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1 Introduction

A discrete symmetry is a useful tool to construct a realistic model in particle physics

(for example, see [1–11] and references therein). In particular, R-symmetry is one of the

important ingredients in supersymmetric model building, since the lightest supersymmetric

particle stabilized by the symmetry offers a natural candidate for the dark matter.

Recently, Banks and Seiberg gave a new argument on discrete symmetries from a

viewpoint of a quantum theory of gravity [12]. They extended the so-called “no global

symmetries theorem” to include discrete symmetries. Accepting their arguments, one would

be lead to an interesting avenue for string phenomenology: a discrete symmetry, if not

broken in coupling to gravity, have to be gauged. Banks and Seiberg also showed the

universal effective Lagrangian of a discrete gauge theory by means of the BF coupling. In

the effective theory, in addition to a massive gauge field, there is a Kalb-Ramond 2-form

field which naturally couples to a string-like object, so-called Aharonov-Bohm (AB) string.

Also, there is a particle, called Aharonov-Bohm particle, coupling to the massive gauge

field. This is the other ingredient of the discrete gauge theory. As in the well-know

Aharonov-Bohm effect for a solenoid [13], AB strings and AB particles have quantum

mechanical interactions. As was firstly pointed out in [14], a moving AB string radiates

AB particles by the interaction. Explicit calculation of the AB radiation has been done

quite recently [15, 16].

In [17], based on the remarkable progress of the AB radiation, one of the authors

studied cosmological constraints arising from the Big Bang Nucleosynthesis and the diffuse

γ-ray background. Especially, in string theory such constraints are viable, and some of
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parameter spaces are excluded in some compactification scenarios. In this paper, based

on the study, we would like to go a step further toward an application to supersymmetric

(SUSY) model building. One of the striking features of the SUSY model building is the

existence of stabilized supersymmetric particles. Throughout this paper, we simply assume

that an AB string associated with R-symmetry1 is formed at the early stage of the universe

and that the lightest supersymmetric particle carries a charge of the corresponding discrete

symmetry.

The organization of this paper is as follows. In section 2, we briefly review the

universal effective Lagrangian of Zp gauge theory, and show a relationship between AB

strings/particles and the discrete gauge theory. Then, we summarize the results of cal-

culations on the power of the AB radiation shown in [15–17]. In section 3, we impose a

cosmological constraint arising from the observed dark matter density. Section 4 is devoted

to conclusions and comments on an application to string theories. In appendix A, we ex-

hibit explicit calculations of AB radiation of massive spin 3/2 particles. In appendix B,

we briefly summarize the loop number density for cosmic strings loosing the energy via

particle and gravitational radiation.

2 Review of Aharonov-Bohm radiation

In this section, we first review the universal effective Lagrangian of Zp discrete gauge theory

and discuss Aharonov-Bohm (AB) particles/strings associated with the symmetry along

the lines of [12]. The effective Lagrangian is described by BF coupling (or Stückelberg

coupling),

p

∫

4D
B2 ∧ dA , (2.1)

where A is the massive gauge field one-form and B2 is the Kalb-Ramond two-form field.

The gauge transformation for each field is

A→ A+ dλ, φ→ φ+ pλ,

B2 → B2 + dΛ, V → V + pΛ, (2.2)

where Λ is a one-form. The dual one-form gauge field V transforms non-linearly, indicating

the breaking of continuous U(1) symmetry. Also, φ is the dual field of the Kalb-Ramond

field B2.

Following the arguments shown in [12], let us review an interaction between AB strings

and AB particles in Zp gauge theory. An AB particle is a particle-like object coupling

electrically to the massive gauge field A. By exploiting a closed world-line or an infinite

length of world-line (we denote σ1), the AB particle can be written as a line operator,

Oparticle ∼ exp

(

i

∫

σ1

A

)

, (2.3)

1A cosmic string associated with R-symmetry has been studied in [18–22]. Rich physical aspects such

as instability of metastable vacua induced by the string and cosmological constraints coming from R-axion

radiated by the string have been discussed.
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where we assumed the minimum charge.2 On the other hand, an AB string is a string-like

object coupling to B2 electrically. In the same way, an operator of the AB string can be

represented as a surface operator,

Ostring ∼ exp

(

i

∫

σ2

B2

)

, (2.4)

where σ2 is a closed surface or an infinitely large world-sheet. Note that p AB strings

annihilate with the junction operator e−i
∫

L V : clearly, this junction operator is not invariant

under the gauge transformation (2.2). To compensate the non-invariance, one can add

the world-sheet operator as exp[−i
∫

L V + ip
∫

C B2], where ∂C = L. This imply that p

world-sheets corresponding to AB strings annihilate at the boundary ∂C with the junction

operator, indicating p periodicity of Zp theory. To see the topological interaction between

the AB string and the AB particle, let us put the AB string with the minimum charge in

the space-time. The action becomes

p

∫

4D
B2 ∧ dA+

∫

σ2

B2. (2.5)

Consider the holonomy picked up by the AB particle circling around the AB string,

hol(c) ≡ exp

(
∫

c
A

)

= exp

(
∫

S
F

)

= exp

(

2πi

p

)

≡ exp(iφ), (2.6)

where ∂S = c. We used the equation of motion for B2 in the third equality. We refer to

the total magnetic flux in the AB string as φ. When p > 1, by means of the topological

term in the Lagrangian, a non-trivial gauge potential is generated around the AB string,

which gives rise to the Aharonov-Bohm effect. The interaction between the AB particle

and the massive gauge field can be simply understood as
∫

4D A ∧ ∗4J .3

Now we are ready to review the total power of radiated particles from Aharonov-Bohm

strings studied initially in [17]. Basically, exploiting the analysis of [15, 16], one can evaluate

the radiation power since in the present situation, radiated particles are massive but much

lighter than the scale of the string tension. According to the results shown in [15, 16],

the dominant radiation of massive particle comes from cusps (or kinks) on loops. Hence,

we simple apply the formulae in [15, 16] for a cuspy loop to the current analysis. Also,

as in the previous work [17], since we are interested in order estimation of cosmological

constraints arising from the AB radiation, we will not carefully treat order one coefficients

of the formulae.

