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1 Introduction

Conformal manifolds are the manifolds parametrized by the exactly marginal coupling con-
stants of a given conformal field theory (CFT). Of course, not every CFT can have exactly
marginal couplings, and in fact their existence imposes non-trivial constraints on the CFT
data (for recent discussions, see [1-4] and references therein). In two dimensions, exactly
marginal couplings occur in many CFTs, including all string compactifications with moduli
(see for example [5, 6]), of which there are many examples. In d > 2 spacetime dimen-
sions, conformal manifolds are less common, and all known examples are in superconformal
field theories (SCFTs). As shown in [7] using an abstract approach, the superconformal
algebra allows for the existence of marginal couplings only in SCFTs with N' =1 or 2
supersymmetry in 3d and N = 1, 2, or 4 supersymmetry in 4d. There are no 5d or 6d
SCFTs with exactly marginal couplings, and there are no interacting SCFTs in more than
six dimensions [8].

In 4d, one way to construct SCFTs with exactly marginal deformations is to use the fact
that, classically, the gauge coupling constant is marginal. Choosing the charged matter con-
tent appropriately and relying on supersymmetry, one can then ensure that this coupling is
exactly marginal, thus parameterizing a conformal manifold. A lot has been learned about
conformal manifolds of four-dimensional gauge theories employing important insights from
S-duality, D- and M5-brane realizations as well as some exact non-perturbative calculations
— see for instance [9-11] and references thereof for a sample of illustrative examples.

Conformal manifolds of 3d SCFTs have been somewhat less studied, in part because
the small amount of supersymmetry (N < 2) required for their existence does not lead
to the powerful constraints present in 4d AV = 2 and N/ = 4 CFTs. On the flip side,
unlike in 4d, in 3d it is possible to construct interacting (S)CFTs with UV Lagrangian
descriptions that use only scalars and fermions, without any need for gauge interactions.
Our goal in this work is to study one of the simplest examples of an SCFT in more than
two dimensions with an exactly marginal coupling: a Wess-Zumino model with a cubic
superpotential [12] that we will describe shortly. We will calculate various quantities along
the conformal manifold, both perturbatively in the 4 — ¢ expansion and exactly using the
conformal bootstrap technique directly in 3d.

Our interest in 3d conformal manifolds comes partly from the conformal bootstrap,
which is a technique that can be used primarily to put bounds on various quantities in CF'T
(see [13, 14] for a review and further references). In special cases, such as the 3d Ising model
or critical O(N) vector models, these bounds take the form of islands in theory space, and
consequently this technique can be turned into a precision study of these CFTs [15-19].
Other 3d examples in which one can perform precision studies are Gross-Neveu-Yukawa
theories [20, 21], the ' = 2 super-Ising model [22, 23], and ' = 8 SCFTs with holographic
duals [24-26]. It would be very nice to expand the set of theories that can be solved exactly
using the conformal bootstrap technique, and, as we will see, the current work provides
another example. Apart from the pure theoretical interest in 3d SCFTs with exactly
marginal operators, it has been pointed out recently that similar A" = 2 conformal models
may find phenomenological applications in condensed matter physics [27-32].



Before we focus on our particular model, let us summarize some general results on 3d
N = 2 conformal manifolds. It can be shown along the lines of [33] (see also [34, 35]) that
3d N = 2 conformal manifolds admit a K&ahler metric. The dimension of the conformal
manifold can be determined either by the well-known Leigh-Strassler method [9] or using
the results in [36-38]. The Leigh-Strassler approach is more explicit but is suitable only for
theories with an explicit Lagrangian description since it relies on knowing the S-functions of
the coupling constants in the theory. On the other hand one can generally show that locally
the conformal manifold M¢ equals the space of complex marginal couplings, {\,}, modded
out by the complexification of the group, G, of continuous flavor symmetries [36-38]

Me = D} /GE. (1.1)

We emphasize that this result is local and fails to capture the global properties of the
conformal manifold. We will see an explicit example in the particular model of interest in
this work.

The theory we study in detail here is that of three chiral multiplets X;, i = 1,2, 3, with
canonical Kahler potential and cubic superpotential interaction

h
W = hy X1 X2X3 + gQ (X3 + X3+ X3), (1.2)

where h; and hg are complex coupling constants. The model in (1.2) has two special limits
that have been well-studied (see for instance [39]): when hy = 0 one finds the superpotential
of the well-known XYZ model; while for h; = 0 we have three decoupled copies of the Wess-
Zumino model describing the A/ = 2 super-Ising model. In 3d the two complex couplings
hi2 in (1.2) are relevant and one can argue for the existence of a manifold of IR fixed
points parametrized by the complex coupling 7 = hy/h; taking values in CP?! [12].!

The conformal manifold parameterized by 7 does not admit a weakly coupled region
and thus is hard to access quantitatively. To understand it, we will employ various com-
plementary strategies. First, a careful study of the superpotential interaction (1.2) reveals
that this theory enjoys an order 54 discrete flavor symmetry group. In addition, there exist
field redefinitions that can be absorbed into a redefinition of the couplings hi 2 (acting on
7 as certain fractional linear transformations). This action manifests itself as a duality of
the TR conformal manifold. As we will explain, the duality symmetry group is isomorphic
to the symmetric group Sy. It is akin to S-duality in four-dimensional gauge theories, but
with the notable difference that here, it acts linearly on the local operators of the SCFT.
We use the duality transformations in order to first understand, qualitatively, a general
picture of how the CFT data must change as a function of 7. The duality group also serves
as a stringent check on our more quantitative analyses.

To study the conformal manifold more quantitatively, we use two strategies. The first
approach is to continue this theory away from 3d. In 2d, this theory is equivalent to a
Zs orbifold of an N' = (2,2) chiral multiplet and was studied in [43, 44] using the power

'The model (1.2) is related by 3d mirror symmetry [39-41] to ' = 2 supersymmetric QED with 1 flavor
(SQED1). This SQED; theory should also exhibit a conformal manifold, with the marginal direction being
a superpotential deformation by a chiral monopole operator (see section 4.1 of [42] for a recent discussion).



of the Virasoro symmetry that is not available in d > 2.2 In d = 4 — ¢ dimensions, the
RG flow triggered by the interaction (1.2) becomes “short,” so the conformal manifold is
accessible in perturbation theory [46, 47]. The four-loop S-function for the couplings hq 2
can be extracted from results available in the literature, which then allow us to determine
the scaling dimensions of all unprotected quadratic operators in X; to order e*. These
perturbative results can be used to estimate the scaling dimensions of these operators in
3d. In addition to scaling dimensions, we also compute some OPE coefficients as well as
the Zamolodchikov metric in the 4 — £ expansion up to two-loops.

As already mentioned, the second approach we employ is the numerical conformal
bootstrap [13, 14]. This strategy has been applied successfully to extract constraints on the
spectrum of conformal dimensions and OPE coefficients in both the critical WZ model [22,
23] and the XYZ model [48]. Here we refine and generalize this analysis along the whole
conformal manifold parametrized by 7. The chiral ring relations that follow from (1.2)
and the structure of the crossing equations in our model imposed by supersymmetry and
the flavor symmetry allow us to extract numerical constraints on the spectrum and OPE
coeflicients as a function of 7. To the best of our knowledge this is the first time the
numerical conformal bootstrap program has been applied successfully as a function of a
marginal coupling in d > 2.3 The results from the conformal bootstrap are non-perturbative
in nature and are applicable directly to the strongly coupled theory in three dimensions.
They confirm the general qualitative analysis based on symmetries and dualities and match
the perturbative 4 — € expansion to remarkable precision.

The rest of this paper is organized as follows. In section 2, we set the stage by presenting
the properties of the model (1.2), including the existence of a conformal manifold, global
symmetry, and duality group. We continue in section 3 with a detailed study of the model
of interest using the perturbative 4 — ¢ expansion. In section 4 we describe the constraints
imposed by unitarity and crossing symmetry and apply the numerical conformal bootstrap
technology to extract bounds on conformal dimensions and OPE coefficients. We conclude
in section 5 with a discussion and a summary of some interesting open questions. Many
technical details on the perturbative analysis, four-point function crossing equations, as
well as the global symmetries of our model are delegated to the appendices. We also
summarize some results about the 2d analogue of the model (1.2) in appendix D.

2 The cubic model

In this section we introduce the model (1.2) in more detail and study abstractly some of
its properties. In particular, we first identify the flavor symmetry group, which for generic
values of the couplings turns out to be a discrete group of order 54. We use it to argue
that the model flows in the IR to a family of CFTs parametrized by the ratio of the two
coupling constants 7 = ha/hi. We then show that field redefinitions imply that theories at

2See [45] for a curious appearance of this model in the context of the numerical bootstrap for two-
dimensional N' = (2,2) CFTs.

3See [49, 50] for conformal bootstrap studies of 4d A/ = 4 SYM which also has a one-dimensional complex
conformal manifold.



different points in the conformal manifold are dual to each other. This allows us to identify
the conformal manifold with a 2-dimensional orbifold with three special points. Finally, we
derive some non-perturbative consequences of the duality on the operator spectrum. We
emphasize from the outset that our main interest is in studying this cubic model in 3d,
however many of the results we find below are applicable for any (even non-integer) value
of the dimension 2 < d < 4. Thus whenever possible we keep the dimension d general.

2.1 Global symmetries

In 3d, our model is an N' = 2 theory that consists of three chiral superfields X7, Xo, X3,
with the following K&ahler potential K and superpotential W:

3 .
K=Y XX, (2.1)
=1
h
W = hi X1 X2 X3 + g (X3 + X3+ X3) . (2.2)

In the absence of the superpotential interaction, the theory of the free massless chiral
superfields X; and canonical Kéhler potential has a U(3) flavor symmetry. We use lower
and upper indices for the 3 and 3 representations of U(3), respectively. In the presence of
the superpotential interaction, the complex couplings h; and hg are relevant and the model
becomes strongly coupled in the infrared.*

The model at hand enjoys a U(1l)g R-symmetry that acts with charge 2/3 on the
complex scalar fields X; in the three chiral superfields (we use X; to denote both the
chiral superfields as well as their scalar components), ensuring that the superpotential
in (2.2) has R-charge 2. Generically, the model (2.2) does not have any other Abelian
symmetries, so if it flows to a superconformal fixed point in the IR, it must be that the U(1) g
symmetry mentioned above is the one appearing in the N' = 2 superconformal algebra.’
At a superconformal fixed point, the scaling dimension of a chiral primary operator, Ap,
is fixed in terms of its superconformal R-charge, ¢, through the relation

Ap = %QO : (2.3)
Therefore we conclude that Ax, = (d — 1)/3 at a superconformal fixed point.

At generic values of the coupling constants h;, the superpotential (2.2) is also invariant
under an order 54 discrete flavor symmetry group G = (Zs X Zs) x Ss, generated by the
three U(3) matrices

010 001 100
g=1100]1, g=11001, g3=10w 0 |, (2.4)
001 010 00 w?

“When one expands the superfields X; in components the resulting Lagrangian has quartic bosonic
interactions and the usual Yukawa couplings between the scalars and fermions, see equation (B.1).
SWe assume that there are no accidental continuous symmetries emerging in the IR.



2mi/3 ig a cubic root of unity. The matrices ¢; and go generate an S3 subgroup

where w =€
of G that simply permutes the three chiral superfields. More details on this discrete group,
including the classification of irreducible representations and the character table, can be
found in appendix A. It is important to notice that there are special values of h; and
ho at which the symmetry group is enhanced. For example, it is well-known that the
he = 0 theory (also known as the XYZ model) enjoys a continuous flavor symmetry U(1) x
U(1) (see for example [39]). We postpone the classification of these special points to
the next subsection, where we see that they correspond to orbifold singularities on the

conformal manifold.

2.1.1 Conformal manifold

We now argue that for generic h;, the theory flows to a family of strongly interacting CFT's
with A = 2 superconformal symmetry, parametrized by the ratio of the coupling constants®

_ 2
-2

T (2.5)
Since the theory is supersymmetric, we can choose a scheme where only the Kéhler potential
is renormalized
K=Y 7Zx;X. (2.6)
1,J

Invariance under G implies that the matrix Z° j is proportional to the identity matrix
7'y =276 . (2.7)

As a consequence, the three fields X; receive the same wave-function renormalization, and in
turn the “physical” coupling constants h; = Z~3/2h; are renormalized in the same way. This
immediately implies that the ratio in equation (2.5) is not renormalized and parametrizes
a marginal direction. Indeed, 7 can be viewed as a coordinate on the conformal manifold,
taking values in CP'.

