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the properties of approximately 12 + 22 + 32 + 52 = 39 lightest glueball states measured

on a lattice and find a good agreement. On the other hand, the spectrum of low lying

glueballs in 4D gluodynamics suggests the presence of a massive pseudoscalar mode on the
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1 Introduction

Solving the SU(N) Yang-Mills theory in the planar limit is an old, fascinating and famously

hard puzzle. Despite an impressive progress achieved in understanding of certain aspects

of this problem, such as the discovery of AdS/CFT [1–3] and of integrability in N = 4

supersymmetric Yang-Mills [4], a solution of confining non-supersymmetric planar gluody-

namics remains elusive. One of the goals of this paper is to convince the reader that the

subject still presents a fundamental interest, and that now may be a good time to revisit it.

We will also report on a partial progress, mostly for the 3D version of the problem.

The major reason for the interest in this problem is the known project of the answer,

which goes back to early 70’s [5]. Namely, it is widely expected that gluodynamics allows a

dual description in terms of a string theory, which becomes weakly coupled at large number

of colors N . So to large extent the challenge “reduces” to constructing a worldsheet theory

of confining strings in the free (N =∞) limit.

It is important to keep in mind that despite numerous strong arguments favoring the

possibility of a weakly coupled string description for large N gluodynamics, this conclusion

is far from being granted (see, e.g., [6–8], for nice sets of arguments going both ways). In

particular, it was advocated [9] that even if the string reformulation exists, it is likely to

be quite complicated and to involve an infinite set of worldsheet fields. As we argue here,

this conclusion may be too pessimistic, and there is evidence suggesting that the structure

of the worldsheet theory is quite simple.
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Figure 1. Glueball production in the worldsheet scattering proceeds through string intersection

and interconnection. At large N the probability of interconnection is suppressed by 1/N2.

To make the task of solving planar gluodynamics more tractable and better defined

we divide the question into two parts. This separation allows to sharpen the notion of

worldsheet theory of confining strings, and makes it manifest that such a theory exists.

As a first step, following the discussion in [10], we consider a sector of the theory with

an infinitely long fluxtube stretching through the whole of space. Heuristically, such a

sector exists, because in the absence of fundamental quarks a fluxtube cannot break. More

formally, a pure glue theory is invariant under a global 1-form symmetry [11] (the center

symmetry [12]), and an infinite flux tube (in the fundamental representation) carries a unit

charge with respect to this symmetry. To avoid involving infinite energy states into the

discussion, one may introduce an IR regulator by compactifying one of spatial dimensions

on a circle, which is considered much larger than any other distance in the problem. Then

a “long” flux tube state is created by a Polyakov loop [13] wrapping around the circle.1

Low energy dynamics in this sector is described by a two-dimensional effective theory

of modes localized on the flux tube. These necessarily include gapless Goldstone modes

arising as a result of spontaneous breaking of the bulk Poincaré symmetry ISO(1, D−1) to

the product of the wordsheet Poincaré and of the transverse rotations ISO(1, 1)×O(D−2)

(here D is the total number of space-time dimensions). At small N the UV cutoff ΛUV of

this low energy theory is set by the mass mg ∼ ΛQCD of the lightest glueball. At energies

above mg two-dimensional unitarity is violated by the production of bulk glueball states.

Things get more interesting at large N because the production of bulk glueballs is now

suppressed and as a result the UV cutoff ΛUV is parametrically higher than mg. Let us

stress that by ΛUV we understand the scale where a violation of two-dimensional unitarity

is a real physical effect, rather than an artifact of a perturbative expansion. For any N

perturbative two-dimensional unitarity is broken at energies around ΛQCD, so that the two-

dimensional theory is necessarily strongly coupled in the energy range ΛQCD < E < ΛUV.

Semiclassically bulk glueball production proceeds through string self-intersections fol-

lowed by interconnections and by pinching off of a closed string loop (see figure 1). In four

1Note that in the present context the circle corresponds to a compact spatial direction, rather than to

the thermal Euclidean circle as in [13, 14].
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dimensions the cutoff energy ΛUV was estimated [10] to scale as

ΛUV ∼
N

`s
, (1.1)

where `s ∼ m−1g is the string width, which is related to the Regge slope α′ and to the

dynamical QCD scale ΛQCD as

α′ ≡ `2s
2π
∼ Λ−2QCD .

It is straightforward to adopt the estimate of [10] to the 3D case with the same result (1.1)

for the cutoff. The main difference between the 3D and the 4D cases is that in 3D a

string self-intersection, once formed, stays for a macroscopically long time in the absence

of interconnections. This affects the mass spectrum of produced glueballs without changing

the cutoff scale.

The principal conclusion from the above discussion is that the N → ∞ limit at fixed

energy results in a two-dimensional theory, which gets strongly coupled at E ∼ `−1s , but

stays unitary up to arbitrary high energies. It is this theory that we call the worldsheet

theory of confining strings. The first step in understanding planar gluodynamics amounts

to solving (to a reasonable extent) the worldsheet theory.

Then the second step should be to reconstruct the glueball spectrum from a known

worldsheet theory. It is important to stress that, as posed here, the first question should

necessarily have an answer. Indeed, with a powerful enough computer one may measure

any physical observable in the worldsheet theory with an arbitrary accuracy by performing

a usual Monte-Carlo simulation of SU(N) Yang-Mills theories with larger and larger N .

On the other hand, it might happen that even the full knowledge of the worldsheet theory

is not enough to reconstruct the spectrum of glueballs, so that the second step cannot be

implemented. A trivial example of how this might happen would be if the bulk theory

contained an additional sector, which decouples from gauge interactions at large N . Then

the corresponding states cannot be described as string excitations. One of our goals here

is to provide evidence that this does not happen in 3D Yang-Mills theory and that all of

the glueball states correspond to string excitations.

Of course, to move beyond the strict planar limit the third step in the program should

be to calculate perturbative string amplitudes between glueball states. This goes beyond

the scope of the present discussion.

As formulated, the two questions above still sound extremely challenging to solve.

We feel that the most realistic way to make progress at the current stage is to follow the

experimental guidance. Recall, that even in the simplest case of 2D Yang-Mills, where the

string description is to a large extent known [7, 15, 16], it was obtained by making heavy

use of experimental data (the exact “non-stringy” solution [17–19] in that case).2

Unfortunately, in higher dimensions we do not have a luxury of knowing the exact

solution, so the only available data to guide us is coming from lattice simulations. Luckily,

2Note, however, that the answers to our two questions in 2D are trivial — the theory exhibits neither

worldsheet excitations nor glueballs. The non-trivial (and tractable in 2D) part of the problem is the third

question — developing a perturbative string expansion at finite N .

– 3 –



J
H
E
P
0
2
(
2
0
1
7
)
0
2
2

a significant amount of high quality lattice data was collected recently on the properties of

long strings in 3D and 4D large N Yang-Mills [20–24], as well as on the glueball spectra

(especially in 3D) [25–28], see [29] for a review. As we review in section 2, combining these

data with modern theoretical tools (such as the Thermodynamic Bethe Ansatz (TBA) [30,

31]) allows to extract a considerable amount of information about the worldsheet theory

both in 3D and 4D [10, 32, 33].

At this stage it would be definitely premature to claim the full knowledge of the

worldsheet theory either in 3D or in 4D. However, there is already enough information

to formulate a non-trivial unified strawman Ansatz for its general structure [10], which

is consistent with the current long string data. For reasons explained later, we refer to

the resulting theories as axionic strings. In particular, in 3D the Axionic String Ansatz

(ASA) says that the worldsheet theory does not carry any new local degrees of freedom in

addition to the gapless translational mode of the string. Given the wealth of data on the

spectrum of glueballs (“short” strings), it would be extremely helpful if we could translate

this conjecture into predictions about the glueball spectrum. This is precisely the second

question above, and the main goal of the present paper is to start addressing this challenge.

In the present paper we will make a first step in this direction. We will not attempt to

calculate the glueball masses, but rather restrict to their possible quantum numbers, which

are spins and P - and C-parities. For the resulting predictions to be useful we will need to

make a certain general assumption about the overall structure of the mass spectrum, which

will be inspired by what we know about critical strings (or, alternatively, by assuming that

the theory is in the proximity of a certain integrable theory). As we explain in section 3

the ASA allows then to fix quantum numbers of almost all glueballs. This should not be

too surprising. For instance, in the long string sector the assumption that no additional

fields are present on the worldsheet immediately fixes the structure of the Kaluza-Klein

spectrum, when the string is compactified on a circle. Here we generalize this observation

to the case of rotating strings. This result may be considered as a finite volume version of

the Goldstone theorem.

