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whose magnitude decreases with quark chemical potential.
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1 Introduction and summary

The chiral magnetic effect (CME) [1-3] and chiral separation effect (CSE) [4, 5] characterize
the response of vector/axial current to the axial/vector chemical potential in external
magnetic field. Both effects are manifestation of axial anomaly and are of phenomenological
interest in heavy ion collision experiment. In particular, CME leads to charge separation
and the interplay of CME and CSE gives rise to chiral magnetic wave (CMW) [6], which
leads to charge dependent flow [7]. There have been significant experimental efforts in
search of CME [8-10] and CMW [11, 12], see [13-15] and references therein.

While CME and CSE share many similarities, they are known to differ in certain
aspects. The chiral magnetic current is known to be independent from quark mass, tem-
perature etc [2]. Correction may arise in dynamical cases, where axial chemical potential is
not well defined and the dynamics of axial charge becomes important [16-19]. The chiral
separation current does not suffer from the issue of axial chemical potential, but it does
receive correction from quark mass [4, 20-23]. In the static case, the correction to CSE
can be derived in an ad-hoc way:

V - j5 = CE - B + 2Mipy>1), (1.1)

with C' = —N"Qe;2Q2. In the massless limit, we can write £ = —Vig, with p, being the

quark chemical potential. Since V - B = 0, we easily arrive at the celebrated CSE
V-js=-V- (chB) = j5 = —Cpu,B. (1.2)

To obtain the mass correction to js, we first write the pseudoscalar operator o5 = iMq&fw
as the response to quark chemical potential: o5(z) = [ d*yGosn(x—y)pq(y). The structure



of the Green’s function G5, can be deduced from discrete symmetry: o5 is odd in both
parity and time reversal, thus it should contain magnetic field B, which is odd in time
reversal and spatial gradient V, which is odd in parity. Therefore, to the lowest order in
gradient, we have

05 :g(M(??TvM?B)BvMQ (13)

Following the same steps as (1.2), we find correction to js,

j5 = —CugB + 2g(MJ, T, 11, B)pgB. (1.4)
The function g is related to the Green’s function as (in momentum space)
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(1.5)

This relation will be confirmed analytically in model study. Note that g vanishes when the
quark mass M, vanishes. We can expand it in small M, regime:

Mo

g:#ﬁ—i-o(Mq) (1.6)
assuming p, < T, B < T?. The dimensionless prefactor # is to be determined by
dynamics. In fact, the analytic form of g also constraints the response of o5 to quark mass
M,. Note that we have assumed a spatially inhomogeneous i, and constant M,. Instead,
we can assume an inhomogeneous M, and constant p,. This should induce vev of o5(z) =
[ dYyGose(x—y)M,y(y). Consistency with (1.3) and (1.6) indicates the following correction

o5 = 2#%13 VM, + o(M2), (1.7)
which implies Gy5, = 2z’#quBuq + o(M,). We will provide clear numerical evidence
for this correlator in model study. The correction to j; is more interesting in regime of
large pq and B. When B = 0 and g large, different instabilities have been discussed in
large N, field theory with spontaneous generation of chiral density wave [24, 25|, current
density [26-28] and quarkyonic spiral [29-31] etc. At strong magnetic field, formation of
chiral magnetic spiral [32-34] is possible. Here we discuss a different type of instability
characterized by pseudoscalar condensate. This instability is already identified in [35] see
also [36] in low temperature confined phase. We extended the discussion and found it only
exists within a window of magnetic field. Formation of this instability leads to spontaneous
generation of chiral shift, first introduced in [37], which induces further correction to js.

The paper is organized as follows: in section 2, we give a brief review of the holographic
model and the finite density and magnetic field background; section 3 contains a study of
correlators among pseudoscalar condensate, quark condensate and quark number density in
small momentum regime; section 4 extends the study of correlators in arbitrary momentum
regime and discussed the instability towards formation of spiral phase. We close the paper
in section 5 with some outlooks.



