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to the structure of UV and IR singularities. We use jet and soft functions defined in soft-
collinear effective theory (SCET) to efficiently extract the relevant anomalous dimensions
in the different schemes. This result allows us to construct transition rules for scattering
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QCD. We also show by explicit calculation that the hard, soft and jet functions in SCET
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1 Introduction

Higher-order calculations in QCD result in loop integrals that are often ultraviolet (UV)
and/or infrared (IR) divergent. The standard method to deal with these singularities is
dimensional regularization, where space-time is shifted from 4 to D = 4 — 2¢ dimensions.
The UV and IR singularities then manifest themselves as poles 1/€.

There are several variants of dimensional regularization. The most common scheme
is conventional dimensional regularization (CDR), where all vector bosons are treated as



D-dimensional. From a conceptual point of view this is the simplest possibility and guar-
antees a consistent treatment. However, CDR has some disadvantages. Apart from break-
ing supersymmetry, it is also not directly compatible with the helicity method and other
computational techniques that rely on 4 dimensions and, hence, leads to more tedious
expressions in intermediate steps of a calculation. Therefore, it is often advantageous to
use other schemes, such as the 't Hooft-Veltman scheme (HV) [1], dimensional reduction
(DRED) [2] or the four-dimensional helicity scheme (FDH) [3].

The result for a physical quantity such as a cross section is of course finite and must
not depend on the regularization scheme that has been used. However, in practise such
a result is obtained as a sum of several contributions, which usually are separately diver-
gent. Therefore, these partial results can depend on the regularization scheme. It is often
advantageous to use regularization schemes that are adapted to the technique used for the
computation of a particular contribution. In order to be able to consistently combine the
various partial results it is then imperative to have full control over the scheme dependence.

The key observation is that the scheme dependence is actually intimately linked to
the structure of UV and IR singularities. The singularity structure in FDH and DRED is
best understood if the (quasi) 4-dimensional gluons g are split into D-dimensional gluons
g and N, = 2¢ scalars g. From a conceptual point of view these so-called e-scalars g can be
treated as independent fields with an initially arbitrary multiplicity N.. The identification
N, = 2¢ is to be made only at the end of a calculation. The decomposition of g into g and
g has to be made in DRED as well as in FDH. This seems to be a disadvantage of these
schemes. However, it is useful to gain insight and to derive the scheme dependence, and
for practical purposes, such an explicit separation is often not required.

The contributions of the e-scalars are UV and IR divergent, resulting in terms of the
form (N¢)!/ek. Tt is precisely these terms that — after setting N. = 2¢ — induce the
scheme dependence in partial results. For a physical cross section the poles in € have to
cancel, including poles of the form N./e. This entails that the scheme dependence for a
(finite) physical result can be at most O(N, €”) and, hence, will vanish in the limit € — 0.
At next-to-leading order (NLO) this has been explicitly demonstrated [4]. However, virtual
corrections generally are UV and IR divergent and, therefore, scheme dependent. To find
this scheme dependence the structure of UV and IR singularities has to be understood for
a gauge theory with gluons and e-scalars.

Regarding the UV singularities, the main point is that treating the e-scalars as inde-
pendent fields induces additional couplings. The independence of these couplings and their
UV renormalization was already required in the equivalence proof of DRED and CDR [5-7]
and in explicit multi-loop calculations in DRED [8-10]. It has to be stressed that also in
FDH the couplings have to be treated as independent [4, 11].

The development regarding the scheme dependence related to the IR divergent part
beyond NLO is more recent. The structure of the IR singularities for massless gauge
amplitudes has a remarkably simple form [12-15]. It can be expressed in terms of the cusp
anomalous dimension vcusp and the anomalous dimensions of the quark and gluon, 7, and
g, respectively. These anomalous dimensions have been extracted from explicit results of
form factors computed in CDR and are consistent with other processes.



It seems natural to assume that this structure can be extended to other schemes by
applying the split of g into g and g. This results in modified (i.e. scheme dependent)
anomalous dimensions. At NLO, this leads to results that are consistent with the well-
known scheme dependence of NLO amplitudes [16]. Based on this assumption, Yeusp, 74 and
7 have been extracted in the FDH scheme at NNLO [17, 18], by comparing the generalized
IR structure to explicit results of two-loop amplitudes for the v* — ¢¢ and H — gg form
factors and the process ¢ — g7v. Considering all these processes together yields an over-
constrained system for the extraction of Yeusp, 74 and 74 in the FDH scheme. The fact that
there is a solution to this system suggests that FDH is a well defined scheme beyond NLO.

The main results of this paper are the following: first, we will provide further evidence
that with a proper definition FDH can be used for loop calculations beyond NLO. To this
end we show that the anomalous dimensions 7cusp, 74 and vy, can be computed directly
in soft-collinear effective theory (SCET) [19-27] by relating them to the jet- and soft
functions. We repeat the original calculation of the quark-jet function [28] and gluon-jet
function [29] in the FDH scheme and also determine the soft function in FpH. This gives
us an independent determination of 7eusp, 74 and 7y, in the FDH scheme and the results
we find are in agreement with previous findings. Note that the FDH as we use it [4, 17] is
slightly different from previous implementations [30].