For 39 = 12 + 22 + 32 + 52 lightest glueball states we compare the resulting predictions

with the most recent lattice data [28] in section 4. To our opinion, we find a very encourag-

ing agreement.3 Apart from a few of the heaviest states, which are missing in the current

lattice data, there is a single pair of states which disagrees with our predictions. Namely,

one of the doublets identified as 3+ in [28] is predicted to be 1+ (see section 3 for a detailed

explanation of how the states are labeled). This kind of misidentification is not completely

implausible, given that the lattice breaks the continuous rotation symmetry to a discrete

subgroup, so spin determination is a very delicate task. At any rate, given that currently

this is the only disagreement, falsifying this prediction will be very interesting, indepen-

dently of the outcome. We also present the ASA prediction for the quantum numbers of

the next 82 states, out of which very few have been measured so far. Finally, we take a

brief look at the 4D glueball spectrum, and find that it strongly suggests the presence of

3It should be noted though that, as a consequence of the rotation symmetry, some of the states necessarily

come in degenerate pairs. Hence the actual number of independent non-trivial predictions to test is smaller

than 39.
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an additional massive pseudoscalar worldsheet state in agreement with the long string data

and with the ASA.

In section 5 we compare the character describing the bosonic string spectrum described

here to the linear dilaton character, and to the character of critical bosonic strings analyt-

ically continued into D = 3. In section 6 we discuss several general puzzles concerning the

properties of bosonic strings at D = 3 and comment on a possible resolution. We present

our conclusions and discuss future directions in section 7.

2 Long flux tubes and the ASA

Let us start with a lightning review of what is currently known about long confining flux

tubes. For details we refer the reader to [10, 32, 33].

From the bottom up perspective long strings are the natural starting point to study

string dynamics, even though this is not how fundamental string theory has been devel-

oped. Indeed, both long and short strings can be thought of as systems of Goldstone bosons

emerging as a result of spontaneous breaking of the target space Poincaré symmetry. How-

ever, long strings provide a more conventional quantum field theory setting by preserving

translational invariance along the worldsheet.

Lattice simulations provide information about the finite volume spectrum of this theory

on a circle of size R. To extract information about the worldsheet theory these results

have to be compared with theoretical calculations of the finite volume spectrum in the

low energy effective theory describing dynamics of long wavelength perturbations on the

string worldsheet. Traditionally these calculations have been performed using the `s/R

expansion [34–39]. As a consequence of the non-linearly realized Poincaré symmetry this

expansion exhibits a remarkable degree of universality — for instance, in the absence of

extra gapless fields on the worldsheet, the first non-universal contribution to the ground

state energy of the long string arises at O
(
`6s/R

7
)

order. This universality is a very

unwelcome feature for our purposes — at first sight it makes it very hard to use lattice

data as a probe of the worldsheet theory. For instance, it is very challenging to extract

any information from the ground state data apart from the absence of extra massless (or

anomalously light) fields on the worldsheet.

However, the situation is different for excited states. The universality of the `s/R ex-

pansion still holds of course, however the radius of convergence of this asymptotic expansion

turns out to be too small here. As a result the `s/R expansion is practically useless for

interpreting the available lattice results for excited states. This complication stimulated

the development of an alternative perturbative approach. The idea is to calculate first

the worldsheet S-matrix, and then to relate it to the finite volume spectrum using the

TBA technique.

The TBA method drastically improves the convergence and leads to the identification

of a massive pseudoscalar excitation (the worldsheet axion) on the worldsheet of confining

strings in 4D. The leading order pseudoscalar interaction of the worldsheet axion with

translational modes takes the form

Sa =
Qa
4

∫
d2σ
√
−hhαβεµνλρ∂αtµν∂βtλρa (2.1)
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where a is the axion field, Xµ are the embedding coordinates of the string worldsheet, hαβ
is the induced metric on the worldsheet and

tµν =
εαβ√
−h

∂αX
µ∂βX

ν .

Neglecting non-perturbative effects on the worldsheet, the interaction (2.1) does not break

the axion shift symmetry, because a is coupled to the topological density, which calculates

a self-intersection number of the string worldsheet [40]. For the SU(3) gauge group the

axion mass was measured to be

µa ≈ 1.85+0.02
−0.03`

−1
s

and the coupling constant is

Qa ≈ 0.38± 0.04 . (2.2)

Instead, the 3D lattice data does not require any massive excitations on the worldsheet,

although it does show the presence of non-universal corrections to the scattering phase shift.

At first sight this information is hardly enough to come up with a sensible Ansatz for

the structure of the worldsheet theory, especially in 3D. However, the data might be more

telling than it appears. To see this, we need to review some further theoretical background.

Motivated in part by the discovery of integrability in N = 4 supersymmetric Yang-

Mills, the following question was raised in [10, 41]. Is it possible that the worldsheet

dynamics in a confining gauge theory is integrable, i.e. all scattering amplitudes on the

worldsheet are purely elastic?

A partial answer to this question is that integrability necessarily requires the presence

of additional massless degrees of freedom on the worldsheet at D 6= 3, 26. Indeed, the

Nambu-Goto theory is integrable at the classical level. However the integrability is broken

by a quantum anomaly, so that additional massless fields are required to cancel the anomaly.

The most famous and well studied way to cancel the anomaly is to introduce (26−D)

additional massless bosons, which leads to the critical string theory. Alternatively, at any

D a single additional massless scalar may also do the job, provided it has the appropriate

coupling to the Euler density on the worldsheet. This path leads to the conventional

non-critical strings [42] (a linear dilaton background).

Motivated by the worlsheet axion it was observed [10] that yet another possible way

to cancel the worldsheet particle production is to introduce (D − 2)(D − 3)/2 massless

pseudoscalar fields, transforming as an antisymmetric tensor under the O(D− 2) group of

transverse rotations of a long string. At D = 4 this is equivalent to adding a single axion,

and integrability fixes the value of the coupling constant in (2.1) to

Qa =

√
7

16π
≈ 0.373176 . . . . (2.3)

The agreement with the value (2.2), which was previously deduced from the lattice data,

is quite intriguing.

Three possible explanations were put forward to explain this coincidence. First, it

can be purely numerological and does not teach us anything about the underlying physics.

– 6 –
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Second, it might suggest that the worldsheet axion becomes massless in the planar limit, so

that the worldsheet theory is integrable in the pure gluodynamics in the planar limit. This

possibility has been studied on a lattice and is ruled out [43]. The axion mass approaches

a constant non-zero value at N →∞.

Finally, the third option, which is the basis of the ASA, is that this coincidence indicates

that the worldsheet theory becomes integrable in the high energy limit. This would not be

completely surprising — we started with an asymptotically free theory, so the only reason

we may get something non-trivial in the high energy limit is that we took the infinite N

limit first. One may still expect the end result to be somewhat simple (recall also that all

bulk amplitudes turn zero after taking the infinite N limit even at finite energy). Note

that if this interpretation were correct, the resulting integrable scattering amplitudes have

a very transparent physical meaning. The S-matrix is completely determined by the two-

particle “shock wave” phase shift (neither annihilations nor reflections are present), which

takes the form [44],

e2iδ(s) = ei`
2
ss/4 . (2.4)

This phase shift results in a time delay proportional to the collision energy. This is the

most basic geometric property of a relativistic string — its physical length is proportional

to the energy, resulting in the time delay.

An antisymmetric tensor does not carry any local degrees of freedom at D = 3, so in

this case there is no need to add any massless states to restore integrability, and the phase

shift (2.4) is compatible with a non-linearly realized bulk Poincaré symmetry for a theory

of a translational Goldstone boson alone. However, as we already mentioned, lattice data

exhibits sizeable corrections to the integrable phase shift both for N = 3 [33] and at large

N (the corresponding lattice data was recently published in [24] and its TBA analysis is

currently underway and will be presented elsewhere).

The ASA offers a unified description of the worldsheet dynamics for both D = 3 and

D = 4 gluodynamics. Namely, the expectation is that in both cases the particle content

of the worldsheet theory coincides with that for integrable axionic strings. At D = 4 this

implies that the worldsheet axion is the only additional massive degree of freedom, and

at D = 3 the particle content is just the same as in the classical Nambu-Goto theory.

A violation of integrability is a transient phenomenon present at intermediate energies.

Integrability gets restored both in the IR (this is an automatic consequence of the non-

linearly realized Poincaré symmetry) and in the UV (this is an assumption, motivated by

the numerical coincidence between (2.2) and (2.3)).

As discussed extensively in [44], the most interesting property of the phase shift (2.4)

is that its asymptotic UV behavior (dubbed “asymptotic fragility”) is not described by a

conformal fixed point and matches many properties of a gravitational theory rather than

of a conventional field theory. Even if the worldsheet theory turned out to be different

from (2.4) in the UV, it is extremely plausible that its UV behavior still cannot be de-

scribed by a conventional conformal fixed point. One reason to suspect this is because in

the presence of a fixed point one may expect restoration of the bulk Lorentz symmetry

in the UV, which is at odds with unitarity. Furthermore, the rotational symmetry of the

Goldstone modes gives rise to the Noether currents which cannot be separated into a holo-
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morphic and antiholomorphic parts, which is not expected to happen for a non-free CFT

(and there does not seem to be a good candidate free CFT to describe such a putative UV

fixed point). Furthermore, it looks hard to construct examples of non-trivial conventional

2D RG flows involving shift invariant non-compact bosons.