2 A brief review of the model

2.1 The finite density background

We use the D3/D7 model to study the effect of finite quark mass. The background consists
of N. D3 branes and Ny D7 branes. In the probe limit Ny < N, the background is
simply given by black hole background sourced by D3 branes, with suppressed backreaction
from D7 brane. The D3/D7 model is dual to N/ = 4 Super Yang-Mills (SYM) fields and
N = 2 hypermultiplet fields, which transform in adjoint and fundamental representations
of SU(N.) gauge group respectively. By analogy with QCD, we loosely refer to the N' = 4
and N = 2 fields as gluons and quarks respectively. The black hole background of D3
branes is given by [38]:

ds® = —ggj;;detQ + T;%Hde:vz + Cllopj + db? 4 sin® Bd¢? + cos® HdQ3. (2.1)

where 1 1
f=1-—=, H=1+—. (2.2)
pt pt

The temperature of the gluon plasma is given by 7' = 2. Note that we set AdS radius
L = 1. It can be reinstated by dimension. We also explicitly factorize Sy into S3 and two
additional angular coordinates 6 and ¢. There is also a nontrivial Ramond-Ramond form

2 2
Cy = (’;;;m) dtAdxi AdzoAdxs — cos® OdpAds. (2.3)

The D7 branes share the worldvolume coordinates with D3 branes. In addition, they
occupy the coordinates x4-x7 parametrized by the S3 coordinates. Their position in zg-xg
plane can be parametrized by radius psinf and polar angle ¢. The rotational symmetry
in the xg-zg9 plane corresponds to U(1)r symmetry in the dual field theory. The D7 branes
has an additional U(1)p symmetry carried by its worldvolume gauge field. We will use the
U(1)r and U(1)p symmetries as axial and vector symmetries respectively.

We are interested in the field theory state at finite temperature and finite quark chemi-
cal potential p1, with background magnetic field B. To this end, we introduce worldvolume
gauge field A;(p) and F,, = B. The embedding function 6(p) of D7 branes in D3 back-
ground is determined by minimizing the action including a DBI term and WZ term

Spr = Sppr + Swz,

Sppr = —NfTD7/dS§\/—det (gab + 27TO/F~'ab>,

Swz = ;Nme(?WO/)Q/P[Cd/\F/\F- (2.4)

Here Tp7 is the D7 brane tension. g, and F,; are the induced metric and worldvolume
field strength respectively. Defining
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327237 At: At?
7"0 To
NN\
— NiTpr2r? = —1¢ 2.
N = N¢Tpr2n am)T (2.5)



the action simplifies to

SpBr = d3¢\/—det (gap + Fup),

- 2n2

1
=— P FAF. 2.
Swz 47T2N/ [04]/\ VAN ( 6)
The asymptotic behavior of # is given by

m  c
sinf=—+ —+---. 2.7
PR (2.7)

The coefficients are related to bare quark mass M, and quark condensate (1)¢)) [38]:

Tom - 3
Mq = m, <w'¢> = —QWQ/NTOC. (28)
Similarly, the asymptotic behavior of A; determines dimensionless quark chemical potential

1 and density n:
n

TOM

with physical quark chemical potential and number density given by p, = 525 and ng, =

4’ Nrin.

The phase diagram of the system has been obtained in [39-43]. There are two possible
embeddings with D7 branes crossing/not crossing the black hole horizons, corresponding
to meson melting/mesonic phase respectively [44]. We will focus on meson melting phase
for studying CSE in quark gluon plasma (QGP).

2.2 CSE at finite quark mass

We consider the fluctuation of embedding function ¢ in the above background. The part
of quadratic action containing ¢ can be written in the following form

S=N / Ao <—;\/—GGMN8M¢>8N¢> ~ Nk / PrQMNPRREy v Fpodre,  (2.10)

with M =t,x1, 22, x3, p. For the evaluation of CSE, we need

1
Q=cosl, k= 3 (2.11)

We do not need explicit form of GM¥ for now. The axial current is defined by [45]

oL
Jh = /dpda“d (2.12)

Using EOM of ¢, we obtain the following non-conservation equation of axial current

oL

aMJIl% + 5ap¢ ‘ziﬂh

= 0. (2.13)



