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ABSTRACT: We derive both BPS and non-BPS first-order flow equations for magnetically
charged black strings in five-dimensional N = 2 abelian gauged supergravity, using the
Hamilton-Jacobi formalism. This is first done for the coupling to vector multiplets only
and U(1) Fayet-Iliopoulos (FI) gauging, and then generalized to the case where also hyper-
multiplets are present, and abelian symmetries of the quaternionic hyperscalar target space
are gauged. We then use these results to derive the attractor equations for near-horizon
geometries of extremal black strings, and solve them explicitely for the case where the con-
stants appearing in the Chern-Simons term of the supergravity action satisfy an adjoint
identity. This allows to compute in generality the central charge of the two-dimensional
conformal field theory that describes the black strings in the infrared, in terms of the
magnetic charges, the CY intersection numbers and the FI constants. Finally, we ex-
tend the r-map to gauged supergravity and use it to relate our flow equations to those in
four dimensions.
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1 Introduction

Exact solutions to supergravity theories, like black holes, domain walls, plane-fronted waves
etc. have been instrumental in various developments of string theory, for instance in holog-
raphy or black hole microstate counting. Generically, one is interested both in supersym-
metric backgrounds and in solutions that break supersymmetry, like nonextremal black
holes. The latter play an important role for example in holographic descriptions of con-
densed matter systems at finite temperature, or of the quark-gluon plasma.

The supergravity equations of motion are coupled, nonlinear, second-order partial
differential equations, and as such quite difficult to solve analytically, even in presence
of a high degree of symmetry. A possible way out is to consider instead the Killing spinor
equations, which are of first order in derivatives, and imply (at least when the Killing vector
constucted as a bilinear from the Killing spinor is timelike) the second-order equations of
motion. In this way, however, one obtains only supersymmetric solutions, and therefore
interesting objects like nonextremal or extremal non-BPS black holes are excluded a priori.

A more general possibility that still involves solving first-order equations, is the
Hamilton-Jacobi approach. This includes the (symmetry-reduced) Killing spinor equa-
tions as a special subcase, but is quite easily generalizable to extremal non-BPS- or even



nonextremal black holes. Using Hamilton-Jacobi theory is essentially! equivalent to writ-
ing the action as a sum of squares, which can be seen as follows: suppose that, owing to
various symmetries (like e.g. staticity and spherical symmetry), the supergravity action
can be dimensionally reduced to just one dimension,? such that

1= [ar |3 - via)| (1.1

where r is a radial variable (the ‘low’ direction), the ¢ (r) denote collectively the dynamical
variables, U(q) is the potential and ¥;x(q) the metric on the target space parametrized
by the ¢®, with inverse ¥**. Now suppose that U can be expressed in terms of a (fake)

superpotential W as

U=p- g0 O

— 1.2
where E is a constant. Then, the action (1.1) becomes
1 ow ow d
I = d - A gAY Y gAY — (W — E 1.
which is up to a total derivative equal to
1 ow ow
I = dr = A gAY X o pgEAYTY ) 1.4
/ r 2gAE (q g an) <q 4 an ( )
The latter is obviously stationary if the first-order flow equations
ow
A AQ
=G — 1.5

hold. But (1.2) is nothing else than the reduced Hamilton-Jacobi equation, with W Hamil-
ton’s characteristic function, while (1.5) represents the expression for the conjugate mo-
menta py = 0.2/ 9¢" = 9\v¢*” in Hamilton-Jacobi theory.?

First-order flow equations, derived either by writing the dimensionally reduced action
as a sum of squares or from the Hamilton-Jacobi formalism, appear for many different
settings in the literature, both in ungauged and gauged supergravity, and for BPS-, ex-
tremal non-BPS- and even nonextremal black holes, cf. e.g. [3-17] for an (incomplete)
list of references. In particular, ref. [18] establishes general properties of supersymmetric
flow equations for domain walls in five-dimensional N = 2 gauged supergravity coupled to
vector- and hypermultiplets.