Note that all existing examples of non-integrable asymptotically fragile theories [45]

exhibit the integrable UV behavior (2.4). These can be understood as solvable deformations

of conventional quantum field theories by an irrelevant operator T̄ T [46, 47] (see [48] for

a 3D holographic description). Hence, it will be even more interesting if the expectation

that the UV fixed point is absent does hold, but UV integrability is not present, because

this will provide a more general example of the asymptotic fragility.

More generally, this discussion gives an additional incentive to study the worldsheet

dynamics of confining large N gauge theories. This is likely to be a setting where lattice

simulations combined with the large N limit (which can also be taken numerically) provide

an operational non-perturbative definition of (two-dimensional) gravitational theories.

Before moving forward, let us note the following. In the past a number of phenomeno-

logical flux tube models aimed to describe (parts of) the glueball spectrum were proposed

(such as [49, 50]). Also a number of attempts have been made to calculate certain prop-

erties of the hadronic spectrum within the effective strings framework (e.g., [51–53]). The

ASA is different from both. Unlike phenomenological flux tube models it has a very precise

meaning — it represents (a guess for) the full set of quantum numbers and the structure

of the spectrum of integrable axionic strings (in the short string sector; no guess is needed

to describe the long string sector using the TBA). Within the ASA the integrable axionic

strings are expected to provide a good zeroth order approximation for the planar Yang-Mills

glueballs. Unlike effective string models the ASA is not restricted to the long string regime.

Effective strings provide a possible way to organize a perturbative expansion around the

integrable approximation. Hopefully, after the integrable solution is understood, it may be

possible to find other perturbative schemes as well, which will not be limited to long strings.

Finally, let us comment on a possible resolution of the apparent conflict between the

simplicity of the ASA and the arguments put forward in [9]. As mentioned in the Intro-

duction these arguments suggest that the worldsheet theory necessarily carries an infinite

number of degrees of freedom. It looks plausible that the contradiction arises due to non-

commutativity of the large N and high energy limits. Namely, the reasoning in [9] proceeds

by compactifying a gauge theory on a small thermal circle of size β, such that the theory

becomes perturbative, calculating the free energy (in the unstable phase with the unbroken

center symmetry) and comparing the result with the analytic continuation of the calcula-

tion in the worldsheet theory. However, for the gauge theory to be in a perturbative regime

the circle size should be smaller than β < (ΛQCDN)−1, which corresponds to the masses of

the lightest off-diagonal Kaluza-Klein W -bosons arising as a result of compactification [54].

At any finite value of N this pushes the compactification scale above the UV cutoff (1.1),

where the worldsheet theory looses unitarity. Consequently, the regimes of applicability

of the two calculations never overlap, which may explain the discrepancy. In other words,

this discrepancy may be taken as an indication that the perturbative asymptotically free

regime is not accessible in the string description.

– 8 –
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3 Quantum numbers of closed bosonic strings and glueballs

In principle, the ASA hypothesis can be tested directly by further lattice simulations in

the long string sector. In practice though it is rather challenging. Even with an improved

convergence of the TBA technique the precision measurements of the worldsheet S-matrix

require data for relatively large compactification radii. This makes it hard to measure

many new states, because these become very heavy. On the other hand, a large number of

high precision glueball mass determinations are available, so it would be very useful to be

able to confront the ASA against these data. Also, predicting the glueball spectra is what

one normally means by solving the theory in the first place.

An important implication of the results reviewed in section 2, is that they set the scale

of how ambitious one should be in “solving” the theory. Indeed, a priori, one could aim at

obtaining relatively simple exact analytic expressions for all glueball masses in the planar

gluodynamics. However, the absence of integrability on the string worldsheet strongly

suggests that this would be an overly ambitious goal. It appears more realistic to aim at

understanding the general structure of the glueball spectrum (in particular, at predicting

glueball quantum numbers), and at developing a perturbative scheme(s) for calculating

the masses.

In the present paper we restrict our ambitions even further, and aim only at under-

standing the quantum numbers. Even this limited approach will provide us with a powerful

check of the ASA and of the stringy nature of the glueball states more generally. Namely,

as we will argue now, the ASA allows to predict quantum numbers of almost all glueball

states. We will mostly restrict our discussion to the 3D case, both due to its relative sim-

plicity and because the amount and quality of the 4D lattice data is much more limited.

Nevertheless, a generalization to 4D appears straightforward and we will take a brief look

at the 4D case as well.

3.1 Tensor square structure

3D glueballs are characterized by their integer spins J , and P - and C-parities. The massive

little group in three dimensions is O(2), so that all states with non-zero spins come in

degenerate pairs with opposite P -parities. So we will label J > 0 states as JC with

C = ±. (Pseudo)scalar states do not need to come in pairs, so we will label them as 0PC

with P,C = ±.

A first implication of the ASA, and even more generally of the closed string nature of

glueball states, is the following general structure of the Hilbert space. Let us start with the

simplest case, when no massive states are present on the worldsheet, which is the situation

in the 3D ASA. Then, a (non-chiral) closed string is an object with two identical sets of left-

and right-moving excitations. So one may expect the Hilbert space of closed string states

to have a natural tensor square structure. This is indeed the case in the long (winding)

string sector,

Hlong = HL ⊗HR , (3.1)

where Hlong is the Hilbert space of all possible excitations on the worldsheet of a long

string, and HL(R) are (identical) Hilbert spaces of left(right) moving excitations.

– 9 –
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However, as well known from the critical string theory, allowed states for short strings

have to satisfy an additional condition called level matching. This condition has a very

general physical origin and is not limited to critical strings. It is a manifestation of the

worldsheet reparametrization invariance, which implies that the total momentum along

a string has to vanish. This does not hold in the long (winding) string sector, where

translations along the string are generated by a combination of the worldsheet translation

(which is a gauge symmetry transformation) and of the target space translation (which is

a global symmetry transformation). As a result, for long strings states with a non-zero

spatial momentum along the winding direction the level matching condition does not hold.

Instead, for short strings one finds the following structure of the Hilbert space,

Hclosed short =
∑
N

HL(N)⊗HR(N). (3.2)

Here N is a “level” of a state, so that HL(R)(N) is a subspace of left(right) moving states

with a total momentum N along the string. We choose the spatial worldsheet coordinate

to run in the range σ ∈ [0, 2π], so that N takes natural values.

It is straightforward to generalize the structures (3.1), (3.2) to the situation when

massive fields are present on the worldsheet, as relevant for the 4D ASA. In this case

additional zero momentum states are present, corresponding to adding n massive particles

at rest. For instance, for short strings one gets then

Hmassive =
∑
n

Hn , (3.3)

where each of Hn has the structure of (3.2).

Clearly, to test the structure (3.2) against the actual glueball data measured on a

lattice, one needs some assumption about the distribution of glueball masses. For critical

(integrable) strings all states at the same level are degenerate in mass. An approximate

integrability of the ASA makes it then natural to expect that glueballs should come in

approximately degenerate groups ordered by their level.

Then the immediate implication of the structure (3.2) is that glueball states come

in clusters with multiplicities given by squares of integers. Let us see now what are the

possible quantum numbers inside these clusters. First, note that the spin J and the spatial

parity P can be defined at the level of left- and right-moving states separately. On the

other hand, the charge conjugation C is directly linked to the tensor product structure of

the closed string Hilbert space. Indeed, in a gauge theory the charge conjugation reverses

the direction of path ordered exponents, used to construct glueball states. In the string

language this translates into a spatial parity transformation on a worldsheet, i.e., C acts by

exchanging quantum numbers of left- and right-moving components of a closed string state.

Then in the decomposition of (3.2) we encounter the following terms,

0P ⊗ 0P = 0++ (3.4)

0P1 ⊗ 0P2 + 0P2 ⊗ 0P1 = 0(P1P2)+ + 0(P1P2)− (3.5)

0P ⊗ J + J ⊗ 0P = J+ + J− (3.6)
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J ⊗ J = (2J)+ + 0++ + 0−− (3.7)

J1 ⊗ J2 + J2 ⊗ J1 = (J1 + J2)
+ + (J1 + J2)

− + |J1 − J2|+ + |J1 − J2|− . (3.8)

One consequence of these relations is that the leading Regge trajectory — i.e., the set of

maximum spin states at each level — consists of states of even spin. Furthermore, odd

spin states necessarily come in pairs of opposite C-parity, because they may only appear

in a decomposition of products of different spins, eqs. (3.6) and (3.8).

3.2 Spin content

The very existence of the tensor structure (3.2) already implies a quite restrictive set of

constraints on the glueball spectrum. However, as we will argue now, the ASA implies a

much stronger set of predictions and allows to almost completely fix the set of glueball

quantum numbers at each level. The major additional assumption will be that at each

level the Hilbert spaces describing left- and right-moving excitations HL(R)(N) have the

same structure as the level N Hilbert space of open strings,

HL(N) = HR(N) = Hopen(N) . (3.9)

This assumption holds for critical strings, and given that the worldsheet S-matrix is the

same for critical strings and for integrable axionic strings, it appears as a natural one to

make. The main a posteriori justification for this assumption, as discussed in section 4.1,

is coming from the lattice data.