Second, we extend the scheme dependence study to DRED. While the anomalous
dimensions in DRED are the same as in FDH we also need to consider amplitudes with
external e-scalars. Determination of the IR structure of these amplitudes requires the
knowledge of 7., the anomalous dimension of the e-scalar g. We compute v, in SCET via
the calculation of the g-jet and soft functions and give the generalization of the IR structure
to amplitudes with external g. Furthermore, we verify that this result for 7. is in agreement
with the result extracted from an explicit computation of H — gg at NNLO [31]. We thus
obtain a complete understanding of the relations between NNLO amplitudes with gluons
and massless quarks computed in CDR, HV, FDH, and DRED.

Finally, we gain insights into how the regularization-scheme dependence cancels for
fully differential cross sections at NNLO. While a complete study of this issue is beyond
the scope of this work, our calculations in SCET show that the jet- and soft functions
are separately scheme independent. The same is true for the hard function. Hence, if the
cross section is written as a convolution of hard-, soft-, and jet functions it is manifestly
regularization-scheme independent. Recently there has been a lot of activity in performing
fully differential NNLO calculations using the SCET framework. This development started
with the computation of top-quark decay [32] and has then been extended to more generic
cases [33-35]. The results of our work show how to apply a particular regularization scheme
for the calculation of either the hard-, soft- or jet function. For each of these building
blocks separately, the most convenient regularization scheme can be used. This opens up
possibilities for further technical advances.

The paper is organized as follows: in section 2 we briefly review the various regu-
larization schemes and discuss how they affect the IR structure of scattering amplitudes.
Section 3 is devoted to the computation of the anomalous dimensions that are required for
the IR structure. These computations are done in SCET. An alternative determination



CDR HV DRED FDH

internal gluon | g** ¢  g"  g"

external gluon | g" g  g"  g*”

Table 1. Treatment of internal and external gluons in the four different RS, i.e. prescription for
which metric tensor is to be used in propagator numerators and polarization sums.

of the anomalous dimension of the e-scalar is presented in section 4, where we extract 7.
from the gluon form factor computed in DRED. In section 5 we use these results to obtain
explicit transition rules for two-loop amplitudes between HV and FDH, as well as between
FDH and DRED. The transition rules are then checked with explicit examples. Our con-
clusions including a discussion on the scheme independence of cross sections at NNLO are
presented in section 6. Finally, we give some explicit results of the SCET computations
in appendix A and list the required anomalous dimensions and 5 functions in all schemes
in appendix B.

2 Schemes and structure of IR singularities

2.1 Regularization schemes

Dimensional reduction has been shown to be mathematically consistent [36] and equivalent
to dimensional regularization [6, 7] on the level of IR finite Green functions. In the way
we define it, the FDH scheme has the same properties. The consistent implementation
of the considered regularization schemes requires the introduction of three vector spaces.
Apart from the strictly 4-dimensional space (4S) with metric g*” two infinite-dimensional
spaces have to be introduced, the quasi 4-dimensional space Q4S [36-38] with metric g"”
satisfying ¢";, = 4 and quasi D-dimensional space QDS with metric " satisfying §'), = D.
The structure Q4S D QDS D 4S is reflected in the properties of the various metric tensors:
guygup = gﬂp and gw}gup = glup'

For a detailed discussion and a precise definition of the four considered regularization
schemes (RS) we refer to ref. [4]. Here we only repeat the most important aspects to
facilitate the following discussion. The various RS differ in the way “internal gluons” (part
of a one-particle irreducible loop diagram or unresolved final state gluon) and “external
gluons” (all remaining gluons) are treated. This is summarized in table 1 taken from ref. [4].
Since external gluons are treated as stricly 4-dimensional in FDH and HV these schemes are
best adapted to be used in connection with the helicity method.

The cleanest way to understand the scheme differences is to consistently apply the split
of the (quasi) 4-dimensional gluon into a D-dimensional gluon and an e-scalar. This is done
at the level of the Lagrangian writing the 4-dimensional gluon field of FDH and DRED as
At = AF 4 AF, where A" and A are the D-dimensional gauge field and the e-scalar field,
respectively [5]. We will denote the associated ‘particles’ as g and g, respectively. The
e-scalars have an initially independent multiplicity N, and the metric g"” associated with
g satisfies the orthogonality relation ¢*“g,, = 0 and g"”g,, = Ne. Scheme differences
have their origin in UV and IR divergent contributions due to these e-scalars. These



contributions are of the form (N,)?/e* and after setting N, — 2¢ result in the scheme
differences. This connection to UV and IR singular terms allows for a completely systematic
treatment of the RS dependence.

