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Abstract: There is significant evidence for a duality between (non-supersymmetric) U(N)

Chern-Simons theories at level k coupled to fermions, and U(k) Chern-Simons theories at

level N coupled to scalars. Most of the evidence comes from the large N ’t Hooft limit,

where many details of the duality (such as whether the gauge group is U(N) or SU(N),

the precise level of the U(1) factor, and order one shifts in the level) are not important.

The main evidence for the validity of the duality at finite N comes from adding masses and

flowing to pure Chern-Simons theories related by level-rank duality, and from flowing to the

non-supersymmetric duality from supersymmetric dualities, whose finite N validity is well-

established. In this note we clarify the implications of these flows for the precise form of the

duality; in particular we argue that in its simplest form the duality maps SU(N) theories to

U(k) theories, though there is also another version relating U(N) to U(k). This precise form

strongly affects the mapping under the duality of baryon and monopole operators, and we

show, following arguments by Radičević, that their mapping is consistent with our claims.

We also discuss the implications of our results for the additional duality between these

Chern-Simons matter theories and (the UV completion of) high-spin gravity theories on

AdS4. The latter theories should contain heavy particles carrying electric and/or magnetic

charges under their U(1) gauge symmetry.
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1 Introduction

One of the main tools to study strongly coupled field theories is duality — the claim that

certain strongly coupled theories are equivalent to (generally different) weakly coupled

theories. This phenomenon was first discovered in two space-time dimensions, and in the

past twenty years many examples of duality were discovered in supersymmetric theories in

higher dimensions. However, the theories which we would most like to understand at strong

coupling are non-supersymmetric theories in three and four space-time dimensions. For

such theories there is only one conjectured duality so far — the duality [1–3] between three

dimensional U(N) Chern-Simons (CS) theories coupled to fermions, and three dimensional

U(Ñ) Chern-Simons theories coupled to scalars (there is a similar duality also for SO(N)

theories, that we will not discuss here).

This non-supersymmetric duality was originally motivated by the duality [4, 5] of

both types of theories, in the large N limit, to high-spin gravity theories on AdS4 con-

structed by Vasiliev [6]. It was then corroborated by many exact computations in the

large N limit (with fixed N/k, where k is the Chern-Simons level), which are all consistent

with the duality, and by the classification of theories with slightly broken high-spin symme-

tries [7, 8]. It was also generalized [9, 10] to theories with additional fields, including super-

symmetric field theories for which some of the dualities that arise were already previously

known [11–14].

All known dualities that are valid at large N also have a generalization to finite N , so

it is natural to conjecture that this is true also here. However, it is difficult to test this

conjecture, since it is not known how to perform the large N computations at finite N (and

even the 1/N corrections have not been computed yet). In particular, the large N tests do

not distinguish between theories whose level is shifted by a finite number in the large N

limit, nor between U(N) and SU(N) theories. So far there are just two pieces of evidence

for the finite N duality. One piece of evidence comes from deforming the theories related

by the duality by a fermion mass term [3]. At low energies the CS-fermion theory flows to a
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pure Chern-Simons theory, with a level depending on the sign of the mass term. Similarly,

the CS-scalar theory flows to a pure Chern-Simons theory, with the rank depending on the

sign of the mass term. The resulting Chern-Simons theories must then be equivalent, and

indeed, for a specific choice of the order one shift in the level, the theories (for both signs of

the mass) are related by level-rank duality [15–19]. This flow can be used to fix the finite

shift in the Chern-Simons level.

The second piece of evidence is that one can flow from supersymmetric dualities, for

which there is a lot of evidence at finite N , to the non-supersymmetric dualities [10, 20].

This flow is under precise control at large N , but the same flow works also at finite N , at

least as long as the finite-N corrections do not lead to qualitative changes in the flow (such

as new operators becoming relevant).

In principle, both methods should enable us to determine whether the duality relates

SU(N) theories or U(N) theories, and also to determine the precise level of the U(1) factor

in U(N) (which also does not affect the large N tests). However, this was not done in the

previous literature on the subject. In section 2 we use this method to fix the precise form

of the duality. We find that there is one version of the duality which relates SU(N) to

U(Ñ) theories, and another that relates U(N) to U(Ñ) theories, but where the level of the

U(1) is not equal to the level of SU(N).