An alternative way to argue in favor of the existence of a one-dimensional conformal
manifold is offered by the method presented in [36] (see also [37, 38]). At the XYZ point we
have three complex cubic operators, Xf’. These operators are chiral with R-charge ¢ = 2
and thus according to (2.3) have dimension A = 2. In the same superconformal multiplet
there is a scalar descendant operator which is obtained by acting with two supercharges
on the superconformal primary and thus has dimension A = 3. Therefore we conclude
that we have three complex marginal couplings. However we also have a U(1) x U(1)
global flavor symmetry at the XYZ point (see (2.20) below). As argued in [36] the space
of exactly marginal couplings is locally the quotient of the space of marginal couplings by
the complexified global continuous symmetry group. Applying this to our setup with three
marginal operators and a two-dimensional global symmetry group we conclude that there
is one exactly marginal complex operator at the XYZ point.

To the best of our knowledge this was first pointed out in [12].



2.1.2 Spectrum of operators

The spectrum of operators of the theory can be described in terms of irreducible represen-
tations of G. Since G is a discrete group, there are only a finite number of irreps:

-/

1, 1, 2, 2, 2", 2" 3, 3, 3 3. (2.8)

The scalar operators X; sit in the 3. It is straightforward to decompose generic operators
built out of the X;’s (and their complex conjugates) into irreducible representations using
the character table in appendix A.

~ For instance, let us describe the scalar operators that are quadratic in the X; and/or
X”. The nine operators X; X’ can be organized according to the decomposition

33=19202¢2"¢2", (2.9)
as
1
O10 = —BXZ»X ;
1 _ . _ .
Or0= = (X1X1 _ XX XX - XQXQ) ,
1 —1 -2 3 -1 2 =3
Ozo=— (X + %X+ 0T, X+ XX+ 56X (2.10)
1 _ _ _ . _ _
O = <w2X2X1 XXX X, wXi X Xe X w2X3X1> :
1 . _ _ _ . .
02///,0 = % (wQXlXQ + X2X3 —|— WX3X1, wXQXl —|— X3X2 —|— wQXng) .

Each of these operators is the bottom component of a long superconformal multiplet. We
see that all of the four inequivalent two-dimensional irreps of G appear, and so there should
be five distinct eigenvalues for the conformal dimensions in this sector. In section 3 we
explicitly compute the conformal dimensions of these operators using the 4 — ¢ expansion
to order £* and verify the predicted degeneracy of the spectrum.
To examine the operators X;X; (or their complex conjugates), consider the
decomposition
33=3,93,93,, (2.11)

where s/a denotes the symmetric/antisymmetric product. Since the X; are bosonic fields
and commute with each other, the scalar operators quadratic in X; appear in the symmetric
product of 3 ® 3, namely in the 3 irrep, which appears twice. The linearly independent
operators can be written as

O3,0= (X1 X1, XoXo, X3X3),

(2.12)
O3,0= (X2X3, X1X3, X1X5).

Due to the chiral ring relations, discussed in section 3.4 below, only half of these oper-
ators flow to chiral primaries of A = 2%. The others, namely, Os, o + 503, o flow to
superconformal descendants of anti-chiral primaries and have dimension A = d — 2% .



2.2 The duality group

Since the Ké&hler potential is invariant under U(3), we can use elements of this group to
perform field redefinitions. A generic U(3) element will transform the superpotential (2.2)
into a generic cubic superpotential of the form W ~ hiijinXk. As we now explain,
there is a discrete subgroup of U(3) that leaves the form of the superpotential invariant
and only changes the coupling constants h; and hs. Theories whose coupling constants are
related in such a way are then equivalent, and define the same CF'T in the infrared.

This “duality subgroup” of U(3) is generated by the following elements

w?00 e w?
upy=1010], u2:\ﬁ lww |, (2.13)
001 wl w
where as before w = €2™/3 is a cubic root of unity. These field redefinitions lead to the

following duality transformation on the coupling constants:

T + 2w?
dy (1) = wr, do(7) = P (2.14)
meaning that two CFTs characterized by distinct values of the marginal coupling 7 and 7/ =
d;(7) are equivalent. It is easy to check that the group generated by the transformations
in (2.13) and their compositions is the alternating group Ay, that is the group of even
permutations on four objects. This result was derived for the same superpotential in two
dimensions in [43].
Theories related by h] = h} are also equivalent under complex conjugation X; — Yi,
so we can enlarge the group of dualities by including

ds(t) =7 . (2.15)

The duality group generated by (2.13) and (2.15) is then the symmetric group Sy = A4 xZa,
where Zo is complex conjugation. This Sy is precisely the outer automorphism group of the
discrete symmetry group G, and it acts by permuting the four inequivalent two-dimensional
irreps of the group. This property will be very important when we discuss the action of
the duality group on the spectrum of operators.

2.2.1 The global structure of the conformal manifold

According to the preceding discussion, the conformal manifold M for our model is given
by the quotient

M = (3P1/S4 . (2.16)

It turns out that the action of Sy is not free since there are fixed points under some elements
of Sy, so the conformal manifold has the structure of a 2-orbifold.
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Figure 1. The black lines denote the images of the real line Im 7 = 0 under the various dualities,
and therefore each of them is invariant under an appropriate Zy reflection subgroup of the duality
group. Each cell defines a fundamental domain, and the orange shading is the domain we chose
in (2.17). The triangles, circles, and crosses are dual to the XYZ, c¢WZ3, and Zy x Z, theories
with 7 = 0,1 and (1 — \/g)w2, which are self-dual under the Ss, S3, and Zs X Zy subgroups of
S, defined in (2.18). There is an extra circle at 7 = co. The plot on the right is focused on a
particular fundamental domain and shows additional degeneracies in the spectrum of quadratic
operators (2.10) along the boundaries of the fundamental domain.

We can choose the fundamental domain F in the complex 7 plane to be bounded by
the curves
Lo: Im7=0 for 0<Rer <1,

-1 3
Li: Im7=+3Rer for OgReTg—;_\[,

9 2
Lo : <Re7‘+1> +<Im7+\g§> =3 for MgRergl,

(2.17)

2 2

as shown in figure 1. The three boundary curves Ly, L1, and Lo are self-dual under the Zo
reflections ds, dids and dadids respectively.
The three vertices of the boundary are also fixed points under the action of the following
subgroups of Sy:
7=1 fixed by S3 generated by {ds,dsd;},
7=0 fixed by S3 generated by {ds,di}, (2.18)
7= (1-V3)w? fixed by ZyxZy generated by {dids,ds}.

Two-dimensional orbifolds have been classified in [51] (see Chapter 13.3).” Our confor-
mal manifold M is topologically a two-dimensional disk with three corner reflectors of

"Reference [51] is available online at http://library.msri.org/books/gt3m/.
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order (2,3,3).% As shown in [51] its orbifold Euler characteristic is y(M) = 1/12 and
its orbifold fundamental group is 71 (M) = Sy, i.e. it coincides with the duality symme-

try group.
We now describe the enhanced flavor symmetries at each of the special points.

e 7 = (: the superpotential is
WT:() X X1X2X3 y (219)

which describes the so called XYZ model. This theory has an enhanced U(1) x U(1) x
Sz flavor symmetry, where S3 permutes X; and U(1) x U(1) is generated by

el 0 0
U(1) x U(1) : 0 el(=0i+02) g s.t. 01,09 €]0,27). (2.20)
0 0 el

The Ss in (2.18) is a subgroup of U(1) x U(1) x S3. The quadratic operator Oz g
in (2.10) forms the lowest component of the current supermultiplets for each U(1),
and so has dimension

T=0: Agg=d—2. (2.21)

e 7 = 1: to describe this point, it is more convenient to use the duality transformation

T+2

T — ,
T—1

(2.22)

which identifies this theory with the Wess-Zumino model at 7 = oo, with superpo-
tential

Wr—oo X X5 4+ X3+ X35 (2.23)

This superpotential describes three decoupled critical Wess-Zumino models (cWZ?).
From (2.10), we see that the quadratic operators Og o, Og2r g, and Ogw g in this
model are composites of a chiral field from two different cWZ’s, and so their scaling
dimensions are simply the sum of the two component chiral fields, i.e. Qd?);l. As we
will see shortly, this implies that the operators in the dual 7 = 1 theory then have
scaling dimensions

d—1

T=1: A270 = A2//’0 = A2’”,0 = QT . (224)

e 7= (1 —+/3)w?: the superpotential has no special form and does not correspond to
any well studied theory. We will refer to this theory by its extra Zs X Zo symmetry.

8If one does not include complex conjugation in the duality group, the resulting orbifold CP'/A, is
topologically a sphere S with three elliptic points of order (2,3, 3). This space is a double cover of CP' /S,
via the identification Sy = A4 X Zo.

~10 -



2.2.2 Duality action on the operator spectrum

Since the duality action is given by field redefinitions, we can determine explicitly how
operators transform under duality. In this section we focus on the quadratic operators
defined in (2.10) and derive some interesting consequences on physical observables. Since
010 is invariant under complex conjugation and generic U(3) transformations, it transforms
into itself under all duality transformations, i.e. it is a self-dual operator. On the other
hand, the four operators Oz, Oy o, O/ g and Oam o are permuted in the obvious way by
Sy. This can be understood from the fact that Sy, seen as the group of outer automorphisms
of G, acts by permuting the four two-dimensional representations. We also notice that along
the boundary of the fundamental domain, the Zy reflections that leave the three segments
invariant relate operators in different pairs of doublet irreps, as indicated in figure 1.

The first consequence of this is the presence of monodromies as the coupling constant
is adiabatically varied along non-trivial loops in the conformal manifold. Such loops are
classified by 71 (M) = Ss and the operators that mix under such motion are precisely those
in the four two-dimensional representations. This is a global version of the Berry phase,
which has recently been studied for infinitesimal loops in the conformal manifold in [52].

The other consequence is that the fixed points are critical points for the conformal
dimensions of operators in the theory. We illustrate this phenomenon explicitly for the
conformal dimension Ay of the singlet operator 0. This operator is self-dual, so at a
fixed point 7% = d(7*), where d is a holomorphic duality transformation (that is, belonging
to Ay C S4), we have

od, ., R .

E(T VO A1(T%) = 0:A1(T7) . (2.25)
It is easy to check that for all the three inequivalent fixed points, there is a duality trans-
formation such that %(T*) # 1, which implies 9;A1(7*) = 0. We conclude that the fixed
points are critical points for Aq(7). The singlet conformal dimension is then a function
on CP! with 14 = 4 + 6 + 4 critical points, corresponding to the four XYZ points, the
six Zo X Zs points and the four cWZ3 points.” Using Morse inequalities, we conclude
that four of these points are minima, four are maxima and six are saddles.' Therefore
the Zo X Zg self-dual points are saddles for the singlet conformal dimension, while the
XYZ/cWZ3 points are either minima/maxima or maxima/minima.!! From the bootstrap
results of [23, 48], we conclude that the XYZ points are minima and the cWZ?3 points are
maxima for Aj (7). Thus we have arrived at a qualitative picture of the behavior of the
function Aq(7) entirely based on non-perturbative arguments. This qualitative analysis is

9We assume that the only critical points are those predicted by the dualities and that they are non-
degenerate.

0N\ ore precisely, both minima and maxima must be present because the Oth and 2nd Betti numbers
of the 2-sphere are non-vanishing (bp = b2 = 1). Then the only way to correctly reproduce the Euler
characteristic of the 2-sphere with these critical points is x(CP') = 4(—1)° +6(—1)' +4(—1)? = 2, showing
that the six Zs X Zs points must be saddles.

1 This analysis applies to all self-dual quantities in the CFT, including the appropriately contracted
OPE coefficient that we compute and compare in the 4 — e-expansion and in the numerical bootstrap, see
equation (3.38) and figure 6.
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indeed confirmed by a fourth order 4 — e-expansion computation shown in figure 2 as well
as a numerical conformal bootstrap analysis.

The discussion above can be repeated almost verbatim for the doublet operators. To
illustrate this it is sufficient to study the operator Os( defined in (2.10). The results
then extend directly to the other three doublet operators in (2.10) by applying duality
transformations. Focusing on the A4 part of the duality group, it is possible to show that
the operator Qg is left invariant only by the transformation w; defined in (2.13). This
duality transformation acts on the coupling 7 as dy (7) = w, see (2.14). As a consequence,
Aq obeys the equation (analogous to (2.25) above)

O (7)0 8a(r") = 0, Do) (226)
Here 7* are the points on the complex 7 plane left invariant by the action of dy, namely
7 =0 and 7 = oo, which are XYZ and ¢WZ3 points respectively. Since %(7‘*) # 1 at
these two fixed points, we find that the function Ag(7) exhibits critical points at 7 = 0
and 7 = co. Assuming that there are no other critical points on CP!, Morse inequalities
imply that one of them is a minimum and the other is a maximum. Since we know that
at 7 = 0 the operator Oz is the lowest component of the U(1) x U(1) current multiplet,
its conformal dimension Ag(0) = 1 saturates the BPS bound, so this critical point is
a minimum. It then immediately follows that 7 = oo is a maximum. This qualitative
behavior of the conformal dimensions of the quadratic operators in the two-dimensional
representations is indeed realized as we show explicitly using the 4 — e-expansion and the
numerical bootstrap, see figure 3.

