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1 Introduction

Recently, there has been much interest in calculating non-gaussian deviations for the statis-
tics of primordial perturbations generated by inflation. Signatures of primordial non-
gaussianity could falsify various models of the early universe. One is in general interested
in computing three point expectation values of fields, evaluated at late times, when all
modes have exited the horizon.

Maldacena pointed out [1] that there is a nice consistency check for the three point
function of (single field) inflation. Namely, when one considers a “squeezed” triangle shape,



where one of the momenta is much smaller than the others (their sum needs to be zero due
to translational invariance), the three point function can be written in terms of the tilt of
the spectrum of the two point function.

The intuition behind this consistency condition is as follows. In the squeezed regime,
the long wavelength mode has exited the horizon earlier than the other modes, so its effect
is to rescale the coordinates at which one computes the power spectrum for the other,
shorter wavelength fluctuations. This intuition turns out to be correct for all models with
a single field setting the natural “clock” for the inflationary period [2] , and is thus a way
to falsify single field inflation.

The consistency condition has been checked in many different models, and was derived
in various different ways. An incomplete list of references is [2-4]. The original consis-
tency condition concerns only the leading term on the momentum of the long wavelength
mode. Considerable progress has been made since, by several groups, on studying sub-
leading corrections to the squeezed limit. Also, consistency conditions coming from soft
internal momenta were found, relevant to squeezed limits of expectation values with four
or more legs [5-11]. The derivations attack the problem from various perspectives. They
either explore the broken symmetries of the (quasi-de Sitter) background, or some residual
diffeomorphism invariance of the metric that was not completely fixed. There are also
approaches that take the long mode as a classical background perturbation over which the
shorter modes evolve.

In this paper, a different derivation of these results is provided. The object of primary
interest will be the wavefunction of the universe, W[h, ¢|, which has information on the
probability for spacetime to have a spacelike slice with a given 3-metric and additional
field profiles (for single field inflation, we also specify the profile of the inflaton on the
slice). In this formalism, the wavefunction is specified by the so-called Wheeler-DeWitt
equation [12]. We will show that coordinate reparametrization invariance of the three slice,
also known as the momentum constraint, has all the information on squeezed limits of
inflationary expectation values. In other words, all known consistency conditions follow
from a symmetry of the wavefunction of the universe, or a constraint on its form. The
wavefunctional perspective was also used to derive consistency conditions in [11].

Our situation here is analogous to the following in a gauge theory. We can compute
Feynman diagrams and find correlation functions for the gauge fields A,,. These correlation
functions satisfy some transversality condition, which basically removes the unphysical
longitudinal modes from physical observables, like scattering amplitudes, and preserve
unitarity etc. These are the Ward identities satisfied by the correlation functions. In
gauge theory, we know what the good, gauge invariant observables should be (for example,
correlations of field strengths F),,,, or Wilson loops). In gravity, a good observable should
be diffeomorphism invariant.

When we compute the expectation values, there are still “longitudinal modes”, or
unphysical information, in these functions. The consistency condition basically tells us
that the leading and next to leading order terms in the squeezed limit are fixed by this
pure gauge information. From the point of view of a “metaobserver” that sees our universe
from outside, these would be unphysical modes. Because we have to pick a frame to make



observations in cosmology, we would measure a squeezed non-gaussianity. The point is that
it is fixed basically by the field content of the inflationary theory, and not from the details
of the field interactions etc. This effect was recently computed and discussed in [13] , in
the context of translating the inflationary expectation values to CMB fluctuations in the
sky.

In [14] , it was pointed out that, in fact there is an infinite number of such consistency
conditions, and, at each order in the long mode Taylor series, there should be terms fixed by
diffeomorphism invariance. With the wavefunctional approach, that becomes very clear, as
the consistency conditions can be extracted from a power series expansion of an expression
of the schematic form:
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Where we omit indices of the other metric insertions for simplicity. These functional

derivatives can be mapped to tree level expectation values of the fluctuating fields (metric,
inflaton etc.). We can expand (1.1) around kz = 0 and, at each order, it will provide a
consistency condition. In fact, (1.1) totally determines the form of the derivative of the
wavefunction to leading and subleading orders. From quadratic order on, we cannot fully
constrain this functional derivative, and that is when the truly physical contributions to
the squeezed limit appear [13, 15].

One nice feature of this wavefunctional formalism is that it is easily extended to theories
with more fluctuating fields. Also, tracking the consequences of other symmetries of the
wavefunction, like some flavor symmetry of the scalar sector, seems to be straightforward
in this language.

The paper is structured as follows. In section 2, we review the Wheeler-DeWitt for-
malism, in particular for Einstein gravity in de Sitter space, and for single field inflation. In
section 3, we briefly treat the Hamiltonian constraints and comment on their implications.
In section 4, we write the consistency condition from the wavefunctional perspective. In
section 5, we derive the consequences for expectation values of fields, focusing on three point
functions. In section 6, we make a few observations on gauge/gravity duality. In section 7
we discuss our results, followed by a few appendices on technical details. In particular,
appendix B shows a somewhat simple but still interesting extension of the consistency
condition to a single field inflation model with an additional massless scalar.

2 Gravity in the Schrodinger picture: the Wheeler-DeWitt equations

In the Wheeler-DeWitt approach to perturbative quantum gravity, the object of interest
is the wavefunction of the universe. It gives the probability that the spacetime has a spa-
tial slice with given 3-metric and field profile. The equations express the time and space
reparametrization invariance of the wavefunction. The spatial reparametrization invariance
implies the so-called momentum constraint on the wavefunction, and is an expression anal-
ogous to Gauss’ law in electromagnetism. The time reparametrization invariance encodes



the dynamics of the theory. These are properly described in the 3+ 1 decomposition of the
metric, or the ADM formalism.

