PUBLISHED FOR SISSA BY @ SPRINGER

RECEIVED: December 8, 2015
ACCEPTED: January 6, 2016
PUBLISHED: January 25, 2016

Lax pairs for deformed Minkowski spacetimes

Hideki Kyono, Jun-ichi Sakamoto and Kentaroh Yoshida
Department of Physics, Kyoto University,
Kitashirakawa Oiwake-cho, Kyoto 606-8502, Japan
E-mail: h_kyono@gauge .scphys.kyoto-u.ac. jp,
sakajun@gauge.scphys.kyoto-u.ac. jp,
kyoshida@gauge.scphys.kyoto-u.ac. jp

ABSTRACT: We proceed to study Yang-Baxter deformations of 4D Minkowski spacetime
based on a conformal embedding. We first revisit a Melvin background and argue a Lax
pair by adopting a simple replacement law invented in 1509.00173. This argument enables
us to deduce a general expression of Lax pair. Then the anticipated Lax pair is shown to
work for arbitrary classical r-matrices with Poincaré generators. As other examples, we
present Lax pairs for pp-wave backgrounds, the Hashimoto-Sethi background, the Spradlin-
Takayanagi-Volovich background.

KEYWORDS: Integrable Field Theories, Sigma Models

ARrRX1v EPRINT: 1512.00208

OPEN AcCCESS, (© The Authors.

Articlo funded by SCOAP®. doi:10.1007/JHEP01(2016)143


mailto:h_kyono@gauge.scphys.kyoto-u.ac.jp
mailto:sakajun@gauge.scphys.kyoto-u.ac.jp
mailto:kyoshida@gauge.scphys.kyoto-u.ac.jp
http://arxiv.org/abs/1512.00208
http://dx.doi.org/10.1007/JHEP01(2016)143

Contents

1 Introduction 1
2 Yang-Baxter deformations of Minkowski spacetime 3
3 A Melvin background revisited 5
3.1 Lax pair for 4D Minkowski spacetime 5
3.2 Lax pair for a Melvin background 6
3.3 Twisted boundary condition 7
4 General arguments 8
4.1 Proof of the anticipated Lax pair 8
4.2 Twisted boundary condition 10
4.3 The case of mCYBE 12
5 Other examples 13
5.1 pp-wave backgrounds 13
5.2  Hashimoto-Sethi background 14
5.3 Spradlin-Takayanagi-Volovich background 16
6 Conclusion and discussion 18
A Notation and convention 18
B A conformal embedding of 4D Minkowski spacetime 19

1 Introduction

The Yang-Baxter sigma-model description is known as a systematic way to study integrable
deformations of 2D integrable non-linear sigma models [1-3]. It was originally proposed
for principal chiral models on the basis of the modified classical Yang-Baxter equation
(mCYBE) . It was generalized to symmetric cosets by Delduc, Magro and Vicedo [4] and
then to the homogeneous classical Yang-Baxter equation (CYBE) [5].

Yang-Baxter deformations can be applied to integrable deformations of the AdSsxS®
superstring. The first example is a g-deformation of the AdS5xS® superstring [6, 7] based
on the mCYBE. This deformations is often called the n-deformation. The metric and
NS-NS two-form are obtained in [8]. The remaining fields are determined recently by
performing a super coset construction at the level of quadratic fermions [9]. As a result,
the obtained fields do not satisfy the on-shell condition of type IIB supergravity. (For
another approach to an exact solution including T-duals of the metric, see [10]). However,



in the very recent paper [11], it is shown that the scale invariance of the world-sheet theory
is still preserved and it has been conjectured the background satisfies rather the modified
type IIB supergravity equations of motion in which the RR-field strengths are of the second
order in derivatives.

Another class of Yang-Baxter deformations of the AdSsxS® superstring is based on the
homogeneous CYBE [12]. The deformations include TsT transformations of AdS5xS® [13-
15] such as 7-deformations of S® [16, 17], gravity duals of noncommutative gauge theo-
ries [18, 19], and Schrodinger geometries [20-22]. These backgrounds can also be real-
ized as the undeformed AdSsxS® with twisted boundary conditions [17, 23-30]. Other
deformations are associated with classical r-matrices composed of non-commuting gener-
ators and lead to deformed backgrounds obtained through a chain of dualities including
S-dualities [31, 32]. Further remarkably, these deformations may work for non-integrable
backgrounds, such as a Sasaki-Einstein manifold 71! [33, 34]. TsT transformations of
T [16, 35] are reproduced as Yang-Baxter deformations [36, 37]. Thus the connection be-
tween gravity solutions and classical r-matrices may deserve to be called the gravity/CYBE
correspondence (For a short summary see [38]).

Furthermore, we have considered Yang-Baxter deformations of 4D Minkowski space-
time as a generalization, in order to examine applicability of the correspondence [39, 40].!
Firstly, the work [39] showed that the Yang-Baxter deformations can reproduce twisted
backgrounds such as Melvin backgrounds [42-45], pp-wave backgrounds [46] and time-
dependent exactly-solvable backgrounds including the Hashimoto-Sethi background [47]
and the Spradlin-Takayanagi-Volovich background [48], like in the case of AdS;xS°.
Then the analysis has been generalized by adopting classical r-matrices which describe
r-deformations of Poincaré algebra [49, 50]. The associated deformed backgrounds in-
clude T-duals of (A)dSs and a time dependent pp-wave background. Interestingly, these
backgrounds can also be reproduced from different classical r-matrices including the dilata-
tion [39]. In addition, the Lax pair has been constructed for the general x-deformations [40].

