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1 Introduction and summary

When trying to relate string theory to real world physics, having extra dimensions is a

source of richness as well as complexity. We consider in this paper type IIA and IIB ten-

dimensional string theories, through their target space low energy effective descriptions

given by the corresponding supergravities. The space-time is a warped product of a four-

dimensional Minkowski space-time, and of the six extra space dimensions chosen here

to form a compact internal manifold M. The four-dimensional physics obtained after

dimensional reduction over M is highly dependent on this internal geometry as well as its
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field content. The resulting four-dimensional theory can also be understood as describing

effective four-dimensional light fluctuations around a ten-dimensional vacuum, and thus

depends on the vacuum expectation values of the ten-dimensional fields. One of the main

results of this paper is to obtain new ten-dimensional vacua of type II supergravities that

lead to new, and phenomenologically interesting, four-dimensional physics.

A common feature of four-dimensional theories obtained by such compactifications is

the presence of massless scalar fields called moduli. Those and their physical effects are

unobserved, so a standard strategy consists in giving them a mass, by stabilizing them

in a potential. A typical way to generate a potential through dimensional reduction is

to have some fields along internal dimensions with non-zero vacuum expectation values:

those are called fluxes. The ten-dimensional vacuum of a type II supergravity is then

not only given by a geometry, but also by a non-zero NSNS H-flux, or RR fluxes Fp.

Finding explicit vacua with fluxes is technically involved, but gets simplified when requiring

on top that the vacuum preserves some supersymmetry (SUSY). In addition, such SUSY

vacua typically lead to SUSY four-dimensional theories, which may be of phenomenological

interest. To summarize, we are interested in this paper in SUSY Minkowski flux vacua of

ten-dimensional type II supergravities.

Such vacua were first obtained on M being a Calabi-Yau [1], in particular a six-

dimensional torus T 6. Applying T-duality transformations, vacua on different manifolds

called twisted tori can be generated [2]. These manifolds are also known as solvmanifolds,

a subclass being nilmanifolds, and are built from solvable or nilpotent Lie algebras as

explained in section 2.2. Conditions to obtain SUSY Minkowski flux vacua of type II

supergravities were formalised using Generalized Complex Geometry [3, 4], first in [5, 6],

and we review them in section 2.1 and appendix A. Thanks to these mathematical tools,

a wide search for new vacua was performed in [7] on all six-dimensional nilmanifolds and

some further solvmanifolds. Since then, a few more vacua were found on solvmanifolds, as

summarized in section 2.4. Let us stress that over the years, a huge formalism and set of

tools have been developed for flux compactifications. For phenomenology, those should be

applied or tested in concrete settings, so it remains important to have explicit vacua. To

that end, solvmanifolds offer an interesting playground, since they are very explicit and

simple to handle. Overall, there are nevertheless not so many explicit SUSY Minkowski

flux vacua of type II supergravities on solvmanifolds.

Among these vacua, one should first distinguish whether the sources of RR fluxes,

namely orientifolds, or O-planes, and D-branes, are smeared or localized. At the super-

gravity level, the positions of these extended objects are not completely determined in the

smeared case, on the contrary to the localized one, which is at least conceptually problem-

atic for the O-planes that are not dynamical objects. In practice, the warp factor is then

constant or with restricted coordinate dependence. Another distinction to make is whether

these vacua can be related by T-duality to a vacuum on the torus. Indeed, such T-dual

vacua lead to the same four-dimensional physics that is well-known. To get new physics,

the vacuum should rather sit on another “T-duality orbit” not connected to (geometric)

vacua on the torus; it is then called “truly new”. The set of known SUSY Minkowski

flux vacua on solvmanifolds (see section 2.4) is then not very satisfying: apart from one
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exception, all localized vacua are T-dual to one on the torus, and all truly new vacua have

smeared sources. The notable exception was briefly given in section 2.3.1 of [8] as a side

result, without looking at its T-duals. Here, we reproduce with more details this localized

vacuum in section 4.3, and find many more, presented in section 4. In section 4.7, we show

that all these localized SUSY Minkowski flux vacua are truly new.

To reach this result, we first study in details localized vacua on nilmanifolds (partic-

ular examples of solvmanifolds) in section 3. In particular, we present in section 3.2 a

vacuum with an O6-plane and an orthogonal SU(2) structure: it is the first localized SUSY

Minkowski flux vacuum on a solvmanifold with such attributes. It is however very likely

to be T-dual to a vacuum on the torus. We further discuss in section 3.3 properties of

these vacua, in particular the constant terms present in the fluxes and Bianchi identities.

We relate this feature to a property of the internal subspace wrapped by the sources: the

smeared volume form of this subspace ṽol|| is not closed (3.24). This property surprisingly

holds for many vacua, for instance all those of [7]. This is however not a generic property,

but is rather due to the method used to find vacua. We then discuss vacua for which

dṽol|| = 0: up to few assumptions, their fluxes would not contain constant terms but only

be given by derivatives of the warp factor, while the internal manifold would be Ricci flat.

This is in a sense realised by the O3 vacua of [1] on the torus, and we are interested in

finding others on different solvmanifolds.

Ricci flat solvmanifolds are discussed in section 2.3. As shown in [9], only three algebras

lead to such manifolds: they correspond to s1, s2 and s3 introduced in (2.21). These

algebras have special properties: they are in one-to-one with their solvable group, but

the solvmanifold obtained after further dividing by the lattice differs according to the

lattice chosen. Some choices in particular lead to a torus, but other lattices fortunately

give different solvmanifolds, as we detail. This is not problematic for the search of the

vacua of interest that we perform on these manifolds. We do not find any with SU(3) or

orthogonal SU(2) structure on solvmanifolds corresponding to s1 and s2, but we obtain

several on those related to s3. We summarize these new localized SUSY Minkowski flux

vacua in (1.1), indicating the O-plane and its directions as well as the type of structure.

They are gathered in two families: vacua in one family should be T-dual to each other; the

T-dualities and their directions are indicated by the arrows.

SU(2)⊥ O8 // 12345
OO

34
��

SU(3) O6 // 125
OO

12
��

SU(2)⊥ O6 // 125
OO

6
��

SU(2)⊥ O4 // 5
OO

6
��

SU(3) O7 // 1256

SU(3) O5 // 56

(1.1)

These vacua are presented in section 4, and we believe that more can be found: as explained

there, we do not aim at an exhaustive search, but rather obtain one example for each O-
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plane and discuss its specificities. We show in section 4.7 and appendix B that these vacua

are not T-dual to geometric vacua on the torus, and are thus truly new.

Last but not least, we study in section 5 the geometric properties of solvmanifolds

corresponding to s1, s2 and s3, all of them being not simply connected. For s3, the par-

ticularity of our new vacua makes it possible to take a smeared and fluxless limit that

preserves the underlying geometry. In this limit, the SUSY conditions for an SU(3) struc-

ture with an O5, O6, or O7, become simply those characterising a Calabi-Yau. This way,

and after discussion, we prove that all solvmanifolds corresponding to s3 are Calabi-Yau.

Interestingly, this provides examples (including the torus) of Calabi-Yau with explicit met-

ric, even though we explain that their holonomy group is trivial. We argue that these are

the only solvmanifolds being Calabi-Yau. We show that those corresponding to s1 and s2
are only Ricci flat Kähler manifolds, and study their SU(3) structure torsion class W5.

2 Background material

2.1 Conditions for supersymmetric Minkowski flux vacua

We are interested in finding Minkowski vacua of ten-dimensional type II supergravities, with

non-trivial fluxes, preserving (at least) N = 1 SUSY in four dimensions. The conditions for

such vacua were formulated in [5, 6] using Generalized Complex Geometry (GCG) [3, 4],

while a first set of new solutions were obtained thanks to this formulation in [7]. A review

on the physics use of this mathematical framework can be found in [10]. Here, we briefly

present the formalism needed, allowing us to fix notations; we follow conventions of [7, 11].

The ten-dimensional space-time is taken to be a warped product of an external four-

dimensional maximally symmetric space-time (along directions dxµ) and an internal six-

dimensional compact manifoldM (along directions dym). The metric is written accordingly

ds2 = e2A(y)gµν(x)dx
µdxν + gmn(y)dy

mdyn , (2.1)

where we call for simplicity eA the warp factor, and gµν will eventually be the Minkowski

metric. The other fields of ten-dimensional type II supergravities, formulated with the

democratic formalism, get as well a compactification ansatz. The dilaton φ depends only on

internal coordinates. The NSNS 3-form flux H is taken to have purely internal components,

while the non-trivial part of the RR fluxes1 is captured by p-forms Fp on M, gathered as

IIA : F = F0 + F2 + F4 + F6 , λ(F ) = F0 − F2 + F4 − F6 , (2.2)

IIB : F = F1 + F3 + F5 , λ(F ) = F1 − F3 + F5 . (2.3)

Vacua preserving SUSY should have vanishing fermionic (gravitino, dilatino) SUSY varia-

tions. This gives non-trivial differential conditions on the ten-dimensional fermionic SUSY

1The ten-dimensional self-dual RR fluxes of the democratic formalism, gathered in a polyform F 10

analogous to F of (2.2) and (2.3), are related to those internal F by F 10 = F ± vol4 ∧ λ(∗F ), where vol4 is

the warped four-dimensional volume form, and the signs and ∗ are defined as for (2.7).

– 4 –



J
H
E
P
0
2
(
2
0
1
6
)
1
1
2

parameters ǫ1,2: the Killing spinor equations. These conditions are then split according to

the compactification; in particular, one takes for an N = 1 vacuum

IIA

{
ǫ1 = ζ+ ⊗ η1+ + ζ− ⊗ η1−

ǫ2 = ζ+ ⊗ η2− + ζ− ⊗ η2+
, IIB

{
ǫ1 = ζ+ ⊗ η1+ + ζ− ⊗ η1−

ǫ2 = ζ+ ⊗ η2+ + ζ− ⊗ η2−
, (2.4)

where ζ is the external SUSY parameter, η1,2 are internal spinors, and ± denote the

chiralities. Although not strictly necessary, the internal spinors are considered globally

defined on M. This provides topological conditions on the internal manifold: if the two

spinors are the same, the structure group of the tangent bundle is reduced to SU(3); if

they differ, it is further reduced to SU(2). More generally, the structure group of the

generalized tangent bundle of GCG is SU(3)×SU(3). After the split, the non-trivial parts

of the differential conditions to preserve N = 1 SUSY are internal, and can be reformulated

in terms of

Φ± = η1+ ⊗ η2†± ,

{
IIA : Φ1 = Φ+ , Φ2 = Φ−

IIB : Φ1 = Φ− , Φ2 = Φ+

. (2.5)

These bispinors are also (pure) spinors on the generalized tangent bundle of GCG. In

addition, they can be understood as polyforms on M thanks to the Fierz identity and the

Clifford map. Their corresponding expression depends on the structure group. Locally

or for constant structures, one should distinguish three cases: an SU(3), an orthogonal

(or static) SU(2), or an intermediate SU(2) structure. The corresponding polyforms are

respectively

SU(3) : Φ+ =
eA

8
eiθ+e−iJ , Φ− = −eA

8
ieiθ−Ω , (2.6)

SU(2)⊥ : Φ+ = −eA

8
ieiθ+ω ∧ e

1

2
z∧z , Φ− = −eA

8
eiθ−z ∧ e−ij ,

SU(2)
∠
: Φ+ =

eA

8
eiθ+k||e

1

2
z∧z−ij−i

k⊥
k||

ω
, Φ− = −eA

8
eiθ−k⊥z ∧ e

−ij+i
k||
k⊥

ω
,

where k||, k⊥ are constant non-zero coefficients, θ± are constant phases, j, J are (1,1)-

forms and z, ω, Ω are (1,0)-, (2,0)-, and (3,0)-forms, with respect to an almost complex

structure I. These forms can be expressed in terms of the internal spinors. Here the

norm of the spinors has been fixed with the warp factor, as required in presence of an

orientifold. The SUSY differential conditions, for an external Minkowski space-time, are

then formulated as [6, 7]

(d−H∧)(e2A−φΦ1) = 0 , (2.7)

(d−H∧)(eA−φRe(Φ2)) = 0 ,

(d−H∧)(e3A−φ Im(Φ2)) = ±e4A

8
∗ λ(F ) ,

where the last sign is + for IIA and − for IIB and ∗ is the Hodge star for the internal

metric. To guarantee in addition the topological requirement, namely that Φ± provide an

SU(3)×SU(3) structure, they need to verify compatibility conditions.
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The fluxes have on top to satisfy their Bianchi identities (BI). Here we consider no

NS5-brane neither Kaluza-Klein monopole, while RR sources are space-time filling D-

branes Dp and orientifold planes Op. We do not consider world volume flux F on the

D-branes. Finding Minkowski vacua with fluxes on a compact manifold requires negative

contributions to the BI [1, 12], given here for RR by O-planes. The BI are then given by2

dH = 0 , (d−H∧)F = −
∑

Op

2p−5 cp vol⊥δ(y⊥) +
∑

Dp

cp vol⊥δ(y⊥) , (2.8)

where vol⊥δ(y⊥) is a localized transverse volume form to a source, and cp is a positive

normalisation factor including the D-brane tension. We consider RR sources compatible

with the bulk SUSY, meaning preserving part of it. Provided the (bulk) background is

SUSY, such sources are calibrated, i.e. their energy is minimized [15–18] (see also [19, 20]).

Their (world volume) volume form vol|| is then given by the pullback of Im(Φ2)

P [Im(Φ2)] =
eA

8
vol|| . (2.9)

We will check this calibration condition. Finally, the orientifold imposes projection con-

straints to be verified: Φ± or equivalently the structure forms should transform in a specific

manner with respect to its involution σ, and the manifold should be compatible with σ,

which boils down here to σ preserving the underlying algebra.

For a field configuration to be a vacuum, it should a priori solve the equations of

motion. Given the present compactification ansatz, it has been shown that satisfying the

SUSY conditions and the BI is however sufficient to get an N = 1 SUSY Minkowski

vacuum [7, 18, 21, 22]. So we conclude by summarizing the conditions to be verified in

practice to get such a vacuum:

- compatibility of the manifold with the orientifold projection;

- compatibility of the structure forms with the orientifold projection;

- compatibility conditions of the structure group;

- SUSY conditions (2.7);

- Bianchi identities (2.8);

- calibration of the sources (2.9).