We will identify Jp as axial current. The non-conservation of Jp follows from two boundary
terms in the integration. The boundary term at p = oo is related to axial anomaly:

oL
§0,0'7°
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=0, +NriE - B. (2.14)
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Note that the factor rg follows from dimension of £. In doing this, we have chosen ¢ to
set unit and work with dimensionless coordinates ¢, x1, x2, 3, i.e. 8, — r90,. Combin-
ing with (2.5), we obtain E = QZ—?E and thus NEBrg = %Eé corresponding to the
anomaly term. Therefore the term O, corresponds to the mass term iMq@Z_w%Z).l The other
boundary term at horizon p = pp is an artifact of the model. Its presence is tied to our
modeling of axial symmetry: since we make use of U(1)g symmetry for axial symmetry,
the gluon plasma is also charged under axial symmetry. The horizon term represents axial
charge exchange between the quarks (fundamental matter) and gluons (adjoint matter).
The term is indeed non-vanishing in known examples [45, 46]. However, we will study CSE
and correlation functions in static limit. We claim the above artifact is absent in those quan-
tities because charge exchange is not possible in static case. This can be checked explicitly.

Now we proceed to evaluate CSE, which is the axial current J 13%. Note that ¢ = 0 in

the background, we obtain

o0
Jh = Nrg/ dpcos* 0 A, B. (2.15)
Ph

We stress that had we assumed ¢ = 0 at the beginning, we would have obtained a vanishing
CSE current. The case m = 0 is trivial. In this case, the embedding function is given by
0=0.J 1?32 can be evaluated exactly

Ny¢N.
(2m)?

Jp=Nrd | AB=NriuB =
Ph

tgB. (2.16)

This is the standard CSE fixed entirely by anomaly upon restoring units in the last step.
Correction to standard CSE exists for m # 0. In this case, the embedding function 6 and
gauge potential A; are only known numerically. The corresponding J }3% can be obtained by
numerical integration. We obtain its dependence on m, p and B in figure 1. To convert to
physical unit, we use )
/

ro=71, o = 5y (2.17)
with phenomenologically relevant coupling and temperature. We observe that quark mass
tends to suppress CSE as expected. Chemical potential and magnetic field both tends to
enhance CSE. The qualitative dependence can be understood from (1.4). The leading term
—Cqu gives the baseline 1, while the correction is

2

M?
AJg = #T—gqu. (2.18)

'Note that the normalization of Jg is half of J5 in field theory.
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Figure 1. Normalized J} as a function of m, u and B. The temperature of QGP is set to T' =
300MeV. To guide eyes, we mark phenomenological relevant parameters (strange quark mass M, =
100MeV, B = m2, p, = 0.5T) with red dots in corresponding panels. In the upper right and lower

panels we use M, = 300MeV to magnify the dependence on p(sq) and B(B). We use oy = 0.3 in de-
termination of A. For strange quark mass M, = 100MeV, the u and B dependence is barely visible.

The m(M,) dependence is quadratic, while the 1, and B dependence is absent at this
order. Assuming higher order terms in M, can be ignored, the dependence in figure 1
implies the magnitude of the prefactor # drops with growing p, and B. Note that the
prefactor is negative, a suppressed magnitude leads to enhancement of CSE.

3 Correlators

In this section, we wish to study the correlator among scalar condensate o = 1), pseu-
doscalar condensate o5 = iquzny’w and quark number density n, = py91p. We study the
Euclidean correlators at vanishing frequency (in static case when axial charge exchange is
absent) and finite momentum.

Gunlk) = [ &' = )0, (2)0,(0). (31)
with u, v = 0, n, o5. To this end, we introduce the following fluctuations to the background:

Q(va) = H(p) + 59(Z,p), At(zap) = At(p) + at(zvp)v ¢ = ¢(Z, p)' (3'2)

The open string metric up to quadratic order in fluctuation is given by

b = 8+ Y 4 33



with

/
git —ro A}
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oA} 9pp + 6

—réa; —roal

hey = | ra roo60’ | €D <0> P4 (gm),

roa, ro000" 20’560’

| (59‘2 n g¢¢q52) T (5969’ + 9¢¢¢3¢'> & <0> @g(;g) <993>. (3.4)

ro (50’59' n g¢¢¢3¢’) 50" + gypd'?