2.3 Supersymmetric localization results

It is possible to calculate certain quantities at the IR fixed point of the model (2.2) us-
ing the technique of supersymmetric localization (see [53] for a recent review and a list
of references). For this model, in d > 2, we are aware of two quantities that can be
computed exactly.?

The first quantity is the coefficient Cp that appears in the two point function of the
canonically normalized stress-energy tensor which in Euclidean R? is given by:

(T E)To(0)) = i (PupPoo + PupPrc — FuvFra) 15575

=96 P, = 5/“/62 — 0,0, .

(2.27)

It was shown in [58, 59] that Cp can be determined by differentiating the supersymmetric
partition function of the three-dimensional A" = 2 SCFT on a squashed S, which in turn

12In d = 2 it is possible to also calculate the Zamolodchikov metric on the conformal manifold (see for
example section 4.2 in [54]) as well as correlation functions of other chiral and anti-chiral operators following
the 4d approach of [55]. However, these quantities can also be computed exactly using the description of
the IR SCFT as a Zs orbifold theory [43-45, 56, 57].
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was computed by localization in [60, 61]. The result is given by the concise formula!?

48 0PF(D)
w2 9b?

Cr (2.28)

b=1
Here F(b) = —log Z(b) is the squashed sphere supersymmetric free energy. The quantity
b is the squashing parameter controlling the deviation of the S metric from the Einstein
one. The round sphere is obtained for b = 1. For a theory of a single chiral multiplet of
R-charge A, one finds the following compact integral expression [59]
*©dx (sinh(2(1 — A)wz) 2w(1 - A)
Fchiral(b) - - 27 N N - ,
o 2z \sinh(bx)sinh(z/b) x

where @ = %. In the case of interest to us, F(b) = 3Fchiral(b), where Fipiai(b) is
evaluated with A = 2/3. This gives [62]

32 (16_9J§

(2.29)

C(T:277

™

) ~ 13.0821 . (2.30)

Note that the value of C does not depend on the value of the marginal coupling 7 param-
eterizing the conformal manifold.

The second quantity that can be computed exactly using supersymmetric localization
is the coefficient C'y that appears in the two-point function of canonically normalized con-
served currents at the XYZ point. The XYZ theory has two U(1) flavor symmetries that
act on the X; with charges (1,—1,0) and (0,1, —1) (see (2.20)). The two-point function of

each of the two U(1) canonically-normalized conserved currents takes the form'*
S Cy 1
(Ju(@)Jo(0)) = 55 5w = - (2.31)

The coefficient C'y can be computed from the second derivative of the free energy on a
round S? in the presence of a real mass parameter m:

2 d®F
Cj=—-—

=57 (2.32)

m=0
For a chiral multiplet of R-charge A and charge ¢ under the U(1) symmetry associated
with the real mass m, we have

Fchiral(m) = _E(l — A+ iqm) y (233)

where .

im
TR
For any of the two U(1) currents mentioned above, we have F' = —¢(1/3 +im) — ¢(1/3 —
im) — ¢(1/3), which gives [48, 63]

16 4
Cj=———~1.043. 2.35
9 \/§7r ( )
13We use the same normalization as in [22]. For a free chiral multiplet one has Cr = 6, thus Cr = 18 for

three free chiral multiplets.
1With this definition, a free massless chiral multiplet has Cy = 1 for the U(1) flavor symmetry under

((z) = —zlog(1 — *™2) + % <7rz2 + Lig(e%‘z)> - (2.34)
T

which it has charge 1.
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3 Resultsind=4—c¢

The 4—¢ expansion [46] has been extremely successful in computing observables of strongly
coupled theories in three dimensions. The idea is to compute the physical quantities of
interest in dimension d = 4 — ¢, express them as power series in €, and then use an
extrapolation method in order to evaluate them at ¢ = 1, which corresponds to the 3d
theory. In this section we use the 4 — ¢ expansion to compute the scaling dimensions of
the non-protected quadratic operators to order % and the structure constants of the chiral
ring at order €2. We also provide the Zamolodchikov metric up to order 2.

3.1 Generalities

In a generic cubic model
1 ..
W = ghkainXk : (3.1)

the beta function for the physical coupling!® has the following general expression

ik — oniik € ijk i pmjk i pimk k ijm

where ~* ; is the matrix of anomalous dimensions for the chiral superfields X;. At a fixed
point 5% (h,) = 0, and the discrete symmetry group G implies that the matrix of anoma-
lous dimensions is proportional to the identity 4*;(h.) = v(h«)d’;. From (3.2) it immedi-

ately follows that
€

he) ==,
v(he) =
or equivalently the conformal dimensions of the X;’s are

d—2 ¢ d—1
A, = ——+-=——. A4
Xi 5 16 3 (3.4)

(3.3)

This result is of course compatible with the general expectation for the value of Ay, at a
superconformal fixed point (2.3).

It is worthwhile to provide another argument for the existence of a one-dimensional
conformal manifold for our model. The existence of a fixed point imposes ten complex
equations 7% = 0 for the ten complex couplings h“*. Nine of these couplings can be
eliminated by a U(3) field redefinition. In addition, since the anomalous dimension matrix
7 ; is Hermitian, it is clear from (3.2) that there are only 9 independent conditions to ensure

15 We can think of (3.2) as written in a non-holomorphic scheme where the Kéahler potential is canonical
K = K?Z and not renormalized. This is related to the holomorphic scheme that we use in the rest of
this section by the identifications X; = M;’Y; and X' = M';Y’, such that the superpotential W =
%h“kXinXk is not renormalized (M*; can be taken to be the inverse square root of the wave-function
normalization matrix Z*;, which is positive and Hermitian). The beta function in (3.2) is then the beta

function of the physical coupling hgfys = R M M, M",,. To see that the beta function takes the

dlog(M)"
running of hghkys is given by the sum between the classical logarithmic running of A** (the first term in (3.2))
and the running of M*; (the last three terms in (3.2)).

form (3.2), note that the anomalous dimension matrix of the X; is v*; = p . Thus, the logarithmic
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that the § functions vanish. Thus in general we expect a one complex parameter family of
solutions of the fixed point equations 4% = 0. This is a variation of the argument of Leigh-
Strassler for the existence of fixed points in 4d N/ = 1 gauge theories [9]. Notice that in 3d
N = 2 theories the couplings 2% are not marginal as was assumed in [9]. Nevertheless,
as appreciated in [12], the essence of the argument in [9] relies on linear relations between
the beta functions, which indeed exist in our model.

3.2 A line of fixed points

The beta function for the generic cubic model with superpotential given in (3.1) is known to
four loops [64, 65]. The fixed point is determined by solving the algebraic relation in (3.3).
It is convenient to parametrize the coupling constant space with the coordinates!'6

2 =2 [* + |haf?, (3.5)
ho
The anomalous dimension is then given by
y(r, 7, 7) = fi(r, B+ fo(r, 7)rt + fa(1, 7)rS + fu(r, 7)r® + O(r10), (3.7)
where
_ 1
fl(TvT) = 2572 (38)
_ 1
fa(7,7) :_Wa (3.9)
_ 1 (5 (73 +2) (7 +2) + 1877)
=——|-+3¢3 3.10
f3(T7T) 2136 <4 + C( ) (2_}_7_77_)3 ) ( )
1 |9 (72 +2) (73 +2) + 1877)

9
4+(““$‘2“®) 2t )

(7 +2)' =8(1-7%) (1-7%))
(24 77)4

f4(T7 77—) = - 9178

+20¢(5) (3.11)

By equating 7(r,7,7) = £/6, we can compute the fixed point couplings up to order &*:

12 = a1 (1,7)e + az(1,7)e% + a3(7,7)e> + ay(r, 7)e* + O(£%), (3.12)
with
1 f2 213 — f1fs 5f3 —5fifafs+ fifa
_ _ 25— Afs . (313
YT BT e U ey 0 64/ (313

A simple computation shows that the functions f;’s (and consequently a;’s) are invariant
under the duality transformations generated by (2.14), (2.15). Since (7,7) are arbitrary
parameters, we thus have a one complex-dimensional manifold of fixed points, i.e. our

conformal manifold.

16The overall phase of hy and hy can be changed by an R-symmetry transformation, so it is a redundant
coupling and does appear in the 8 function.

~15 —



3.3 Conformal dimensions of quadratic operators

It is possible to use the 4 — ¢ expansion to compute the scaling dimensions of the quadratic
operators in our model as a function of 7. There are 21 real quadratic operators, of which
the six given in (2.12) and their complex conjugates belong to chiral or anti-chiral multiplets
and thus have protected scaling dimensions. The scaling dimensions of the remaining nine
operators of zero R-charge given in equation (2.10) are not protected by supersymmetry
and depend on the marginal coupling 7.

These scaling dimensions can be computed directly from the matrix of anomalous
dimensions for the fundamental fields X; [66]. Indeed, the beta functions for the couplings
(m?)?;X; X’ can be computed as

d(m?)';
B(mQ)ij = M d/,é

. 3.14
o (314)
ahlmn

= —2(m?)’; + H(m2>’ph”mn + (m?)"phP" (m2)”phlm”] + c.c.] .

The scaling dimensions of the quadratic operators are the eigenvalues of the 9 x 9 matrix

OBy,

ATl = (4 —)6i8; + 78(1%2)";1 ; (3.15)

where we think of the indices (i, j) as the row indices and (k,1) as the column indices. The
operators in (2.10) directly provide a basis of eigenvectors for the resulting matrix, from
which the anomalous dimensions can be immediately extracted.

Plugging in the couplings h“* as well as the anomalous dimension matrix Wij corre-
sponding to the model (2.2), and using the results of the previous subsection, we can then
compute the conformal dimensions of all the unprotected quadratic operators up to order
e*. The conformal dimension A; of the singlet operator X; X ' reads

3 73 TT
A1=2—%52+% (15+2C(3)(( +2)(2(+j§:)),+18 )153
L7 9 (3 +2) (7% +2) + 1877)
- [12 S CER) P (3.16)
—|—20C(5) ( (7’7_' + 2)4 —(28_‘(_17;)13) (1 - 7_—3) ) 64 + 0(65) )

It is pleasing to see that at each order in & the conformal dimension is invariant under
the duality group and exhibits critical points at the three inequivalent self-dual points, as
predicted from the considerations of the previous section.
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For the quadratic operator Oz in (2.10) one finds the conformal dimension

B 2 177 (1 —77)
Bz =2- 5 ety 2+ 77)° i
1 77 [A0—77)(1 —77) 31 —77)24+ (171 -7)] .
92+ r7)° [ 2 +6¢3) 2477 a
1 77 (100 — 2677 + 77272)(1 — 77)

—TT 77)2 TT — 77)2 — 73 —73
oy 2T T @ TR =+ ()L = )
+%7g(4)[3(1 — 772+ (1 =73 (1 - 7%)]

_20<(5)3T?(2 +77)(1 —77)2 +8(1 — 3)(1 — 73) oy 0(55).

24717

The conformal dimensions of the other doublet operators (2.10) can be obtained from Ag
above by the following substitutions

2 T+ 2
Az—)Az/, T—)i, 7_'—>7:i,
T—1 T—1
2 T + 2
As = Agr, 7o T2 5 U7 ; (3.18)
wr —1 wT —1
2r4+2 027 + 2
A2_>A2W’ 7—_)&) 7‘-_)%
w2t —1 w?r —1

We emphasize that these results are obtained using the 4 — € expansion without using the
duality properties of our model. The fact that the results for these conformal dimensions
are compatible with the duality transformations constitutes a strong consistency check of
our calculations.

When the results for the conformal dimensions in (3.16), (3.17), and (3.18) are re-
stricted to order 2 we find agreement with the two loops results presented in [48, 63, 67, 68].

Resummation. In order to find meaningful results when ¢ = 1, we need to employ a
resummation method. For the scaling dimensions, which are known to 4-loops, we have
used the Padé approximation method, which has been shown to be successful in related
examples. We find that the results that match the numerical bootstrap the best are given
by Padé[1,2], which only uses the 3-loop result. We plot these doublet and singlet scaling
dimension in figures 2 and 3, which demonstrate how these operators transform under the
dualities. For the OPE coefficients computed in the next section we only find 2-loop results

and thus do not use any resummation.

