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1 Introduction

Gauged supergravity in four dimensions allows for extremal solutions that have Killing
horizons with vanishing entropy density [1]. These solutions do, however, generically suffer
from singularities due to the presence of tidal forces in the near-horizon region [2-6].! The
associated near-horizon geometry is not described by an AdSs x R? line element, but instead
takes a different form. It may, for instance, be of Lifshitz type [2], of hyperscaling violating
type [10] or it may describe an n-geometry [11]. There turn out to be various ways to
regularize these geometries, for instance by adding electric/magnetic charges [12, 13] or by
taking quantum corrections into account [14-16]. In both cases the near-horizon geometry
of the solution gets modified to an AdSy x R? geometry. This in turn implies that the
regularized solution will have non-vanishing entropy density.?

In this paper we consider quantum corrections to extremal solutions in N = 2 gauged
supergravity with U(1) Fayet-Iliopoulos gauging in four dimensions (N = 2 U(1) gauged
supergravity for short). This is a step towards a string theory embedding of the proposals to
regularize the singular brane solutions by quantum corrections. The corrections we consider
are of two different types. They either represent quantum corrections to the prepotential
of N = 2 supergravity, or they represent higher-derivative corrections proportional to the

!There are exceptions to this, though, cf. [7-9)].
2Tt is well known that the resulting infrared AdS> x R? geometries are often unstable as well, suffering from
spatially modulated instabilities, cf. [17-22]. We will not analyze this kind of instability in the following.



square of the Weyl tensor.® Analogous effects have been explored in [14-16] in the context
of Einstein-Maxwell-dilaton systems.

One way to study the impact of quantum corrections on extremal brane solutions is
to study the interpolating solution that is obtained by solving the associated first-order
flow equations. First-order flow equations for extremal solutions to N = 2 U(1) gauged
supergravity in four dimensions were first studied in [23-25] and reformulated in terms
of homogeneous coordinates in [26]. We will use the latter approach to study the effect
of quantum corrections that are encoded in the prepotential. On the other hand, if we
choose to focus on the near-horizon geometry of the regularized solutions, the impact of the
quantum corrections may also be assessed by using Sen’s entropy function formalism [27].
This formalism is amenable to the inclusion of corrections due to higher-derivative terms,
and was explored in the context of extremal black holes in N = 2 ungauged supergravity
in [28, 29]. Here, we will apply it to N = 2 U(1) gauged supergravity in the presence of
higher-derivative corrections proportional to the square of the Weyl tensor.

We will begin by deriving the entropy function for extremal black branes in N = 2 U(1)
gauged supergravity in the presence of the aforementioned higher-derivative terms. To this
end, we adapt the results of [28, 29] to the case at hand. Extremizing the entropy function
with respect to the various fields yields a set of attractor equations whose solution describes
the near-horizon solution of an extremal, not necessarily supersymmetric black brane. They
take a complicated form that simplifies substantially when restricting to supersymmetric
black branes. We give the form of these attractor equations with and without higher-
derivative terms, and we discuss a few examples, which includes a non-supersymmetric
one. The examples we give describe Ad.Ss solutions that only exist because of the presence
of quantum corrections.

Having constructed AdSs solutions, we turn to interpolating solutions that interpo-
late between AdSs and AdSy solutions. We switch off higher-derivative terms and use
the formalism of first-order flow equations to construct these interpolating solutions. We
discuss examples where both end points of the flow only exist due to quantum corrections
to the prepotential.

2 The entropy function for extremal black branes

Extremal black brane solutions with non-vanishing entropy density are solutions which are
supported by scalar fields that are subjected to the attractor mechanism. When focussing
on the near-horizon region, the associated attractor equations can be efficiently derived
by extremizing Sen’s entropy function [27]. The entropy function framework offers the
additional advantage that higher-derivative corrections to the entropy density can be dealt
with in an efficient manner.

3We sometimes refer to both of these kinds of corrections as quantum corrections, even though the
higher derivative corrections can arise at tree level in the genus expansion of string theory. However, they
do correspond to quantum corrections in the world-sheet theory and it is in this sense that we also refer to
them as quantum corrections.



The entropy function formalism relies on the existence of an AdSs factor in the near-
horizon geometry, but not on supersymmetry. Thus, the attractor equations derived from
the entropy function formalism will be more general than those derived in the supersym-
metric context. In the following, we derive the attractor equations for extremal black branes
in N =2 U(1) gauged supergravity in the presence of a certain class of higher-derivative
interactions. In the absence of the latter, we obtain attractor equations that encompass
those derived in the supersymmetric context [23-26]. We give an example of a solution
that is not supersymmetric. In the presence of higher-curvature interactions, the resulting
attractor equations are more complicated than their counterparts of the ungauged case. In
order to display the differences between the attractor equations in the gauged and in the
ungauged case, we introduce a parameter k, related to the curvature of the spatial cross
section of the Killing horizon, that takes the value k = 0 in the black brane case, and the
value k = 1 in the black hole case.

2.1 Entropy function

In the following, we compute the entropy function for extremal black brane solutions in N =
2 gauged supergravity with U(1) Fayet-Iliopoulos gauging. The associated supergravity
Lagrangian contains complex scalar fields X (with I = 0,...,n) that reside in N = 2
vector multiplets. We allow for the presence of a class of higher-derivative terms, namely
terms that are proportional to the square of the Weyl tensor. These so-called F-terms
play an important role in N = 2 string compactifications, and they can be dealt with
in a systematic fashion by using the superconformal approach to supergravity [30-33].
In ungauged supergravity, the coupling of the vector multiplets to the Weyl multiplet
is encoded in a holomorphic function F(X, /1) that is homogeneous of degree two, i.e.
F(AX, A2 A) = \2F(X,A). Here A denotes the lowest component of the square of the
Weyl superfield. We will assume that in N = 2 U(1) gauged supergravity these higher-
derivative terms are encoded in the Lagrangian through the function F(X, A), as in the
ungauged case. Thus, the Lagrangian we will consider is

L=L,—-g*¢*Vv, (2.1)
where L, denotes the bosonic part of the Lagrangian of N = 2 ungauged supergravity with
higher-derivative terms [34], and V' denotes the flux potential

V = N hhy — 25 |W2, (2.2)
where
Niy = —i(Fry—Fry) ,
e =i (XIFI - XIFI) )
hy = hy — Frgh® |
W = hlFr—h X', (2.3)

Here, F; = OF(X,A)/0X" and F;; = 8°F(X,A)/0X'9X”7. The (h;,h') denote elec-

tric/magnetic fluxes. Observe that V is defined in terms of F(X, A), and that it consti-

K

tutes a symplectic function. The presence of the factor e ensures that V' is invariant under



scalings (X1, A) — (AX',X\2A4). In the absence of higher-derivative terms (in which case
F = F(X)) and in the Poincaré frame (where e™® = 1), V reduces to the standard form
of the flux potential in N = 2 U(1) gauged supergravity.