Here we shall consider magnetically charged black strings in five-dimensional N = 2
gauged supergravity, and obtain first-order flow equations for them. This is done first for

1“Essentially’ means that in many flow equations obtained in the literature by squaring an action, the
r.h.s. of (1.5) is not a gradient, or, in other words, the flow is not driven by a (fake) superpotential (no
gradient flow).

2When there is less symmetry, e.g. for rotating black holes, one obtains a field theory living in two or
more dimensions, instead of a mechanical system [1, 2]. In this case, the Hamilton-Jacobi formalism has to
be generalized to the so-called De Donder-Weyl-Hamilton-Jacobi theory [1].

3For further discussions of the relationship between the Hamilton-Jacobi formalism and the first-order
equations derived from a (fake) superpotential cf. [3, 4].



the Fayet-Iliopoulos (FI)-gauged case, and then generalized to include also hypermultiplets,
where abelian symmetries of the quaternionic hyperscalar target manifold are gauged.
Extremal magnetic black strings interpolate between (so-called ‘magnetic’) AdSs at infinity
and AdSs x ¥ (with ¥ a two-dimensional space of constant curvature) at the horizon.
Holographically, this corresponds to an RG flow across dimensions from a 4d field theory
to a two-dimensional CFT in the infrared [19-23]. By plugging the near-horizon data into
the flow equations, one gets the attractor equations. We solve the latter in full generality
under the additional assumption that the ‘adjoint identity’ (A.3) holds. This enables us
to compute the central charge of the 2d CFT that describes the black strings in the IR, in
terms of the string charges, the FI parameters (or, more generally, the moment maps, if
also hypermultiplets are present), and the constants C7jx that appear in the Chern-Simons
term of the supergravity action.

The remainder of this paper is organized as follows: in the next section, we briefly
review N = 2, d = 5 Fayet-lliopoulos gauged supergravity. In section 3, we derive the BPS
flow equations for static black strings, and generalize them in 4 to the non-supersymmetric
case, by using a simple deformation of the BPS superpotential. After that, in section 5,
the presence of (abelian) gauged hypermultiplets is taken into account as well. In 6, the
flow equations are solved in the near-horizon limit, where the geometry contains an AdS;
factor. This leads to the attractor equations for black strings, that we subsequently solve
in full generality, and compute the central charge of the 2d CFT that describes the black
strings in the IR. We conclude in section 7 with some proposals for extensions of our work.
An appendix contains some useful relations in very special geometry and the construction
of the r-map in the gauged case.

2 N =2, d = 5 Fayet-lliopoulos gauged supergravity

The bosonic Lagrangian of N = 2, d = 5 Fl-gauged supergravity coupled to n, vector
multiplets is given by [24, 25]*
1

- 1 1 i 1 v, € vpo
ety = §R— igijauéﬁ otg) — ZGI‘]F/.{VFJH + EC[JKG'U‘ p ’\FJVF/;]UAf\( - g%V, (21)
where the scalar potential reads
9 ..
V =ViV; <2g”8ih18jh‘] - 6hIhJ> : (2.2)

Here, V; are FI constants, d; denotes a partial derivative with respect to the real scalar
field ¢!, and h! = h!(¢") satisfy the condition

1
= EC[JKhIthK =1. (23)

Moreover, G;; and G;; can be expressed in terms of the homogeneous cubic polynomial V

which defines a ‘very special geometry’ [26],

Lo 9
2 Oh! Oh’

4The indices I, J, ... range from 1 to ny + 1, while 4,7,... = 1,..., ny.

G]J = log V’V:l y gij = aihlath G[J‘Vzl . (2.4)




Further useful relations can be found in appendix A. We note that if the five-dimensional
theory is obtained by gauging a supergravity theory coming from a Calabi-Yau compacti-
fication of M-theory, then V is the intersection form, Rl and h; = éC’I gch?hE correspond
to the size of the two- and four-cycles and the constants C7yx are the intersection numbers
of the Calabi-Yau threefold [27].