The subtle distinctions above do not affect much of the physics of these theories, but

it greatly modifies the form of operators whose dimension scales as a power of N in the

large N limit. SU(N) CS-matter theories contain baryon operators charged under a U(1)

global symmetry, while U(N) theories do not. U(N) theories contain monopole operators

charged under a U(1) global symmetry, and the form and dimension of the gauge-invariant

globally-charged monopole operators depends strongly on the level of the U(1) group (and

not just the SU(N) group). Thus, we can learn about the precise form of the duality by

matching these “non-perturbative” (in the sense of the 1/N expansion) operators between

the two sides.

A naive computation of the monopole dimensions on the two sides of the duality of [1–3]

leads to a serious mismatch, apparently contradicting the duality [21, 22]. It was suggested

in [23] that this mismatch could be partly resolved if the duality relates SU(N) theories to

U(Ñ) theories. Our discussion, motivated by [23], shows that this is indeed the case, and

we will show that this actually completely resolves the mismatch between the two sides.

In section 3 we review the properties of the baryon and monopole operators, in CS-

fermion and CS-scalar theories. In some cases the dimensions of these operators in the

large N ’t Hooft limit are known, and in other cases they are only known at weak coupling.

Some of these operator dimensions turn out to scale as N in the ’t Hooft limit, and others

as N3/2.

In section 4 we show that the baryon and monopole operators precisely map to each

other under the duality in the SU(N) ↔ U(Ñ) case, and that the monopole operators

precisely map to each other in the U(N) ↔ U(Ñ) case. More precisely, we cannot really

show this since we do not know how to compute the dimensions at all values of the coupling.

But we find that the quantum numbers of these operators are the same on both sides, and

that the weak coupling limit of the dimension in one theory maps precisely to the weak
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coupling limit in the other theory, suggesting that the large N value of this dimension is

not corrected as a function of the ’t Hooft coupling. This was shown for a specific operator

(the monopole in CS-fermion theories) in [23], but the duality suggests that it should be

correct also for the other operators.

In section 5 we discuss how these non-perturbative operators should appear in (the

UV completion of) the high-spin gravity theories on AdS4 that are dual to these Chern-

Simons matter theories. These theories have a U(1) gauge field on AdS4 that couples

to the baryon number or to the monopole number; we argue that these two charges are

related by electric-magnetic duality. We argue that the high-spin gravity theories should

contain (in some SL(2, Z) frame of the electric-magnetic duality of this U(1) gauge field)

magnetically-charged particles with an energy scaling as N (so that they could be classical

solutions of the Vasiliev action), and electrically-charged particles with an energy scaling as

N3/2. The energy of these particles (in Planck units) should depend strongly on the theta

angle appearing in the Vasiliev equations of motion. It would be interesting to understand

the implications of these particles for the non-perturbative completion of the high-spin

gravity theories.

2 Dualities between Chern-Simons theories

In this section we review the form of level-rank dualities between Chern-Simons theories,

and clarify their relation to dualities between Chern-Simons-matter theories. We discuss

here only SU(N) and U(N) theories.

The value of the Chern-Simons level k of an SU(N) gauge theory depends (as many

coupling constants do) on the regularization procedure. There are two common regular-

izations that are used for Chern-Simons(-matter) theories. One involves starting from a

Yang-Mills-Chern-Simons theory at high energies, and flowing to low energies where the

Yang-Mills term becomes irrelevant. In most diagrams gluon loops are cut off by the fact

that the 3d Yang-Mills theory is super-renormalizable. In this regularization, k is quantized

(we normalize it so that it is quantized to be an integer in the absence of matter fields),

and can take any integer value.

Another common regularization of Chern-Simons(-matter) theories is dimensional reg-

ularization. This is somewhat subtle since the Chern-Simons interaction involves an

epsilon-symbol, but there is a standard way to perform it [24]. The level (coupling con-

stant) k̂ appearing in this regularization is shifted compared to the previous one, such that

for any k 6= 0,

k̂ = k +Nsign(k). (2.1)

In particular, |k̂| > N . This shift arises due to a one-loop diagram with a gluon loop. It is

not present for U(1) gauge groups.

When discussing dualities, it is important to be consistent about the regularization.

The Chern-Simons level-rank duality is usually discussed in the Yang-Mills regularization.