From the equation of motion for the Kalb-Ramond field B2, we obtain the gauge

potential around the AB string,

p ∂νAµ = J̃µν . (2.7)

Here, we ignored the kinetic term which is irrelevant in our assumption of the string tension.

In the wire-approximation, the dual of the string current is written as

J̃µν = ǫµναβ

∫

dτdσ(ẊαX ′β − ẊβX ′α)δ(4)(x−X(σ, τ)). (2.8)

2Hereafter, we assume that AB particles and AB strings carry the minimum charges in the fundamental

unit.
3Here, ∗4 is the Hodge dual in four dimensional space-time.
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σ, τ are the world-sheet coordinates of the string. In momentum space, the solution of (2.7)

is written as follows:

Aµ =
1

p
ǫµναβ

kν

(kλkλ)
Jαβ . (2.9)

This gauge potential is the same as the one for the solenoid shown in [14–16]. Hence, we can

proceed along the lines of [14–16] to obtain the emission rate of AB particles from a single

cusp. Below, we will mainly discuss emissions of spin 1/2 fermions, so the current coupling

to the gauge potential is given by Jµ =
∑

a ψ̄aγµψa. In this case, according to [15, 16], the

radiation power from a single cusp is

PAB =

Kmax
∑

k=1

P
(k)
AB ≃

Kmax
∑

k=1

ΓAB
φ2

L2
= ΓAB

φ2

L2
Kmax, (2.10)

where µ is the tension of the AB string. ΓAB is the numerical coefficient depending on

dynamics of strings and we roughly estimate as O(10−5-−2) [23]. k represents a mode in-

cluded in the Fourier expansion of a string configuration near a cusp. It is interesting that

the power for each mode, P
(k)
AB, does not depend on k, so the total power is highly sensitive

to the ultraviolet cut-off Kmax. Note that for loops with the size L, the typical energy scale

of radiated particles O(k/L) is much larger than the scale from näıve dimensional analysis

O(1/L) because cusps include high frequency modesKmax ≫ 1. Remarkably, the maximum

number of modes is much larger than the one from näıve expectation [23, 29]. The break-

down scale of the wire-approximation gives us the näıve maximum number Nnaive ∼
√
µL.

However, as is pointed out in [23, 29], the speed near a cusp reaches the speed of light, so

the boost factor enhances the maximum number of modes as4 Kmax ∼ N
3/2
naive. Therefore,

the power of the AB radiation from the single cusp is given by

PAB ≃ ΓAB
φ2

L2
(
√
µL)3/2 = ΓAB

φ2µ3/4√
L

. (2.11)

Although (2.11) is the formula for massless radiation, by recalling that radiated particles

are lighter than the string scale, we find that it can be reliably applicable to the present

massive radiation. As for the other emissions such as radiation from a kink or a kink-kink

collision, the loop size dependences of the power are different

PAB(p) ≃ Γ
(p)
AB

φ2µ

(
√
µL)p

, (2.12)

where p = 4/3 for a kink and p = 1 for a kink-kink collision [23].

One more relevant radiation which is common in comic strings is gravitational wave

radiation. Since graviton is massless, the main radiation comes from oscillations of loops.

The power of gravitational radiation is given by (see [25, 26] for example),

PGW = ΓGW Gµ2. (2.13)

4This power can be understood in the following way. From näıve estimation, the maximum momentum

of radiated particles is O(
√
µ). However, by the boost factor, it gets the extra factor (

√
µL)1/2 and becomes

O(
√
µ(

√
µL)1/2). Using the definition of Nnaive, one find N

3/2
naive/L.
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G is the Newton constant5 and ΓGW = O(10) is a constant depending on dynamics of

string network. From (2.11) and (2.13), we find that gravitational radiation is dominant

for large size of loops. The critical length is given by

(Lcrit)
p =

Γ
(p)
ABφ

2

ΓGW
(Gµ)−1− p

2G
p
2 . (2.14)

To calculate the total power of AB radiation from all loops, we need to know the

number density of loops. Here, we assume that string network reaches the scaling regime

as in the standard cosmic strings [25, 26]. As we review in appendix B, the number density

of loops with the size between L and L+ dL is given by,

nL =
1

pst
×
{

nGW (t, L) (GW rad dominant)

nAB(t, L) (AB rad dominant)
(2.15)

where nAB and nGW are defined by (B.4) and (B.5). We will soon write down appropriate

expressions for our calculations below. In (2.15) we included the reconnection probability

pst of cosmic strings that is relevant in applications to string theories where the reconnection

probability is smaller than unity [33, 34]. By using the number density of loops, we calculate

the total power of radiation from all loops,

ρ̇(t) = BrmLSP ṅ(t) = BrmLSP

∫ Lmax

Lmin

dLnL

Kmax
∑

k=1

L

k
P

(k)
AB,

= BrmLSP

∫ Lmax

Lmin

dLnL
ΓABφ

2

L
· β, where β ≡

Kmax
∑

k

1

k
. (2.16)

According to the recent computer simulations of string networks [35–37], the largest size of

loops is given by Lmax ≃ αt with α ∼ 0.1. ṅ(t) is the number density of radiated particles

per time and k/L is a typical momentum of radiated particles from the k-th Fourier mode.6

It is worthy emphasizing that from the formula, β ≡ ∑Kmax

k
1
k ≃ logKmax, we find that

contribution from each mode to the number density per unit time is the same order and

does not strongly depends on Kmax. We think that the dominant contribution to the

dark matter density comes from momentum modes comparable to the mass of the dark

matter because higher modes tend to be converted to the production of other particles.