The Lagrangian L, consists of various parts. One part describes the couplings of
N = 2 vector multiplets to supergravity and to the square of the Weyl multiplet, as
mentioned above. Another part describes a hyper multiplet that acts as a compensating
supermultiplet. Additional hyper multiplets may be coupled as well, but they will only
play a passive role in the following. The hyper multiplets give rise to the hyper-Kahler
potential y. This field couples to a real scalar field D that belongs to the Weyl multiplet.

Let us evaluate the Lagrangian (2.1) in an AdSy background,

2 _ 2, dr? 2
ds® = vy | —rdt” + 2 + v2 dS2y, (2.4)

where sz denotes the line element of a two-dimensional space of constant curvature,
either flat space (kK = 0) or a unit two-sphere S? (k = 1). Even though we will be
interested in extremal black branes, and hence in the case k£ = 0, we will carry k along so
as to be able to compare with the attractor equations for extremal black holes in ungauged
supergravity, which necessarily have k = 1. The background (2.4) will be supported by
electric fields F+/ = e!, magnetic charges p! as well as electric and magnetic fluxes (hy, h?).
We will consider solutions that have the symmetries of the line element (2.4). We follow
the exposition of [29] and adapt the steps given there to the background (2.4).

In this background, the fields e!, X/, fl, D, x take constant values, and the Lagrangian
L, will depend on constant parameters vy, vo, el p!, XT, w, D, x, where A = —4u? [28, 29].
Since v/—g Ly, is derived in the superconformal framework, it is invariant under rescalings
with a complex parameter A, namely [29],

v — |A|_2v172, w—Aw, D— |A|2D7 X' - /_\XI, X — ]A|2x, (2.5)

while e/ and p! are invariant under this scale transformation (and so are the fluxes). The
presence of the factor e=2X in (2.1) ensures that the reduced Lagrangian \/—g L will be
invariant under this transformation, and therefore it is natural to express it in terms of
scale invariant variables, which may be chosen as follows [29],

1 _ 1 9 4 1 v
YI:ZUQU)XI, T:EvngA:—Zv%]w|4, ::g,
- 1
D =y <D+3R>, X=v2X . (2.6)

Here R denotes the curvature scalar computed in the background (2.4) (see appendix B).
Observe that T is real and negative, and that /—1 and = are real and positive. The
potential V', when expressed in terms of the rescaled variables (2.6), reads

W)

VY.Y) = N b, — o 20

(2.7)



where

K(Y,Y) =i(Y!'F(v,Y) - Y F(Y,T)) ,
W) = k' Fp(Y,Y) — hyYT . (2.8)

Here F(Y,Y) denotes the rescaled function F(X,A), and homogeneity of the function
F(Y,7T) implies
1

where Fy(Y,Y) = OF(Y,Y)/0Y! and Fyx = OF(Y,Y)/0Y. Further homogeneity relations
are listed in appendix A.

When imposing the equations of motion for the redefined fields D and ¥, one finds
D =0, while ¥ gets expressed in terms of the remaining fields (see appendix B) Inserting
D = 0 back into L, removes the dependence on Y, since the latter couples to D. Then, the
reduced Lagrangian \/—g L is expressed in terms of the rescaled parameters Y/, T, =, el p!
and the fluxes (hr, h!).

The free energy F is defined to equal the integral of \/—g L over a unit cell of the spatial
cross section of the Killing horizon. Thus, for black branes (k = 0), F equals /—g L, while
for black holes (k = 1) F equals the integral of v/—¢g L over a unit two-sphere. The entropy
function £ is defined by the Legendre transform of the free energy F with respect to the
electric fields e!, so that £ = —F — el ;. Adapting the results of [29] to the case at hand
(see appendix B), we obtain for F,

— 1 =
*-7: = gNI [ tele’ “PIPJ} - Z(FIJ-FFIJ)eIPJ
1 _ 1 _
+5ie! [FI LR,V - h.c.} - 550 [FI . S h.c.}
4
Fo (Y, V) (k2 —1)

1.
HiE [F —Y'F; = 2YPr + SF Y'Y - h.c.}

i(Fr — Pr)[32(K2 2+ 271 - 2k) — 8(1+ K2V

+32¢°ET 7 [K(Y,V)]? V(YY) (2.10)

while £ is given by

1 1 1 n
55 = _EX+ EN(Qr — FixPX)(Qs — FyPh)
4

[1]

2 2

~ e K.Y (hE 1)

—i(Fy — Fy) [ —9ET 432 E 4+ =7 — 2k) — 8(1 + kE)V—T
—32¢>ET ! [K(Y,V)]? V(V,Y) . (2.11)

i

To arrive at (2.11), we used the homogeneity (2.9) of the function F(Y,Y). The expres-
sions (2.10) and (2.11) depend on k, which denotes the curvature of the two-dimensional



space with line element dQ27. The quantities Qy, P! and ¥ are defined by [29]

Qr =qr+i(Fr—Fr) ,
Pl=p'+i(Y'-Y"),
S =—i(YIF,—Y'F) = 2i(YPy = YPy) —q(Y' + Y!) +p'(Fy + Fy) . (2.12)

The entropy function (2.11) depends on the variables =, T and Y/, whose values in
the near-horizon geometry (2.4) are determined by extremizing £. The resulting equations
are called attractor equations. In the following, we will discuss the extremization of £ with
respect to these variables, first in the absence of higher-derivative terms, and then with
higher-derivative terms. The extremization equations depend on k, and this implies that
the attractor equations for black branes in gauged supergravity (which corresponds to the
case k = 0 and V # 0) are markedly different from those for black holes in ungauged
supergravity (which corresponds to £k = 1 and V' = 0). When evaluated at the extremum,
the entropy function yields the value of the entropy of the extremal black hole when k =1,
and yields the entropy density of the extremal black brane when k = 0.

2.2 Variational equations without higher-derivative terms

In this subsection, we derive the attractor equations in the absence of Weyl interactions.
The attractor equations we obtain apply to extremal, not necessarily supersymmetric
black configurations, and they simplify considerably when restricting to supersymmetric
configurations.

When switching off higher-derivative terms, the function F' does not any longer depend
on T, ie F = F(Y), and the entropy function (2.11) reduces to

1 — 1 1 _
55’(Y, Y,T,E) = 552 + 55 N(Q; — FigPX) (Qs — FyjPh)

4 _
- K, Y)(kE—1
Ny (Y, Y)( )
—32° 27! [K(V, V)2 V(Y,Y), (2.13)
where now
Y=—i (YIF —Y'F) — g (YT +Y!) +p! (Fr + Fy) . (2.14)

Varying £ with respect to Y/, T, Z and demanding the vanishing of these variations results
in the following equations. Varying with respect to T gives

1-kE K, Y
= V="

where we assumed that K(Y,Y) is non-vanishing. In the ungauged case (k =1,V = 0) we

V(Y,Y), (2.15)

obtain = = 1, which implies v; = v, whereas in the gauged case (k = 0,V # 0) Z becomes
a non-trivial function of T and Y, namely

K, Y). .o -

= —164° V(Y,Y), (2.16)

(1] —

where consistency requires the right hand side of (2.16) to be positive.