When we have a U(N) = (SU(N) × U(1))/ZN theory, we can apriori have different levels

for SU(N) and U(1) (consistent with the global structure of the gauge group). We will
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denote U(N) CS theories as U(N)k1,k2 where k1 is the SU(N) level (quantized to be an

integer), and k2 is the U(1) level (normalized so that U(N)k,k is the theory one gets by a

Chern-Simons term involving a trace in the fundamental representation of U(N); note that

other normalizations are often used in the literature). In this convention, Chern-Simons

theories are invariant under a level-rank duality relating1 [15–19]

SU(N)k ↔ U(k)−N,−N , (2.2)

and another useful level-rank duality relates

U(N)k,k+N ↔ U(k)−N,−k−N . (2.3)

In particular, the SU(N) theory maps to the simplest U(k) theory, that has equal levels

for its two factors.

Using (2.1) (and the fact that there is no shift of U(1) levels), it is easy to express the

same dualities in the dimensional regularization conventions. To avoid confusion we use

hatted indices for these conventions, and then we have

SU(N̂)k̂ ↔ U(k̂ − N̂)−k̂,−N̂ (2.4)

and

U(N̂)k̂,k̂ ↔ U(k̂ − N̂)−k̂,−k̂. (2.5)

In this convention the second level-rank duality relates the simplest U(N̂) theories.

Consider now the duality of [1–3] relating U(N) Chern-Simons theories coupled to

Nf fermions in the fundamental representation, to Chern-Simons theories coupled to Nf

scalars in the fundamental representation (the duality also involves a Legendre transform

with respect to the singlet scalar operator in one of the theories, but this is not important

for any of the issues we discuss in this note). In the large N limit, the ’t Hooft coupling

in the dimensional regularization procedure is defined by λ ≡ N̂/k̂, and in the Yang-Mills

regularization by λ ≡ N/(k + Nsign(k)). In both cases −1 < λ < 1, and in the large N

limit it is effectively a continuous variable. Various quantities were computed exactly as

a function of this ’t Hooft coupling in the large N limit of these non-supersymmetric field

theories [3, 10, 20, 23, 25–37], and were all found to be consistent with the duality.

In [3] it was argued that the precise form of this duality for finiteN could be determined

by deforming the fermionic theory by a fermion mass such that it flows at low energies to

a pure CS theory (depending on the sign of the mass), and mapping that deformation to

the scalar side where one obtains a different pure CS theory (that theory again depends

on the sign of the mass, because for one sign there is a scalar condensate partly breaking

the gauge group). The two low-energy CS theories must then be related by level-rank

duality. The arguments of [3] were not careful about the precise form of the level-rank

duality, and about whether we have an SU(N) or U(N) gauge group, and they found that

(in the Yang-Mills regularization) the duality should relate the theory of Nf fundamental

1Here and in some places below we assume without loss of generality that k > 0. The results for k < 0

follow by a parity transformation.
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scalars coupled to U(N)k, to a theory of Nf fundamental fermions coupled to U(k)Nf/2−N .

Using the precise form of the level-rank dualities above, we see that there are actually three

possible dualities that are consistent with level-rank duality:

SU(N)k coupled to scalars ↔ U(k)−N+Nf/2,−N+Nf/2 coupled to fermions, (2.6)

U(N)k,k coupled to scalars ↔ SU(k)−N+Nf/2 coupled to fermions, (2.7)

U(N)k,k+N coupled to scalars ↔ U(k)−N+Nf/2,−N−k+Nf/2 coupled to fermions. (2.8)

The evidence so far for the validity of these dualities is identical, since it is just at leading

order in the large N limit, where the differences between them are negligible. We conjecture

that they are all correct. The main difference between the different theories is in the

baryonic and monopole operators, and we will discuss these operators and their consistency

with the duality in the next sections.

It was argued in [28] that when the U(N) Chern-Simons-matter theories are compact-

ified on a circle, the logarithms of the eigenvalues of their holonomies are quantized to be

an integer multiple of 2π/k̂. In the SU(N) theory the eigenvalues sum up to zero (up to

an overall shift by a multiple of 2π), and the quantization applies to the difference between

any pair of eigenvalues. This quantization has important effects for the thermodynamical

behavior of these theories, which was analyzed in the large N limit in [28, 29] (following [1]).

Note that the SU(N) theory has a U(1) baryon-number symmetry, carried by the fields

in the fundamental representation. The U(N) theories also have a U(1) global symmetry,

which is a combination of the baryon-number symmetry and the “topological” symmetry

generated by the current Jµ = ǫµνρtr(Fνρ). One combination of these two currents is

gauged, and any other combination is a global symmetry, that maps under the duality

to the corresponding global symmetry on the other side. The precise combination that is

gauged depends on the Chern-Simons level of the U(1) gauge field; it is independent of the

SU(N) Chern-Simons level.