Some pragmatic details on these conditions are provided in appendix A. More explanations

on this method can also be found in [11].

2.2 Basics and notations for solvmanifolds

In this paper, we are interested in internal manifolds M being solvmanifolds, commonly

named twisted tori in physics. These are compact manifolds obtained by dividing a solvable

Lie group by a lattice (for a review, see [8]). A subclass of those are nilmanifolds, obtained

2The BI for the geometric flux [13, 14] in absence of a Kaluza-Klein monopole will be automatically

satisfied here, as we will work on manifolds based on Lie algebras.
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similarly from nilpotent Lie groups. The resulting manifolds are twisted tori: they are

made of fibrations of tori, the only one with trivial fibration being the torus itself. We give

here some basic elements on these manifolds and fix some related notations needed later

on. An account on vacua found with such an M is provided in section 2.4.

Consider a Lie algebra of vector basis {Ea} and structure constants f c
ab, defined by

[Eb, Ec] = fa
bcEa . (2.10)

Solvmanifolds are built starting with a solvable Lie algebra, a subcase being nilpotent

algebras. One can define the one-forms {ea}, dual to the algebra vectors; they satisfy the

relation

dea = −1

2
fa

bce
b ∧ ec . (2.11)

For all cases considered in this paper, the Lie algebra and Lie group are in one-to-one

correspondence; in particular the solvable algebras will be almost abelian. The one-forms

and relation (2.11) can then be promoted to the cotangent bundle of the corresponding Lie

group, the latter viewed as a manifold. To get the solvmanifold, the group should further

be divided by a lattice: this action makes discrete identifications that result in particular

in having a compact manifold. The existence of a lattice is not always guaranteed (see

e.g. [8]), although it exists for all manifolds considered in this paper. The choice of the

lattice can also impact the solvmanifold cohomology, as we will come back to.

The one-forms ea are globally defined on the final solvmanifold, i.e. they are invariant

under the lattice discrete identifications. They are typically understood as the Maurer-

Cartan one-forms, given locally in terms of the vielbein eam by ea = eamdym (with the

flat metric denoted ηab). The dual vectors are then given by ∂a = ema∂m = Ea, and the

structure constants by fa
bc = 2eam∂[be

m
c]. A necessary requirement for compactness is

unimodularity of the algebra:
∑

a f
a
ab = 0; this will be satisfied in the cases studied here.

The spin connection for Levi-Civita connection can be expressed in terms of the structure

constants; the same holds for the Ricci tensor Rab and scalar R (see e.g. [14]). For constant

fa
bc as here, and provided unimodularity, one has (in flat indices)

2 Rcd = −f b
acf

a
bd − ηbgηahf

h
gcf

a
bd +

1

2
ηahηbjηciηdgf

i
ajf

g
hb , (2.12)

2 R = −ηcdfa
bcf

b
ad −

1

2
ηadη

beηcgfa
bcf

d
eg . (2.13)

For physics purposes and future convenience, we introduce slightly different notations.

From now on, the one-forms ea are given in terms of a real vielbein matrix e such that |e| ≡
|det(e)| = 1. This means that the radii, warp factor, and further diagonal contributions to

the metric are not contained in e but in a diagonal metric denoted gab

gmn = eam gab e
b
n . (2.14)

The fa
bc to be used are still those of (2.11): they encode purely the fibration structure of

the manifold, without any conformal scaling. To get the structure constants associated to

a constant gab, each index of fa
bc should be rescaled by a diagonal

√
gaa; similar rescalings
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should be made in (2.12) and (2.13), while the unimodularity condition is not modified in

this new notation. If gab is not constant, further changes occur, but we do not need to

work them out as we will mostly use the smeared metric g̃ab, which will be constant

g̃ab ≡ gab|A=0 . (2.15)

We finally introduce the (six-dimensional) Laplacian of a function ϕ

∆ϕ = gmn∇m∂nϕ =
1√
|g|

∂m

(√
|g|gmn∂nϕ

)
=

1√
|g|

∂m

(
ema

√
|g|gab∂bϕ

)
. (2.16)

The unimodularity condition is expressed in terms of the vielbeins as

0 = fa
ab = ∂memb + enbe

m
a∂ne

a
m = ∂memb + enbTr(e

−1∂ne) = ∂memb + enb∂n ln(det e) .

(2.17)

In our notations, det e is constant, implying ∂memb = 0 and then

∆ϕ =
1√
|g|

∂a

(√
|g|gab∂bϕ

)
. (2.18)

The eam do not contain any warp factor in our notations, so we can follow the same

reasoning for the smeared metric g̃ab to obtain the associated Laplacian

∆̃ϕ =
1√
|g̃|

∂a

(√
|g̃|g̃ab∂bϕ

)
. (2.19)

We recall ∂a = ema∂m = Ea: these will appear through the exterior derivative d =

dym∂m = ea∂a. One should keep in mind that they are not bare coordinate derivatives,

but typically contain combinations of derivatives due to the inverse vielbein. It will be

clear in the examples.

2.3 Ricci flat solvmanifolds

Because of physics motivations, we are interested in solvmanifolds that admit a Ricci flat

metric. Note that such a property holds equivalently at the level of the solvable group, since

this is a local statement, and the lattice action does not bring any singularity. Among all

six-dimensional solvable algebras (a typical number is obtained by counting indecomposable

ones: there are 164 of them), only three lead to Ricci flat solvmanifolds, on top of the trivial

algebra giving the torus. This surprising result was proven in [9] even beyond solvable

groups, for Lie group manifolds (see also references therein). Before discussing these three

algebras (2.21) and manifolds, we give in the following paragraph a simple argument to

reproduce and explain this result.

A Ricci flat solvmanifold should have at least a vanishing Ricci scalar (2.13)

2 R = −g̃cdfa
bcf

b
ad −

1

2
g̃adg̃

beg̃cgfa
bcf

d
eg = 0 , (2.20)

using notations introduced in section 2.2: g̃ab is diagonal and contains the radii, it is consid-

ered constant here, while the structure constants only capture the topological information
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of the fibration. Solvmanifolds were argued in [8] to allow only for three types of fibrations:

those of nilmanifolds, the “hyperbolic” and the “standard” rotations, each of them corre-

sponding to specific structure constants. In nilmanifolds, there is a definite hierarchy in

the fibration, equivalently to the algebra: it results in the fact that one cannot have both

fa
bc and f b

ad non-zero, even for a = b. Consequently, the first term of (2.20) vanishes for

a nilmanifold. The second term is in any case a sum of squares, so it is strictly negative

(see also [23] and references therein). On the contrary, fibrations given by hyperbolic and

standard rotations lead to fa
bc and f b

ad together non-zero: more precisely, given a fixed

c and some pair of directions a 6= b, one gets fa
bcf

b
ac > 0 for the hyperbolic case and

fa
bcf

b
ac < 0 for the standard one.3 As a consequence, the first term of (2.20) is negative

for the former fibrations, but positive for the latter. Then, only for standard rotations, the

first term has a chance to cancel the second one: by appropriately counting the indices, it

can be verified to occur for specific values of structure constants with respect to the radii.

In more details, fixing this relative freedom by taking, for one pair of directions a 6= b, the

structure constants equal in absolute value, R vanishes for the pair of radii being equal

(see the explicit computation (2.24)). Taking the pair of radii to be different brings the

Ricci scalar back to a negative value, meaning that this fibration never leads to a strictly

positive R. There is thus no possible “excess” that could cancel negative contributions

from other fibrations, i.e. any combination with another type of fibration, as in a random

solvmanifold, would lead to a negative Ricci scalar. We conclude that only solvmanifolds

with fibrations made purely of standard rotations can satisfy (2.20) (the pairs of radii

should then be equal), and thus have a chance to be Ricci flat. As detailed below, only

three algebras have structure constants corresponding to such fibrations: we recover this

way the result of [9].

Ricci flat solvmanifolds have a specific fibration structure: it consists in pairs of di-

rections a 6= b fibered with standard rotations over c, corresponding to pairs of non-zero

structure constants fa
bc, f

b
ac whose product is negative. In six dimensions, up to relabel-

ing, only three such solvable algebras can be constructed: with one or two pairs, and for

the latter, fibered over different or the same directions. This leads respectively to

s1 : de
1=q e2 ∧ e3 , de2=−q e1 ∧ e3 , de3=de4=de5=de6=0 , (2.21)

s2 : de
1=q e2 ∧ e3 , de2=−q e1 ∧ e3 , de4=rq e5 ∧ e6 , de5=−rq e4 ∧ e6 , de3=de6=0 ,

s3 : de
1=q e2 ∧ e5 , de2=−q e1 ∧ e5 , de3=rq e4 ∧ e5 , de4=−rq e3 ∧ e5 , de5=de6=0 ,

with for now q and r ∈ R
∗.4 The algebras corresponding to s1 and s2 are denoted

ISO(2)×U(1)3 and ISO(2)×ISO(2) in [9]; s1, s2, s3 are denoted s4.1, s2.4, s2.5 in [7];

in the math literature, algebras corresponding to s1, s2, and s3 with r2 = 1, are denoted

e(2) ⊕ R
3, e(2) ⊕ e(2), g0,0,±1

5.17 ⊕ R, with e(2) = g
0
3.5 [24]. Note that when r2 = 1 in s3, we

3These structure constants correspond to vielbeins made of cosh, sinh for “hyperbolic” rotations, and

cos, sin for “standard” ones (see e.g. (2.23)), hence the names chosen. The former case can be reparame-

terized in terms of exponentials, corresponding to structure constants of the form fa
ac 6= 0 for a given a;

this parametrization however does not provide globally well-defined one-forms [8].
4The parameter q can be reabsorbed by rescaling so it does not provide inequivalent algebras; it will

however be crucial when choosing the lattice as discussed below.
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know that a lattice exists (for the algebra in a more general case, see e.g. footnote 8 in [8]);

in addition, we will obtain vacua only in that case.

The algebra corresponding to s3 is given as in (2.10) by the non-zero commutators

[E2, E5] = −q E1 , [E1, E5] = q E2 , [E4, E5] = −rq E3 , [E3, E5] = rq E4 . (2.22)

One has Ea = ∂a = ema∂m = (e−T∂)a. The one-forms are given by [8]

e5 = dy5, e6 = dy6, (2.23)
(
e1

e2

)
=

(
cos(qy5) − sin(qy5)

sin(qy5) cos(qy5)

)(
dy1

dy2

)
,

(
e3

e4

)
=

(
cos(rqy5) − sin(rqy5)

sin(rqy5) cos(rqy5)

)(
dy3

dy4

)
,

where one reads-off the vielbein matrix, made of the standard rotations discussed above.

One can verify det e = 1 in agreement with notations of section 2.2; this holds as well for s1
and s2. Finally, we compute the Ricci tensor (2.12) using as in (2.20) the smeared metric

2Rab = δ1aδ
1
b q2g̃55g̃22

(
(g̃11)

2 − (g̃22)
2
)
+ δ2aδ

2
b q2g̃55g̃11

(
(g̃22)

2 − (g̃11)
2
)

(2.24)

+ δ3aδ
3
b r2q2g̃55g̃44

(
(g̃33)

2 − (g̃44)
2
)
+ δ4aδ

4
b r2q2g̃55g̃33

(
(g̃44)

2 − (g̃33)
2
)

+ δ5aδ
5
b

(
q2
(
2− g̃11

g̃22
− g̃22

g̃11

)
+ r2q2

(
2− g̃33

g̃44
− g̃44

g̃33

))
.

The metric is Ricci flat if and only if the pairs of radii are equal, i.e. g̃11 = g̃22 and g̃33 = g̃44;

a condition already obtained above from R. The manifold is then indeed Ricci flat!

Although unnecessary so far, let us discuss the choice of the lattice, that takes the

solvable group to the solvmanifold. The algebras corresponding to s1, s2, s3 are “not

completely solvable”: they can lead to inhomogeneous manifolds, and different choices

of lattice can give different solvmanifolds with their own topology and cohomology, thus

different physics. Some lattices even lead to a torus as we will see. For a “completely

solvable” algebra (also nilpotent ones), there exists an isomorphism between the algebra

cohomology and that of the solvmanifold [24], but this is not guaranteed otherwise, as

here. In our conventions, coordinates ym are angles: for s3, the points y5 and y5 + 2π

should then be identified by the lattice to get a circle, while identifications should be

made accordingly among the pair y1, y2, and the pair y3, y4, so that the ea remain globally

defined. Those lattice identifications are achieved by two dimensional rotations involving

cos(q2π) or cos(rq2π), etc., making q and r crucial parameters in the lattice choice. If q

and r are integers, identifications of the pairs of coordinates are trivial: the 2π rotations

are identities and the coordinates are identified with themselves. All the forms dym are

then globally defined, and this results in having a torus [9]. Choosing another value for q

can lead to less trivial coordinate identifications and non-globally defined dym, while still

having globally defined ea. The different cases and cohomologies were actually worked-out

for s1 and s3 in [25] (see in particular table 1).5 For s3 with r = ±1, the algebra cohomology

5We believe there is a typo in table 1 of [25]. For G
p,−p,r
5.17 × R with t = 2πr2 (where r2 is meant as a

non-zero integer), the two lines in the solvmanifold cohomology seem to be exchanged: one should have the

torus cohomology (b1 = 6, etc.) for p = 0, and the other one (b1 = 2, etc.) for p 6= 0, as discussed there in

the corresponding text.
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is given by b1 = 2, b2 = 5, b3 = 8, but different choices of the lattice allow for three different

possible cohomologies of the solvmanifold

q ∈ Z
∗ : b1 = 6, b2 = 15, b3 = 20 , (2.25)

q =
1

2
: b1 = 2, b2 = 7, b3 = 12 ,

q =
1

4
: b1 = 2, b2 = 5, b3 = 8 ,

the first one corresponding to the torus as discussed above, while the last one matches

the algebra cohomology. For s1, there are two possible cohomologies: that of the torus,

or that of the algebra (obtained by different lattices) given by b1 = 4, b2 = 7, b3 = 8.