Varying (2.13) with respect to = yields,

S+ (Qr — Fik PR)N'Y (95 — Fy PY) — \/8_1{% K(Y,Y)
—64g* T [K(V, V)] V(YY) =0, (2.17)

which determines the value of Y in terms of the Y/. This reflects the fact that in the
absence of R? -interactions, the quantity Y is related to an auxiliary field in the original
Lagrangian whose field equation is algebraic. Again, depending on the case (k =1,V =0
or k =0,V #0) the relation is markedly different. When k = 0, we get

644> _ X+ (Qr — Fix PX) N7 (Q; — Fj, PY)
T [K(Y,V)]?V(Y,Y)

. (2.18)

Let us explore some of the consequences of (2.16) and (2.18) in the Einstein frame,
where e = 1. Using the scaling relations (2.6), we infer

T SK(Y,Y)
2 ’
N =2 7 2.19
lw| A — (2.19)
and from (2.16) we obtain
1
=== 2.20
T T V(YY) (2.20)
This expresses the scale factors vy,v2 in terms of Y/ and Y. Inserting (2.18)
into (2.13) yields -
KY)Y
g BELY) (2.21)
V="

which, according to (2.19), equals v9, as expected for the black brane entropy density. Now
consider a uniform rescaling of the charges (q7,p’), of the fluxes (hz, h!) and of the variables
Y!. Then, we infer from (2.18) that [K(Y,Y)]?/Y is inert under such a rescaling. It follows
that (2.21) scales with weight zero, and this implies that when expressing £ in terms of
charges and fluxes, it will be of weight zero in the charges and fluxes. This differs markedly
from the case of big black holes in ungauged supergravity, where £ scales quadratically in
the charges.

Next, consider varying the entropy function (2.13) with respect to Y/. We focus on
the black brane case k = 0, and obtain

P Fy — QH—%Z’ (Qx — Fxn PMYNELY Fpry N7H(Qp — FrnPY) +%U§ g*Vr =0, (2.22)

where V; = OV (Y,Y)/0Y !, and we used (2.19) and (2.16). Writing out (2.22) gives
qr—Fryp’ —=Np Y7 - %1 (a5 — Fienp™ ) N5 F Fpry N2 (q— Frn p) = %Ug 9*Vi, (2.23)

where we made use of the special geometry relation Fr Y X = 0. Next we compute V7,

A~ = 2 _ ~ ~ _ o =
VI:iNKPFpQINQLhKhL—ﬁ<YMNMIYKhK—i—KhI)YNhN—NKLFIKphPhL, (2.24)



which satisfies V7 YT = 0. Using the expression for V7 as well as the relation il[ = ;11 —
iNrLh", we obtain for (2.23),

A _ 1. = = 1 . = =
Q1 = Nig¥! = SiFrcNENFY QrQus = Su3 [zNPQFQMINMthhN (2.25)
2

where we introduced the combination

Qr=q —Fryp’. (2.26)
Finally, we rewrite (2.25) as
Qr+g° UK% VN by — %iFIJKNJLNKM (éLéM +9°v3 ];L;LM)
—V/Ny; (1—92;;%2YKEKYNEN> . (2.27)
These are the black brane attractor equations for the Y. Contracting them with Y yields

the constraint
KY,Y)=-QY'=2ZY)=2(Y), (2.28)

and hence, on the attractor, we obtain from (2.14),
Y=K(,Y). (2.29)

Next, we relate the entropy function (2.21) to the black hole potential which, in the
Poincaré frame (e = 1), takes the form

Ve = [N +2X7 X7 Q:Q, . (2:30)
as follows. First we observe that (2.21) can be written as
£=2% [2Z(Y) + N”QIQJ} (2.31)

by making use of (2.16), (2.18) and (2.28). Next, we express Y/ as

vi=272(X)x", (2.32)
where

Z(X)=-Qr X", (2.33)
which is consistent with (2.6) by virtue of (2.19) and (2.28). This yields Z(Y) = |Z(X)|?,

which results in
E=2EVpH . (2.34)

Note that the entropy function approach needs to be supplemented by the Hamiltonian
constraint, which imposes the following restriction on the charges and the fluxes [24],

grh’ =p"hr . (2.35)



Now let us return to the black brane attractor equations (2.27). They take a form that
is very different from their black hole counterpart in ungauged supergravity [28, 29]. The
latter simplify substantially when restricting to supersymmetric solutions, in which case
they are given by Qr = P! = 0. In the case of gauged supergravity, an analogous simpli-
fication occurs when considering supersymmetric solutions, as follows. To solve (2.27), we
make the ansatz

Qr=ge®vahy, (2.36)

which, upon contraction with Y/, results in
Z(Y) =gl W) =ge P, W) =K(,Y). (2.37)
Inserting these relations into (2.27) gives
~ . ~ 1 = = )
Qr — geuS’UQ hr — §iF]JKNJLNKMthM 92 'U% (1 + 6_216> =0. (2.38)

This vanishes provided that
e %0 =1, (2.39)

Inserting (2.39) into (2.36) yields the attractor values derived in [24, 26]. They apply to
supersymmetric solutions [24] as well as to solutions derived from supersymmetric ones by
applying a transformation S [35] to the charges and to the fluxes. We will refer to (2.36)
and (2.39) as supersymmetric attractor equations, for simplicity. They constitute a sim-
plification compared to the non-supersymmetric ones based on (2.27).

Since in (2.36) the dependence on Y/ only enters through F7;, which is homogeneous
of degree zero, the Y/ only appear as ratios, i.e. as projective coordinates z* = Y?/Y? with
i = 1,...,n. The equations (2.36) can thus be viewed as equations that determine the
values of the n parameters z° and vy in terms of charges and fluxes. Using (2.37), (2.39)
and (2.19), we find that the supersymmetric attractor equations can be recast in the form

Qr+64¢°Y ' KWh; =0,

—T = 64¢% |[W|?
V-YE"' = -16*KV ,
W=-W. (2.40)

Note that combining (2.35) with (2.37) results in vy ]A”L]NIJ;LJ =0 [24, 26]. Taking vo # 0,
and inserting Ay N'7h; = 0 into (2.7) yields V = —2|W|?/K on a supersymmetric attractor.
Combining this with (2.40) gives

=49 W (Y)] . (2.41)

The attractor equations for the scalars, (2.36) together with (2.39), can be obtained
by extremizing the effective potential of the associated one-dimensional effective La-
grangian [24, 26].* The latter is obtained by evaluating the Lagrangian in a static black
brane background with line element

ds? = —e2Vdt2 + e dr? + 2= (dz? + dy?) (2.42)

4We thank the referee for raising this question.



which, at the horizon, reduces to the line element (2.4) (with & = 0). The resulting effective
potential takes the form

Vier = 2 [NV o,Wo ;W —2W ] + e WO N9, 20;7 +2|Z17],  (2.43)

where Z and W are given by (2.33) and (2.3), respectively, with X' replaced by the
rescaled, U(1) invariant field X! = @ X! [26]. Here 07 = 8/0X . This effective potential
can be expressed in terms of a quantity A given by

A=eVZ(X)—ige? W(X), (2.44)

which depends holomorphically on X’. We then obtain
< 1 -1 _
Viot = e W | NT79;A0;A + FOUAA — S0, AN | + g U= (qrh! — p'hy).  (2.45)

Now consider varying Viot with respect to the scalar fields X1, The variation of the first
term in the bracket can be set to zero by demanding 0;A = 0, which in turn implies A = 0,
since A = X1 9;A by virtue of special geometry. The variation of the sum of the second
and third terms in the bracket also vanishes when imposing 9;A = 0. Thus, we obtain
an extremum of the potential by demanding 9;A = 0. If we now take U and v to have
the form of an AdSy background (2.4), i.e. €2V = 72 /v1,e* = vy eV (with a subsequent
rescaling t — v1t), we obtain from 9;A = 0,

Qr —iguah; =0, (2.46)

in agreement with (2.36) and (2.39).