Let us end this section by clarifying the relation of these dualities to dualities between

N = 2 supersymmetric CS-matter theories [11–14]. For these theories the Yang-Mills reg-

ularization, which preserves supersymmetry, is usually used. However, the supersymmetric

pure Yang-Mills-Chern-Simons theory contains two extra massive gluinos in addition to

the pure CS theory. Integrating these out gives a shift between the level of the N = 2

supersymmetric SU(N) CS theory and the non-supersymmetric one, of the form

kN=2 = kN=0 +Nsign(kN=0). (2.9)

This is precisely of the same form as (2.1), though their origin is completely different (a

loop involving gluons in one case, a loop with two gluinos in the other). Thus, the level-

rank dualities for pure N = 2 CS theories take the same form as (2.4) and (2.5) above.

This is consistent with the form of the known supersymmetric dualities between Chern-

Simons-matter theories with chiral multiplets in the fundamental and/or anti-fundamental

representation [11–14]; in fact taking Nf → 0 in the equation for the mapping between the

two sides of these dualities gives precisely the mappings (2.4) and (2.5). When we flow from

N = 2 supersymmetric Yang-Mills-Chern-Simons-matter dualities to non-supersymmetric
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CS-matter dualities, as described in [10, 20], both for the SU(N) ↔ U(Ñ) dualities and

for the U(N) ↔ U(Ñ) dualities, we recover (2.6)–(2.8), taking into account the shift in the

Chern-Simons level arising from integrating out massive fermions. Note that apriori N = 2

Chern-Simons-matter theories exist for any value of kN=2, but (2.9) suggests that if we try

to flow from there to N = 2 supersymmetric pure Chern-Simons theories by giving masses

to all the flavors, we will only obtain theories with |kN=2| > N (in other cases this flow

leads to supersymmetry breaking). This is consistent with all cases we are familiar with.

3 Baryons and monopoles in Chern-Simons-matter theories

In the large N limit, the finite-dimension operators in all the theories discussed in the

previous section are the same. They are just the bi-fundamental operators, schematically

Φ†DD · · ·DΦ or ψ̄DD · · ·Dψ (these include currents of all spins, that are conserved in the

large N limit for any value of λ), and their “multi-trace” products. However, operators

whose dimensions scale with N are significantly different in the different theories discussed

above, and we review their properties in this section.

Let us begin with the SU(N) theories, and for simplicity let us take a single matter

field in the fundamental representation, Nf = 1 (the generalization to arbitrary values of Nf

is straightforward; for Nf = 1 the CS level in CS-fermion theories must be a half-integer).

In such theories we can form baryon operators by taking a product of N fields in the

fundamental representation and anti-symmetrizing their color indices. We normalize the

U(1) global symmetry such that the baryon operator carries charge 1.

If we have a fermion in the fundamental representation, we can just take a product

of its N color components and anti-symmetrize them, and this gives the lowest-dimension

operator carrying baryon-number charge. This operator has a classical dimension ∆ = N ;

of course this dimension can obtain quantum corrections. Note that the fermions have two

different spin states, and each fermion can be independently chosen to be in each of these

states, so we actually have 2N baryon operators of this type, of various spins ranging up

to N/2.

For scalars in the fundamental representation we cannot do this since the N bosonic

operators that we multiply must all be different in order for the baryon operator to be

non-zero. So to form baryon operators we need to take some derivative operator acting on

each color component of the scalar, with a different derivative operator for each component.

Given that the scalar obeys (in the free theory) ∂2φ = 0, the number of different operators

with j derivatives acting on the scalar is 2j+1. Choosing the minimal number of derivatives

that are all different, we find that the minimal dimension baryonic operator that we can

form from scalars has a dimension that scales as ∆ ≃ 2
3N

3/2 for large N [38]. Again there

are many operators of this type, of different spins, depending on precisely how we contract

the different derivatives.

In U(N) theories baryons are not gauge-invariant, but a similar role is played by

monopole operators. These operators are characterized by a gauge flux around them, which

can be chosen to be in the Cartan subalgebra of the gauge group. When the gauge group is

U(N) (rather than SU(N)×U(1)), the monopole operators are characterized by N integers
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qi (up to permutations in the Weyl group), which are the magnetic fluxes in U(1)N ⊂

U(N) (these are known as the GNO charges). We normalize the global “topological” U(1)

charge so that this monopole operator carries a global charge
∑N

i=1 qi. Note that monopole

operators with different magnetic fluxes that carry the same global charge can mix with

each other in the quantum theory.