Here we use the following coordinates as D7 brane worldvolume coordinates: ¢, z, p, x, y
and €2, with  denoting collectively three angular coordinates on S3. They are ordered as
they appear in the open string metric. It is straight forward but tedious task to work out
the quadratic action of the DBI and WZ terms

N T -
SDBI 2 — d8§\/7|: 0 (692+g¢¢¢2> (59/2 +g ¢/2) hPP 59(2) SS
1 <21 tt xx 1 12pttppp acac pp 23 0! 1,tp xx
+ 27“()(1 h" g™ + 2r oa;"h"™h 570 506’ h roatd00'h'’g
— roay8'66'nPh — L (00'0)? hev?
3502 (592 4 B35, (1) S ipte 35 (1) SSyspen
X 3 9ss (9 ) + 599559 T + 599559 )
N a8
Swz = 5270 d®¢| cos OB (at¢ — attb) + 4cos® 0sin0SOBALH | . (3.5)
Here

gss = cos? 0, §g) = —sin2060, 59\ = — cos 20662,

2 /
+0 op git tp _ —ro 4}

pit — 9pp WP — Bt —
9it (9pp + 0'%) + 7”8‘4227 9t (gpp + ') + T(%A?? 9t (gpp + 0'2) + 7“814227
/ d*¢v/~h = 27 / d5w\/ — (et (gpp + 0'2) + 13 A12) (92, + 14 B?) 2002 (3.6)

We use dot and prime for derivatives with respect to z and p respectively. Note that we
work with dimensionless z, i.e. d, — 790.. This amounts to setting the scale of spatial
momentum by temperature The rescaling makes the rg dependence of Sppr and Swy
appears as an overall To factor, thus ro drops out completely from the EOM. The EOM



following from (3.5) are given by

/!
[2\/h <3 tan® 6 — g) 660 — 3v/—hh'* tan fa, + 3 (\/—hh”p tan 09’) 00+

+ (VERReRrg ) — (VIR (1 0700 60') R g
—v —hg™* (1 — hpp9’2) 9] — 4 cos® 0 sin HBA;q'ﬁ =0,
[3 (\/—hht’) fan 959)' - (\/—hhtthﬂﬂag)' + (\/—hhtﬂhppe’ae’)' — V"hhtgg,

+V —hht”gmﬁ'dé} — (0054 9)/ B¢ =0,
[ (\/ RAPP sin 9¢>) V" hg™ sin 9¢>} (cos* 0)' By — 4 cos® 0sin 050BA, = 0. (3.7)
By observation, we find the ansatz

d(z, p) = sin(kz)or(p),

solves the z-dependence of (3.7).

ai(z, p) = cos(kz)ai(p), 00(z,p) = cos(kz)ob(p), (3.8)

To proceed, we note that a generic set of solution has
the following asymptotic expansion

¢=fo+ é + ﬁl np+-
ag = ag + + 71 np+ -
t
50 = —1+—+—1 - (3.9)
p PP
where f, = —kfo, ar, = —k?ag and t, = —k?t;. The leading coefficients are the sources

to operators o5, on and do respectively. The subleading coefficients are related to their
vevs. A holographic renormalization procedure is needed to determine the vevs. We will
elaborate this procedure in appendix A. Here we only show results of correlator G

_ Gow 14 _ G 14 Gosos _ 1
(2ma/)2N2 ~ 2777 (2ra/)2NFE 27 Nk — 2777
Gon 1 Gno 1
e \OArr O Sg'n, 72 — 7STLO'
(2ma’)2Nrd T2 (2ma/)?Nrg 2
GO’O’5 1 -9 GJSJ o 1 'y
2ra)N7E 27777 2ra\NTE — 2777
Gna5 1 G05n 1
o \A3 Sno ) TN NAF a3 — Sa' 9y 3.10
(27Ta’)Nr0 27n7d (2ra)NTE 2 ° (3.10)
where we have defined individual responses S,
Ots Ots Ots
So'o = a5, So‘n = 3 S(J'O’ ar 0
oty dag ° T 0f
8(12 aag 8&2
no — _27; nn — _277 no _277
S ot S dag Snas dfo
dfs dfo 02
obo — 2202 obn — 2212 50 27. 11
S5 ™ S5 ™ By’ So505 5t (3.11)