So, in order to incorporate the energy loss of the high frequency modes, we introduced the

branching ratio Br < 1 as a tunable parameter and will estimate cosmological constraints

by changing the parameter. In this case, we can simply obtain the energy density per

unit time by multiplying the mass of the dark matter. This assumption is consistent with

the computer simulation for axion production from a global string [27, 28]. Moreover, we

would like to comment on the reason why the lower bound of the integral is given by Lmin

5For later reference, G = 1/M2
pl.

6This is the mean comoving momentum. As discussed in [27, 28], radiation of Nambu-Goldstone bosons

from global strings, the comoving momentum is estimated as O(1/t) ≃ O(1/L). In the present situation,

the dominant radiation comes from high frequency modes included in cusps, so we should account for the

extra mode factor k.
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which is defined by the following expression. This length is determined by the condition

for loops with shorter life-time than one Hubble time, P−1
GW/ABµL < t,

Lmin = max[LAB, LGW ] ≡ max
[

(Γ
(p)
ABφ

2t/µp/2)1/(1+p),ΓGWGµt
]

, (2.17)

where max[A,B] = A or B whichever is larger. By using the explicit expressions of the

loop number density (2.15) and the power of radiation (2.11) and (2.13), one can easily

find that L dependence of the integral for shorter loops,

∫ Lmin

L∗

dLnLLP
(k)
AB ∼











[

logL
]Lmin

L∗

(LAB < LGW )

[

L1/2
]Lmin

L∗

(LGW < LAB)

, (2.18)

where L∗ is the IR cut-off that is expected to be of order O(µ−1/2). Since (2.18) is a

monotonically increasing function of L, we conclude that contributions from loops with

short size L≪ Lmin become subdominant. For the aim of rought order estimation, we can

take the lower bound of the integral in (2.16) Lmin. In the interval [Lmin, Lmax], the loop

number density (B.4) and (B.5) can be simplified as follows:











nGW (t < teq, L) =
ζ
√
αt−3/2

L5/2 Θ
(

1− L
αt

)

nGW (teq < t, L) =
ζ
√
αt

1/2
eq t−2

L5/2 Θ
(

1− L
αteq

)

+ 1
t2

ζm
√
α

L2

, (2.19)











nAB(t < teq, L) =
ζ
√
αt−3/2

L5/2 Θ
(

1− L
αt

)

nAB(teq < t, L) =
ζ
√
αt

1/2
eq t−2

L5/2 Θ
(

1− L
αteq

)

+ 1
t2

ζm
√
α

L2

. (2.20)

Finally for later reference, we show the critical time when LGW equals to LAB,

tcrit ≡ 5.4× 10−44[s]
(Γ

(p)
ABφ

2)1/p

(ΓGWGµ)
1+ 1

p

(Gµ)−1/2. (2.21)

3 Cosmological constraint

Now we are ready to estimate cosmological constraints. In this section, we discuss con-

straints coming from the observed dark matter density and big bang nucleosynthesis.

3.1 Dark matter constraint

We evaluate a cosmological constraint by using the formulae for radiation from cusps p =

1/2, which is the dominant radiation, shown in the previous section. From the cosmological

observation of dark matter density [39],

ρc
s0

≃ 4.7× 10−10[GeV]

(

Ωmh
2

0.13

)

, (3.1)
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we obtain a constraint on parameters of model building. ρc and s0 are the dark matter

density and the entropy density in the present age. Here without specifying the origin,7 we

simply assume that a discrete gauged R-symmetry exists and that an Aharonov-Bohm R-

string associated with the symmetry is created in the early stage of the universe. We denote

the time of string creation t = tstring. Also, we suppose that the lightest supersymmetric

particle (LSP) is a stable fermion such as neutralino. In this case, radiation of LSP from the

Aharonov-Bohm string offers non-thermal production of dark matter.8 Since AB radiation

is a pair production of particle and anti-particle, we should be careful about the freeze-out

time (or temperature) of LSP. Large amount of extra production of the particles/anti-

particles enhances annihilation process, and reduces the total abundance of the particles.

So the starting time of accumulation of LSP should be given by

ti ≡ max[tstring, tfreeze], (3.2)

where tfreeze is the freeze-out time after taking into account the non-thermal production of

dark matter arising from the AB radiation. Here, we do not count the radiated particles

before the freeze-out time. This is because for a conservative estimation of cosmological

constraint. Before freezing-out, LSP can annihilate and the energy can be converted to

other particles. However, this process highly depends on strengh of interactions in models.

So for precise estimation, we need to specify the interactions of LSP with standard model

particles. In this paper, since we would like to find a generic constraint related to AB

radiation, so we simply ignore the remnant of LSP radiated before the freeze-out time,

and show a conservative cosmological constraint. Also, in supersymmetric model building,

usually, the hidden sector is not thermalized to avoid overproduction of gravitinos or stable

supersymmetric particles. In this case, LSP radiated before freeze-out time is not in thermal

bath, which makes estimation of the remnant LSP involved. So, below, for the sake of

simplicity, we assume the starting time of accumlation of LSP is the freeze-out time.