In a Yang-Mills theory these monopoles are gauge-invariant operators, but in a (Yang-

Mills-)Chern-Simons theory the Chern-Simons coupling gives the monopole operators an

electric charge. The simplest possibility to analyze is the U(N)k,k theory. In this theory a

generic monopole operator, with n different non-zero charges qi, breaks the gauge group to

U(1)n × U(N − n), and carries a charge qik under the U(1)i unbroken gauge group. This

charge must be balanced by an appropriate number of fields in the (anti-)fundamental

representation of U(N) in order to obtain a gauge-invariant operator. Note that k here is

defined in the Yang-Mills regularization, since the monopoles are naturally defined in the

high-energy Yang-Mills-Chern-Simons theory.

Let us consider for simplicity the monopole operators with charges {qi} = (1, 0, · · · , 0).

These are expected to be the lowest-dimension operators carrying the global U(1) charge.

In this case we need to multiply the monopole by |k| fields in the fundamental or anti-

fundamental representation, which all carry the same gauge group index. In the scalar

theory we can just put in |k| scalars, so the dimension of the corresponding operator is

classically ∆ = |k|∆scalar+∆monopole, where ∆monopole is the dimension of the monopole op-

erator itself (this can be thought of as the difference in energy between the lowest state with

flux {qi} = (1, 0, · · · , 0) on S2, before adding the necessary fields to make it gauge-invariant,

and the lowest zero-flux state). This difference vanishes in the non-supersymmetric CS-

matter theory with no fluxes for background fields; in theories with background fluxes

(which is usually the case in supersymmetric theories) it can be non-zero. ∆scalar here is

the dimension of the scalar in a monopole background, which is the same as the energy of

the lightest scalar state on S2 in the flux background.2 For unit flux it is ∆scalar = 1; note

that this is shifted from the lowest energy without the flux, that gives ∆scalar =
1
2 . More

over, this scalar state carries spin one half [39], such that we have 2|k| states of this type,

with ∆ = |k| (classically), carrying different spins up to |k|/2.

In the fermionic theory, as in our discussion of the baryons above, we need to choose

|k| different fermionic operators multiplying the monopole in order for the resulting gauge-

invariant operator to be non-zero. Thus, as in our analysis above, the classical dimension

of the monopole operator in the large N limit is ∆ ≃ 2
3 |k|

3/2. Note that there is also

a contribution here from the fermion operators (involving the dimension of the fermion

operators in the monopole background), but this is negligible compared to the contribution

from the derivatives. The lowest fermion state in the monopole background carries spin

zero [39], but the gauge-invariant monopole operators we obtain can have many different

spins, depending on precisely how we contract the indices on the derivatives.

If we have different levels for the SU(N) and the U(1) the analysis changes. Let us

first discuss the “bare” monopole operators for U(N)k,k′ theories, assuming k, k′ > 0. It

2The discussion here is not completely rigorous, since the monopole separately and the scalar separately

are not gauge-invariant. However, it is valid at least at weak coupling (and in supersymmetric theories for

chiral operators), which is enough for our purposes here.
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is convenient to decompose the charge of the lowest monopole into its U(1) and SU(N)

components:

{qi} = (1, 0, · · · , 0) =

(

1

N
,
1

N
, · · · ,

1

N

)

+

(

N − 1

N
,−

1

N
, · · · ,−

1

N

)

. (3.1)

When the U(1) has CS level k′, the U(1) electric charge of this monopole is equal to

k′ times that of the fundamental representation. When the SU(N) has CS level k, the

SU(N) electric charge is in the symmetric product of k fundamental representations of

SU(N). Thus, when the levels are equal, this charge is the same as that of k fields in the

fundamental representation of U(N), and the monopole can be made neutral by multiplying

it by k fields in the anti-fundamental representation, as above.

When k′ is not equal to k, the electric charge we obtain is only a consistent charge

in U(N) when k − k′ = 0 (mod N), a constraint that is presumably required for gauge-

invariance of the U(N) Chern-Simons term.3 If (say) k′ = k + N (the case that appears

in (2.8)) then the monopole carries N extra units of U(1) charge in the fundamental

representation compared to the product of k fields in the fundamental representation of

U(N). Thus its charges are the same as an SU(N) baryon added to that product (and it can

be made neutral by multiplying it by an anti-baryon and k fields in the anti-fundamental

representation). The fundamental fields that we need to add to make the monopole gauge-

invariant obey similar symmetry constraints to the ones above; similar to monopoles for

the fields with color index one, and similar to baryons for the fields with other color indices.

