-laced Bf ' SO(2f + 1) flavor factors the short roots have lengths-squared

T (j) while the long roots are 2T (j). And for the low-rank cases where there are equiva-

lences B1 ' C1 and B2 ' C2, which root lengths are realized depends on the SU(2) gauge

isospin j of the hypermutiplets which are involved.

Furthermore, the sets of bj + 1
2c singularities on the CB coming from the components

of a single isospin-j hypermultiplet and which we argued should be grouped together in

computing the string web lattice are those which have mutually local In-type singularities

and whose CB positions are not independent under general variation of the (mass) de-

formation parameters. The T (j) factor in the string web metric normalization effectively

comes from summing over the contributions of webs ending on these grouped singularities.

In both the U(1) and SU(2) gauge cases the gauge-charged hypermultiplets create BPS

states which transform in a representation of the flavor group, and a single hypermultiplet

component — i.e., the hypermultiplet field labelled by a single weight of its flavor repre-

sentation — contributes a set of BPS states all electrically charged with respect to the low

energy U(1) gauge field on the CB, and the sum of the squares of their U(1) charges is T (j).

These observations can be summarized in the unfortunately somewhat imprecise and

unwieldly statement:

The length-squared of an element of the string web lattice corresponding to a

root of a simple flavor symmetry factor is proportional to the sum of squares of

the smallest positive invariant EM charges of BPS states on the CB which: (1)

carry a single weight of the simple flavor symmetry factor in question, (2) whose

EM charge vectors are parallel, and (3) whose masses are not independent under

general variation of the deformation parameters.

This statement relates the normalizations of the lattice metrics computed in tables 3, 4,

and 5 to the BPS spectra of these theories. In the case of the SCFTs in table 1 corre-

sponding to maximal deformation patterns (the blue-shaded deformations in the table) the

conjecture is satisfied with the factor of proportionality being 2. This follows since it is

known [16, 17, 23] that the smallest-charge BPS states which carry the flavor symmetry

have invariant EM charge 1 on the CB, and the string web metric [5] is the flavor root

lattice with shortest lengths-squared 2.

It would be interesting to compare the string web lattices computed in this paper for

the rank 1 SCFTs in table 1 to the BPS spectra of these theories, perhaps all computable

using a combination of S-class superconformal index calculations [29] and BPS quiver

calculations [23–27].
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7 Generalization to higher ranks

Our string web construction is naturally extended to higher-rank CB geometries by con-

sidering the middle homology of the total space of the CB.

A rank-r CB, B, is a connected r-complex-dimensional special Kähler (SK) space with

metric non-analyticities (as well as complex structure singularities [33, 44, 45]) in a complex

codimension 1 variety S. The SK structure of B is captured by a holomorphic algebraically

completely integrable Hamiltonian system [30, 31, 35] whose complex phase space we call

the total space, X, of the CB. This means that X is a 2r-complex-dimensional space

holomorphically fibered over the CB, π : X → B, whose fibers Xp = π−1(p) are r-complex

dimensional abelian varieties for p ∈ B \ S a regular point of the CB base.

Denote by X̃ = X \ π−1(S) the total space of the regular points, B \ S, of the CB.

Then X̃ is a connected but not simply connected non-compact 2r-complex-dimensional

manifold. X̃ is endowed with a complex symplectic structure, a holomorphic (2,0)-form

Ω, with respect to which the fibers are lagrangian. Furthermore, the fibers are endowed

with a choice of polarization, a non-degenerate integral (1,1)-form t, which is extended to

X by continuity. t provides an integral skew pairing of 1-homology cycles of the fibers Xp

which encodes the Dirac pairing on the low energy U(1)r EM charge lattice in the vacuum

corresponding to p ∈ B.

The analog of the central charge map (2.11) on X̃ is the map Z : C2(X̃,Z) × B → C
from compactly supported 2-chains on X̃ with boundary in a fiber given by

Z(p) =

∫
α

Ω, ∂α ⊂ Xp. (7.1)

If ∂α is the 1-cycle λ ∈ H1(Xp), then Z(p) is the central charge in the p vacuum and in the

λ charge sector. EM-neutral states then correspond to 2-cycles on X̃ via this map. But,

unlike the rank-1 case, 2-cycles are no longer in the middle homology, and do not have an

interesting intersection form.

We propose instead to generalize the central charge map (1.3) used in the rank-1 case

to the following “string web map”, W , on the compact middle homology,

W : Hr(X̃,Z)→ C, α 7→
∫
α

Ω ∧ tr−1. (7.2)

Then the string web lattice is defined by

Λstring web = H2r(X̃,Z)/kerW, (7.3)

in analogy to the rank-1 case given in (1.1) or (2.14). Besides being a natural generalization

of the string web construction in rank-1, there are further reasons why this is a physically

reasonable proposal for characterizing the lattice of EM charge-neutral states in the theory.