The construction of the Lax pair in [40] utilized the expression of Lax pair for arbitrary
classical r-matrices which are composed of Poincaré generators and satisfy the CYBE, while
the derivation of this part has not been explained. Our main purpose here is to provide the
derivation as a follow-up of the previous work [40]. We first revisit a Melvin background
and argue the associated Lax pair by following a simple replacement law invented in [30].
This argument enables us to deduce a general expression of Lax pair. Then we show that
the anticipated Lax pair works for arbitrary classical r-matrices with Poincaré generators.
As other examples, we present Lax pairs for pp-wave backgrounds, the Hashimoto-Sethi
background, the Spradlin-Takayanagi-Volovich background.

This parer is organized as follows. In section 2, we give a brief review of Yang-Baxter
deformations of 4D Minkowski spacetime. In section 3, a Melvin background is revisited
and the associated Lax pair is constructed by following a simple replacement rule invented
in [30]. A twisted boundary condition is also discussed. In section 4, we show that the
anticipated Lax pair works for arbitrary classical r-matrices which are composed of Poincaré

!For an approach based on a scaling limit of g-deformed AdSsxS®, see [41].



generators. In section 5, we present Lax pairs and argue twisted boundary conditions for
the following examples: 1) pp-wave backgrounds, 2) the Hashimoto-Sethi background,
3) the Spradlin-Takayanagi-Volovich background. Section 6 is devoted to conclusion and
discussion. In appendix A, our notation and convention are summarized. Appendix B
gives a short explanation of a conformal embedding of 4D Minkowski spacetime.

2 Yang-Baxter deformations of Minkowski spacetime

We shall present a short review of Yang-Baxter deformations of 4D Minkowski spacetime
by following the previous works [39, 40]. For our notation and convention, see appendix A.

A significant point is that the problem of the degenerate Killing form can be avoided
by adopting a conformal embedding as briefly described in appendix B. In the following,
the string tension T = ﬁ is set to 1, and the conformal gauge is taken so as to drop the

dilaton coupling to the world-sheet scalar curvature.
The Yang-Baxter deformed action is given by [39]

1

1 oo 2m
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The left-invariant one-form A, = g~ '0,g is defined with a group element g given in (B.1).
The projection P is defined as
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and is closely related to the coset structure of AdSs. The deformation is measured by 7.

The undeformed action is reproduced when n = 0. The world-sheet metric is given by

Yap = diag(—1,1) . The anti-symmetric tensor ¢*? is normalized as €7 = 1.

A key ingredient is a linear R-operator contained in R, defined as
Ry =g 'R(gXg ')y (2.3)
The linear operator R : 50(2,4) — s0(2,4) is a solution of the mCYBE [51, 52],

[R(z), R(y)] — R([R(x),y] + [z, R(y)]) = w(z,y],  x,y €s0(2,4), (2.4)

where w is a constant parameter. The R-operator corresponds to a skew-symmetric classical
r-matrix in the tensorial notation through the following formula:

R(X)=Tror(leX)] = Z(aiﬂ(biX) —b;Tr(a; X)). (2.5)
Here the classical r-matrix is represented by

T:ZaiAbiEZ(ai®bi_bi®ai>- (2.6)
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The generators a;, b; are elements of s0(2,4). This means that Yang-Baxter deformations
are investigated based on the extended algebra s0(2,4), rather than the Poincaré algebra.

In particular, when w = 0, the equation (2.4) is called the homogenous CYBE. When
(skew-symmetric) classical r-matrices satisfy the standard CYBE,

[112,713]) + [r12, 23] + [113,723) = 0, (2.7)

they lead to R-operators which satisfy the homogenous CYBE. In the following, we are
mainly concerned with the homogeneous CYBE case.
To construct Lax pairs, it is useful to work with the following deformed current,

1

ETT eyl (2.8)

J+

It is also helpful to introduce the world-sheet light-cone components as
A=A+ A,.

Then the Lagrangian in (2.1) can be rewritten into a simpler form:
1
L= STH{A_P(J,)]. (2.9)

One can read off the deformed metric and NS-NS two-form from the symmetric and skew
symmetric parts with respect to the world-sheet coordinates in the deformed Lagrangian,
respectively.

It should be remarked that, although it is sufficient to compute an explicit form of the
projected deformed current P(J) to study the deformed metric, the explicit form of the
deformed current J itself is necessary to construct Lax pairs.

A schematic classification of classical r-matrices. It would be helpful to list up
possible classical r-matrices concerned with our analysis. Schematically, those are classified
into the following three classes:

(a) 7 = Poincaré ® Poincaré
1. abelian e.g., 7~ piAp2, 2. non-abelian e.g., r~ Z?:1 Di A Ng;

(b)  r = Poincaré ® non-Poincaré
1. abelian e.g., 7r~mnpAd, 2. non-abelian e.g., r~pgAd,

(¢) r = non-Poincaré ® non-Poincaré
1. abelian e.g., r~kyiAko, 2.  non-abelian e.g., r~kyANd.

Note that, given a classical r-matrix r = ¢ ® b, the word “abelian” means that a and b
commute each other.? The generators of 4D conformal algebra Pu s Ny > Ky and d are associ-
ated with translations, Lorentz rotations, special conformal transformations and dilatation,
respectively (For our notation and convention, see appendix A).

2In the case that summations are included, one needs to be careful for the definition in detail. But we
will not try to dwell on it here.