In the ungauged case, it is known that extrema of the effective potential correspond to
minima, as long as the metric on the moduli space of physical scalars is positive definite,
cf. [36]. In the case at hand, it is not obvious that an extremum is a minimum of the
effective potential, as we proceed to analyze. To do so, we have to take into account that
the scalar fields X! are constrained to satisfy N7y X! X7 = —1. Expressing the X! in terms
of the physical scalar fields 2* = X?/X? (i =1,...,n), we obtain

D; (12> + Di2gMD;2) = 2(Di2)7 +iCH Dp2DiZ
D (—3|W!2 + DngijjI/Tf) = —2(D;W)W +iCF DLW D (2.47)
where ¢*7 is the inverse of the metric on the moduli space of the physical scalars, Ciji 1s a
covariantly holomorphic symmetric tensor and D; is the covariant derivative with respect

to the usual Levi-Civita connection and the Kéhler connection. In deriving (2.47), we used
the following identities from special geometry (see for instance (3.2) in [37])

DiD; X! = iCyjrg" DiXT,
DZD]—XI = ginI,
DX =0. (2.48)

~10 -



Using the identity (see (23) of [38])
N = g7 D, x'D; X7 — xT X7, (2.49)

one sees that (2.47) and A = 0 indeed imply 0;Viot = 0, i.e. an extremum. Using the
identities (2.48), one also shows that at the extremum,

DjDiVigy = D;jdiVio = 0;0,Vioy = e *0~4iC1* 2D, Z,
D;DiVior = 0;0;Vsor = e *W"ACHC P D, 2Dy 7 (2.50)

This is markedly different from the ungauged case, where 0;0;V vanishes at the extremum
and 0;0;V is positive definite there [36]. Thus, in the presence of fluxes, a more detailed
analysis is required to decide whether an extremum of Vi is actually a minimum. This
we leave for future work.

Summarizing, for extremal black brane solutions (k = 0) the attractor equations for
Z,Y and Y are given by (2.16), (2.18) and (2.27). In the supersymmetric case, these
become (2.40). The entropy density is related to the black hole potential by (2.34). When
expressed in terms of charges and fluxes, it has weight zero under uniform scalings of the
charges and of the fluxes.

Finally, let us consider the free energy (2.10). Using (2.15) and introducing the com-
bination Y! = % (E_l el + z'pl), we obtain

F = B[Ny (09 + P197) +i (Fry + Fry) (0137 = 9197) ]

| =
A~ =

EN”[(yI + I (VT Y + (V=YD (v - ?J)]

— DN =

+5E N1 Yy’ +vly”)
—326°ZY KV, V)PV (Y,Y). (2.51)

In the absence of fluxes we have k = 1 and = = 1, as can be seen from (2.15). In this case,
BPS solutions satisfy Y/ = V!, and the free energy evaluated on these solutions equals [39],

F=—-4ImF(Y). (2.52)
In the presence of fluxes, no analogous simplification occurs.

2.2.1 Examples

The attractor equations (2.27) allow for supersymmetric solutions as well as for non-super-
symmetric solutions. In the following, we give two examples of solutions to the attractor
equations. The first example is non-supersymmetric, while the second example is super-
symmetric, and therefore satisfies (2.36). The first example is based on the prepotential

FIY)=— ()’ /Y2 +ic(v)? =i (Y°)* (3 +¢) , (2.53)

where t = —iY!'/Y? and ¢ < 0. We take the solution to be supported by a non-vanishing
electric charge gop and a non-vanishing electric flux h; satisfying goh1 < 0. Then, we
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find that the attractor equations (2.16), (2.18) and (2.27) can be solved ezactly, with the
solution given by

|C‘2/3

t=ple"?, Z=p lgoha]|

h
Y=L VT =4 ol (2.54)

|c|2/3
where the ; denote fixed real constants given by
b1 =0.323, B2 =1.971, B3 =0.234, B4 =2.267. (2.55)

Observe that the solution only exists because of the presence of the c-term in F(Y'), and
that the modulus ¢ takes a real and positive value that is independent of (qg, h1). On the
solution, F(Y) # 0 since 33 + 1 # 0. Using (2.19) we obtain

9 268 +1)B5 g 1

/84 hil ’C|1/3 9 (256)

1)2:—3

which is positive. In the limit of large ¢, ¢t becomes large, while vy shrinks to zero. When
embedding a supergravity model of the form (2.53) into type II string theory, requiring a
large value of Ret is necessary in order to neglect worldsheet instanton contributions to
F(Y). However, in type II string theory the term ¢ constitutes an o’ correction, and hence
a subleading term, while for the above solution both terms in F(Y'), t3 and ¢, are of similar
order (even though there is indeed a small hierarchy as 33 ~ 1/30). Thus, while the above
solution constitutes a solution to the supergravity toy model (2.53), for it to also constitute
a solution to a string model would require taking worldsheet instanton effects into account.

The second example is based on the prepotential
FY)= - (Y'WYV? 4+ a(Y?)?) /Y0 =i (Y°)* (STU +aU?) | (2.57)

where S = —iY1/YO T = —iY?2/Y° U = —iY3/Y? and @ > 0. When embedded into
heterotic string theory, the U3-term constitutes a perturbative (one-loop) correction, and
the prepotential (2.57) describes the perturbative chamber S > T > U [40]. We consider
solutions that are supported by charges (qo, p?) and fluxes (h1, ha, h3, h?). We demand that
these satisfy the Hamiltonian constraint (2.35), goh® = p3hs, and we take the fluxes to be
all positive. We seek a supersymmetric solution, and hence we proceed to solve (2.36),
where we set e = 1, for concreteness. These equations constitute equations for S,T,U
and vy and they take the form (we set g = 1)

@ +1p* (ST +3aU?) = 20 h° (STU + aU?)
p°T = vy (h1 -l—hOTU) ,
p*S = vy (ha + K°SU) |
6ap®U = vy (hs +3ah’U? + h°ST) . (2.58)

We focus on a solution satisfying
hoT = h1 S, (2.59)
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which is consistent with the second and third equations. We find that we can numerically
construct an exact solution to (2.58) satisfying (2.59) that has the feature that it only exists
for non-vanishing a. In particular, the field U blows up as a — 0, with vy shrinking to zero
in this limit. This is shown in figure 1. Thus, this solution only exists due to quantum
corrections: they turn a non-AdSs geometry into an AdSs geometry. The solution can also
be constructed iteratively, as follows. We expand S, T, U, vy as follows,