3.4 The chiral ring and the Zamolodchikov metric

In this subsection we discuss the structure of the chiral ring of the theory [56]. Chiral
operators are obtained by taking combinations of the form X;, X, --- X;,. However, most
of these combinations are not superconformal primaries due to the equations of motion
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Figure 2. The 3-loop Padé[1,2] resummed 4 — e-expansion values for the singlet. The cross, circle,
and triangle denote values of T that correspond to the Zy x Zo, cWZ?2, and XYZ models, respectively.

that schematically read

—2—i OW
X = . 3.19
e (3.19)
Therefore these operators do not belong to the chiral ring. As a consequence, in order to find
the spectrum of chiral operators we can set to zero the descendant combinations g—gg ~ 0.

At a generic point 7, it is easy to show that the chiral ring consists of finitely many oper-
ators. Indeed, there are three independent conditions involving chiral quadratic operators:

W15X2X3+%X12~0, W25X1X3+3X22~0, W35X1X2+%X§~0. (3.20)

At the cubic level, multiplying these relations with the three chiral fields X; gives nine
relations that remove all but one of the ten possible chiral combinations. All the quartic
or higher operators are removed as well. We can count the chiral operators more system-
atically by using the generating function

P(t) = Trt'7 (3.21)

where Jg is the generator of the R-symmetry current and the trace is taken over the space
of chiral primaries. Each of the three chiral operators contributes a factor ?12/37 while the
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Figure 3. The 3-loop Padé[1,2] resummed 4 — e-expansion values for the doublets. The cross,
circle, and triangle denote values of 7 that correspond to the Zy x Zs, cWZ3, and XYZ models,
respectively.

chiral ring relations contribute a factor (1 — ¢*3)3. All in all, we have

1— t4/3

=14 3123 £ 3443 142 (3.22)

so in addition to the three chiral fields X;, we find three quadratic chiral primary operators
Qr and one cubic chiral primary operator O. The quadratic and cubic chiral operators are
given by!”

Q1= X2 —7XpX3+0(%), (3.23)
Q= X2 -7X1X3+0(%), (3.24)
Q3= X2 - 7X1 Xy +0(%), (3.25)
O =X} + X3+ X3 —37X1 Xo X3+ O(%) . (3.26)

" These combinations are orthogonal to the chiral ring relations at tree level. We have checked explicitly
that they remain chiral primaries to order ¢, but their explicit expressions in terms of the fundamental fields
receive corrections at higher orders in €. The corrections to Qr and O can be chosen to be proportional to
Wr and W respectively, thus such corrections will not contribute to the quantities that we compute below.
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In this basis, it is easy to compute the chiral ring structure constants, defined by

Xi(2)X;(0) = CKQp(0) + ...,

(3.27)
Xi(2)Qs(0) = CiyO(0) + ...,

where the ellipses denote terms that go to zero as x — 0. The non-vanishing structure
constants are given by

2
Ch 20222203?3:%77%’
.
Ciy = Cf3 = Cgy = T (3.28)
1
0112022203325-

The three-point functions are then obtained by computing the two-point functions of the
operators in (3.23)-(3.26). The discrete symmetries imply that

(%) X)) = 617 7) -
J
<QA@QQ®>:GﬁnﬂMAZUB, (3.29)
(0)0(0)) = Ga(r.7) Tz

The functions G; transform very simply under the duality group generated by (2.13), (2.14).

The only generator acting non-trivially on them is do(7) = Lt%"lz, which gives
dg : G1 — Gl R
Gy — 5 G (3.30)
P Wt D(wr—1) ‘
3
G3 — G3 .

(Wt — 1) (w7 — 1)

It is possible to calculate the two-point functions in (3.29) using perturbation theory
in €. The details of this calculation to order €2 are outlined in appendix B. The calculation
of G1(7,7) is quite standard and we find that the result is independent of 7 to this order,
while the computation of Gy and G5 to order €2 is more complicated and involves the same
Feynman diagrams that were computed in [69] (see section 5.1 in [69]). In order to discuss
normalization and scheme independent quantities it is useful to present the final result as
the following ratios:

66;12(:3:))2 — (2 + 7_77_) + 2<?f3) <(1 — 7—7_—)3(_{2'5:;)7—23)(1 — 713)) 52 +O(€3) ’
Gs(r,7) (I—77)3+(1—7)1-7°)\ , 3
<nwjx5@f)_9+m<@)< 2+ 77 >E‘+O@)'

(3.31)
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3.4.1 The four point functions in the chiral channel

In section 4 we use the numerical conformal bootstrap to study the constraints imposed on
our model by using crossing symmetry and unitarity of the four-point function of 2 chiral
and 2 anti-chiral operators, X; and X°. In anticipation of this analysis, it is useful to study
this four-point function in perturbation theory. To compare to the bootstrap results, it is
useful to define properly normalized operators X and Q, i.e. operators with unit two-point
functions. To this end we define

~ Xz
Xi )
VG

We then consider the four point functions

N oA ookt N A ook AL
<XinX X>, <X,~QJX > (3.33)

Qr

Qr

@

(3.32)

Q|

and expand them in the chiral channel. The dominant contribution in the conformal
block expansion of these four-point functions is controlled by the following contractions of
properly normalized OPE coefficients (we denote complex conjugation by *)

G
(C5 dxmCi™) G% (3.34)
1
* G3
(CisCrL) GGy (3.35)

The quantities appearing above are well defined, independent of normalization choices and
can therefore be meaningfully compared to the bootstrap results. Using (3.27)—(3.29) we
find for (3.34) (sum over repeated indices implied):

Go 6 Gy

KKy 2 - - T2
Similarly for (3.35) we have
Gs 1 Gs
i7Ch = 0i70kL - 37
(CisCrL) LGy 9G, Gy Ok (3.37)

4(d—
3

Combining (3.31) and (3.36) and multiplying by 2 % to match our conventions in the

bootstrap section, we get

|>‘3,2%70‘2 _ 95 [1 + 2¢(3) <(1 — )+ (1 =731 —7%)

3 (24 77)3 > &+ 0(83)] . (3.38)

3.4.2 The Zamolodchikov metric

The operator O in (3.23) has quantum numbers A = d — 1, ¢ = 2 and it is the lowest
component of a protected supermultiplet that contains the marginal operator associated to
the exactly marginal coupling 7. The two-point function of the exactly marginal operator
determines the so-called Zamolodchikov metric on the conformal manifold [70]. Supercon-
formal Ward identities in turn relate this metric to the two-point function of the operator
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O itself. It may seem that we have already defined this two-point function in (3.29) and
computed it to order €2 in (3.31). However there is an important subtlety. To arrive at an
object that transforms as a metric on the conformal manifold we need to work with an op-
erator O., proportional to O, which is normalized such that an infinitesimal transformation
of the superpotential along the conformal manifold yields

SW = 0,67 . (3.39)

To determine this normalization consider varying the coupling constants h; subject to the
condition

5B8(h1,ha) =0 . (3.40)

The variation of the superpotential then reads

oW =r ( X7+ X5+ X5 — 37 X1 X0 X3) 67 + 0(52)> , (3.41)

EPREDER

where the order 2 correction is proportional to the superpotential W and so does not
affect the Zamolodchikov metric to order e2. We observe that this operator is proportional
to the chiral combination O in (3.26), with an important prefactor that ensures that its
two-point function transforms as a metric. As a consequence, the Zamolodchikov metric
G(t,7) is given by

2

G(r,7) = ]2 (0, (2)0-(0)) = mGg,(T, 7). (3.42)

Using (3.30), one can show that G(,7) indeed transforms as a metric under a duality

T ad\ " (ad\ ™!
G(Ti)—><87> <8T> G(r,7) . (3.43)

Using equations (3.31), we get the explicit expression

r2 —77)3 — 73 — 73
G(r,7) = m(}? (1 +2¢(3) <(1 ) (42_5_17_7_)3 )a )> e? + 0(53)) , (3.44)

where 72 is the value of r? at the fixed point given in (3.12) and G is defined in (B.5)

18 Tt is pleasing to see that

and is independent of 7 to this order in perturbation theory.
the leading order result is just the Fubini-Study metric on CP!, whose volume shrinks to
zero as € — 0 as expected. Furthermore, we notice that the €2 correction does not exhibit

singularities in the 7 plane.

8While r? and G; are separately scheme dependent, the combination r2G?% is in fact scheme indepen-
dent. One way to show this is to notice that each propagator is accompanied by a factor of x5/ as in
equation (B.4), while the dimensionless coupling constant 72 is accompanied by a factor of u€. Therefore
the right hand side of (3.44) is independent of y. A more detailed discussion of scheme dependence in the

€ expansion can be found in section 9.3 of [71].

- 29 —



4 Conformal bootstrap

We now show how to constrain A/ = 2 theories along the conformal manifold parameterized
by the marginal coupling 7 using the conformal bootstrap technique. We will focus on the
4-point function of two chiral operators X; and two anti-chiral operators X". First we will
compute the crossing equations, and then we will use them to bound the scaling dimensions
and OPE coefficients of some scalar operators in d = 3, and compare to the 4 — e-expansion
results. See also appendix D for a summary of results on the scaling dimensions and OPE
coeflicients in our model in 2d.

4.1 Crossing equations

In this section we will compute the crossing equations for various values of 7. As explained
in section 2, for generic values of 7, the theory (2.2) has an order 54 discrete flavor symmetry
group G = (Z3 x Z3) x S3. In this case, we will derive 15 crossing equations. We then
specialize to the cases Im7 = 0 (the boundary of the fundamental domain), 7 = 0 (the
XYZ point), and 7 = (1 —/3) (the Zs x Zy point), in which the symmetry is enhanced by
Zo, S3, and Zso X Zo, respectively. We will find 12 crossing equations for Im7 = 0, and 9
crossing equations for 7 = 0 and 7 = (1 — v/3). We write all these crossing equations for
arbitrary spacetime dimension d.

4.1.1 Symmetry group G (generic point)

For general 7, let us begin by describing the representations of the operators that appear
in the 4-point function. We can decompose the representation of operators that appear in
the OPEs X; x X’ and X; x X; as

3p3=10202'02"02",

_ (4.1)
33=3,03,03,,

where s/a denotes the symmetric/antisymmetric product. Operators in X; x X that
appear in the symmetric/antisymmetric product are restricted by Bose symmetry to have
even/odd spins. Note that two copies of 3 appear in the symmetric product of 3® 3, so we
will denote operators in each copy separately. By taking the OPEs X; x X; and X; X X’
twice, we can now express the 4-point function in the s and ¢ channels as

i v 1 »
XXX = S adte) 3 T Pl
12 34 A Re3®3
(XX, X'X') = !
T P S )
12 34

ki 2 ki 3
XY Gap(u,0) | Taif Naadl® + D Ts " As0a008,,00 ) 5
Al a,f=1,2

where the complex OPE coefficients Ar A ¢ are labeled by G irrep R, scaling dimension

A, and spin /£, and the conformal blocks G ¢(u, v)!? are functions of ¢, A, and conformal

19We use the normalization of the conformal blocks in [72]. Specifically, in the r and n coordinates
introduced in [73], we have Ga ¢ = r®Pi(n) + ..., as  — 0 with 1 kept fixed.
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cross ratios

|Z12|?| T34 ]?

u= VE oo (4.3)
|Z13]2]Z2a]?

while the superconformal blocks Ga ¢(u,v), originally derived in [22], are defined in our
conventions [63] as

20+d—2)(A+0)
(20+d—-2)(A+(+1
20(A — £ +2—d)
(20+d—-2)(A—0—d+3
AA+3—-d)(A—L+2—-d)(A+0)
(A+2-H(A+1-(A-l+3-ad)(A+L+1)

Gae=Gayp+ )GA-H,Z-H

)GA-H,Z—I (4.4)

+

Gata,e.

The tensor structures Tr;' are computed in terms of the eigenvectors of the projec-
tors (A.3) as

i 1l RR j l kl RR kl
TRi]k = P1 TSUR,M']UR,SIC 5 TRij = P1 rsURrijUR s (45)

where PlRRrS and P1RRTS are projectors from R ® R and R ® R to the singlet, respec-
tively, which can be constructed analogously to (A.2), or simply by inspection of the
bilinears (2.10)—for more details, see appendix A. Note that there are two OPE coeffi-
cients Az, A ¢, With a = 1,2, because 3 appears twice in 3 ® 3, so there are four possible
tensor structures Tg ﬂij w' for that irrep, with o = 1,2 that get multiplied by quadratic
combinations of two OPE coefficients Az A ¢ and their conjugates.