Finally, note that the Euler characteristic vanishes, χ(M) = 0, in all cases. We refer the

reader to [9, 24, 25] and references therein for more details on this topic; in particular a

classification of lattices can be found in [9]. Further techniques to compute cohomologies of

solvmanifolds are presented in [26, 27], although they are not used on examples of interest

here. Understanding the role of the lattice will be important in sections 4.7 and 5. To

present our vacua though, we will not need in this paper to specify explicitly the value of

q, so we simply keep in mind that an appropriate lattice choice can give from s1, s2, s3
solvmanifolds that are not a torus.

2.4 An account of supersymmetric Minkowski flux vacua on solvmanifolds

The conditions to find supersymmetric Minkowski flux vacua have been presented in sec-

tion 2.1 (see the summary at the end). Let us discuss here the solutions to these conditions

for internal manifolds being solvmanifolds (introduced in section 2.2). The SUSY condition

on Φ1 (2.7) gives the requirement of admitting a closed pure spinor, up to the H-flux that

only brings a twist: in GCG terms, this characterises the underlying manifold as being

a Generalized Calabi-Yau (GCY) [5]. All six-dimensional nilmanifolds have actually been

shown to be GCY [28]: this makes them, and more generally solvmanifolds, interesting can-

didates to look for solutions, on top of being in practice easy to handle. A scan for solutions

on all six-dimensional nilmanifolds and some solvmanifolds was performed in the seminal

paper [7]. Despite this huge analysis lead to quite some solutions, it remains incomplete as

we now explain.

• Only solutions with SU(3) or orthogonal SU(2) structure were looked for. The pos-

sibility of an intermediate SU(2) structure was realised later; such solutions were

obtained in [18, 29] (see also [30]). Other types of solutions are a priori possible

when letting coefficients vary (see section 4.3 of [31] for more details and references

on those): in particular, so-called dynamical SU(2) structure would have spinors

varying on the manifold, possibly merging at some points (these could correspond to

“type changing loci”); no such solution has been found so far (with a compact M).

• Only solvmanifolds where fa
ab = 0 without sum were considered. This leaves aside

many others, whose fibration involves “hyperbolic” rotations (see section 2.3). So-

lutions were found on these other solvmanifolds: one in [32] and one in [8] (see [11]

for a list).
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• The method used in [7] leaves room to more localized solutions. It consists in first

finding solutions in the smeared limit, and then trying to localize them, including in

particular warp factors. Two types of smeared solutions at least are then problematic:

those with intersecting sources, and the fluxless ones. Localizing the former is a

famous issue in supergravity (see [33] for a review and e.g. [34] for more references),

not overcome in [7]; for the latter, a purely localized flux cannot be recovered with

a simple multiplication by warp factors, on the contrary to smeared solutions with

fluxes. We come back in details to this point in section 3.3, while obtaining new

localized solutions, fluxless in the smeared limit, in section 4. The only previously

known example of such a solution on a solvmanifold was given in section 2.3.1 of [8].

• The analysis of [7] was aiming at an exhaustive search for vacua with given criteria.

Within that set, some solutions may still have been missed: we present one such

vacuum in section 3.2; a smeared version of the latter was given in [2].

In addition to the list of solutions given so far, let us mention the possibility of bare Ricci

flat solvmanifolds: the metric with constant warp factor and dilaton, without any flux and

source, satisfies the equations of motion. The solvmanifolds for such simple vacua were

presented in section 2.3, and the corresponding three algebras (2.21) were already identified

in [7] when discussing fluxless solutions. As addressed there, whether these vacua are SUSY

should be verified and depends only on geometric properties of the manifold; we come back

to this point in sections 4 and 5. Such a simple vacuum on a solvmanifold corresponding

to s1 was used in [35] to get T-dual solutions. Thanks to their specificities, these vacua

do not require O-planes and D-branes, but these sources can still be considered present,

either on top of each other, or at different places but smeared; the solutions of section 4

will localize the latter. The former was the setting for the fluxless vacua of [7], where the

orientifold projection was then taken into account.

We now mention further related references. A geometrical characterisation of the SUSY

conditions for an intermediate SU(2) structure was obtained in [36], and some solvmanifolds

satisfying those were given. Solutions on solvmanifolds also appeared as examples when

studying generalizations of mirror symmetry [7, 37]. Finally, other Lie algebra based man-

ifolds have been considered: a general presentation is given in [38]; see [39] for semi-simple

algebras and six-dimensional cosets, and [40] for further suitable cosets.

Given this list of solutions, one should study their “novelty” as raised in [7], meaning

whether they are T-dual to (geometric) solutions on a torus, as first obtained in [2]. T-dual

vacua would lead to the same effective theory after compactification, up to four-dimensional

field redefinitions, so a T-dual solution would not lead to new physics. Subtleties on the

lattice choice and cohomologies discussed in section 2.3 should also be kept in mind when

compactifying and studying this question of the novelty [9]: one should not end-up on the

torus. The only “truly new” solutions (not T-dual to one on a torus) in [7] were involving

smeared intersecting sources, and could not be localized. The same goes for solutions

in [8, 29, 32], except for the one in section 2.3.1 of [8]. The latter could then be the only

localized SUSY Minkowski flux vacuum of type II supergravities on a solvmanifold, that is

not T-dual to one on a torus. We come back to it in details and give further examples in

section 4, and prove in section 4.7 they are all indeed truly new vacua.

– 12 –



J
H
E
P
0
2
(
2
0
1
6
)
1
1
2

3 Warming-up: vacua on nilmanifolds, and beyond

We present in this section two SUSY Minkowski flux vacua of type IIA supergravity where

the internal manifold is a nilmanifold. A smeared version of both vacua was given in [2].

The first one allows us to fix the notations; note that the second one does not appear in [7].

Building on these two examples, we then discuss general properties related to subspaces

wrapped by the sources, allowing us to go beyond the vacua found so far, and obtain new

ones on solvmanifolds as presented in section 4.

The nilmanifolds of the two vacua both involve the only (non-trivial) three-dimensional

nilmanifold N3. The four-dimensional extension of the latter by a simple product with a

circle is also known as the Kodaira-Thurston manifold. N3 is built out of the Heisenberg

algebra, expressed in terms of one-forms (2.11) as

de1 = 0 , de2 = 0 , de3 = fe1 ∧ e2 , (3.1)

with structure constant f3
12 = −f 6= 0. One expression of the one-forms is

e1 = dy1 , e2 = dy2 , e3 = dy3 + fy1dy2 , (3.2)

where one verifies |e| = 1 as required in section 2.2. The lattice action, i.e. the discrete

identifications of coordinates that leave the ea invariant, can be read from (3.2).

Being the simplest nilmanifold besides the three-dimensional torus T 3, the “Heisenberg

manifold” N3 appeared many times in the string theory literature. SUSY Minkowski flux

vacua on M = N3 × T 3 (algebra denoted n5.2) and on N3 × N3 (algebra denoted n4.5)

are mentioned in [7]. The former is with an O4 and orthogonal SU(2) structure, while

the latter allows for two vacua with an O5, one with SU(3) and one with orthogonal

SU(2) structure.6 These vacua being T-dual to others on a torus T 6, they are not given

explicitly in [7]. Information on the one with SU(3) structure on N3 × N3 can be found

in [8], while the vacuum on N3 × T 3 is detailed below in section 3.1. This vacuum was

first mentioned in [2], after a T-duality from T 6. A further T-duality was shown to give

a non-geometric background, as studied in more details in [41, 42]. This vacuum is thus

important in the non-geometry literature, where it is sometimes referred to as the “toroidal

example”. Closed string was partially quantized on it in [43]. Finally, N3 appeared in a

stringy inflation scenario making use of its monodromy properties [44]; this will be the

topic of [45].

The conditions to get SUSY Minkowski flux vacua were summarized into a list at

the end of section 2.1, and made more explicit in appendix A; the vacua presented below

are solutions to all these constraints. In addition, we will use the following convenient

parametrization of the structure forms. For an orthogonal SU(2) structure, we will consider

z =
√
t3 z3 , ω =

√
t1t2 z1 ∧ z2 , j =

i

2
(t1 z1 ∧ z1 + t2 z2 ∧ z2) , ti > 0 , (3.3)

6A vacuum on N3 × N3 with an O5 and intermediate SU(2) structure is then likely to exist, as e.g.

in [29].
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different than in [7, 11] but equivalent. The ti are constant. The complex one-forms zi

will take generically the form z1 = e±Ae1 + ie±Aτe2, etc., where the τ are non-zero real

constants, and one has e+Aea when the source is along ea, or e−Aea when it is transverse to

it. The zi will provide a basis: there will be a one-to-one map to the ea. The parametriza-

tion (3.3) then makes the compatibility conditions (A.7) and (A.8) automatically satisfied,

especially the contractions thanks to the use of a diagonal metric. In addition, the zi will be

taken as (1,0)-forms with respect to the almost complex structure I. With J ≡ j + i
2z ∧ z,

the Hermitian metric is then obtained as gij = −Ii
kJkj , gij = −Ii

kJkj . Changing basis

from zi to ea, we deduce gab (2.14), given generically by

gab = diag(t1e
±2A, t1e

±2Aτ2, . . . ) . (3.4)

It is definite-positive as it should be, and the warp factor has the right powers. We will

use a similar parametrization of the SU(3) structure forms

J =
i

2

(
t1 z1 ∧ z1 + t2 z2 ∧ z2 + t3 z3 ∧ z3

)
, Ω =

√
t1t2t3 z1 ∧ z2 ∧ z3 , t1,2,3 > 0 , (3.5)

making the compatibility conditions (A.6) automatically satisfied. Once again, the basis

of (1,0)-forms zi will allow to build the corresponding metric gab. We are now ready to

present the vacua.

3.1 Vacuum with O4

We present here explicitly the vacuum on N3 × T 3 mentioned above. The torus directions

complete (3.1) with

de4 = de5 = de6 = 0 . (3.6)

The solution to the constraints has an orthogonal SU(2) structure, and an O4 along e3.

The dilaton is taken to be eφ = gse
A with a constant gs. The structure forms are given

by (3.3) with

z3 = e−Ae6 + ieAτ3e
3 , z1 = e−Ae1 + ie−Aτ2e

2 , z2 = e−Ae4 + ie−Aτ5e
5 . (3.7)

We deduce the metric

gab = diag(e−2At1, e
−2At1(τ2)

2, e2At3(τ3)
2, e−2At2, e

−2At2(τ5)
2, e−2At3) . (3.8)

In addition, H = 0 and the only non-zero RR flux is (from (A.9))

F4 = g−1
s

√
t3τ3

(
e−4A ∗

(
d(e4A) ∧ e3

)
+ f

√
|g|

g11g22
e3 ∧ e4 ∧ e5 ∧ e6

)
(3.9)

= g−1
s

τ3
√
|g|

|τ3|e5A√g33

(
− g11∂1(e

4A)e2 ∧ e4 ∧ e5 ∧ e6 + g22∂2(e
4A)e1 ∧ e4 ∧ e5 ∧ e6

− g44∂4(e
4A)e1 ∧ e2 ∧ e5 ∧ e6 + g55∂5(e

4A)e1 ∧ e2 ∧ e4 ∧ e6

− g66∂6(e
4A)e1 ∧ e2 ∧ e4 ∧ e5 + e4Af

g33
g11g22

e3 ∧ e4 ∧ e5 ∧ e6

)
(3.10)
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using the Hodge star (A.13) and the diagonal metric gab. We recall from section 2.2 that

the ∂a = Ea appearing above differ from the bare coordinate derivatives by a factor ema.

Here in practice, the only difference is for ∂a=2 = ∂y2 −fy1∂y3 deduced from (3.2). The O4

being along e3, A is taken independent of y3. One can thus consider ∂m instead of ∂a in

the F4 expression. Such a simplification will not happen for the vacua of section 4. Using

the metric without warp factor (or smeared) (2.15), we rewrite F4 as

F4 =− g−1
s

τ3
√
|g̃|

|τ3|
√
g̃33

(
− g̃11∂1(e

−4A)e2 ∧ e4 ∧ e5 ∧ e6 + g̃22∂2(e
−4A)e1 ∧ e4 ∧ e5 ∧ e6

− g̃44∂4(e
−4A)e1 ∧ e2 ∧ e5 ∧ e6 + g̃55∂5(e

−4A)e1 ∧ e2 ∧ e4 ∧ e6

− g̃66∂6(e
−4A)e1 ∧ e2 ∧ e4 ∧ e5 − f

g̃33
g̃11g̃22

e3 ∧ e4 ∧ e5 ∧ e6

)
. (3.11)

This makes it simpler to get dF4, expressed in terms of the unwarped Laplacian (2.19)

dF4 = g−1
s

τ3
|τ3|

(
∆̃(e−4A) + f2 g̃33

g̃11g̃22

)√ |g̃|
g̃33

e1 ∧ e2 ∧ e4 ∧ e5 ∧ e6 . (3.12)

As the other constraints, the calibration condition (2.9) is satisfied (phases are fixed as in

appendix A): we get vol|| =
√
g33e

3 upon fixing the sign τ3 > 0; this sign could though be

relaxed and understood as an orientation. The convention (A.14) then gives the volume

transverse to the source

vol⊥ = −
√

|g|
g33

e1 ∧ e2 ∧ e4 ∧ e5 ∧ e6 , (3.13)

and we rewrite (3.12) as

dF4 = −g−1
s

(
∆̃(e−4A) + f2 g̃33

g̃11g̃22

)
e5Avol⊥ . (3.14)

As discussed at the end of appendix A, (3.14) is precisely compatible with the general

BI (2.8), where the sources, along e3, are the O4 and possibly some D4. As usual, the

unwarped Laplacian would generate the δ localizing the sources, up to a standard shift

in f2, a contribution from the geometric flux (or curvature) of N3. This term is the T-

dual counterpart to H ∧ F3 (coming from an ISD flux) shifting dF5 in a torus vacuum

with O3, as in [1]. In both cases, the shift term contributes to the tadpole cancelation,

and resulting quantization condition that we refrain from working-out here. Note that

the metric components multiplying f2 are precisely those needed to rescale each index of

f3
12 = −f into the full structure constant, as explained below (2.14). Finally, the shift

term can also be understood as due to the fact that sources do not wrap a cycle, but a

generalized cycle; we come back to this in section 3.3.