The complete classification of classical r-matrices has not been done and the associated
Yang-Baxter deformations have also not been investigated completely. It is nice to look
for the relation between classical r-matrices and deformed geometries furthermore. For
classical r-matrices in the class (a), it would be helpful to consult an intensive classification
in [53-55].

So far, classical r-matrices in the classes (a)-1 and (b)-2 have been studied in [39, 40].
The class (a)-1 is intimately related to (generalized) Melvin twists [39]. Some examples of
the class (b)-2 have been studied as well. In particular, T-duals of dS4 and AdS, are realized
with r ~ pg A dand r ~ p1 A d , respectively. Interestingly, special classical r-matrices in
the class (a)-2, which are also used in the context of k-deformations of Poincaré algebra,
lead to the identical T-duals of dS4 and AdSy [40].

Although we have succeeded in constructing a Lax pair for the general k-deformations,
the construction was based on the expression of Lax pair for the class (a) with the homo-
geneous CYBE and we have not derived it explicitly.

In the following, we will present a method to construct Lax pairs for the classical -
matrices in the class (a) that satisfy the homogeneous CYBE. A simple replacement law
based on TsT transformations is utilized to deduce a general form of Lax pair for arbitrary
classical r-matrices in the class (a)-1. Finally, the anticipated Lax pair is shown to work for
all classical r-matrices in the class (a) with the homogeneous CYBE. It is straightforward
to generalize the general form to the mCYBE case, by following the previous work [40].

3 A Melvin background revisited

Let us revisit a Melvin background here. We derive a Lax pair by applying a simple
replacement rule to the one for 4D Minkowski spacetime. Then the result enables us to
deduce a general form of Lax pair for an arbitrary classical r-matrix of the class (a)-1.
We also argue a general form of twisted boundary condition with which the undeformed
background is equivalent to the deformed background.

3.1 Lax pair for 4D Minkowski spacetime

We first construct the Lax pairs for sigma models on 4D Minkowski spacetime. The starting
classical action can be expressed as

/ dT/ do Tr[A_P(Ay)]. (3.1)
Then the associated Lax pair is given by
Llj\éﬁn = Py(As) + NPy (AL) (3.2)

with a spectral parameter A € C. Here Py and P, = P + P’ are the projection operators,
where P is already introduced in (2.2), and Py and P’ are defined as, respectively,

3
1 Tr(n,,) Tr(nysx)
P, = - J— A " .
) 2;1;0 8 Tr(nywnuw) Zn“ Tr(nusngs) | (33)



For the standard coset representative (B.1), it is easy to check that the equations of motion
are equivalent to the flatness condition of the Lax pair (3.2). Note that Py and P are
regarded as the projections to the Zg-graded components of 4D Poincaré algebra iso(1,3),

Py: iso(1,3) — is0¥(1,3) = s0(1,3),
Py: iso(1,3) — is0®(1,3) =iso0(1,3)/s0(1,3). (3.4)

3.2 Lax pair for a Melvin background

Next, we will derive a Lax pair for a Melvin background [42-45] associated with an abelian
classical r-matrix

1
r= §p3 Anig. (3'5)

This r-matrix leads to the metric,
ds* = —(dz%)* + dr? + Gu [ r2d6? + (dz®)?] |
B =nr’Gudl Ada?, Gy =1+70%r?, (3.6)
with the standard coset representative (B.1) and the polar coordinates

! =rcosh, 22 =rsinf. (3.7)

This background describes an example of Melvin backgrounds.
Now that the left-invariant one-form A can be expanded as

Ay = 0:2%py + [cos 0 Orr —rsinf 3i9] P+ [sinG O4r +rcosf 8i0} p2 + 023 p3, (3.8)
the deformed current J is evaluated as

Jr = 012 pg + Gy (022> F 1?2 010) (p3 — nni2)
+ [cosH@ir — GMrsind (040 + n@ixg)] 1
+ [sin @ 0sr + Gy cos 0 (9146 + n@ia:?’)] D2 . (3.9)

Comparing J with A, one can find the following replacement rule:

8:|:9 — GM (8:|:9 + n 8ix3) R
Orx®  — G (02 Fr?0.0). (3.10)

Note that this rule makes sense at the off-shell level.

One can derive a Lax pair for the Melvin background (3.6) by applying the replacement
rule (3.10) to the undeformed one. First of all, it is necessary to prepare the undeformed
Lax pair that has a manifest U(1) isometry along the #-direction. It is easy to remove the
f-dependence of the undeformed Lax by performing a gauge transformation,

i g = p ey - h sk
= —0+0n19 + )\il(airpl + r0+0ps + Oix3p3 + ail‘o P0) (3.11)



with h = exp(—60mni2). The resulting Lax pair depends only on the derivative of § and
hence has a U(1) symmetry along the #-direction. Thus, by applying the replacement
rule (3.10) to (3.11), the Lax pair for the Melvin background is given by

cevin — _Gy(8+40 £ ndra®) nio (3.12)
+ A 0120 po + 0ur 1 + G (020 £ 101a®) pr + G (012 F r20.0) ps) -
One can readily check that the zero-curvature condition of this Lax pair is equivalent to
the equations of motion for the Melvin background.
Now we can deduce a general form of Lax pair for arbitrary classical r-matrices in

the class (a)-1. First, with the deformed current J in (3.9), the Lax pair (3.12) can be
rewritten into the following form:

cMeVin — b1, h 4+ B Py (Ju)h 4+ A R Py (TR (3.13)

The flatness condition of the Lax pair should be preserved under arbitrary gauge transfor-
mations. Thus the resulting Lax pair is given by

LYV — py(JL) + AELPy () . (3.14)

This abstract expression is really significant because one can anticipate that the
form (3.14) would hold for arbitrary classical r-matrices in the class (a)-1 satisfying the
homogeneous CYBE. In fact, this anticipation is true as proven in the next section. More
interestingly, the Lax pair (3.14) works for the class (a)-2 as well. Thus, in total, the Lax
pair (3.14) holds for arbitrary classical r-matrices in the class (a) satisfying the homoge-
neous CYBE.