Regarding UV renormalization, FDH and DRED behave in the same way. The possible
split of internal gluons into gauge fields and e-scalars implies that in principle five different
couplings need to be distinguished (see in particular [7, 8, 11]): the gauge coupling a, the
gqq coupling o, and three different independent quartic g-couplings oue; with @ = 1,2, 3.
In general, we write the perturbative expansion of a Rs-dependent quantity X*5({a}) as

RS > Qs \™ [\ (e 1 \F f0se2\! [ Ue3\T g
xeen= 3 (7)) (3) (5 (57) (G2) W @)

m’“? ) 1]

Accordingly, the 8 functions for ag and . in full generality are written as
d « Q Qs \™ [ Qe \™ [ Qy 1)’C (a4 2)l <a4 B)j
2 S S S € €, €, ) SRS
—— = —— — — — ~ 2.2
K dp? 4m “4r ;;2 (47r> (471') ( 47 47 47 mnktjs - (2:22)
d « Q Qs \™ [ Qe\™ [ E ra I ra J
2 e e s e 4e,1 4e,2 4e,3 e RS
e ¢ -5 _< . 2.2b
K du? 47 “4n EZ>2 (47r> (47r> ( 4 ) ( 47 ) ( 47 ) minklj ( )
with analogous expansions for the § functions for aye;. In the sums, ¥ > 2 is an abbrevi-

ation for m +n+k 41+ j > 2. The later results of the present paper will show that the g
functions of the a4 ; are not needed and that we do not need to distinguish between them;

hence we will often denote them generically by ay..! Note that in eq. (2.2) all quantities
are finite and the scheme dependence is O(N). Thus, after setting N. — 2¢ and then
e — 0, the scheme dependence disappears and we refrain from using an RS label on the
Lh.s. of eq. (2.2). In particular we write g and c, without an RS label.

According to table 1, in DRED external gluons are (quasi) 4-dimensional. The decom-
position of these external gluons into g and ¢ also allows to avoid all problems related
to factorization theorems [39] in DRED regularized QCD. However, this split results in a
larger number of ‘independent’ diagrams. Applying the decomposition of ¢g into § and g
then implies that in DRED amplitudes with external e-scalars have to be considered. This
is not the case in the other schemes. As this leads to additional complications, we will
first restrict our discussion of the scheme dependence to the schemes CDR, HV and FDH in
section 2.2. Then we will consider DRED in a second step in section 2.3.

2.2 IR structure in CDR, HV and FDH

After UV renormalization, on-shell scattering amplitudes in massless QCD still contain
IR poles 1/¢*. In the framework of CDR it has been shown that these singularities can
be subtracted in the MS scheme, using the procedure described in [12-15, 40-42], via a
multiplicative factor Z which is a matrix in colour space. This can be generalized not only
to the HV but also to the FDH and DRED schemes [17, 18].

"We remark that in practice the couplings can often be identified; only the bare couplings and the
associated renormalization constants and [ functions must be kept different. Section 5 will provide further
discussion and examples.



For the following discussion we find it more convenient to work with amplitudes
squared. More precisely, we consider

M (e, Ne, {p}) = 2Re (A™ (¢, Ne, {p})|[A™ (e, Ne, {p})) , (2.3)

where | A™* (e, Ne, {p})) is a UV renormalized, on-shell n-parton scattering amplitude con-
taining IR poles and (AE%*(e, N, {p})| is the corresponding tree-level amplitude.? Both
the e- and the N.-dependence differ in the four regularization schemes. For the moment we
restrict ourselves to CDR, HV, FDH, as indicated by the label Rs*. Then the regularized ex-
ternal gluons behave completely as gauge fields and do not have to be split into gauge fields
and e-scalars. The set {p} denotes the set of partons of the process under consideration
and contains only quarks or gluons.

The regularization-scheme dependence of M®™* is related to the IR poles and can
be absorbed by a scheme-dependent factor (Z"5*)~!. We can define IR subtracted finite
squared amplitudes as

55 (e, Ne, {p}, 1) = 2Re(AF™ (e, Ne, {P))| (2 (e, Ne, {p}, 1)~ |A™ (e, N, {p})), (24)

where p represents the factorization scale. The expression on the Lh.s. of eq. (2.4), MES,
denotes the finite remainder of the amplitude where the poles have been subtracted in a

minimal way. MZ5* still depends on e (and N,) but does not contain poles 1/ €* any longer.

Hence, the limit € — 0 can be taken and then we obtain a scheme independent finite matrix
element squared

Men({p}, p) = lim MGy (e, Ne, {p}, 1) - (2.5)
(N)e—0
The limit (N). — 0 indicates that first we set N, — 2¢ and then e — 0. To put it differently,
after setting N. — 2¢, the scheme dependence of MZ5* is only in the terms O(e).

The starting point for a typical NNLO calculation is the computation of the two-loop
virtual corrections in a particular regularization scheme. This corresponds to M®* as
defined in eq. (2.3). To understand the IR divergence structure and obtain transition rules
between schemes we want to exploit the relation of the scheme-dependent M®5* to the
scheme-independent Mg,. The key quantity for this is the scheme-dependent factor Z"5*
to which we turn now.

At order a” the factor Z®** contains poles up to 1/¢2". In standard QCD these poles
correspond to IR singularites. As will be discussed in section 3, a convenient framework
to understand the structure of these singularities is SCET. An advantage of the SCET
approach is that the singularities present in Z%5* are actually interpreted as UV singularites
of the effective theory. In other words, in SCET Z"* is simply a UV renormalization
factor. This observation has been used in refs. [14, 15] to obtain a prediction of the IR
stucture of QCD amplitudes in CDR and here we extend this to other schemes. For a
more detailed explanation of this well-known interplay between UV singularities of the

2Strictly speaking, the tree-level amplitudes in the Rs*-schemes do not depend on N.. Nevertheless, we
keep the dependence on N, in the notation to simplify the generalization to DRED in section 2.3.



effective theory (SCET) and the IR singularities of the underlying theory (QCD) we refer
to Chapter 8 of ref. [26].