3.2 Vacuum with O6

We now present a vacuum on a nilmanifold (particular example of a solvmanifold) made of

a five-dimensional manifold times a free circle. The fibration in the former is twice that of
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the Heisenberg manifold, although fibered over the same circle along e2. The corresponding

algebra, denoted n4.6 in [7], is expressed in terms of one-forms as

de1 = de2 = de4 = de5 = 0 , de3 = f1 e1 ∧ e2 , de6 = f2 e2 ∧ e5 , (3.15)

with non-zero structure constants f3
12 = −f1, f

6
25 = −f2. The vacuum has an O6 along

e3∧e4∧e6. A smeared version of this vacuum was given in [2]. It is however not mentioned

in [7], so we believe it has been missed there. The only vacua in [7] on this manifold have

an O5 along e3 ∧ e6: those are very likely T-dual to ours along the free circle e4. Both

are also very probably T-dual to vacua on T 6 [2], which makes our vacuum not “truly

new”, as discussed in section 2.4. On top of the O6, our vacuum has an orthogonal SU(2)

structure: it is the first localized SUSY Minkowski flux vacuum with both attributes on a

solvmanifold; we will present another one in section 4.

The solution to all constraints is first given by the SU(2) structure forms (3.3) with

z3 = eAe4 + ie−Aτ3e
2 , z1 = e−Ae1 + ie−Aτ1e

5 , z2 = eAe3 + ieAτ2e
6 . (3.16)

The corresponding metric is

gab = diag(e−2At1, e
−2At3(τ3)

2, e2At2, e
2At3, e

−2At1(τ1)
2, e2At2(τ2)

2) . (3.17)

The dilaton is eφ = gse
3A with a constant gs. We take A(y1, y2, y5). The SUSY condi-

tions (A.9) are satisfied with one constraint

τ1
τ2

= −f2
f1

, (3.18)

that we now consider verified. In addition, H = 0 (due to its BI) and the only non-zero

RR flux is

F2 =− g−1
s

√
t3t2τ2

(
e−4A ∗ (d(e4A) ∧ e3 ∧ e4 ∧ e6) (3.19)

− f1
√
|g|

g11g22g44g66
e3 ∧ e5 +

f2
√
|g|

g22g33g44g55
e1 ∧ e6

)

=− g−1
s

τ2
|τ2|

(
− g̃11∂1(e

−4A)e2 ∧ e5 + g̃22∂2(e
−4A)e1 ∧ e5 − g̃55∂5(e

−4A)e1 ∧ e2

− f1g̃33
g̃11g̃22

e3 ∧ e5 +
f2g̃66
g̃22g̃55

e1 ∧ e6

)
√

g̃11g̃22g̃55 , (3.20)

where ∂a appear. We deduce

dF2 = g−1
s

τ2
|τ2|

(
∆̃(e−4A) + f2

1

g̃33
g̃11g̃22

+ f2
2

g̃66
g̃22g̃55

)
√

g̃11g̃22g̃55 e1 ∧ e2 ∧ e5 . (3.21)

The (satisfied) calibration condition (2.9) and the convention (A.14) give

vol|| =
τ2
|τ2|

√
g33g44g66 e3 ∧ e4 ∧ e6 , vol⊥ = − τ2

|τ2|
√
g11g22g55 e1 ∧ e2 ∧ e5 , (3.22)
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where the free sign of τ2 is related to the ordering ambiguity in these subvolume forms.

We rewrite

dF2 = −g−1
s

(
∆̃(e−4A) + f2

1

g̃33
g̃11g̃22

+ f2
2

g̃66
g̃22g̃55

)
e3Avol⊥ . (3.23)

The same comments can be made as for (3.14); in particular (3.23) is in agreement with

the general BI (2.8).

On this manifold, we made two more attempts to get solutions. For both, satisfying

the SUSY conditions still allows an additional H-flux, but its BI does not hold. The first

attempt consists of the above vacuum with a further O6 along e1∧e4∧e5. The algebra and

the structure forms are compatible with the second projection, and the calibration condition

is satisfied. A second warp factor should be introduced for this source with appropriate

powers; in particular eA is the product of the two warp factors since both sources are space-

time filling. The SUSY conditions are then satisfied up to the same constraint (3.18). The

only remaining condition is the BI, which fails to be satisfied: dF2 contains new terms,

indicating further sources along unappropriate directions. These terms are only canceled at

the cost of setting the second warp factor to a constant (partial smearing does not work),

erasing any explicit appearance of the second source.

In the second attempt, we start with the above vacuum but smear for simplicity the

O6: its warp factor is set to a constant. The O6 appears in any case through the constant

shift terms in the BI (3.23). Motivated by [45], we rather consider a localized O4, along e2:

using the previous smeared setting is then nothing but a standard search for solution with

O4 on this manifold, but starting with the same SU(2) structure (and changing the dilaton

accordingly to the source). Once more, all conditions but the BI can be satisfied, with the

constraint (3.18). The non-zero RR fluxes are F4 and F2. dF4 provides a Laplacian leading

to a correct BI, but dF2 suffers from the same problem as in the first attempt: canceling

undesired terms sets the O4 warp factor to a constant, making the source effectively disap-

pear. Getting rid of undesired terms in the BI is the most difficult step in the resolution [7].

These terms are either due to intersecting sources, or to the non-trivial fibrations in solv-

manifolds, in which case they are related to the constant shift terms in (3.14) and (3.23).

We will now comment more on the latter.

3.3 Subspaces wrapped by the sources and consequences on vacua

The origin of the constant shift terms in the RR BI (3.14) and (3.23), discussed below (3.14),

is simple to trace back. Related terms already appear in the fluxes (3.11) and (3.20). The

latter being read from the last SUSY condition of (2.7), the constant terms should be

found in (d − H∧)(e3A−φ Im(Φ2)). These terms also appear as the smeared limit (or for

simplicity A = 0) in dF or the flux. In addition, H = 0 in our vacua. The constant

terms thus originate from d Im(Φ2)|A=0, then non-zero. More precisely, they come from

the (p−3)-form in it, for a flux sourced by an Op. The calibration condition (2.9), satisfied

in the vacua, relates this (p − 3)-form to the volume form of the subspace wrapped by

the source. Denoting ṽol|| its smeared version (with A = 0), the constant terms are then

almost equivalently traced back to

dṽol|| 6= 0 . (3.24)
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This is verified in the two above vacua: de3 6= 0 for the first and d(e3 ∧ e4 ∧ e6) 6= 0 for

the second one. As pointed-out it below (3.14), the sources are then not wrapping cycles.

This is still fine with the calibration: calibrated sources should be placed on generalized

cycles [15–18] in presence of fluxes. Note that the Hodge duals, proportional to the vol⊥
form thanks to (A.14), are nevertheless closed for both vacua. This allows to integrate

the BI on a space without boundary, making the integral of the Laplacian vanish. The

integration then gives a standard tadpole condition, equivalently obtained by smearing: the

sources contributions are obtained by δ → 1 and should equate to the constant terms in dF .

How generic is the property (3.24) for SUSY Minkowski flux vacua on solvmanifolds?

When looking at tables of [7] summarizing all flux vacua found there, one actually notices

that (3.24) always holds! In other words, in all flux vacua of [7], orientifolds and D-

branes wrap subspaces whose volume forms are not closed. We believe that this is not a

general property of such vacua, but an artefact of the method used in [7]. As mentioned

in section 2.4, this method consists in first looking for smeared solutions (eA and eφ are

constant), and secondly trying to localize them, essentially by multiplying by warp factors.

With only an H-flux, it is not possible to have a Minkowski vacuum on a compact M
with a constant dilaton. To get flux vacua with that method, non-zero RR fluxes are then

mandatory, and this at the smeared level already, otherwise there is nothing to multiply

with. In practice, smeared RR fluxes are given by the constant terms discussed above. As

just argued, this requires (d−H∧)(Im(Φ2)|A=0) 6= 0: this does not usually hold thanks to

the H-flux alone, so one rather needs d Im(Φ2)|A=0 6= 0. As explained, this leads most of

the time to (3.24). This discussion gives a reason why the method used in [7] leads to flux

vacua with sources along subspaces with non-closed volume forms, a property exemplified

in the two previous vacua.

Can one then find a SUSY Minkowski flux vacuum on a solvmanifold, where sources

wrap a subspace such that

dṽol|| = 0 (3.25)

holds? At the end of section 3.2, we presented an attempt for a solution with an O6 along

e1 ∧ e4 ∧ e5, which is closed. A reason why this failed was that Im(Φ2)|A=0 contained, on

top of the closed ṽol||, further terms that were not closed. Those lead to undesired terms

in the BI, that spoiled the attempt. To get the vacua of interest, it is then safer to ask

for the stronger condition d Im(Φ2)|A=0 = 0. This requirement has several consequences.

First, in the smeared limit with H = 0, the SUSY conditions (2.7) become

dΦ1 = 0 , dΦ2 = 0 . (3.26)

The closure of these two pure spinors characterises in GCG the underlying manifold as being

Generalized Kähler (see e.g. [46–48]). A closed H-flux adds a twisting to this. Secondly,

up to the H-flux, the smeared RR fluxes vanish, meaning that we expect them to be given

only by ∂me−4A terms, and the BI by the Laplacian ∆̃(e−4A). This absence of constant

terms is in agreement with the opposite discussion above (3.24). Such a situation implies

that the number of O-planes and D-branes are such that they cancel each other in the

smeared or integrated BI; the tadpole vanishes thanks to the sources, without constant
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terms. The sources effectively disappear in the smeared limit. Since sources contributions

cancel each other, while having no flux (with H = 0) and a constant dilaton, we deduce

that nothing contributes to the internal Einstein equation in the smeared limit: it boils

down to a vanishing Ricci tensor. This implies that the underlying manifold of such vacua

needs to be Ricci flat.

To summarize, we asked for SUSY Minkowski flux vacua on solvmanifolds where

sources wrap subspaces such that (3.25) holds. Without much loss of generality, we charac-

terised such vacua as follows: with H = 0, the underlying manifold is Generalized Kähler

and Ricci flat, the RR fluxes are only given by derivatives of warp factor, and O-planes

and D-branes contributions cancel each other in the smeared limit. Solutions on T 6 with

an O3 obtained in [1] offer already a good illustration of such vacua. The localized O3

(and D3) is a point in the internal manifold; ṽol|| is then a constant 0-form, which is cer-

tainly closed. We can then verify the characterisation of the vacua: the underlying T 6 is

a Calabi-Yau, it is thus Ricci flat but also Kähler so Generalized Kähler; the RR flux F5

is given purely by derivatives of the warp factor (roughly ∗d(e−4A)). In addition, there

are optional H-flux and F3, related to each other and closed. When non-zero, these would

generate a constant term in the F5 BI, that shifts the sources contributions. We are now

interested in solvmanifolds different than the torus: as detailed in section 2.3, only three

non-trivial algebras (2.21) give rise to Ricci flat solvmanifolds. We will then look in sec-

tion 4 for vacua satisfying (3.25) on those solvmanifolds.7 The three algebras were already

mentioned in [7] when discussing “fluxless solutions” (see section 2.4): those fluxless vacua

could then correspond to the smeared limit of the localized flux vacua obtained here.

4 Truly new vacua on solvmanifolds

In this section, we first present new SUSY Minkowski flux vacua on solvmanifolds corre-

sponding to s3 in (2.21). The subspaces wrapped by the sources verify the condition (3.25)

presented in details in section 3.3; this is responsible for the very special form of these vacua

and the fact they are localized. Being Ricci flat, solvmanifolds corresponding to s1 and s2
are also candidates for such new vacua, but we did not find any on those as discussed in

section 4.6. Finally, we show in section 4.7 that the new vacua are not T-dual to geometric

ones on T 6, making them “truly new” as defined in section 2.4.

As in section 3, the vacua presented here are solutions to all required constraints

summarized at the end of section 2.1 and detailed in appendix A. These solutions have

either SU(3) structure or orthogonal SU(2) structure. In addition, they can be grouped in

two families, where solutions within one family should be (Buscher) T-dual to each other,

at least for some values of the parameters; we do not verify this explicitly though. The

two families differ essentially in the (1,0)-forms parameterizing the structure forms (3.3)

and (3.5), corresponding to different almost complex structures. The solutions are sum-

7We will show in section 5 that the Ricci flat solvmanifolds are in particular Kähler, hence Generalized

Kähler. In [49] is presented another six-dimensional solvmanifold that is not Kähler but still Generalized

Kähler. This recalls that we are asking for more than this last GCG characterisation: on top of the SUSY

conditions (3.26), the BI is crucial to conclude on the Ricci flatness.
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marized in (1.1). Our goal here is to provide one example of solution for each Op, and

discuss the interesting particularities appearing for each of them. We do not aim at an

exhaustive search of solutions: on the contrary, we indicate in several places possibilities

for more solutions.

4.1 With O4

The only globally defined closed one-forms, as needed for (3.25), are e5 and e6. Compat-

ibility of the O4 projection with the algebra excludes e6, so we consider an O4 along e5.