3.3 Twisted boundary condition

The Melvin background (3.6) can be realized as a Melvin twist of 4D Minkowski space-
time [42]. We will reconsider here the Melvin background (3.6) from the point of view of
a twisted boundary condition for 4D Minkowski spacetime.

For this purpose, it is useful to take the following coset representative:

9(1,0) = exp [2° p3 — Onya] exp [2°po + 7 p1]
= exp[2’ po + 7 cos @ py + 7 sin @ py + 23 p3) exp[—0 nya) . (3.15)
This representative (3.15) is equivalent to the standard one (B.1) under the gauge trans-
formation (3.11).

Then, with the replacement rule (3.10), we will show that the deformed sigma model
can be mapped to the undeformed one with a twisted boundary condition. In the first
place, one needs to obtain U(1) currents in the undeformed and deformed backgrounds,
respectively,

%a = _'Yaﬁ r? aﬁ9~7

pél = _,701,3 8/35‘3,

Jg' = =P Garr? (050 — gy €°8p°]

P5t = =7 Gar[0p2® + nvpy €°77°0,0] . (3.16)



Here 3 and 0 represent coordinates on the undeformed background. With the rule (3.10),
one can show that the U(1) currents in 4D Minkowski spacetime are equal to those in the
Melvin background, i.e.,

Jr=J8, Py=Pr2. (3.17)

The temporal components of the relations in (3.17) imply that P] and J, are equivalent
to jg and f’g Then, by integrating the spacial components of the relations in (3.17),
twisted boundary conditions for the undeformed coordinates # and &3 are obtained as

0(r,2m) = 0(1,0) + 1 P3 + 27w,
@ (r,2m) = #(1,0) —n Ty (3.18)

Here w € Z is a winding number for the angular coordinate . The conserved charges P3
and Jy are defined as

2 2m
P E/ do P] , Jo E/ do Jy . (3.19)
0 0

Note here that there is a relation between a gauge transformed current J

J9=gJog ™t + g0ag™!

and the U(1) currents

JI = —nrQGM(é + nx'S)pg — nGM(a’US — ?77“2(9/)7112

g

= -—nJy ps —nP5nia. (3.20)

Thus the twisted boundary conditions (3.18) can be recast into the following form:
2m
g(7,2m) = Pexp [/ JI da] exp(—27rwn12) g(7,0). (3.21)
0
Here §(7,0) is parametrized as in (3.15) with the undeformed coordinates (z°, 7,0, &%) .

4 General arguments

In this section, let us show that the anticipated form of Lax pair in section 3.2 works
for arbitrary classical r-matrices of the class (a) satisfying the CYBE. Then we consider
a general twisted boundary condition for the class (a)-1. Finally, we argue a general
expression of Lax pair for the mCYBE case.

4.1 Proof of the anticipated Lax pair

We show that the flatness condition of the anticipated Lax pair (3.2) is equivalent to
the equations of motion and confirm that the Lax pair (3.2) works well for all classical
r-matrices that are solutions of the homogeneous CYBE.

It is convenient to rewrite the Lax pair (3.2) as

Lo=J0+ 008, RB=Jip,, Ji=JYn,. (4.1)



The zero-curvature condition of the Lax pair (3.2) can also be rewritten as
0=0+L_ —0_Ly+[Ly, L]
1
=A(=0_J8 +[J%,J™]) + X (0p 2 + [T, JP)) + 04 d" —0_J} + [J2, T (4.2)

The coefficients of A* and A\° should vanish respectively. Hence the zero-curvature condition
is equivalent to the following set of three equations:

O_JY —[JV,J" =0, o0.J +[JT,JP] =0,
=0.

O J" — O_J" 4+ [JT, J"] (4.3)

Then the remaining task is to confirm that the three equations in (4.3) are equivalent to
the equations of motion of the deformed system with classical r-matrices of the class (a)
and the zero-curvature condition for A, .

Equations of motion. Taking a variation of the classical action (2.1), one can derive
the equations of motion?

Tr[Epu] =0, E€=04P(J-)+0_P(Jy)+ [J4, P(J-)] + [J-, P(J4)]. (4.4)

Then the equations in (4.4) can be rewritten as*

Tr [(m,]ffyp +0_J0, + [Jipp + I 0o, Jiw} + [J2pp+ 10, Jivp}) p,l} =0.

In the third and fourth terms, the commutator [vy,,p,] (= 2nu + 1Muw7s) can be dropped
off because the generators given by this commutator (n,, and vs5) vanish after taking trace
with p,. For the remaining terms, <, can be replaced by p, because the commutation
relations [y, n.,] and [p,,n,,| take the same form. As a result, the equations of motion
in (4.4) are equivalent to the following equations:

E=04J0 +0_J8 + I, TP+ [J", T =0. (4.5)

Zero-curvature condition. One can rewrite the zero-curvature condition for A4 in
terms of Jy like

0 — Z — 6+A7 - 87A+ + [A+,A,]
=04 J_ —0_Jy + [J4, J-] + 2nR,(E) + 4n*YBER,(P(J4), P(J-)), (4.6)

through the relation Ay = (1 F2nRy o P)J+ . Here the symbol YBEg, in the fifth term is
defined as

YBER(X,Y) = [Ry(X), Rg(Y)] = Ry([Ry(X), Y] + [X, Ry(Y)]). (4.7)

We are now considering the homogeneous CYBE case, hence the fifth term vanishes.

