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of double-differential measurements can be achieved through an extension of Soft-Collinear
Effective Theory (SCET). A prototypical application is pp — Z + 0 jets, where the jet
veto is imposed through the beam thrust event shape 7, and the transverse momentum
pr of the Z boson is measured. A standard SCET analysis suffices for pp ~ mlz/ *T71/2 and
pr ~ T, but additional collinear-soft modes are needed in the intermediate regime. We
show how to match the factorization theorems that describe these three different regions
of phase space, and discuss the corresponding relations between fully-unintegrated parton
distribution functions, soft functions and the newly defined collinear-soft functions. The
missing ingredients needed at NNLL/NLO accuracy are calculated, providing a check of
our formalism. We also revisit the calculation of the measurement of two angularities on
a single jet in JHEP 1409 (2014) 046, finding a correction to their conjecture for the NLL
cross section at O(a?).
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1 Introduction

Experimental LHC analyses typically involve several kinematic cuts. Many of them are
fairly harmless from a theoretical point of view. However, when these restrictions on initial-
and/or final-state radiation lead to widely separated energy scales, large logarithms can be
induced in the corresponding cross section, requiring resummation. One example is given
by the jet veto used to suppress backgrounds in Higgs analyses, where the resummation
of jet-veto logarithms [1-6] greatly reduces the dominant source of theoretical uncertainty.
A closely related process is Drell-Yan (or vector boson) production in the case the lepton



pair has a small pp compared to their invariant mass @ [7-17]. Another example is the
jet mass my spectrum of a jet with transverse momentum p%, which requires resummation
around the peak of the distribution where m; < p7. [18-21].

In this paper we focus on double differential measurements, where both observables
lead to large logarithms. Using effective field theory methods, we derive new resummed
expressions for a class of double differential cross sections. Our results smoothly connect to
the phase space boundaries, which require different effective field theories. This formalism
has applications to jet cross sections and jet substructure studies, and we will consider an
example of both in this paper.

As the field of jet substructure has matured [22-24], multivariate analyses have become
common. Furthermore, some of the measurements with the best discrimination power are
ratios of infrared and collinear safe observables, such as ratios of N-subjettiness [25-27], en-
ergy correlation functions [28—-30] or planar flow [31, 32]. These quantities are themselves
not infrared and collinear safe, and their calculation involves marginalizing over the re-
summed two-dimensional distribution [33]. The pioneering study in ref. [34], investigating
the measurement of two angularities on one jet, inspired the present paper.

Our formalism can also be applied to pp — H + 1 jet production, where in addition to
the jet veto the transverse momentum of the jet becomes small. This important contribu-
tion to the cross section is not yet fully understood [6]. In this paper, to better illustrate
the features of our framework, we will mainly focus on a simpler (but related) problem in
Z + 0 jet production, carrying out the simultaneous resummation of the jet veto and the
transverse momentum of the Z boson.

Resummation is often achieved using the parton shower formalism. The great advan-
tage of parton shower Monte Carlo event generators, such as PYTHIA [35] and HERWIG [36],
is that they produce a fully exclusive final state, giving the user full flexibility. On the other
hand, this approach is limited to leading logarithmic (LL) accuracy, and it is difficult to
estimate the corresponding theory uncertainty. It is also not clear to what extent correla-
tions between resummed observables are correctly predicted by Monte Carlo models, see
e.g. ref. [37]. By contrast, we predict these correlations and our resummed predictions have
a theory uncertainty attached to it, whose reliability can be verified by comparing different
orders in resummed perturbation theory. Note that there has been significant progress
by matching higher-order matrix elements with parton showers (see e.g. refs. [38-45]) and
(partially) including higher-order resummation [42].

We will illustrate the features of our framework in the specific case of pp — Z + 0 jets,
where the transverse momentum pr of the Z boson is measured and a global jet veto is
imposed using the beam thrust event shape [1, 46]

T=> pre ™ =" min{p/,p;}. (1.1)

The sum on ¢ runs over all particles in the final state, except for the leptonic decay products
of the Z. Here, p;7 is the magnitude of the transverse momentum and 7; the pseudorapidity
of particle ¢ in the center-of-mass frame of the hadronic collision. Light-cone coordinates
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Figure 1. The different regions for the double measurement of pr and beam thrust 7 in Z-boson
production from pp collisions.

are defined as
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where n* = (1,0,0, 1) and na* = (1,0,0, —1) are along the beam axis. Beam thrust imposes
a global veto on all radiation in an event, which is impractical in the LHC environment.
This can be remedied by only including the contributions from jet regions in eq. (1.1) [47].
We will nevertheless consider the global veto to keep our discussion as simple as possible.
At the end of section 2.2 we will comment on a special class of non-global measurements
whose logarithms can easily be resummed within our approach.

We will perform resummations using Soft-Collinear Effective Theory (SCET) [48-51].
Which version of SCET is the appropriate one, namely what the relevant degrees of freedom
are, depends on the region of phase space probed by the measurement, as shown in figure 1
and discussed below. We find that in the intermediate region, between the SCET; and
SCET{; boundaries, the effective field theory involves additional collinear-soft modes. This
type of mode was introduced in a different context in ref. [52], and has led us to also
refer to our effective theory as SCET .. Since we are considering different observables than
ref. [52], there are of course important differences, which will be discussed in section 2.1.
We now comment on the theoretical description relevant for each region of phase space in
the (pr,T) plane.

e Fixed Order: pp, T ~ Q
When pr and T are parametrically of the same size as the hard scale Q* = p?%, ~ m%,
resummation is not necessary and a fixed-order calculation suffices.

e SCETy: pr ~ QY/271/2
This case was discussed in ref. [53]. The collinear and soft modes, shown in the
left panel of figure 2, interact. The SCETj scale hierarchy implies that the soft
radiation contributes only to T (its contribution to pr is power suppressed), whereas



the collinear radiation contributes both to the pr and the 7 measurement. This
collinear radiation is described by fully-unintegrated parton distribution functions
(PDFs) [53-56], which depend on all momentum components of the colliding parton.
By contrast, the standard PDF's only depend on the momentum fraction .

e SCET,: pr ~Q'"T" with 1/2 <r < 1
As pr is lowered, the collinear modes can no longer interact with the soft mode. They
“split off” collinear-soft modes that do interact with the soft modes, see figure 2.
(To have a distinct mode contribution requires sufficient distance from the SCET]
and SCET]; boundaries.) In this scenario, the collinear radiation only contributes
to pr, the soft radiation only to 7, and the collinear-soft radiation enters in both
measurements. The SCET power counting will be given below in table 1.

L] SCETH: pT ~ T
As pr is reduced further, the soft mode “absorbs” the two collinear-soft modes. In the
resulting theory there are no interactions between the collinear and the soft modes,
as shown in the left panel of figure 2. The collinear radiation, which in the SCETy
case is described by transverse-momentum dependent (TMD) PDFs, only affects pr,
whereas now the soft mode contributes to both measurements.

o Z+forward jet: pr > QY/2T1/2
As pr exceeds this bound, the QCD radiation becomes (much) more energetic than
the invariant mass @ of the Z boson. This cannot be described as initial-state
radiation, but rather as Z production in association with an energetic forward jet.

e Terra incognita: pr < T

Unlike the previous regions, the cross section no longer receives a contribution from
a single emission. There is a small NNLO contribution from the region of phase
space where the two emissions are (almost) back-to-back in the transverse plane.
In double parton scattering (DPS) the production of the Z and the two jets are
(largerly) independent of each other, causing the jets to naturally be back-to-back.!
The contribution from DPS is therefore also important. As the proper method for
combining single and double parton scattering is still under debate [59-64], we leave
this for future work.

In this paper, we also show how to combine the SCET;, SCET and SCETyy regions
to achieve NNLL resummation throughout. The corresponding next-to-leading order cross
section is calculated, providing a check of our results.

In most earlier studies of multi-dimensional observables in SCET, such as refs. [65, 66],
the measurements concerned different regions of phase space (hemispheres, jets, etc.).
There, resummation is achieved by assuming a single parametric relation between the
observables, to avoid so-called non-global logarithms [67, 68]. In ref. [34] the two boundary
theories for the measurement of two angularities on a single jet were identified. There an

!This feature is exploited to extract DPS experimentally, see e.g. refs. [57, 58].
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Figure 2. The modes in SCET;, SCET, and SCETq: collinear (green), collinear-soft (blue) and
soft (orange). Interactions between modes in the effective theory are shown with wiggly lines. These
are removed by the decoupling transformations in eq. (2.7).

interpolating function across the intermediate region was derived, by requiring it to be con-
tinuous and have a continuous derivative at the boundaries. We revisit their NLL results
and find a discrepancy at O(a?) in the bulk. It is worth mentioning that in this case both
boundaries involve SCET-type theories, to which our framework can be applied as well.

The paper is structured as follows. In section 2.1 we introduce SCET, perform the
matching of QCD onto SCET, currents, and comment on the (dis)similarities with the
theory introduced in ref. [52]. Section 2.2 contains the factorization formulae for the Drell-
Yan cross section with a simultaneous measurement of pr and 7 in the SCET;, SCET .
and SCETqr regions of phase space, as well as the field-theoretic definitions of the matrix
elements involved. We calculate/collect all the ingredients necessary to achieve NNLL
accuracy in section 3 and discuss the (all-order) matching of SCET, SCET, and SCETy
in section 4. The corresponding NLO cross section is calculated in section 5, providing a
verification of our resummed predictions. In section 6 we calculate the double angularity
measurement on a single jet and compare with ref. [34]. Conclusions and outlook are
presented in section 7.