First, the middle homology cycles which are not in the kernel of the W map are r-cycles

in X̃ with one leg in the CB base over which a (2r−1)-cycle in the fiber, λ ∈ H2r−1(Xp),

is suspended. This agrees with association [34] on general grounds (i.e., that applies to all

N = 2 theories whether or not they have F-theory realizations) between particle states in

– 55 –



J
H
E
P
0
2
(
2
0
1
9
)
0
2
6

the effective theory on the CB and string webs on the CB. Second, the suspended fiber

(2r−1)-cycle λ which is not in the kernel of W will be dual in the fiber relative to the fiber

fundamental class tr to a non-zero fiber 1-cycle λ∗. This gives an isomorphism of the string

web lattice (7.3) with the more familiar picture derived from (7.1) of EM charge-neutral

states as 2-cycles in the total space filling out the lattice H2(X̃,Z)/kerZ.

Finally, recall that in our exploration of IR free SU(2) gauge theories in the last section

we uncovered the occurrence of distinct singularities on the CB which are SU(2) gauge-

related. This implied that gauge-neutral states in these theories were represented by string

webs with special rules for their boundary conditions on these gauge-related singularities,

as discussed in section 6.2.2. We point out not only that this phenomenon persists at

higher ranks, but also that it is no longer associated only to IR free gauge theories.

To see this, consider a theory with a general Lie algebras, g. Say there are fj (full)

hypermultiplets, HJ
j with J = 1, . . . , fj , in an irrep j of g. A component of HJ

j labeled

by a weight m ∈ t∗ in the dual of a Cartan subalgebra of g becomes massless along

hypersurfaces in the CB parameterized by elements a ∈ tC of the complexified Cartan

subalgebra satisfying m(a) = MJ for MJ a mass eigenvalue. The gauge-inequivalent points

on the CB are parameterized by tC/Weyl(g), and the weights, m, of j are partitioned into

a disjoint set of Weyl(g) orbits. So the m(a) = MJ hyperplanes in the Cartan subalgebra

descend to a set of distinct hypersurfaces, HJj,o, in the CB corresponding to the different

Weyl orbits, o, of weights in j and to the flavor index, J . If r = rank(g), then m are the

low energy U(1)r charges of the hypermultiplet components on the CB, and HJ
j,m becomes

massless at HJj,o if m ∈ o.
Thus, for each flavor index there will be a set of distinct hypersurfaces in the CB

corresponding to the different (non-zero) Weyl orbits of weights in the irrep of the gauge

group under which the hypermultiplets reside. In the case of gauge group SU(2) the only

irreps for hypermultiplets that do not make the theory IR free happened to be the isospin

j = 1
2 and j = 1 irreps, which each have only a single non-zero Weyl orbit of weights.

But at higher rank this is no longer true. For example, already at rank 2, the adjoint

irreps of the non-simply laced gauge groups g = sp(4) ' so(5) and g = G2 each have two

distinct non-zero Weyl orbits of roots, and so the corresponding N=2∗ theories (which have

a hypermultiplet in the adjoint irrep and are N=4 SCFTs in the massless limit) will have

multiple component hypersurface singularities which are tied together by the microscopic

gauge invariance. It is therefore natural to suppose that such a phenomenon will also occur

in non-lagrangian SCFTs at higher rank.
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A Root systems and their lattices

We give a brief overview of the lattices that appear as root lattices of compact Lie algebras.

Let {ei} be an orthonormal basis of R∞. Then the roots of the classical simple Lie

algebras are

AN : {±(ei − ej), 1 ≤ i, j ≤ N + 1},
BN : {±ei ± ej , 1 ≤ i < j ≤ N and ± ei, 1 ≤ i ≤ N},
CN : {±ei ± ej , 1 ≤ i < j ≤ N and ± 2ei, 1 ≤ i ≤ N}, (A.1)

DN : {±ei ± ej , 1 ≤ i < j ≤ N}.

So their root lattices are the sets of vectors v =
∑

i viei with (vi) ∈ ZN or ZN+1 such that

ΛAN : (vi) ∈ ZN+1,
∑
i

vi = 0 := HEXN lattice,

ΛBN : (vi) ∈ ZN := CUBN lattice,

ΛCN : (vi) ∈ ZN ,
∑
i

vi = 0 (mod 2) := FCCN lattice, (A.2)

ΛDN : (vi) ∈ ZN ,
∑
i

vi = 0 (mod 2) := FCCN lattice.