In this section we review how to obtain the Wheeler-DeWitt equations from the ADM
decomposition of the metric. We analyze two particular cases of interest, namely, Einstein
gravity in de Sitter space and single field inflation.

2.1 Einstein gravity with positive cosmological constant
Start from the action:

S = H/H((4)R —2A) (2.1)

2
With k = (167GxN)~! = @. Then, in the ADM decomposition, ds?> = —NZ2dt?> +
hij(N'dt 4+ dz')(N7dt + da?), the action reads:

S = l{,/N\/E [K”KZ] — K? + R — QA] , Kij = (hU — lej — Vle) (22)

1
2N
Indices in (2.2) and from now on are raised with h%/ instead of the 4D metric. We are

omitting some boundary contributions which were subtracted by the Gibbons-Hawking-
York term. The conjugate momenta to the metric are:

5L . 6L
= — = 07 T = — =
oON ON;
7l = 2% = VR(KY — hK) (2.3)
Shi;

So the Hamiltonian will be of the form:

1 g
H = / {N |:2\/E ij, kl7T ﬂ'kl — Hf( — 2A):| + QVZNJ']TZ]}
K
Gijjet = (hihji + hahjk — hijhi) (2.4)

Gij ki is called the DeWitt metric.! Quantization on a basis that is diagonal in the three
metric h;; corresponds to promoting 7 = —ih%ﬁ. Then, variation with respect to the
lapse and shift yields the equations:

I Gispg O + kVh(R - )}\If
R K Ohij Ohyy
1 00
—2ihV; = 2.
1hV [\f(ng} (2.5)
2.2 Gravity plus a scalar field
Now write the action as follows:
s=x [(R- (Vo) - 2v(9) (2:6)

'In the literature, the factor of 1/v/h is usually absorbed in the definition of G, 80 Ghere = VAGDewitt-



Again, using the ADM decomposition, the action reads:
g 1 . A 3
S =k / Vh [N(KUKU ~ K>+ R)+ ~(0- N'0;¢)* — Nh90;00;¢ — 2NV (¢)| (2.7)

The conjugate momentum for the metric is the same, and the gravitational Hamiltonian
is the same, but for the cosmological constant. The conjugate momentum for the scalar
field is:

(¢ — N'0;) (2.8)

o 2kvV'h
TN
The total Hamiltonian will be:

_ IR 1 649, ]
H /{N [%ﬂ%,m m K\/ER+4K\/E7T¢+/€\/E(/1 8;00;6 + 2V (¢)) | +

+ 2V, N7 + hiﬂ'Njai@%} (2.9)
Now, the wavefunction W[h, ¢] is subject to the constraints:
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L o } (2.10)
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2.3 Tree level Wheeler-DeWitt equation

Write U = Exp{iW/h} and expand the equations (2.5) (2.10) to zeroth order in A. We get
Hamilton-Jacobi equations for W, of the form:

1 oW oW
2I€\/EGZ]’M (Sh” 5hkl . H\/E(R 2 ):| 0
1 oW
2Vi|—=o—1=0 2.11
[\/ﬁahij] 211)
And, for single field inflation, of the form:
1 SW oW 1 [owW)\? g
- Gz + \/ER* <> — \/E hzﬂai 0 1+ 2V —0
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1 oW 1 .. W
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[\/ﬁ 5hz‘j] Vh ¢ )
(2.12)

3 Structure of the wavefunction at large “volume” and time indepen-
dence

We are interested in computing the wavefunction at late times. Time is absent in the
Wheeler-DeWitt approach to quantum gravity, so, in the context of inflation, we will be
looking at the wavefunction for a spatial slice with large “volume”. In other words, take



the spatial metric and redefine it as h;; = azhij. We can then consider the asymptotics
of (2.11) and (2.12) as a — oc.

The time reparametrization constraint of general relativity is encoded in the Hamil-
tonian constraint. In principle, it will fix the wavefunction, given suitable boundary con-
ditions. Here we just want to point out that there is a “time-independent” piece of the
wavefunction, which is nonlocal and encodes the superhorizon fluctuations in inflation.

3.1 Pure gravity

Begin by substituting h;; = aQiLij to (2.11). The Hamiltonian constraint becomes:

L, OW W
Ciimie 2+ sV h(aR — a®(20))| =
CowadVh L 6hi; Shi

(3.1)

Now write W = a®a [ Vi + aB [ VhR + Wy + O(1/a). Solving (3.1) order by order

in a, we get:

A
a =4k 3
3
B=—K\—+
A
BM% =0 (3.2)
(5hij

So (3.2) tells us that W) is scale invariant, or a independent. Note that, as we consider the
a — oo limit and compute expectation values, only Wy is important, as the local terms are
imaginary, so they will not appear in |¥[h]|? = Exp[2Re (%Wo)]

3.2 Single field inflation

Here the method is essentially the same, though the structure of the wavefunction is more
complicated. A similar construction was carried for an arbitrary number of scalars, for
a 5-D spacetime, in [16]. See also [17, 18] for a detailed analysis of the Hamilton-Jacobi
equation for single field inflation. The Hamiltonian constraint is:

L W W
2603V Shay Ohyy

0

e et

(3.3)

Now write W = a® [ VAU(6) + a [ Vi [®(9) R + ©(0) (h10:90;6)| + Wy + O(1/a).



Solving (3.3) order by order in a, we get:

8k2 | 2
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/
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The auxiliary potential U is related to the potential V' via (3.4). The variation of Wy with
respect to the trace of the metric is related to a variation of Wy with respect to the scalar
field. This relates two different gauge choices, one in which the trace of the metric is a
fluctuating degree of freedom (¢ gauge) and the other where the scalar field fluctuates (6¢
gauge). The factor that relates one to the other is related to the slow-roll parameter of
single field inflation [1, 18, 19].