2 Factorization

2.1 Effective theory for the region between SCET; and SCET[; boundaries

Soft-Collinear Effective Theory (SCET) [48-51] describes the collinear and soft limits of
QCD. For a pedagogical introduction see e.g. refs. [69, 70]. SCET captures QCD in the
infrared regime up to corrections that are suppressed by powers of the SCET expansion
parameter A < 1, in exchange for enabling the resummation of large logarithms of A. As
discussed in section 1, both the process and measurement determine which modes give the
leading contributions to the cross section in a specific kinematic regime. In figure 2 we
summarize the scalings and interactions between different degrees of freedom leading to the
physical picture in section 1. These modes need to be well-separated, in order for A to be
small. The decoupling of modes in the SCET Lagrangian (at leading power) allows one to



Figure 3. The p-evolution resums double logarithms from separations in virtuality (between
hyperbolae), while the v-evolution resums single logarithms related to separations in rapidity (along
hyperbolae). The collinear, collinear-soft and soft modes are depicted in green, blue and orange,

respectively.
Mode: Scaling (—,+, 1)
n-collinear Q(1, >\2r AT~ (Q, pT/ Q,pr)
n-collinear QAT 1,\") ~ (PT/ Q,Q,pr)
n-collinear-soft QAL AN ~ (PT/ T,T,pr)
n-collinear-soft QNN A ~ (T, pT/ T,pr)
soft QNN ~ (T,7,T)

Table 1. Modes and power counting in SCET, with A ~ 7/Q ~ (pr/Q)"/".

factorize multi-scale cross sections into products (or convolutions) of single-scale functions
for each mode. At its natural scale, each of these function contains no large logarithms. By
applying the renormalization group (RG) evolution from these natural scales to a common
scale u, we achieve resummation of logarithms of A in the cross section. For modes that are
not separated in virtuality but only in rapidity, we will sum the corresponding single loga-
rithms through the v-evolution of the rapidity renormalization group [71, 72].? Pictorially,
the p-evolution sums logarithms related to the separation between the mass hyperbolae of
the modes, whereas the v-evolution sums the logarithms related to the separation along
them, see figure 3.

We will now discuss SCET in some detail, focussing on modes, matching of QCD
onto SCET and factorization. We refrain from performing a full formal construction of
the effective theory. Factorization means there are no interactions between the various
modes, and each mode is described by a (boosted) copy of QCD. In particular, one can
use the standard QCD Feynman rules (rather than e.g. the collinear effective Lagrangian
of ref. [49]) to carry out the computations for each sector.

The measurement of beam thrust 7~ and transverse momentum pr, with py ~ Q¥ "7T"
and 1/2 < r < 1,2 suggests that the relevant modes are those listed in table 1 and shown

2For alternative approaches to rapidity resummation in SCET, see e.g. refs. [14, 73].
3Note that our analysis is independent of the parameter r, as is clear from the second way of writing
the modes in table 1. However, we prefer to use a single power counting parameter A.



in the center panel of figure 2, with power counting parameter

A~ g ~ (g)m. (2.1)

A collinear mode only affects the pp-distribution, as the contribution to 7 from its small
light-cone component is power suppressed. Similarly, a soft mode only contributes to 7T,
whereas the collinear-soft modes contributes to both measurements. These on-shell modes
are uniquely specified by these features. Of course, additional (redundant) modes may be
included, as long as the double counting is removed (for example by an appropriate zero-bin
subtraction [74]). As usual, we will assume the cancellation of (off-shell) Glauber modes.
These account for initial-state hadron-hadron interactions taking place before the collision,
which would ruin factorization [75]. This cancellation has only been rigorously proven for
inclusive Drell-Yan [76], and could be spoiled due to our pr and 7 measurements [77].

The QCD quark and gluon fields are decomposed into several SCET fields which scale
differently with respect to the expansion parameter A\. By matching quark currents from
QCD onto SCET we obtain

VTV = C(Q?, 1) &WaSE XTIV T VIX, S, WiE, . (2.2)

The matching coefficient C(Q?, i) captures the effect of hard virtual gluon exchanges not
present in the effective theory. In eq. (2.2), &, and &, are the fields for collinear (anti-)
quarks moving in the n (72) direction and I" denotes a generic Dirac structure. The Wilson
line W, arises from n-collinear gluons emitted by ¥ (which itself is f-collinear) [50]

Wy = Pexp[ig /U dun-An(un)] . (2.3)

—00
The Wilson line Vj, is its direct analog for n-collinear-soft gluons (obtained by replacing
Ay, — Apes). Soft gluons emitted by ¥ are summed into the Wilson line S, [51]

S, :Pexp[ig/o dun-As(un)], (2.4)

—0o0
and the analog for n-collinear-soft gluons is X,.

To fix the ordering of Wilson lines, we exploit gauge invariance of SCET . In order to
preserve the scaling of the fields, separate collinear, collinear-soft and soft gauge transfor-
mations have to be introduced, see e.g. refs. [51, 52]. Only the n-collinear fields transform
under n-collinear gauge transformations. The other fields are taken far off-shell and are thus
unable to resolve the local change induced by this gauge transformation. This causes W,J{fn

and & Wh to be grouped together. Under a n-collinear-soft gauge transformation Uy,
Wgé‘n % WTLTSTLJ Sn _> Sn7 Vn _> Uncsvn7 Xn _> Unchn7
EaWn — EaWa Sn — Sa, Vi = Va, Xn — Xa, (2.5)

which groups V,;r X, together. Similarly, X%Vﬁ must be grouped together by n-collinear-soft
gauge invariance. The effect of a soft gauge transformation U is given by

Wic, — Wic,, S, = UsS,, Vi = UV, UT, X, = UX,Ul,
EaWn = EWn,  Sn = UsSn,  Va—UVRUl,  Xp—UXpUI.  (26)



The soft gluon field acts as smooth background for collinear-soft modes, implying that the
effect of a soft gauge transformation on collinear-soft modes is similar to a global color rota-
tion. This almost fixes the ordering in eq. (2.2). There are still a few other possibilities that
satisfy the constraints from gauge invariance, such as gﬁWﬁS;LVJ X, X%VﬁSanTén. How-
ever, these can be ruled out by considering the tree-level matching of QCD onto SCET .

At this point the soft fields still interact with the collinear-soft fields, as indicated in
the middle panel of figure 2. By performing the analog of the BPS field redefinition [51],
we decouple the soft fields from the collinear-soft fields,

Vi = S, VST X, = SuX,S,

Vi, = SaVasSh Xn — SpXnSh (2.7)
This leads to

VTV = C(Q?, 1) W X VaSI T S, VIX, Wie, . (2.8)

The various modes in this matching equation no longer interact and the derivation of
factorization formulae now follows the standard procedure in SCET. In particular, estab-
lishing factorization to all orders in a; requires decoupling of the different modes in the
Lagrangian, for which we refer to ref. [52].

One expects that this matching receives power corrections of the size A" =1 ~ p2./(QT)
and \2=2" ~ T2/ p%, which measure the distance from the respective SCET} and SCETy
boundary regions of phase space. In our NLO calculation in section 5 we find corrections
of the first type but not of the second. However, we expect that this will no longer be the
case at higher orders.

Finally, we briefly comment on the (dis)similarities of our theory with the SCET
introduced in ref. [52]. In that paper the dijet invariant mass (mj, ;,) distribution for nearby
jets is calculated, with the hierarchy m;,,m;, < mj , < Q. Their collinear-soft modes
can resolve the two nearby jets, whereas the soft modes do not, and the collinear modes
are restricted to the individual jets. Their factorization theorem involves convolutions
through the small collinear light-cone component. Since we consider different type of
observables, our convolutions of collinear-soft modes with either collinear or soft radiation
have a different structure. The matching in ref. [52] was (also) performed in two steps,
where in the first step the two nearby jets are not resolved from each other. Nevertheless,
the similarities between the modes and Wilson lines in our and their approach seemed
sufficient to us to adopt the same name for our effective theory.

2.2 Factorization formulae

We now discuss SCET factorization formulae for Drell-Yan cross sections that are differ-
ential both in 7 and pp, both at the SCET; and SCET}; phase space boundaries and in
the SCET, “bulk”. In Drell-Yan production, pp — Z/v* — €74~ the lepton pair has a
large invariant mass Q). A proof of factorization at leading power in Agcp/@ has been
given by Collins, Soper and Sterman [9], for any value of the transverse momentum py
of the lepton pair, namely for both pr ~ @ and pr < Q. Here we impose in addition a



veto on hard central jets through a cut on beam thrust 7 in the center-of-mass frame of
the pp collision [1], see eq. (1.1). We consider different kinematic regimes for py and T,
as discussed in the introduction. We will not perform the joint resummation of threshold
logarithms that becomes important as @) approaches the total CM energy FEcp, [78].