The names on the right stand for hexagonal, cubic, and face-centered cubic, in analogy to

their low-dimensional cases.

There are some equivalences for low N, namely: HEX1 = CUB1 = FCC1 (since all

rank-1 lattices are equivalent), CUB2 = FCC2, and HEX3 = FCC3.

Here is the argument for the CUB2 = FCC2 equivalence up to rescaling and rotation.

A basis of CUB2 is {e1, e2} which is orthonormal, while one for FCC2 is {e1+e2, e1−e2}
which are orthogonal but each has length

√
2. So they describe the same square lattice,

just rotated and rescaled relative to one another.

Similarly, HEX3 = FCC3 because a basis of FCC3 is {α1 := −e1−e2, α2 := e1−e2,

α3 := e2−e3} which satisfies αj ·αj = 2 for j = 1, 2, 3, α1 ·α2 = α2 ·α3 = −1, and α1 ·α3 = 0.

But this is exactly the Killing form16 of A3, i.e., the matrix of inner products of a basis

of simple roots of the A3 root lattice (e.g., the basis {e1−e2, e2−e3, e3−e4}). Another

(quicker) way of seeing this equivalence is to recall that A3 = SU(4) and D3 = SO(6)

describe the same Lie algebra, so share the same root system and therefore root lattice.

Another, obvious, equivalence is CUBN = (CUB1)N , where the Nth power on the

right denotes the N -fold orthogonal sum. But note that this is only an equivalence if all

the CUB1 lattices in the sum on the right have generating vectors of the same length.

16For the simply laced An, Dn, En algebras, the Killing form and the Cartan matrix coincide, though

not for the non-simply-laced cases.
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Similarly, the exceptional root lattices are easily described from the usual descriptions

of their root systems:

ΛE8 :
∑
i

vi = 0 (mod 4) and all vi even or all vi odd, (vi) ∈ Z8,

ΛE7 : the E8 lattice with the extra constraint that
∑
i

vi = 0,

ΛE6 : the E7 lattice with the extra constraint that v7 + v8 = 0, (A.3)

ΛF4 : all vi even or all vi odd, (vi) ∈ Z4,

ΛG2 : HEX2 lattice.

Finally, the metric for these lattices in a basis corresponding to the simple roots of the

corresponding Lie algebra are simply the appropriately symmetrized Cartan matrix (the

Killing form) of the Lie algebra. In particular,

HEXN lattice : g ∝


2 −1

−1
. . .

. . .
. . . 2 −1

−1 2

 ,

CUBN lattice : g ∝

1
. . .

1

 or



2 −1

−1
. . .

. . .
. . . 2 −1

−1 2 −1

−1 1


,

FCCN lattice : g ∝



2 −1

−1
. . .

. . .
. . . 2 −1

−1 2 −2

−2 4


or



2 −1

−1
. . .

. . .
. . . 2 −1 −1

−1 2 −1

−1 2

−1 2


, (A.4)

F4 lattice : g ∝


2 −1

−1 2 −2

−2 4 −2

−2 4

 ,

where the empty entries are zero.
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B Curves and 1-forms of IR free U(1) gauge theories

We outline the construction of the SW curve and 1-form for all IR free U(1) gauge theories.

In the massless limit all these theories have an In-type singularity, with a CB parameter u

of dimension [u] = 1. We will start with deriving the curve and 1-form for the maximally

deformed In singularity. This corresponds to the U(1) theory with n charge-1 hypermulti-

plets, and has a U(n) flavor symmetry. We then outline how to generalize this construction

to arbitrary sub-maximal deformations of the singularity, corresponding to U(1) gauge the-

ories with hypermultiplets of arbitrary charges.

B.1 Maximally deformed In singularity

The curve. From [46] the SW curve describing an In singularity with its general (max-

imal) complex deformation is

y2 = (x− 1)(x2 + Λ−n∆), (B.1)

with ∆ := un +
n∑
j=1

u−j+nMj ,

describing a family of Riemann surfaces X → CB varying holomorphically over the CB.

We denote the specific Riemann surface in X at the point u ∈CB as the fiber Xu. Here Λ

is the strong coupling scale of this IR free theory, the theory with gauge group U(1) and

light charged matter with flavor mass invariants Mj . Here light means light with respect to

Λ. Though the M1 mass invariant can be absorbed by a shift of u, it will prove convenient

to keep it explicit.