Following the strategy used in [40], we consider time integral of ρ̇/s and imposes the

constraint (3.1). It is useful to divide it into three parts,

I ≡
∫ t0

ti

ρ̇

s
dt =

∫ tcrit

ti

ρ̇

s
dt+

∫ teq

tcrit

ρ̇

s
dt+

∫ t0

teq

ρ̇

s
dt <

ρc
s0
. (3.3)

The entropy density in the radiation/matter dominated era is given by

s(t) ≃
{

0.13(Gt2)−3/4 for radiation dominant

0.07(GTeq)
−1t−2 for matter dominant

. (3.4)

Plugging (2.15) and (2.17) into (3.3), we explicitly calculate the total radiation power. Let

us start with the first integral in (3.3),

I ≃
∫ tcrit

ti

ρ̇

s
dt ≃ c× 10−9[GeV]Br

mLSP

Mpl

ζβ
√
α

(ΓABφ2)2/3
(Gµ)5/12

(

1[s]

ti

)2/3

ti < tcrit, (3.5)

7For an example, see appendix in [17]. R-strings formed in compactifying Type IIA string theory were

discussed.
8See [38] and references therein for recent studies on dark matter productions from cosmic strings.
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Figure 1. Constraints from the observed dark matter density. We chose ΓGW = 50, ΓAB = 10−4,

c = c′ and cζβBrmLSP/Mpl = 10−16. The red, orange and yellow regions are excluded by the

conditions for ti = 10−26[s], 10−27[s] and 10−29[s], respectively. The white regions is allowed.

where β ≡ ∑Kmax

k
1
k ≃ logKmax. c is order one numerical coefficient. Although β is a func-

tion of Gµ and L, we evaluate it as a parameter of order O(101-2) since their dependences

are log. This is enough for order estimation of constraints. The dominant contribution

comes from the lower bound of the integral. In fact, one can easily check that this is the

dominant for all three integrals in (3.3) for the parameter region ti < tcrit. From (2.21),

one finds that in the region of large Gµ, this condition, ti < tcrit, does not tend to be

satisfied. Actually, as we will exhibit in the figure 1, there is parameter region where this

condition is not satisfied. In this case, the first term of (3.3) does not exist and the lower

bound of the second integral becomes ti instead of tcrit. Again, the dominant contribution

comes from the lower bound of the second integral,

I ≃
∫ teq

ti

ρ̇

s
dt ≃ c′ × 10−46[GeV]Br

mLSP

Mpl
ζβ

√
α
ΓABφ

2

Γ
5/2
GW

(Gµ)−5/2

(

1[s]

ti

)3/2

for tcrit < ti,

(3.6)

where c′ is order one numerical coefficient. From (3.5) and (3.6), we find that Gµ depen-

dences are different from each other. In the large Gµ region, as we decrease the scale of the

tension, the constraint becomes sever since emissions of particles are enhanced. However,

at some point, the dominant contribution switches to (3.5) which reduces particle emission

as Gµ decreases. So the excluded region forms a kind of strip shape. As an illustration, we

exhibit the excluded regions for the cases ti = 10−29, 10−27 and 10−26[s] with the param-

eters ΓGW = 50, ΓAB = 10−4, c = c′ and cζβBrmLSP/Mpl = 10−16. It is interesting that

constraints are weak but non-negligible to exclude parameter space of the string tension.

One way to avoid such exclusions is to engineer a phenomenological model in which the

freeze-out time is late enough.
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3.2 Constraint from big bang nucleosynthesis

As we have shown, as long as the branching ratio Br is not so small, some parameter

regions, though they are very narrow windows, are constrained by the observation of the

dark matter density. On the other hand, since the radiated particles are relativistic, it is

likely that fraction of radiated energy is converted into production of the standard model

particles. In this case, we can, in turn, impose other constraints arising from the big

bang nucleosynthesis or cosmic microwave background. Since these constraints becomes

sever when the branching ratio of dark matter radiation is small, they can be regarded as

complementary conditions.9 There are two kinds of radiation processes of the standard

model particles. One is secondary radiation from supersymmetric particles emitted firstly

from cosmic strings. The other is direct radiation of the particles from the strings. The

interactions of the standard model particles with LSP or cosmic strings are highly model

dependent, so we cannot know them without specifying the model. Here, we simply assume

the existence of the interactions and control the strength of the interactions by branching

ratio BSM
r . After some numerical calculation, we find that the former radiation does not

yield viable constraint, so we discuss only the latter radiation below. It is worthy empha-

sizing that BBN constraint, which will be discussed below, requires injected total energy

when the light elements are forming. Therefore, contributions from the high frequency

modes play important role. BBN constraint without the boost factor in Kmax was studied

in [17], so we here focus on the case with the boost factor.