A is taken to depend on all coordinates except y5, and eφ = gse
A. An O4 cannot admit

an SU(3) or intermediate SU(2) structure solution, so we present here one with orthogonal

SU(2) structure. The structure forms are given in (3.3) with

z3 = e−Ae6 + ieAτ5e
5 , z1 = e−Ae1 + ie−Aτ3e

3 , z2 = e−Ae2 + ie−Aτ4e
4 , (4.1)

and the metric is

gab = diag(e−2At1, e
−2At2, e

−2At1(τ3)
2, e−2At2(τ4)

2, e2At3(τ5)
2, e−2At3) . (4.2)

The SUSY conditions are satisfied provided

τ4 = τ3 r , r = ±1 , (4.3)

while the BI of F4 will impose further

t1 = t2 . (4.4)

These two constraints make the smeared metric g̃ab Ricci flat: as discussed in section 2.3,

this is realised with pairs of equal radii g̃11 = g̃22 and g̃33 = g̃44, obtained here with (4.3)

and (4.4). With these constraints, we can still have optional fluxes

H =
h

2
e2A(z1 ∧ z2 + z1 ∧ z2) ∧ e6 = h(e1 ∧ e2 + τ3τ4 e3 ∧ e4) ∧ e6 (4.5)

gsF2 = − rh√
g̃66

τ5
|τ5|

(e1 ∧ e2 + τ3τ4 e3 ∧ e4) , (4.6)

where the constant h can be chosen to vanish. Both fluxes are closed. We have as well

gsF4 =− τ5
√
|g̃|

|τ5|
√
g̃55

(
− g̃11∂1(e

−4A)e2 ∧ e3 ∧ e4 ∧ e6 + g̃22∂2(e
−4A)e1 ∧ e3 ∧ e4 ∧ e6

− g̃33∂3(e
−4A)e1 ∧ e2 ∧ e4 ∧ e6 + g̃44∂4(e

−4A)e1 ∧ e2 ∧ e3 ∧ e6

− g̃66∂6(e
−4A)e1 ∧ e2 ∧ e3 ∧ e4

)
, (4.7)

with derivatives ∂a in flat indices, as discussed below (2.22) or (3.10). This leads to8

gsdF4 =
τ5
|τ5|

∆̃(e−4A)

√
|g̃|√
g̃55

e1 ∧ e2 ∧ e3 ∧ e4 ∧ e6 . (4.8)

8Applying d = ea ∧ ∂a on F4, one gets the Laplacian discussed in section 2.2, and two other types of

terms. The first ones come from applying d on the ea in F4. The second ones appear when applying e5 ∧∂5

of d on the derivatives in F4: those are in flat indices and thus depend on y5, even if A does not. This

can be computed using the algebra (2.22) to commute ∂5 with other ∂a. This second set of terms then

cancel the first ones, provided the equality of radii mentioned below (4.4) holds, leaving in the end only the

Laplacian. Another way to proceed is to work all along in curved (coordinate) indices, starting with F4 and

using (2.23). The requirement of radii equalities appears again; it allows to obtain the same Laplacian.
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The satisfied calibration condition (2.9) and the convention (A.14) give

vol|| =
τ5
|τ5|

√
g55 e5 , vol⊥ = − τ5

|τ5|

√
|g|√
g55

e1 ∧ e2 ∧ e3 ∧ e4 ∧ e6 . (4.9)

The F4 BI is then written

dF4 −H ∧ F2 = −g−1
s

(
∆̃(e−4A) +

2h2

g̃11g̃22g̃66

)
e5Avol⊥ . (4.10)

For H = F2 = 0, i.e. h = 0, the solution is as expected in section 3.3: the smeared metric

is Ricci flat, F4 only depends on derivatives of the warp factor, it vanishes in the smeared

limit so the sources (O4 and D4) cancel each others contribution. Having h 6= 0 is an

additional freedom: it shifts the numbers of O4 and D4 as can be seen in the BI. This acts

precisely as the constant terms discussed below (3.14) and in section 3.3 for the vacua on

nilmanifolds.

4.2 With O5

We consider an O5 along e5 ∧ e6, which is closed. Other directions may as well be suited:

(e1 + τe3) ∧ (e2 + rτe4) for a constant τ and r2 = 1 is also closed, while solutions with

smeared O5 were obtained in [7, 29]. We only give here one solution with the desired form;

it is very probably T-dual to the previous O4 one, upon relating parameters. Our A here

does not depend on y5, y6. The solution has an SU(3) structure. The structure forms are

given in (3.5) with

z1 = e−A(e1 + iτ3e
3) , z2 = e−A(e2 + iτ4e

4) , z3 = eA(e6 + iτ5e
5) , (4.11)

the corresponding metric being

gab = diag(e−2At1, e
−2At2, e

−2At1(τ3)
2, e−2At2(τ4)

2, e2At3(τ5)
2, e2At3) . (4.12)

The SUSY conditions are satisfied provided

τ4 = r τ3, r2 = 1 , (4.13)

while the F3 BI will then require

t1 = t2 . (4.14)

Related comments were made for the O4 solution. The only non-zero flux is

gsF3 =
τ5
√
|g̃|

|τ5|
√
g̃55g̃66

(
g̃11∂1(e

−4A)e2 ∧ e3 ∧ e4 − g̃22∂2(e
−4A)e1 ∧ e3 ∧ e4

+ g̃33∂3(e
−4A)e1 ∧ e2 ∧ e4 − g̃44∂4(e

−4A)e1 ∧ e2 ∧ e3
)
, (4.15)

expressed as previously with flat ∂a, giving

gsdF3 =
τ5
√
|g̃|

|τ5|
√
g̃55g̃66

∆̃(e−4A) e1 ∧ e2 ∧ e3 ∧ e4 . (4.16)
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As above, we verify the calibration condition and obtain

vol|| =
τ5
|τ5|

√
g55g66 e5 ∧ e6 , vol⊥ = − τ5

√
|g|

|τ5|√g55g66
e1 ∧ e2 ∧ e3 ∧ e4 , (4.17)

leading to the expected BI

gsdF3 = −∆̃(e−4A) e4Avol⊥ . (4.18)

4.3 With O6

We present here two vacua with O6. The first one reproduces with a relabeling and slight

simplification the solution obtained in section 2.3.1 of [8] and mentioned in section 2.4. It

has an SU(3) structure. The second vacuum is new and has an orthogonal SU(2) structure.

Both consider an O6 along e1∧e2∧e5, which is closed, A depends only on directions 3, 4, 6,

and eφ = gse
3A.

The structure forms of our first solution are given in (3.5) with

z1 = eAe1 + ie−Aτ3e
3 , z2 = eAe2 + ie−Aτ4e

4 , z3 = eAe5 + ie−Aτ6e
6 . (4.19)

We deduce the metric

gab = diag(e2At1, e
2At2, e

−2At1(τ3)
2, e−2At2(τ4)

2, e2At3, e
−2At3(τ6)

2) . (4.20)

The SUSY conditions are satisfied provided

t1τ3 = t2τ4 r , r2 = 1 . (4.21)

The only non-zero flux is then

gsF2 =
√
g̃33g̃44g̃66

(
− g̃33∂3(e

−4A)e4 ∧ e6 + g̃44∂4(e
−4A)e3 ∧ e6 − g̃66∂6(e

−4A)e3 ∧ e4
)

+
qτ6τ4√
g̃33g̃44g̃66

(
1− τ3 r

τ4

)
e−4A

(
g̃11g̃33e

1 ∧ e3 − rg̃22g̃44e
2 ∧ e4

)
(4.22)

with derivatives in flat indices as previously. Computing its exterior derivative and studying

the resulting source terms, we find two solutions allowing a suitable BI. The first one sets

A to a constant, leading to smeared intersecting sources along e1 ∧ e4 ∧ e6 and e2 ∧ e3 ∧ e6:

such solutions were already obtained in [7, 29]. The second option, on which we focus here,

is to consider the refined constraints

τ4 = τ3 r , t1 = t2 , r2 = 1 . (4.23)

Those make the second row in (4.22) vanish, and imply (once again) the Ricci flatness of

the smeared metric. In particular, one has g̃33 = g̃44, required to get rid of undesired terms

in the BI. We finally obtain

gsdF2 = −∆̃(e−4A)
√
g̃33g̃44g̃66 e3 ∧ e4 ∧ e6 . (4.24)
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The satisfied calibration condition (2.9) and the convention (A.14) give

vol|| =
√
g11g22g55 e1 ∧ e2 ∧ e5 , vol⊥ =

√
g33g44g66 e3 ∧ e4 ∧ e6 . (4.25)

The F2 BI is then written

dF2 = −g−1
s ∆̃(e−4A) e3Avol⊥ . (4.26)

As a final remark, note that this solution is very probably T-dual to the one with O4, up

to relating the parameters. In particular, the (1,0)-forms are very close, with a notable

difference in the phase of z3. We believe the latter to be due to a choice of θ−. This phase

is not fixed by the O6 projection conditions and we chose it as indicated in appendix A to

be θ− = π. Another value could accommodate better the T-duality match.

We now present the vacuum with orthogonal SU(2) structure. Its existence suggests

another T-dual solution with O4, or at least another possible almost complex structure

there. The structure forms (3.3) are given by

z1 = eA(e1 + iτ2e
2) , z2 = e−A(e3 + iτ4e

4) , z3 = eAe5 + ie−Aτ6e
6 . (4.27)

We deduce the metric

gab = diag(e2At1, e
2At1(τ2)

2, e−2At2, e
−2At2(τ4)

2, e2At3, e
−2At3(τ6)

2) . (4.28)

The SUSY conditions are satisfied provided

τ4 = −τ2 r , r2 = (τ2)
2 = (τ4)

2 = 1 . (4.29)

These constraints make the smeared metric Ricci flat as discussed above (one has g̃11 = g̃22
and g̃33 = g̃44). On the contrary to the previous solutions, this is obtained entirely from

the SUSY. More precisely, the BI will also require such equalities, but those are already

guaranteed in (4.29). Its BI forces the H-flux to vanish, leaving the only non-zero flux to be

gsF2 =− τ2
√
|g̃|

|τ2|
√
g̃11g̃22g̃55

(
− g̃33∂3(e

−4A)e4∧e6+g̃44∂4(e
−4A)e3∧e6−g̃66∂6(e

−4A)e3 ∧ e4
)
,

with derivatives in flat indices. This leads to

gsdF2 =
τ2
|τ2|

∆̃(e−4A)

√
|g̃|√

g̃11g̃22g̃55
e3 ∧ e4 ∧ e6 . (4.30)

The satisfied calibration condition (2.9) and the convention (A.14) give

vol|| = − τ2
|τ2|

√
g11g22g55 e1 ∧ e2 ∧ e5 , vol⊥ = − τ2

|τ2|

√
|g|√

g11g22g55
e3 ∧ e4 ∧ e6 . (4.31)

The F2 BI is then written

dF2 = −g−1
s ∆̃(e−4A) e3Avol⊥ . (4.32)

The orthogonal SU(2) and SU(3) structure solutions presented here are very close, when

looking only at the fields (g, φ, F2) and fixing some parameters. This suggests the existence

of intermediate SU(2) structure solutions. It also indicates a possible vacuum with N > 1

SUSY preserved: such situations were discussed in [7].
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4.4 With O7

We consider an O7 along e1 ∧ e2 ∧ e5 ∧ e6, which is closed. Up to relabeling, this is the

only set of directions for which the algebra is compatible with the O7 projection. A only

depends on directions 3, 4, and we choose eφ = gse
4A. The solution to be presented has

an SU(3) structure. It is very likely to be T-dual to the previous O6 one with orthogonal

SU(2) structure (see the (1,0)-forms). The SU(3) structure forms are given in (3.5) with

z1 = eA(e1 + iτ2e
2) , z2 = e−A(e3 + iτ4e

4) , z3 = eA(e5 + iτ6e
6) . (4.33)

We deduce the metric

gab = diag(e2At1, e
2At1(τ2)

2, e−2At2, e
−2At2(τ4)

2, e2At3, e
2At3(τ6)

2) . (4.34)

The SUSY conditions are satisfied provided

τ4 = −τ2 r , r2 = (τ2)
2 = (τ4)

2 = 1 , (4.35)

as in (4.29). As mentioned there, these constraints give the expected Ricci flatness of the

smeared metric. We take H = 0, implying F3 = 0, leaving the only non-zero flux to be

gsF1 =
τ2τ6
|τ2τ6|

√
g̃33g̃44

(
g̃33∂3(e

−4A)e4 − g̃44∂4(e
−4A)e3

)
,

with derivatives in flat indices as previously. Using g̃33 = g̃44, this leads to

gsdF1 =
τ2τ6
|τ2τ6|

√
g̃33g̃44 ∆̃(e−4A) e3 ∧ e4 . (4.36)

The satisfied calibration condition (2.9) and the convention (A.14) give

vol|| = − τ2τ6
|τ2τ6|

√
g11g22g55g66 e1 ∧ e2 ∧ e5 ∧ e6 , vol⊥ = − τ2τ6

|τ2τ6|
√
g33g44 e3 ∧ e4 . (4.37)

The F1 BI is then written

dF1 = −g−1
s ∆̃(e−4A) e2Avol⊥ . (4.38)

Finally, let us point-out that a fluxless solution with O7 is mentioned in [7]: the structure

forms given there differ from the present ones, possibly suggesting further flux solutions.