In general, the low energy theory on the CB of such an IR free theory only has meaning

at scales � Λ. For masses and vevs � Λ, we see that the curve has a singularity at x = 0

of Kodaira type In, while the branch point at x = 1 is far away and plays no role. So, to

isolate the IR theory for the free CFT, we should scale in to x = 0 while keeping u and the

Mj finite as Λ → ∞. Note that the discriminant of the curve is ∝ ∆Λ−3n(∆ + Λn)2 ∼ ∆

in the Λ→∞ limit: the (∆ + Λn)2 factor only vanishes when (u,Mj) ∼ Λ which is outside

the range of validity of the effective theory.

With the curve presented as in (B.1), the usual scaling arguments [47] then give the

mass scaling dimensions [x] = [y] = 0, [u] = [Λ] = 1, and [Mj ] = j. Actually, to get these

scaling dimensions we made the choice that the holomorphic 2-form on X be normalized

as Ω ∼ du ∧ dx/y. This is a choice since we have an extra parameter Λ in our curve, and

could have chosen Ω ∼ Λαdu ∧ dx/y for some α 6= 0. We chose α = 0 precisely to get

[u] = 1 which comes from the physics input that the theory in question is an IR free U(1)

gauge theory.

The massless 1-form. We now show that the SW 1-form of the massless In curve is

λ0 = u
dx

y
. (B.2)

However, because of the presence of the scale Λ, the argument is a bit subtle.
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Recall [18, 31] that the SW 1-form is a meromorphic (1, 0)-form, λ, on the fibers Xu

such that the holomorphic (2, 0)-form on the total space X is Ω = du ∧ (∂uλ − dg) where

dg is a closed (1, 0)-form on the fiber. In addition, the residues of the poles of λ on Xu are

required to depend linearly on the dimension-1 mass parameters, mi. So λ satisfies

∂uλ =
dx

y
+ dxg, (B.3)

on the fiber. By writing the 1-form as λ = ` dx, this becomes a differential equation for the

meromorphic function ` onXu. Since we are only in one variable, it can always be integrated

locally, but the answer need not be a globally defined function on Xu for a given u.

For example, directly integrating (B.3) as a function of u, ` =
∫ u

y−1du, gives the

hypergeometric function

` =
2

(2− n)

(Λ/u)(n−2)/2

√
x− 1

2F1

(
1
2 ,

1
2 −

1
n ; 3

2 −
1
n ;− x2

(u/Λ)n

)
,

which, as a function of x, has square-root branch points at x ∈ {1, ±i(u/Λ)n/2,∞}, as well

as a 2/n branch point at ∞. The square-root branch points are those needed to make `

meromorphic on Xu, but the 2/n branch point is more problematic: it indicates that ` is

not a function on Xu, but only on some n-fold cover, X̃u → Xu. The projection X̃u → Xu

pulls back the Jacobian torus of Xu to an n-fold cover. Thus the charge lattice realized in

this way will be an index-n sublattice of the one implied by a principal polarization of Xu,

meaning the theory can only realize a subset of all possible charges. There is a physical

consistency condition that (massless) charged states exist to explain all singularities in the

effective theory, so such n-isogenous solutions are typically not physical.

The fact that we cannot find an unramified SW 1-form for the In singularity just

reflects the fact that physically our theory is UV incomplete. It is just a low energy

effective theory, good for energies below Λ, so there is no need for a 1-form to exist for the

whole curve (B.1) including the structure at x = 1 (which governs the singularities on the

Coulomb branch at u,Mj ∼ Λ). By keeping the (x − 1) factor in the curve (B.1), we are

keeping too much information since the singularity should not care in the Λ → ∞ limit

about what is happening out at x ∼ 1.

So we should take the Λ → ∞ limit first in such a way as to send off to infinity all

the strong coupling poles while retaining the interesting features of the singularities at

small values of u in the CB. Geometrically, this limit is equivalent to degenerating the

torus fiber to become a twice-punctured sphere with the punctures identified. We can then

throw away the information about the identification of the punctures “at infinity” since

they encode UV physics which we are not interested in. Thus the small-u behavior of SK

deformations of an In CB geometry will effectively be described by a family of S2-fibrations

over the CB.

To start, rescale and redefine

x = Λ−n/2x̃, y = iΛ−n/2ỹ.
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By doing this, we re-express the massless version of the curve (B.1) as

ỹ2 =
(

1− Λ−n/2x̃
) (
x̃2 + un

)
,

and dropping the subleading pieces and the tildes, gives

y2 = x2 + un.

This describes a Riemann surface which is a two-sheeted cover of the x-plane branched

at two points, which is topologically a 2-sphere. The un term is extended in the general

mass-deformed case to the discriminant ∆ = ∆(u,mi) function (B.1) of the u coordinate

and of the mass deformation parameters,

y2 = x2 + ∆(u,mi). (B.4)

Next we consider the Seiberg-Witten one-form, λ, and how it gets modified in the

genus-0 limit. The one form satisfies the SK condition (B.3) for some meromorphic function

g on the fiber such that λ has poles with residues which are integer linear combinations of

the linear mass deformation parameters.