To describe the full open string Hilbert space, let us present it as a sum of subspaces

corresponding to different spin eigenvalues,

Hopen ≡
∑
N

Hopen(N) =
∑
J∈Z
HJ .

At large |J | the minimum energy configuration in each HJ subsector may be described as

a classical rotating rod solution of the Nambu-Goto theory,

X0 =
`2sE

π
τ (3.10)

X ≡ X1 + iX2 =
`s
2i

√
2J

π

(
eiσ

+ − eiσ
−
)
, (3.11)

where we picked J > 0, which is related to the energy E by the classical Regge formula

E2 =
2πJ

`2s
.

In (3.11) we introduced the worldsheet light cone coordinates

σ± ≡ τ ± σ

with σ ∈ [−π/2, π/2]. Then the structure of HJ at large J can be described perturbatively

by quantizing small excitations around the rotating rod solution. Moreover, at large J one
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may ignore the conformal anomaly and use the classical Polyakov formalism. We work

in the conformal gauge and fix the residual gauge freedom by imposing that X0 stays in

the form (3.10) (where E becomes a total perturbed energy now). Then, restricting to

perturbations in the rest frame of the rotating rod, we can write

δX = i
`s√
π

∑
n 6=0

αn
2n

(
e−inσ

−
einπ/2 + e−inσ

+
e−inπ/2

)
, (3.12)

where the commutation relations are

[αm, α
†
n] = 2mδm−n ,

so that the conventionally normalized creation operators are

a†n =
α−n√

2n
, b†n =

α†n√
2n

, n > 0 .

In addition to the usual Virasoro constraints

− (∂+X
0)2 + ∂+X∂+X̄ = −(∂−X

0)2 + ∂−X∂−X̄ = 0 (3.13)

the states belonging to HJ have to satisfy the condition that their angular momentum is

equal to J , i.e.
1

2i`2s

∫ π
2

−π
2

dσ
(
X̄∂τX −X∂τ X̄

)
= J (3.14)

By plugging in the mode decomposition (3.12) into the angular momentum constraint at

linear order in the perturbation δX one obtains,

δJ = −i
√
πJ

2
(α†−1 − α−1) = 0 . (3.15)

On the other hand, at linear order in δX, δE the Virasoro constraints imply the follo-

wing relations

δE = − iπ

2`s
(α†−1 − α−1) (3.16)

α−2 = 0 (3.17)

α−n = α†n−2 , n ≥ 3 (3.18)

We see that at the linear order

δE = 0

at constant J , as it should be because the rotating rod solution minimizes the energy at

fixed angular momentum. We also see that the Virasoro constraints completely remove

the (α−2, α
†
−2) sector (which is related to the fact that we consider dynamics in the rest

frame of the rotating rod). Furthermore, after imposing the δJ = 0 constraint, the only

remaining solution in the (α−1, α
†
−1) sector corresponds to a non-consequential constant

time shift.
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From the worldsheet viewpoint each of the remaining Virasoro constraints (3.18) re-

stricts the motion in the space of two harmonic oscillators with frequencies equal to n and

n+ 2 by imposing √
n+ 2a†n+2 =

√
nb†n n > 0 . (3.19)

This constraint appears somewhat unconventional. Naively, one would like to say that

it projects out one of the oscillators. However, given that before the projection the os-

cillators had different frequency it is somewhat confusing what should be the frequency

of the remaining one. The physical meaning of this condition is much cleaner from the

target space-time viewpoint. Indeed, the physical time translations are generated by a

simultaneous shift of the worldsheet time τ → τ + τ0 and a rotation in the (X1, X2) plane,

X → e−τ0X. Operators a†n+2 and b†n carry ±1 unit of charge under the rotation, so from

the space-time point of view the constraint is imposed in the phase space of two oscillators

of equal frequency

ωn =
π(n+ 1)

`2sE
, (3.20)

leaving us with a single oscillator of the frequency (3.20) for each n > 0.

To confirm this interpretation by a direct calculation let us inspect the leading (sec-

ond order) expression for the perturbed energy. Expanding the corresponding Virasoro

constraint to the second order we obtain

δE =
iπ

2`s

(
α†−1 − α−1

)
+

π

`2sE

∑
n>0

(
(n+ 2)a†n+2an + nb†nbn

)
, (3.21)

where we kept the (α†−1−α−1)-term because it does not vanish at the second order. Indeed,

the angular momentum constraint expanded to the second order becomes

δJ = i

√
πJ

2

(
α†−1 − α−1

)
+
∑
n>1

(
a†n+2an+2 − b†nbn

)
= 0 .

By plugging this back into the expression for the energy (3.21) we obtain

δE =
π

`2sE

∑
n>0

(n+ 1)
(
a†n+2an+2 + b†nbn

)
(3.22)

in agreement with the previous discussion. Now it is straightforward to impose the con-

straint (3.19). Namely, after defining a rotated set of oscillators

An =

√
na†n+2 +

√
n+ 2b†n√

2(n+ 1)
(3.23)

Bn =

√
n+ 2a†n+2 −

√
nb†n√

2(n+ 1)
(3.24)

the constraint (3.19) turns into

Bn = 0 ,
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and the energy reduces to

δE =
π

`2sE

∑
n>0

(n+ 1)A†nAn (3.25)

To proceed, let us keep following the assumption that the structure of level assignments

in HJ is the same as for critical strings. Then the ground state in HJ corresponds to the

level N = J , and each oscillator A†n increases the level by the amount determined by its

frequency, i.e. by

∆Nn = n+ 1 .

Hence, the multiplicity of states at a level J+N in HJ is equal to the number of partitions

of the number N , which do not include 1 (because the set of frequencies in (3.20) does not

include ω0). This can be summarized by the following generating function

PJ(x) = xJ(1− x)P(x) , (3.26)

where

P(x) =
∞∏
n=1

1

1− xn (3.27)

is the Euler generating function for integer partitions. Then the multiplicities of states at

different levels in HJ can be read off from the Taylor expansion of (3.26),

PJ(x) = xJ + xJ+2 + xJ+3 + 2xJ+4 + 2xJ+5 + 4xJ+6 + 4xJ+7 + 7xJ+8 + . . . . (3.28)

In section 5 we will confirm this result by comparing it to the standard bosonic string

character [55] (see figure 6).

It is straightforward to generalize this analysis to D = 4, where additional set of

oscillators, describing perturbations in the transverse direction, are present. Also it is

straightforward to include additional massive states on the worldsheet.

The perturbative analysis above is only guaranteed to work in the semiclassical limit

J → ∞. However, it is natural to try to “analytically continue” these results all the way

down to J = 0. Namely, we include as a part of the ASA the assumption that the generating

function (3.28) (or its appropriate generalization at D = 4) describes the structure of HJ
for any J .

Then the structure of the full open string Hilbert space Hopen can be characterized by

the following generating function

PASA(x, θ) ≡
∑
J∈Z

eiJθPJ(x) =
(1− x)(1− x2)P(x)

1 + x2 − 2x cos θ
(3.29)

The coefficient in front of xNeihθ in the Taylor expansion (in x) of PASA(x, θ) is equal to

the multiplicity of the helicity h open string states at the level N . In figure 2 we present

the resulting multiplicities for a number of low lying levels.

The last remaining step to obtain the 3D glueball spectrum, as predicted by the ASA,

is to calculate tensor squares at each level, as explained in section 3.1. Note that the

analytic continuation above apparently does not allow to determine the parity assignment
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Figure 2. Helicity content of the ASA open string spectrum.

N Glueball States # of states

0 0⊗ 0 = 0++ 1

1 1⊗ 1 = 0++ + 0−− + 2+ 4

2 (0 + 2)⊗ (0 + 2) = 2 · 0++ + 0−− + 2+ + 2− + 4+ 9

3 (0 + 1 + 3)⊗ (0 + 1 + 3) = 25

3 · 0++ + 2 · 0−− + 1+ + 1− + 2 · 2+ + 2− + 3+ + 3− + 4+ + 4− + 6+

Table 1. Quantum numbers of 3D glueballs at first four levels, as predicted by the ASA.

for J = 0 states in Hopen. However, as follows from (3.4)–(3.8), this ambiguity may only

affect the glueball spectrum at J = 0 and in a situation when more than one state is

present in Hopen at J = 0. This does not happen until N = 4, which is beyond what is

currently accessible on a lattice. The resulting predictions for glueball quantum numbers

up to N = 3 are presented in table 1.

4 Comparison to Lattice data

We are now in a good position to confront the predictions of the ASA with the glueball

spectrum measured on a lattice. We will mainly consider the 3D case, which is simpler
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both on the theory side and as far as lattice simulations go. In particular, the quality of

lattice data is much better at D = 3 than at D = 4. However, we will take a brief look at

D = 4 glueball spectra as well.

4.1 3D glueballs versus ASA

An extensive high precision determination of glueball spectra in D = 3 gluodynamics at

large N has been reported recently in [28]. In figure 3 we present the resulting glueball

spectrum. Several comments are in order to properly interpret this data.