If Aqep < pr ~ (TQ)Y? < Q (SCET] case), we have the following leading-power
factorization formula [46, 53]

dlo -0 27 / Skt
H(Q dt; dt d?k, | d2k dk™ S(k
dQ?dY dp2d Z" / 1 2/ 11 d%kay (k" 1)
X [Bq(thiﬂl, ki1, p) By(te, w2, koi 1) + (q & @)}
e Vi +eVt - o
5<T — % - k‘+> 5(p7 — k11 +hao|?), (2.9)

whose ingredients we will describe below. The sum extends over the various quark flavors, Y
is the total rapidity of the leptons, and the momentum fractions of the colliding partons are

Q v Q Y

e, T2 =
Eem Ecm

€ = (2.10)

The quantities e Y1 /Q, ¥ t2/Q and k¥ in eq. (2.9) are the contributions to 7 from the n-
collinear, n-collinear and soft radiation. For n-collinear radiation, we always have pj <p;,
for n-collinear radiation, p;r > p; , whereas the soft radiation can go into both hemispheres

(pf <p; and pj > p;).
At leading order in the electroweak interactions,

N Q2 (v(? + ag)(”? + a?) — 2Qquque(1 — mQZ/QQ)
o 9@2 (1= mg Q22 + mET%/Q! |

where Qg is the quark charge in units of |e|, vy, and ay, are the standard vector and

(2.11)

axial couplings of the leptons and quarks, and myz and 'z are the mass and width of the
Z boson.

The hard function H(Q?) is the square of the Wilson coefficient C(Q?) for the matching
of QCD onto SCET vector and axial quark currents®

H(Q? 1) = |C(Q% w)]*. (2.12)

It does not depend on pr, since we only consider pr < @Q.° Since lepton masses are
neglected, there is no contribution from gluon operators in the matching of the (axial)
currents [46]. The gluon PDF only appears through its contribution to the quark beam
function, see eq. (3.2).

Due to the SCETT hierarchy of scales, the effect of soft radiation on the pp-distribution
is power suppressed, so only the fully-unintegrated (FU) PDFs account for the recoil of
the energetic initial-state radiation against the final-state leptons. Because we consider

4As compared to eq. (2.2), in SCETy only collinear and (ultra-)soft Wilson lines enter the matching.
5The leptonic tensor in the Drell-Yan process does not depend on pr at leading order.



perturbative pr, 7 > Aqcp, we will refer to these as FU beam functions in the following.
At the bare level, these are defined as the following proton matrix element of collinear
fields [53]

Xn(0) 7 [6(k=—p~+P7)(t—k P) 5% (kL —P 1 )xn(0)]

BQ(tvxaEJ-) = <pn(p_) 2

pn(p_)>-
(2.13)

The light-like vector n* is along the direction of the incoming proton (i.e. p* = E.pnt/2)
and the operator P returns the momentum of the intermediate state.® By boost invariance
along the n-direction, these functions only depend on the momentum fraction x =k~ /p~,
the transverse virtuality —t = k~k™ of the colliding parton, and the transverse momentum
ki [53, 79].

The (ultra-)soft radiation is described by the beam thrust soft function S(k) [46]. This
is given in terms of a soft Wilson-line correlator as

1 _

S(k*) = 5 (O[T [T(5](0)57(0)) 5k — P} — Py) T(SF(0)Sa(0))][0),  (2.14)
where (T) T denotes (anti)time ordering and the operator Py (P3) gives the momentum
of the soft radiation going into the hemisphere defined by p;r <p; (p;r > ;).

In the region of phase space described by SCET (Aqep < T < pr < (TQ)'? < Q),

dic B
dQ2dY dp2dT

> 60 H(Q? 1) /d%’u Akyy 2K 2K /dkl+ dky dk™ S(kT, )
q

X Bq(xla Elj.a”ay) BQ(I'27E2J_7M7 ]j)y(kf7 _’(1:3_7!% V) y(k‘;a%ia% V)
x 8(T —kf — k3 — k%) o(p3 — k11 +koy + K53 +KS %) +(q < q).
(2.15)

The contribution from collinear radiation is now encoded in TMD beam functions,

i

%u(0) L (605 =5~ + P82k = P xa(0)] [palp7))  (216)

Their naive definition using dimensional regularization is known to suffer from light-cone

—

By(x. k1) = (pu(p)

singularities (rapidity divergences), which we regulate following refs. [71, 72]. There are
separate but identical collinear-soft functions for the n and 7 direction,

—

S5, 1) = - O [TOXO)V2(0)) 60+ ) 62(F1 B TV (0)6,(0))] 0

n
Cc

= - O TR [TV (0) X (0)) 60k P ) 8%(F B 1) T(XF(0)V(0))] 0}, (2.17)

C

which are also affected by rapidity divergences.

For the hierarchy Aqcp < pr ~ T < @, soft modes have the same virtuality and
transverse momentum as the collinear ones, and contribute both to 7 and pr measure-
ments. The corresponding SCETy; factorization theorem has the form

5We can avoid using the label-momentum formalism employed in e.g. refs. [63, 79] since after factorization
the collinear sector is simply a boosted copy of QCD.

~10 -



d*c o o o
AQZdY p2dT ZU H(Q /d ki ks &k / dk* 8 (p3— k1L +hor +EL2)0(T—kF)

X |:Bq(x17li_a/~‘LaV) Bq(anE2J_any> + (q A q):| S(k+a EJ_;,U/7V) . (218)

The new ingredient is given by the FU soft function, which is defined as

Skt kL) = ]\1, (OITr[T(S}(0)Sa(0) d(k+ — P = Py) 6°(k1 — P1) T(55(0)5,(0))]10)

(2.19)

It is natural to ask to what extent our approach can be used to calculate non-global

logarithms, which arise when different restrictions are applied to distinct regions of phase

space [67, 68]. If instead of the transverse momentum of the Z boson one measures the

pr,isr of the initial-state radiation that recoils against it, we could e.g. restrict ourselves

to the ISR in one hemisphere. In this case the factorization theorem in the region of phase
space described by SCET. is simply modified to

d4
Q?depU T E: CH(Q? u /dtg /d ki d2ESS /dk+dk+5(k;+,u)
T,ISR

X Bq(xla li_a K, V) Bq(t%x%ﬂ) y(’ﬁh Eii_?u7 V) (220)
eytg

Q

However, this does not address the problem arising when the soft function contains multiple

x §(T — ki — — k) 8(pPisr — k1L +ES D) +(g ¢ 7).

scales (see for example [80-82]), which occurs when e.g. the beam thrust measurement is
restricted to one hemisphere.

3 Ingredients at NINLL

In this section we collect the expressions for the ingredients entering the factorization
formulae in section 2.2, to the accuracy needed for NNLL resummations: the hard function
at one loop is discussed in section 3.1, the FU and TMD beam function in section 3.2, the
FU and beam thrust soft function in section 3.3 and the collinear-soft function in section 3.4.
The FU soft function and collinear-soft function are calculated for the first time. RG
equations and anomalous dimensions for NNLL resummation are given in section 3.5 and
appendix B. The anomalous dimensions of the collinear-soft function and FU soft function
satisfy the consistency requirement imposed by the p and v independence of the factorized
cross sections in egs. (2.15) and (2.18). In section 3.6 we combine these ingredients to
obtain a compact expression for the NLL cross section.

3.1 Hard function

The one-loop Wilson coefficient C'(Q?, 1) from matching the quark current in QCD onto
SCET was computed in refs. [83, 84]. Here Q2 is the square of the partonic center of mass
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energy. The matching is the same for SCETy, SCET, and SCETy, because all effective
field theory diagrams are scaleless and vanish in dimensional regularization. At one loop,

sC Q? Q? 7
H(Q* ) = |C@Q% | =1+ O;[—ln‘z (M > +3n (M ) —8+ g] . (3.1)
3.2 Beam functions

The FU beam function was defined in eq. (2.13), and its arguments ¢ and Ef are restricted
to be of the same parametric size. As we assume that these scales are perturbative, the
FU beam function can be matched onto PDFs [16, 46, 53, 79]

- da’ T > Adop Ade
Bq(t,%kbﬂ)_ Z / QJ(71J7kL7H>f]'(x/7M)|:1+O< QtD7 22D>:| (32)

Jj=u,i,d,g..: 1

Because of the kinematic bound kL (1 —x)t/x (see eq. (1.1) of ref. [53]), the renormal-
ization is the same as the standard beam function and

/diﬁB(m/ﬁ, 1) = By(t,z 1) (3.3)
Up to NLO, the matching coefficients in eq. (3.2) are [53]

IO (t 2, ki, 1) = 6(t) 6(1 — 2) 62(k1 ),
Iég)(th? EJ.?/J’) - 07

- as(pn)C 2 t -
Ifgé)(tvkal_nu) = (M)F{Mgﬁl () 5(1—1‘) 5(/{)J2_)

o2 2
" :250(:2> (1+x2)£0(1—x)5<l_5f—(1;m)t>
+6(0) 5(/;3) [(1+x2)£1(1—x) _ 7:5<1 — ) 1;1“; nz+1- x} } ,
2 ) = S| o (L) a(B2- 020 s sty m 17
X [x2+(1—x)2] +26(t)6(k2)x(1 — x)} : (3.4)

where some additional factors of 1/7 are due to

52(F,) = L 5(F2). (3.5)

™

The matching coefficients at NNLO have recently been calculated in ref. [85].
The TMD beam function satisfies a similar equation [9, 14, 72, 86]

- Lda! T Adep
BQ(x7kJ_7,u7 1/) = Z/ ?Iqj (xlvkln:uaV) fj(.%'/,,u) |:1 + O( gz ):| ; (36)
j Je

1
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with coefficients [87]

Iég)(x, EL, p,v) =06(1 —x) 52(EJ_) ,

Iég)(.’lf, EL7M7 V) = 07

o COr (1, (k2 - -
IS (2, k1, pv) = M{/ﬂ£0<§>{(1+x2)£0(1—x) +26(1—2)In py} + 6 f)(1—x)},

272 1
1 7 asTe [ 1 EE 2 2 72
Iég)(g:,kbu,y): o2 {;ﬂ£0<u [2*+ (1 —2)*] +26(kD)z(l —z)p. (3.7)

Most approaches (such as in refs. [14, 17, 88]) do not (need to) separate the TMD beam
and TMD soft function. In the SCET regime, instead, we need the TMD beam function
but have a different soft function.