The 1-form λ0 of (B.2) satisfies (B.3) in the degeneration limit (B.4). Indeed, plugging

this ansatz into the SK condition and using the Euler homogeneity condition for y−1 gives

after some algebra

∂u

(
u
dx

y

)
=
dx

y
− dx

2y3
(n∆−mi∂mi∆) . (B.5)

But since dx(x/y) = ∆ · (dx/y3), we see that indeed (B.2) satisfies (B.3) with

g =
1

2

(
x

y

)(
n−

∑
i

∂ log ∆

∂ logmi

)
. (B.6)

Note that the fact that λ0 satisfies (B.3) does not make it the 1-form for the massive

curve: it has to be modified to have poles with residues proportional to the linear mass

parameters.

The massive 1-form. We follow [16, 17] to find the mass-deformed curve and 1-form in

3 steps:

(i) Write the invariant mass parameters Mj of dimension j in the curve (B.1) as poly-

nomials in linear masses ma such that there is an enhanced singularity whenever the

U(n) flavor symmetry is not maximally broken.

(ii) Find polynomial sections (which we label by “α”), x = xα (u,ma) and y = yα (u,ma),

of the curve (B.1).

(iii) Test that

λ = λ0 +
∑

α∈WF orbits

ρα(m)yα
x− xα

dx

y
(B.7)

satisfies (B.3).

– 61 –



J
H
E
P
0
2
(
2
0
1
9
)
0
2
6

The form of λ in (B.7) is dictated [16, 17] by its having poles with constant residues

proportional to integral linear combinations of the masses. This implies we should take the

residues, ρα(m), to be integral linear combinations of the linear mass parameters ma. These

masses break the flavor symmetry to its Cartan subalgebra, tF , times the discrete flavor

Weyl symmetry group, WF . Thus the linear masses ma can be though of as coordinates

of a point m ∈ tF , and so ρα ∈ t∗F are flavor weight vectors. Invariance under the residual

flavor Weyl group symmetry implies that the sum over α in (B.7) must be over whole WF

orbits of the weights ρα.

Step (i). Minimal flavor U(n) breaking is when all but one ma vanish. When all ma = 0,

∆ = un, so for minimal breaking, we need ∆ ∼ un−1, since there are still n − 1 more

sub-breakings to go. The only way for this to happen is that

∆ =
∏
a

(u−ma) , (B.8)

so the (−)jMj mass invarants in the curve are just the n independent symmetric poly-

nomials in the ma. More simply, U(n) flavor symmetry requires the ma to enter Weyl-

symmetrically. But the Weyl group is just the symmetric group permuting the ma, so

only (B.8) (up to shift by M1) is allowed.

Step (ii). Rewrite the curve (B.1) as

(y − x)(y + x) = ∆ :=

n∏
a=1

(u−ma), (B.9)

making it obvious that possible factorizations are

y + x = ∆α and y − x = ∆αc , (B.10)

where we have defined the order-ν polynomial in u, ∆α, and its complementary order-(n−ν)

polynomial, ∆αc , by

∆α :=
∏
a∈α

(u−ma) , and ∆αc := ∆/∆α, (B.11)

where α ⊂ {1, 2, . . . , n} has ν elements. Then a solution to the factorization equation is

xα =
1

2
(∆α −∆αc) and yα =

1

2
(∆α + ∆αc) . (B.12)

Note that we have a different set of factorization solutions for each ν ∈ {0, . . . , bn/2c}.

Step (iii). Fix a choice of ν. To write the 1-form, we need to choose the residues

mα of the poles. They should be some integer linear combination of the ma and should

treat all the a ∈ α the same (this is enforced by the sum over all α). So we must have

mα = p
∑

a∈αma + q
∑

ama, where p, q are arbitrary integers. The q-term can always
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be absorbed in a shift in u, but it will be convenient below to choose p and q to give the

symmetrical combination

mα = (n− ν)
∑
a∈α

ma − ν
∑
a 6∈α

ma. (B.13)

(This is the “traceless” combination: it vanishes if all ma are equal. It can thus be inter-

preted as a flavor SU(n) weight.)