Most importantly, one needs to keep in mind that a square lattice breaks the O(2)

rotation symmetry down to its Z4 subgroup. This makes it rather challenging to determine

the actual spins of glueball states. Without additional efforts one only determines a Z4

representation corresponding to a given spin. This implies that all spins divisible by 4,

J = 0 mod 4, are coming out indistinguishable, as well as all odd spins, J = 1 mod 2, and

all even spins non-divisible by 4, J = 2 mod 4. These degeneracies may be resolved with

special dedicated techniques [26, 56]. However, currently these have been implemented

only for a handful of states, and the results should be considered as preliminary. Namely,

spin determinations were performed for spin 3 and spin 4 states shown in figure 3. Also

low lying J = 0 states do not have a candidate partner of opposite parity and have to be

scalars under continuous rotations. However, one should keep in mind that some of the

states labeled as spin 0, 1 and 2 may actually have a higher spin.

Another point to make is that ref. [28] presented results for SU(N) gauge groups with

N = 2, 3, 4, 6, 8, 12, 16 as well as extrapolations to N = ∞. Most of the states shown in

figure 3 are taken from the N = ∞ table of ref. [28]. However, for a few states the mass

determination at large N was not accurate enough to allow for a high quality N = ∞
extrapolation. These states were not included in N =∞ results in [28], even though they

are present either in N = 12 or N = 16 data. Given that our current analysis mostly

depends on having as complete set of states as possible, and does not rely much on the

precise mass determination, we included such states in figure 3, with a subscript indicating

what is the largest number of colors (N = 12, or N = 16), where a state is present in [28].

Finally, for the same reason and to avoid an unnecessary cluttering of the plot, we

did not include mass error bars in figure 3 for the N = ∞ states from [28]. All these

mass determinations are at a few percent level precision, which is more than enough for

our purposes. For states which lack N = ∞ extrapolation, we took the average mass

between the two highest values of N where these are measured as a central value, and the

corresponding mass difference as an error bar.

To compare the spectrum in figure 3 with the ASA expectations, let us first ignore

the results of section 3.2 and see how much can be deduced just from imposing the tensor

square structure alone. This may be considered as the most basic test of the stringy nature

of the glueball states.

A separation between different levels is quite manifest in figure 3, at least for low lying

glueball states. It is immediately clear that the level degeneracy is only approximate. In

fact, the level structure is better visible at fixed value of J (with caveats concerning spin

determinations, as just discussed). If we were to completely suppress the spin information
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Figure 3. 3D glueball spectrum and quantum numbers as measured on a lattice.

it would be much harder to sort the states between different levels. Also, it definitely

appears that higher spin states tend to be heavier at any fixed level number.

Nevertheless, there is a clearly separated lightest 0++ state, which is natural to identify

with a single glueball expected at N = 0 level. Next we find a well separated group of four

states, 0++, 0−−, and 2+ (recall that the 2+ glueball, as well as all other J 6= 0 glueballs, is

actually a doublet of two opposite parity states). These four states can be uniquely written

as the tensor square,

0++ + 0−− + 2+ = 1⊗ 1 . (4.1)

It is natural to identify these with the N = 1 level, which matches nicely the ASA prediction

at the first level as presented in table 1.

Moving higher in mass we find a group of nine states corresponding to 2 · 0++, 0−−,

2+, 2−, and 4+ glueballs. Again these can be uniquely written as a tensor square,

2 · 0++ + 0−− + 2+ + 2− + 4+ = (0 + 2)⊗ (0 + 2) (4.2)

in a perfect agreement with the ASA decomposition of the N = 2 level in table 1.

At even higher masses we encounter the first and the only major contradiction between

the observed glueball spectrum and the tensor square structure. Namely, as we discussed

in section 3.1, the tensor square structure requires that odd spin states come in pairs with

opposite C-parities. This is violated by the spectrum presented in figure 3. One does find

there a group of four approximately degenerate odd spin states, of which two have C = +

and the other two have C = −. However, there is a single J = 1 (and C = −) state in this

group, which is incompatible with (3.4)–(3.8). So, to be able to proceed, we assume that
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the spin assignment for one of the odd spin states in this group is misplaced. Verifying

this assignment becomes crucial not only for falsifying the ASA, but as a test of the tensor

square structure, which is a much more basic consequence of the stringy nature of glueballs.

Even with this assumption, identifying the N = 3 states is not immediate. Indeed,

there is a well pronounced group of sixteen states, labeled as 3A in figure 3. However,

among these states one finds seven C = − states and nine C = + states. This indicates the

3A states on their own cannot be presented as a tensor square (otherwise the split would

be six C = − states and ten C = + states).

At this point one might entertain a possibility that sixteen 3A states should be com-

bined with nine N = 2 states; this would imply that we actually misidentified what repre-

sents the N = 2 level. A priori, this were not completely unreasonable. For instance, the

J = 0 3A states are quite close in mass to the J = 4, N = 2 state. However, even though

the counting of C-parity would work in this case (we would get ten C = − states and fifteen

C = + states, as needed), it is immediate to see that this option does not work. Indeed,

the best shot at presenting the resulting twenty five states as a tensor square would be to

consider the product (0 + 1 + 2) ⊗ (0 + 1 + 2), which would predict six odd spin glueballs

instead of four, which are present among 3A states.

Hence, the only remaining option to reconcile the spectrum in figure 3 with the tensor

square structure is to combine the 3A states with a somewhat heavier group of J = 0

states, labeled as 3B. This association looks more convincing after consulting with the

ASA predictions in table 1. These imply that many of the 3B states are actually J = 4

states, and we already saw that higher spin states at the same level tend to be heavier.

Namely, both 0−+ and 0+− 3B states are predicted to be members of 4+ and 4− doublets.

Then it is natural to expect that the 0−− state, which is nearly degenerate with the 0+−, is

actually the second member of 4−. The only remaining rearrangement needed to become

compatible with the ASA at N = 3 is to identify the heaviest 2+ state as 6+.

The resulting glueball spectrum is shown in figure 4. Comparing it to table 1, we

observe that to make them compatible three additional 0++ states need to be present (one

of which is actually the second component of 4+). Most likely all these states are heavier

than the 0++ states found on the lattice so far, so their existence is not in conflict with the

results of [28].

To summarize, we believe that the agreement between the ASA predictions for the first

four levels and the lattice results is quite encouraging. The only contradiction between the

two is that the ASA requires one of the states identified as 3+ in [28] to be actually 1+.

Such a misidentification is not completely implausible,4 and testing the spin determination

for this pair of states becomes very important. In addition, the ASA makes a number

of predictions for the currently undetermined spins and predicts the existence of three

additional 0++ states in the mass range corresponding to N = 3 level in figure 4.

Clearly, there is not enough lattice data at higher masses to make a meaningful com-

parison with the ASA predictions at N = 4. Let us nevertheless take a brief look at what is

4We thank Mike Teper for encouraging us to proceed with the ASA in spite of this contradiction.
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Figure 4. Measured 3D glueball spectrum with the ASA quantum numbers assignments. The

dashed line shows the approximately linear leading Regge trajectory.

expected to happen there. The ASA predicts the following sixty four states at N = 4 level,

(0P1 + 0P2 + 1 + 2 + 4)⊗ (0P1 + 0P2 + 1 + 2 + 4)

= 5 · 0++ + 3 · 0−− + 0P1P2+ + 0P1P2− + 3 · (1+ + 1−) + 4 · 2+ + 3 · 2− (4.3)

+ 2 · (3+ + 3−) + 3 · 4+ + 2 · 4− + 5+ + 5− + 6+ + 6− + 8+

At this level for the first time we encounter a situation where quantum numbers of some

glueballs remain undetermined by the ASA. However, we see that this affects only two

states out of sixty four, and there are only two physically distinct options, P1P2 = ±1. It

will be interesting to test these predictions with the future lattice data.

4.2 A brief look at 4D glueballs: worldsheet axion

Comparing the ASA predictions to lattice simulations in four dimensions is more chal-

lenging both due to larger uncertainties in lattice glueball spectra, and because the ASA

structure is more involved now, with an additional massive excitation present on the world-

sheet. For this reason we defer a detailed 4D analysis for a separate publication. Here we

will take only a brief look at the D = 4 spectra. By comparing them with the tensor square

structure we will see that the data indeed suggests the presence of a massive worldsheet

axion, in agreement with the earlier long string analysis and with the ASA.

Note first that the massive little group in four dimensions is O(3), so that the spatial

parity P commutes with rotations. As a result, unlike in 3D, all glueball multiplets are

labeled by JPC. Then in the decomposition of the tensor square expression (3.2) we will
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Figure 5. 4D glueball spectrum and quantum numbers.

encounter the following terms,

JP1
1 ⊗ JP2

2 + JP2
2 ⊗ JP1

1 =

J=J1+J2∑
J=|J1−J2|

(
J (P1P2)+ + J (P1P2)−

)
(4.4)

JP ⊗ JP =
∑

0≤k≤2J
(2J − k)+(−1)k . (4.5)

As we saw in the 3D case the very existence of the tensor square structure imposes a quite

restrictive set of requirements on the glueball spectrum. Let us see whether these can be

met at D = 4.

In figure 5 we presented the large N spectrum of low lying glueballs as measured in [27].