3 BPS flow for a static black string

Very special real Kéhler manifolds can be viewed as the pre-image of the supergravity
r-map [28, 29]. This suggests to consider the five-dimensional spacetime as a Kaluza-Klein
uplift of the usual static black holes in four dimensions. Moreover, a pure string solution
in d = 5 supports only magnetic charges, thus the field configuration reads

ds? = 2T @2 4 =T () (_eQU(r)dtQ e 22U gp2 4 eQw(r)—2U(r)do_2> 7
o i (3.1)
Fl=p'f(0)d0ndp, ¢ =4'(r),

where do? = d#? + f2(0)de? is the metric on the two-dimensional surfaces ¥ = {S?, H?
K K

of constant scalar curvature R = 2k, with x € {1, -1}, and

L
G

sinf k=1,

(0
1s(0) sinhd xk=-1.

sin(v/k0) = { (3.2)

Plugging the ansatz (3.1) into the equations of motion following from (2.1) yields a set of
ordinary differential equations that can be derived from the one-dimensional effective action

3 1 L
Seff = /d’r |:€21/) (UIQ + Zle - wlz + 2gij¢/l¢/J) - ‘/eff:| )
(3.3)

Vig = 5 — e2V—2U-Tg2y _ %eQU—&-T—QwGIJpIpJ :
imposing in addition the zero energy condition H.g = 0. In the Hamilton-Jacobi formula-

tion the latter becomes the partial differential equation
4 »
e %Y ((8UW)2 — (OypW)* + §(aTW)2 + 2gwaiwajw> + Vg =0, (3.4)

where W is Hamilton’s characteristic function that we will sometimes refer to also as (fake)
superpotential.

A solution of (3.4) permits to write the action as a sum of squares and to derive a set of
first-order flow equations by setting the squares to zero.” Guided by the four-dimensional
case [9, 13, 17], the ansatz for the simplest non-trivial solution is

W = anJ%pIh] + b2 U=z ypR! , (3.5)

5As explained in the introduction, these are of course equivalent to the usual first-order equations in the
Hamilton-Jacobi formalism.



where a,b are constants. Using (A.1), one can show that (3.5) solves (3.4) if one imposes
3 3 K
__°2 h=2 Vipl = — . 3.6
a 47 2g ) iy Sg ( )
The last of (3.6) is a sort of Dirac quantization condition for the linear combination V;p!
of the magnetic charges in terms of the inverse gauge coupling constant g~'. This solution
for W leads to the first-order flow

3 3
U — _16U+§—2¢p1h] _ §g e—U—%VIhI7

2
W =-sge Vv, T =2U, (3.7)
i _apij (L U+Z_op 14 U-Trn ]
¢t =3G 5¢ 2 Yp 0jhr +ge 2Viojh' ) .

One can check that (3.7) coincides with the system obtained in [30] from the Killing spinor
equations. In particular, it is easy to verify that the supersymmetric magnetic black string
solution of [31] satisfies (3.7). Moreover, introducing a new radial coordinate R and the
warp factors f and p such that

dR 3¢

3
U 2f7 w f+p7 f7 d’[" € ?

and specifying to the stu model, one shows that (3.7) is precisely the system of equations

(3.8)

derived in appendix 7.1 of [19] from the Killing spinor equations.

4 Non-BPS flow

One of the main advantages of the Hamilton-Jacobi formalism is to allow for a simple
generalization of the first-order flow driven by (3.5) to a non-BPS one. Similar to the
case of N = 2, d = 4 abelian gauged supergravity [14, 17], one introduces a ‘field rotation
matrix’ ST ; such that

GrxStrsk; =Gr;. (4.1)

A nontrivial S (different from +Id) allows to generate new solutions from known ones
by ‘rotating charges’. This technique was first introduced in [6, 7], and generalizes the
sign-flipping procedure of [32]. Using (4.1), one easily verifies that