We can proceed the study along the lines of [30, 31]. If muons or photons are radiated,

the light elements formed by BBN will be destroyed. Here, for the sake of simplicity, we

show constraint coming from radiation of leptons. The upper bound of injected energy is

given by [41],

ρ

s
<







10−8
(

t
104[s]

)−2
[GeV] for 104[s] ≤ t < 107[s],

10−14 [GeV] for 107[s] ≤ t ≤ 1013[s].
(3.7)

It is convenient to use the energy injected energy in one Hubble time, ρSM = tρ̇, and divide

it by the entropy density, s = (g∗/45π)1/4(Mpl/t)
3/2/4,

ρSM
s

≃ 1.1× 10−45

(

10.75

g∗

)1/4( t

1[s]

)5/2(
~

6.5× 10−16[eV · s]

)3/2

[GeV]

[

1[s]4

Mpl
ρ̇

]

, (3.8)

whereMpl = G−1/2 ≃ 1.2×1019 [GeV]. Using (2.11) and (2.15), we can estimate the energy

as follows:

1[s]4

Mpl
ρ̇ =

1[s]4

Mpl
BSM

r

∫ Lmax

Lmin

dLnLPAB =
1[s]4

Mpl

c̃φ2BSM
r ξ

√
α

2pstt3/2
µ3/4ΓABL

−2
min + · · · , (3.9)

9We would like to thank the referee for pointing us on this possibility.
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Figure 2. Constraints from leptonic radiation at t = 107[s]. We took ΓAB = 10−3, ΓGW = 50,
BSM

r
c̃ξ

√
α

2pst

= 2, 10 for red and yellow.

where we denotedO(1) coefficient c̃. To impose the constraint, let us write down ρSM/s first,

ρSM
s

≃











c̃×105
(

1[s]
t

)1/3(
10.75
g∗

)1/4
BSM

r ξ
√
α

2pst
φ−2/3Γ

−1/3
AB (Gµ)13/12 [GeV] for Lmin = LAB

c̃×10−24
(

1[s]
t

)(

10.75
g∗

)1/4
BSM

r ξ
√
α

2pst
(φ2ΓAB)

1
Γ2
GW

(Gµ)−5/4 [GeV] for Lmin = LGW .

(3.10)

By choosing appropriate parameters, ΓAB = 10−3, ΓGW = 50, BSM
r c̃ξ

√
α

2pst
= 2, 10 and

imposing (3.7), we find that there are small but non-negligible windows. The most sever

condition comes from the time t = 107[s]. See figure 2. It is remarkable that contrary

to the case without the boosted factor [17], there exist nonzero excluded regions without

assuming small reconnection probability. This is because the boost factor at the high

frequency modes enhances the injected energy. However, as one can see from the parameter

choice, BSM
r c̃ξ

√
α

2pst
= 2, 10, such constraints are still very weak when the branching ratio is

not so large.

3.3 Gravitino radiation

Finally, we would like to study gravitino radiation from an Aharonov-Bohm R-string. In

a large class of supersymmetric models, gravitino is the lightest supersymmetric particle

(see [42] for a recent review). Gravitino is a spin 3/2 fermion and is described by the

Rarita-Schwinger equation. In a gauged R-symmetric theory, the associated massive gauge

field is graviphoton which couples to gravitino as follows,

L ∼ −1

2
ǫµνρσψ̄µγ

5γνψσAρ ≡ J ρAρ. (3.11)

Again, since we assume that the mass of the gauge field is much larger than the gravitino

mass, gravitino is regarded as the massless field. However, as shown in appendix A, there

is a subtlety in taking the massless limit. There is a discontinuity between the amplitude
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for the radiation of the exactly massless gravitino and the one for the massless limit of

the massive gravitino. This discontinuity gives rise to a different numerical factor of the

AB radiation. However, as far as order estimation of radiated power is concerned, this

subtlety is not essential. So, for the sake of simplicity, we here discuss the exactly massless

case. See appendix A for the amplitude of massive radiation. In the massless case, the

Rarita-Schwinger equation,

ǫµνρσγ5γνDρψσ = 0, (3.12)

is invariant under the gauge transformation ψµ → ψµ + Dµη. By using the gauge fixing

condition γµψµ = 0 [53], one can show that the Rarita-Schwinger equation is reduced to

the Dirac equation,

γρDρψσ = 0. (3.13)

Hence, except an irrelevant numerical factor, we simply apply our estimation shown above

to the gravitino radiation. Thus, from the figure 1, we find that scale of string tension is

also constrained for a supersymmetric phenomenological model with gravitino LSP.

4 Conclusions and comments

In this paper, we extended the studies on cosmological constrains arising from the Aharonov-

Bohm radiation [17] to supersymmetric model building. A discrete R-symmetry can stabi-

lize the lightest supersymmetric particle, and radiation of the particle from the string gives

us a non-thermal production of dark matter. Combining the observed data for the dark

matter density, we showed that the tension of the AB string or the freeze-out temperature

of the AB particle is constrained. Also, we investigated radiation of standard model parti-

cles from AB strings. When radiated particles are relativistic, it is plausible to assume that

fraction of the total radiated energy is converted into production of the particles. We find

that there is a narrow excluded window from cosmological constraint arising from the big

bang nucleosynthesis. Remarkably, contrary to the previous work [17], such constraints are

non-negligible even within the field theory. In the context of string theories, cosmological

constraints become sever owing to the small reconnection probability. Below, we would

like to comment on a potential application of our analysis to string theories.

In string theories,10 we have two clear differences. One is the Newton constant of

four dimensional theory, G = l2pl, which is written in terms of the string length ls and the

size of compactification scale lc as l8s = Gl6c . Since we assume lc > ls, we are left with

the relation, lpl < ls < lc. The other new feature is the reconnection probability pst. As

is mentioned below (2.15), the existence of the extra dimension makes the reconnection

probability smaller than unity. Smaller probability increases the production rate of AB

particles since the loop number density increases with p−1
st . As an illustration, we exhibit the

constraint (3.3) in the figure 3. We choose the parameters φ = 10, ΓGW = 50, ΓAB = 10−4,

c = c′ and cζβmLSP/Mpl = 10−16.