Just as in 3D one immediately identifies the lightest 0++ glueball as the only N = 0 state.

However, already at N = 1 level one encounters a problem. Namely, the natural N = 1

candidates are the first excited 0++ glueball and the lightest 0−+, 1+− and 2++ glueballs.

In total this gives 2 + 3 + 5 = 10 states, which is incompatible with the tensor square

structure. Nevertheless, according to (4.5), nine of these states do provide a tensor square

1P ⊗ 1P = 0++ + 1+− + 2++ , (4.6)

independently of P . Also, as follows from (4.4), (4.5), to obtain a 0−+ state within a

tensor square structure would require to include quite a large number of additional states

at N = 1 level, and in particular 0−−, in a clear disagreement with the measured spectrum.

This leaves us with two options. First, one might conclude that the lightest 0−+ glueball

does not fit into a string interpretation at all.
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Alternatively, one may argue that this state should be thought of as the N = 0

state with an additional zero momentum massive P = −, C = + excitation added on the

worldsheet. The latter interpretation is exactly what one expects from the ASA. Indeed, the

worldsheet axion identified in [32] is a pseudoscalar both under reflections in a transverse

plane to the long string and with respect to the spatial parity on its worldsheet. The

former is the P -parity of the gauge theory, and the latter is the combination of P and C,

so adding such an excitation to the N = 0 0++ state may indeed transform it into 0−+.

Note, however, that this interpretation leaves unexplained a very near degeneracy between

0−+ and the first excited 0++.

5 Noncritical strings and the Higgs mechanism

We feel that the results of the previous section provide a considerable support for the ASA,

especially in 3D. Thus it appears quite plausible that 3D glueballs may be described by

a closed bosonic string theory without any extra local degrees of freedom on the world-

sheet. This conclusion definitely needs to be supported by a further quantitative analysis

of the glueball mass spectrum. However, one may wonder whether the qualitative analysis

presented here sheds any light on the decades old puzzles, which had been preventing a

construction of bosonic string theory of the QCD string. The goal of the present and the

next section is to initiate such a discussion. In the current section we focus on the problems

present at any number of dimensions different from D = 26, and in the next section we

discuss specific D = 3 puzzles.

To start with, let us stress that at any D it is straightforward to develop an effective

low energy theory describing perturbations around long strings [34–39], or around rotating

strings with a high angular momentum, similar to how we proceeded in section 3.2 (see,

e.g., [51–53]). This is not what we are after here; our goal is to build a theory describing

all string states, including the shortest ones. Then a possible starting point may be a

light-cone quantization [57] of the Nambu-Goto theory. At least it produces a consistent

unitary quantum theory on the worldsheet, which is not so bad as a start. However, one

immediately encounters the following three major problems.

• The lightest short string state has a negative mass squared—the tachyon problem.

• Breaking of the target space Poincare symmetry at a non-critical number of dimen-

sions, D 6= 26.

• Massless photon (graviton) is present in the spectrum of open (closed) strings.

Note that the second and the third problems are closely related. To see this, let us focus

on the open string case; as before, closed strings are best understood as a tensor square of

the open ones.

The light cone quantization is not manifestly covariant, so the resulting glueball states

come out in multiplets of the group of transverse rotations O(D − 2), rather than of

the full massive little group O(D − 1). However, somewhat surprisingly, at all N 6= 1

levels the resulting O(D − 2) multiplets can be combined into complete representations of
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O(D − 1) [55]. Instead, at N = 1 one finds a single O(D − 2) vector. Hence, the simplest

way to arrive at a fully covariant theory is to require that the N = 1 state is a massless

gauge boson. This fixes the value of the normal ordering constant a = 1 and D = 26 and

leads to the three problems above.

This discussion makes it clear that resolving the three problems is akin to finding an

analogue of the Higgs mechanism. At N = 1 level additional states are required, which

would allow to make the N = 1 vector massive, in turn opening up the possibility for the

tachyonic N = 0 state to be lifted into the m2 > 0 region as well. However, in general, the

string dynamics does not allow to introduce states at the N = 1 level only.

To make this general discussion more concrete let us illustrate how it all works using

an example of the simplest non-critical string theory — the linear dilaton CFT. In the

language used in section 2 the linear dilaton comes from an integrable worldsheet theory

of a long string with an additional scalar degree of freedom [10]. Integrability is restored

thanks to the interaction of the form

Q

∫
d2σ
√−gRφ , (5.1)

where

Q =

√
25−D

48π
.

To describe the corresponding short string spectrum it is convenient to make use of the

observation that at the quantum level this setup is equivalent to starting with a classical

Nambu-Goto theory in D + 1 dimensions, and employing the light-cone quantization [58].

Of course, the linear dilaton spectrum can also be studied using the standard worldsheet

CFT approach.

Then, in the sector with zero momentum along the dilaton “direction”, the resulting

short string spectrum can be described in the following way. At N = 0 one finds a scalar

tachyon, as before. All higher level states can be constructed by acting on the tachyon

state with a set of creation operators AI†n transforming as a vector under the massive little

group O(D − 1) for any n, so that I = 1, . . . D − 1. Here n = 1, 2, . . . and the level of a

state is equal to

N =
∑

ni ,

where ni are the oscillators corresponding to the state. Restricting to D = 3, we can then

summarize the spin content of linear dilaton strings by the generating function similar

to (3.29),

Pld = P(xeiθ)P(xe−iθ) =

∞∏
n=1

1

1 + x2n − 2xn cos θ
. (5.2)

This spectrum is manifestly covariant and there appears to be no obstruction to deform

the theory away from integrability in such a way that the tachyon mass gets lifted into the

m2 > 0 region. Introducing the dilaton mass (potential) looks like a natural step in this

direction, which would also justify setting to zero the momentum in the dilaton direction.

The resulting deformed spectrum will exhibit then also additional states corresponding to

adding a massive dilaton at rest, as in (3.3).
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The fastest way to see a direct parallel between the linear dilaton setup and the Higgs

mechanism is to recall that at any D the spin content of the minimal light-cone quantized

bosonic string Plc is related to the linear dilaton generating function as [55]

Pld = PlcP(x) . (5.3)

So linear dilaton adds to the minimal light cone spectrum a missing O(D− 2) singlet state

at N = 1 to form an O(D − 1) vector,

D−1 = D−2 + singletD−2 ,

and, as a consequence of string dynamics, the N = 1 singlet brings in a tower of singlet

states at higher levels. This path appears very similar to the conventional field theoretic

Higgs mechanism. However, as we saw, this is not what happens for confining strings.

There is no sign of a scalar massive dilaton state neither in the D = 3, 4 spectra of long

string, nor in the spectra of glueballs. Also for a massless linear dilaton theories in D = 3

level multiplicities following from Pld (1, 4, 25, 100, . . . for closed strings) are vastly larger

than the observed ones, which agree well with the ASA (1, 4, 9, 25,. . . ).

If anything, the matter content of the ASA is suggestive of another field theoretic way

to make a vector massive. Instead of “eating” a scalar, an O(D−2) vector can get “eaten”

itself by an O(D − 2) antisymmetric tensor to form an O(D − 1) antisymmetric tensor,

D−1 = D−2 + D−2 .

It remains to be seen whether this is the right way to think about ASA. Definitely, it gets

somewhat confusing at D = 3, where an antisymmetric tensor of the massive little group

O(2) is equivalent to a scalar, while the massless little group O(1) reduces to P -parity only.

In fact, even coming back to the linear dilaton, the meaning of (5.3) is somewhat

ambiguous at D = 3. Indeed, at D > 3 the helicity content of a light-cone quantized string

can be deduced by analyzing the set of O(D − 2) multiplets at each level. For D = 3,

this does not work due to triviality of O(1). Instead, at D = 3 one may look at (5.3) as a

definition of Plc by analytic continuation in D from D > 3. Recalling the expression (5.2)

for Pld we obtain at D = 3,

Plc =
P(xeiθ)P(xe−iθ)

P(x)
=
∞∏
n=1

1− xn
1 + x2n − 2xn cos θ

.

It is natural to try to come up with a similar interpretation for PASA, as given by (3.29).

However, dividing PASA by Plc one observes that the simplest generalization of (5.3) fails —

the PASA/Plc ratio does not result in a generating function with positive Taylor coefficients.

To get a further insight into how Plc and PASA are related, in figure 6 we presented

the helicity content for a number of low lying levels for Plc similarly to how we previously

did for PASA in figure 2. We see that at N = 1 level a single negative coefficient appears

as a result of taking the ratio Pld/Plc. This is an indication that the N = 1 states do not

form complete O(2) multiplets, as discussed earlier.
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Figure 6. Helicity content of the D = 3 light cone open string spectrum. State multiplicities which

agree with the corresponding ASA values are shown in bold red.