Using the SCET approach opens the possibility to apply well established methods
for the study of UV singularites to the case of IR singularities in QCD. In particular,
renormalization-group equations (RGE) can be applied to obtain information on the struc-
ture of these singularities as well as their scheme dependence. However, in this paper we
refrain from calling Z®* a renormalization factor, simply to avoid possible confusion with
the genuine UV renormalization in QCD, i.e. the renormalization of the couplings ag, .
and ay.. Rather, we will call Z®5* a subtraction factor or simply Z-factor, keeping in mind
that from the QCD point of view it absorbes the IR singularities that remain in ampli-
tudes after UV renormalization, whereas from the SCET point of view it corresponds to
multiplicative renormalization of UV singularities.

The all-order amplitude | A™* (e, Ne, {p})) in eq. (2.4) is independent of the factoriza-
tion scale p. It follows that the IR subtracted amplitude squared satisfies a renormalization
group equation (RGE)

d
dln

s (e, Ne, {p}, ) = T™*(Ne, {p}, p) M55 (e, Ne, {p}, 1) , (2.6)

where the anomalous dimension I'™*(N,, {p}, 1) is related to the subtraction factor Z*5*
through

D (Ve (pho) = — (B e N (oho ) B @ N loho) . (2)

This equation can be formally solved to obtain a path-ordered exponential with respect to
colour matrices

o0

Z5* (e, Noy {p}. 1) = Pexp /

T~
7/I‘RS (Nea {p}mul) . (28)
uwo M

In [12-15] it has been shown that in CDR the general structure of the anomalous
dimension operator I', which controls the IR divergences of QCD scattering amplitudes, is
exactly known up to two-loop level and only involves colour dipoles. In those papers it was
also conjectured, by using soft-collinear factorization constraints and symmetry arguments,
that this simple structure is more general and it is valid to all orders in perturbation theory.
Generalizing this from CDR to other schemes and suppressing the dependence on N, we
write according to refs. [17, 18]

2 n
D ({ph, ) = 30 Tl 3R (2.9)

(i.9) Y=
where s;; = £2p; - p; + 10, the sign “4” is chosen when both momenta p; and p; are
incoming or outgoing and the sign “—” when one momentum is incoming and the other
one outgoing. The first sum in eq. (2.9) runs over all pairs i # j of distinct parton indices
i,j € {1,2,...,n}, where n is the number of external partons. The universal quantity v,

that appears as coefficient of the two-particle correlation term, T; - T; = TETE, is called



“cusp” anomalous dimension. The quantity 7*°* is a single-particle term which depends

on the type of the external particle, 7;** = 77" in the case of a (anti)quark and ~;** in
the case of a gluon. The explicit form of the colour generator associated to the ¢-th parton,
T¢,
are defined by (T¢),, = t;,, where t¢ is a SU(NN) generator. For final-state antiquarks or
initial state quarks one has instead (T¢),, = —t¢,, while for gluons (T¢),, = ifo.

As a consequence the IR structure can be described by a set of three constants, which

is as follows: for final-state quarks or initial-state antiquarks, the colour matrices T

depend on the scheme
rs* € {CDR, HV, FDH} : ’)/?us;;, ’ygs*, 7?8*. (2.10)

Thanks to the simple structure of the anomalous dimension matrix I', one can find an
explicit solution for the perturbative expansion of Z. It is also possible to drop the path-
ordering symbol in eq. (2.8) since the colour structure of I' is independent of u. The
following notation is often introduced

D) = g, P ) = 2055, (211)

where the last equality follows from colour conservation, C; = C; = C; = Cp for
(anti)quarks and C; = Cy = C4 for gluons.

All scheme-dependent quantities introduced so far potentially depend on all couplings
{a(p)} = {as(p), ac(p), cuei(pr)}. Thus, in general the perturbative expansion is of the
form of eq. (2.1).

Solving the differential equation eq. (2.7) one obtains a perturbative expression for
In Z®5* which also depends on the 8 functions. Suppressing the arguments, in particular
the dependence on the process {p}, it can be written up to NNLO as

- flRS* fRS*
1 ZRS*: g X 1 1
. (47r> ( 4¢€2 + 2¢
4e 1\ F [ 0ue2\! a4e,3)j
=2 () G (G) () (5

35 BAEE gRSx RS  V/RSk RS*
( mnkl] 1 _ Pmnklj 1 + mnklj + mnklyj —I—O(Oé3>. (212)

16¢€3 4¢? 16€2 4e

Here the sum ¥ = 2 denotes a sum over all terms satisfying m+n+k+ 1+ j = 2, and the
following vector notation for terms involving pure one-loop quantities has been used:

= PRS* _ RSk RS RS RSk RS*
a- T = as Tiggo + e Toro00 + @41 Tootoo + @2 Toonio + @463 Toooor »  (2.13a)

gRS*  [RS* _ gSRS* [RSx 4 BERS* RSk
mnklj 1 = Mmnklj 10000 mnklj - 01000
4e,1 RS* RS* 4€,2 RS* RS* 4e,3 RS* THRS*
- ankly Looto0 + ankl] o010 + @,mklj I'06001 » (2.13b)

and analogously for the combinations involving f’l The dependence of I' on the individual
couplings and the appearance of the different § functions constitutes an important differ-
ence to the CDR case, where only the oy and 3° terms appear. It can be obtained by setting
Qe, a4e; — 0 in eq. (2.12) and identifying I'y,0000 = I'y, ete.