3.3 Soft functions

The (beam) thrust soft function was determined at NLO in refs. [46, 89, 90]

SOk, ) = (k) + % [—iﬁl (’j) 4 7;,2 6(k+)} +0(a). (3.9)

The NNLO contribution is known as well [80, 81].

We now calculate the FU soft function, which is differential in both £* and k 1, with
kT ~ |kL|.” Starting from the definition in eq. (2.19), the tree-level result is

SOkt k) =6(kT)6%(ky). (3.9)

"This differs from the FU soft function in ref. [56], because their k™ measurement is independent of the
hemisphere the gluon goes into.
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Using the rapidity regulator of refs. [71, 72], at one-loop order we find
- 4g2w?Cr (1B u?\ ¢ 26377
Wkt F )= 29w F H ”/dd66€06€2
S ( ’ J_) (27_‘_)3,26 Ar v ( ) ( ) -0+
x 62(0) — k1) S(eT0( — Ty + 07000t —07) —kT)

o1l=n cevE [ 2€ N 1
= au?Cp =Y / A2 ——
T €
o] @3 —-n . .
x/ a0 S(\E2 4724 (372 - 6 — 1Y)
0 \/kj + 42+ (£3)2

. wQC 2€eryE H2E V?? 1 /dQE e(kf - (k+)2 + 662)
i B T (k7 + ) — (k)2 + 22
_ 20 2 eVE MQE v 1 Ood G(I +1-— (k+)2/EJ2_)
T (k)= (k2) et Jo xw”“'(wﬂ)[v’ﬂ“_(k+)2/qﬂn
2eE P2y 1] 1 > L
B 9 2P ps VN Lo L O TP
= asw Cp — I'(—e) {Ué(k ) (k2)ttetn /0 a G
1, (k* 1 L N !
+ Lo — )= O(ki — (K)%) | do s
() (kf)1+e[ L= J) & o)

- o0 1
+0 k”-k@/ dx}—&-@n,e}
U =FD) |y 905Gy | 00
2

Rt e OB Loy o Lo (S0 oty + S anan
+-n BSE2)s(k™) +20(k2 — (k)2 ;zo <k:> :QQ) (/fg
+6(k™) [ 2 <k§> +2 Lo(’§> m% _ 7;25(?)} + O(n,e)}
e O 2 L) + ko (’fﬂ 50) + 5 SEDS(R)
+ 52/:0 (ig) m% - 7{;5(?)} + O, e)} . (3.10)

Here longitudinal momenta get regulated by 7, which can be thought of as the analog for
rapidity divergences of the UV regulator €, with the dimensionful parameter v acting like
a renormalization scale. Both 1/n and 1/e divergences get absorbed in renormalization
constants and give rise to u- and v-RG equations. The bookkeeping parameter w is used
to derive the anomalous dimensions (see eq. (3.12)) and will be eventually set equal to 1.

In eq. (3.10) we introduce x = 6—;2 / I%E in intermediate steps, to simplify notation. In
the second to last step, we first assume Ef > 0 to simplify the expansion in e. We then
extend the distributions to include I;:?_ = 0 and fix the coefficient of the ¢ (k:ﬂé(lgf) by
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integrating the unerpanded result. The finite terms contain the following two-dimensional
plus distribution

d d
— fim - < — )01 — B)Inay (Inwy —1
La(z1,72) b o o 0(x2 — 21)0(x1 — B)Inzy (Inwy — Inzy)

1
+ 1 0(z2 — 12)0(zy — (%) In o] . (3.11)

The 1/e and 1/n poles are renormalized. We obtain the one-loop anomalous dimension in
eq. (3.25) by using [71, 72]

do 9
= -2 s )
dln i eas + O0(a3)
dw n 9
= —— 12
oy 2w+(9(w), (3.12)

and setting w = 1 afterwards. These are the same as for the TMD soft function. The
renormalized FU soft function is given by the remaining finite terms,

- asC ET ok
S(l)(k;+akl_a“7y): 2F{ 3£A< L>
™ w 1% M

o[- e () + e () i -]} o

Its integral over kT reproduces the TMD soft function in refs. [72, 87]

- sC k2 k2 2 g2
/dk+s<1>(k+,kl,ﬂ,y):aﬂzF[ : L‘1<M >+M co< )ml”ﬂ—;a( f)]

= SOk, p,v), (3.14)

which parallels eq. (3.3) for the FU beam function. Here we used that for 23 > o,
. / / . d 1 2 2 1
dzi La(x], x2) = g)lm o 12 O(xe — f7) In* 29| = 551(1‘2). (3.15)
0

3.4 Collinear-soft function

The calculation of the collinear-soft function, defined in eq. (2.17), is actually quite similar
to that of the FU soft function. The main difference is that collinear-soft radiation only
goes into one hemisphere, leading to the change

SO0~ — ) 400t —07) — k) = §(0F — k)., (3.16)

We conveniently separate out a contribution %S (1)(kz+, k 1) from the hemisphere where the
measurement in the FU soft function and collinear-soft function are the same. The remain-
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der does not contain rapidity divergences, allowing us to set n = 0 from the beginning,

- 4¢2wCr (B2 \ € 203
SO k) = (gﬂ)3_2f< 4: ) V1 /dd€0(£0)5(£2) ’g é 8201 —kp)o(et — k1)

1 eTE %€ 1
_ 1o 2 H a-2¢p,
25 + as,wCrp o / ]; +£2

e 5(\/Ef+52+(£3)2+€3—k+)
></ de? —
0 \/kf +£2 4 (£3)?

1 EYE ,,2€ 1 9 k+ 2—]€2—€2
_1 S(l) n astCF e 2_/ﬁ T d_2€€5 (( Z j: 6)

2 T k k2 +02

- 2 72

_ L0 4 qwton £ w2 (kT — |k /<k+) kldp 1

2 w2 (—¢) k+ 0 ©(02)1+¢ (K2 4 £2)

PP(L =€) [(kH)2/k2 — 1]kt (k2)1+e
(kT)?
X o FY 1,—6,1—6,1— = (317)
k‘2
1

1 asw?C 11 . [kt _ = 1 E+ k2
— —qg® AsW Lr) 1 + _ = r 2 il rooML

27T {26 SIED) 6#'60(#)5( l)+u3£v<u’u2>

vt = a2 (B) - S F] - 2 sttyid) + 00

+ p) 22\ 12 + ‘
agw2Cp (1] 1 =y 1 . (k2 1 .
kt 72 Lo e o + Kt EE
oo > oD+ Do)+ o ) (5
k:2 1 Ef_ v,

The expansion in € is again subtle at (k¥ Ef) = (0,0). Similar to section 3.3, we first
expand assuming kT > 0 and then extend the plus distributions to k™ = 0, fixing the
coefficient of §(k7)8(k?) by integration. In an intermediate expression, the following two-

dimensional plus distribution arises

Ly (x1,z2) = él_}o 3z, dzy O(xy —x2)0(z2 — B )(lnxl ~ 1 lnx2> In x4y

+ 0(zy — 22)0(zy — ) In? :cl] . (3.18)
In the final expression this combines with £a in eq. (3.10) to give

ﬁA(l’l, 1‘2) + ﬁv($1, $2) = ﬁo(l‘l)ﬁg(l‘z) . (3.19)
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The divergences in eq. (3.17) lead to the one-loop anomalous dimensions in eq. (3.26).
This satisfies the relation among anomalous dimensions required by consistency of the
factorization theorem in eq. (2.15) at this order. The finite terms give

- asC kT k2
T o) = WQF{M£0< p )MQE()(;;)

+ (k) [ - M—cl (lfj) o EO(?) ln% - 7{;5(/%3)] } . (3.20)

3.5 Renormalization and anomalous dimensions

In this section we write down the RG equations (RGEs) for all these ingredients, which are
well-known except for the FU soft function and collinear-soft function. Their anomalous
dimensions are constrained by consistency of the factorization theorems in section 2.2 and
agree with the one-loop calculations in sections 3.3 and 3.4. For completeness we give the
expressions for both the quark and gluon case, as indicated by an additional index ¢ = q, g
in this section. The anomalous dimensions involve the cusp anomalous dimension l”cusp

and non-cusp anomalous dimensions 'yliq, ij, 7%, which are tabulated in appendix B.
The anomalous dimension of the Wilson coefficient C' is

A C(QZa :u) = 7H(Q27 :u) C(Q27 M) )

7H(Q27u) = Fgusp(OéS) 1n72 +’Y§I(a8) ’ (321)

from which the evolution of the hard function H(Q?, u) = |C(Q?, u)|? directly follows.
The FU beam function satisfies the following RGE®

d R t . o
/,LcluBi(t,.’If7kJ_,/,L):Adtl"}/lB(t—tl,M)Bi(t/,.fC,kJ_,,U,),
t

» ) T (o) 6(0). (3.22)

’YZB <t7 :u) 21_‘cusp( ) EO <
The TMD beam function also involves a v evolution (rapidity resummation)®

d o . _ -
M@ Bz(l', kJ_a M, I/) = ’Y’LB(p 5 My V) Bl(xu k:J_nu’u V) )

d - oo - -
V& Bi(l’,kj_,/,b,y) = /dzkﬁ_ szj(kl - kﬁ_a,u') B’L(x7 kj_vu7 V)?
i (= i v i
’YB(p y sV ) - 2FCusp( ) lnl? + 7J(a5) ’

iR = Tglen 2 heo(B) tritag . @)

8The additional spin structure [56] for the gluon beam function does not mix under renormalization and
satisfies the same RGE.