Thus, in the scalar theory we obtain by the same analysis as above a classical dimension

of order 2
3N

3/2 at large N , and in the fermionic theory we obtain a classical dimension

of order 2
3 |k|

3/2 for this minimal globally-charged operator in the U(N)k,k+N theory. The

generalization to other values of (k′−k) is straightforward; if k′ = k+nN for some integer

n, the lowest-dimension operator carrying the minimal global U(1) charge would look like

a bound state of a monopole and n baryons.

4 Mapping of baryons and monopoles under the duality

Dualities between different Chern-Simons-matter theories should map the lowest-dimension

operator with some spin and global charge to the lowest-dimension operator with the same

spin and global charge in the dual theory. For dualities between SU(N) and U(Ñ) theories,

this means that baryons should be mapped to monopoles, and this is indeed what happens

for chiral monopole and baryon operators in supersymmetric dualities of this type [13, 14].

In the non-supersymmetric case, let us start from the duality (2.7). In the fermionic

SU(k)−N+1/2 theory the globally charged operators are baryons, with a lowest dimension

|k| at weak coupling. In the bosonic U(N)k,k theory, the globally charged operators are

monopoles, and their lowest classical dimension is |k|. Thus, there is an exact match

between the classical dimensions on both sides (even at finite N and k). This suggests

that these dimensions do not acquire quantum corrections (at large N , and maybe even at

3Here it is important that the gauge group is precisely U(N) = (SU(N)×U(1))/ZN ; we will not discuss

other quantizations of the U(1) charge here.
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finite N), even though we do not know any reason for this. Note that on both sides we

have 2|k| operators of different spins, in agreement with the duality. For Nf > 1 one can

check that the global SU(Nf) quantum numbers of the baryons and monopoles also match

between the two sides.

In the duality (2.6), the lightest globally-charged operators in the bosonic SU(N)k the-

ory are baryons, whose dimension at weak coupling scales as ∆ ≃ 2
3N

3/2. In the fermionic

U(k)−N+1/2,−N+1/2, the lowest-dimension charged operators are monopoles, whose dimen-

sion in the large N limit scales as ∆ ≃ 2
3N

3/2. So again we find a precise match of the

classical dimensions in the large N limit. In both cases the degeneracy and spins arise

from the different ways of contracting derivatives acting on spin zero operators, so these

also match between the two sides, as do the SU(Nf) representations when Nf > 1.

It was argued in [23] that the monopole dimension in the fermionic theory at large N

is independent of the ’t Hooft coupling λ, and thus that the result above ∆ ≃ 2
3N

3/2 is

actually valid for any value of λ. The reasons for this absence of quantum corrections are not

completely clear (it was argued in [40] that general diagrams would contribute corrections

to ∆ that could even change its large N scaling), but it follows from the thermal partition

function computation of [23]. The duality then suggests that also the dimensions of the

baryons in CS-scalar theories do not receive quantum corrections in the large N limit;

again there is no obvious reason for this to be true.

Note that the analysis of [23] was naively done using the dimensional regularization

convention, with the eigenvalues of the holonomies of the U(N)k,k theory on a circle sepa-

rated by distances 2π/|k̂|. Here the relevant level is the SU(N) level, so the computation

in [23] was done for an SU(N) level |k| = |k̂| −N . Dimensional regularization was indeed

used in [23] (following [28, 29]) to define the level in the computation of the eigenvalue

distribution (which here involves the (N − 1) eigenvalues that do not have any background

monopole flux). However, the contribution to the dimension of the monopole operator

in [23] actually comes from the integration over the single eigenvalue corresponding to the

U(1) subgroup in which the monopole flux was turned on. This integration was performed

using the fact that the monopole background with charges {qi} induces kqi units of back-

ground charge for the i’th U(1) gauge group. As we discussed above, this is true for the

U(N)k,k theory where k is defined using the Yang-Mills regularization. In the analysis

of [23] the result only depends on k, going as (for the simplest monopole) ∆ ≃ 2
3 |k|

3/2 (in-

dependently of N). Thus, this analysis should be interpreted as being done in the U(N)k,k
theory (whose dimensional regularization SU(N) CS level is k̂ = k+Nsign(k)). Therefore,

our statement in the previous paragraph about the implications of the analysis of [23] is

indeed correct in the fermionic U(k)−N+1/2,−N+1/2 theory that we mentioned there.

In the duality (2.8), we saw in the previous section that the classical dimension of the

lightest globally-charged state is the sum of the dimensions for baryons and monopoles.