We proceed to solve (3.7). Since we have three coupled differential equations, we expect to
have three independent solutions. We solve (3.7) by numerical integration from the horizon
to the boundary. The initial condition we impose at the horizon is regularity condition. In
practice, we start off the horizon with the following three independent solutions:

0001+ =140(2), o =0(), o) = 0(e?),
30D (1 +€) = O(e2), <2> =+ 0(), o@D =0,
00 (1+€) = O(€), af’) =0(e%), ¢ =14 0(). (3.12)

These solutions give rise to the following asymptotics at the boundary

Z)Zfo +J2+J;lnp+

59(i):17+7+pL1np+...’ (3.13)

with ¢ = 1,2, 3 labeling different solutions. In order to calculate individual responses Sy,
we need to construct proper solution for which the other two sources vanish. This can be
done efficiently in the following way

Soo Sus Swa\  (H @y fo)\ (1) 2a§” &
Son Sun Sosn | = | 77 alP £ 13 —240) m? f(2) . (3.14)
5005 SnUB 50505 tgg) aég) fég) té) —2(12) 2(3)

On general ground, we expect the Euclidean correlator to be real and symmetric G, =
G}, = Gpe. Our numerical results confirm that this is indeed the case. We also find the
following scaling of all individual responses at small k.

Sam Sanv Sna» Snn ~ O(ko)’
50057 STL0'57 50507 Sa5n; ~ O(kB)7
So505 ~ O(k?) (3.15)

The first line of (3.15) is closely related to thermodynamics of the system. At k = 0, we have

Oc(m, p) o _ Onln, p)

Son = 6,LL > om

(3.16)

Similarly, the diagonal responses Sy, and S, are related to 8—7; and g—z.z We have com-

pared the results of individual responses at k& = 0 and those of thermodynamics, finding
expected agreement.

The second line of (3.15) is of more interest to us. It follows from (3.10) that
Goo5, Gnos ~ O(kB). This is consistent with parity (P) and time-reversal (T) symme-
try of the corresponding operators: o5 is odd under both P and T, while o and n are even

2For Sy, there is correction proportional to m?.



under P and 7. The external B and momentum k are odd under 7" and P respectively.
These Euclidean correlators characterize response of the system to external parameter ¢:

g ~ G005¢a n ~ Gng5¢. (317)

Here we use ¢ to denote the field theory source coupled to o5. The scaling O(k) can be
understood as follows: the source ¢ enters field theory Lagrangian as Mq&eim‘%iﬁ. If we
perform a chiral rotation, ¥ — e=1°9/ 24, the relevant terms in the Lagrangian is modified
as [45]

ufb

Mpei®’ i — Myip — “EZapryta5ep. (3.18)

This implies that only 0,¢ appears as physical parameter. In our case, ¢ only depends on
2 in field theory coordinates, therefore the physical parameter is ¢. Interestingly, ¢ can be
identified as the chiral shift parameter proposed in [20, 37]. Assuming the response of o and
n to ¢ is O(1) at small k, we naturally explain the O(k) scaling of correlators Gygs, Gnos.

The third line of (3.15) indicates Gy505 ~ O(k?). Gos05 is by definition the suscepti-
bility of 5. The susceptibility G505 is parity even, thus it scales as even power of k. As we
argued above, any response to ¢ has to start from O(k), the most probable scaling is O(k?).