As figure 6 demonstrates, ASA and light cone multiplicities agree for sufficiently low

lying states at each value of J up to some maximum level Nmax(J), which becomes larger

and larger as J grows. This is expected, because this region corresponds to a semiclassical

regime where the light cone quantization is trustworthy and should agree with the semi-

classical ASA spectrum. At N > Nmax(J) we observe that there are always more states in

the ASA spectrum than in the light cone one, suggesting that some version of the Higgs

mechanism is still at play here. Furthermore, if one suppresses the helicity content and

inspects the sheer multiplicities of states at different levels one finds the relation

PASA(x, θ = 0) = (1 + x)Plc(x, θ = 0) , (5.4)

which is suggestive of the presence of a non-local fermionic worldsheet degree of freedom

in the 3D ASA.

6 Puzzles of 3D strings

According to the ASA the worldsheet theory of confining strings in 3D does not carry any

local degrees of freedom in addition to the minimal bosonic strings. This provides a good

motivation to discuss several puzzling features of bosonic strings at D = 3.5

5In fact, most of the present discussion extends to superstrings as well.
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There are several approaches to string dynamics, which apparently lead to conflicting

conclusions at D = 3. First, there is the conventional Polyakov treatment. At first sight the

D = 3 case does not appear special at all in this language. There is a non-vanishing con-

formal anomaly in the path integral over the worldsheet metric, which makes the Liouville

mode dynamical.

The situation is very different when one applies the light cone quantization to D = 3

strings [59]. At general D the Poincaré anomaly in the light cone quantization manifests

itself in the following non-vanishing commutator,

[J−i, J−j ] 6= 0 .

This commutator is proportional to (D − 26) and vanishes for critical strings. However,

as was emphasized in [59], this commutator also vanishes trivially at D = 3, because

i = j in this case. This led to the proposal that the light cone quantization might be

consistent at D = 3. The resulting spectrum depends on a single continuous parameter —

the normal ordering constant a, which determines the string intercept. For critical strings

a = 1 from requiring the closure of the Poincaré algebra, but it remains undetermined

at D = 3. Independently of the value of a the resulting spectrum is anyonic — i.e.,

contains states of irrational helicity. This spectrum was obtained by a direct calculation at

D = 3. It is different from what we called the light cone spectrum in section 5, which was

obtained by the analytic continuation of the light cone character from higher dimensions.

The total multiplicities at each level are the same for both spectra and given by the Euler

partitions P(x).

Finally, D = 3 strings also appear special from the viewpoint of long strings and

integrability. Indeed, as we already discussed in section 2, the classical Nambu-Goto string

is integrable at any D. At one loop the integrability is broken and the resulting non-

elastic amplitudes are proportional to (D − 26). However, they also vanish at D = 3

for trivial kinematical reasons, similarly to the anomalous commutator in the light cone

quantization. Moreover, at any loop order the integrable S-matrix (2.4) is compatible with

the non-linearly realized Poincaré symmetry without need for any extra local degrees of

freedom on the worldsheet. In fact, this S-matrix can be derived as a unique integrable

solution of the Poincaré Ward identities [10].

All this sounds similar to what one finds in the light cone quantization of short strings.

However, there are also important differences. First, in the long string sector the normal

ordering constant a is uniquely fixed by the worldsheet Poincaré symmetry (which is a

consequence of the target space Poincaré symmetry). Given that a is a UV dominated

quantity it is natural to expect that it should be fixed in the short string sector as well,

but the light cone quantization is somehow missing this.

Furthermore, one of the major motivations for the ASA is that the D = 3 integrable

worldsheet theory is a member of a continuous family of axionic theories which exist for any

value of D. This observation appears to be at odds with the presence of anyons — one does

not expect to find irrational helicities at D = 3 if analytic continuation in D were possible.

Our expectation for the resolution of these apparent contradictions is that the standard

light cone quantization performed in [59] is to be considered anomalous at D = 3 as well.
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The situation appears somewhat analogous to what happens in SU(N) gauge theories with

a single chiral quark generation in the fundamental representation. At N > 2 such a theory

is anomalous, and the anomaly shows up in local Ward identities. For N = 2 the anomaly

is invisible at the level of local current algebra, but the theory is still anomalous at the

non-perturbative level [60].

In the present context, the presence of anyons in the spectrum by itself is a strong

indication of anomaly. The classical Nambu-Goto action is invariant under the Poincaré

group ISO(1, 2) rather than under its universal cover, so one does not expect to find anyons

in the spectrum if a quantization were to preserve the classical symmetry. Note that in

this sense the Nambu-Goto theory is different from the point particle case discussed in [61],

where the Wess-Zumino term leads to irrational helicity already at the classical level. This

does not necessarily imply that it is impossible to build a consistent interacting theory of

anyons along the lines of [59], although it would be natural to expect that the Wess-Zumino

term allowed for 3D bosonic strings should play a role in such a theory [62]. As a basic

consistency test of the anyonic quantization it would be interesting to see whether it agrees

with the ASA spectrum in the semiclassical regime, similarly to what we see in figure 6 for

Plc. At any rate, even if such a consistent anyonic quantization were possible, this is not

the path we are taking here.

Let us see now that there is actually no conflict between the Polyakov formalism and

the long string/integrability considerations. Given the manifest covariance of the Polyakov

formalism, this supports an idea that short 3D strings can be quantized in a way compatible

with integrability and preserving the invariance under the Poincaré group rather than under

its cover.

We will be using the version of the Polyakov formalism due to Polchinski and Stro-

minger (PS) [63] (or rather its recent “simplified” version presented in [64]). In this for-

malism one writes the path intergal for a long bosonic string as

Z =

∫
DXDh eiSP+iSPS+... . (6.1)

Here SP is the standard Polyakov action

SP = − 1

2`2s

∫
d2σ
√
−hhαβ∂αXµ∂βXµ

and SPS is the PS action,

SPS = β

∫
d2σ
√
−h
(
hαβ∂αφ∂βφ− φR(h)

)
with φ being any composite scalar operator transforming as the Liouville field under the

Weyl transformations of the worldsheet metric. The simplest choice is

φ = −1

2
log hαβ∂αX

µ∂βXµ .

The coefficient β is fixed by requiring that the Weyl anomaly of the integration measure

in (6.1) is cancelled by the classical Weyl variation of SPS,

β =
D − 26

24π
.
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Finally, dots in (6.1) stand for non-universal terms, which are suppressed in the derivative

expansion around the long string background. As we said, the value D = 3 does not appear

special in this formalism at this point.

Let us see now how to derive the worldsheet S-matrix in this language. We start with

the critical case D = 26.6 Alternatively, one may think of this step as calculating the

leading order worldsheet amplitudes in a formal “(D − 26)-expansion” around β = 0.

We are interested in the scattering around the long string vacuum, so we write

X0 = τ + Y 0 (6.2)

X1 = σ + Y 1 (6.3)

Xi = Y i , (6.4)

where i = 2, . . . , D − 1. In addition, let us fix the conformal gauge hαβ = ηαβ . In this

case Y µ solve a free flat space wave equation. In particular, the solution for the transverse

fields can be written as

Y i =

∫ ∞
−∞

dp√
2π

1√
2E

(
αi†p e

i(Eτ−pσ) + h.c.
)
, (6.5)

where E = ±p. Y α (α = 1, 2) are determined by the Virasoro constraints.

Naively, the solution (6.5) corresponds to a free S-matrix. However, the S-matrix (2.4)

describes the experience of observers which use physical target space coordinates X0, X1

rather than the worldsheet ones. This is similar to what we saw in section 3.2, where

the physical meaning of the constraints (3.19) becomes transparent only after switching

to frequencies w.r.t. the physical time X0. Hence to calculate the worldsheet S-matrix we

need to rewrite (6.5) in the form

Y i =

∫ ∞
−∞

dp√
2π

1√
2E

(
ai†out(in)(p)e

i(EX0−pX1) + h.c.
)
, (6.6)

in the two asymptotic regions X0 → ±∞, corresponding to ai†out(in).

Let us switch to the light cone coordinates both on the worldsheet and in the target

space. Then the Virasoro constraints can be written as

Y −(σ+, σ−) =

∫ σ+

−∞
dσ̃+

(
∂+Y

i∂+Y
i − ∂+Y +∂+Y

−)+ y−(σ−) , (6.7)

Y +(σ+, σ−) =

∫ σ−

−∞
dσ̃−

(
∂−Y

i∂−Y
i − ∂−Y +∂−Y

−)+ y+(σ+) . (6.8)

We may choose

y+(σ+) = y−(σ−) = 0 . (6.9)

This is equivalent to imposing a version of the light cone gauge condition, which is well

suited for the long string sector,

∂−Y
− = ∂+Y

+ = 0 , (6.10)

6We thank Juan Maldacena for suggesting the idea of this derivation.
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Then the second term under the integrals in (6.7), (6.8) vanishes as well. As a result we

obtain in the two asymptotic regions,

Y ±(τ → −∞) = 0 (6.11)

Y ±(τ →∞) =
`2s
2
P± , (6.12)

where P± are the worldsheet momenta operators of transverse string modes. Using this

in (6.6) to express τ, σ through X0, X1 we obtain that

ai†in(p±) = αi†(p±) (6.13)

ai†out(p±) = e−i`
2
sp

±P∓/4αi†(p±) . (6.14)

Then for a two particle state we get

ai†in(p+)aj†in(p−)|0〉 = ei`
2
sp

+P−/4ai†out(p
+)ei`

2
sp

−P+/4aj†out(p
−)|0〉 = ei`

2
ss/4ai†out(p

+)aj†out(p
−)|0〉 ,

reproducing (2.4). In the same way we can directly calculate the scattering phase shift for

an arbitrary multiparticle process.