3The derivation of (4.4) is given in appendix A of [5].
“Note that J can be expanded with p, and n,, within the class (a).



Then, with the help of the relation
Ry(€) = Ry(€) (4.8)

the fourth term in the last line of (4.6) can be rewritten as 2nR,(€). Thus the last line
of (4.6) is recast into

0=Z=04J_ —0_Jy +[Jp,J_| +20Ry(E) . (4.9)
This equality can be decomposed into the iso(1,3)/s0(1,3) and so(1,3) components like
0=2P=0,J7 —0_J% + [N, J"] + [J2,JP] + 2nP(Re(E)),
0=2"=04J" —0_J% + [J}, J"] + 2nPy(Ry(E)) - (4.10)

Note that Py(Ry(E)) and P(R,(E)) vanish because £ = 0, and this decomposition is based
on the assumption that classical r-matrices are limited to the class (a).

Equivalence. Now we have prepared to check the equivalence between £ = 2P = Z" = ()
and the equations in (4.3). The manifest correspondence is summarized below:

E+2r=0
E-2r=0 = three equations in (4.3).
Z" =0

Thus we have shown that the zero-curvature condition of the Lax pair (3.2) is equivalent
to the equations of motion of the deformed system with classical r-matrices of the class (a)
satisfying the homogeneous CYBE.

4.2 Twisted boundary condition

Let us next consider the general form of twisted boundary condition (3.21), which was
anticipated in section 3.3, in the case of abelian classical r-matrices [class (a)-1].
Let us parametrize a group element g as

g =9gAgdx,
ga = expa®a+2"b), gx = [[exply’ Xi) [a,b,Xi ciso(1,3) |, (4.11)

and suppose that a classical r-matrix composed of the generators a and b which appear in
the definition of g4
r=aAlb, [a, b] =0. (4.12)

Note here that this parameterization (4.11) is assumed to be equivalent to the standard
one (B.1) via a gauge transformation like

g(B.1) = g(B.1)h, heso(l,3). (4.13)

This parameterization® enables us to realize manifestly the translational invariance of the
current A, in the 2% and 2 directions. It is also easy to figure out a deformed part as a
replacement law. Therefore we will adopt the parameterization (4.11) to argue a general
form of twisted boundary condition.

®This parametrization has already been utilized in (3.15) and will be used also in section 5.

~10 -



Replacement law. Then the left-invariant one-form A, = ¢~ '0,¢ is rewritten as
A, = 0y g)}lagx + 8a:Eb g;(lng + g)}lﬁagx , (4.14)
and the deformed current Ji is evaluated as

Ji = Ay £2nRy0 P(J4)
= (0x2® £ 29 Trlgx'bgx P(J1))) 9x agx
+(02® F 20 Tr[gx a gx P(J1)]) g5 D gx + g5 O+gx - (4.15)

Then, comparing (4.14) with (4.15), one can read off the replacement law:

Orz® — Osa® £ 2nTrg bgx P(J+)],
dra® —  0pa® F 2 Tr[gylagx P(JL)]. (4.16)

Twisted boundary condition. First of all, we show that the deformed action is invari-
ant under the translations along the z® and z® directions. Then the second terms in the
r.h.s. of (4.16) correspond to the Noether currents associated with these translations.

Let us consider a variation of the deformed action associated with an infinitesimal
translation of 2% and x®

x* = %4 62%, ¥ — a6l (4.17)
The associated variations of g and A4 are given by
dbg=¢€g, bAL =g 1 (016) 9. (4.18)
Here an infinitesimal quantity € is defined as
€ = 0x%a+62bb.
Then the variation of the deformed action is evaluated as
08 = — /d20 ~“% Tr [Gae(gP(Jﬁ)g_l)}
=— /d20 A8 (8a5xa Tr [g}la gx P(JB)} + 0z’ Tr [g;(lng P(J’B)D , (4.19)
by using the following formula in taking a variation of R, ,

ORy(X) = Ry(6X) + [Rg(X), g 'eg] — Ry([X, g 'eg])
= Ry(6X). (4.20)

Note that the last two terms of the first line vanish in the case of abelian r-matrices.
From (4.19), the deformed action is invariant under the translation along the x% and x®
directions. Then the associated Noether currents are given by

Py = —*"Tr[gylagx P(J5)],  P*=—y"Ti[gx'bgx P(Js)]. (4.21)

- 11 -



One can rewrite the replacement law with these Noether currents. In particular, the
o-components are given by

0si® = Oy + 20 P],  0y2° = 8,a” —2n PT . (4.22)
Then, by integrating the equations in (4.22), twisted boundary conditions are obtained as

1,0 =0)+2nFy,
"(r,0=0) -2 P,. (4.23)

=N
S}
n
Q
Il
[\V]
2
Il
N

2
/—S.‘
R

)

Il

[\
2

Il

K

Here P® and P’ are the Noether charges defined as follows:

2 2
Paz/ do P sz/ do P . (4.24)
0 0

These boundary conditions can be recast into a simple form,

2
g(t, 0 =27m) = exp [277/ do (P] a— P b)} g(r, 0 =0), (4.25)
0

with a coset representative g for the undeformed background. Then the twist factor can
be rewritten as follows:

2n(Pya— P7b) = 2n(Trlgx bgx P(J-)]la — Trlgy agx P(J-)]b)
= 2779R9(JT)971 =9(Jo — Aa)gil
= JJ. (4.26)

With this relation, the twisted boundary condition can be rewritten into a general form,
2w
g(1, 0 =2m) = exp [/ do Jg] g(r, 0 =0), (4.27)
0

which is now independent of z% and z?.