S:SO+81\/6+SQG+... ,
T:t0+t1\/&+t2a+... ,

U= %"‘Ul"‘”?\/&"‘ﬂ?,(l‘f‘... ,

ve = apva+aja+ ... . (2.60)
Inserting this ansatz into the attractor combination Ay = Q 1—1 ’Ugil 7 yields the expansion

A=A AW e+ =012,
As=AVVa+ ... . (2.61)
This system can be solved iteratively, order by order in the expansion parameter a. When

doing so, we find u; = 0. To simplify the expressions below, we set u; = 0 in (2.60) from
the start. Then, to lowest order, the system AEO) = 0 yields

hs + hOu2
%, aguo:%, hoto = h1 8o . (2.62)

This determines sg,ty and «ag in terms of ug which, at this order, remains undetermined,

soty =

but gets determined recursively by going to the next order. At the next order, the system
A(Il) = 0 determines the values of the parameters sg, tg, ug, ag to be

2hohs 2h1hs hs3
to = =14/ — 2.

In addition, using ho 1 = hy s; (which follows from (2.59)), we obtain

3 h hiho
2 /hOhs N 2h0h3

The value of us is again determined recursively by going to the next order. The approximate

t1 =

(2.64)

solution, obtained by solving (2.61), can be compared with the exact solution, see figures 1
and 2. The values (2.60) are invariant under uniform scalings of the charges and the fluxes,
since the attractor equations (2.36) scale uniformly.

In addition, to determining the values of S,T,U, vy, we also need to determine the
values of T, Y and v; (or equivalently of Z). We expand these fields as

V="_T"=X+NVa+...,
YO :yO\/a+y1a+ 5
v1 = Bova+Bra+.... (2.65)
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Figure 1. Dashed (leading approximation), solid (exact) (h° = h; = hy = h3 = p® = 1).
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Figure 2. Dashed (leading approximation), solid (exact) (h® = h; = hy = h3 = p® = 1).

Inserting this into (2.20) yields the following value for Sy,

Bo (2.66)

3
8RR
On the other hand, inserting the ansatz (2.65) into (2.16) and (2.18) leads to a determi-
nation of the lowest order coefficients Ao and yo. We find (for h3, h® and p? positive, for

concreteness)
16(3289 + 5921/30
o = 22 1083 D
37+ 830 Vhop? (2.67)
e T VI ‘

To ensure that the exact solution to (2.58) is in the perturbative chamber S > T >
U>1 (weseta= %) , we have to choose the fluxes appropriately. By choosing h° to
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Figure 3. Ensuring S > T > U > 1 (h° = 0.00001,h; = 1,hy = 2,a = 1/3).

be small and taking hy/hy > 1 we can ensure S > T > 1. Picking hs accordingly, we
can then also enforce T' > U > 1, as depicted in figure 3. In addition, the values of the
fluxes may be chosen in such a way to ensure that there exists an interpolating solution
that connects the AdS, x R? background discussed here to a solution that asymptotes to
AdSy. This will be discussed in section 3. Interestingly, we will obtain a flow to AdSy that
only exists when a # 0.

Finally, we note that we could add a term proportional to ic (Y(?)2 to the prepoten-
tial (2.57) and repeat the analysis given above. Such a term also represents a perturbative
correction in heterotic string theory. Its presence would lead to a modification of the solu-
tion given above. We have chosen not to include such a term in our analysis, for simplicity.

2.3 Variational equations with higher-derivative terms

Next, we turn to the entropy function (2.11) in the presence of higher-derivative terms,
and we compute the associated extremization equations for the fields =, and Y. The
quantities F, K, W are now given by (2.9) and (2.8). Although we will be interested in the
black brane case (kK = 0), we keep k as a bookkeeping device. We follow the exposition
given in [29].
Varying with respect to = gives
Y+ (Qr — Fix PXYN (Q) — Fy PY) f&K(Y,Y) (2.68)
/T

—i(Fr — Fy) [ AT 64k —=72) - 16kﬁ} — 642 T [K(Y, V)] V(Y,¥) =0.
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Expressing the combination Q7 — Frx PXK in terms of the combination (2.26) gives
Qr - FixPX =-%;, (2.69)

where

Yr=- (Ql + Kr+ QiTFT]> . (2.70)

Here ¥; = 0r%, where X is given in (2.12). For k =0, (2.68) becomes
S+ X NS —i(Fy — Fy) [ — 4T - 645_2] — 642 T [K(Y,V)]? V(Y, V) =0. (2.71)

Next, we consider the variation of the entropy function (2.11) with respect to arbitrary
variations of the fields Y/ and Y and their complex conjugates. Denoting this variation by
§=o6Ylo/oY T 4+ 6Y10/0Y T + 570/ + 6§Y0/OT, we obtain

1 _ _
508 =E[P1o(F + Fp) — Qro(Y! + Y1)
iZ2[(Qx — Fxn PM)N™! 6F; NTH(Qp — Fry PY) — hec!]
—4i(=T)" V2 (k2 — 1) [(Fr — Fr)o(YI+ Y1) — (v — Y1) 6(Fy + F)]
+i [25 Y- 32k°2 4+ — 2k) + 16\/—T} 5(Fr — Fr)
+i = [6Y Pr N (Qy — Fy P¥) — hec]
—2i(=1) 32 (k2 1) Y F; —YIF) o7
+i(Pr — Pr) [2-4(-1)7/2 (1 + k2)| o7
—320°EY 2K VK — Y ' K*V Y + K*6V] (2.72)
where we took into account that the variable T is real. For £ = 1 this reduces to the
expression derived in [29].
Restricting to variations Y/ gives
1. _ _
E(Qr—FryP’) - SiE (Qk — Fxne PM) NEF Fpig N9t (Qf — Frn PV)
F4i(—0)TVHRE 1) [Fr — Fr — Fry (Y7 = Y7)] (2.73)
~i [22 - 32(K?E + 27— 2k) + 16V=T | Pry + 3202 2K K,V + K2 Vi] = 0.

Using il] = ;L] — iN7s h’, we obtain for V7,
Vi = iNKP Fpor N e hy, + 2K [\W|2KI+WKBI] . (2.74)
Focussing on the black brane case (k = 0), we obtain from (2.73),

1._ - _
~ET; - i S NEP Fpro NOES: — 4(=1)"Y2 K + 20X Py (2.75)

—i |2EY — 3227 +16V—0_ | Pr; +32¢°ZY ' 2K K; V + K* V| =0,
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and, using (2.70), we get
N N 1 = =
= (Q; + 6492T_1KWh1) — SIENP Fpig NOF (zgzi — 64 TV K2 hyg hL)
YEK; (1 A=) V2E L 64g? TRV 4 642 T |W|2)
+i [32 =1 &/ﬁ} Frr=0. (2.76)

Observe that all the terms transform as vectors under symplectic transformations.
Next, let us restrict (2.72) to variations §Y1 (recall that T is a real variable). Setting
k =0, and using

Ky =i(Y'Pr = Y'Fyp) | (2.77)
Vi = i (N5 Fpgr N9 huc by, = hie.) + 2K 2 [[W[2 Koy = K (W Pry + W Fyp) ']
we obtain
iPy N7 (=X — 64ig>Y "KW Nyxh™) + h.c]
i= [NKP Prpo NOE (zkzi — 642 T K2 hye ?LL) - h.c.}
2= (1692T—2K2v + (—’I‘)_3/QE_1K)
=Ky (—4(—T)—1/2 =1 4 642 T UKV + 6462 T |Wy2)
+i (E - 4(—T)—1/2> (Fy — Fy) (2.78)
+i [227 — 32271 + 8V=T| (Frr - Prr) =0.