Let us take a closer look at correlators involving o5. We will present results primarily
on these correlators at small k. In fact, we can confirm the linear scaling relation described
above by perturbative calculation in k. Note that ¢ ~ O(k), as, 060 ~ O(1). To the lowest
non-trivial order in k, we only need to solve the following equations

2v/~h <3 tan? 6 — ;) 60 — 3v/—hh'’ tan fa, + 3 (\/Thhﬂp tan 99/)' 50+
(V=mnteneeg'a) — (V=anee (1 0207)) <o,
3 (V=hh'* tan 959)' = (\/fhhtthppa;)' + (\/fhhtphﬂpe’ae’)' —0,
(V=hhoe sin? 9¢’)' — (cos'0) B, — 4cos® 0sin060BA, = 0. (3.19)

From the first two equations of (3.19), we can solve for 6 and a;. Plugging the solution
into the third equation and integrating from the horizon to the boundary, we obtain

v/ —hhF? sin® 06’ |0y = / dp (cos* «9)/ By + 4 cos® 0 sin 050 BA} (3.20)
Ph

On the left hand side (Lh.s.), the boundary term at the horizon vanishes, the boundary
2
term at infinity is just —m2f2. On the right hand side (r.h.s.), it is related to the sources

t1 and ag. There are two independent solutions. We denote their asymptotics as

O
501 = L +i+—1np+
PP

P
R OB ()
agz)_a(()z)Jr%jL%lanr..., (3.21)

,10,



with ¢ = 1,2. Using (3.20), each solution give rise to vev of g5 ~ m2f2(i). Similar to (3.14),
we obtain the correlators as

S50 tz(gl) (() ) m2 2(1)
g ®) .0 25 | - (3:22)
Note that at the boundary a; ~ E, 60 ~ . The correlator Sosn(Gosn) measures the
response of o5 to parallel £ and B fields. To study the response in more detail, we define
a dimensionless ratio
05

=5 2
" T T NE B (3.23)

Note that we have included a minus sign in the definition of r such that r is always positive.
In terms of correlators, r = % Since Sy5, ~ O(k), r approaches a constant in the limit
k — 0. We plot the m and p-dependence of r(k — 0,u = 0) in figure 2. We find r
increases with m, but decreases Wlth . The dependence is in qualitative agreement with
our discussion before: r ~ g ~ # 75, which grows with m, and drops with p, from the
g dependence of the prefactor #. Now we are in a position to confirm the claim (1.4) in
Sec I. We begin by working in the background with p = 0(A; = 0). The corresponding
correlator G5, becomes particularly simple then

[>dp (cos4 9)’ Bay
Gosn(k — 0) = — (2ma’) N7d =2n . 3.24
5 ( ) ( ) 0 CLt(P—> OO) ( )
Noting that 525 = ji,, we obtain
05 = Gosn(k = 0,0 =0)pg = —iNTék/ (cos4 O)IatB. (3.25)
Ph

One the other hand, the correction to CSE can be obtained by performing an integration
by part on (2.15)

Ty = ./\/'rg/dp cos? A, B = N (cos4 0A By — / (cos* 9)/AtB>

Ph

= N7} (uB - /OO (cos* 9)’AtB> : (3.26)

Ph

The first term of (3.26) corresponds to the standard CSE, while the second term comes
from mass correction, which is precisely (3.25). In this case, r(k — 0) takes the form

fpo: dp (cos* 9)/ ay
wlp o)

r(k — 0) = (3.27)

It is instructive to analyze the coupling dependence of r: we first note that in the case
2 Mg

1 = 0, the coupling enters only through m = AT On the other hand, we have argued
2 2
in the introduction that r ~ g ~ #%, which suggests the following dependence r ~ %%

This seems to imply that stronger interaction leads to weaker response of o5 to external

— 11 —
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Figure 2. r defined in (3.23) as a function of m at u = 0 (left). Note that m is related to physical
quark mass M, by m = %% The right plot shows r as a function of p at m = 0.1. The ratio r

increases with m, but decreases with p.

electromagnetic fields. This interpretation is misleading for the following reason: in D3/D7
model, the electromagnetic coupling to quark is the same as strong coupling, thus N EB ~
O()), so the actual response of o5 is O(A?). It is also interesting to compare r with the
same quantity studied in [47], which is defined in the regime w — 0, k = 0. In fact, we can
show analytically that they do not agree. For monotonic a;, we have

dp (cos4 0), B = (1 — cos* 9h) B

h

4o (cos* 0) Ba
r(k—>0,w:0):fph a ) t</
P

at(p — 00)
=r(w—0,k=0). (3.28)