4.3 The case of mCYBE

So far, we have concentrated on the homogeneous CYBE case. Now it is easy to generalize
the Lax pair to the mCYBE case. All we have to do is a slight modification to add an
appropriate term to the previous Lax pair (4.1) as follows:

Ly =J7 +\H (Ji + wnzjjz) . JE =tk (4.28)

Here w is a constant that appears on the r.h.s. of the mCYBE in (2.4).

Note here that the expression (4.28) contains the case of classical r-matrices for the
general k-deformations of 4D Poincaré algebra [40]. The proof that the Lax pair (4.28)
works well is quite similar to the one in [40]. Hence we will not try to prove it here.
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5 Other examples

In this section, we will present explicit forms of Lax pairs for twisted Minkowski spacetimes
associated with classical r-matrices of the class (a)-1. We also derive twisted boundary con-
ditions on the undeformed coordinates by following a simple replacement rule [17, 23, 30].
It is easy to rewrite the twisted boundary conditions into simple forms by adopting appro-
priate representatives of group element. Hence we will work with a suitable representative
for each of classical r-matrices, rather than the standard one (B.1).

In the following, we will present explicit forms of Lax pairs and twisted boundary
conditions for three cases, 1) pp-wave backgrounds, 2) the Hashimoto-Sethi background
and 3) the Spradlin-Takayanagi-Volovich background.

5.1 pp-wave backgrounds

We consider an abelian classical r-matrix

r= 2\1@ (Po —p3) Amia. (5.1)

This classical r-matrix is associated with pp-wave backgrounds [46] .

The deformed background. A convenient representative of group element is given by

+rcosfp + rsin@pg] exp[—0nia]. (5.2)

— exp [w+ (po+ps)  —(Po—ps)
V2 V2
Here x+ and ™~ are the light-cone coordinates defined as

+ x0+$3, :L“ESCO_xg_ (5.3)
V2 V2

The representation (5.2) is equivalent to the standard one (B.1) via a gauge transformation.

Now the undeformed current A = g~ 'dg is given by
Po +P3 Po—P3

V2 V2

and it leads to the standard metric of 4D Minkowski spacetime:

AL = aif + O0xx™

+ 817”}71 + aie[rpg — 7112] , (54)

ds® = —2datdz™ + dr® 4 r2d6* . (5.5)

Then the deformed current J4 is expanded like

Jy =0rx™ po\—/gp:s + (8ix7 T nr20.0 + 772r28ix+) po;\/ipg
+ 027 p1 + (0+0 F ndxa™) [rp2 — nig] . (5.6)

With this deformed current, the resulting metric and NS-NS two-form are given by
ds* = —2dzdz™ — n*r?(dzt)? + dr? + r2de?,
B=nridzt Adb. (5.7)

~13 -



Lax pair. The associated Lax pair is given by

Ly = —(020 F 102 ) nig + M| 0er py + 7(0+40 F nd+2™) o

Do + D3 Do — D3

V2 V2

By comparing the deformed current with the undeformed one, one can identify the following

+8:|:aj+

+ (022~ Fr?0+40 4+ n°r’osa™) (5.8)

replacement rule:

Orx~ —  Orx” Fnrided +n*rlosa’,
8i(9 — 8:|:9 F naier . (5.9)

Note that the deformed Lax pair can also be reproduced by applying the replacement
rule (5.8) to the undeformed Lax pair (3.11) in which U(1)-directions are manifest.

Twisted boundary condition. The pp-wave background with usual boundary condi-
tions can be seen as as the undeformed Minkowski space with a twisted boundary condi-
tions, as in the Melvin case. In terms of the undeformed group element g(7, o), the twisted

boundary condition is given by
2
g(7,2m) = Pexp [/ do Jg} exp[2mm(—n12)] g(7,0), (5.10)
0

where the integer m is a winding number for §. Here the gauge-transformed current
Jd = gJag ' + g0,g! takes the following form:

Po —P3

J9 = —nr2(0 —na't +nitn
o n ( n ) \/§ n 12
= ngf TP Py, (5.11)

= —NJg \/i
More concretely, the twisted boundary condition can be rewritten as
T (r,2m) =2 (1,0) —nJo,

0~ (r,27) = 6 (1,0) + n P_ + 27m. (5.12)

Here Jy and P_ are Noether charges for the invariance under the rotation and translation

along the 6 and ™ directions, respectively.