Let us turn now to the non-critical case and calculate the leading in β corrections to the

above S-matrix. At leading order in β these can be read off from the PS interaction obtained

by setting Y ± to their values determined from the leading order Virasoro constraint, so

that one obtains the following vertex,

SPS = −2β

∫
dσ+dσ−∂+φ∂−φ , (6.15)

where

φ = −1

2
log

(
2− ∂+Y i∂−Y

i +
1

8
(∂+Y

i)2(∂−Y
j)2
)
.

To obtain multiparticle amplitudes at leading order in β one just needs to Taylor ex-

pand (6.15) and read off n-particle amplitude from O(Y n) term of the resulting series. It

is straightforward to check that at O(Y 4) one reproduces the one-loop annihilation ampli-

tude calculated in [38], and at O(Y 6) one obtains inelastic one-loop six particle amplitudes

calculated in [41]. It is a rather remarkable property of the Nambu-Goto action that

one can write down a simple generating functional for all one-loop amplitudes, which are

nevertheless non-trivial.

Finally, we see that D = 3 is special in the Polyakov formalism as well. All these uni-

versal amplitudes, which imply the breakdown of integrability at D 6= 26, vanish on-shell at

D = 3, because for a single flavor Y all interaction vertices of the form ∂+(∂+Y )n∂−(∂−Y )n

are trivial on-shell. So as expected, the Polyakov formalism agrees with the static gauge

analysis of the worldsheet scattering.

Of course, this is only a first perturbative step towards deriving the integrable D = 3

worldsheet theory in the Polyakov formalism. To complete the derivation one needs to

show, similarly to the static gauge analysis of [10], that higher order terms in (6.1) can be

chosen such that integrability persists at all orders in the derivative expansion.
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It will be very interesting to see whether the Polyakov formalism allows to build a

tractable path integral description of integrable D = 3 strings. Indeed, the analysis based

on the S-matrix (2.4) allows to calculate the finite volume spectrum in the long string

sector through TBA. However, at least in its present form, it does not allow to calculate

the short string spectrum. The Polyakov language is manifestly covariant and equally well

suited for both sectors. Note, that normally one interprets the path integral (6.1) as an

effective description valid only for soft excitations around semiclassical string configura-

tions. A plausible expectation is that in the microscopic theory the Polchinski-Strominger

interaction is coming from integrating out a massive Liouville mode. We see that at D = 3

this is not the only possibility and the theory can be defined as a microscopic one (at least

in the long string sector) without introducing any new local degrees of freedom and without

“resolving” the PS interaction.

To avoid a confusion let us stress that the above analysis does not imply that the PS

interaction can be dropped or removed by a field redefinition in the path integral (6.1). In

particular, it contributes to the central charge of the worldsheet conformal theory. Related

to this, in agreement with [63], we do not expect that the PS theory can be promoted to a

well-defined conformal field theory at D = 3. Rather, the PS interactions vanish on-shell

when restricted to physical string states (cohomologies of the corresponding BRST operator

in the conformal gauge7), and the D = 3 theory may be made well-defined only when

restricted to physical observables (at least in the long string sector). The PS interaction is

crucial for the consistency of the path integral (6.1) (in particular to ensure the nilpotence

of the BRST operator in the conformal gauge). It is natural to expect it will play a role

in calculating the anyon-free short string spectrum, if such a calculation is at all possible

within this approach.

In fact, we expect that to define D = 3 strings in the short string sector a non-local

worldsheet degree of freedom is required, which is invisible in the long string sector. We

already saw an indication for this at the end of the previous section, when comparing

PASA and Plc, (5.4). To expand on that argument, note that naively one might expect left-

moving level N states HL(N) appearing in the tensor square formula (3.2) to be isomorphic

to momentum N left-movers in the winding sector, so that

HL =
∑
N

HL(N) ,

where HL appears in (3.1). We see from (5.4) that this is not the case for the ASA string.

Level multiplicities in the winding string sector are given by integer partitions P(x), so

that (5.4) signals that there are “more” left-movers in the short string sector than for the

long string. Something analogous happens for NSR strings where for short strings there

is an extra freedom in choosing boundary conditions for fermions, which is invisible for

an infinitely long string. In the present context one may expect that the extra non-local

fermionic degree of freedom suggested by (5.4) is related to “framing” of knots in the

Chern-Simons theory [65].

7In our streamlined derivation of the worldsheet scattering we avoided introducing the FP ghosts and

the use of the BRST formalism for the sake of simplicity. However, the BRST approach appears the only

responsible way to fully describe the integrable D = 3 string in the conformal gauge.
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7 Conclusions

We think the most solid conclusion from the presented analysis is that glueballs in the

large N gluodynamics walk, talk and quack as excitations of a bosonic string (at least

at D = 3). We presented a dynamical Ansatz — the ASA — for the structure of the

corresponding bosonic string theory. Already at the present qualitative level this leads to

a number of predictions for glueball quantum numbers, which can be tested on a lattice.

Especially important at this stage will be to have spin determinations for a larger number

of glueball states.

Of course, if all qualitative ASA predictions are confirmed, one would like to move

further and to calculate quantitative properties of the ASA spectrum. Ideally, this involves

first solving for the spectrum of short strings in the integrable approximation, and then

developing a perturbation theory around the integrable spectrum. In fact, at large spin this

program can be pushed forward even without knowing the exact solution within the effective

string theory approach along the lines of [51–53]. Clearly there are a number of challenges

which need to be solved to implement this program. For instance, the existing perturbative

calculations of the leading closed string Regge trajectory do not apply directly at physical

dimensions D = 3, 4, due to endpoint singularities of the corresponding semiclassical string

solution (a folded rotating rod). Let us report here a little numerical puzzle, which might

be related to this problem. In figure 4 one observes what looks as a nice approximately

linear leading Regge trajectory passing through the lowest energy J = 0, 2, 4, 6 glueball

states. It can be approximated by a straight line (the dashed line in figure 4),

`2sM
2 ≈ 1.27 · 4π(J + 1.06) . (7.1)

We see that the slope of this line is significantly (by a factor of 1.27) steeper than what is

expected from the classical rotating folded rod solution. It well may be that this discrepancy

disappears at higher J , although with the current data we see no tendency for the slope

to get flatter as J grows. One should keep in mind though that the J = 6+ state on this

Regge trajectory is the heaviest measured glueball state in its sector (shown as J = 2+

in figure 3, because the spin determination has not yet been performed for this state). So

it might be that a somewhat lighter state is missing in the lattice data in this sector. Of

course, any of these explanations would imply that the observed approximate alignment of

the four points is to some extent coincidental. On the other hand, this discrepancy seems

to go in line with the tendency for the mass to grow with J at each level.

Another intriguing numerological property of the Regge trajectory (7.1) is that after

factoring out the overall 1.27 · 4π coefficient, its intercept is quite close to unity. Resolving

these puzzles may well be the first necessary step towards quantitative stringy description

of the glueball spectrum.

Coming back to general questions about the ASA, note that the proposal consists of two

parts. First there is an assumption about the matter content on the worldsheet. In addition,

there is a guess, inspired by the long string data, that the UV worldsheet asymptotics is

integrable. It is fair to say that the analysis presented here mostly tests the first ASA

assumption. It is an interesting open question what is the best set of physical observables,
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which would allow to probe the UV asymptotics of the worldsheet scattering. The spectrum

of low lying glueballs is mostly sensitive to the momenta of order `−1s . However, heavy

glueballs are also not immediately useful for this purpose due to the UV/IR feature of

string excitations — most of the heavy glueballs can be described as long semiclassical

strings, which do not probe the UV asymptotics.

On a somewhat related note, it will be interesting to clearly disentangle which of

the ASA assumptions are dynamical, and which are consequences of the symmetries. As

we already said in the introduction, the ASA predictions for the spin content to large

extent can be thought of as the finite volume version of the Goldstone theorem. Indeed,

in section 3.2 we used the action to derive the spin content of open ASA strings. However,

this action is fixed by symmetries, so it is similar to using the chiral Lagrangian to deduce

properties of pions. On the other hand, for closed strings we used an additional step — to

identify HL(R)(N) with Hopen(N), (3.9). This identification was motivated by the known

properties of critical strings, and it will be interesting to understand whether it can be

justified from general symmetry considerations, or it is a genuine dynamical property.

To conclude, it may be appropriate to recall an old dream by Lord Kelvin [66] who

proposed that different atomic elements may be described by knotted configurations of

vertex rings, and the difference in their chemical properties can be attributed to differences

in the knot topology. By now we know very well that this is not the right description of

atoms. However, there is a growing evidence that Kelvin’s vision to large extent works as

far as hadrons are concerned. Hopefully, the results reported here bring us closer towards

making Kelvin’s dream to come true.
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