Observe that not all combinations are symplectic functions. This is so, because the deriva-
tive /0T, when acting on a symplectic function, does not yield a symplectic function [41].
To obtain combinations that are symplectic functions, we may use the mixed derivative
Y19/0Y!T +Y10/0YT +2Y0/0Y, where T is real so that 9/9Y acts on both Y and T [29].

Then, using the homogeneity relation
YK + Y K7 + 2T Ky = 2K , (2.79)
we obtain
_9EK (1 —4(=T)V2E £ 642 TRV + 64g2 T |W|2)
+oE (1692T*2K2V + (—T)*?’/?E*lK)
+2i <E _ 4(—T)‘1/2> (Fx — F)
+E[Z(Y) + 64> Y K [W|* — 20Y Py NS5+ he] =0, (2.80)
where Z(Y') denotes the extension of (2.28) given by
Z(Y)=p Fi(Y,Y) —qYT. (2.81)

Observe that each line of (2.80) constitutes a symplectic function.
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Inserting (2.71) into the entropy function (2.11) with k& = 0 gives

£ = j% + 16i(Fy — Fp)(vV/ =T —8271). (2.82)

The black brane entropy density is given by (2.82), with Y/, T and Z expressed in terms
of charges and fluxes by solving the extremization equations (2.76), (2.80) and (2.71). To
solve these equations, one may proceed iteratively by power expanding in Y.

2.3.1 An example

In the presence of higher-derivative interactions, the extremization equations (2.76), (2.80)
and (2.71) take a rather complicated form. One way to deal with these complications is to
expand F(Y,T) in powers of Y,

F(Y,T) = i TI FO(Y) (2.83)
g=0

and to solve the extremization equations order by order in Y.

In the following, we will focus on a particular model with an F(© and F() only, namely

Yyly2ys3 y!
—vo Te — (2.84)

with ¢; > 0. In ungauged supergravity, this model captures features of N = 4 models in
the presence of R? interactions. In particular, it allows for supersymmetric small black
holes, which are solutions that only exist due to the presence of the term proportional to
c1 in (2.84) [42, 43]. Consider a small black hole that carries charges (qo, p') with gop! < 0.
The supersymmetric attractor equations for the Y are Y/ — Y! = ip! and F; — F} = iq;.
They can be readily solved for the model (2.84) [44]. The attractor values for T = —iY?/Y"
and U = —iY3/Y" are zero, while S§ = —iY!/Y? and Y take non-vanishing values that
exhibit the following scaling behavior with ¢; [45],

S+85="0
c1
YO :YO = yﬂ\/a) (285)

where so and 7o are given by so = /|qop! /Y|, y¥° = +/|T p'/qol, and the field T takes the
value T = —64 at the horizon [46]. The entropy £, which is non-vanishing, is determined
in terms of S + S as € = 32m+/|qop?| /<1

Now consider turning on fluxes (h°, hyi, ho, h3). For large charges, and for a certain
range of fluxes, we expect that there exist black brane solutions whose near-horizon ge-
ometry can be approximated by the geometry of a small black hole. Thus, we expect to
be able to construct black brane solutions to the extremization equations (2.76), (2.80)
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and (2.71) that are supported by charges (go,p') and have the scaling behavior

_ S0
S+S=—
+ a+51+ ,

T+T=ty+ti/e1+-..,
U+U = ug+ui/er+ ...,
YO = yover +yen+ .
V-_ =X+ ver+ ...,
E=&+aver+ ... (2.86)

We note the ansatz (2.86) for the scaling behavior is analogous to the one discussed in (2.60)
for the model (2.57).

We proceed to solve the attractor equations (2.76), (2.80) and (2.71) iteratively by
power expanding in ¢j, in a manner similar to what we did for the model (2.57). Concretely
we found a solution for h° = 0 = h; and with gg < 0 and p! > 0.% Plugging the ansatz (2.86)
into the five attractor equations (2.76), (2.80) and (2.71) and expanding each one in a power
series in c1, the five leading order equations are solved by

P JPTA 4.898
so = 04arVDler o g06, /1900 — 1190VPR0 g . (2.87)
Ao p1 Vol Ao

whereas g is not constrained at this order. Inserting (2.87) into the equations obtained
by expanding each of the attractor equations to their next order in ¢y gives five constraints
involving \p and the subleading coefficients of the expansion (2.86). However, \g and A\;
are again not constrained and we find

VIalpiA
_gaqr Yl X

)\(2) - OAOa

S1 =

tl = Uy = 07
A
1190V P A

Y1 = =Yoo+ >
Vol Ao

4898\ N\
& = N 50)\0- (2.88)

Observe that whereas the small black hole solution (2.85) represents an exact solu-
tion to the supersymmetric attractor equations of ungauged supergravity, the black brane
solution discussed here will receive corrections order by order in ¢;. This is due to the
complicated form of the attractor equations (2.76), (2.80) and (2.71). Moreover, naively
it appears as if the solution we found does not depend on the values of the fluxes ho and
hs. However, this is an artefact of our truncation to the lowest orders in the cj-expansion.
The full attractor equations do depend on hy and h3z and we expect the more subleading
coefficients in the expansion (2.86) to depend on them as well. It would be interesting to
pursue this point further.

5Given that we turned off the fluxes h° and h it is likely impossible to extend this case to an asymptotic
AdSy solution. Finding such an interpolating solution with higher derivative corrections is clearly outside
the scope of this paper.
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3 Interpolating solutions

In the following, we will switch off higher-derivative interactions and consider interpolating
extremal black brane solutions in the presence of quantum corrections to the prepotential.
We will focus on solutions that only exist due to the presence of these quantum corrections.
For concreteness, we pick the STU-model described by (2.57), and we construct solutions
that interpolate between a near-horizon geometry AdSs x R? and an AdS, geometry. These
solutions will be supported by fluxes (h°, hy, ho, h3) as well as by charges (qo, p*, p?, p*).
More precisely, we will consider what happens when one or two of the magnetic charges p
(A =1,2,3) are turned off. The fluxes and the charges are subjected to the Hamiltonian
constraint (2.35).

The choice of the fluxes ensures that the flux potential (2.7) has AdS, extrema. For
the prepotential (2.57) we find various such extrema. We will focus on two of them, as
follows. We take the fluxes (kY h1,ho,h3) to be all positive. The first extremum is of
standard type, i.e. it occurs for the uncorrected prepotential (a = 0). The values of the
scalar fields S, T, U at this extremum are given by

[hahs [hih3 [hiha
hOhy’ hOhs ’ hOhs (3.1)

These values will get corrected when switching on a. At the extremum (3.1) the flux

Ve = —6v h0h1h2h3 . (32)

In the figures given below, this extremum is denoted by type 1 AdS, fixed point and is

potential takes the value

represented by a blue dot.