The existence of a “time-independent” piece of the wavefunction, for large volume (late
times), is equivalent to the statement that there are fluctuations of the metric that freeze
at late times [20]. Those are the fluctuating fields whose correlations are calculated using
the in-in formalism in inflation.

With Hartle-Hawking boundary conditions, Wy can be computed explicitly. One eval-
uates the classical action with a solution for the equations of motion that obeys these
boundary conditions. At very early times, the modes are in their flat space vacuum, as
their physical wavelength is too small to probe any curvature effects of spacetime. W)
has an imaginary piece that gives the tree level contribution to inflationary expectation
values [1, 21].

4 Consistency condition as a Ward identity for derivatives of the wave-
function

In the previous section, we showed that the wavefunction has a piece that is late time
independent. Now we want to show that the consistency condition for the cosmological
correlators arises from reparametrization invariance of the wavefunction of the universe, in
particular, of Wy. We write h;; = a2(5¢j + pij) and consider the limit of a — oo, which
would correspond to a late time slice in the semiclassical approximation.

Now we impose that the wavefunction is invariant under spatial diffeomorphisms. This
means that W[h;; + V(;v)] = V[h;;]. This implies that:

(4.1)

SU[hy;] =2 / BV avp(2) W [hi] 10U ]

Shap(2) (@) 0hij (@) 0

Equation (4.1) is the Ward identity for the wavefunction of the universe. It is a

:0:>V,~[

statement on its reparametrization invariance. Of course, this is the same as equation (2.5).



Specializing to Wy, the scale invariant piece of the wavefunction, as in (3.2), we see that
it also satisfies (4.1) with ¥ — W, as the other terms that survive in the a — oo limit
automatically satisfy (4.1), as they are invariant under spatial reparametrizations.

Let us now perform a perturbative expansion in Wy. We take the perturbations to
be around the flat metric, as d;; + p;;. Of course, this is due to what we know about
the universe being approximately flat after inflation. The consistency conditions can be
easily generalized to expansions around different backgrounds, as the WdW equations are
invariant under the choice of background metric.

As we are interested in the non-local piece of the wavefunction, we start quadratic in
the metric:?

W()[}Al] = 1/d3xd3y <52VVO[6]> Pab(ﬂf)]?cd(y)+

2! Shav(2)5hea(y)
1 / 5 5o 5 Wo[d]
+ — | d°zd’yd’z - = = pab(f)pcd(y)Pef(ZH‘
3' 5hab(3:)5hcd(y)hef(z)
1 5 W]
+ = | ErdPyd®zdPw— - = - ab(2)Pe ef(2)pii(w) + - -
1 y 5hab(x)6h0d(y)5hef(z)éhij(w)p b(2)Pea(y)per(2)pij(w)

(4.2)

We are Taylor expanding around the flat metric. Square brackets in the derivatives mean
that we calculate the derivative at the background metric. As we will be mostly dealing
with Wy from here on, we will omit the hat on fLw

We now work out the consequences of (4.1) to the coefficients in the perturbative
expansion (4.2). The idea is to commute an insertion of 6/ 5iLZ‘j into (4.1) and then evaluate
the resultant expression for h;; = ¢;;. We rewrite (4.1) as:

] -a(l) gl e

The only issue here is how to commute through the Christoffel symbol. Writing I'}, =
hT 4. the following expressions are useful:

"I () 5"h“d(g;)
C = 1—‘ c € _|_ “e
oy (1) by (o) orsa ) O () )
- zn: ST had () 0T gpe ()
2= 0hiyj, (Y1) -+ Ohiy, 3 (Yn) P (i)

6hab(w) _ am bn cd cd __ 1 c cd c sd
5hcd(y) =-h (l’)h ($)5mn5($ - y)a 5mn - 5(5m6n =+ 6n5m)
Lape(x) 1 (i i Az ij ax
Shij () D) (5 d I70(x —y) + Oca O 6z —y) — Ope 0g6(x — y)) (4.4)

2In principle there can be a scale invariant, local contribution to the wavefunction, proportional to the
gravitational Chern-Simons term. It can be argued that this term is a pure phase [22], and thus will not
contribute to the sort of correlators we consider here. In any case, even if it were real, it would contribute
a local term to expectation values, and we are interested in consistency conditions for the nonlocal terms.



Second derivative. First let us just commute one insertion of 6/dh;; through (4.1). We

get:
0 §2Wold] )
— | =] =0 4.5
oz’ <5hij($)5hkz(y) (*5)
Third derivative. We now commute two insertions of §/0h;; through (4.1). We get:
0 3Wo[d] 1 i 0°Wold] 3}
7 - - LA 1 A T Ny
0 <5hij(x)5hkl(y)5hmn(z)) 2 [( S )0k () D0 & ~ Y F k& }) +

o 62 Wd] 0 B
+ (5J S0t (®) 8:51'5@ z)+{m « n})

PWold) 9 . O*Wolo] 0 o
‘(ahklm)éhmn(z)axﬂx W St (0) 6o @) Dy )] %0

5 Consequences for expectation values

The expectation values of insertions of the metric is given by:

(hij(@)hpi(y) -+ ) = /dh|‘1’[h]|2hij($)hkl(y)"' (5.1)

It is convenient to do the following before moving on. We want to write the expectation
values of operators in momentum space. We also use a basis of polarization tensors that is
traceless and transverse with respect to the flat metric:

’

e =20% ke, =0 (5.2)
Indices are contracted with 6. We call the helicity modes + and —. Angular momentum
conservation and momentum conservation tells us that the only two point functions allowed
are (p*pt) and (p~p~), with the perturbation being p;; = h;; — ;5. Now write the
wavefunction as follows:

B 1 8" Wold] s s
U = Wjpear X Exp {zn:/dkl dknn| Shst (kl) S 5hs”(l€n)p (kl) p (kn) (53)

In terms of (5.3) , the two point expectation value for gravitational wave perturbations
is given by:
1

- 52Wo 0]
2Regps (k1)§h82 (%2)

(P (k1)p** (k2)) = (5-4)

Three point function. In terms of (5.3) , the three point expectation value for gravi-
tational wave perturbations is given by:

§3Wols
_ 2Re (5’151 (k1)oh=2 ?22})5“3(’63))

52Wol6]
H@'Re (246/151‘ (ki)(s;;si (_kl) )

(p* (k1)p™ (k2)p* (k3)) = (5:5)

Let us now understand how (4.6) constrains the shape of the three point function
in the squeezed limit. Start from looking at (4.5) and (4.6) in momentum space. As



the background is translation invariant, the derivatives of the wavefunction should only
depend on distances between points. In momentum space, this means that there is always
a subtended momentum conserving delta function in front of an expectation value.? Thus,
an n-point expectation value will explicitly depend on n — 1 momenta, the last momentum
dependence removed by translation invariance.

Before giving the final forms for (4.5) and (4.6) , we need to do one more thing. The
variable we actually use in the bulk computations is ;;, such that h;; = Exp(7);;. To cubic
order, h;j = 0;; +ij + %’yik’ykj. Translating the relation for the three point derivative (4.6)
will induce new contact terms in the Ward identity, due to the use of the chain rule. In
momentum space, (4.5) and (4.6) will read:

§2Wo6]
k1 =0 5.6
b 0vij (k1) vk (k2) (5.6)
y FWol6] B
b v (k1) 57k (k2) 6~mn (K3)
10 52Wol6] ' 52 Wol6]
== |6Fky, + 5y, +
2 |: 2 57al(—k3)67mn(k3) * 6711]{?(_]63)5'77”«”(]{3)
, §2Wol6] , §2Wo6]
+07"ks3 4 + 07"ks3 4 —
5 Sk (k2)Yan (— k2) 5 vkt (k2)5Yma (—k2)
s 52Wol6] L 52 Wol6] ]
20 5 (—k3)0vmn (k) 69 (k2)0ymn (—k2)

WS g O°Wol
+ k1 [5555% Woldl . syeay Wold ] (5.7)

Vbe(—k3)0Ymn(k3) % 9 Gy (ko) 0ype(— ko)

The last line of (5.7) comes from the change of variables p — ~. The derivatives are
evaluated around the flat background, meaning that we set v = 0 after taking the derivative.
Dummy indices are a,--- ,d in (5.7). (5.7) encodes all consistency conditions for the three
point function of inflationary perturbations.

5.1 Extracting the consistency condition

To get the consistency conditions of inflation, we need to consider the squeezed limit, or
k1 — 0. We want to show that (5.7) implies an infinite number of such consistency con-
ditions, as recently discussed by [14]. The leading correction to the consistency condition,
which is also completely fixed by the longitudinal modes, was first discussed in [7]. Now,
all one needs to do is to Taylor expand (5.7) around k; = 0. Let us introduce the simplified
notation:

DIW, = dWo|d]

-~ 07i5(k) 58

3The notation used in [1] and in many papers in the literature is to use a ’ in front of the expectation
value, e. g. (h(k1)h(k2)) = §(k1 + k2){h(k1)h(—k1))’. We will always assume that the delta function is
taken care of, and use it to eliminate one momentum variable in the various expectation values.

,10,



Then, the three point function for gravitational waves is given by:

o 2Re | D} DDy
R =~ p— o (59)
2Re [ Dy: D Wo| 2Re [ D}2D%, Wo| 2Re [ D} D%, Wi

And the consistency condition is encoded in the identity:
j Kl
k%DZbeDZ:;n 0=
1r. A , .
=5 [5]kk§D‘ilk3D,Z;”WO + 8 k3 D DWW + 67 k§ Dyl DU W + 87" k§ Dyt D™ Wo—
—k, DM, DWW — kiDL T,;;WO] + K [5555;31’1)%31);1"% + oposl DY DY WO]

(5.10)

Now we expand (5.9) and (5.10) around k; = 0. Assuming that limy, o ngg{ Dyl Dpn
Wo = 0, which is true if there are no terms of the form log k; in the three point function
of cosmological perturbations, we get:

. iJ Hkl ymn _
k;lllgo D, Pry D -1, Wo =

= =5 |07 D2y, D Wo + 7LD, DR W + 87 Dy, DIt W + 67" D Dzt Wt

ki i okl kil 5ij 1b 5 kL b
+k27j%D_k2D}g”Wo - WD—/@DZ;”WO} + [5bd5§lD—ckzD;£nW0 + 0bi 05D, Dy Wo
(5.11)
Now, we contract (5.11) with polarization tensors for the fluctuations. We obtain:
lim DY D2D™  Wo = — kL D pew, = ki D pew, (5.12)
oo Pl Pk -k V0 = T 560 2ok ke 0= TRz Y ke ke MO

We now see that the leading order contribution to the squeezed limit of the three point
function of gravitational waves is:

M S S S P
e 9Re limy, 0 [Dkkaszgwo} g
lim (735 7ks) = — =

2
& 2Re [ Dy D Wo (2Re [ Dj2 D%, Wo) )