This reveals noncommutativity of the limits w — 0,k — 0 and £ — 0, w — 0 in the
response of o5. The correlator G5, tells us more than the response of 5. Note that we
have Gy5, = Gpos by symmetry. Go5 characterizes the response of n to chiral shift gb
The result of r indicates that chiral shift can also induce correction to n in the presence of
B, with the correction increases with m, but decreases with pu.

Now we turn to S,5,. This correlator measures the response of o5 to spatially varying
quark mass dm. We plot the m-dependence and p-dependence of S5, in figure 3. Indeed,
we can see in figure 3 that G5, vanishes approximately linearly in p and m, which is clear
evidence for (1.7). By symmetry Sy5, = Sy05, We also obtain that chiral shift ¢ can induce
correction to o. The correction increases with both p and m.

Finally we plot the m and p dependence of Sy5.5 in figure 4. The scaling Sy505 ~ O(k?)
allows for the following parametrization of o5

V -js = 205 = h(m?, u, B)V?¢. (3.29)
From (3.29), we easily obtain an induced js in the presence of chiral shift b
js = h(m?, 1, B)V . (3.30)

A similar current from spatial gradient of axion is also discussed in [48]. As we discussed
before, V¢ is just the chiral shift parameter, which couples to the axial current in the
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m at u = 0.1 (right). The response of o5 to spatially varying mass increases with both p and m.
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The right plot shows the response of o5 to ¢ increases with pu.

Lagrangian. The function h can be viewed as an effective susceptibility. Figure 4 suggests
the following dependence % = am? + bm*. Converting to physical parameters, we have
h= #Mq2 + O(Mg), with # ~ O(X?).

4 Normalizable mode

Now we extend our study to correlators in regime of arbitrary k. Instead of calculating all
components of correlators, we look for normalizable modes. The existence of normalizable
mode means that it costs no energy to support such a mode. It usually corresponds
to spontaneous generation of spiral phase with the spatial period set by the momentum
of the normalizable mode. The normalizable mode corresponds to the point where the

determinant vanishes:

tgl) a(()l) fél)
42 ol 512 =0
th) a(()?)) féB)

(4.1)
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Figure 5. Momentum of normalizable mode as a function of B at m = 0.05 (left). The normalizable
modes appear in a pair for each B, giving rise to two banches. The blue dots and green squares
correspond to the cases with y = 3 and p = 1 respectively. There is a critical B, marked by red dots
(squares) for each case, corresponding to the point where two momenta merge. The normalizable
modes start to appear with finite k£ beyond B,, indicating a first order transition. At larger B, the
state possibly become metastable. Momentum of normalizable mode as a function of m for p =1
and B = 8 (right).

We show the momentum £ of the mode as a function of B in figure 5. We find that
normalizable modes exist for medium with general nonvanishing 1 beyond certain critical
magnetic field B.. For each B > B, there are two normalizable modes with different
momenta k. The low momentum branch appears monotonic decreasing function of B,
while the high momentum branch is non-monotonic. The normalizable modes we find are
numerically consistent with the quasi-normal mode reported in [35]. It is interesting to note
that the critical magnetic field corresponds to the point where the two momenta merge.
Furthermore, the modes extend to the region of large B, where the state possibly becomes
metastable [43]. We do not keep the corresponding mode in figure 5. Turning to the pu
dependence, we see that as u is lowered, B, grows. This is qualitatively in agreement with
the chiral soliton solution found in [36] in confined phase. We also show k as a function
of m in figure 5, which clearly shows the low/high momentum branches. As a function
of m, the high momentum branch appears monotonic increasing function, while the low
momentum branch is non-monotonic.

To have an idea on the magnitude of magnetic field, we convert B, for the case p =3
to physical unit. For gluon plasma at temperature 7" = 300MeV and coupling as = 0.3.
This correspond to B, = (389MeV)? for 11, = 504MeV.