A very important ingredient in our analysis is the fact that we can relate the marginal
coupling 7 to the CFT data. This is achieved as follows. Note that the chiral ring relations
following from (2.2) imply that the linear combinations of OPEs

gXlxXlJngxXg, %ngXngngXl, %ngX3+X1><X2 (4.6)

do not contain scalar chiral operators of dimension A = 2(d —1)/3. A similar statement
holds for the complex conjugate of (4.6), which should not contain any anti-chiral operators
with this scaling dimension. This information implies that in the decomposition of the
linear combinations of four-point functions

%<X1X1Y’“Yl> F (X X5X XY,

T JR N e

§<X2X2Xle> (XX XX, (4.7)
%<X3X3ykyl> + <X1X2kal> ,

into conformal blocks there should be no contribution from a conformal primary of scaling
dimension 2(d — 1)/3. Using (4.4) as well as the definitions of the tensor structures Tr/ !,
one finds the following relation between the OPE coefficients of scalar operators in the 3
representation:

1
—*7')\* d—1 :)\* d—1 p -
2 31,2T,0 SQ,ZT,O

(4.8)

This relation encodes the way the CFT data depends on the marginal coupling 7.
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We now equate the two different channels of the 4-point function (4.2) as

(XXX, X) = (X X' X X) |

k<=l ~k <! (4.9)
(XiX; X' X)) =(X"X;X,X),
which yields the crossing equations
0= > MraclVaae+ Y Paad*Vaag
all £ odd ¢
Re{1,2,2 2" 2"}
2 —1
g ha —’T ’T‘ + 2 2 — (410)
+ D AsarVaadsa,t ( 1 Az, 2421 0" Va, piz1 (7).
even {
AgA0 = (Re)‘él,A,é ImAg, A0 ReAg, A Im)\ég,A,e) ;
where VR, A, and \737 A¢ are 15-dimensional vectors of scalars and 4 x 4 matrices,?’ respec-
tively, given in appendix C. We have separated out the contribution of the A; ,a-1 , term,
[e 3] 3

for which we used the chiral ring relation (4.8) to write the scalar constraint 1731 gd=1 o(T).
k) 3 ’

To ensure that |>\31 gd=1 0|2 is a duality-invariant quantity, we have included the factor
b 3 b

7|2 + 2
4

2
.. 7" . T
—_— . g | [ A A
- T311’L it 4 T3221 J 2

.
L I
T321Z J D)

Ts,,5¢, (4.11)

where the tensor structures are defined in (4.5).

The operator spectrum is further constrained due to the N’ = 2 supersymmetry [22, 23].
Generalizing the results for the XYZ model [63], we find that the following operators
may appear:

1,2,2/,2" 2" A>0+d—2 forall/,

d—1
3: AE‘QB—(d—l)’—i—d—l—Fﬁ for even /,

A:2%+E for even £,

A:d—2% for ¢ =0,

d—1
3 A2‘23—(d—1)‘+d—1+€ for odd /¢,

(4.12)

AzZ%—i—ﬁ for odd ¢.

4.1.2 Symmetry group G x Zz (the boundary of the fundamental domain)

We will now specialize to the boundary of the conformal manifold, which has an enhanced
Zy symmetry. For simplicity, let us focus on the duality frame where Zy acts as conjugation.
We can now combine X; and X’ into a single operator X; = {X;, X’} where I =1,...,6,

20We require 4 x 4 matrices so that the matrix is real and symmetric, which is required for the numerics.
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where X transforms in the real representation 6 of G x Zy. We can then decompose the
representation of operators that appear in the OPE X; x X7 as

606=171194+20 128 1292 14 1+4,4+6,+6,+6,, (4.13)

where s/a denotes the symmetric/antisymmetric product. Operators that appear in the
symmetric/antisymmetric product are restricted by Bose symmetry to even/odd spins. The
notation R¥:© denotes two different representations, where E, O denotes that operators in
this representation only appear with even/odd spins. Comparing (4.13) to (4.1), we find
that 2" and 2" have combined into 4, the conjugate representations 3 and 3 have combined
into 6, and similarly 3’ and 3’ have combined into 6’. As in G, two copies of 6 appear in
the symmetric product of 6 ® 6, so we will denote operators in each copy separately. By
taking the OPE X; x X twice, we can now express the 4-point function in the s channel as

1

(X1 XXk XL) = — YIS e
|Z12]™ 3 |54l 7 3

2
XZQA,K(U;U) Z TrIJKLAR AT Z T6.5, 10K L6, A LN65,AL |
Al

RE66 o,f=1,2
R+6

(4.14)

where the OPE coefficients Agp A ¢ are now real, and the tensor structures Tr sk are
constructed as in (4.5) except using the projectors (A.5) for G x Zs. As in G, there are two
OPE coefficients Mg, A ¢, with o = 1,2, because 6 appears twice in 6 ® 6, so there are four
possible tensor structures Tg_, 7751 for that irrep. For the case £ =0 and A =2(d —1)/3,
we can again use the chiral ring relation to relate these OPE coefficients as

1

~57 A6, 2410 = Ng28-1 0 (4.15)
We now equate the two different channels of the 4-point function (4.14) as

(KX KreX0) = (R Xy X1 X0), (4.16)

which yields the crossing equations

0= Z /\%Z,A,ZVR,A,f + Z )\%z,A,eVR,A,é
even ¢ odd ¢
Re{1F 2F 2'F 4} Re{19,20 20 4.6/}

(4.17)

2 -1
T|I“+2 - - - -
' <| |4 > X6, 2221 0Ver 2500(T) + 2 AearVeatoar:

even £

A6,A = (>\61,A,e )\GZ,A,Z) ;

where VR,A,Z and \737 A are 12-dimensional vectors of scalars and 2 x 2 matrices, respec-
tively, which are given explicitly in appendix C. We have separated out the contribution
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of the \g ,4-1 , term, for which we used the chiral ring relation (4.15) to write the scalar
(o) 3 bl
constraint Vg, A o(7) and included the 7-dependent factor defined in (4.11).
Just as with the GG crossing equations, the operator spectrum is further constrained

due to the N' = 2 supersymmetry so that the following operators may appear:

150 280 9/B0 4. A>¢+4+d—2 foralll,

d—1
6: AE‘QB—(d—l)'+d—1+€ for even ¢,

AzQ%—I—E for even £,

A:d—Q% for ¢ =0,

d—1
6 : A2‘23—(d—1)'+d—1+€ for odd ¢,

(4.18)

A:zd%w for odd ¢.

4.1.3 Symmetry group G x (Z2 X Z3) (the Za X Zz point)

Let us now further specialize to the point on the boundary of the conformal manifold that
has an enhanced Zy x Zo symmetry. For simplicity, we will choose the point 7 = 1 — /3,
so that one of the Zy’s acts as conjugation and the chiral operator X; transforms in the
real representation 6' of G' x Zy. We can then decompose the representation of operators
that appear in the OPE X7 x X as

6' 06 =17 4+19 145 4140+ 4% 1 4% 16! +62+6,", (4.19)

where s/a denotes the symmetric/antisymmetric product. Operators that appear in the
symmetric/antisymmetric product are restricted by Bose symmetry to even/odd spins. As
with G x Zs, the notation R¥:© denotes two different representations, where E, O denotes
that operators in this representation only appear with even/odd spins. Comparing (4.19)
o (4.13), we find that 2 and 2’ have combined into 4/, and now the two 6-dimensional
irreps that appear in the symmetric product belong to different irreps 6' and 62. By taking
the OPE X x X twice, we can now express the 4-point function in the s channel as

(X1 X Xk Xp) =

ZgAg (u,v) Z TR IJKLAR AL (4.20)

d—1 d—
‘9312‘ |x34|2 Re6l®6!

where the OPE coefficients Ar A ¢ are again real, and the tensor structures Tr rjxr are
constructed as in (4.5) except using the projectors for G X (Zg X Zs).
We now equate the two different channels of the 4-point function (4.20) as

(XX X Xp) = (XgX;X1X1), (4.21)
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which yields the crossing equations

V3] 1 >
0= |1+ 35 gt o Financno
- . (4.22)
+ > AraVRAL T > Aer,n Ve a
even £ odd ¢
Re{17,47 4'F 6',6%} Re{19,40,4'0 6"}

where 1737 A, are 9-dimensional vectors of scalars, which are given explicitly in appendix C,

332,2%,0 in (4.10)

when 7 = 1 — /3 or any other duality related value.

and we have included the factor next to A so that it equals /\g

d—1
172T70

Just as in the previous cases, the operator spectrum is further constrained due to the
N = 2 supersymmetry so that the following operators may appear:

1,4,4: A>0+d—2 forall/,

d—1
6! A > QT_(d_l) +d—1+1¢ foreven {,

A:Z%—i—ﬁ for even ¢ > 2,
d—1
A:d—273 fOI‘f:O,
g1 (4.23)
6% : A > QT_(d_l) +d—1+4¢ foreven {,
A:2%+£ for even £,
/1 d—1
6 : A> 2T_(d_1) +d—1+¢ forodd/,
d—1

AzQT—i—E for odd ¢.

4.1.4 Symmetry group G x S3 (the XYZ point)

Let us now discuss the point on the boundary of the conformal manifold that has an
enhanced S3 symmetry. Note that for the XYZ model, this S3 is just a subgroup of
the full flavor symmetry U(1) x U(1) x S3, but including the full group would require a
numerically unfeasible number of crossing equations, so here we just use an S3 subgroup.
For N' = 2 crossing equations that use just the U(1) x U(1) subgroup see [48]. For simplicity,
we will choose the point 7 = 0, so that Zy C S3 acts as conjugation and the chiral
operator X transforms in the real representation 6! of G x S5. We can then decompose
the representation of operators that appear in the OPE X; x X as

E @) E ] E o 1
6'w6' =18 4119 + 28 1 29 1 6% 1+ 69 +6! +62+6, (4.24)

where s/a denotes the symmetric/antisymmetric product. Operators that appear in the
symmetric/antisymmetric product are restricted by Bose symmetry to even/odd spins. As
with G % Zs, the notation R¥:© denotes two different representations, where E, O denotes
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that operators in this representation only appear with even/odd spins. Comparing (4.24)
to (4.13), we find that 2’ and 4 have combined into 6, and now the two 6-dimensional irreps
that appear in the symmetric product belong to different irreps 6' and 62. By taking the
OPE X x X twice, we can now express the 4-point function in the s channel as

(X1 X Xk Xp) = T Fy ZQAE U, v) Z TR,IJKL)\QR7A1, (4.25)
‘3712‘ |CUS4| Re6l®6!
where the OPE coefficients Ar A ¢ are again real, and the tensor structures T'r sk are
constructed as in (4.5) except using the projectors for G x Ss.
We now equate the two different channels of the 4-point function (4.25) as

(XXX X0) = (XXX X0) | (4.26)
which yields the crossing equations
O == 2)\622d 1 OV62 2d 1 0
+ > M dVrae+ > N2n Ve aes (4.27)
even / odd ¢
Re{1F 2F 6F 6',62} Re{1°9,29 69 6’}

where VR A, are 9-dimensional vectors of scalars, which are given explicitly in appendix C,

so that it equals \2 n (4.10)

and we have included the factor of 2 next to A2 5 0d=1 i
1,473

62,2421 0
when 7 = 0 or any other duality related value.
Just as in the previous cases, the operator spectrum is further constrained due to the

N = 2 supersymmetry so that the following operators may appear:

1,2,6: A>(+d—2 forallt,

d—1
6! : AZ‘ZS—(d—l)’—i—d—l—Fﬁ for even £,

A:2%+€ for even £ > 2,
-1

A:d—2dT for 0 =0,

g1 (4.28)

6> : A2‘23—(d—1)‘+d—1+€ for even £,

d—1
A:2T+€ for even £,

d—1

6l AZ‘23—(d—1)‘+d—l+€ for odd ¢,

AzQ%—i—ﬂ for odd /.

4.2 Numerical bootstrap setup

We now describe how to compute bounds on scaling dimensions and OPE coefficients with
the crossing equations defined above. Recall that for the case of general 7, this parameter
appears explicitly in the crossing equations.
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We can find upper or lower bounds on a given OPE coefficient of an operator O* that
belongs to an isolated representation of the superconformal algebra?' of the four point
functions by considering linear functionals & satisfying the following conditions:

(52(17@*) =5 s = 1 for upper bounds, s = —1 for lower bounds,
a(Vras(r)) >0,  for all chiral O ¢ {Oy,00,0*} with fixed A, (4.29)
&(VR,AJ) >0, for all non-chiral O with A >/ +d —2.

If such a functional @ exists, then this « applied to (4.10) along with the positivity of all
|Mo|? except, possibly, for that of |A\p«|? implies that

if s =1, then |>\@*|2 < —a(VLo’o) ,

, B (4.30)
if s=—1, then |[\o+|*> a(V1,0,0)-

To obtain the most stringent bounds on |[Ap+|?, one should then minimize the r.h.s. of (4.30)
under the constraints (4.29).