- |- ! s 1 P
2Re[Dy} D™y Wy 0k3 \ 2Re[D2 D2 W]
S1 .8 1.4 1.0 0 So 8 So.¢
= _<’Yk17fk1ﬁf@%@(%ﬁfbﬁ 2 (5.13)

Which is the standard consistency condition for the gravitational wave three point func-
tion [1].
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5.2 Scalar fluctuations

Although there is no scalar mode in pure gravity in de Sitter space, (as is illustrated by
equation (3.2)) we can still make use of (5.10) to extract the consistency condition for
the inflaton, (. The reason is that we evaluate the wavefunction at a surface of constant
background field, Wy[h, ¢] with 9;¢ = 0. Then, the momentum constraint (2.10) reduces
to the one in pure gravity, and thus (5.10) applies. As the ¢ mode is also taken as the
exponential of the metric, but of its trace, instead of its traceless transverse component, all
we need to do is to contract (5.10) with 6%, etc. At the level of the three point function,
we take our metric to be hi; = 6;;(1 + 2¢ + 2¢?). That corresponds to the substitution
vij — 2¢0;5. In (5.10) that corresponds to QDZjéij — Dy, where Dy, = §/6(;,. We obtain:

. .0 )
Jim Dy, D, Doy, Wo = [(3 - k28k§> D_kszZWO} — [(3 - k2%> D_,QD,QWO]
(5.14)

Thus, for the three point function, we obtain:

2Re limy, 0 [Dp, Dy Dy Wo)

aim (G Ghaha? = ~ 52 [Dioy Do, Wo] (2Re [Digy D, Wol)®

B 1 1 dlog (—2Re [Dy, D_, Wok3°]) |

T _2Re[Dk1Dk1W0]] [_ZRe[DkQDkQWOJ a dlog k -
dlog [k3(CryC

= (G o) G 2 B Gt (5.15)

5.3 Mixed three point functions

For three point functions of one long scalar and two short tensor fluctuations, and vice-
versa, the derivation is essentially the same. One just needs to contract (5.10) with the
proper polarization tensors etc. We just quote the final results. For a long scalar mode
and short tensor modes we have:

2Relimy, o | Dy, Dj2 Dy Wo| %252

lim (G, vp2ves) = — 5 =

B0 9Re Dy, Dy, Wol (2Re [D,j; D2 WOD

B . P dlog (~2Re | DD Woky®|) ]
B 2Re[Dy, D_x, W) 2Re[D;2 D™, Wy dlog k

o1og [k (127,)]
0log ko

= —(Cy o VRS, ) 0727 (5.16)
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While, for a long tensor mode and two short scalar modes, we get:

9Re limy, o [D,ii Dy, D, WO}

kli%(%gi ChoChs) = — 51 51 5 =
' 2Re [Dlefleo} (2Re [Dy, D_1,, Wo))

1

2Re[D}! D Wol
A
2 0k3

) 1
Ry =
|: e 26]{3% (2Re[Dk2D—k2W0}>:|

<Ck2ka2> (517)

S1 .81

= — (v )€ ksk

5.4 Higher order consistency conditions

Let us expand the three point function of fluctuations in a Taylor series around ki = 0.
For simplicity, we consider scalar fluctuations:

(Chy ChaCkr—ka) = (Chy Cy) | Z (K2) + KT F(k2) + %k?klfsab(k‘z) + - (5.18)

It was already pointed out in [1] that the leading order term Z(k2) is fixed by the two
point function, which is what we call the inflationary consistency condition. In [7] it was
argued that the first order term F'*(kq) is also completely fixed by some residual conformal
symmetry of the background. Reference [14] studied constraints to the higher order terms
in (5.18) , and found general Ward identities that should be obeyed by some combinations
of gravitational wave and inflaton expectation values.

All of these consistency conditions follow from a Taylor expansion of the longitudinal
mode Ward identities (5.10). So the inflationary consistency conditions can be explained
by the reparametrization invariance, or momentum constraint, of the wavefunction of the
universe. The terms that have physical content, and are probing the primordial non-
gaussianity of inflationary perturbations, start quadratic in k; in (5.18). In [13] it was
pointed out that the squeezed three point function of single field inflation gives rise to
no effect in a physical observable. This is of course consistent with the picture that the
squeezed limit is totally fixed by diffeomorphism invariance, as physical observables are
diff-invariant. In other words, there is residual gauge symmetry in the squeezed limit of
expectation values of inflationary fluctuations, and these can be tracked down from the
original symmetry.

Here we derive the consistency condition discussed in [7] , which completely fixes the
linear term in kp in (5.18). We also discuss the generalized consistency conditions of [14]
, pointing out why from quadratic order on, the longitudinal modes do not fix completely
the three point function. Note that our derivation makes no use of conformal symmetry;
we rely purely on reparametrization invariance of the wavefunction.

First, contract (5.10) with 4656, We get:*

. 1 . .
ki Dy Di, D Wo = [—k;DkSD,kSWO — KDy, D_1,, Wy (5.19)
“In general, the Ward identity will look like ki D} Dy, -+ Dy, Wo = —kjDx,4hy -+ D, Wo — -+ —

kJ Dy, - - - Di, +x, Wo, i.e., it relates the n-derivative to the n — 1-derivative of the wavefunction, evaluated
at shifted momenta [22].
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Now, take the first order correction to the three point function in the squeezed limit.
We Taylor expand (5.9) , for scalar fluctuations, to first order in k;. Comparing with the
formula (5.18) we get:

1 Re limk1_>0 Dy, Dy, Dy, Wy _ dlog [k%<Ck2<—k2>]

Z(ka) = - — _
) = 5 (Re (D, Dy, W0))? ol ba) = G105 1,
lim OxeReDy, Dy, D, Wy  Reli Dy, Dy, Dy, W,
(I{JQ) < k1—0 Vk{ k1 ko ks 0 € 1My —0 Vg Ukso k:g 0 akg Re [-Dkz D—k2 WO])
2 (Re [DkQD—k2 WO]) (Re [Dkz D_g, WO])
(5.20)
Now we take two derivatives of (5.10) with respect to kj and take k; — 0. That will
give:
8 ij a lj 7 82
8k D Dk2Dk3 Wo + 814:1 D Dngk3WO k2 ak'l ak’l Dk2D kQW() (5.21)

Note that the index j in (5.21) is singled out, and the left hand side is symmetric in 4, [.
We contract (5.21) with 267 and 6% and subtract the equations we obtain, getting:

a 52 92
lim - Dy, Dy, Dy Wo = —kS—2— Dy, D_g, Wi k Dy Dy Wo =
o, g Pl PreDis Wo = =k g D Dt Wo + 9 Ko e g Pra D1 Wo
/1 0 1 92
= kL — Di.D_.. W, 5.22
2<k28k2 26k2> k2 —ka PO (5.22)

Where we used that the second derivative of the wavefunction depends only on the absolute
value of k2. Then, plugging this back in (5.20) we get:

e, (5.23)

3
F (k) = _%ang(l@) = %&sg [(CkQCk2>alog [k2<<k2c_k2>]]
It was observed in [6] that under the substitution k; — kr, ko — kg — kr/2, the linear
term in (5.18) , F*(kg) is absent. One can check that changing variables from ko to kg
such is the case, so (5.23) is compatible with the claims made in [6, 7].

We can also study the case of one long tensor mode and two short scalar modes, as
in [7].> There is a small point to be made, which is the following. We obtain from our
method the object Oka DZCDDWO. Then, we need to contract this with a polarization tensor.
But the expectation value we consider is already contracted with the polarization tensor,
so we could be neglecting a term where the derivative acts on the polarization tensor, and
the resulting tensor is contracted with the expectation value. In other words, we do not
calculate the contribution coming from (OkaebC)chDDWo. We show in appendix C that
this contribution is zero, and so we capture the entire linear term in the long momentum.
The consistency condition to linear order will be:

k1.ko ko.€1.ko
TR

Jim 07, = 0,7, { 24k + b0y ~ 0] (@)} (520

®In particular, we want to check equations (66) and (67) of [7].
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With Z,(k2) can be read out from (5.17). This result agrees with the prescription given
in [7] , and, in particular, with the case of single field inflation [1].

To obtain the higher order consistency conditions described in [14] , note the fol-
lowing. It is clear that, taking multiple derivatives with respect to the momentum be-
ing squeezed, the best we can do is obtain an expression for the symmetrized derivative
ol giz ... 8i”*1D27I) J Dy, Dy, Wi. We can project out some components of this symmetrized
derivative, and relate it to linear combinations of three point functions, as is done in [14].
Of course, one would not expect to be able to obtain all derivatives of the wavefunction
from the Ward identity, as we are just finding the parts of the expectation value fixed by
gauge invariance.

Let us study in more detail the case of the second derivative. We obtain:

1 03

o2 -
7]6% an1.bAal.c D
22 kg OKLOKS

bj aj _
Dk1 + WDM DkQDk3W0 = —

i [~ pei + o
k10 | OkSOKY F1 T OkSOkS

ke D — 1, Wo

(5.25)

There are two types of indices in some sense here, the index that is not symmetrized

and the symmetrized ones. Just as we did for the first derivative, we can either contract

symmetrized indices or one symmetrized index with the separate one. Take §% and §9,

and after some manipulation, the best one can obtain is (we write explicitly D, so there
is no confusion with derivatives with respect to the scalar, D = 2D):

o -
lim | - DE — 7| Dy, Dy Wy =
150 [61{:?6/{’1’ kLT OkORS ’“1] ko s O

1{,, o . O3
-7 5 k2 caranLb kQ bAar.cHl.c
2 | oksokgory 2 OkSOkSOKS

:| D]QD,]@W() (526)
Which is not good enough to isolate what we would like, limg, o %;WDMDM, Dy, Wp.
1 1

6 Comment on gauge/gravity duality

In gauge/gravity duality, dS/CFT [1, 23, 24] is the proposal that an asymptotically de
Sitter space can be described by a dual field theory. In the approach of [1] , the proposal
is that the wavefunction of the universe with a certain 3-metric profile is equal to the
partition function of a CF'T, where this 3-metric is a parameter of the partition function.

Then, the stress tensor of the dual field theory, 7%, is given by functional derivatives of
the partition function with respect to the metric. So, when we take functional derivatives
of U with respect to the flat background, in the dual picture we are computing correlation
functions of the stress tensor in the vacuum of the field theory. So, from the field theory
perspective, the functional derivatives of the metric we considered throughout the paper,
DY DM ... W are equal to correlation functions of the stress tensor, (TUTr ...},

From this point of view, the consistency condition has a simple interpretation. (4.1)
expresses the conservation of the stress tensor of the dual theory, V,(T%) = 0. So, (4.1)
is equivalent to Ward identities obeyed by the stress tensor, which can be found in [25].
Note, though, that we do NOT need anything like dS/CFT or gauge/gravity duality to

,15,



use the Ward identities that the T satisfy. These have a pure bulk interpretation from
diffeomorphism invariance.