As a concrete example, let us consider KKLT scenario [50, 51] in which the warped

conifold [52] is used for Type IIB string compactification. In the context of gauge/gravity

10See [46–49] for recent studies of discrete gauge symmetries in string theories.
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Figure 3. Constraints from dark mater density. We took φ = 10, ΓGW = 50, ΓAB = 10−4, c = c′

and cζβmLSP/Mpl = 10−16. The red, orange and yellow regions are excluded by the condition (3.3)

for ti = 10−26[s], 10−27[s] and 10−29[s], respectively.

duality, a cone-type throat is identified with a realization of super-conformal symmetry,

which includes R-symmetry, in four dimensional field theory. At the tip of the conifold, the

continuous U(1)R symmetry is broken to Z2 symmetry by the deformation of the conical

singularity. In KKLT scenario, since the total manifold is compact, the Z2 symmetry is

gauge symmetry. A natural candidate for the Aharonov-Bohm string associated with the

gauged Z2 theory is a D1 string or a its bound state with an F1 string, namely a (p, q)-

string [43].11 When the numbers (p, q) and gs are of order one, the tension of the (p, q)

string is roughly given by µp,q ∼ f/l2s where we included the warp factor f ≪ 1.

From the figure 3, suppose that we have the excluded region 10−18 < Gµp,q < 10−8.

This condition is translated into that of the warp factor as follows:

10−18

(

lc
ls

)6

< f < 10−8

(

lc
ls

)6

. (4.1)

To be more concrete, we further assume that the compactification scale is of order lc =

100ls. In this case, the range of the warp factor, 10−6 < f < 104, is excluded. It is

interesting that natural parameter region can be excluded. Thus, to engineer realistic

model in the KKLT scenario, we should be careful about the freeze-out temperature of

LSP or the order of the wrap factor. It would be interesting to explore further in string

model building by specifying the model explicitly. Moreover, cosmological constraints

arising from emissions of standard model particles such as Higgs bosons and Z-bosons were

discussed in [23, 24, 58] recently. Applying these approaches to cosmic superstrings would

give us stringent constraints for sting compactifications. We will leave them for the future

publication.

11See [44, 45] for earlier studies of cosmic superstring and [33, 34] for reviews.
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A Radiation of massive gravitinos

In this appendix, for completeness, we calculate the amplitude for AB radiation of massive

spin 3/2 particles along the lines of [15, 16]. By adding the mass term for spin 3/2 fermion,

the Lagrangian becomes

L = −1

2
ǫµνρσψ̄µ(x)γ

5γνDρψσ(x)−
1

4
mψ̄µ(x)[γ

µ, γν ]ψν(x), (A.1)

where Dρ = ∂ρ − ieAρ the covariant derivative.12 Below, we calculate the tree level ampli-

tude of particle emissions from an AB string, so it would be useful to discuss first the free

massive spin 3/2 field. The Rarita-Schwinger equation for the free field can be simplified

by using the following relation,

γµǫ
µνρσ = −iγ5(γνγργσ − gρσγν + gνσγρ − gνργσ). (A.2)

The equation of motion is rewritten as

i(γµ/∂γνψν − γµ∂νψν + /∂ψµ − γν∂µψν) +m(γµγνψν − ψµ) = 0. (A.3)

Acting ∂µ and γµ on (A.3), respectively, we obtain

m(/∂γνψν − γν/∂ψν) = 0, (A.4)

i(/∂γνψν − γν/∂ψν) + 3mγνψν = 0. (A.5)

From these equations, it is easy to derive the following equations










γµψµ(x) = 0

(i/∂ −m)ψµ(x) = 0

∂µψµ(x) = 0

. (A.6)

The first equation corresponds to the gauge fixing condition for the massless field shown

in the main text. The second equation is the Dirac equation for the massive spinor field.

In the same ways as the free Dirac spinor field, it is useful to expand a solution of these

equations by positive and negative frequency modes

ψµ(x) =







ψ
(+)s
µ (p)e−ip·x

ψ
(−)s
µ (p)e+ip·x

. (A.7)

12We use the notation {γµ, γν} = 2gµν . The metric gµν is diag(1,−1,−1,−1) in our convention.
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Here, we impose the following normalization conditions on ψ
(+)s
µ and ψ

(−)s
µ ,

ψ̄(+)r
µ (p)ψ(+)sµ(p) = −2mδr,s, ψ̄(−)r

µ (p)ψ(−)sµ(p) = +2mδr,s. (A.8)

With these relations, it is easy to see that the current with the spin polarization

J ρ
ss′ ≡ gµσψ̄(+)s

µ (k)γρψ(−)s′

σ (k′), (A.9)

satisfies the momentum conservation

qρJ ρ
ss′ = (kρ + k′ρ)

(

gµσψ̄(+)s
µ (k)γρψ(−)s′

σ (k′)
)

= gµσ
(

ψ̄(+)s
µ (k)

(

(/k −m) + (/k′ +m)
)

ψ(−)s′

σ (k′)
)

= 0,

(A.10)

where we used q ≡ k+k′. k and k′ are the momentum of radiated particle and anti-particle,

respectively. For convenience, we introduce the polarization tensors P
(±)
µν ,

P (±)
µν (p) ≡

∑

s

ψ(±)s
µ (p)ψ̄(±)s

ν (p) = −(/p±m)

(

gµν −
1

3
Π(±)

µν (p)

)

, (A.11)

where

Π(±)
µν (p) ≡ γµγν ± γµ

pν
m

∓ pµ
m
γν + 2

pµpν
m2

. (A.12)