~ 4 2
W=~/ 5 hS yp + Zge VR V! (4.2)
satisfies again the Hamilton-Jacobi equation (3.4), provided the modified quantization con-
dition
L — 43
18" p 3 (4.3)
holds. This leads to the first-order flow driven by W,
U — _ZGU—F%—mthSIJpJ _ gge_U_gVIhI 7
2
W = -3ge TV, T = U (4.4)

¢/z _ 3gZ] <_2€U+€—2wajh181JpJ + ge—U—g‘/Iath> ]



An interesting example for which (4.1) admits nontrivial solutions, is the model V =
h*h2h3 =1 (cf. e.g. [30]), for which

o1y
Gry= ) 4.5
1J 2(h1)2 ( )
In this case a particular solution of (4.1) is given by
e1 00
Sty=10eo0|, (4.6)
0 0 €3

with e; = #1. These matrices form a discrete subgroup D = (Z3)3 C GL(3,R). Since
there are two equivalent BPS branches, the independent solutions correspond to elements
of the quotient group D/Zs.

5 Inclusion of hypermultiplets

We now generalize our analysis to include also the coupling to ny hypermultiplets. The
charged hyperscalars ¢* (u = 1,--- ,4ny) parametrize a quaternionic Kéhler manifold with
metric hy,(q), i.e., a 4ng-dimensional Riemannian manifold admitting a locally defined
triplet I?u“ of almost complex structures satisfying the quaternion relation

K K, = — 0 hyy + €V K7, (5.1)
and whose Levi-Civita connection preserves K up to a rotation,
VK" + @ x K,' =0, (5.2)

where & = &y, (q) dg" is the connection of the SU(2)-bundle for which the quaternionic
manifold is the base. The SU(2) curvature is proportional to the complex structures,

1
OF =dw” + iaxyzwy ANw?=—K". (5.3)

Here we shall consider only gaugings of abelian isometries of the quaternionic Kéhler metric
huw. These are generated by commuting Killing vectors k}(q). For each Killing vector one
can introduce a triplet of moment maps, Py, such that

DuP¥ = 0,PF + e™wY, P? = —207 , kY . (5.4)

One of the most important relations satisfied by the moment maps is the so-called equiv-
ariance relation. For abelian gaugings it has the form

1
G € VP P] — Qi ki = 0. (5.5)



The bosonic Lagrangian is now given by®

1 1 . . N N 1
e 'Y = 3B = 5950u0' 0" ¢ — huyq"0"q" — G JELFT
-1

+Z—8CIJK6””P“AF;VF50AK o2V | (5.6)

with the covariant derivative
9uq" = 0,q" + 3g ALk} (5.7)

and the scalar potential
V = PfpP? (ggijaihfath - 6hIhJ> + O kY kYRR (5.8)
Varying (5.6) w.r.t Af“ one obtains the Maxwell equations
oy (e QUFJ’“’) + ie“Ap””CUK(?MAi(‘)pAf = Ggehuvk}‘él’q” ) (5.9)

Imposing the ansatz (3.1), the t-, 8- and z-components of (5.9) are automatically satisfied,
while the r- and p-components become respectively

huokiq =0,  kip! =0. (5.10)

The remaining equations of motion can be derived from the effective action

1 o
Seft = /dr 2 (U2 4 272y y ~Gij¢"' ¢ + huwd " q"" ) = Vgt |
4 2 (5.11)

—oU— 1 _
Vig = i — e20-2U-T g2y _ 562U+T 206G,

supplemented by the Hamiltonian constraint Heg = 0. The latter leads to the Hamilton-
Jacobi equation

4 .
e 2V <(0UW)2 — (OypW)? + §(8TW)2 +2G99,WO;W + h“”@uWOUW> +Veg =0. (5.12)