5.2 Hashimoto-Sethi background

Let us next consider a classical r-matrix,

r= p2 A (o1 +n13) - (5.13)

1
2v2
This r-matrix leads to a time-dependent background obtained via a Melvin Null twist of
Minkowski spacetime [47].
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The deformed background. A useful group parametrization is given by

g(r,0) = exp [Zp2+yn01+n13 exp +p0+p3+y_p0—p3
’ V2 V2 V2

Do + D3 _ 1 Do — P3
= exp [zﬁym +2py+yt + <y + y+y2> ]

V2 2 V2
no1 + n13
X ex —. 5.14
p [y NG ] (5.14)
Here we have performed the following coordinate transformation:
1
=yty, 2=z, zt=y", 2~ =y7+§y+y2. (5.15)

Note that this coordinate transformation is singular at y* = 0. Now the undeformed
current A = g~ 'dg and the associated singular metric are given by, respectively,

Ay = aierpo\-%ps + O0ry~ pokpg + vy {y* P+ 7113\-}27101 + O0+zpa, (5.16)
ds®> = —2dyTdy~ + (y1)2dy* + d2*. (5.17)
Then the deformed current Jy is given by
Ty — aierpo\%/-iP:s n aiyfpo\;?p:z
+ Gus (0+y £ nd+2) |yt p1 + 7113:}27101} + Gus[0+z Fn(y")?0sylp2,  (5.18)
with a scalar function Gyg defined as
Gas =1+n°(y"). (5.19)

As a result, the deformed metric and NS-NS two-form are obtained as
ds* = —2dy*dy~ + Gus [(y")*dy* + dz?] ,
B =n(y")*Gusdy A dz. (5.20)

This background is also realized by performing a TsT-transformation with the y and z in
the undeformed background (5.17) under the identification [47, 56]

g(t,0) ~gog(r,0),  go=exp [% (pQ + ”01}2”1?” : (5.21)

Lax pair. The resulting Lax pair for the Hashimoto-Sethi background is given by

n13 + No1

V2

+ 0Ly~

L+ = Gus(0+y £ 10+ 2)

Po + p3 Po — P3

V2 V2
+ Gus yt (0xy £1012) p1 + Gus [0+2 F n(y™)?0xy] pa| - (5.22)

+ )\il a:l:y+

By comparing J with A, one can read off the following rule:
Ory — Gns[0+y £n0+2],
O0+z — Gpus [aiz T n(y+)28iy] . (5.23)
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Twisted boundary condition. In the present case, the deformed background is equiv-
alent to the undeformed background with the following twisted boundary condition:

27

§(7,27) = Pexp [ /0 do Jg] exp [27r <m po + w ”01}2”13)] §(r,0), (5.24)

where g(7,0) is a group element for the undeformed background. The integers m and w
are winding numbers defined as

y(1,2m) —y(7,0) = 27w, z(1,2m) — 2(1,0) = 27m.. (5.25)

The gauge-transformed current JJ = gJog ' + gdag ™" is given by

+)2 /] no1 + n13

Jg = —n(y")*Gus (5 +n2") p2 +nGus [2 —n (y V2

np1 + n13

= —nP;p2+nP] 5.26
nbypa bl =g (5.26)
More concretely, the twisted boundary condition can also be rewritten as
y(r,2m) = §(7,0) + n P; + 27w,
Z(r,2m) = Z(1,0) —n Py + 2mm, (5.27)

where P, and P, are conserved charges for the translation invariance along the z and y
directions, respectively.

5.3 Spradlin-Takayanagi-Volovich background

Finally, we shall consider an abelian classical r-matrix composed of two rotation generators,
1
r= §n12 N nos - (5'28)
The corresponding background is a time-dependent background [48] as explained below.
The deformed background. Let us parametrize a group element like

g(1,0) = exp [¢no3 — Oniz]exp [tpo + 7 p1 ]
= exp [tcosh ¢ pg + tsinh ¢ ps + 7 cosOpy + rsinbps | X exp[pngs — Onia]. (5.29)

Here we have introduced new coordinates ¢t and ¢ by performing a coordinate transforma-
tion 2° =t cosh ¢ and 23 =t sinh ¢. Then the undeformed current A is expanded as

Ay = 04rp1+ O+t po + 040 [r p2 — n1a] + 0+ [t p3 + nos] - (5.30)
As a result, the associated undeformed metric takes the form

ds® = —dt* + t*d¢* + dr® + r2do*>. (5.31)
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Then the deformed current Ji with the classical r-matrix (5.28) is evaluated as

Ji = 0srp1 + 0xtpo + Gsrv (040 F ntd+¢) (rp2 — ni2)
+ Gsrv (040 £ nr?040) (tps + nos) , (5.32)

where we have introduced a scalar function Gsty defined as
Ggty = 1+ 0?2, (5.33)
The resulting deformed background is therefore given by

ds® = —dt* 4+ dr® + Ggry (t2d¢* + 1r2d6?),
B = nt*r?Ggry dp Adf . (5.34)

Lax pair. The associated Lax pair with a spectral parameter \ is expressed as

Ly =—Gsrv (040 F nt?01¢) n12 + Gsry (940 £ n12010) nos (5.35)
+ AEL O+rp1 + Oxtpg +rGsrv (8:|:9 F ?7t2a:|:(;5) P2+t GsTv (8:|:¢ +n T2a:t(9) P3| .

Twisted boundary condition. Similarly, by comparing the deformed current with the
undeformed one, one can read off the following replacement rule:

010 —  Gsrv (040 Fnt*010),
a:t¢ — GSTV (8i¢ + ?77"28:|:9) . (5.36)

This rule implies a twisted boundary condition for the undeformed coordinates,

27
§(r,2m) = P exp [ /0 do J8 ] exp [27 (mngs — wn12)] §(70). (5.37)

Here the integer numbers w and m are winding numbers for the angles # and ¢. The

1

gauge-transformed current J§ = gJog~ ' + g0,g~ " is given by

Jg = ?77“2 GSTV(é — 77t2¢,)n03 + nt2 GST\/((Z% +n 7"29,)7112
=nJg nos +nJg nz. (5.38)

This expression can also be recast in

7 7
o(1,2m) = ¢(1,0) +nJp + 21 m, (5.39)

where J; and Jy are Noether charges for the rotational invariance for the ¢ and 6 directions.