All that remains is to check that (B.3) is satisfied. This turns out to be simple to show

using the following identity. Suppose that ∆ = P · P c is a factorization into polynomials

in u, and define ϕ := (x+ y − P )/(x− y − P ). Then direct computation shows

d lnϕ =

[
1 +

1
2(P + P c)

x− 1
2(P − P c)

]
dx

y
. (B.14)

If P = ∆α then 1
2(P − P c) = xα, and 1

2(P + P c) = yα, giving

yα
x− xα

dx

y
= d lnϕ− dx

y
. (B.15)

Comparing to (B.7) gives

λ =

(
u−

∑
α

mα

)
dx

y
+ d lnϕ = u

dx

y
+ d lnϕ, (B.16)

where the second equality follows from the identities
∑

α

∑
a∈αma =

(
n−1
ν−1

)∑
ama and∑

α

∑
a 6∈αma =

(
n−1
ν

)∑
ama, which, because of the way we chose the factors in (B.13),

imply
∑

αmα = 0. So

∂uλ = ∂u

(
u
dx

y

)
+ dx (∂u lnϕ) . (B.17)

This then implies (B.3) using the fact that ∂u lnϕ is a single-valued meromorphic function,

and that λ0 satisfies (B.3) as shown previously.

This construction has actually given us a different 1-form, λν , for each value of

1 ≤ ν ≤ n. The weights (linear combinations of the masses) entering show that λν is

associated to the ν-fold antisymmetric representation of U(n). (The symmetry under in-

terchanging ∆α ↔ ∆αc shows there is no difference between ν and n − ν, reflecting the

fact that only real representations enter into N = 2 gauge theories.) Arguments along the

lines of [19] show that all these λν ’s are equivalent as far as the low energy CB physics

is concerned.

B.2 Submaximal deformations of In singularities

The SW curves and 1-forms for the IR free U(1) gauge theories corresponding to submax-

imal deformations of an In singularity are somewhat more intricate than in the maximal

deformation case, but follow the same pattern.
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The beta-function and singularity structure on the CB of the IR free U(1) gauge

theories with different hypermultiplet charges is described in section 6.1. It is easy to write

the curves reproducing these beta-functions and singularities:

y2 = (x− 1)

x2 +
∞∏
q=1

[Λ−nq∆q]
q2

 , (B.18)

with ∆q :=

nq∏
J=1

(u−mq,J),

describes the curve of a U(1) gauge theory with nq hypermultiplets Hq,J , J = 1, . . . , nq, of

charge ±q. This theory has flavor symmetry F =
∏
q U(nq).

Just as in the maximal deformation case, the Λ → ∞ degeneration limit reduces the

curve to the form (B.4),

y2 = x2 +
∏
q

∆q2

q (B.19)

and the 1-form for the massless curve is still given by (B.2). We then construct massive

SW 1-form(s) for these curves by following the procedure of the last subsection. We have

already done step (i) in (B.18).

For step (ii), note that polynomial solutions of (B.19) are given by

y + x = ∆α and y − x = ∆αc , (B.20)

for any polynomial factorization ∆α · ∆αc =
∏
q ∆q2

q . Thus α is now labels all subsets of

the set of all (q, J) pairs each counted with multiplicity q2, and αc are the complementary

subsets. Each such factorization will be associated to a pole of the 1-form (B.7).

Finally, to construct the SW 1-form in step (iii), we need to specify the residues, ρα(m),

for each choice of pole, labelled by α. As in the maximal deformation case, the possible

inequivalent choices of ρα are limited by the sum over orbits of the flavor Weyl group.

Denote the space ' C
∑
q nq of mq,j ’s by tF (the flavor symmetry complexified Cartan

subalgebra). This can be thought of as a vector space with basis {eq,j} such that a general

point m ∈ tF is given by m =
∑

q,jmq,je
q,j . Then denote by {eq,j} a basis of the dual

space t∗F dual to the eq,j . The integral span of {eq,j} generates a lattice Λ∗ ⊂ t∗F , the flavor

weight lattice. The flavor Weyl group, WF , acts as WF '
∏
q Snq permuting the weights

for each charge q among themselves.

We specify the pole subset α by giving a set, {νq,j}, of integral multiplicities 0≤νq,j≤q2

for each (u−mq,j) factor in (B.18). We associate to this set a ν ∈ tF by

ν :=
∑
q,j

νq,je
q,j ∈ Λ, 0 ≤ νq,j ≤ q2, (B.21)

which thus specifies the pole position of the SW 1-form. So we will now name poles, α, by

elements, ν, of Λ, the co-weight lattice of F . Furthermore, to each such pole position, ν,
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we would like to assign a residue of the SW 1-form, ρ(m), where ρ ∈ Λ∗ ⊂ t∗F . Thus poles

and their residues are labeled by pairs (ρ, ν) ∈ Λ∗ × Λ.