Tts non-cusp p-anomalous dimension has not yet been calculated at two loops and is not fixed by
consistency. However, the remaining degeneracy is irrelevant, since the TMD beam function has the same
1 scale as the collinear-soft function (in SCET ) or FU soft function (in SCET1y).
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The RGE of the (beam) thrust soft function is given by

d i ;
H@ Sl(k+7u) = /0 dk/+ ’YS(]{:+_ kH_):U’) Si(k/—i_al*’é) )

i i 1 k* i i
() = ATk o (5 ) ~ 2Pt b0, G21)
and for the FU soft function it is given by,
d
d . oL .
V@ Si(kJra kJJ ey V) = -2 /dzki 7111(]@_ - k/i7 N) Si(kJr? kia My ’/) ’
’Y?S'(IU’J V) = 4Ff:usp(a8) lIl %

Si(kJra EJ.?IU’J V) = 7?5'(,“’7 V) Si(k+7 EJ_MU’J V) )

— 2 (as) + 75 (as)] (3.25)

with 4% given in eq. (3.23).

The anomalous dimensions of the n-collinear-soft function and n-collinear-soft function
are identical. Using the p and v independence of the cross section in eq. (2.15), they are
constrained by consistency to be

d . ket . -
g AU L) — [ AR K ) AW Fa),
0

d . L .
V(jljlsﬂi(k+’kL’M7V):_/d2 l%(kL—kLN)%(kJr’klvﬂ,V)

i (1t i 1 kT Vot
VY(k ):U'ay):_2rcusp(as) ;‘CO 7 +ln;5(k ) . (326)

3.6 NLL cross section
At NLL, the cross section is generated by evolving the tree-level functions from their
natural scale'”

pH = —iQ,

p=pr, vp=Q,

py =pr, ve=p7/T,

ps =T . (3.27)

to a common scale using the RG equations in section 3.5. Evolving all functions to the
collinear-soft scale (p.#, V), using results from refs. [72, 90, 95-99], we obtain

PTd ) Td’T’ do
/0 Pr /0 dQ2 dY dpl.dT’

= Z‘AT((;O) [fq(xlvﬂB)fq(f%MB) + fq(x1,u3)fq(x2, HB)]
q

I'(1l—np) eRe(Ku)+Kp+Ks—2vgnB—7E 15
I'(1+75)L(1 +ns)

(—QQ—iO)nH

13

e T
() Gs)”

%The inclusion of the factor of —i in the hard scale px follows from eq. (3.21) and allows us to resum a

(3.28)

series of m2-terms [91-94], thereby improving convergence.
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where 719 = (Q/FEem)e™ and Re(...) denotes the real part of a complex number. The
evolution kernels are given by

Kp(pn, py) = —AK{ (pu, pr) + 2K (s py) s na (s, ) = 200 (s, pr) ,

Vg
KB(VBJ Vy) - 2’}’3(&5) In (ﬁ) ) nB(VBa Ve/(//) = _2771(Z(VB7V<7) )
Ks(us, pr) = —4K{(ps, b)) + Kya (s, r) . ns(us, pr) = 4nf(ps, pr) ,  (3.29)

in terms of functions given in appendix B. Since up = p there is no p-evolution for
the beam functions. Because the scale of «a; in the v-evolution is u, the evolution of the
non-cusp v-anomalous dimension takes the simpler form shown in Kp.

It is worth emphasizing that eq. (3.28) continuously merges with the SCET; and
SCETy boundaries. This is no longer automatically achieved at NNLL, but can still be
arranged, as discussed in the next section. We also stress that eq. (3.27) represents a naive
choice of scales as these do no smoothly turn off at the boundaries leading to a discontinuity
in the derivative of the cross section (see also the discussion around eq. (6.14)). This will
be remedied by using profile functions [97, 100] in ref. [101], where a full analysis at NNLL
will be presented.

4 Matching the effective theories

We now show that the continuous description of the cross section across the SCET, SCET 1.
and SCETy; regions discussed in section 3.6 can naturally be extended to all orders. Specif-
ically, in the SCET region of phase space,

Lij(tox ko, p) = /dQEiIij(ﬂf,ELM, v) L (t/p" kL — KL, pv),
Skt ky,p,v) = / a2k, / Akt dE" SR ) S kL — K )
x S(k*— KT — K", ), (4.1)

up to power corrections of O(Ef /t) and O((kT)?%/ l;i), respectively. This follows directly
from the consistency of the factorization theorems in section 2.2: when the resummation is
turned off, i.e. a common renormalization scale is chosen for all functions in the factorization
theorem, the SCET] and SCETYy; factorization theorems simply produce the full fized-
order cross section up to power corrections. As the SCET, regime involves an additional
expansion, its fixed-order cross section can be obtained from either. Due to the many
common ingredients between the SCET ., SCET; and SCETy factorization theorems, this
then implies eq. (4.1).
We now restrict our attention to NNLL, for which eq. (4.1) reduces to

It ki, p) = 6(4) T (@, k1, pyv) +0(1 — 2) SOt /p~ ki, p,v)
IO (b, Koy p) = 8() I8V (@, k),

. 1 - -
SO Fu, ) = — 6(E2)SW (6, ) + 270 (6 E, i v). (4.2)
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The first equations are valid up to corrections of O(Ef /t), whereas the last one holds exactly
for k* < |k1|. This naturally suggests the following procedure for patching together the
cross section at NNLL,!!

d'o ~0 2 27 27 27%cs 127%cs 127 4oyt 14
(WW:%:%H(Q,M)/dtldtQ/dkud koy d7k$5 d9kS° d kzl/dkz1 dky dk

X [Bq(tl,ajl, lgu,,u) - ﬂ(l)(tle_Y/Q, Eu,u, V)}y(k:f, Eﬁ_, 78 1/)
X |:Bq(t27$27];;2l_7:u) - y(l) (t2€Y/Q7E2J_7,U’7 V)]y(k;J;giJ% l/)

-Y Y-
% |:S(k+7 kJ—Hu? V)_2L§ﬂ(1)(k+’ klnu’a I/):|5<T_6t2—2i_et2_ki‘r_k;_k+>

XO(p3 — K1y + kot + K +ES + kL) + (g q). (4.3)

Here the .#(-term subtracted from the beam functions (soft function) are evaluated at
the beam (soft) scale. From eq. (4.2) it follows that this reproduces the SCET}, SCET
and SCETyy factorization theorems in egs. (2.9), (2.15) and (2.18), up to power corrections.

We now derive eq. (4.2), using cumulants to avoid subtleties related to distributions.
Starting with the boundary between SCET; and SCET .,

t Cr- - aT; (1—a)t k2
at’ [ Ak2 T 2 K 0) = 2 | Inmi “Lip 2x(1 —
/O /0 1 qg( 7 Ly i?:u’) 972 nmin .CU;LQ 7M2 qg($)+ ‘T( :L’) ’

kJQ_ — = OésT EQ
/0 dk 2 Ié;) (2, K u,v) = 27r2F [ln <MJQ_> Pyg(x) +22(1 - x)] . (4.4)

We thus obtain the second line in eq. (4.2) for 0 < x < 1 — §, where

(4.5)

In the SCET region of phase space, the size § of the remaining interval 1 —§ < x <1 is
parametrically small, implying that the contribution from this region to the cross section
is power suppressed.

Similarly, we find that for 0 < x < 1 — § the first line of eq. (4.2) is satisfied,

t k2 12
~ - s k
/ dt'/ ldkfl(gé)(t’,x,kl,,u) = O;C;F {ln <J2'> Pyg(z)+1— x]
0 0 n H

EQ
- / CARR IO (@, K ). (4.6)
0

1This has a natural generalization beyond NNLL in Fourier /Laplace space, where one can take the full
inverse of . rather than the expanded version employed here.
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Although 1 — § < z <1 is again parametrically small, the integral over this region is not,
due to the presence of delta functions and plus distributions at x = 1,

- Cr ot 72
dt/ dk'2 / dz I (¢ 2,k _ s [ln2<>—+05},
A 2 o) = St | (5 o)

6
(1) asCp /€J_ 5£
/ dl{l/1 6d1:I T, k) = 5.0 [21n<lu ) In 1/ +00)|. (471

The mismatch is captured by the collinear-soft function
t/p~ k2, o
[ [ R S0 R

_OCSCF 2 kL %2 t 1% 7r2
=5 [ In <,U +2In e In e —&—lnu ik (4.8)

up to a power suppressed contribution

k2 1 t
/OLdk'f/l 5dx [/Odt’zgy(t’,x,k;,u)—Igé)(x,kl,u)}

t/p~ k2 o .
—/ dk*/ CARR SO R v) = O‘Sc;F w2 oy O(6) = O(6). (4.9)
0 0 27 k?

Note that in the last line it important that § is not arbitrary but given by eq. (4.5).
Combined with eq. (4.6), this establishes the first line of eq. (4.2).