17 -



6 Conclusion and discussion

In this paper, we have proceeded to study Yang-Baxter deformations of 4D Minkowski
spacetime based on a conformal embedding. In the first place, we have revisited a Melvin
background and argued a Lax pair by adopting a simple replacement law invented in [30].
Due to this argument, one can readily deduce a general expression of Lax pair. Then the
anticipated Lax pair has been shown to work for arbitrary classical r-matrices with Poincaré
generators. As other examples, we have presented Lax pairs for pp-wave backgrounds, the
Hashimoto-Sethi background, the Spradlin-Takayanagi-Volovich background.

There are a lot of open problems. We have considered only the bosonic sector so far. It
would be very interesting to investigate the RR-sector and dilaton by including spacetime
fermions (c.f., see [57]). In fact, it is much easier to perform a supercoset construction for
Yang-Baxter deformed Minkowski spacetimes, in comparison to the deformed AdSsxS° . It
is also nice to study non-local charges obtained from the monodromy matrices constructed
from the Lax pair derived here. The resulting algebras may be related to the preceding
results obtained in [58].

As another direction, it would be of interest to consider Yang-Baxter deformations
of other backgrounds such as pp-wave backgrounds and Lifshitz spacetimes [59]. Along
this direction, it has been shown that the Nappi-Witten background [46] is Yang-Baxter
invariant at the quantum level [60]. Due to the argument in [61], Lifshitz spacetimes would
be invariant as well. It is very nice to check whether this anticipation is valid or not.
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A Notation and convention

We will summarize here our notation and convention of the s0(2,4) generators.
In this paper, we use the following basis of su(2,2) ~ s0(2,4):

1 1

ﬁu(272) = SpanR{ ’Y/L7757nul/ = Z[,Y,Umfyy] 7n,u5 = Z[’Y/L7’Y5] | m, V= 0717273 } . (Al)

Here 7,’s are gamma matrices satisfying the Dirac algebra:

{’Yu a’VV} = 277;w . (AQ)
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Here 7, is the standard Minkowski metric with mostly plus. It is convenient to adopt the
following matrix realization of v,’s,

0 0 0 -1 0 0 0 =<
oo 1 0 oo io
"o o1t of 7o —io of”
-10 0 O -1 0 0 0
00 1 0 0 01 0
oo o0 1 o001
V3= 100 0 ) Y0 =14 = 100 0 )
01 00 0 1.0 0
10 0 O
01 0 O
= ) = A.3
V5 = 71727370 00 -1 0 (A.3)
00 0 -1
It is also helpful to use the conformal basis for so(2,4):
50(2,4) = spanp{ pu,nﬂy,d,k# | p,v=0,1,2,3 }. (A.4)

Here the translation generators p, , the Lorentz rotation generators n,, , the dilatation d
and the special conformal generators k,, are represented by, respectively,

1 ~ 1 1
Py = 5('7u —2nu5), d= 575, k, = 5(7;1 + 2ny5) . (A.5)
The non-vanishing commutation relations are given by
[pm kll] = 2(n;w + M d) s [d7 p,u] =Pu, [d7 ku] = _k,u )
(P> vwp) = M Do — Mup P s ks ] = My kip — M kv
(125 o] = Mo M + Top Mo — Npp Mwer — Mo Myp - (A.6)

B A conformal embedding of 4D Minkowski spacetime

To introduce Yang-Baxter deformations of 4D Minkowski spacetime, it is necessary to
perform a coset construction of flat space. However there is an obstacle that the Killing
form on the standard coset ISO(1,3)/SO(1, 3) is degenerate. Hence, in order to avoid this
issue, we will embed this coset into a conformal group SO(2,4), as explained below.

A representative of group element ¢ is given by

g = exp p0x0+p1x1+p2x2+p3x3]. (B.1)

Note that this parametrization may be interpreted as a slice of Poincaré AdSs, in which
the representative is given by g = exp[z#p,| exp|dlog z| with the AdS radial direcrion z .
The left-invariant one-form A = g~'dg can be expanded as

A=el'p,, et =dat. (B.2)
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Then, in terms of the vierbeins e*, the metric of Minkowski spacetime is given by
ds? = nuuete’ =y detds” . (B.3)
By using the relations
o = %Tr(v“A) , (B.4)
the metric (B.3) can be recast into the following form:
ds?* = nyete” = Tr(AP(A)). (B.5)

Here we have introduced a projection operator defined as

3

—50 Tr(yox) + Y % Tr(y ﬂf)] : (B.6)
=1

P(x) =

el

Note that v*’s contained in (B.6) are elements of 4D conformal algebra so(2,4) rather than
4D Poincaré algebra iso(1,3) . Thus the projection (B.6) implies that our coset construction
of 4D Minkowski spacetime is realized as a slice of Poincaré AdSs .

As a side note, it is straightforward to generalize the projection operator to the general
symmetric two-form [46, 61]. Due to this observation, Yang-Baxter deformations can be
applied to the Schrodinger and Lifshitz cosets argued in [61]. For a recent progress along
this line, see the work [60] in which Yang-Baxter deformations of the Nappi-Witten model
have been studied.
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Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.
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