Eq. (2.12) shows that the one-loop IR divergences are described by the one-loop co-
efficients of I, which depend on the process-independent quantity 7555;), and of I'. Both
anomalous dimensions depend on the partons involved in the process. At the two-loop
level, the full 1/e3 and parts of the 1/€? divergences are predicted by one-loop 3 and
I coefficients. The remaining 1/€? and the 1/e poles are described by genuine two-loop
anomalous dimensions.

Eq. (2.4) together with eq. (2.12) allows to describe the RS dependence of the squared

amplitude M"5*;

e CDR-HV: since internal gluons are treated in the same way in CDR and HV we have

Z°PR = 7"V and all the anomalous dimensions are the same in these two schemes.
The difference in the squared matrix element comes entirely from using different
metric tensors for the polarization sum due to external gluons. In CDR, where external
gluons are D-dimensional, this polarization sum involves §*”, whereas in HV g is

to be used.

e HV-FDH: since internal gluons are treated differently in HV and FDH we have
Z"V £ ZFPH and the anomalous dimensions are not the same in these two schemes.
This results in further scheme differences of the squared matrix element. However,
external gluons are treated in the same way in HV and FDH and the metric tensors
in polarization sums are the same in the two schemes.

2.3 IR structure in DRED

Understanding the IR structure of DRED processes with external gluons is more compli-
cated. Each external quasi-4-dimensional gluon can be split into a g and a g, and the
squared matrix element for a process with #g¢ external gluons can be decomposed into 2#9
terms. Following ref. [4], we can write for the amplitude squared for such a process

MPRER( gy g )= Y Y MPEER (g Gy ). (2.14)

gle{g7§} g#ge{gvg}
Reinstating all variables explicitly, we write the same relation in a more compact way as

MDRED(€7 Ne, {p}a /‘) = Z MDRED(Ev Ne, {15}7 :U’) : (2'15)
{r}

Hence, the partons appearing in the list {p} on the r.h.s. can be either quarks or g, g,
but not full quasi-4-dimensional gluons. We stress that practical calculations are not as
complicated as implied by egs. (2.14) and (2.15). The Lh.s. will typically be computed
directly as a whole with quasi 4-dimensional gluons, i.e. 4-dimensional numerator algebra.
Even the renormalized couplings ag, ae, ay4e can be identified, see section 5 for further
discussion. However, from a conceptual point of view each term in the sum on the r.h.s.
of egs. (2.14) and (2.15) can be considered as an independent process and the couplings
as independent. Then, each of these processes behaves as the processes in CDR, HV, FDH
discussed in the previous subsection, and it becomes possible to understand the IR structure
and construct IR subtraction terms and transition rules to other schemes.



For each process on the r.h.s. of egs. (2.14) and (2.15) a corresponding factor
Z(e, N, {p},r) and a subtracted squared amplitude MPREP (e, N, {p}, ) can be con-

sub

structed, like for M®™* in eq. (2.3) and eq. (2.4). Overall, one can then define the full
subtracted squared amplitude in DRED as

b (e Ne {p} ) = Y MO (e, Ney {5}, 1) - (2.16)
{r}

It satisfies an equation analogous to eq. (2.6),

d y y
m sDuPi)ED(QNE?{p}vN) = ZFDRED(NO{p}HU’) sDLﬁ)ED(eaNea{p}ﬂu)? (2‘17)
{r}

The I'P*EP’s for the individual parton sets {p} satisfy relations analogous to egs. (2.7),
(2.8) and (2.9). Likewise, the subtraction factors Z can be written as

a f\’/DRED f\’DRED
In ZPRED — [ ) . 1 1
" <47T> < 4 T

Qg \™ <%>" (a4e,1)k (a4e,2)l <a4e,3>j 91
+E§:2(47r> 47 47 47 47 (2.18)

ADRED _ T/ DRED 2DRED . T'DRED /DRED DRED
_ 3 mnklj I‘1 _ Pmnklj Fl + anklj + anklj + O(Oé3)
16€3 4e2 16€2 4e '

Like in the corresponding eq. (2.12) the arguments are suppressed. An important difference
to the Rs* schemes is that in DRED the individual split processes {p} have to be used. This
implies that the set of 7’s needed to describe the IR structure is different in DRED compared
to the other schemes,

DRED ° DRED DRED DRED DRED . (219)

chsp 7’7q 77@ v g

This should be compared with eq. (2.10). There are however several obvious relations,
since internal gluons are treated equally in FDH and DRED:

Yeusp = Yeusp = Yeusp (2.20a)

Y=Y = (2.20D)

Vg =g =g (2.20¢)

Thus, the e-scalar anomalous dimension 7"* is the only additional ingredient in DRED.