Lastly, we consider the boundary between SCET and SCETy;, which involves the
following ingredients

i . C i? E2\ . [kt Kt

I+ 2 o(1) 1.+ T _ &bl 2f F1 Rl koY 2f v

/dk: /0 dk [ SY(E™T K, p,v) 52 [ 2In (,u2>+4ln<,u2>ln<,u> 41n (M)
§ +\2 722V 7.2 EE

+41n<2 111*_?‘*’9((]? ) —kL)ln <(k+)2>:|,

kt
/ Ak SO ) = 2T
Et .2 .2 + 2
asCp k ki k v T
k’+/ dk 27D K+ K GTE 2 EL)fo1n( EL) (1 In—)——]|.
/ 5 L, v) = 52 n 2 +2In NQ n . +n’u 5

It is straightforward to verify that for k™ < k, this satisfies the last line in eq. (4.2).

5 NLO cross section

In this section we determine the NLO cross section for Z 4 0 jet production, differential in
the invariant mass Q?, the rapidity Y and pr of the Z and beam thrust 7. We start by
collecting the relevant ingredients in section 5.1, check the cancellation of IR divergences
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in section 5.2 and present the final result in section 5.3. In section 5.4 we verify that
this agrees with SCETy, SCET, and SCETyy, up to power corrections. This provides an
important cross check of our formalism. We will match our resummed prediction onto
these fixed-order corrections in ref. [101].

5.1 Ingredients

The partonic cross section for the one-loop real and virtual corrections in MS are given by

YE 2\ € 1 _ e _
&;’1) Q2 87TOzSCF (6 e ) |:ng+sqg+28qq3qqg _6<2+zqg+‘%g>]’
qg

dm Sqqg LSq9  Sqg Sq95qg Sqg
2 € 2
() _ 240 WCOF (17 _i_i_4 i O 5.1
9qv @70 T Sqag €2 2 + 12 +0(e)] - (5.1)

The Lorentz invariants that enter here are defined as
sij = (Di+05)° =2pi'pj,  sijk= (i + i +Pr)° = sij + sik + Sjk (5.2)
using an incoming momentum convention for p;. Due to the flavor dependence of the tree-

~(0)

flavor. The full cross section can be obtained by summing over quark flavors.

level partonic cross section 64 ', we will for simplicity restrict ourselves to a single quark

We now discuss kinematics and phase space. The incoming partons have momenta
p1 = (‘TlEcma 07 0) ) b2 = (07 xQEcn’u O) ) (53)
in (—,+, L) light-cone coordinates (see eq. (1.2)), with z1 2 the momentum fractions of the

partons with respect to the colliding hadrons. At LO the final state consists of a Z boson
with momentum ¢*, and the phase space integral yields

x T d
Jaol) =[S S e e [ 5 n) g == po

8@ = 8|y — i (L) [ atwh - ) o7

= g8 i o) 5 (e ) 6.0

At this order, the momentum fractions x1 2 and the momentum of the Z are thus

Q@ vy Q v

e, To = e ",
Ecm Ecm

¢=(Qe",Qe™",0). (5.5)

xr1 =

At NLO, there is an additional massless parton that the Z-boson can recoil against.
To be consistent with eq. (5.1), we use an incoming convention for the momentum ps
of this parton. Assuming for simplicity that this parton goes into the right hemisphere,
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—p; < —p5 , the phase space is given by

dxy d d? d?
a0k = [4282 far, i) [ 5 [ 0-s)2mb08) ) 01— p)

x 5(Q% — q2)5[Y —3In <Z;>] 8t — @) 0(pg —p3) O(T +p3)

1 Opr —1T)
ST (o T ) (@ e )
Xfé(y/QQer%eY . P2 >f <\/Q2+p2Te_Y T ’M>' 56)

) +
ECII] EcmT IU/ Ecm Ecm

(1)

The contribution for the other hemisphere d@ijL can be obtained in a similar manner.
From this we can read off

V@ et 2 V@2 +pre™ 1
E - -

) ‘,'r2 - b
EcmT Ecm Ecm

q= (\/Q2 +p3e’ Q% + vk efy,p:r> , p3 = <_,];2T —T,pT> : (5.7)

The (irrelevant) azimuthal angle in the transverse plane is not fixed by the measurement. It

Ir =

is straightforward to evaluate the invariants in eq. (5.1) in terms of eq. (5.7). For q¢ — Zg,

p
Sqq = $1£L‘2Ecm, Sqg = —T1EemT , 89 = —T2Fcm 71: ) (5.8)
The other cases can be obtained by permutations. For gg — Zq we have
2
Sq5 = —T2Eem ?T , Sqq = xl:ngcm, S59 = =21 Eem T, (5.9)
and for qg — Zq we have
p
Sqq = —T1EemT , 8¢9 = xlxgEcm, Sqg = —T2Fem 7? ) (5.10)

Lastly, there is the NLO contribution from the PDFs, which consists of pure IR poles
in dimensional regularization. This can be effectively described as

d /
filem =52 Z/ 7 CiPy (;,)fj(ﬂf,ﬂ), (5.11)

where the color factor C; is Cp (TF) for j = ¢ (j = g) and the splitting functions are

Prol2) = (14 22)Lo(1 — 2) + 25(1 _2), Pyle)=(1—2)2+ 22, (5.12)
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5.2 Cancellation of IR divergences

In this section we combine these ingredients and verify the cancellation of IR divergences.
We assume ppr,T < @ to simplify the calculation, though we do not restrict to any
particular relative hierarchy between py and 7. This leads to

2\ €
. _ 12400 eEp 2 1_ Pr 1 T pT
7129 @ 74 5T QSCF( A7 > |:p%“ +( ) xlEcm($1EcmT pT)T +O Q Q2
2\ €
~ _ 2 ~(0) G’YE/,L 1 _ 2 pT I pl
Ogq—Zq Q Oy 8t asTr < I ) |:5U1Ecm7—_p% 1—¢ x%EQ T2 L+ (’)(Q, QQ)
e 2 7 T

24 (0) T e L1 1 pr 1

Oqg—zq = Q0 8ma Tk < . ) $2p%p($1Ecm7'—p%) + O(Q Q2) . (5.13)

For qg — Zq and gq — Zq there is a fermion minus sign from crossing eq. (5.1) and we have
taken into account that we need to average over incoming gluon polarizations and colors
instead of quark spins and colors, resulting in the overall factor 2N./[(2 — 2¢)(N2 — 1)].
The phase space in eq. (5.6) simplifies as well

1 _ 1 Opr —T) (Q i > <Q e’ )
/dq)”,R (4F)2—6P(1 —€) Q(QT+pT€_Y)p2T€ fi Jo + E..T’ fJ Eem >
(5.14)

To avoid subtleties related to distributions, we calculate the cumulative cross section
in pr and T,

/ dp’r / a7’ d40q
dQ2dY dpiZ dT"

/ A f ($> ) A
- [ o { footy [sois o St fastiuonn

+ /dq)c(yg),R Oq9—2q + /d‘béq),R Ogq—zq + (71 ¢ 22) + (¢ < Q)}

_ 50 @\ 1 3 Tm?
=0y fq(xlau)f(i(x% ) Cr Q2 —?—%—4+§+0()

1 ' da} fj(xp,u) <x1>
+ = LR ~op 2L
€ ;/xl x) fq($1,u) 7taqy z,
1 [tda) Ja(, 1) 2z (2 — 2p)172
e, 1_g™—4) =
€ /551 {fq((lfluﬂ) CF (.’L’& — $1)1+2€ + ( 6) .fCll
n fg(a?/p/i) T 1 2 m(@ - ) e 2\
folwrp) L@ —e)* e b r(l—e \E2,
. T p% —€
1
) |:m1n{ ’ (xll - xl)ECm’ (xll — 1‘1)2Ec2m

+/1d33/1 fq(xlla/l)fg(f%/‘) Tr 35/1 e€VE ( ,UQ >€
o T folrr, p) fa(wa, )~ wa(2) —21)%T(2 — ¢

[t s ] Ve momraen, 619

1 —x1)Eem (2] — 21
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where in the final expression we used the shorthand notation

Q v Q@ _y
e, To = e ", 5.16
Eerm *" Eem (5.16)

xr1 =

which should not to be confused with eq. (5.7). The contribution from d®j, is included
through (z1 <> x2).

We obtained eq. (5.15) by first rewriting the p4? integral in terms of a2’
PR = (2] —21)Em T . (5.17)

such that

P2 1
/0 dp’T2 = / dz)| Eem T’H(p?p — (2} — xl)ECm’T’) ) (5.18)

1

For the subsequent 7 integral we find

T 0(ph — (2} — 21)EenT")0((2} — 21) Eem — T)
/0 dT (7'/)1+e
_ L ) T Pt -
_ [in 1. T

€ (2} — 1) ES, " —x1)Eem’ (2] —21)2E2,

and similarly for the term that goes like (7”)~¢. The cancellation of IR divergences becomes
clear once we use the following expressions to expand in e,

211 (2h —zp)1 72 1 3 1 o
W-ﬂ-(l—e)i,: —f—§+21nx1 ) 1—17 + Py, +O(e),

o
L1 € 1 Ty
1 2 zi(r] —m

_p(m
(zh — 1)2¢ T1_¢ 2 = qu(mﬁ) +O(e), (5.20)

which follow from eq. (A.3). Note that the Inz; term on the first line and the corresponding
term from (x; ¢+ x2) combine with In(E?/u?) to give In(Q?/p?) = In 1 +1n 2o +In(E?/1?).
5.3 Result

We now present the cross section for pp — Z + 0 jets, differential in the invariant mass

and rapidity of the Z, and with cuts on the transverse momentum of the Z and on beam
thrust. This is given by the finite O(e") terms in eq. (5.15), which we rearrange into the
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following form

e
a2 [ ar
/ PT / T dQQdep ar’

- (3((10) fo(z1, 1) fo(z2, 1) % <2 [1112 <mlf°m> — In? <Z))]

d 2p2 E 2
+ Z/ Zl 7]2 1’1/21, ) Cquj(Z1)lnmin{x12 C2m, Txl Cm27 pT 2 2}
21 fq(w1, ) zip? 2 (l—21)p? (1—21)2p

4+ /mdzl {JMW Cp [2(1+z%)£1(1—z1) + (— 4+ 7T2)6(1 — ) +1- 4

21 fq(xlvﬂ) 2
+ W Tp [2Pyg(21) In(1 — 21) + 224 (1 — zl)} }
Ydar fylwr/z1, 1) fo(w, 1) Ty { 21T 2ip} }>
* /xl 21 folzy, p) fq(x, 1) Ir P b 21(1 = 21)Eem” 23(1 — 21)2E2,

+ (1 < 22) + (¢ ¢ q).- (5.21)

Here we changed variables to z1 = 1 /2.