So by joining together our analysis of the two previous cases, these lightest states map

to each other also under this duality (2.8), again assuming that the dimensions of the

corresponding operators have no corrections in the large N limit.

In the supersymmetric Chern-Simons-matter dualities, we can explicitly map the chiral

baryon or monopole operators, since we can read off their dimensions from the supersym-
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metric index [41–43]. This mapping was not yet performed for SU(N) dualities, but it

was performed for some dualities between U(N) CS-matter theories in [40]. Obviously,

since the partition functions are the same on both sides, the monopole operators were also

found to match. However, surprisingly, it was found that the dimensions of the lowest

chiral monopole operators are often much larger than the dimensions computed above (the

relevant dimensions are the ones for theories with scalar fields, since such fields are present

in the supersymmetric theories), and can even scale differently with N . This implies that

in these theories the dimensions of the monopole operators that classically have the lowest

dimensions are usually not protected. The analysis above suggests that the anomalous

dimensions of at least some of these operators are negligible, at least in the large N limit,

but it is not known how to test this directly.

5 Mapping to high-spin gravities

The U(N)k Chern-Simons-matter theories discussed above are conjectured [1–3, 9] (follow-

ing the k = 0 case discussed in [4, 5]) to correspond to Vasiliev’s high-spin gravity theories

on AdS4. For Nf = 1 they are mapped to the original Vasiliev theory, while for higher Nf

they map to a version of this theory where all the fields transform in the adjoint represen-

tation of U(Nf). The coupling constant of the Vasiliev theories in this mapping goes as

1/N (see a more detailed discussion below), and since these theories are only understood

classically, this duality is well-defined only in the large N limit; the Chern-Simons-matter

theories can be viewed as giving a non-perturbative completion of the Vasiliev theories. In

a special supersymmetric case the string theory completion of the Vasiliev theory is also

known (at least formally) [9], so this string theory can also be viewed as a UV completion

(identical to the one provided by the CS-matter theory).

Since the duality is only understood at large N , it is not clear which, if any, of the

CS-matter theories discussed in the previous sections corresponds to the Vasiliev theory.

In fact, they all do. This is because we can move between the different CS-matter theories

by shifting the U(1) level and gauging or “ungauging” the U(1), and in the context of the

Vasiliev theory, as discussed extensively in [9] (following [44]), these transformations just

involve a modification of the boundary conditions of the 4d U(1) gauge field of the Vasiliev

theory. Note that this is consistent with the fact that the operators in these theories whose

dimension does not scale with N are identical.

In particular, let us begin with the Vasiliev theory corresponding to the SU(N)k theory

coupled to scalars (appearing in (2.6)). This theory (up to the U(1) issues) is believed to

be dual to the Vasiliev theory with a theta angle related to the SU(N) ’t Hooft coupling by

θ = π
2λ [3, 9, 45]. This Vasiliev theory includes a 4d U(1) gauge field, which is related in the

usual way to the global baryon number symmetry in the 3d SU(N) CS-matter theory; thus

the charged states in the bulk should include the baryons of this theory. As discussed above,

the same theory should have a description as a U(k)−N,−N theory coupled to fermions, and

in that description the same charged states are monopoles of the CS-matter theory.

We can take this theory and modify the boundary conditions on the 4d U(1) gauge field,

in a way that corresponds to gauging the U(1) global symmetry of the SU(N) CS-matter
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theory. This involves making the boundary value of the 4d U(1) gauge field dynamical,

instead of the subleading term in the expansion of this gauge field near the boundary [44];

one should also be careful about the charge-quantization conditions to ensure that the

resulting theory has gauge group U(N) rather than SU(N) × U(1). We can then add for

this 3d gauged U(1) a CS term of level k′ (which has no relation to k). For specific choices

of k′ this gives the theories appearing in (2.7) and (2.8) above, and our discussion above

implies that the interpretation of this procedure on the fermionic side is as changing the

theory on the right-hand side of (2.6) to that on the right-hand side of (2.7) or (2.8).

Note that if we start from a U(N) gauge theory and gauge its global “topological” U(1)

symmetry, we generally get a U(N)×U(1) theory, with a mixed CS coupling between the

U(1) ⊂ U(N) and the new U(1). However, in some cases this turns out to be equivalent to

an SU(N) theory (see, for instance, the discussion in [13]; this is called “ungauging”), and

presumably this also happens here in the fermionic theory when we go from (2.6) or (2.8)

to (2.7).