To find upper bounds on the scaling dimensions of non-chiral operators (’)}"%*7 Ax e WE
consider linear functionals & satisfying the following conditions:

a(Vi,0) =

( R.A ( )) >0, for all chiral O with fixed A,
(

a(

lHl

Q1

(4.31)

1

RAL) > for all non-chiral O # O with A > /¢ +d —2,
VR* Ape) >0, for all non-chiral O with A > Afp. ..

Q1

The existence of any such @ would contradict (4.10), and thereby would allow us to find
an upper bound on the lowest-dimension A%, ¢ of the spin-€* superconformal primary in
irrep R*.

The numerical implementation of the above problems requires two truncations: one
in the number of derivatives used to construct & and one in the range of spins ¢ that
we consider, whose contributions to the conformal blocks are exponentially suppressed for
large spin . The truncated constraint problem can then be rephrased as a semidefinite
programing problem using the method developed in [74]. We will implement this semi-
definite programming using SDPB [75], for which we use the parameters specified in the
first column of table 1 in the SDPB manual [75], and consider spins up to 25 and derivative
parameter A = 19 for the G and G % Z5 cases, and spins up to 35 and derivative parameter
A = 27 for the G X Zg X Zo and G X S3 cases.

4.3 Numerical results

We now give numerical results computed using the crossing equations derived above, and
compare them to the 4 — ¢ expansion. For cWZ3, since this model consists of three non-
interacting copies of c(WZ, we can compute some of its CFT data analytically and some
using the numerical bootstrap study previously performed in [22].

21For a representation that is not isolated, we can only find upper bound this way.
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4.3.1 cWZ3

We will first show how some CFT data can be computed analytically for this model. For
convenience, we work in the duality frame 7 — oo with superpotential (2.23), where each
chiral field X; belongs to a different decoupled cWZ. By inspection of (2.10) and (2.12),
we see that the bilinear operators Qg o, Oz, O o, and (93270,22 are formed of chiral
and anti-chiral operators from different non-interacting copies of ¢WZ, so their scaling
dimensions and OPE coefficients can be computed exactly. In (2.23) we gave their scaling
dimensions, which are just twice the value of a single chiral field. By similar reasoning, we
can compute their OPE coefficients in terms of 2-point functions of a single chiral field. In
particular, we can write the 4-point function (4.2) in each channel as

i 1 - ' - L o B -
KX XX = e [0 (XXX + (XN (XX + (XX (XX
|Z12|* 75 |Baa|* 5
1 i i 508 J 5l u\ 5 157
= ——ar T |0 <XXXX>+51.5,€+(7) Al
|Z12]" 3 [@3a|7 5 L v
D& 1 (o <kl - —k o =l — —
(XiX; X' X') = ——75 7 60 (XXXX) + (X; X )(X; X)) + (XilX )(X; X >]
[Z1o*5 [Ta*5
_ 1 [ skl ~% 421 ok ol uy 5 I sk
S S 88 (XXXX) +u's ofal+ (2) T el L (4.32)

were (XX X X) is the unknown 4-point function of each cWZ with itself, and the second
and third terms factorize into the different non-interacting cWZ 2-point functions. We can
now compare (4.32) to (4.2) and expand u, v, and the scalar conformal blocks as

1472 -2 2 4r 2 A 9
=\ = ———— Gap = 14+0 4.33
v <1—|—7“2—|—2m) ’ " 1+7r2+2rm) so=r2[1+0()], (433

to extract some OPE coefficients that do not depend on (X XX X):

9 4(d—1) 9 9 9 1_4d-1
‘)‘32,2%,0‘ =25, |)‘2,2%,0’ :’)‘2',2%,0‘ :‘)‘2'",2%,0‘ =32 7.

: (4.34)

For the bilinears Oz and O1 in (2.10) that are composed of chiral and anti-chiral
operators from the same cWZ, we can use the numerical results that were computed for
that model in [22]. In particular, we will use the scaling dimensions Ay o and Ag g, which
are in fact the same because both operators are just linear combinations of a singlet bilinear
for a single cWZ. The scaling dimension of this operator was found in [22] to be

A1 = Aggy = 1.9098(20) . (4.35)

4.3.2 Symmetry group G x (Z2 X Z2) (the Za X Z3 point)

Next, we describe numerical bounds for the point on the conformal manifold in d = 3
with G X (Zy X Z3) symmetry, using the crossing equations derived in section 4.1.3. There

22(931)0 is a descendant due to the chiral ring relation.
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are three unprotected scalar scaling dimensions: Aq g, Ay, and Ay . On the right of
figure 4 we show the numerical bounds for these quantities, which form a rectangle. We
conjecture that the Zo x Zo model lives at the nontrivial corner of this rectangle, so that
(A1,0,A40, A0 0) ~ (1.898,1.259,1.727), where in terms of G irreps Ay = Az = Ay
and A4/70 = A2//70 = A2///70.

Independently of this conjecture, we can also use the G x (Zg X Zs) crossing equations
to compute upper and lower bounds on the chiral bilinear OPE coefficient squared \2 ,

617370.
We find
2
6330 < X3 4, < 6.997, (4.36)
where in terms of G irreps )\217%70 = |)\317%70|2.

4.3.3 Symmetry group G x S3 (the XYZ point)

Next, we describe numerical bounds for the XYZ model in d = 3 that were computed using
the Gx.S3 crossing equations derived in section 4.1.4. Recall that the full flavor symmetry of
the XYZ model is U(1) xU(1) x.S3, so we are just using a fraction of the symmetry. From the
G x.S3 perspective, the only effect of the U(1) x U(1) symmetry is to fix Ag g = d—2, because
this operator is the superconformal primary of the U(1) x U(1) conserved current multiplets.
There are just two unprotected scalar scaling dimensions then: Aj g and Agg. On the left
of figure 4 we show the numerical bounds for these quantities, which form a rectangle.
We conjecture that the XYZ model lives at the nontrivial corner of this rectangle, so that
(A1,0,06,0) ~ (1.6388,1.6805), where in terms of G irreps Ag g = Ao/ g = Agr g = Agn .
We can compare these results to those of [48], which studied 3d N/ = 2 theories with
U(1) x O(N) flavor symmetry. For the case N = 2, this describes the XYZ model, although
it still only uses a fraction of the symmetry, as it neglects the S3 permutation symmetry.
That study found an upper bound Ay < 1.70, which is weaker than our bounds.
Independently of whether the XYZ model saturates the bounds in figure 4, we can
also use the G % S3 crossing equations to compute upper and lower bounds on the chiral

bilinear OPE coefficient squared )\21 . We find

3
7170

6.743 < \?

6, < 8.533, (4'37)

4
7570

. . 2 _ 2
where in terms of G irreps )\617%70 = \)\317%70] .

4.3.4 Symmetry group G x Zz (the boundary of the fundamental domain)

We now describe the numerical bounds for points on the boundary of the fundamental
domain in d = 3, which has G x Zs flavor symmetry, using the crossing equations derived
in section 4.1.2. For convenience, we choose the duality frame where Im 7 = 0, so our plots
will be functions of real 7. In order to view all three bounding curves of the conformal
manifold in a single plot, we will use the range 1 — V3<r<1+4 \/Z’;, which as shown on
the Lh.s. of figure 1 involves the fundamental domain F defined on the r.h.s. of figure 1,
as well as two adjacent domains for 1 — V3<7<0and1<7<1++3. When we map
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(1.6388, 1.6805)

1.2 1.4

Figure 4. Left: bounds on the unprotected scaling dimensions Ag g and Aj ¢ for the XYZ model
in d = 3, computed using G x S3 flavor symmetry crossing equations. Right: bounds on the
unprotected scaling dimensions Ay g, Ay, and Ay o for the Zy X Zy model in d = 3, computed
using G % (Zs x Zs) flavor symmetry crossing equations. In terms of the two-dimensional irreps of
G, we have AG,O = A2/70 = AZ”,O = Az//,o, A4’0 = A270 = Az/’g, and A4/’0 = Az//70 = Ag///yo. In
both plots the orange denotes the allowed region, and we conjecture that the theory lives at the
corner. These bounds were computed with A = 27.

TeF Oz 02/’0 02//70 02///’0

1-V3<7<0| O | O | Oang | Oy
1<7<1+ \/3 02”,0 02',() 02 02”’,0

)

Table 1. Relation of doubletsin 1—v/3 < 7 < 0and 1 < 7 < 14++/3 to doublets in the fundamental
domain T used in this paper.

these fundamental domains to I, some of the doublets are permuted by the duality group
Sy, as we show in table 1.

In figure 5 we show upper bounds on scaling dimensions of the singlet and doublets as
a function of real 7. The different colors correspond to the singlet and different doublets,
where Agr g = Agm o due to the enhanced Zo symmetry. The cross, circle, and triangle
denote the results from the previous sections for the enhanced symmetry points 7 = 1 +
V/3,1,0 for the Zo x Zy, cWZ3, and XYZ models respectively. Note that the results Agp=1
at 7 = 0 and Ay = Agrg = Agng = % at 7 = 1 are analytical, while the rest are
numerical upper bounds. The dotted lines show the 3-loop Padé[1,2] resummation of
the 4 — e-expansion results in (3.16), (3.17), and (3.18). These 4 — e-expansion results
for the doublets are very close the bootstrap upper bounds for most of the plot, so we
conjecture that at infinite numerical precision the CFT saturates the upper bounds. The
singlet bounds appear to not be as well converged, as they differ significantly from the
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x
e cwz3

XYZ

-05 00 05 1.0 1.5 20 25

Figure 5. Upper bounds on the unprotected scaling dimensions of the scalar singlet and doublets
for real 1 —v/3 < 7 < 1+ /3, computed using the G x Z, flavor symmetry crossing equations. The
cross, circle, and triangle denote the results from the previous sections for the enhanced symmetry
points 7 = 14+/3,1,0 for the Zy X Zs, cWZ?, and XYZ models respectively. (For the XYZ model,
the top and bottom triangles correspond to the doublets while the middle one corresponds to the
singlet. See also table 2 in the Discussion section.) The dotted lines show the 3-loop resummed
4 — e-expansion results. These bounds were computed with A = 19.

perturbative and exact results throughout the manifold. The bootstrap results appear to
be less converged near the 7 = 0 XYZ point. For instance, the bootstrap upper bound
gives Az g < 1.14, which is weaker than the analytic value Az = 1.

On the left of figure 6 we show upper and lower bounds on the chiral bilinear OPE
coefficient squared |)\317 3 ’0]2 as a function of real 7. Again, the cross, circle, and triangle
denote the results from the previous sections for the enhanced symmetry points 7 = 1 +
V/3,1,0 for the Zo x Zo, cWZ3, and XYZ models respectively. Note that only the result
])\31’% ’0]2 =8B atr=1is analytical, while the rest are numerical upper and lower bounds.
The dotted lines show the 2-loop 4 — e-expansion result in (3.38). As with the scaling
dimension plots, the 4 — e-expansion results are close to the bootstrap results everywhere
except near the 7 = 0 XYZ point.

As a further check on the accuracy of the bootstrap bounds, on the right of figure 6 we
compare the upper bounds on Cr as a function of real 7 versus the exact 7-independent
value computed using supersymmetric localization in (2.30), where Cp is computed in
terms of CFT data in our conventions as
128
3

For all 7 the upper bound is close to saturating the exact value, but the match is more

Cr = |A122]?. (4.38)

precise away from the 7 = 0 XYZ point.

4.3.5 Symmetry group G (generic point)

We now describe the numerical bounds for general points on the conformal manifold in
d = 3, which has G flavor symmetry, using the crossing equations derived in section 4.1.2.
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0.0020
— Bootstrap
---- €E—€Xpansion
X Z2XZZ 0.0015}
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A XYZ 0010
s 0.0005
-0.5 0.0 0.5 1.0 1.5 20 25 -0.5 0.0 0.5 1.0 1.5 20 25
Figure 6. Left: upper and lower bounds on the chiral bilinear OPE coefficient squared )\(2),1 1, for
13

real 1 — /3 < 7 < 1+ +/3. The cross, circle, and triangle denote the results from the previous
sections for the enhanced symmetry points 7 = 14+/3, 1,0 for the Zy x Zy, cWZ?3, and XYZ models
respectively. The dotted lines show the 2-loop 4 — e-expansion results. Right: upper bounds on Cp
forreal 1 — V3 <7 <1+4++3 compared to the T-independent localization value in (2.30). Both
plots were computed using the G x Zs flavor symmetry crossing equations with A = 19.