5.4 Comparison to resummed predictions

We will now expand eq. (5.21) in the SCETy, SCET, and SCETyy regions of phase space,
and verify that this agrees with the predictions from factorization theorems, up to power
corrections. The second-to-last line of eq. (5.21) could never be produced by the factor-
ization theorems, but is power-suppressed and does not need to be considered. Since the
cross section in eq. (5.21) is a cumulative distribution, we benefit from the cumulative
expressions for the ingredients of the factorization formulae in section 4.

The minimum in eq. (5.21) cuts the z; interval into three regions

_ _ ) b1 /(z1p))? 1>2 > 2
win{ (2) T b Tl ] sz az e (522
zip/ (1= 2)p? (1= 21)2p ) ) ==
pr/[(1 = 21)"p”] 2p>21 20
with p; = 21 FEem = QeY and boundaries at
1 1

Z2q = 2y = (5.23)

1+T/py 1+p%/(Tpy)

Because the size of the interval 1 > z; > 2, is parametrically small, O(7/Q), we only
need to keep the logarithmically enhanced contributions. From the z; — 1 behavior of
the splitting functions P;(z1) in eq. (5.12), it is clear that only the contribution from the
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diagonal j = ¢ term is not suppressed:

da1 fi(z1/z1, 1) n\  Trr P
Z/ fo(z1, 1) C3Fgs (1) Inmin zaip) (1= z)p?’ (1 - z1)2p?

—92CrIn <pu1_> /zadzl qu_(zl) [1 + 0(5)]
— 20rIn <p;> [—111((1971'2) )+ﬂ {Ho(g)}
-t 3) o (5) e () Df-o]

In the SCET] region of phase space, the interval z, > 21 > zp is not parametrically

small. We therefore do not give the boundary z; any special treatment. It is convenient
to rewrite the remaining integral over 1 > z; > z1 and subtract the contribution from
1> 21 > z,. This requires us to extend Py,(z)In(1 — 2) to z — 1, which we do as follows:

Py(2)In(1 — 2) — (1 + 23)L1(1 — 2). (5.25)
We thus obtain

Z/zadzl L@/izm oop lnmm{(pl_>2, (Tpl_ o } (5.26)

21 fqlwr, ) zip) (1 —z)p?’ (1 — 21)%p2
dz1 fi(z1/z1, 1) . [ Tpy Pr (1
- Z/ TAEN) CjPyji(z1) | Inmin PRl Cp—— In(1 — 21)

- flascrren [ (Z25) -] 1 0(F)]

dey f : [T oy 1
—Z/ S ot i TH P, )

e () 3u() (D (0)-() 2o

Combining egs. (5.21), (5.24) and (5.26), it is straightforward to verify that this agrees
with the SCET] factorization formula in eq. (2.9), using the results in section 4.

In the SCET and SCETy; region of phase space, the interval z, > 23 > 2z is also
parametrically small, O(p2T/ (TQ)). In fact, for SCETy both z, < z, and z, > z, are
allowed. We start by assuming zp < zq,

Za 1 2 L i
Z/ le fj xl/zla )C Pq](zl) lnmln{<pl> , Tpl 31 (1 pZT)QlLLQ}
—Z1

21 fy(w1, 1) zip) " z(l—z1)p

_ oF/ Az Pyg(21) [m (73’1 ) ~In(1 - z)} {1; O(fgﬂ 2
o (5)0(2) ()l () (D) )

[1 + O<TQQ>] (5.27)
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The remainder is

2p le f] $1/Zl Iu,) . . i ) Tpl_ p%
Z/ 2 folw,p) CjPgj(z1) Inmin o |

Z/ dzy f;qulx/jl,) 1) C;Py(21) [m <Z’€> —21In(1 — 21)}

w5 -ama- ol

2

_ Z/ dz fﬂf:;/jl’) W op (o) [m <i’—g> —2In(1— zl)}

e () on (3 () 001
R ) R R

We have verified that this agrees with the SCET factorization formula in eq. (2.15) ex-
panded to NLO, providing an important check on our effective theory framework.

We now consider z, > zg4, i.e. pr < T, which is only allowed by the power counting
in the SCETY; region of phase space. In contrast with eq. (5.22), we now only have two
regions: 1> z; > 2. and z. > 21 > x1, where

- 1
1+pr/py

This leads to the following correction to the SCET result,
vdz fi(x1/z1,p) Tpr (py)?
0T — { / e CiPyi(z) [In| ————=— ] -In
o Z 2 folz,p) 7 (=) 21 (1= 21)p? 2

) chff D) copten [ () - ()]

(5.29)

+ /Z:Cdzl Poy(21) [2 In <§1T> —2In(1 — z1)] } [1 + O(g)]

h CF (T — pr) In? <T2> [1 + O(g)] (5.30)

The first line erases the earlier contributions from z, < z1 < 2, and the second line from
zp < 21 < Z.. This agrees with the FU soft function in eq. (4.10).

We conclude this section by briefly commenting on the size of the various power cor-
rections we encountered. In section 5.2, we restricted to pr, T < @, dropping some (but
not all) terms of O(p2/Q? T/Q). In our SCET] analysis in this section, we systemat-
ically expanded up to corrections of O(7/Q). For SCETy the power corrections were
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Mode: Scaling (—,+, 1)

collinear Q(1, \2r/B \r/B )
ar—pf (a—2)r—(8—2) (0471)7“7(571))

collinear-soft Q()\ a=B N\ =B S, A aB
soft QA A)

Table 2. Modes and power counting in SCET for the double angularity measurement on a single
jet. The power counting parameter is A, with A ~ e, ~ e;/r and 1 >r > §/a.

O(T/Q ~ p2/(TQ)), and for SCET they were O(p%/(TQ)) in size. Contrary to our
expectation in section 2.1, we found no O(7?/p%) power corrections at NLO. However, it
is quite possible that this changes at higher orders.

6 Measuring two angularities on one jet

We will now apply our effective field theory framework to the measurement of two angu-
larities on one jet. The angularity e, of a jet is defined as [32, 65, 102]

ea = Eft (%)a . (6.1)

Here, E; and 6; denote the energy and angle (with respect to the jet axis) of particle i,
and Eje and R are the jet energy and radius. To avoid the issue of recoil [28, 103-105],
we use the winner-take-all axis [105, 106]. This ensures that the direction of the collinear
radiation coincides with the jet axis.

For the measurement of two angularities e, eg (with o > /3), the phase space is given
by eg/ ¢ > eg > eq at NLL. The effective field theories on the boundaries were discussed
in ref. [34], so we focus on the intermediate regime described by SCET,. The modes of
SCET, are shown in table 2. Their power counting is fixed by the requirement that these
modes are on-shell, that the collinear mode contributes to eg, the soft mode contribute to
eq and the collinear-soft mode contribute to both. This leads to the following factorization
formula

— 610 H,(Q%, ) / A5Q° e Qde QP des,Q i (€5Q% 1) FH(eQ, e5QP) Si(e,Q. 1)

CcS

X d(ea — €y —eg)d(ep —€f —€F), (6.2)

for quark (i = ¢) and gluon (i = g) jets. Here, 650) is the tree-level cross section, and H the
hard function describing hard virtual corrections. The jet function J, soft function S and
collinear-soft function . capture the effect of collinear, soft and collinear-soft radiation,
respectively. The first two have been defined in ref. [34] while the third is the analog of
eq. (2.17) but for the double angularity measurement. Since we only work up to NLL
order, we are allowed to consider a single jet. At higher orders we need to take the rest of

the event into account, and eq. (6.2) must accordingly be generalized to e.g. eTe™ event
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shapes. We expect the power corrections to be O(eq/eg, eg/ﬁ/e@)7 which blow up at the
edges of the phase space, where the boundary theories should be used instead.
Below we collect what is needed for NLL resummation. The RG equation and the

anomalous dimension of the hard function are

d

o Hi(Q%, 1) = v (Q%, ) Hi(Q, 1)

. . 2 .
(@2 1) = T (o) In fo (). (6.3)

For the jet function we have

d e .
p - JilesQ” ) = / Bdeb Q7 7 (esQ” — €3Q°, 1) Ji(esQ°, 1) ,
K 0
; 2 1 B .
8@ ) = 5 Thugla) oo 20 ) 4 3be) es@). (00

and the soft function satisfies

d e .
nL S (ea. 1) = /0 de Qs (ea — Qs 1) Si(eh Q)

du
2 ea)

) ) 1
& g = 7F2 s)
75(6 Q ,u) a—1 cusp(a )M£O< [

> +75(as) 8(ea@) - (6.5)