The flavor Weyl group, WF , acts on both Λ∗ × Λ by permutations of the eq,j for each

value of q and similarly for their duals. A typical term in the 1-form is

λ ⊃ ρ(m)
dx

x− xν
yν
y
. (B.22)

Invariance of λ under the Weyl group implies we should average this term over the Weyl

group action on the pair (ρ, ν) ∈ Λ∗ × Λ. Now say ν is fixed by the subgroup Wν ⊂ WF ,

then upon averaging over WF , ρ will be replaced by ρ =
∑

w∈Wν
w · ρ which will therefore

automatically also be fixed by Wν . Thus we need only consider pairs (ρ, ν) such that the

stabilizer of ρ in WF contains that of ν: Wρ ⊃ Wν . But if Wρ is strictly greater than Wν ,

then the multiplicity of images of ν with the same residue ρ gives, once the sum over the

Weyl group action on the α in (B.7) is performed, the same 1-form as if we had chosen to

amalgamate those ν’s by choosing a factorization with Wρ = Wν . This implies that the

flavor weight ρ specifying the residue and the flavor co-weight ν specifying its associated

pole position can be taken to be integrally dual to one another: ρ = ν∗. Thus, the general

form of the SW 1-forms satisfying the ansatz (B.7) are

λν = λ0 +
∑
WF (ν)

ν∗(m)
yν

x− xν
dx

y
, (B.23)

where ν is any non-zero flavor co-weight satisfying (B.21).

C Curves and 1-forms of IR free SU(2) gauge theories

We briefly outline the construction of the SW curves and 1-forms for IR free SU(2) gauge

theories. The steps parallel those described in appendix B for the IR free U(1) gauge

theories, though both the physical interpretation and the required algebraic manipulations

are more intricate.

The curve. From [46] the curve for the I∗n singularity with its general complex deforma-

tion can be presented as

y2 = x3 + ux2 + 2B xΛ−n − C Λ−2n, (C.1)

with B := M̃n+4, C := un+3 +

n+3∑
j=1

un+3−jM2j .

Here we have used the freedom to rescale and shift x, y, and u to fix the form of the terms

that survive when M2k = M̃n+4 = 0. The complex deformation parameterized by the M2k

and M̃n+4 is then the most general one possible that does not change the asymptotics of

the I∗n singularity.

This curve describes the CB geometry of an SU(2) gauge theory with beta function

∝ n and strong coupling mass scale Λ. It thus describes an IR free SU(2) gauge theory for
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n > 0. With the curve presented as in (C.1) and with the choice of holomorphic 2-form

Ω ∼ du ∧ dx/y, the usual scaling arguments [47] then give the mass scaling dimensions

[y] = 3, [u] = [x] = 2, [Λ] = 1, and [Mj ] = j. Such a low energy theory only has meaning

for masses and vevs � Λ.

For u = Mi = 0 the curve has an I∗n singularity at x = 0 where 3 branch points

collide. So the I∗n singularity describes a torus fiber degeneration where both cycles pinch,

unlike the In case where only a single fiber pinched. This reflects the fact that an IR free

SU(2) theory with UV strong coupling scale Λ generically deformed by mass terms which

give masses ∼ m to all the hypermultiplets, has an effective asymptotically free SU(2)

pure superYang-Mills theory at scales below m. This sYM theory then runs to strong

coupling at ΛIR ∼ m(m/Λ)α for some positive α (determined, e.g., by matching the 1-loop

RG running), where dyonically charged states become light at a pair of singularities in

the u plane separated by |u| ∼ ΛIR [43]. In the cases where there are an odd number of

half-hypermultiplets in symplectic representations of SU(2), then — as discussed in detail

in section 6.2 — there is an I∗n′ singularity at u = 0 for some n′ < n for generic masses,

describing a “frozen” IR free SU(2) gauge theory.

To isolate the curve for the IR free theory we keep u and the Mj finite as Λ→∞. But

this limit has the effect of sending ΛIR → 0 as well. So, even for generic masses, the pair of

dyonic singularities from the effective sYM theory will effectively coalesce to form a single

new singularity. We can see this explicitly from the curve by noting that the discriminant

of the right side of the curve with respect to x is proportional to u2(uC +B2)−B(9uC +

8B2)Λ−n− 27
4 C

2Λ−2n, which has n+6 roots at |u| � Λ2. In the Λ→∞ limit the first term

dominates, and splits n+4 of the roots generically, but fails to split two roots at u = 0.

As we showed in section 6.2, the new singularity at u = 0 can be thought of as an I∗−4

singularity.

So, the leading form of the curve in the Λ → ∞ limit, whatever the hypermultiplet

representation content, for generic masses will describe an I∗n′-type singularity at u = 0.