Without loss of generality we restrict 7 to the fundamental domain F defined in figure 1.
In figures 7, 8, and 9 we show upper bounds on the doublet and singlet scaling dimensions
along with the 3-loop Padé[1,2] resummation of the 4 —e-expansion results in (3.16), (3.17),
and (3.18). As was the case with the boundary of the fundamental domain, the 4 — e-
expansion results are very close to the numerical upper bounds for most of the doublets
plots except near the XYZ model at 7 = 0, while the agreement for the singlet plots is
somewhat less precise. In figure 10 we show upper bounds for chiral bilinear OPE coeflicient
squared \)\317 s 70|2 along with the 2-loop 4 — e-expansion results in (3.38), and again find
similar values for each away from the 7 = 0 point.

5 Discussion

In this work, we have uncovered the structure of a relatively simple example of a 3d N = 2
conformal manifold using duality, perturbative tools, as well as the numerical implemen-
tation of the conformal bootstrap. In particular, we find that the 3-loop 4 — e-expansion
results for the scaling dimensions of scalar bilinears as a function of the complex confor-
mal manifold parameter 7 match the upper bounds from the bootstrap to high precision
everywhere on the manifold away from the XYZ point. For a quantitative comparison,
in table 2 we summarize these results at the three points on the manifold with enhanced
symmetry (XYZ, cWZ3, and Zy x Zs) for the operators whose scaling dimensions are not
already fixed by symmetry. See also figures 7, 8, and 9. We have also computed the OPE
coeflicient of the bilinear chiral operator to 2-loops in the 4 — e-expansion. Comparing it
to our bootstrap results, we again find a good match away from the XYZ point, just as in
the case of the scaling dimensions — see figure 6.
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Figure 7. Left: upper bounds on the doublet scaling dimensions Ag and Asg/ for all 7 in the
fundamental domain F defined in figure 1, computed using the G flavor symmetry crossing equations
with A = 19. Right: resummed 3-loop 4 — e-expansion values for these same quantities. In all plots
the cross, circle, and triangle denote the enhanced symmetry points 7 = 1++/3, 1,0 for the Zg x Zo,
c¢WZ?, and XYZ models respectively.

In the future, it would be interesting to see if this match becomes more precise as
we push the 4 — ¢ expansion and bootstrap to higher precision. In particular, it would
be interesting to know if there is a fundamental reason why the match is worse near the
XYZ point, perhaps having to do with the existence of the continuous global symmetry at
that point.

In section 3.4, we derived the Zamolodchikov metric up to 2-loops in the 4 —e-expansion.
This quantity cannot be compared to the bootstrap analysis we performed here, because no
operators in the same multiplet as the marginal operator used to define the Zamolodchikov
metric appear in any OPE channel of the four-point function we study. To circumvent this
problem, one would have to perform a bootstrap analysis of more correlators. For instance,
if one were to analyze a system of four-point functions of the chiral/anti-chiral operators of
dimension 2/3 (namely X; and X') that we study here as well as of the chiral/anti-chiral
operators of dimension 4/3, then the superconformal primary of the multiplet containing
the marginal operator would appear in the OPE of the dimension 2/3 and 4/3 chiral op-
erators. In order to extract the Zamolodchikov metric from these correlation functions, it
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Figure 8. Left: upper bounds on the doublet scaling dimensions Ag» and Ag for all 7 in the
fundamental domain F defined in figure 1, computed using the G flavor symmetry crossing equations
with A = 19. Right: resummed 3-loop 4 — ¢ expansion values for these same quantities. In all plots
the cross, circle, and triangle denote the enhanced symmetry points 7 = 1++/3, 1,0 for the Zg x Zo,
cWZ3, and XYZ models respectively.
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Figure 9. Left: upper bounds on the singlet scaling dimension A for all 7 in the fundamental
domain F defined in figure 1, computed using the G flavor symmetry crossing equations with A = 19.
Right: resummed 3-loop 4 — € expansion values for this same quantity. In all plots the cross, circle,
and triangle denote the enhanced symmetry points 7 = 1 4+ +/3,1,0 for the Zy x Zo, cWZ?, and
XYZ models respectively.
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Figure 10. Left: upper bounds on the chiral bilinear OPE coefficient squared )\(251 1, forall 7
13

in the fundamental domain F defined in figure 1, computed using the G flavor symmetry crossing
equations with A = 19. Right: 2-loop 4 — e-expansion values for this quantity. In all plots the cross,
circle, and triangle denote the enhanced symmetry points 7 = 14 /3, 1,0 for the Zs x Zy, cWZ3,
and XYZ models respectively.

A]_ Az A2/ A2// A2///

XYZ from Bootstrap 1.639 | 1* |1.681 | 1.681 | 1.681
XYZ from 4 — e-expansion 1.869 | 1* | 1.661 | 1.661 | 1.661
cWZ3 from Bootstrap 1.910 | 4/3 * | 1.910 | 4/3* | 4/3 *

cWZ3 from 4 — e-expansion | 1.911 | 4/3 * | 1.911 | 4/3 * | 4/3 *
Zo X 7o from Bootstrap 1.898 | 1.259 | 1.259 | 1.727 | 1.727
Zy X Zs from 4 — e-expansion | 1.894 | 1.253 | 1.253 | 1.748 | 1.748

Table 2. Summary of results for the doublet and singlet scaling dimensions that are not fixed by
symmetry in 3d for the XYZ, cWZ3, and Zy x Zg theories at 7 = 0,1, (1 — \/g)oﬂ, respectively,
from the numerical bootstrap and the resummed 3-loop 4 — e-expansion. The results marked with
a * are exact.

would be useful to generalize the so called #t* equations to 3d theories with four super-
charges, which would allows us to relate the OPE coefficient of the marginal operator to
the Zamolodchikov curvature invariants. Such a relation is currently understood in 2d [76]
and 4d theories with eight supercharges [69, 77, 78].

In the future it would be interesting to generalize our conformal manifold study to
other setups, for example to 3d A/ = 2 theories with N > 3 chiral superfields and a general
cubic superpotential. A simple calculation suggests that such a theory has a conformal
manifold of complex dimension N(N —1)(N —2)/6. It would be fascinating if the methods
used in this paper could be applied to this more general class of theories.

When our model is taken at face value in four space-time dimensions the couplings h 2
are marginally irrelevant and thus the conformal manifold trivializes to a weakly coupled
point in field theory space. However it should be noted that the superpotential in (1.2)
looks superficially similar to the one on the ' = 1 conformal manifold of 4d N = 4 SYM [9].
(See also [79] for a useful summary.) Perhaps this similarity combined with our results can

— 38 —



be used as leverage towards understanding this 4d conformal manifold in more detail. We
should also emphasize that we managed to perform the numerical conformal bootstrap
as a function of the marginal coupling 7. One could hope that a similar analysis can
be performed along the conformal manifold parameterizing the A/ = 1-preserving exactly
marginal deformations of 4d N/ =4 SYM, thus extending the results in [49, 50].

Lastly, let us mention that, as discussed in [80] (see also [81]), certain 3d N' = 2 QFTs
can be realized as Mb5-branes wrapping hyperbolic 3-manifolds with a partial topological
twist. Therefore there is a natural map between hyperbolic manifolds, and Chern-Simons
theory on them, and many N' = 2 QFTs. It is known that the XYZ model can be
realized in this context. However, it is established that the metric on hyperbolic 3-manifolds
does not admit smooth deformations, which is a property known as Mostow rigidity [82]
(see also [51]). This may naively suggest a tension with the existence of a conformal
manifold stemming from the XYZ SCFT. However there is no theorem that forbids other,
i.e. non-metric, deformations of the twisted M5-brane theory to be compatible with N' = 2
supersymmetry. It would be most interesting to identify a deformation that realizes the
complex marginal parameter 7 in our model and to understand the meaning of this marginal
deformation from the point of view of the Chern-Simons theory on the hyperbolic manifold.
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Table 3. Character table for G = (Z3 x Z3) x Ss5. The subscripts of the conjugacy classes indicate
their size, and w = 271/3,

A Detalils of flavor groups

In this appendix we collect some useful facts about the discrete flavor symmetry group
G = (Z3x7Z3)xSs3 introduced in section 2.1, as well as the flavor groups GxZo, GX(ZoxZs3),
and G x S3 that describe the points on the manifold with enhanced symmetry.

Let us begin with the group G. The conjugacy classes can be written in terms of the
generators (2.4) as

Cy = {1},

Co = {91, 9192, 9291, 919293, 919293, 9193919391, 929391, (9391)°, 929193(9391)"} ,

C1 ={(g391)*},

(ji = {(9391)2}7

Cs = {92, 93, 92(9391)%, 93(g391)%, 92(9391)", 93(9391)"}

Cé = {9393, 9293%, 9393(9391)2, 92919391, 9%93(9391)4 9291(9391 )3}7

Ct = {9293, 9395, 9293(9391)%, 91929391, 9293(g391)", 9192(9391)"} ,

Cé’ = {93, 9:%7 93(9391)2, 919391, 93(9391)4, 91(9391)3},

Cy = {9193, 920193, 919391, 929193(9391)%, 91(9391)", g192(9391)",
9291(9391)", 919293(9391)", 93 (9391)°}

Cy = {9193, 920193, 91(9391)%, 9192(9391)%, 9291(9391)%, 919293(9391)°,

939391, 9193(g391)", 92(g391)"} -
From these we determine the character table 3.

(A1)

In the tensor products 3 ® 3, 3 ® 3, and 3 ® 3, the projector operators onto irrep R
are given by

Pri)! = ]G| ZXR 9a ® 95)9ai’ @ gok'

. R B o _
Prli* = ;G| Z X&(Ja ® G5)Fa’5 ® 36", (A.2)
Ri ’G| ZXR ga®gb)gaz ®gb I
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Xr(ga) | C1 | Co | Cy | Cs | C§ | Oy | O | Cig | Clg | Cia | Oty
1F 1|1 1] 1 1 1 1 1 1 1 1
1© 1 |-1]-1] 1|11 1 | -1] -1/ 1 1
1 1 |-1]1]1|1]|1]=1]=-1|1 1 | -1
1" 1|1 |=-1]1|1|1]|=1]1/|=-1]1]/]-=1
20 210 |-2]2|-1]21]0 0 1 |-110
2F 210 | 2|2 |-1|2 0 0 | -1]-1]0

2/0 2| -2101]|-1|21]21|0 1 0 |—-11] 0

2'F 2120 |-1|2|2 0 |-1] 0 |-1]|0

4 410/ 0 ]|—-2|-2|41]0 0 1 0

6 6 | 0]0|O0]O0]-3]2 0 0 | -1
6 6 1010 ) 0 0 1

Table 4. Character table for G x Zs. The subscripts of the conjugacy classes indicate their size.

where a = 1,..., |G|, to compute the eigenvectors with unit eigenvalues
j 1 ik jl ik j k l k
Pri’ k' VRrjI = VR rik » Pr';"1vp,?" = vr,'" Pri’"1VRrj = VRri s (A.3)
where 7 = 1,...,|R|. For the irreps other than the 3’, these eigenvectors can be identified

with the operators in (2.10) and (2.12).

Let us now discuss the order 108 group G'xZsy. For simplicity, let us focus on the duality
frame where Zs acts as conjugation. We can now combine X; and X7 into a single operator
X; = {XZ-,YJ} where I = 1,...,6, where X transforms in the real representation 6 of
G X Zs. In this representation, the elements h € G x Zs can be written as 4 x 4 matrices as

heGxZs: 90} 90} (A.4)
0g 0g

where g € G. The character table for G xZs is given in table 4. We can compute projectors
onto a given irrep R as

|R|
P, = — ha @ hy)h h
RIJKL G x Za] ;XR( a @ hp)hary @ hykr , (A.5)
where here a = 1,..., |G X Zs|, and then compute the eigenvectors with unit eigenvalues as
PR 1JKLVRrJL = VRrIK (A.6)

where r =1,...,|R|.