5 Outlook

We close this paper by discussing several open questions that we may address based on
the results of this paper. Firstly, how does quark mass affect the dynamics of axial and
vector charge. As we have seen the pseudoscalar condensate responses to gradient of quark
chemical potential etc. This brings in an additional coupling between axial and vector
charges. Consequently, it should also modify the dispersion of CMW. For strange quark
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mass, we expect from the figure 1 that the modification in phenomenology is modest. Since
our study focuses on Euclidean correlators, the same quantities can be reliably studied on
the lattice, which will provide quantitative answers for quark mass effect in real world QCD.

Secondly, the normalizable mode we found at sufficient large B and pu suggests pos-
sible formation of spiral phase. To find the true ground state, we need to go beyond the
linear analysis. We expect that the true ground state is characterized by the spontaneous
generation of chiral shift, which induces further correction to axial current. The correlator
Goo5 and G,p5 indicates the correction to o and n as well. It would be interesting to find
out detail about this state. We leave this for future work.

Last but not the least, the normalizable mode provides an explicit example of spiral
phase in meson melting phase. It would be interesting to extend this work to mesonic
phase. Such an example has been found at zero temperature in [36] based on effective field
theory models. It would be interesting to study the stability of such state against finite
temperature fluctuation.

Note added. When this work was near complete, we learned that Qun Wang et al. was
about to finish a closely related work [22]. We thank Qun Wang for sharing with us notes
of their work before publication.
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A Dictionary for Euclidean correlator

To find out correlators G, we first obtain on-shell action from (3.7):

1 1
S9_n=-N7§ / d*zv/—h [2 (6666" (1 — 0°hP") + gosdd’) h*P + S aagh he”

3 1 1 3
+ 109539550/ 50n” — Zant/ SRR — S ai0'S0KP I + g dg S ach'?

1 .
+ 3 cos* OB (dtgﬁ — ath) . (A.1)

The asymptotics of fields can be obtained from EOM as

¢=fo+£§+£glnp+~-,

ax a
at:ao—k%-k—;llnp-i----,
p* p

t3 tp
0=—+ =+ —~lnpt---, A2
p PP (4.2)
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with the coefficient of logarithmic terms fixed as
fh = —k2f07 ap = —kQLL(), th = —thl. (AS)

Plugging (A.2) into (A.1), we find the second line always vanishes in the limit A — oc.
The first line gives the following contribution

o 4 t%A2 1 2,2
SY = —Nrg| — 5tz (6m>t] — 4t1ts + tit, — 4tit, In A)
1 m?
+ Z (2a0a2 — apap, + 2apap In A) + ? (—Qfofg + fofn — 2fofnln A) + - (A4)

We need the following counter terms to remove quadratic divergence in (A.4)

1 2A%2 1
Seounter — iNFWsaQ =N 17 + 7 (it + tatp In p)] S (A.5)

The coefficient of the logarithmic terms (A.3) is a special case of a more general relation:
fh = —\:‘fo, ap = —Dao, th = —Dtl. (AG)

They do not encode dynamics of the theory. The corresponding logarithmic and finite
terms can be removed by the following counter terms with appropriate normalizations

N+V/—7600660 In A, NV—=ya;0ay In A, NV =y¢0¢pIn A,
NV/—~6600160, NV—ya;0ay, NV —=y¢0¢, (A7)

Adding all counter terms to (A.1) and dropping contributions like m?t?, which do not
encode dynamics of the theory, we obtain the following renormalized on-shell action

tit 2
Sren — Afpd <—143 + "’02“2 -z ff 2) . (A.8)

Now we can do variation of (A.8) with respect to sources to obtain vev of the corresponding
operators. Note that partial derivatives hit twice in each terms in the bracket. We obtain

5o = 25 _ Nid(amal) (‘t3> ’

oty 2
5Sren
on = e N3 (2ma)ay,
- §.Sren - 4 m2f2

We use the  symbol to indicate that the vev is on top of a nonvanishing background.
Taking the derivatives once more, we obtain correlators shown in (3.10).
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