As we saw in the IR free U(1) case in appendix B, taking the Λ → ∞ limit in the SW

curve collides two of the x-plane branch points at infinity, describing a degeneration of the

torus fiber to a 2-sphere with two marked (and identified) points. The same happens in

this case. Explicitly, rescale x→ Λ−nx and y → Λ−ny so as to preserve the 2-form, giving

in the Λ→∞ limit

y2 = ux2 + 2Bx− C. (C.2)

Here [y] = n− 1, [x] = n− 2, [∆] = 2n− 2, [u] = 2, and Ω ∼ du ∧ dx/y. This describes a

2-sphere as a double cover of the x plane branched at two points. The identification of the

two points at x =∞ is lost in this description (just as it was in the U(1) case), but should

be retained as additional information about the curve. In particular, the I∗n′ singularity at

u = 0 is encoded now in the fact that one branch point of (C.2) goes to x =∞ as u→ 0.

Linear mass dependence of the curve. The discriminant (divided by 4) of the right

side of (C.2) is

∆ := uC +B2. (C.3)
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Recall from (C.1) that C = un+3 + · · · is a polynomial in u and the masses, while B only

depends on the masses, so ∆ is an order-(n+4) polynomial in u, and can be written as

∆ =

n+4∏
a=1

(u+m2
a) (C.4)

for some mj with dimensions of mass, and implies

B =

n+4∏
a=1

ma. (C.5)

The maximal mass deformation is when all the ma are independent, and corresponds

to the SU(2) theory with n + 4 hypermultiplets in the isospin j = 1
2 irrep of SU(2). This

is easily seen to match the CB topology dervied in section 6.2: the roots of ∆ = 0 give the

expected n + 4 mutually-local I1-type singularities on the CB at u = −m2
a. Furthermore,

the coefficients of u in B and C are a basis of invariant polynomials in the ma under the

action of the Weyl group of the F = SO(2n+ 8) symmetry.

Sub-maximal mass deformations, occuring when (half-)hypermultplets are put in dif-

ferent SU(2) irreps, correspond to specializations where the n + 4 ma parameters are not

all independent. The specific dependences between them for a given choice of SU(2) hyper-

multiplet representation content can be easily read off in any particular case from the CB

topology described in detail in section 6.2.1. For instance, a hypermultiplet in the isospin-j

irrep with mass M will contribute a factor of

isospin-j hyper→
∏
m

(
u+

M2

m2

)4m2

, where m =

{
1
2 ,

3
2 , . . . , j if j ∈ N + 1

2 ,

1, 2, . . . , j if j ∈ N
(C.6)

in ∆; compare to (6.35).

The 1-form. Just as in the U(1) case, λ0 = 2udx/y solves the 1-form differential equa-

tion (B.3). Indeed, straight forward manipulations show that

∂uλ0 =
dx

y
− (n+2)

dx

y3
(Bx− C) +

dx

2y3
ma∂ma(2Bx− C) =

dx

y
+ dx

(
Fx+G

y

)
, (C.7)

for

F = ∆−1
(
uC − u2∂uC − 2B2

)
, G = ∆−1B (3C − u∂uC) . (C.8)

But λ0 is not the SW 1-form, λ, in the massive case since it does not have poles with

residues linear in the ma mass parameters.

Suitable SW 1-forms can be found, again as in the U(1) case, using the Minahan-

Nemeschansky ansatz (B.7), but with one modification: instead of (xα, yα) being a section

of the curve over the u-plane, it is allowed to be a 2-section. In particular, we take xα to

be rational in u and the ma, and yα to be u−1/2 times a rational function of u and the

ma. This order-2 ramification at u = 0 reflects the fact that we have “hidden” an I∗n′-type
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singularity there by taking the Λ → ∞ degeneration limit. Indeed, one can check that

the SW 1-forms for the asymptotically free or scale-invariant SU(2) gauge theories found

in [18] have this form in the degeneration limit.

Such 2-sections are easy to find because the curve (C.2) can be written as

(ux+B −
√
uy)(ux+B +

√
uy) = ∆. (C.9)

Then picking a factorization

∆ = ∆α ·∆αc (C.10)

of the discriminant polynomial (C.4), 2-sections are given by

xα =
1

2u
(∆α + ∆αc − 2B), yα =

1

2
√
u

(∆α −∆αc). (C.11)

Then, much as in the U(1) case described in appendix B, the different choices of factor-

ization can be associated to weight vectors of flavor symmetry representations, and the

sum over the flavor Weyl orbits of these weights enforce that the residues, ρα(m), are

corresponding co-weights.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
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