The order 216 group G x (Zy x Z3) and the order 324 group G x S3 can be described
using a very similar formalism. For simplicity, we will choose the duality frames for each
group with 7 = 1 — /3 and 7 = 0, respectively. As with G x Zs, the chiral primary
X transform in a 6-dimensional irrep 6', where the superscript refers to the fact that
several 6 irreps appear for these groups. In this representation, the elements of G x Zo
and G x S can be written as 4 x 4 matrices as in (A.4), except where g € G U {ujuguy '}
and g € GU{us}, respectively, where us and u; are defined in (2.13). The character tables
for G x S3 and G x (Zg x Zs) are given in tables 5 and 6. The projectors can then be
constructed as in (A.5) and (A.6).
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Xr(ga) | C1| Cy | Cor | Cs | Cis | Cg | Co | Chy | Cig | Ctg | Csa | CE | Cs6 | CF' | CLy | CY% | O
15 11 1 1 1 1|1 1 1 1 1 1 1 1 1 1 1
1 1| =1|-11]1 1 1|1 1 | -1|-1]-1]1 1 1 1| -1 -1
1” 1| -1] 1 1 1 1 |1 | —-1]|-1|-1]1 1 1 1 | -1] -11| -1
10 1] 1| -11]1 1 1|1 ]-1]1 1 | -1/ 1 1 1 | -1] 1 1
2F 210 | -2]2]|-1]2/]|2 0 0 0 1 2 | 1| 2 0 0 0
20 210 | 2 2 -1 21210 0 0 | —-11]2 | -1 2 0 0 0
2" 21210 |-1] 2 |2|21]0 1 | =20 |=-1|-1]-11]0 1 1
2" 21210 |-1] 2 |2]2]0]|-1|2 0 |—-1]-1|-=1] 0 | -1]-1
4 41010 |=2|-2]41]41]0 0 0 0 |-2] 1 ]-2]0 0 0
6F 6|00 ]0]| 0 |-=3|61|-2]0 0 01010 0 1 0 0
6° 6|00 ]0]| 0 |-=3|61]2 0 0 01010 0| -1]o0 0
6" 6 | -2 0] A|0|0]|-3|]0]|D]|1 o|lCcl o | B|oO| F|E
6" 6 | -2/ 0|C|0]|0|-3|0]|F 1 0| B|O0O|A|O0O]| E | D
6”3 6 |-2] 0 | B| O |0|=3|0 E 1 o|lA|lo|C]| 0| D]|F
6! 6| 2|0|A|0]|]0|-3/0|-D|-1|]0]|C|O0]|B|O0]|-F|-E
62 6 olc|lo|0|-3/0|-F|-1|0/|B|O| A]| O0]|-E|-D
63 6 o|B|o|]o0o|-3/0|-E|-1]01]A|0]|C|O0|-D|-F

Table 5. Character table for G x S3. The subscripts of the conjugacy classes indicate their size, and

A= —wd 205 —203 —w%, B = —ws —|—w% +w% —w%, C = 2uw3 +w% —|—w% +2w%, D=—wh —w%,
E=w? +ws +ws +w%, F=—ws fw%, where w = 27/3,
Xr(9a) | C1 | Cis | Clg | Gy | Cr2 | Cp | Cfg | C36 | O3 | Cfx | Ol | CT§ | CTY

1% 1| 1 1 1] 1111 1 1 1 1 1 1
10 1| -1]-1]1| 1|11 /-1]-1]1 1 1 1
1 1| -1 11| 1]|1]-1]-1]1 1 1 -1 | -1
1/ 1|1 |-1]1] 1|1 |=-1]1]-1]1 1 -1 | -1
2 210 0 21 2 1210 0 0 | -2 2 0 0
49 4 | =21 0] 0 1 4 1 0 1 0 0 | -2 0 0
4F 4 | 2 0 0 1 4 0| -11]0 0 | -2 0 0
40 41 0| -2]0|-2|41]0 0 1 0 1 0 0
4'F 410 2 0| -21| 4 0 0 | -11]0 1 0 0
6, 6 | 0 0| 2] 0 [-3]|0 0 0 | -1] 0 | V3 |—-V3
6 6 | 0 0| 2] 0 [-3|0 0 0 | -1] 0 | -v3| V3
6] 6 | 0 0 |-2] 0 |-3|-2] 0 0 1 0 1 1
6 6 | 0 0 |—-2] 0 |-3]| 2 0 0 1 0| -1 | -1

Table 6. Character table for G x (Z2 X Z2). The subscripts of the conjugacy classes indicate their
size.

B Perturbative calculations

In this appendix we present details for the calculation of the chiral two-point functions
defined in subsection 3.4. We perform the computation in d = 4 — ¢ in the minimal
subtraction scheme. The Feynman rules can be easily derived from the Lagrangian

. 1 1 .
L=—-0"X a,uXi — 5)_(1")/“6#)(2' — WlWZ‘ — §YZ(PLWW + PRWij)Xju (B.l)
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where the y;’s are the (four component) Majorana spinors in the supermultiplet of the
fundamental chiral superfield X;,2® the left/right chiral projectors are given by Pj /R =
3(1£75), and

ow L O*W

w

W= ox, = 0X0X;

(B.2)

We then have the usual cubic Yukawa couplings proportional to h** and a quartic scalar
vertex proportional to hijpﬁpkg.

Computation of G1(7,7). We begin by discussing the two point functions of the fun-
damental chiral fields of the model X;. The computation is standard and can be found for
example in [83], so we only sketch it here. The Feynman diagrams are given by?*

@ — + +t o+ ., (B3)

where we are only showing diagrams to one loop for simplicity. After computing all the

diagrams to two loops, using the appropriate counterterms to remove the divergences, and
replacing the coupling constant with its value at the fixed point, we obtain

. - 6 .
(Xi(2)X? (0)) = Gi(7,7) Wu /3, (B.4)
where G1(7,7) is given by
N 1 11,
Gi(7,7) = AT 2 /3) L—get+ 5(Bm —6)"+... ) . (B.5)

We notice that (B.4) exhibits the correct behavior for a scalar field of dimension A = 1—¢/3.
The presence of an explicit factor of u in (B.4) reflects the scheme dependence of Gj.
However, as explained in section 3.4, G only appears in scheme-independent combinations
in our final results.

Computation of G2(7,7). The expansion in Feynman diagrams for the quadratic chiral
operators has the following form:

(XiX (@) XX (0)) = @ + (B.6)
ORI

Z3For notational simplicity, we denote both the chiral superfield and its bottom component as X;.
24We used JaxoDraw [84, 85] to draw the Feynman diagrams in this paper. Solid lines denote scalars and

dashed lines denote fermions.
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where the ellipses denote higher order diagrams and we omitted all the combinatorial
factors that multiply the various diagrams. The first diagram on the first line is just the
sum of all the diagrams that do not connect the upper with the lower propagator, so in
position space they just give Gy (7, 7)? (6;76,° 4 6;°6;%) |2| 722X Furthermore, the rightmost
diagrams on the first and second lines both vanish for the chiral operators Q; = P/9X; X j
defined in (3.23), since both diagrams are proportional to

Py hyjp P =0 (B.7)

Indeed, it is precisely these diagrams that give the descendant combinations W defined
in (3.20) the conformal dimension Ay, = Ax + 1 implied by (3.19). Lastly, the sum of the
remaining two diagrams (with the appropriate combinatorial factors in front) is finite, and
has been explicitly calculated in [69]. Putting the various ingredients together, we obtain
the results in (3.31).

Computation of Gg(7,7). The computation of the two-point function of the cubic
chiral primary operator proceeds exactly in the same way as before, since there are no
additional Feynman diagrams at this order — the contributing diagrams are identical
to those in (B.6), with one additional propagator connecting the left and right vertices,
reflecting that the composite operator is now cubic in the fields. As a consequence, the
answer can be immediately derived after some simple combinatorics, and leads to the result
presented in (3.31).

C Explicit crossing equations

In this appendix we list the explicit expression used in the crossing equations for the
four point function of four chiral operators in N’ = 2 theories with flavor symmetry G =
(Z3 x Z3) x Ss, as well as G X Zga, G % (Zy X Z3), and G x Ss.

In addition to the superconformal block Ga ¢ defined in (4.4), it will be useful to define
QNA,Z by taking the expression for Ga ¢ and replacing Gar py — (—1)€/GA/74/.

For G, we have

Grae —G1a0 —Grae
0 0 0
0 0 G-av
0 G-ae 0
G_Av 0 0
Q+,A,e 0 0
. %g+,A,e . %Q+,A,Z . %g:nAaf
Viae=|-4Giacl, Vare=1| 4Giae |, Vaar=| 3Giar |, (C1)
0 —g~+,A,e 2g~+,A,é
0 —~Gray 0
—gl,A,z 0 0
—1G_ au —1G_ av —1G_av
3G Au 3G Au —1G_Au
0 (AN —2G_ Ay
0 G_av 0

1=
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where we define
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For G x S3 we have
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D Exact results in d = 2

In d = 2, the family of Landau-Ginzburg CFTs with superpotential (1.2) is equivalent to
a T?/Zs free orbifold CFT [86, 87], and so can be solved exactly [88]. In this appendix
we summarize the results for the same CFT data that we have studied in d = 3, for more
details see [43, 45].

The action for the orbifold theory is

S = /dQZ (Guw + Byw) 0¢"0¢” + fermions, (D.1)

where z,z are holomorphic spacetime coordinates and ¢*(z,z) with p,v = 1,2 are the
target space coordinates on a torus 72 with sides 27 R, angle 27/3, metric

ds® =(dz* + wdz?)(dz' + w?dz?)
> (D.2)

1 - v
GW:<1 1)» G" :<
2

and B-field background
2 01
By = b—s . D.3
. R? (-1 0) (D-3)

The real parameters R and b parameterize the conformal manifold, and can be related to

D=
WIND Wl
Wl WIN

the complex parameter 7 via the relation

14+ )0\°
(M) =J(y), y=b+ i‘fR?, (D.4)
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(Left), as well as for the fundamental domain F defined in figure 1 (Right). The cross and circle
denote the enhanced symmetry points 7 = 14++/3, 1 for the Zy x Zy and cWZ3 models, respectively.

Figure 11. Exact chiral bilinear OPE coefficient squared A D.5) for real 1 — V3<71<14V3

2
Note that )\3,%’0

diverges at the decompactification limit 7 — 0.

where J is the Klein invariant modular elliptic function, and the 12 roots of the polynomial

in 7 are permuted by the duality subgroup A4 C S4. Note that unlike d > 2, the XYZ

theory in d = 2 is free since 7 = 0 corresponds to the decompactification limit R — oo.
The OPE coeflicient of the chiral primary with scaling dimension % in our conventions??

is then written as

2
2
) s TP 42 \/§r(§) Z _\@WRQ . 4 1 242
|)\3,§,0| - 92/3 9 F(%) R exp 92 1 1\/§R2b |(’U +wv )‘ ’

(D.5)

where R and b can be written in terms of 7 using (D.4). In figure 11 we plot |z 2 (|?
737

along the boundary of the manifold for real 1 — V3<r<1l+ \/3, as well as for the entire
fundamental domain F defined in figure 1.
The chiral scaling dimension of the singlet and doublets in the chiral-antichiral OPE

can be written as

1 1 , 1
h=-GH [p“ +5(Gup + BW,)?)’JR} [p + = (Guo + BW)UO’R] ,

2 R R 2
Lt g I (D.6)
h—_(mv | ER _ p rvo_ - _ o
h=5G [ &~ 5(Cup = Bup)v R} [ &~ 5(Co = Bug)v R] ,

where the momentum p* and winding number v# are integers that must satisfy selec-
tion rules
P(R,b) =p' —p*> mod 3,

D.7
V(R,b) =v' +v* mod 3, (B-7)

2
*5These relate to the definition in [45] by a factor of |T2|2/J§2.
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Figure 12. Exact scalar singlet and doublets scaling dimensions (D.6) for real 1— V3<T<1+V3.
The cross and circle denote the enhanced symmetry points 7 = 1++/3, 1 for the Zy x Zo and cWZ?
models, respectively. The points K; and Ks correspond to the kinks observed for this theory in [45].
Note that some of the doublets diverge in the decompactification limit 7 — 0.

and P, V are defined mod 3 and generically depend on the moduli R and b. For instance,
the singlet operator has P(R,b) = V(R,b) = 0, while for the various doublets P(R,b) and
V(R,b) are nontrivial functions of R and b. For a given representation, there are many
values of p#,v* that satisfy the selection rules and h = h. In practice, we scan over the
possible values and extract the lowest possible scaling dimension. In figure 12 we plot these
scaling dimensions along the boundary of the manifold for real 1 — V3 <7<1++3. The
points K1 = (—.310,1.25) and Ky = (—.160,1) for (7,A;) correspond to the kinks that
were observed in the numerical bootstrap plot in [45] of lowest singlet Virasoro primary
scaling dimension. As discussed in [45], Ko corresponds to a rational CFT with infinite
higher spin currents, while K7 has no enhanced symmetry. Here we observe that these
kinks occur when the singlet scaling dimension coincides with one of the doublets. In
figure 13 we plot the singlet and doublets scaling dimensions for the entire fundamental
domain F. We observe that these exact results in d = 2 are in harmony with the general
expectations based on dualities discussed in section 2.2.2.

Lastly, we give the formula for the Zamolodchikov metric, which was computed in [57]
to be

1 2

_1 1 |9y
4 (Imy)2

G(t,T) 9 (D.8)

)

where y is defined implicitly in (D.4). In terms of y, this metric is just the standard
Weil-Peterson metric on 772
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