The anomalous dimension of the collinear-soft function is constrained by consistency of

the cross section in eq. (6.2). These anomalous dimensions involve I't,q,(as), given in

appendix B, and the non-cusp parts

) ) . n+1
e = Sk (52) (6.6
n
with X = H,J,S. At NLL we only need the leading coefficients,

Vi = —6CF, Vo = —25o, 73,0 = —Yho> Voo =0, (6.7)

where [y = % Cy— %TF ng.
We now evaluate the double cumulative distribution at NLL order by inserting the

tree-level expressions

Hy(Q% ) =1, Ji(esQ’, 1) = 0(esQ”)
Fi(eaQ, e5Q") = 6(ea®Q) 3(esQ"), Si(ea@, 1) = d(ea®), (6.8)

in eq. (6.2) and evolving them to the collinear-soft scale y . This results in

ea eg 820
E, — d / d /
i(easep) /0 e, /0 €3 7865186’5

) Kt K+ K=y 0y =75 1% (Q>2n§{ (6}5/5@)5773 <eaQ)’75
P +ny)P(+ny)  \pm 1

=0

. (6.9)
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The evolution kernels that enter here are

Koy (s por) = =2K{ (s por) + Kog (prspr) s (i) = ni(igs ), (6.10)
A 28 . , 92
Ky, wr) = =75 Kol i) + Koy (s nr) s mypess pr) = 7= (b 7).
. 92 . . .
Ks(ps,nr) = 7— Krlus, pr) 0s(ps, pr) = =3 —— i (us: 1)

in terms of K, n% and K defined in eq. (B.1). As starting point for the RG evolution
we use the canonical (natural) scales

HH = Q ;
1
g = €5/BQ =[] 5
8 a—1\1/(a—
po = (en Pef) D@ = pyss,
ps = eqQ = ps_ss . (6.11)
which we identified with the interpolating scales w7, pj—s and pgs_g of ref. [34] (see

also appendix C of ref. [37]) to simplify the comparison.
This mostly agrees with the conjecture made in ref. [34]

—R(e(ueﬁ)_'YE R(ea,t?ﬁ)
EZr‘ef. [34](60“ 65) — € _ (612)
L(1+ R(ea,ep))

where

NLL s , ,
R(ea,ep) = —Ky(pw,py) — Kj(py, py) — Kg(ps, o),

% NLL i
R(eases) = ny(pr, o) + ns(ps, psr) - (6.13)

The only difference!? with our result in eq. (6.9) is in the denominator, where we have
L(1+n5)(1 4 n%) instead of I'(1 + n% + n%). These factors agree with each other on the
boundary, since either 773 or nfg vanishes there, but lead to (’)(a? 1n2) differences in the bulk.
(An analogous conjecture to eq. (6.12) in Laplace space does agree with our result.!?)

According to ref. [34], the leading difference between their interpolation and the true
NLL cross section is expected to be 0/8l In*. However, this is based on boundary conditions
for the differential cross section, which do not affect the logarithmic accuracy of their
calculation in the bulk. Specifically, their differential cross section satisfies the condition
at the boundary e, = eg/ A through the addition of terms that are power suppressed.
Since these terms are power suppressed in the bulk, they cannot improve the logarithmic
accuracy there.

In ref. [101], we will discuss how a more sophisticated scale choice than eq. (6.11)
provides a natural way to satisfy the derivative boundary condition. In addition to requiring

2Tgnoring differences beyond NLL order and power suppressed contributions.
13We thank D. Neill for pointing this out.
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1. to merge with py or pg on the respective boundaries, one can also require a continuous

derivative,
d d 9
_ B/a 9 -0
Dew NJ(eaaeﬁ) ca=ef/*  deg fy(€a,eq’ "), deg M‘](ea’eﬁ) eg=eh/® ’
d d 9
v - Bla =0
Dea 7 (€as 65) eg:eg/a deg, 1 (€a; €a )’ 865 M'y(ea’ 65) eﬁzeg/a ’
B d 9
_ B - =0 6.14
e ps(easep) ese/o ~ den ps(eas €y’ ), des ps(eas es) ——e , (6.14)

and similarly for the boundary at e, = eg. These equations closely resemble those imposed
on R and R in ref. [34] and follow from the same steps. Note that there is a redundancy
in the constraints in eq. (6.14), as e.g. the second equation on the first line implies the
first. The scale choice in transitioning to a region where resummation is turned off has
been studied for single variables in e.g. refs. [97, 100], and also in ref. [52].

7 Conclusions

In this paper we studied the resummation of double differential measurements. We focussed
on two examples: Drell-Yan production with a (beam-thrust) jet veto where the pp of the
lepton pair is measured, and the measurement of two angularities on one jet. Concerning
the latter, in ref. [34] resummation on the two phase space boundaries was achieved, and
an interpolation was built to smoothly connect them. We go beyond this by identifying
the factorization formula needed to achieve resummation in the intermediate regime. This
involves additional collinear-soft modes, and the corresponding collinear-soft function was
calculated at one loop. The relations between FU PDFs, collinear-soft functions and (FU)
soft functions were investigated. The consistency of our factorization theorem was verified
by checking that the anomalous dimensions cancel between the various ingredients, and
by comparing to an analytic NLO calculation of the cross section. We also showed how
to combine the factorization theorems on the boundaries and interior, to achieve NNLL
precision throughout. At variance with ref. [34] we found a universal factorization formula
that describes the cross section in all three phase space regions up to power corrections.
Numerical results, including the matching to fixed order, will be presented in ref. [101].

If the hierarchy of scales for the individual variables is not that large, such that the
resummation of them is only marginally important, there may be not enough room for a
distinct SCET region of phase space. (This can be seen in figure 1, where you have to
go deeper into the resummation region for SCET..) Even in this case, one benefits from
knowing the correct description of the intermediate regime in building the interpolation
between boundaries, as illustrated by the O(a2In?) difference between our NLL results and
the interpolation conjectured in ref. [34].

Looking forward, we hope the results presented here will stimulate the development of
more realistic analytic resummations and more robust Monte Carlo descriptions of LHC
events. The framework presented here has natural generalizations to resummation in more
than two variables. Finally, finding a proper description of the “terra incognita” in figure 1
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is important for resolving a long-standing issue over double counting between higher-order
corrections and double parton scatterings.
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A Plus distributions

The standard plus distribution for some function g(z) can be defined as
d x
b)), = lim (0@ - H)CE)]  with  Glx) = / A g(@), (A1)
1

satisfying the boundary condition fol dz [0(x)g(z)]+ = 0. Two special cases we need are

0(x) lnnx] ~ lim [9(3} —B)In"x +8(z— B) ln"“ﬁ] 7
+

Lo(z) = [

€T B—0 T n+1
0(x) . [0(x—pB) ' —1
Ny = _ vl —=p) B
L (z) = [xln} . [13135{ = T =6 | (A.2)
In our calculations, we use the following expansion in plus distributions
0(x) 1
e =~ 0(2) + Lo(®) — eLa(2) + O(e"). (A.3)

Rescaling and convolution identities for £,(z) and L£7(x) can be found in appendix B
of ref. [97].

B Renormalization group evolution

The functions K (o, 1), ni(ko,p) and K (o, 1) that enter in the RGE solutions are
defined by

: as(1) do : Qs do/! : as(1) do -
K Mo, 1) = / — F;L:us Qs / . ) 771 Ho, 1) = / — I‘éus As),
£ (ko 1) as (o) Blats) (o) as (o) B(A%) t - ) as (o) Blats) p(c%:)

K. (jios 1) /W) dos i (as) (B.1)
i (po, 1) = Vi (as). :
O as(uo) Blas)
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Expanding the beta function and anomalous dimensions in powers of «,

> g\t ; s . [ Qs \
Oés) = 20 Zﬁn<ﬂ) ’ I‘cusp( ) - ZF”<E> ’
n=0

e i Qg n+1
as) = Z’YX,n(E> : (B.2)
n=0

their explicit expressions at NNLL order are

. Fi 4 1 Fi
K%(#O’M):_élﬁ%{%(zo)(l . lnr)—l—(ljé—g;)(l—r—l-lnr)%—?ﬂﬁolnr

s (o) 1 1 —r? 51I‘Zi ﬁ%
i 4w [(0_> 2 >+<50F6_ﬁ(2)>(1—r+rlnr)
(Fi B Blrl) —r) ] }
.PO Bl 2 |
(0, ) = =0 [lnr 4 slro) (le - 51>(r_1)

2f3p dr \TI'y  Bo
+a§(uo)<F§ BT +5% ﬁz)?‘ - }’

1672 F6 B()FB ﬁg 50 2
Tx0 { as(po) <fv§(1 m) }
K., ) =——"—|Inr + -~ r—1)]. B.3
v, (1o, 1) 250 i Yk, o (r—1) (B.3)

Here, r = as(p)/as(po) and the running coupling is given by the three-loop expression

10X A Ozs(Mo)[ﬁz( ) ,6’1<lnX 1 )]
()~ an(uo) T amBy N Tem a1 ] tx 1), (B4

where X =1+ a,(po)BoIn(p/po)/(2).

The coefficients of the beta function [107, 108], cusp anomalous dimension [109, 110],
non-cusp anomalous dimensions of the hard function and jet function [1, 110-117] and non-
cusp anomalous dimension of the rapidity resummation [10, 13, 14, 118] are given below in
the MS scheme. At this order I'Y = (C4/Cr)I'!, which are therefore not separately shown.
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