The second extremum is not of standard type, and only exists in the presence of
quantum corrections, i.e. when a # 0. The values of the scalar fields S,T,U at this
extremum are, to leading order in a, given by

3 \1/2 3 \ /2 hs /2 4
s=ha() Ve Ton(E) vov-() G 09

and the value of the flux potential at this extremum is, to leading order in a,

RORI\ V2 1

In the figures given below, this extremum is denoted by type 2 AdS, fixed point and is
represented by a red dot.

Next, we construct interpolating black brane solutions that asymptotically flow to one
of these two AdS, extrema. These interpolating solutions are obtained as solutions to
first-order flow equations [23-26].° They are described by a static line element of the form

ds? = eV dt? + e dr? + A (da? + dy?) (3.5)

6See [47] for a discussion of first-order flow equations for extremal black branes in five dimensions.

—90 —



where U = U(r) and A = A(r). The solutions are supported by scalar fields XZ. Tt is
convenient to introduce rescaled scalar fields Y/ given by’ [26]

vi=etpx!, (3.6)

where the field ¢ denotes a U(1) compensator. The first-order flow equations can then be
expressed in terms of the scalars Y/ = Y/(r) as follows,

(YI>/ = e VTONIE (éK + iQGQA;LK> ,
¢ = 2ge Y Im [e"W(Y)] , (3.7)

where 1) = A+ U, and with Q, h and W(Y) as defined in (2.26), (2.3) and (2.8) (with F
restricted to F(Y)). The quantity 24 is determined in terms of the Y by

A =K(Y,Y), (3.8)

whereas the phase 7 satisfies

Z(Y) —ige*AW(Y)
Z(Y) +ige2 AW (Y) ’

e 2 = (3.9)
with Z(Y') given in (2.28).

The first-order flow equations (3.7) may have fixed points determined by (2.36), where
e?4 = vy and €® = i. One such fixed point was already obtained in (2.63) and (2.66), and
it arises when the two magnetic charges p', p? are switched off. Another fixed point occurs
when switching off the magnetic charge p3. In this case the attractor values for S, T, U and

e?4 are, to leading order in a, given by (we set g = 1 in the following)

| hspt | hap? B hy \'® rqon1/3 oa | D2
S_’/Tﬂp?’ T=\r U=, (E) = 310

while the value of the flux potential at the attractor is, to leading order in a, given by
hs \"® rqo\1/3
N Y s I ) I 3.11
! ’ <h°p1p2> a (311
Yet another fixed point is obtained when p? is switched off. In this case, and taking into
account that the fluxes (h°, hy, ho, h3) are all positive, we find the following attractor values
at leading order in a,
S0 uo 24
S=—, T=tywa, U=—, e“'=qy/a, 3.12
\/& 0[ \/a Of ( )
where the values sg, tg, ug, g are rather complicated expressions in terms of charges and
fluxes, which we do not give here. We only note the relations

hy + RVt
Pl = —hy <80a0> <0, pP=ag (1—1—0u0> >0, (3.13)
touo to

"Note that the field Y7 differs from the one introduced in (2.6).
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i Horizon

- Type 1 AdS,

Type 2AdS,

Figure 4. Flow from AdS, (black dot) to the type 2 AdS, fixed point (3.3) (red dot) (go = 10,p! =
p2 = O’p3 = 10;h0 = h,l = hz = hg = 1)

which constrain the signs of the magnetic charges p', p3. The value of the flux potential at
the attractor is, to leading order, given by

_v(h,p,q)

VF: \/a ’

(3.14)
with v > 0.

The three fixed points discussed above give rise to AdS? x R? geometries that only
exist due to the presence of the a-term in the prepotential (2.57). The fixed points with
either non-vanishing p® or non-vanishing p! and p? give rise to AdSy x R? geometries (2.4)
with vy, vy ~ a'/2, as can be seen using (2.20). The fixed point with non-vanishing charges
p! and p? has v ~ a'/? and v2 = O(a"). All these geometries have in common that in the
limit a — 0, the AdSs factor v1 shrinks to zero. The two fixed points for which, in addition,
also v — 0, have entropy densities that exhibit Nernst behavior in the limit a = 0. Note
that the ratio v; /vy remains finite in this limit.

Next, we would like to check whether the three AdS, fixed points can be connected to
the two AdS, fixed points discussed earlier. This can be done by numerically solving the
first-order flow equations (3.7), as explained in appendix C. Our findings are summarized
in figures 4-6. They represent the flows in the three-dimensional S-T-U moduli space for
different charge configurations. In these figures, the black dot represents the AdSy fixed
point, while the blue and red dots represent the AdS, fixed points (3.1) and (3.3), which
we denote by type 1 and type 2 AdSy fixed points, respectively. We also took a = 0.01 in
these plots.

First consider the case when p! = p?> = 0. Then, we find a flow connecting the
associated AdSs fixed point to the AdSy fixed point (3.3), as depicted in figure 4. When
p> = 0, we find a flow connecting the associated AdSs fixed point to the AdS, fixed
point (3.1), as depicted in figure 5. And finally, when p? = 0, we find a flow connecting
the associated AdS; fixed point to the AdS, fixed point (3.3), as depicted in figure 6.

When p? = 0, we can show that the flow of the scalar fields remains in the perturbative
chamber S > T > U when suitably choosing the charges and the fluxes. This is depicted in
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Type 1 AdS,

Horizon

Type 2AdS

Figure 5. Flow from AdSs; (black dot) to the type 1 AdS, fixed point (3.1) (blue dot) (go =
14,p' =12,p2 =20 =0; A" = hy = hy = h3 = 1).

Type 2AdS, Type 1AdS,

Horizon

Figure 6. Flow from AdS, (black dot) to the type 2 AdS, fixed point (3.3) (red dot) (g0 = 9,p' =
—1,p? =0,p° = 10;A° = hy = hy = h3 = 1).

figure 7. The behavior of the metric factors €2V and e?4 is depicted in figure 8. Note that,

2U 2A

in a regime where 2V or 24 simply scale as powers, the quantities d(}inhew ) and d(ilnlzr )
. . P . . .

give these powers, i.e. dg?nrr) = p. From figure 8 one reads off an intermediate scaling

regime where both €2V and €24 roughly scale linearly in r. One might wonder whether this
can be interpreted as a scaling regime with non-trivial dynamical critical exponent z and
hyperscaling violation parameter . To answer his question we need to know the relation
between the scalings of €2V and €24 on the one hand and 6 and z on the other hand. For

eV ~ 2o A ~ 2P (3.15)
one finds [15]
2(a—1) 20— 1
== -7 = 3.16
a+pf—-1" T ath-1 (3.16)

To answer the question whether there is an intermediate scaling regime we focus on

e (3.17)

0 2(a—1)
o YN |
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Figure 7. Flow in the perturbative chamber S > T > U (qo = 32,p! = 12,p*> = 2,p> = 0;h° =
hy =1,hy =10, hs = 107), using a = 0.001.
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Figure 8. Metric behavior (qo = 32,p' = 12,p%> = 2,p3 = 0;h® = hy = 1, hy = 10, h3 = 107), using
a = 0.001. See (3.18) for a definition of 7.