As discussed in [44], the operation of gauging a 3d U(1) global symmetry maps by

the AdS/CFT correspondence to an electric-magnetic duality on the 4d bulk gauge field,

and the operation of shifting the Chern-Simons level of this 3d gauged U(1) is the same

as shifting the bulk theta angle (multiplying F ∧ F )4 by a multiple of 2π (this has no

effect on the bulk physics, but does affect the physics in the presence of the boundary).

So all the operations described in the previous paragraph can be interpreted as SL(2, Z)

transformations on the bulk U(1) gauge theory. In particular, if in the SU(N) picture the

allowed charges of states in the bulk were electric charges of the bulk U(1) (with the total

4d magnetic charge vanishing because of the boundary conditions), after these operations

the only allowed charges are dyonic (with the ratio of the electric and magnetic charge

depending on k′).

As we saw in the previous section, this modification of the allowed charges is mirrored

in the gauge theory by the fact that instead of having baryon operators we now have

monopole operators (that also carry some baryon number charge). The monopole charge

of the CS-matter theory should thus be viewed as the electric-magnetic dual in the bulk of

the baryon number charge.

At first sight we have a contradiction, since on one hand the only difference between

the theories (2.6), (2.7) and (2.8) on the gravity side is in the boundary conditions, but

on the other hand their spectrum of operators is completely different. However, the bulk

theory in all these cases is actually exactly the same, and it should thus contain excitations

corresponding to all the baryon and monopole operators that we discussed above. From

the bulk point of view, the reason for the different spectrum of these theories is that the

different boundary conditions result in different Gauss’ law constraints on the total charge.

The constraint for the SU(N) theory allows only non-zero total electric (= baryon number)

charge, while the one of U(N) theories allows only a specific dyonic charge (which we called

monopole number). So, while there are bulk excitations corresponding to both baryons

4Here we refer to the theta angle of the U(1) gauge theory on AdS4. This should not be confused with

the theta angle mentioned elsewhere in this section, that appears in the equations of motion of the Vasiliev

theory.
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and monopoles, only a subset of the multi-baryon and multi-monopole states, which obeys

Gauss’ law, gives consistent states in the full theory. The allowed charge in all cases maps

to the global U(1) charge of the 3d Chern-Simons-matter theory.

If we interpret the Vasiliev theory from the point of view of the scalar theory, then the

baryons have a dimension going as N3/2, while the monopoles have a dimension scaling as

|k|; from the fermionic point of view the same numbers are |k|3/2 and N .

The action for the Vasiliev theory is not yet known, but only its equations of motion,

which determine the action up to an overall scaling. This scaling may be determined, for

instance, from the two-point function of the energy-momentum tensor in the CS-matter

theory, which should be related to the Einstein term in the bulk action (it is not affected by

the theta parameter). This two-point function is proportional in the scalar interpretation

to N sin(πλ)
πλ [3], which for any −1 < λ < 1 in the ’t Hooft limit scales as N .

Thus, from the point of view of the scalars, the dimension of the monopole operators

∆ ≃ |k| is consistent with the monopoles being classical solutions of the Vasiliev theory in

the bulk or of its UV completion, which carry a magnetic U(1) charge in our conventions

above (though it does not prove that such classical solutions exist). These solutions can be

thought of as charged black holes or charged solitons in the Vasiliev theory. The discussion

above implies that the energy of these classical solutions, in units set by the Vasilliev

gravitational coupling, should depend on the theta angle appearing in the Vasiliev equations

of motion. In particular it diverges (in these units) in the θ → 0 limit. It would be very

interesting to find such classical solutions, if they exist, in order to confirm this picture.

On the other hand, the baryons (from the scalar point of view) with ∆ ≃ N3/2 should

be much heavier than this scale, and cannot be viewed as finite excitations on top of the

classical Vasiliev theory. So there should not be any classical electrically-charged solutions.

The generalization of all our discussions to the supersymmetric Chern-Simons-matter

theories, whose gravitational duals were discussed in [9], seems to be straightforward, and

we will not perform it here. The main difference is that in these theories, since they include

both scalars and fermions in the fundamental representation, the dimensions of the lowest-

dimension baryons and monopoles scale as N and |k|, respectively, so both of these may

correspond to classical solutions. For theories with N ≥ 2 supersymmetry, the precise

dimensions of the lowest-dimensional chiral baryon or monopole operators may be found

along the lines of [40]. These could correspond to classical solutions of the bulk theory that

preserve some of the supersymmetry.
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