Now we are ready to calculate the tree level amplitude of the Aharonov-Bohm radia-

tion. Exploiting the gauge field around the AB string (2.9), one obtain the amplitude

iM = i
ǫ

4
ǫσραβ

qσ

qλqλ
J ρ
ss′J

αβ , (A.13)

where ǫ ≡ φ/π is the Aharonov-Bohm phase and q is the momentum of the gauge field. In

the momentum space, the string current Jαβ is written as follows:

Jαβ =

∫

dτdσ
(

ẊαX ′β − ẊβX ′α
)

eiq·X . (A.14)

A string configuration Xµ(τ, σ) is a solution of wave equation, being composed of right

movers and left movers,

Xµ(τ, σ) =
1

2
(aµ(σ − τ) + bµ(σ + τ)) , (A.15)

where a0 = −σ− = −(σ − τ) and b0 = σ+ = σ + τ . Plugging into (A.14), one can rewrite

Jαβ in terms of a, b, σ± and the amplitude iM becomes

iM = i
ǫ

4
ǫσραβ

qσ

qλqλ
J ρ
ss′

(

Iα+I
β
− − Iα−I

β
+

)

, (A.16)

where we defined the integrals,

Iα+ =
1

2

∫

dσ+∂+b
αeiq·b/2, Iα− =

1

2

∫

dσ−∂−a
αeiq·a/2, (A.17)
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where ∂± = ∂
∂σ±

. These integrals satisfy the useful relations, q · I± = 0. With these

relations and (A.10), the amplitude of the radiation can be further simplified as

iM = i
ǫ

4q0
J ss′ · (I+ × I−). (A.18)

Hence, the number of radiated spin 3/2 particles, we denote dN , with the momentum k

and k′ is given by

dN =
d3k

(2π)3
1

2k0
d3k′

(2π)3
1

2k′0

(

ǫ

4q0

)2
∑

s,s′

(I+ × I−)i(I+ × I−)
∗
jJ i

ss′(J j
ss′)

∗, (A.19)

where i, j = 1, 2, 3. The sum of the spin polarization is done as follows:

∑

s,s′

J i
ss′(J j

ss′)
∗ =

∑

s,s′

gαβ
(

ψ̄(+)s
α (k)γiψ

(−)s′

β (k′)
)

gγδ
(

ψ̄(+)s
γ (k)γjψ

(−)s′

δ (k′)
)∗

= gαβgγδTr(P (+)
γα (k)γiP

(−)
βδ (k′)γj)

= gαβgγδTr

[

(/k +m)

(

gγα − 1

3
Π(+)

γα (k)

)

γi(/k′ −m)

(

gβδ −
1

3
Π

(−)
βδ (k′)

)

γj
]

=
40

9
(kik′j + k′ikj − (m2 + k · k′)gij)

− 16

9

(

kikj + k′ik′j − (m2 + k · k′)gij
)

+
16

9

(k · k′)2
m4

(

kik′j + k′ikj − (m2 + k · k′)gij
)

, (A.20)

where we used gµνΠ
(±)
µν = 6 and gµλgλν = δµν . This is the general formula for the AB

radiation of spin 3/2 fermions. The first term on the right hand side in (A.20) is the same

contribution as the radiation of spin 1/2 fermions [16] up to overall numerical factor.

To go a step further, let us assume the string configuration. Along the lines of [15, 16],

we consider the cusp configuration,

b(σ+) =
L

2π

(

sin

(

2πσ+
L

)

, 0,− cos

(

2πσ+
L

))

,

a(σ−) =
L

2π

(

sin

(

2πσ−
L

)

,− cos

(

2πσ−
L

)

, 0

)

,

(A.21)

and discuss the AB radiation of massive particle from the cusp. As is mentioned in the

main text, the cusp (or kink) on a loop is the dominant radiation of a massive particle.

Let us begin with calculations of Iα±. Using the periodic property of loops with size L, we

can express Iα± as discrete Fourier series expansions,

Iα+ = 2π

∞
∑

l=−∞
δ

(

q0 +
4πl

L

)
∫ L

0

dσ+
L

∂+b
αe−il2πσ+/Le−iq·b/2,

Iα− =
2π

δZ(0)

∞
∑

l=−∞
δ

(

q0 − 4πl

L

)
∫ L

0

dσ−
L

∂−a
αe−il2πσ−/Le−iq·a/2,

(A.22)
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where

δZ(0) ≡
∫∞
−∞ dσei2πlσ/L

∫ L
0 dσei2πlσ/L

, l ∈ Z. (A.23)

Substituting (A.21) in (A.22), I+ × I− becomes

I+ × I− = −16π3

L

∞
∑

l=−∞
δ

(

q0 − 4πl

L

)

nl, (A.24)

where we defined

nl ≡ (ŷ × ~∂pϕ(+|−l))× (ẑ × ~∂pϕ(−|l)),

ϕ(+|l)(qx, qz) = ilBl

(

L

4π

√

q2x + q2z

)

exp (il arctan(qx/qz)) ,

ϕ(−|l)(qx, qy) = −ilBl

(

L

4π

√

q2x + q2y

)

exp (il arctan(qx/qy)) ,

~∂p ≡ (∂/∂qx, ∂/∂qy, ∂/∂qz).