To highlight this, we introduce the notation 7. for this quantity,
e = fngED : (2.21)

It is instructive to compare the individual processes with external ¢ or g in DRED to
a process in FDH. The squared amplitude for a process with at least one external g has
an overall factor N, from the e-scalar polarization sum. As long as we consider the UV
renormalized, but not yet IR subtracted matrix element, we cannot set (N). — 0 since

,10,



there are still IR poles present. However, once these have been subtracted, the squared
matrix element is free of poles in € and still contains a factor IN.. Hence,

MEIP(- gy = fim MEFP(..§..) =0 (2.22)
and
(]\%HLO ?&ED(...gl...g#g...):(]\%nio oh (g1 gpg ) =Man(...g..), (2.23)

i.e. once the amplitudes are properly subtracted and the limit (V). — 0 is taken, processes
with external g do not contribute any longer and the finite squared amplitude is equal in
all four regularization schemes.

3 SCET approach to scheme dependence

In section 2 it has been shown that the regularization-scheme dependence of any massless
QCD amplitude can be absorbed into a re-definition of the factor Z. Hence, it is important
to study the scheme dependence of the anomalous dimension I' governing the RG equation
for the Z-factor. We work at NNLO, and at this order the anomalous dimension has a sum-
over-dipoles structure. Thus, we need to compute the three relevant anomalous dimensions
in eq. (2.9), Yeusps 7q and 74 in the several schemes considered in this work, particularly in
FDH (in DRED, also 7. is needed). In principle v, and 7, can be directly extracted from the
IR divergences of the on-shell quark and gluon form factors computed in the three schemes.
This approach [17, 18], which at first glance seems to be totally straightforward, turned
out to hide highly non-trivial technical complications related to the UV renormalization
procedure in schemes like FDH and DRED.

Here we show that the same +’s can be also extracted by combining the anomalous
dimensions of the quark and gluon jet functions together with the anomalous dimensions of
the corresponding soft functions (for Drell-Yan or Higgs production) defined through SCET
operators. The soft and the jet functions can be computed with a standard diagrammatic
procedure, and they are free of the renormalization difficulties that appear in the form
factor calculations. This is an easier and more direct way to perform such a calculation.
We have carried out this calculation at NNLO. In addition, the computation has also
been carried out using the more traditional method to have an independent check of the
results presented in this work and to show that the scheme dependence of these anomalous
dimensions is universal and does not depend on the particular process analyzed.

3.1 Outline of the method

In the following we present the procedure for the direct calculation of the relevant anoma-
lous dimensions in the four schemes via a SCET approach. The anomalous dimensions are
obtained not from QCD scattering amplitudes but from soft and jet functions defined in
SCET. Schematically, we get

soft function = 'yfussp,yﬁvs{m ) (3.1a)
jet function = g%, ’y}}{sq " (3.1b)
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RS
Wipy, )
with an initial quark and an anti-quark (Drell-Yan) or two initial gluons (Higgs production),

where y governs the single-logarithmic evolution of the soft function for the case

respectively. th;]{{sq,g} is defined similarly via the jet function. In DRED, one has to distinguish
the jet functions for D-dimensional gluons § and e-scalars § and the corresponding 'y?gRED
and v7**P. The present discussion applies to these two cases in an analogous way.

Thus, the cusp anomalous dimension g5, and its scheme dependence can be easily
extracted independently either from the soft or the jet functions. The situation is slightly
more involved for the quark and the gluon anomalous dimensions where we need to exploit
some known relations between anomalous dimensions to determine v;* and 7,°. In the case
of Drell-Yan and Higgs production, these relations hold as a consequence of the factorization

of the cross section in the threshold region [43]. In particular one finds

RS _ RS RS
TWiny, 1y = 2’Y¢{q,g} + 27493 (32)
where ’y(l;{s is one half the coefficient of the 6(1 — z) term in the Altarelli-Parisi splitting
a,9

functions and controls the parton distribution functions (PDFs) evolution. A similar re-
lation involving the jet anomalous dimension instead of the soft anomalous dimension is

found for DIS [44]

RS __ _RS i RS
rydj{q,g} o fy‘]{q,g} 27{(179} : (33)

By combining eq. (3.2) with eq. (3.3) to eliminate the universal PDF anomalous dimension
one obtains [43]

RS RS ’YIF/{VS{DY H}
Nagt = Vigy =9 (3.4)
The validity of eq. (3.3) is a consequence of the factorization theorem for deep-inelastic
scattering in the threshold region. The factorization proof is explicitly derived in [44] only
for the quark current. Nevertheless by replacing the photon with a Higgs boson and after
integrating out the heavy top loop, the factorization theorem for a gluon current follows
in total analogy to the quark case. Indeed it can be explicitly checked that this relation
holds both for the quark and gluon cases up to two-loop order by directly substituting the
known expressions for the anomalous dimensions in CDR.

Before we turn to the evaluation of the various anomalous dimensions we introduce
some notation. As explained in section 2.3 the anomalous dimensions in FDH and DRED are
equal, except for the appearance of the additional 7. = VERED, see egs. (2.20) and (2.21).
Likewise, the anomalous dimensions in ¢DR and HV are equal. Thus, we will drop the label
RS whenever possible and denote FDH/DRED quantities with a bar, schematically

,y = ,}/CDR — ,YH\/’ ,7 "YFDH — ,YDRED. (35)
In principle all perturbative expansions are carried out in terms of the five couplings {a},
as indicated in eq. (2.1). However, for the results presented in this paper it is not necessary
to distinguish the various auc;. Therefore, a coefficient in the perturbative expansion of
the quantity X will have at most three labels, X,,,x, indicating the power of as, a, and
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Que, respectively. Very often, the quantities do not depend on aye, i.e. the last of the three
indices is zero. In this case we often drop this label altogether and write the perturbative
expansion with two labels only by setting X,,, = mn0->