Guided by the FI-gauged case and by previous work in four dimensions [17], we use
the ansatz
T T
W=ceV 22 +de*¥ V2L, (5.13)
where
Z=ph;, L=0*"W*, Qv =plP¥,  WT=n'P%. (5.14)
Using some relations of very special geometry as well as (5.1), (5.3) and (5.5), one can show

that (5.13) solves indeed (5.12) provided that

3 9 1
= —— d=—=kg? QY = —. 1
c 1 578" Q"9 0g2 (5.15)

(5 6) can be obtained from the Lagrangian in [18] by rescaling a;; — GU7 Crix — CUK, ki — 2kr,

—>\[AI g—>\[g



The solution (5.13) leads then to the first-order flow equations

U = —%e”%*wz + gng%*U*%c, T = gU’,
Y = 9/{g26_U—%£,

A /3 (5.16)
¢t =g¥ <—26U+€_2¢8j2 - 9/{g26_U_§8j£) ,

q% = —gmg%_U_%h“”f)vﬁ .

One can recast (5.16) into a form very similar to that of the first-order flow in four dimen-
sions, cf. eqs. (3.43) in [17]. Integrating 7" = %U’ and plugging this into the remaining
equations of (5.16), one gets

1
T = _§€2T—2wz +3kg2e 2L,

1/}/ — 9f€g2672T£,

i ) 3. - (5.17)
¢t =gl (—QeQT 2,2 — 9Irge 2T3j£> ;

9
q/u — _§Rg2672Thuv8U£ .

Using the equation for ¢’ together with (h!) = ¢''9;h! and (A.2), the equations for T
and ¢’ can be rewritten as

e (e Th!) 4 9g?ke® 1T QrPEGY — pl = 0. (5.18)

Note that the FI case can be recovered imposing PI1 = PI2 = 0 and PI?’ = V;. Then the
charge quantization condition Q“Q® = 1/(9g?) boils down to Q* = p'V; = +x/(3g) (use
k? = 1), while £ in (5.14) becomes £ = i%h‘] Vs, which is the expression appearing
in (3.5). The two signs correspond to the two equivalent BPS branches; in section 3 the

lower sign was chosen.

6 Attractors and central charge of the dual CFT

In this section we want to investigate the near-horizon configurations of the black string.
To keep things simple, we shall first concentrate on the hyperless FI-gauged case considered
in section 3, and set g = 1. The geometry is of the type AdS3 x ¥ with ¥ = {S% H?},
and we assume that the scalars stabilize regularly at the horizon, i.e., ¢'* = 0. Note that
a similar problem was solved in four dimensions in [33] for the case of symmetric special
Kihler manifolds with cubic prepotential.”
In the coordinates (t, R, 2,0, ¢), where R was introduced in (3.8), the metric (3.1) takes
the form
ds? = €2/ (—dt? + dR? + dz?) + €*’do? (6.1)

"Supersymmetric Bianchi attractors in N = 2, d = 5 gauged supergravity coupled to vector- and
hypermultiplets were analyzed recently in [34].



and the first-order flow equations (3.7) become

1
fl=—e <hIV1 + 26_2”Z> ,
p=—el (hIVI —e?Z), (6.2)
, . 1

(Z)/Z = 3g”€f <8thV[ — 262'08]‘Z> ,

where the primes now denote derivatives w.r.t. R. For a product space AdS3 x ¥ we have
Rias

€2f = 73 N €2p = R2H . (63)

Plugging this together with ¢’* = 0 into (6.2), one obtains a system of algebraic equations
whose solution fixes the near-horizon values of the scalars in terms of the charges and the
FI parameters,

2

h'V; = ,
! 3RAds;

Z=RAWV;, 9.2 =2R40;h'V;. (6.4)
For the ansatz (6.3), the Fl-version of (5.18) (obtained by taking Q*P% = Q3P3 =
—kV;/(3g)) reduces to

eI 2P (e 2 ply — 3e? GV, —pl = 0. (6.5)
Using (6.3) and (6.4), this can be rewritten as
p! +3RAGV; =32h!. (6.6)