If there was a scaling regime with particular values of § and z, one would have to see a
plateau when plotting
2 (G -
dlnr

This, however, is not the case, as depicted in figure 8.

Let us next come to an analysis of the near-horizon geometry for the (go,p', p?) confi-
guration when a is completely switched off. It is straightforward to check that the following
ansatz solves the flow equations (3.7) in the limit r» — 0,

YO vr, YLY?2Ar?, Y3~ eV =r, (3.19)
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Figure 9. Flow in the purely magnetic case (go = 0,p* = 1.999.990,p? = 10,p® = —2;h0 = h; =
hy = 1,h3 = 10%), using a = 0.001.

A

with 7 = 0. This results in €24 ~ r/2 and €2V ~ r3/2. The associated line element

ds? = r1/? [—rdt2 +r72dr? + da® + dyz] ) (3.20)
describes a so-called n-geometry [13], namely

ds? = 7 [ 2dt? + 127 2di? + da® + dy?] (3.21)

2 12 =4 and n = 1. When turning on the regulator a, this 7-geometry gets

where r = 7
modified into the AdSy x R%-geometry discussed above for the (go,p', p?)-system.

Finally we would like to give an example of a flow which is purely magnetic, as this
is the case that much of the earlier literature focussed on, cf. [14, 15]. In this case it is
possible to find a scaling regime with 1 ~ 1. However, it does not stay all the way in the
perturbative chamber, cf. figures 9 and 10. One way to enforce staying in the perturbative
chamber in the purely magnetic case would be to choose p; and ps of equal order (i.e. both
of order 10% in the example of figures 9 and 10). However, in that case the n-scaling regime
disappears and the plots look very similar to figures 7 and 8.

We would like to end with a comment on the a — 0 limit. One might expect that in
this limit the scaling regime of figure 10 extends more and more into the AdSs x R%-region.
To a small extend this indeed happens and the scaling regime also gets more extended to
larger values of r when decreasing the value of a. However, the effect of decreasing a is
actually surprisingly small. Changing a from 10~! to 1077 cuts the AdS, x R2-region only
by a factor of about 10. The reason for this small effect seems to be that the attractor
values of the scalars S, T and U are getting larger for smaller values of a, counterbalancing
the decrease of @ in the quantum correction a3 to the prepotential and, thus, preventing
it from becoming negligible.
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Figure 10. Metric behavior (go = 0, p* = 1.999.990, p?> = 10,p3 = —2;h® = hy = hy = 1, hg = 10°),
using a = 0.001. See (3.18) for a definition of 7.
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A Homogeneity relations
The homogeneity relation F(AY, A2 Y?2) = A2 F(Y,Y) implies

OF = Y F; +2YFy |
YIFrx = —2YPrjk ,
Y!Fry = —2YFyy ,
Fri+ Y Fry = —2YFrys . (A1)

B Field combinations

The computation of the free energy (2.10) makes use of various field combinations that
in [29] were computed for an AdS; x S? geometry. Here we adapt these results to a
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background of the form (2.4). Indices i, j refer to the AdS, coordinates r, ¢, whereas indices
«, (B refer to coordinates of sz. We obtain for the field combinations considered in [29],

Rz?(vfl—k‘vgl) ,

! 1 1 1
J = |Zo7 = =(D+=R) — —=|w|?| 67
Ji [2”1 7(P+3h) 32‘“}’} o
k 1 1 1
B | _f-1_ 2 2z 2wl s.8
fa Fv2 " =7 —|—3R)+32|w\}5a ,

R(M)as” = (D + ;R> 8ap"°
R(M)io P = (D —% > 5768,
A= —4u? ,
E; = —16w (D + ;R> :
C =192D% + 33—232 —16|w|? (o7t + kvgt) + 2w|* (B.1)

where we recall that k£ denotes the curvature of the two-dimensional space with line ele-
ment dQ%.
The resulting field equations for D and ¥ become

D=0,
16i _ _
v = — YIF —YIF)) —256i(Fy — Fy)(k — =1
X ﬂ( T T) i(Fy — Fr)( )
+32iV/—T [FITN”(QJ — FyxPX) —hel. (B.2)

C Numerical interpolation

Here we outline a procedure to perform the numerical interpolation of the flow equa-

tions (3.7). It is convenient to recast these equations in terms of a radial coordinate 7
defined by

w0 0

or or

For the following it is important that the flow equations are autonomous (i.e. the right

(C.1)

hand sides do not depend explicitly on the independent variable 7) and they read

vyl = _NIK (éK + igeQA;LK) , (02)
Y = —2gTIm [W(Y)]. (C.3)

Here we set v = 0. In terms of 7, the attractor nature of the horizon becomes manifest
since, as 7 — oo, the moduli flow towards an equilibrium state, i.e. they tend towards
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constant values Y. Since e¥ tends to zero when approaching an AdSy x R? geometry, it
follows from (C.3) that

29 Im [W(Yf)] <o0. (C.4)

In order to find interpolating solutions we must figure out how to move away from this
equilibrium configuration. To understand the possible deviations we need to linearize the
system (C.2) around the attractor point and study the eigenvalues of the Jacobian of the
system. This is a rather difficult task, but it is possible to show that there always exists at
least one stable direction, i.e. a class of deformations that eventually evolves back towards
equilibrium. This can be shown as follows.

Consider a deviation of the form

Yir) =Y + el (C.5)

where € < 1. To linear order in €, eq. (C.2) becomes

Ml = (T + (T®) e (C.6)
where _
SN _ NIK (F L ;o 2A3L\ | ; o\ G
(T, =N (FJKL (p +ige“*h ) +ig (NY)JhK> Vi)t (C.7)
and -
7N _ NY NIKA )
(T)=ig(NY), hi YI(r)=¥1 (C.8)
are the two contributions from the Jacobian of (C.2). Then we can show that
Kf( W)y =—igW(V)K; , Kp(J®)) = —igW(¥)Ky (C.9)

where we used K; = Op1K = —(NY); and K; = 9y, K = —(NY); and the tilde over
K75 indicates that it is evaluated at the equilibrium values Y. The last equation, when
combined with (C.6), implies that

A =2gIm [W(Y/)} : (C.10)

which is negative due to (C.4). Hence Y (7) given in (C.5) approaches equilibrium as
7 — 0o. The next step is to find the components of v!. As a matter of fact we can only
find the direction in moduli space in which v! points, but this is all we need, since e can
be used to tune the size of the vector. Having determined the aforementioned direction,
we can perform a numerical integration in order to find the flow line passing through

Y(0) =Y! + el (C.11)

on its way towards the horizon. Effectively, in the examples we looked at, the resulting flow
coincides with the one that follows from the procedure outlined in section 3.1.2 of [26].%

8We would be happy to make our mathematica code available upon request.
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