More generally, the SUSY conditions (A.12) leave room for non-zero H and F3. One

consequence in the BI would be the non-trivial H ∧F3 contribution to that of F5: it would

indicate smeared O3 and D3. Having a simultaneous O3 is a priori possible: the projection

conditions are known to be the same as those of the O7 (A.5). However, an O3 projection

is not compatible with the algebra. This excludes having an H-flux here. An analogous

extension by an H-flux will nevertheless be realised for the next vacuum, with O8 and O4.
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4.5 With O8

We present here a solution with O8, very likely to be T-dual to the above one with O4,

given the set of (1,0)-forms. Another vacuum, T-dual to the O6 one with orthogonal SU(2)

structure, may as well exist. The only set of directions for which the O8 projection is

compatible with the algebra is e1 ∧ e2 ∧ e3 ∧ e4 ∧ e5, which is also closed. Considering

the O8 along it, we take A(y6), as well as eφ = gse
5A. As for O4, only orthogonal SU(2)

structures are allowed [7]. The structure forms are given by (3.3) with

z3 = e−Ae6 + ieAτ5e
5 , z1 = eA(e1 + iτ3e

3) , z2 = eA(e2 + iτ4e
4) . (4.39)

We deduce the metric

gab = diag(e2At1, e
2At2, e

2At1(τ3)
2, e2At2(τ4)

2, e2At3(τ5)
2, e−2At3) . (4.40)

The SUSY conditions are satisfied provided

τ4 = τ3 r , r = ±1 . (4.41)

As for the O4 vacuum, some fluxes are optional; we will come back to them. One constraint

on the H-flux is H∧j = 0, leaving in any case only one contribution to F0 (A.9): we obtain

gsF0 = r
τ5
|τ5|
√

g̃66 g̃66∂6(e
−4A) , (4.42)

giving

gsdF0 = r
τ5
|τ5|

∆̃(e−4A)
√
g̃66 e6 . (4.43)

The satisfied calibration condition (2.9) and the convention (A.14) give

vol|| = r
τ5
|τ5|

√
g11g22g33g44g55 e1 ∧ e2 ∧ e3 ∧ e4 ∧ e5 , vol⊥ = −r

τ5
|τ5|

√
g66 e6 . (4.44)

The F0 BI is then written

dF0 = −g−1
s ∆̃(e−4A) eAvol⊥ . (4.45)

Possible additional fluxes are H and F2. Their BI and the SUSY conditions provide various

constraints. In particular, the F2 BI, independently of H, imposes

t1 = t2 , (4.46)

giving once again the expected Ricci flatness. The freedom in the fluxes is in the end

restricted to a constant h with

H =
h

2
e6A(z1 ∧ z2 + z1 ∧ z2) ∧ e6 = he8A(e1 ∧ e2 + τ3τ4 e3 ∧ e4) ∧ e6 (4.47)

gsF2 = − rh√
g̃66

τ5
|τ5|

e4A(e1 ∧ e2 + τ3τ4 e3 ∧ e4) . (4.48)
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Both fluxes satisfy their BI

dH = 0 , dF2 −HF0 = 0 , (4.49)

with the above F0 (4.42). Finally, these fluxes contribute as well to the F4 BI through

dF4 −H ∧ F2 . (4.50)

SUSY gives here F4 = 0, but H∧F2 6= 0 (for h 6= 0) and is given by the five-form orthogonal

to e5. So this term would indicate smeared O4 and D4 along e5. The previous O4 vacuum

actually considered sources along 5. In addition, the (1,0)-forms and structure forms of

both solutions are the same up to warp factors. The projection conditions for an O8 and

an O4 are also the same, as given in (A.1). We conclude that our O8 solution is perfectly

compatible with having additional smeared O4 and D4 along e5; as usual, a non-zero h

would shift their number. It would be interesting to look for a localized version of this

vacuum with the two kinds of sources.

4.6 No vacuum for s1 and s2

We looked for vacua of the kind presented at the end of section 3.3, with SU(3) or orthogonal

SU(2) structure, on solvmanifolds corresponding to s1 and s2 in (2.21), and did not find

any. The more mathematical results presented in section 5, in particular those of [50] on

the absence of solution to dΩ = 0, confirm this negative conclusion. We summarize here

our attempts.

s2 is constraining: no O4, O6, or O8 is compatible with the related algebra. An O5

is compatible with several sets of directions, but the only closed one is e3 ∧ e6. The same

holds for O7 with e1 ∧ e2 ∧ e3 ∧ e6, up to relabeling. In both settings, we did not find

an SU(3) or orthogonal SU(2) structure solution. The absence of O5 solution is claimed

in [7], but the existence of a fluxless vacuum with O7 along e1 ∧ e2 ∧ e3 ∧ e6 and an SU(3)

structure is mentioned there; that solution is nevertheless not given.

s1 is a priori less constraining for the orientifold projection, but SUSY conditions still

prevent us from finding solutions, as we briefly describe. Consider e1 and e2: they enter

only three closed two-forms, namely e1 ∧ e2, e1 ∧ e3, e2 ∧ e3. ω of an orthogonal SU(2)

structure depends at least on four independent real two-forms. In addition, in type IIA,

the smeared limit implies dω = 0, meaning that these four two-forms are closed. Given the

form of ω (built from one-forms), we deduce that it cannot depend on e1 and e2. These

one-forms must then both be in z. They are however not closed, which makes it impossible

to satisfy in the smeared limit d(Re(z)) = 0. Type IIA solutions with orthogonal SU(2)

structure are then excluded. It is certainly as difficult to satisfy for an SU(3) structure

dΩ = 0. That equation appears in the smeared limit in type IIB, but also for our solutions

with O6 for which we expect F2 to vanish in that limit. We are then only left with a possible

orthogonal SU(2) structure solution and O5 or O7. The sets of directions compatible with

the projection and closed are respectively e3∧e4, and e1∧e2∧e3∧e6 or e3∧e4∧e5∧e6, up

to relabeling. The corresponding projection conditions nevertheless restrict the structure

forms in such a way that the SUSY conditions cannot be satisfied. An analogous comment

is made in [7] on the O5, O6, O7 projections.
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4.7 T-dualising the vacua and (no) relation to the torus

As discussed at the end of section 2.4, it is important to determine whether vacua obtained

are related by T-duality to other (geometric) vacua on a torus. If not, they would lead

after dimensional reduction to new physics, and are thus called “truly new” vacua. As

mentioned for our vacua on nilmanifolds and first shown in [2], a (Buscher) T-duality can

remove a non-trivial fibration, e.g. transform a nilmanifold into a torus, and bring the

information into a b-field. For nilmanifolds, the off-diagonal metric encoding the fibration

is typically linear in a base coordinate. The T-duality brings the linearity to a b-field, that

is then well-defined as it patches with gauge transformations, leading to a globally defined

H-flux. From a four-dimensional point of view, the “geometric flux” f3
12 becomes an H123,

as realised starting with the vacuum on the Heisenberg manifold. As we now show, several

aspects of this scenario do not work for solvmanifolds, especially for the vacua obtained

previously in section 4; those are then truly new.

In the vacua obtained previously, theH-flux, if any, can always be set to zero. We do so

here, considering no b-field, and we rather focus only on the metric of the solvmanifold. As

described for nilmanifolds, the T-dual metric could be that of a torus; having an initial non-

zero b-field cannot help in getting this result. The vacua obtained share the particularity of

having a Ricci flat metric in the smeared limit: this translates into pairs of equal radii such

as g̃11 = g̃22. It is enough to focus on this pair of directions, and work in the smeared limit:

the question is whether the T-duality can remove the non-trivial solvmanifold fibration,

which can be studied with a pair of such directions, and is independent of the warp factor.

The radii equality, combined with the vielbeins being just local rotations (2.23), gives a

surprising metric along these two directions

ds̃212 = g̃11(e
1)2 + g̃22(e

2)2 = g̃11
(
(e1)2 + (e2)2

)
= g̃11

(
(dy1)2 + (dy2)2

)
. (4.51)

The information on the fibration seems to disappear (in particular, there is no off-diagonal

component), this metric looks like that of a torus! Naively T-dualising along y1 or y2

or both would then simply result in inverting g̃11 to 1/g̃11. Both before and after the

T-duality, our vacua on solvmanifolds then seem easily related to the torus with various

radii. This is however not correct as we now explain, recalling the discussion on the lattice

around (2.25). According to the lattice chosen, in particular the value of q, one gets

different solvmanifolds. If q is an integer, the manifold is a torus: the dym are globally

well-defined, and our vacua are simply on a torus to start with; this is not the case we are

interested in. Choosing another value for q as specified in [9, 25], e.g. half integer, etc., the

solvmanifold is really different than a torus: dy1 and dy2, as well as coordinates y1 and y2,

are not globally defined, but experience a monodromy related to the non-trivial fibration.

Eq. (4.51) looks thus locally identical to a torus metric, but is globally different as the dym

are not the same. T-dualising along the two directions inverts both g̃11 while preserving

the sum of squares: this allows to reconstruct the ea, that are globally defined. So this

T-duality along both directions does not relate to the torus, but leaves the solvmanifold to

itself up to a change (inversion) of radius.

An alternative to understand this result is through the generalized vielbein E , that
allows to study the effect of T-duality on the vielbein e instead of the metric. We refer for
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instance to section 4.1.3 of [14] for conventions. The generalized metric H is T-dualised

into H′ by the O(N,N) T-duality transformation O as H′ = OTHO. Writing H = ET
IE ,

one deduces the T-dual generalized vielbein E ′ = KEO, where K is an O(N)×O(N) trans-

formation such that KT
IK = I. The freedom in K is typically used to build a consistent

vielbein after T-duality: see the examples below. We start with the previous vacua without

b-field: E is then made of diagonal blocks e and e−T , with e a vielbein associated to the

solvmanifold (smeared) metric. As above, we focus only on one pair of directions with radii

equality. Introducing R ≡ √
g̃11, we have

e = R×
(
cos(qy5) − sin(qy5)

sin(qy5) cos(qy5)

)
. (4.52)

On the torus, a vielbein would be e = R×12. With an appropriate transformation (O = 1

and some K), one could imagine bringing the vielbein (4.52) to that of the torus. The

corresponding K would nevertheless be local and depend on cos(qy5). This is where the

choice of lattice and value of q matter. If q is an integer, this function is globally defined,

and so is K. The transformation is then allowed, the vielbeins can be mapped, but the

manifold is nothing but a torus to start with. If q takes another value mentioned above,

the function and thus K are not globally defined. Then, one cannot identify the vielbeins,

nor the manifolds. The same reasoning applies after T-duality. A Buscher T-duality along

both directions, together with a required K = O as argued below, simply exchanges e with

e−T : this results only in the inversion R → 1
R
, leaving the rotation matrix present in the

vielbein. The manifold after T-duality thus remains the same, up to a radius inversion.

The study of T-duality along a single direction of the pair is more technical, and we

leave it to appendix B. A crucial point is again whether K is globally defined as discussed

in [51], from which we conclude that such a T-duality does not lead to a geometric vacuum

on the torus. More generally, we conclude that the vacua on solvmanifolds obtained pre-

viously in section 4 are not T-dual to geometric vacua on a torus. They are rather T-dual

to geometric vacua on the same solvmanifold, as indicated in the solutions summary (1.1).

As a consequence, they are truly new vacua and lead to new physics after compactification.

5 Calabi-Yau and Ricci flat Kähler solvmanifolds

In this section, we show that solvmanifolds corresponding to s3 (2.21) are Calabi-Yau,

while those corresponding to s1 and s2 are “only” Ricci flat Kähler; we further comment

on these results. Let us first recall some required material. The forms J and Ω defining an

SU(3) structure are globally defined and non-vanishing, and are given in this paper by the

expressions (3.5), repeated here for convenience

J =
i

2

(
t1 z1 ∧ z1 + t2 z2 ∧ z2 + t3 z3 ∧ z3

)
, Ω =

√
t1t2t3 z1 ∧ z2 ∧ z3 , t1,2,3 > 0 . (5.1)

They depend on zi, zi, which are (1,0) or (0,1)-forms with respect to an almost complex

structure. We always construct these one-forms so that they are globally defined, at least
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in the smeared limit, and form a basis. For the almost complex structure to be integrable,

further properties on their derivatives are needed, summarized by the condition dΩ =

W5 ∧ Ω (see e.g. [52]) with W5 a real one-form. The manifold is then complex, and the

(1,1)-form J is the corresponding fundamental or Hermitian form. If in addition dJ = 0,

the Hermitian manifold is a Kähler manifold. Finally, Ω being a (3,0)-form in this six-

dimensional manifold, dΩ = 0 is equivalent to Ω being holomorphic. The conditions

dJ = 0 , dΩ = 0 , (5.2)

are thus defining a six-dimensional Calabi-Yau: a Kähler manifold admitting a nowhere

vanishing holomorphic (3,0)-form.

In the vacua described at the end of section 3.3 and obtained in section 4 on solv-

manifolds corresponding to s3, we can always consider H = 0, and take in addition the

smeared limit A = 0: the particularity of our solutions is precisely that this results in

Fk = 0 (on top of a constant dilaton). In such a situation, the SUSY conditions with

SU(3) structure for an O5 (A.10), O6 (A.11), or O7 (A.12), become simply (5.2), meaning

those of a Calabi-Yau. This implies that our solutions with SU(3) structure and O5, O6,

or O7, provide in such limits examples of J and Ω satisfying (5.2). We read from there in

the smeared limit two concrete examples given by

z1 = e1 + iτ3e
3 , z2 = e2 + irτ3e

4 , z3 = e5 + iτ6e
6 , t1 = t2 , (5.3)

z1 = e1 + iτ2e
2 , z2 = e3 − irτ2e

4 , z3 = e5 + iτ6e
6 , (τ2)

2 = 1 ,

with r2 = 1. We conclude that the solvmanifolds associated to s3 are Calabi-Yau! As

mentioned already, our vacua have precisely a Ricci flat smeared metric, built from the

SU(3) structure forms as described around (3.5). This is expected from a Calabi-Yau: it

can have different metrics, but one is Ricci flat and related to the forms in (5.2).

In the final stage of this project, we became aware of overlapping results in the re-

cent math literature, that we now mention. In proposition 2.6 or theorem 2.8 of [50] was

proven that the algebra related to s3 admits a complex structure, and that there exists a

corresponding closed Ω. In addition, proposition 3.3 implies that the two complex struc-

tures corresponding to (5.3) should be isomorphic; a related Ω is given in their table 1.

Finally, in remark 4.2 of that paper, the algebra corresponding to s3 is mentioned to admit

Calabi-Yau metrics, and the related Kähler form is given. Further interesting results can

be found in theorem 6.4 of [53]. Note that here, we go beyond the algebra or the group, to

the solvmanifolds, and this last step is not trivial as we now recall.

As discussed in sections 2.2 and 2.3, the ea are first defined, equivalently here, on

the cotangent bundle of the solvable algebra or of the group. To reach the (compact)

solvmanifold, one should further divide by the lattice. The ea are invariant under the lattice

action, by definition, and are thus globally defined on the resulting solvmanifold. The

conditions (5.2) to be a Calabi-Yau are then not only satisfied by the algebra and the group,

but also by the solvmanifold (the structure descends to the latter). However, as discussed

in section 2.3, different lattices, related to the value of q, can lead here to inequivalent

solvmanifolds: three different topologies were identified, as given by the cohomologies

– 29 –



J
H
E
P
0
2
(
2
0
1
6
)
1
1
2

in (2.25). One of them makes the solvmanifold simply a torus; others, of interest here,

make it different. We then claim that all solvmanifolds obtained from s3 are Calabi-Yau:

this is trivial for the torus, but not for the other cases.