We want to solve the attractor equations (6.4) (or equivalently (6.6)) in order to express
Rads,, Ru and k! in terms of p! and V;. To this end, contract the third relation of (A.2)
with V to get

g 2 2
GY0;hVi0jhy = —3Vi+ ghfvfhj. (6.7)

With (6.4), this becomes
RAV; = —%gijaizajhj + Zhy. (6.8)

Using hy = %CUKthK and (A.2), one obtains

1
RI%IVJ = ECJKLpKhL . (6.9)

Let us introduce the charge-dependent matrix
Cp[JEC[JKpK. (6.10)
Using the adjoint identity (A.3), one easily shows that Cp s is invertible, with inverse

CHECkpynpMpN — plp!

cll =3
p Cp ’

(6.11)



where C, = Cryxp'p/p’. (6.9) implies then
h' = 6R{C V. (6.12)

Plugging (6.12) into (2.3), one can derive a general expression for Ry in terms of the
intersection numbers, the charges and the FI parameters,

w|—

Ry = (36C ik CyMCINCEP VA VN V)~ (6.13)
Using this in (6.12) gives the values of the scalars at the horizon,
6CL7V,
hl = p *J . (6.14)

ol

(360KLMCZ£(NC£PCI],WRVNVPVR)

Contracting (6.12) with V7 and using the first equation of (6.4) as well as (6.13), we obtain
an expression for the AdSs curvature radius Raqs,,

=

AdSy = 9CHSVpVs

(6.15)

Finally, one can plug (6.11) into (6.13), (6.14) and (6.15), and use (A.3) to write the
solutions of (6.4) and (6.6) as

Ry = (€K (p)ViVy Vi) 73 |
Bl — 65 p' + 3CT K Creppp™p™ Vs
1 bl
o (ENPR(p)VNVPVR): (6.16)
Cyp (%IJK(p)VIVJVK)%

Rags, = —
AdS3 27 CLMNC N ps pBpSVLVar — é ’
where
108 9 9
%IJK(p) = 201K _ ap(ICJK)MCMNPprP + apIpJpK ' (6.17)
p p p

The central charge of the two-dimensional conformal field theory that describes the black
strings in the infrared [19, 35, 36], is given by [37]

31 EAdS;3
= 1
c 5Gs (6.18)

where G'3 denotes the effective Newton constant in three dimensions, related to G5 by

1 REvol(Y)
— = 6.19
a a- (6.19)
In what follows, we assume ¥ to be compactified to a Riemann surface of genus g, with
g =0,2,3,.... The unit ¥ has Gaussian curvature K = k, and thus the Gauss-Bonnet
theorem gives

4m(1 —g)

vol(%) = . (6.20)

~10 -



Using (6.19) and (6.20) in (6.18) yields for the central charge

67T(1 — Q)RAd83R12-1
kG5 ’

CcC =

(6.21)

The curvature radii Raqs, and Ry can be expressed in terms of the constants Cryx, the
magnetic charges p’ and the FI parameters V7 by means of (6.16). This leads to

B 27(1 —g)C)
kG5 (ICTHEC Ry npMpN VIV — 1)

c (6.22)
If the hyperscalars are running, one has to consider also the near-horizon limit of the last
equation of (5.17). Assuming ¢'* = 0 at the horizon and using (5.4), one easily derives the
algebraic condition

k4l =0. (6.23)

As far as the remaining equations of (5.17) are concerned, one can follow the same steps as
in this section, with the only difference that V7 has to be replaced everywhere by —3xQ" Py.