Note also that the final equations in (3.2) and (3.4) can be interpreted as identities
obeyed by the trace of the stress tensor. (3.2) states that an insertion of the trace of
the stress tensor should render any correlation function to be zero. This means that
(T%...) = 0. This is expected, as de Sitter has isometries at late times that are isomorphic
to the conformal group [22]. For the single field case, there is no conformal symmetry, due
to the presence of the inflaton. It corresponds to the insertion of an operator that deforms
the CFT [1, 17-19]. This operator breaks the conformal symmetry, and induces a trace
to the stress tensor. The relation between the operator and the trace is given by the last
equation of (3.4).

7 Discussion

In this paper, we gave a different perspective on how to derive inflationary consistency
conditions. The objectives of this approach were two-fold. First, to show that the origin
of these conditions stems from diffeomorphism invariance of the wavefunction. Second,
this approach seems to be generalizable to other inflationary theories, and thus could be
exploited in more generality, in the same fashion that Ward identities are derived from
symmetries of the path integral.

It is important to notice that we are always dealing with the “mathematical” squeezed
limit, in the sense of taking the long mode wave number to zero. There are several models
where the consistency condition is violated, in the sense of the ratio of the sides of the
triangle being small, but not zero. This physical squeezed limit can probe different scales
in the theory, and is usually associated to the long modes not freezing at this scale. It
would be interesting to use the methods in [15] to see if one can say something in general
about the leading order term in theories that violate the consistency condition. Let us
also observe that, throughout the paper, we used a technical assumption, namely, that
limg_0 ﬁdngkD -.DU =05

The consistency condition can be also stated in terms of modes that are still inside the
horizon. In our language we are always dealing with the superhorizon wavefunction. In a
semiclassical setup, where cosmology is treated as an effective field theory, we can evaluate
the semiclassical wave function at a given time slice, W[h, ¢, n]. It is not clear that this
object makes sense beyond effective field theory, but for the purposes of studying inflation
as an effective theory, it is well defined and one can follow the same steps of the previous
sections. The long mode would still correspond to taking £ — 0, but the other modes in

5This assumption seems to have no drawbacks for the following reason: a term that violates it would
have to be an analytic function of one of the soft momenta. Thus, it is a contact term in position space and
is not the piece fixed by these consistency conditions. Also, note that if we have a field theory that produces
an almost scale invariant spectrum, either the logarithm is the indicator of an anomalous dimension coming
from loop effects, or it should be discarded as it comes from a contact term in the expectation value. Note
that a term of the form log(k1 + k2 + k3) is allowed on a three point function, as it satisfies the assumption
we made. An argument based on analyticity was made in [26] that such terms would violate the attractor
structure of single field models.
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the expectation value will be inside the horizon and the same consistency conditions would
follow. The novelty here is that expectation values with derivatives in the subhorizon
modes are non-zero, and thus one can derive new consistency conditions for those. Still,
they should follow from the same diffeomorphism invariance constraint.

The leading terms of these inflationary expectation values are thus fixed by gauge
invariance. Of course, it would be nice if we could compute observables free of these pure
gauge pieces. In gauge theory we know the answer to this question. In gravitational
theories the answer is not so clear, unless there is a dual description in terms of a field
theory. From the wavefunctional point of view, this would be equivalent to regarding its
derivatives as the fundamental observables. In gauge gravity duality, these would translate
to expectation values of the stress tensor of the theory. There, the consistency condition has
the interpretation that, at zero momentum, there is an ambiguity related to the definition
of the stress tensor [27].

The analysis carried in this note involved tree level expectation values. But the general
structure of the Ward Identities coming from coordinate reparametrization invariance are
valid to any loop order. The Hamiltonian constraint would necessarily involve some UV
regularization, which leads to renormalization of observables etc. (this has been already
carried out for gauge theories in [28] ). But for the one-loop cosmology and beyond, the
momentum constraint remain unchanged. So there might be some generalized consistency
condition to n-loops. Maybe it can be generated recursively, just like in the recent proofs
of conservation of the inflaton ( outside of the horizon, which rely on the consistency
condition [29-32].
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A Four point functions and beyond

The procedure in the paper can be generalized to higher order expectation values. Here
we outline the general features of this procedure. The main difference is that there are two
different squeezed limits. Namely, the limit when an external leg has zero momentum, or
when an internal leg has zero momentum - a collinear limit.

Let us illustrate that point by considering a four point expectation value of scalar
fluctuations in single field inflation. Its form, in terms of derivatives of the wavefunction,
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is given by:”

1
= 2Re|Dy, Dy, Dy, D
<C/€1Ck2<k3<k4> IL,2Re [DkZD_kZWO]{ Re[ k1 ko ks k4WO]+
2Re|Dy, Dy, D® Wo|2Re| D Dy Dy, W
+Z Dty Diy D2 g,y Wol2RelD2 g, g, Dika D Wl +permutations}
a 2Re |: k1 +k2Dafk1*k2WO
(A1)

Where the ), represents the sum over all degrees of freedom (two graviton polarizations
and one scalar). The permutations account for the different exchange channels for the
internal leg, like the s, t and u channels in four particle scattering.

The external squeezed limit is completely analogous to the one in the main text.
One needs to commute three functional derivatives through the momentum constraint and
take the limit of an external momentum to zero etc. We analyze the internal momentum
squeezed limit in detail, as it has no analogue for the three point expectation value.

Consider the limit k&1 — —ko. Of course, due to translation invariance, ky — —ks.
We see that the overall denominator in (A.1) does not diverge. The only singular piece
comes from the exchange diagrams that involve two vertices, as its denominator involves
a second derivative of Wy evaluated at ki + ko momentum. The contributions from the
four-derivative term and other exchange terms are thus subleading. For the leading term,
its numerator is the square of the squeezed limit of a third derivative, so we use (5.11) to
relate these to two point expectation values. Thus, to leading order in k1 + ko, we obtain:

. 1_1)11_1]{:1 <Ck:1 Ckz Ck:s €k4 > =

og [k3 _ oo [13 -
= <Ck1+k2Ck1+k2> <<<k1Ck1>81 g []ﬁ(Cle k1>]> (<Ck3€k3>al g [k3<Ck3< k3>]) +

0 log k1 dlog k3
+ Z<7]§1+k2%§1+k2> <€Z1+k2 kl k{ 6k2 <Ck1< k1>) <621—Zf—jk2 2 36/{2 <Ck3< k3>) (AQ)

Which is consistent with the results described in [5, 8, 9].