(A.25)

Bl is the Bessel function. Applying the same strategy used in [16], we rewrite the squared

δ function as follow:
(

δ(q0 − lΩ)
)2 → δ(q0 − lΩ)

T

2π
. (A.26)

l is integer, Ω is the characteristic frequency, and T is the period. Integrating (A.19) with

the relations (A.24) and (A.26), the rate of pair production Ṅ = N/T becomes

Ṅ =
∑

l

∫

d3k

k0
d3k′

k′0
ǫ2

36πL2(q0)2
δ

(

q0 − 4πl

L

)[(

5 + 2
(k · k′)2
m4

)

A1 − 2A2

]

≡
∑

l

Ṅ(l),
(A.27)

where we defined

A1 = (m2 + k · k′)|nl|2 + (nl · k)(n∗
l · k′) + (nl · k′)(n∗

l · k)
A2 = (m2 + k · k′)|nl|2 + (nl · k)(n∗

l · k) + (nl · k′)(n∗
l · k′).

(A.28)

Thus, the rate of radiated energy for the l-th mode, we denote P(l), is given by

P(l) = q0(l)Ṅ(l)

=
ǫ2

(12π)2lL

∫

d3k

k0
d3k′

k′0
δ

(

q0 − 4πl

L

)[(

5 + 2
(k · k′)2
m4

)

A1 − 2A2

]

,
(A.29)

where q0(l) = 4πl/L. This is the power of massive radiation of spin 3/2 particles.

Finally, it is worthy emphasizing that in the massless limit, m→ 0, näıvely, the terms

in the last line of (A.20) diverge. However, in the limit, supersymmetry is restored, and

the supercurrent, to which goldstino component of massive gravitino couples, becomes

conserved. In this case, the terms in the last line of (A.20) do not contribute. Also, as is

claimed in various papers (for example, see [56, 57] for recent works), there is a coupling of
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the goldstino to the supercurrent L ∼ 1
F ψ̄1/2∂µS

µ
super. This interaction diverges in the limit

F → 0. In fact, the divergent terms in (A.20) come from the radiation of the goldstino

originating from the coupling to the supercurrent. However as mentioned above, for the

conserved supercurrent, this interaction vanishes and does not contribute. Remarkably,

even if we ignore the divergent terms and taking the limit m → 0, the result differs from

the one for the exactly massless case. That is one of realizations of the known phenomena,

van Dam-Veltman-Zakharov discontinuity [54, 55]. The goldstino coupling, γµS
µ
super, which

does not vanish even for the conserved supercurrent, adds an extra contribution. Although

the numerical order one factor is slightly different due to the extra contribution, as far as

order estimation is concerned, applying the exactly massless case for evaluation is enough.

Hence, in the main text, we study the exactly massless case for the sake of simplicity.

B Loop number density

In this appendix, we briefly review the loop number density used in the main text. The

loop number density of cosmic strings that loose the energy through two types of radiation

was discussed in the literatures [24–26, 29–32]. Among them, the discussion shown in [24]

offers a transparent treatment of two kinds of emissions. So, we would like to review it

with slight modifications of notation by focusing on AB and gravitational radiation. In

general, the loop number density is written as

n(t, L) =

∫ t

0
dtif(ti, Li)

∂Li

∂L

a

ai
, (B.1)

where a(t) is the scale factor in the standard cosmology. The factor f is the distribu-

tion function determined by dynamics of cosmic string network. From computer simula-

tions [59], the function is expected as follows:

f(ti, Li) ≃











ζrt
3/2
i

√
αr

L
3/2
i

δ(αrti − Li) (radiation dominant)

ζmt1.69i

√
αm

L1.69
i

Θ(αmti − Li) (matter dominant)
, (B.2)

where αr ≃ αm ≃ 0.1 ≡ α. The energy loss of cosmic strings is encoded in the factor
∂Li
∂L

a
ai
. Hence, we need to know the behavior of the loop size L under the evolution of the

universe. The time dependence of the loop length is governed by the equation

µ
dL

dt
= −PAB − PGW , (B.3)

where PAB and PGW are shown in (2.11) and (2.13). As is emphasized in [24], it is quite

involved to find a solution for this equation. However, at various stage of the universe, either

gravitational or Aharonov-Bohm radiation is dominant. So, at the leading order, we can

simply ignore the subdominant radiation at each era, and solve the equation approximately.
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In fact, the loop number density of cosmic strings with single radiation was already studied,






























nGW (t < teq, L) =
ζ
√
αt−3/2

[L+LGW ]5/2
Θ
(

1− L
αt

)

nGW (teq < t, L) =
ζ
√
αt

1/2
eq t−2

[L+LGW ]5/2
Θ
(

1− L+LGW−LGW (teq)
αteq

)

+

[

1−
(

L
3βmt

)0.31
]

1
t2

ζm
√
α

[L+LGW ]2

, (B.4)

where teq ≃ 2.4× 1012[s]. βm ∼ 0.06 and the power 0.31 in the experssion are estimated by

computer simulations. The parameters ζ and ζm, assumed to be O(10), are determined by

dynamics of cosmic string network. LGW is defined by (2.17). As for single AB radiation,































nAB(t < teq, L) =
ζ
√
αL1/2t−3/2

[

L3/2+L
3/2
AB

]2 Θ
(

1− L
αt

)

nAB(teq < t, L) =
ζ
√
αL1/2t

1/2
eq t−2

[

L3/2+L
3/2
AB

]2 Θ

(

1− L3/2+L
3/2
AB−L

3/2
AB(teq)

(αteq)3/2

)

+

[

1−
(

L
3βmt

)0.31
]

L1/2

t2
ζm

√
α

[L3/2+L
3/2
AB ]5/3

. (B.5)

As discussed in [24], by näıvely adding two era, the total number density is given

nL =

{

nGW (t, L) (GW rad dominant)

nAB(t, L) (AB rad dominant)
. (B.6)

Again, LAB is defined by (2.17).
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