7 Final remarks

Let us conclude our paper with the following suggestions for possible extensions and ques-
tions for future work:

e Try to solve the flow equations in presence of hypermultiplets obtained in section 5
for some specific models, e.g. like those considered in [18], to explicitely construct
black strings with running hyperscalars, similar in spirit to the black holes found
in [38]. To the best of our knowledge, no such solutions are known up to now.

e Derive first-order equations for electrically charged black holes (rather than magnet-
ically charged black strings) in five-dimensional matter-coupled gauged supergravity.

e Extend our work to the nonextremal case, similar to what was done in [5, 8, 10, 11, 15]
in different contexts. Up to now, the only known nonextremal black string solutions
in AdS5 were constructed in [39] for minimal gauged supergravity.

e It would be interesting to see how the BPS flow equations derived in section 5 arise
precisely in the general classification scheme of supersymmetric solutions obtained
in [40].

e We have checked that our central charge (6.22) agrees with the results of [20, 35],
where black string solutions corresponding to D3-branes at a Calabi-Yau singularity
have been studied in detail. It may be of some interest to use the flow equations
obtained in section 5 to study more complicated type IIB configurations, as was
initiated in [23].

Work along these directions is in progress.
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A Useful relations in very special geometry

We list here some useful relations that can be proven using the techniques of very special

geometry:
2 y 2 9 1 «
Oihr = _gGIJaih , hr = gGIJh , Grg= ihlh‘] - §CIJKh . (A
g 2 g 4 2
Gio;plo;n" = G17 — ghch, GY0;h10;hy = ~Gry — ~hrhy,

) s 7, ) 3 (A:2)
GY0;h 0hy = —555 + ghch .

In the special case where the tensor Tj;, that determines the Riemann tensor of the vector
multiplet scalar manifold M (cf. [24] for details) is covariantly constant,® one has also

/ 4
CrixCrm Cpoyrd”” 6*5 = §5I(L Crprq) (A.3)

which is the adjoint identity of the associated Jordan algebra [24]. Using (A.3) and defining

! ! !’
CHE = s 7T KK Cpy 11ger ) one can show that

G = —6CT Ky +20TH7 . (A.4)

B Down to d = 4 via r-map

A natural question arising in the discussion of (5.17) is the relation with the flow equations
of [17, 41], coming from the abelian gauged supergravity theory in d = 4. An interesting
way to answer this question is to extend the general r-map construction in ungauged
supergravity [29] to the gauged case.

B.1 Construction of the r-map

The first step is a Kaluza-Klein reduction along the z-direction (i.e., along the string), by
using the ansatz”

2 2.0 24 12 I _ pI I I "
ds; =evads; +e V3 (dz+ K, dz")”, A’ =B'dz +C,da" + B'K,da".  (B.1)

8This implies that M is a locally symmetric space.

%In this subsection y, v, ... are curved indices for the four-dimensional theory, and the dilaton is related
to the function T in (3.1) by T = —¢/+/3. Further details on the notation and the theory in d = 4 can be
found in [17].
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Defining K, = 0,K,—0,K,, and Ciy = @LCZ{—@C;{, the five-dimensional Lagrangian (5.6)
reduces to!’

RW 1 1 _ o
ey LW = T L VKM K = L Grye A (O BT KM)(Cl, B K )

_ L Ba0.800B7—ta, om0 — Lo, 6006 — haydlgtitg?
26 1J0u B 1J0u 1 ,u@b O—huyy ud q (B 2)
-1 :

1
— —6146 P Cr K <CiycggBK +§KWK,MBI B’BX+C}, KB’ BK)

G 9
— V32 BT Y BTk by —g2e V3 Vs .

Now we want to rewrite .Z*) in the language of N = 2, d = 4 supergravity, by using the
identifications of the ungauged case [42]. The coordinates of the special Kahler manifold,
Kahler potential, Kéhler metric and electromagnetic field strengths are given in terms of