We mention two special cases. First, the § functions are defined with a negative sign,

() () 5

so the one-loop renormalization factors of ag and a. in the various schemes are given by

o
25 = 1= B2 1 0(a?) (578
ZRS —1— eRS& . ﬁeRS Qe + O(a2) (3 7b)
Qe W 4re 02 4re '

where the explicit form of the coefficients of the § functions are listed in appendix B.
Second, we also introduce an abbreviation for the cusp anomalous dimension multiplied
with a colour factor,

B Qg \™ [ e\
P(F:{Ssp =Ckr ngussp = Z (E) (E) P?nsnﬂ (38)
mn
where the colour factor Cp is either Cr or C4, depending on the quantity under con-
sideration. For brevity we omit the superscript cusp in the expansion coefficients I'f,
of TR

cusp*

3.2 Computation and scheme dependence of the soft functions and ~w

In this subsection we describe the calculation of the two-loop soft functions for Drell-
Yan and Higgs production in momentum space and the extraction of the soft anomalous
dimensions vy, and vy, in the different regularization schemes considered in this work.
In the partonic threshold region, where the emitted gluons in the final state are soft, the
Drell-Yan and Higgs production hard-scattering kernels factorize into the product of soft
functions and hard functions. The factorization proof can be found in [26, 43]. The soft
functions describe the real emission of soft gluons and contain singular distributions of the
gluon energy while the hard functions depend on the virtual corrections and are regular
functions of their variables. The soft matrix elements W{DYH} (z) arise in the cross section
after the decoupling transformation which separates the soft and collinear sectors in the
leading power SCET Lagrangian.
The building blocks for the soft functions are the soft Wilson lines

0
Si(x) = Pexp (igs/ dsmn; - Al(x + sni)T?> , (3.9)

where A%(z) is a soft gluon field in SCET and n; = {n,n} (n, = (1,0,0,1), n, =
(1,0,0,—1) are light-like reference vectors in the direction of the two incoming partons).

3In the cDR and HV schemes, all quantities of course only depend on a,. However, our notation will be
adapted for the cases of FDH and DRED, unless noted otherwise.
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The path-ordering acts on the colour generators T¢ in the representation appropriate for
the ith field. For the conjugate quark fields one finds T¢ = —(t*)7 which turns into
anti-path-ordering. The soft matrix elements W{DYH} (z) are defined in terms of a soft
operator

0.(x) = [SaS4] (). (3.10)
as an expectation value of products of soft Wilson lines forming a closed Wilson loop

Wi (2) = 50T (01(2))T(0,(0)) 0. (3.11)
where dg = N, for Drell-Yan and dg = N? — 1 for Higgs production, 7" and T are the
time-ordering and anti-time-ordering operators, respectively.

Since the collinear and soft sectors no longer interact, it is worth noting that W{DYH} (x)
in eq. (3.11) still contains the information about the colour and the direction of the initial
quarks/gluons, but it is insensitive to the spin of the external particles due to the eikonal
approximation. The soft function is defined as the Fourier transform of the soft matrix
element W{DY,H}(@’) in eq. (3.11):

d® iz w 1 =
S{DY,H} (w) = / A e’/ VV{DY,H}(JUOvCC =0). (3.12)

The Drell-Yan and Higgs production soft functions are closely related to each other; up to
NNNLO they differ by Casimir scaling replacements [45]. At NNLO the situation is even
simpler and the following replacement holds [46]:

SH(W) = SDy(w){CF_)CA + O(Ozz’) . (3.13)

Thus, we directly compute the soft function for Drell-Yan and obtain the Higgs soft function
by using eq. (3.13). In the DRED scheme the soft function for external e-scalars is also
needed. Since soft gluon interactions are insensitive to the spinorial structure of the external
particles, it turns out that the soft function for external e-scalars is the same as the one
for external gluons. Therefore we will not discuss it further.

In momentum space it is more convenient to rewrite the soft function in eq. (3.12) as
a squared amplitude by inserting a complete set of states

S(w) = le > (0|7 (0L(0)) |1 X, ) (Xs|T(05(0)) [0)d(w — 2Ex,) , (3.14)
X,

where X refers to a final state made of unobserved soft gluons carrying energy Ex,. For
simplicity in eq. (3.14) we drop the subscripts {DY,H}. To perform this calculation, we
need not only the usual QCD Feynman rules but also the momentum-space Feynman rules
for gluons emitted from Wilson lines up to O(a?). We report them in figure 1.

The O(a?) [47] Drell-Yan soft functions in the CDR scheme have been originally calcu-
lated in position space directly from the definition in eq. (3.11). An exclusive soft function
for Drell-Yan at O(a?) has been computed in [48]. The state of the art O(a?) soft func-
tions for Higgs and Drell-Yan production have been computed very recently in a series of
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Figure 1. Feynman rules for the emission of one and two gluons from a Wilson line. Figure taken
from [26].

papers [45, 49, 50]. We also mention that related soft functions for thrust distribution and
N-jettiness have been computed at O(a?) in [51, 52] and [53] respectively.