Note that this procedure can be extended to an n-point expectation value, but the
amount of diagrams contributing beyond leading order makes the general expressions be-
come cumbersome. This problem is treated in detail in [14]. There, a prescription to
calculate the contribution from diagrams with exchanged particles, like the one we con-
sider for the collinear limit, is given in detail.

B Massless scalar spectator field

Let us analyze an example of an inflationary theory with an inflaton plus a massless scalar
field, similar to the example discussed in [33]. We have the metric, h;j;, the inflaton ¢ and

"We consider only the connected part of the four point expectation value. There is an additional
contribution coming from disconnected diagrams, which is present in the free theory, which is thus Gaussian.
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the spectator field . The condition of reparametrization invariance of the wavefunction is
a simple extension of (2.12):

1 5000} 1 . oWy 1 .. oWy
== ~ T hige? 0 piig,e 00 — B.1
{\/ﬁ 6hij | Vh ¢ 56 vh 760 (B-1)

As in the single field case, we are interested on the wavefunction calculated on a slice of
constant inflaton field. So we are effectively treating a momentum constraint of the form:

15W[h<x>,¢,a<$>q 1y SWIh(), 6, 0(@)]
\/E (Sh” \/E ! oo

Now, we take two functional derivatives with respect to the massless field, say, 62/6c (y)

2V; { =0 (B.2)

do(z). They commute through the covariant derivative, and each one may hit the 9;0(x)
term in (B.2). Because we are dealing with a scalar operator, it should be no surprise that
we obtain a Ward identity identical to (5.19). After going to momentum space, and using
the D notation for the functional derivatives, we finally obtain:

. 1 , ‘
KD} DY, D, Wo = 5 [—ngggDz wWo — KD D%, W, (B.3)

So we have the same consistency condition as the one for scalar operators, namely:

0 log [k% <Uk2 O —ks >]

(Cy Oy Og) = (Chiy C—tey ) dlog ks

k:lllr—>n0 = _n0<€k1 C—k1><0k20—k2> (B'4)
The field o behaves as a free field in (quasi) de Sitter space, so its spectral index is the
same as that of a gravitational wave, given by n, = —2¢ [1] , where the slow roll factor is
related to the variation of Hubble’s constant, eH% = —H. In fact, the computation of the
three point function and the check for the squeezed limit is quite similar to the case of two
gravitons and one scalar studied in [1].

To check (B.4) we need to compute the three point expectation value using the in-in
formalism. We just state the main equations here. The quadratic actions, with correspond-
ing (late time) two point functions are given by:

. 2
Sec = ; / atd’z(26) [a*? — (@], (GuGh) = (27)° (ks + z@)%
2
Soo =5 / dtd*e [ — a(90)?] (onons) = ey + k)3 (B)

The cubic action is given by equation (27) of [33]. We can integrate it by parts,
following the strategy in [1] , to see that the interaction is of order €, the slow roll parameter:

Stoo = / [—;g(aaﬁ _ %6(80)2 T ad; (fl — ea26—2¢> 600—

3 3 .
— 5o + 3;‘4&2] _ / {e [~CLoo — a®0,07 %6010 + 3;5?;"} (B.6)

The last term is proportional to the quadratic equations of motion, and can be removed
from the action by a proper o field redefinition [1]. This redefinition does not alter the
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final three point expectation value though, as it vanishes outside the horizon. What is left
are the terms in square brackets. It is clear that, when the ¢ mode becomes very long
in wavelength, it is simply rescaling the two point Lagrangian for the ¢ field. This is the
standard bulk intuition to justify the consistency relation. In fact, one can check that
the second term in square brackets is subleading in the squeezed limit, thus making this
intuition rigorous. To leading order in slow roll, the squeezed three point expectation value
is given by:

H* H? H?

kllr—>no<<k10k2ak3> ( 6)4ek:i” 2k3

m = 7nU<C]€1 <—]€1><0k20—k2> (B?)

An important observation is the following. Because the massless o field is free to fluctuate,
it can convert itself into ¢ fluctuations during reheating and other phases beyond inflation.
Also, we assumed that there is a quasi-de Sitter background over which the fluctuations
evolve. Thus, it is not necessarily true that the three point expectation values computed
here are kept frozen and will induce temperature correlations in the CMB.

C Derivative of the polarization tensor

Take a three point expectation value that involves a long tensor mode. If we expand it to
linear order in the long mode, we obtain:

0 0
<’le1 Ck2<k3> - <78<k247k2> + k(11 [<’7]€f€k2<k3> Ok 61170 + 6El)c Ok <72§Ck2<k3> + e (Cl)
1 1

We want to show that the first term does not contribute in brackets does not contribute
to (C.1). In order to do that, we take derivatives of the defining expressions for the
polarization tensor (5.2) and obtain:

0 0 0 kbfac + kceab
_— = T c = _— c = ————— '2
<6ka ebc> €pe 0, €ab -+ k 6ka €p 0= 8ka €p ]{72 (C )

Which, when contracted with £{, will give zero. This is why we are free to contract the

C

“Chs Cky) to derive the linear consistency condition.

polarization tensor directly with %Wg
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