Let us now characterise more these Calabi-Yau solvmanifolds. Since they contain a

free circle along the sixth direction, they are not simply connected. As a consequence,

they are not in the Kreuzer-Skarke list: in the latter, only sixteen manifolds are not sim-

ply connected, and none of those has a vanishing Euler characteristic [54] as ours (see

below (2.25)). They are also not complete intersection Calabi-Yau manifolds, as those are

simply connected. In addition, our solvmanifolds take the form of a quotient, so they are

parallelizable (once again, the ea are globally defined on the quotient). This implies that

their structure group is trivial.9 By definition, their holonomy group is included in SU(3),

but since they are not simply connected, the inclusion is strict, i.e. the holonomy group

is reducible. It is then either SU(2) or the identity. Manifolds in the first case are often

considered to be given locally by the product of a K3 surface and a flat two-dimensional

manifold; our Calabi-Yau solvmanifolds are thus more likely to have a trivial holonomy

group. This is confirmed by the fact they admit locally a constant R6 metric (see (4.51)):

the Ricci flat metric is actually flat. These Calabi-Yau solvmanifolds can thus be viewed

as R6 with discrete identifications. In view of the discussion at the end of section 2.3, they

also admit a torus as a covering space. They are though not a torus orbifold, since they

do not have any fixed point or singularity.

Are there further solvmanifolds that are Calabi-Yau? As explained in section 2.3, only

three algebras, related to s1, s2, s3 (2.21), lead to manifolds admitting a Ricci flat metric.

As detailed in section 4.6, finding solutions to dΩ = 0 looks impossible for s1, and we did not

find any either for s2, although additional constraints were considered. This is confirmed

by proposition 2.6 or theorem 2.8 of [50]: algebras (and thus groups) corresponding to s1
and s2 are shown not to admit a complex structure that allows for a closed Ω. We deduce

that these solvable groups are not Calabi-Yau. We do not expect this result to change for

the solvmanifolds obtained after dividing by a lattice, with the obvious exception of the

torus (for the latter, the Calabi-Yau structure thus does not descend from the groups). An

argument in favour of this is that the only two cohomologies of solvmanifolds corresponding

to s1, given below (2.25), are either that of the torus or that of the algebra. To conclude,

leaving aside the tori from s1 and s2, the solvmanifolds corresponding to s3 are very likely

to be the only ones that are Calabi-Yau.

The structures carried by the algebras, groups, and some solvmanifolds associated to

s1 and s2, are nevertheless interesting as we now show. Consider the following sets of

one-forms building the SU(3) structure forms (3.5)

For s1 : z
1 = e1 + ie2 , z2 = e3 + ie4 , z3 = e5 + ie6 , (5.4)

For s2 : z
1 = e1 + ie2 , z2 = e4 + ie5 , z3 = e3 + ie6 . (5.5)

9This should not be confused with the SU(3) or SU(2) structure forms involved in the SUSY vacua: to

find a solution to the constraints, these forms have to solve differential conditions, while identifying the

structure group is only a topological statement.
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The pair(s) of radii being equal, these forms induce a Ricci flat metric. For instance with

s1, one has g̃11 = g̃22 = t1, and the Ricci tensor can be obtained from (2.24) setting r = 0

and replacing the direction 5 by 3: it is then clearly vanishing. We now compute the

exterior derivatives of structure forms and get

For s1 : dJ = 0 , dΩ =
i

2
q z2 ∧ Ω , (5.6)

For s2 : dJ = 0 , dΩ =
i− r

2
q z3 ∧ Ω .

This can be rephrased with dΩ = W5 ∧ Ω where10

For s1 : W5 =
i

2
q(z2 − z2) = qe4 , (5.7)

For s2 : W5 =
1

2
q(iz3 − iz3 − r(z3 + z3)) = q(e6 − re3) .

Recalling the material detailed at the beginning of this section, we read from (5.6) that

both almost complex structures are integrable, and the two manifolds are then Kähler; this

was mentioned for s1 in example 4 of [55], but is a new result for s2. We also explained that

the two induced metrics are Ricci flat, so we have Ricci flat Kähler manifolds. In a sense,

we cannot get closer to a Calabi-Yau without being Calabi-Yau; another example of such

manifolds is given by the Enriques surfaces. This distinction is only possible because these

manifolds are not simply connected: indeed, a simply connected compact Kähler manifold

with vanishing first real Chern class is a Calabi-Yau.

It is worth noticing that if the only non-zero torsion class of the SU(3) structure is

W5, then the manifold, being Kähler but not Calabi-Yau, can be Ricci flat, provided some

constraints on W5 are satisfied. To illustrate this point, we read in [56] the Ricci tensor

and scalar of the metric induced by an SU(3) structure in terms of the torsion classes;11

keeping only W5, the scalar is given by

R = 2d∗W5 = −2 ∗ d(∗W5) , (5.8)

where we worked-out the adjoint of the exterior derivative d∗ in the present context. Hav-

ing W5 6= 0 still allows for d(∗W5) = 0, that then leads to a vanishing Ricci scalar. It

is straightforward, using (A.13), to verify this last condition for the two previous exam-

ples (5.7); we recall that we also obtained for those a vanishing Ricci tensor.

10Note that both W5 are not exact, so Ω is not conformally closed.
11Most of the physics papers providing analogous formulas consider half-flat manifolds, that sets W5 = 0.

A formula for the Ricci scalar in terms of SU(3)×SU(3) pure spinors was nevertheless derived as (4.20)

in [57], imposing few restrictions as e.g. (4.19) there. A general formula without these restrictions was then

obtained as (C.1) of [58]. This led in the subcase of an SU(3) structure to the expression (3.10) of [59].

From the latter, one should be able to reproduce (5.8). In their notations, u ∼ W5|Ω|
2 (this u was set to

zero in [57]). This allows in (3.10) of [59] to cancel |dΩ|2 by u2 (up to some normalisation), leaving in R

only ∇mum. The latter is very likely to match ∗d(∗W5). In case of an SU(2) structure, see the recent [60].
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6 Outlook

The new localized vacua of section 4 are not T-dual to a vacuum on the torus. The

corresponding four-dimensional physics should then be new as stressed in the Introduction,

so performing the dimensional reduction would be very interesting. To that end, one should

note the following: first the solvmanifolds are Calabi-Yau, and second they are Lie algebra

based manifolds that carry, in the language of gauged supergravity, “geometric flux” fa
bc.

Both points provide various tools developed for dimensional reduction. Some subtleties

should however be taken into account regarding the gauged supergravity point of view,

a first one being related to the lattice choice discussed in section 2.3, that affects the

reduction as described in [9]. In addition, the gauged supergravity description typically

captures the smeared aspects of vacua; however the particularity of our vacua is precisely

that fluxes are present when non-smeared. Related remarks on the role of the warp factor

and discrepancies of the reduction with respect to gauged supergravities were made in [61].

References therein are also of interest, in particular [62, 63] for contributions of the warp

factor and [64] on relations between smeared and localized vacua. We hope to come back

to this dimensional reduction.

Our vacua sit on a T-duality orbit different than that of geometric vacua on the torus.

Studying such orbits and resulting physics, especially moduli stabilization, has recently

gained attention in the context of non-geometry, where in particular orbits with only non-

geometric vacua are looked for. Our vacua are geometric, but it remains interesting that

they sit on a new orbit: they could lead after T-duality to new kinds of non-geometric

vacua. We failed though to obtain in appendix B, from a ten-dimensional perspective, a

characterisation of the latter in terms of (non)-geometric fluxes, even if the result is clear

in four dimensions.

The new vacua presented in this paper should allow for interesting extensions or use, in

string theory and phenomenology. First, having new and explicit Calabi-Yau manifolds at

hand should find various applications. Having in addition localized sources, our vacua could

provide interesting settings to build intersecting brane models. They might as well be useful

to find fully localized solutions with intersecting sources, as those of [65–67]. Deforming

our vacua may also lead to de Sitter vacua, or help in realising inflation scenarios, in which

cases having studied the dimensional reduction as discussed above would be important

for stability. Finally, it would be interesting to find more localized vacua not T-dual to a

vacuum on the torus: further Lie algebra based manifolds mentioned in section 2.4, or toric

varieties as those discussed in [68] and references therein, are interesting candidates for M.

Last but not least, let us comment on natural seven-dimensional extensions from s3,

and manifolds admitting G2-structures. Consider the following seven-dimensional one-

forms and relations

s4 : de
1 = q e2 ∧ e7 , de2 = −q e1 ∧ e7 , (6.1)

de3 = rq e4 ∧ e7 , de4 = −rq e3 ∧ e7 ,

de5 = sq e6 ∧ e7 , de6 = −sq e5 ∧ e7 ,

de7 = 0 ,
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with both q, r ∈ R
∗. We add to s3 an analogous fibration along two further directions. The

related solvable groups admit lattices, that give after quotient (compact) seven-dimensional

solvmanifolds. Consider first s = 0: the solvmanifolds are then a circle times the six-

dimensional manifolds obtained from s3, the latter being Calabi-Yau. Some of these seven-

dimensional solvmanifolds are a priori different than T 7, but still have a reduced holonomy.

With the above Ricci flat metric for s3 and r2 = 1, we then get explicit seven-dimensional

compact manifolds admitting a G2-structure. Thanks to the Calabi-Yau structure, this G2-

structure is parallel, meaning the three-form is closed and coclosed. To construct explicitly

the G2 forms, see e.g. [69–71]. Consider now s ∈ R
∗. Taking the same radii along e1 and

e2, e3 and e4, e5 and e6, should again provide a Ricci flat metric. It would be interesting

to study whether, upon probable restrictions on s, one obtains again compact manifolds

admitting a parallel G2-structure. Shortly after the present paper, the work [72] appeared:

there, G2-structures on seven-dimensional solvable algebras are studied, and the G2 forms

are constructed from SU(3)-structure ones. That paper confirms the present result that s4
with s = 0 admits a parallel G2-structure; in addition, the same holds for s = −1− r.
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A Getting the vacua of interest

We presented in section 2.1 vacua of type II supergravities we are interested in, namely

SUSY vacua with fluxes on Minkowski times a compact manifold M. We gave the condi-

tions to be verified to get these vacua, as summarized in the list at the end of that section.

We provide here pragmatic details for some of these conditions.

Orientifold projection and structure forms. The orientifold involution σ transforms

the internal spinors or equivalently Φ± as given in [7]. According to which pair of pure

spinors among (2.6) and which Op, we get different transformations of the structure forms

and some phases get fixed. We give here the constraints to be verified for some of these

cases, that are relevant for this paper. For those, θ− is not fixed by the conditions and we
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take it to be θ− = π. For an SU(2)⊥ structure, we get

O4/O8 : σ(Re(z)) = −Re(z), σ(Im(z)) = Im(z), σ(ω) = ω, σ(j) = j , (A.1)

O6 : σ(Re(z)) = Re(z), σ(Im(z)) = − Im(z), σ(ω) = −ω, σ(j) = j . (A.2)

For an SU(3) structure in type IIB, the O5 projection imposes eiθ+ to be real and we

choose θ+ = 0 while the O7 imposes it to be purely imaginary and we take θ+ = π
2 . We

get furthermore

O5 : σ(J) = J, σ(Ω) = Ω , (A.3)

O6 : σ(J) = −J, σ(Ω) = Ω , (A.4)

O7 : σ(J) = J, σ(Ω) = −Ω . (A.5)

Note that A is always assumed even under σ.

Structure group compatibility conditions. Forms defining an SU(3) structure have

to satisfy the following compatibility conditions

J ∧ Ω = 0 , iΩ ∧ Ω =
4

3
J3 6= 0 , (A.6)

while those for an SU(2) structure are given by

j2 =
1

2
ω ∧ ω 6= 0 , j ∧ ω = 0 , ω ∧ ω = 0 (A.7)

z ∨ ω = 0 , z ∨ j = 0 . (A.8)

In our vacua, we will consider a parametrization of the structure forms in terms of a basis

of one-forms, (1,0) or (0,1) with respect to the almost complex structure, as discussed

around (3.5) and (3.3). The compatibility conditions will then be automatically satisfied,

and the corresponding metric gab will be easily built.

SUSY conditions and Hodge star. The SUSY conditions (2.7) can be developed

according to the choice of pure spinors (2.6) and the theory. We start with the case of an

orthogonal SU(2) structure, that will only be needed in type IIA. We fix the phase θ− = π:

this phase is unphysical [18] and can always be absorbed in a redefinition of z, as can be

seen in the pure spinors. It was taken to be π
2 in [7]. After a few manipulations, the SUSY
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conditions become

d(e3A−φω) = 0 (A.9)

ω ∧ d

(
1

2
z ∧ z

)
= H ∧ ω

d(e2A−φRe(z)) = 0

d(e2A−φ Im(z) ∧ j) = e2A−φH ∧ Re(z)

Re(z) ∧ d

(
1

2
j2
)

= H ∧ Im(z) ∧ j

F6 = 0

d(e4A−φ Im(z)) = e4A ∗ F4

Re(z) ∧ d(e2Aj) = e2AH ∧ Im(z)− e2A+φ ∗ F2

Im(z) ∧ j ∧ d

(
e2A

2
j

)
= −1

2
e2AH ∧ Re(z) ∧ j + e2A+φ ∗ F0 .

We now turn to an SU(3) structure. The phases are fixed as discussed above for the

orientifold projection. In the case of an O5, the SUSY conditions are then equivalent to

eφ = gse
2A (A.10)

H = 0, F1 = 0, F5 = 0

d(eAΩ) = 0

d(J2) = 0

d(e2AJ) = −gse
4A ∗ F3 .

For an O6, they are equivalent to

eφ = gse
3A (A.11)

H = 0, F0 = 0, F4 = 0, F6 = 0

d(J) = 0

d(e−A Im(Ω)) = 0

d(eARe(Ω)) = −gse
4A ∗ F2 .