five-dimensional data respectively by

2 =—-Bf - ie_%hl, = ée\/‘%,
1 26 . 1 , (B.3)
g[j:§e\/§G1J7 F/,W:E(KP«V’CNV)?
where capital greek indices A, Y, ... range from 0 to n, + 1. If we introduce the matrices
1p 1
=B sB 1+44g 495
Ras=— (37 277, o= Voo T3 %97) (B.4)
5B1 Bry 491 4915
where we defined
Brj = CrjxBY, By = CryjxB’BY, B =Cp;xkB'B'BY, (B.5)
9=9;7B'B’, 9r7B” =91 = 97 = 91,B” , '
the Lagrangian (B.2) can be cast into the form
=1 ¢p(4) R IauzJ 3 uAW, v
e, £ =5 — 9770u% 0"Z2" — hyw0uq"0"q
1 1 ) (B.6)
+ ZIAEFA’“’FEV + gegleWWRAgijFEU -V,
with the four-dimensional potential given by
- 2 2 V36,2 upw pl pJ
V:g 6\/§V5+€ g hukakJB B”. (B?)
The underlying prepotential of the special Kédhler manifold turns out to be
1Cr XIXIXE
o 10K (B.8)

6 X0 ’

chosen the parametrization X!/X0 = 21 = —BI —je=?/V3p! [42].

OWe choose €5777% = —ei**7.
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The actual novelties with respect to the ungauged case are the potential and the
covariant derivative acting on the hyperscalars. The former reads

v
o2

- 1 -
= —9eVi PFPY (hch — 2G”> + 9e V3 hy k¥ KSR B + 9eV30 by, ki kY B! BY
g

1 o 1 V36 s _ 6 1
— 18PFP% <4e¢§G” + 5e\/%BIBJ — 4% (e ﬁh1> <e «th> - 26\/5¢BIBJ>

V3o

72
* 8

_2¢
huok kY <e vihln! 4+ BB/ > : (B.9)
Now the first two terms in the second line of (B.9) combine to give —1 ¥ (the inverse of Iy,
defined above), while the last two terms yield —4X’X”. Fixing furthermore g4 = 3v/2g,
one has thus

~ 1 _ _
2 T DT A AvE ugv vAvE

= PYP: | —=T7" —4X7X 4hyk ke XX
14 g4[ A 2( 5 >+ ARs ] PE—0k=0

(B.10)
2
= o4V, ,
Ba¥4 PE=0,k%=0
which is precisely the truncated potential of the four-dimensional theory.
The final point to take care of is the covariant derivative of the hyperscalars,
Opq" = 0uq" + 3gCLkY} = 0uq" + ga AL kY - (B.11)

We have therefore shown that the r-map can be extended to the case of gauged supergravity,
where the scalar fields have a potential.

B.2 Comparison with the flow in N = 2, d = 4 gauged supergravity

The result of the preceeding subsection is completely general and interesting by itself,
however our aim is to use this mapping to compare the flow (5.16) for a black string in
d = 5 with the flow equations for black holes in four dimensions obtained in [17, 41]. The
latter are driven by the Hamilton-Jacobi function

Wy = eURe(e_i“Z4) — /<;g4ew_UIm(e_m£4) , (B.12)
where the phase « is defined by

_ Z4+ ing4e2(¢_U)£4
N 24 — Z'ch4€2(¢_U)£_4 '

621&

(B.13)

Specifying to a purely magnetic charge configuration p* = (0,p’ /v/2), purely electric cou-

plings with P¥ = 0,k} = 0, and restricting to imaginary scalars, 2! = —ie“z’/‘/ghl, the
quantities defining (B.12) become
3 7 3 1
Z, = e/QAIh :*GT/ZZ, Q:E:Pfozigx’
4 WG] /2 phr 1 4 P /2

i i (B.14)
Wﬁf _ —7€_T/2Pfhl — _76_T/2Wx, £4 = QXWX,

2v2 2v/2
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where the quantities Z, Q% and W?* were defined in section 5. Note that axions are absent,
since for magnetically charged black strings the z-components B! of the five-dimensional
gauge potentials vanish. For this choice, (B.13) becomes e¢*® = 1. Moreover, taking in
account that g, = 31/2g and choosing €’ = —1, the function (B.12) boils down to (5.13).
On the other hand, the Hamilton-Jacobi equation satisfied by (B.12), namely (3.40) of [17],
becomes (5.12) once the dictionary is imposed. This proves the expected equivalence
between the flows in five and four dimensions.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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