For an O7, we choose eφ = gse
4A. The SUSY conditions are then equivalent to

d(e−AΩ) = 0 (A.12)

d(e−2AJ) = 0

H ∧ Ω = 0, H ∧ J = 0

H = −gse
4A ∗ F3, F5 = 0

1

2
d(J2) = gse

4A ∗ F1 .
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Obtaining the RR fluxes from the above requires the six-dimensional Hodge star: we

formulate it here in the ea basis, with the diagonal gab (2.14)

∗ (ea1 ∧ . . . ∧ eak) =
ǫa1...a6√

|g|
gak+1ak+1

. . . ga6a6e
ak+1 ∧ . . . ∧ aa6 , (A.13)

which is understood without summation in the r.h.s. but with fixed indices (ǫ is here only a

sign, ǫ1...6 = 1), and |g| is the absolute value of the determinant of the metric. We consider

an Euclidian space signature, giving for a p-form: ∗ ∗Ap = (−1)p(6−p)Ap.

RR Bianchi identities. To fix the notations of the r.h.s. of the BI (2.8), one should

derive it from the sources action with appropriate conventions. We take here a more

pragmatic approach following [7, 11]. We use the convention (A.14) for vol⊥, which ensures

that we read-off the right signs of the charges in the BI, provided some conditions are

satisfied; this formulation is enough for our purposes.

In our vacua, we only face cases with sources Op and Dp of fixed p along one vol||,

sourcing one flux Fk, and with most of the time H = 0. Given the sign λ(Fk) = (−1)[
k
2
]Fk

where [.] denotes the integer part, we then take as a convention

(−1)[
k
2
] vol⊥ ∧ vol|| = vol6 . (A.14)

In the cases considered, it allows the following equalities

∫

M

e4A

8
|Fk|2 vol6 =

∫

M

e4A

8
Fk ∧ ∗Fk (A.15)

=

∫

M
(−1)k(−1)[

k
2
]Fk ∧ d(e3A−φ Im(Φ2)|6−k−1)

= −
∫

M
e3A−φ(−1)[

k
2
]dFk ∧ Im(Φ2)|6−k−1

= −
∫

M
e3A−φcp

(
−
∑

O

2p−5 δ(y) +
∑

D

δ(y)

)
(−1)[

k
2
] vol⊥ ∧ Im(Φ2)|6−k−1

= −
∫

M
e3A−φcp

(
−
∑

O

2p−5 δ(y) +
∑

D

δ(y)

)
(−1)[

k
2
] vol⊥ ∧ P [Im(Φ2)]

= −
∫

M

e4A−φ

8
cp

(
−
∑

O

2p−5 δ(y) +
∑

D

δ(y)

)
(−1)[

k
2
] vol⊥ ∧ vol||

= −
∫

M

e4A−φ

8
cp

(
−
∑

O

2p−5 δ(y) +
∑

D

δ(y)

)
vol6

where we also used the Hodge star (A.13), the SUSY condition (the sign (−1)k is the theory

dependent one), the fact that M has no boundary, the BI (2.8) and the calibration (2.9).

In the smeared limit (δ → 1, A → 0), this convention provides precisely the right signs: the

first integrand and cp being positive, one gets that the number (−2p−5 NO +ND) should
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be negative as usually required (the need for orientifolds). The signs are preserved in the

non-smeared case. While providing the right signs for the charges, the convention (A.14)

fixes as well the sign ambiguity when ordering the subvolumes. For an extension of this

reasoning to a more general approach introducing currents localising the sources, see [7] or

appendix B.3 of [11] and references therein.

Having fixed the signs and notations, the BI boils down to a differential equation that

is in practice never solved: the warp factor is always considered to be the solution. The

difficulty in the BI is rather to get no other terms than the ones transverse to the desired

sources. When looking for vacua, getting rid of undesired terms often imposes further

constraints.

B T-duality along a single direction

We motivated in section 4.7 the importance to study the effect of T-duality on the vacua

obtained in section 4 on solvmanifolds corresponding to s3. We gave there arguments and

necessary material to tackle the T-duality along both directions of a pair with equal radii.

We now build on this to look at the T-duality along a single direction in such a pair, say

dy1. In the smeared limit, i.e. without warp factor, which is enough for our purposes, no

field depends on y1 so it can be viewed as an isometry direction, allowing the T-duality.12

From the perspective of the metric (4.51), the result of the T-duality is then simple: one

g̃11 gets inverted. The T-dual space is however not clearly identified: on the one hand, we

recall the discussion of section 4.7 on the (non)-relation to the torus, but on the other hand,

the one-forms of the solvmanifold can this time not be rebuilt easily in the metric. So it

is more instructive to take the (generalized) vielbeins point of view. First, note that the

metric determinant is never vanishing here; after the T-duality it is in particular equal to

one. So the same should hold for the vielbein e and T-dual e′: this is a minimal requirement

to have consistent vielbeins. When computing EO and reading-off the upper left block, one

gets however a determinant zero matrix. This typical situation is cured by acting on the

left with a K, as described in section 4.7. A first standard choice is K = O, i.e. we look at

OEO: the resulting upper left block is given by

cos(qy5)

(
1
R

0

0 R

)
. (B.1)

Its determinant indicates however once more that (B.1) is not a suitable T-dual vielbein

e′; one needs a further K. To that end, the appendix B of [8] is helpful, since similar

12When the solvmanifold is not a torus, dy1 is not globally well-defined, so T-dualising along such

a direction might be questionable. A similar situation occurs though when T-dualising the Heisenberg

manifold back to a torus. The questions raised in this appendix remain of interest, so we pursue this study.

Note that there is no such doubt when T-dualising along both directions of the pair since dy1∧dy2 = e1∧e2

is globally defined.
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computations were made there.13 At this stage, let us discuss the other blocks of the

generalized vielbein. The lower left one should depend on a b-field (as in standard super-

gravity), while the upper right one can correspond to a bivector β on which β-supergravity

was built [42, 73].14 Having this last block non-zero is commonly related to having non-

geometric fluxes or understood as a sign of non-geometry. It is argued in [51] that if a

K sets this upper right block to zero and is not globally defined, then one is not facing a

geometric background, but maybe a non-geometric one; we will use this argument. Upon

some restriction, the generalized vielbein without a b-field but with a β was shown in [14]

to provide a geometric description of a non-geometric background; reaching such a general-

ized vielbein takes the form of a transformation by K, as shown e.g. in (C.9) of [73]. Here,

by acting with K, we want the upper left block of the generalized vielbein to provide a

suitable, consistent, vielbein e′; the other blocks may contain b or β (or both as in [74, 75])

that could then be studied and related to (non)-geometric fluxes. To do so, a first attempt

is to reach the following vielbein, that would correspond to a torus with some radii
(

1
R

0

0 R

)
. (B.2)

This is actually achieved with an O(2)×O(2) K, which however depends on cos(qy5) and is

thus not globally defined. In addition, the resulting off-diagonal blocks of the generalized

vielbein are set to zero by this K. Following the argument of [51], the T-dual background

is then not geometric; whether it is non-geometric remains to be studied, following for

instance the approach of section 4.2.2 of [14] and looking at how transition functions get

transformed under the T-duality. Studying s1 in [35], it was argued from a four-dimensional

T-duality that the T-dual should be a torus with an H-flux and a non-geometric Q-flux;

here, the off-diagonal blocks being zero, we do not manage to see any flux.15 A second

attempt worth being mentioned is to reach the following vielbein, corresponding to the

initial solvmanifold but with different radii
(

1
R

0

0 R

)(
cos(qy5) − sin(qy5)

sin(qy5) cos(qy5)

)
. (B.3)

This is achieved by a transformation on the left, which is however not an O(2)×O(2)K. We

refrain from looking further for a more satisfying basis for the T-dual generalized vielbein.

13In that appendix were also studied T-duals of s3 vacua. We believe however that some of the results

there are not correct: our main criticism is that the vielbein there takes q = 1, which makes the solvmanifold

a torus, falsifying the interpretations. The globally definedness of cos(qy5) is used to study K, e.g. in the

last sentence of that appendix, but we now know that away from the torus, this function is not globally

defined. In addition, the T-dual space is studied around (B.3) and (B.4), in a case where the two radii

are not equal (t1(τ
1
2 )

2 6= t2). A single T-duality is argued to lead to a manifold corresponding to s1, with

a metric involving a function G that depends on cos(qy5). Again, if that function is globally defined, the

T-duality essentially relates a torus to another torus; if it is not globally defined, G and the metric are not

either, so the argument given there does not hold. We thus start over the analysis here.
14The off-diagonal blocks going with (B.1) are not antisymmetric, except for the special case R = 1. In

general, these blocks can then not be interpreted directly as b or β.
15Note that a four-dimensional T-duality is typically along flat indices, meaning here along e.g. e1 instead

of dy1. But it is not clear how to perform such a transformation at the world-sheet level.
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To conclude, we can say at least that a T-duality along a single direction of the pair does

not lead to a geometric vacuum on a torus.

Open Access. This article is distributed under the terms of the Creative Commons

Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in

any medium, provided the original author(s) and source are credited.
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[12] J.M. Maldacena and C. Núñez, Supergravity description of field theories on curved manifolds

and a no go theorem, Int. J. Mod. Phys. A 16 (2001) 822 [hep-th/0007018] [INSPIRE].

[13] G. Villadoro and F. Zwirner, Beyond Twisted Tori, Phys. Lett. B 652 (2007) 118

[arXiv:0706.3049] [INSPIRE].

[14] D. Andriot and A. Betz, NS-branes, source corrected Bianchi identities and more on

backgrounds with non-geometric fluxes, JHEP 07 (2014) 059 [arXiv:1402.5972] [INSPIRE].

[15] P. Koerber, Stable D-branes, calibrations and generalized Calabi-Yau geometry,

JHEP 08 (2005) 099 [hep-th/0506154] [INSPIRE].

[16] L. Martucci and P. Smyth, Supersymmetric D-branes and calibrations on general N = 1

backgrounds, JHEP 11 (2005) 048 [hep-th/0507099] [INSPIRE].

– 39 –

http://creativecommons.org/licenses/by/4.0/
http://dx.doi.org/10.1103/PhysRevD.66.106006
http://arxiv.org/abs/hep-th/0105097
http://inspirehep.net/search?p=find+EPRINT+hep-th/0105097
http://dx.doi.org/10.1088/1126-6708/2003/03/061
http://arxiv.org/abs/hep-th/0211182
http://inspirehep.net/search?p=find+EPRINT+hep-th/0211182
http://dx.doi.org/10.1093/qjmath/54.3.281
http://arxiv.org/abs/math/0209099
http://inspirehep.net/search?p=find+EPRINT+math/0209099
http://arxiv.org/abs/math/0401221
http://dx.doi.org/10.1088/1126-6708/2004/08/046
http://arxiv.org/abs/hep-th/0406137
http://inspirehep.net/search?p=find+EPRINT+hep-th/0406137
http://dx.doi.org/10.1088/1126-6708/2005/11/020
http://arxiv.org/abs/hep-th/0505212
http://inspirehep.net/search?p=find+EPRINT+hep-th/0505212
http://dx.doi.org/10.1088/1126-6708/2007/05/031
http://arxiv.org/abs/hep-th/0609124
http://inspirehep.net/search?p=find+EPRINT+hep-th/0609124
http://dx.doi.org/10.1007/JHEP05(2011)028
http://arxiv.org/abs/1003.3774
http://inspirehep.net/search?p=find+EPRINT+arXiv:1003.3774
http://dx.doi.org/10.1103/PhysRevD.88.085018
http://arxiv.org/abs/1305.0785
http://inspirehep.net/search?p=find+EPRINT+arXiv:1305.0785
http://dx.doi.org/10.1002/prop.201000083
http://arxiv.org/abs/1006.1536
http://inspirehep.net/search?p=find+EPRINT+arXiv:1006.1536
http://dx.doi.org/10.1142/S0217751X01003935
http://arxiv.org/abs/hep-th/0007018
http://inspirehep.net/search?p=find+EPRINT+hep-th/0007018
http://dx.doi.org/10.1016/j.physletb.2007.07.002
http://arxiv.org/abs/0706.3049
http://inspirehep.net/search?p=find+EPRINT+arXiv:0706.3049
http://dx.doi.org/10.1007/JHEP07(2014)059
http://arxiv.org/abs/1402.5972
http://inspirehep.net/search?p=find+EPRINT+arXiv:1402.5972
http://dx.doi.org/10.1088/1126-6708/2005/08/099
http://arxiv.org/abs/hep-th/0506154
http://inspirehep.net/search?p=find+EPRINT+hep-th/0506154
http://dx.doi.org/10.1088/1126-6708/2005/11/048
http://arxiv.org/abs/hep-th/0507099
http://inspirehep.net/search?p=find+EPRINT+hep-th/0507099


J
H
E
P
0
2
(
2
0
1
6
)
1
1
2

[17] P. Koerber and L. Martucci, Deformations of calibrated D-branes in flux generalized complex

manifolds, JHEP 12 (2006) 062 [hep-th/0610044] [INSPIRE].

[18] P. Koerber and D. Tsimpis, Supersymmetric sources, integrability and generalized-structure

compactifications, JHEP 08 (2007) 082 [arXiv:0706.1244] [INSPIRE].

[19] F. Gmeiner and F. Witt, Calibrations and T-duality, Commun. Math. Phys. 283 (2008) 543

[math/0605710] [INSPIRE].

[20] L. Martucci, Electrified branes, JHEP 02 (2012) 097 [arXiv:1110.0627] [INSPIRE].
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[32] P.G. Cámara, A. Font and L.E. Ibáñez, Fluxes, moduli fixing and MSSM-like vacua in a

simple IIA orientifold, JHEP 09 (2005) 013 [hep-th/0506066] [INSPIRE].

[33] D.J. Smith, Intersecting brane solutions in string and M-theory,

Class. Quant. Grav. 20 (2003) R233 [hep-th/0210157] [INSPIRE].

[34] S. Arapoglu, N.S. Deger and A. Kaya, A Note on supergravity solutions for partially localized

intersecting branes, Phys. Lett. B 578 (2004) 203 [hep-th/0306040] [INSPIRE].
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