In order to study the higher-order corrections of the soft functions in the regularization
schemes different from CDR we define expansion coefficients of the perturbative series as

bare (W) = 8(w) + as(w) SF (w) + a3 (w) S35 (W) + ..., (3.15)

where we have introduced the superscript rs to indicate the scheme dependence. In the
above equation we have introduced

as(w) = e~ TE (47)¢ ( ! ) o _ (“2>€ Z(ijg (3.16)

w? A7 w?

bare

2ar¢ in terms of the renormalized coupling oy = as(p)

and expressed the bare coupling «
in the MS scheme. Note that as(w) and a?are are actually scheme independent, but if
expressed in terms of the MS coupling (1) depend on the scheme-dependent renormal-
ization factor Z;°. The all-order bare soft function in eq. (3.15) is independent of the
renormalization scale p. Up to NNLO the soft function depends only on ag and not
on (e OT (Y.

At NLO only two diagrams contribute to the soft functions; they describe the real
emission of one soft gluon from the Wilson lines. At NLO the bare soft function turns out
to be scheme independent,

8 , eE(—e¢)

Sio(w) = aCRW. (3.17)

As a result, the soft anomalous dimensions must be scheme independent, too. This re-
produces the well-known fact that ~usp is scheme independent at NLO, and it implies
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5 B8 = 0 in all RS. The reason is that for the FDH and DRED schemes there are no ad-

ditional diagrams involving e-scalars compared to CDR and HV. This is a consequence of
the fact that dot products of a e-scalar field A with the vectors n, @ are vanishing, i.e.
n-A=mn-A=0. Tt follows that soft e-scalars cannot be emitted from the Wilson lines.
This explains in a direct way the result [4] that the scheme dependence of general NLO
amplitudes is contained in the parton anomalous dimensions.

At NNLO the situation is more involved; diagrams with two real soft emissions and
virtual diagrams with one real soft emission are present. The soft functions and soft
anomalous dimensions at NNLO have a scheme dependence, which originates from the e-
scalar cut bubble contributing to the second diagram in figure 2. The grey blob represents
the quark, gluon, ghosts and e-scalar contributions. The latter is present only in FDH
and DRED. After calculating the non-vanishing integrals using the techniques described
in [54, 55] and summing all the contributions we obtain the NNLO coefficient in eq. (3.15)
in FDH/DRED,

_ 1 _ _ _
Sgo(w):;CR [CASA-FNFTRSf-i-CRSR] , (3.18)
with
- 1 44 2N, 1 (16N, 4n? 268 72N, 104N,
Sa=5 -5+ . — - - +
€ 3 3 3 9 9 27
15472 1616 124N.(3 567N,
R R T ( 9 a7
640N, 2728(3 4n* 93872 9712 9
- - —= @) 3.19
TR T 9 27 g1 )< T o), (3.192)
_ 16 80 5672 448 992¢3 2624 28072 5
_ 6 e 220 _ 19b
ST T T 9 T ( 9 =’ o7 )€t OE), (319
~ 2 11272 1984 4nt
Sy 22 1am | 19846  Ame +0(?), (3.19¢)

€3 3e 3 5

where Cr = CF for Drell-Yan and Cr = C'4 for Higgs production.

We now turn to the determination of the soft and cusp anomalous dimension from
the soft function. In order to do this we need to discuss the singularities of the soft
function that remain after coupling renormalization. From the point of view of ordinary
QCD computations, these remaining singularities are closely related to IR singularities
and, hence, to the singularities appearing in the subtraction factor Z%°. However, from
the SCET point of view they simply correspond to UV singularities and are to be re-
moved by UV renormalization within the effective theory. This interplay between IR and
UV divergences in the full/effective theory has already been mentioned in the paragraph
before eq. (2.6). Hence, in the remainder of section 3 we will call these factors renor-
malization factors and label the corresponding singularities as UV singularities, keeping
in mind that these are UV singularities in SCET, which are related to IR singularities in
standard QCD.

,16,



<

Ds Dy, Ds

Figure 2. Selected non-zero Feynman diagrams contributing to the one-loop and two-loop soft
functions. A complete list of diagrams can be found in [47]. Double lines indicate the direction of
Wilson lines while the red vertical cut indicates on-shell partons. The scheme dependence originates
from the diagram D,. Diagrams Dy, D3 and D, represent double real soft emissions while diagram
Dy represents a single virtual-real emission.

For convenience the renormalization of the soft function is done in Laplace space by
introducing the Laplace transformed soft function as

o w
s (k) = /0 dw exp <_/-§eWE) S (W), (3.20)
where the integral transform can be easily carried out by using the relation

/oo dw exp (—bw) w17 = T'(—ne)b". (3.21)

The remaining UV diverge(r)lces of the soft function can be subtracted multiplicatively,
Seub (K 1) = Z5° (K, 1) Stare(K) (3.22)

Like in the case of general amplitudes in eq. (2.6) and eq. (2.7), the RGE

T st ) = TE I (2 10) 7 8 ) (3.23)

holds, and the corresponding anomalous dimension has a structure similar to eq. (2.9),
T ) = [T L~ 207 s 10, (3.24)

which is derived from the RG invariance of the cross sections in the threshold region in
analogy to the CDR case in ref. [43]. In eq. (3.24) we have defined L, = In(k/p) and
Cr = CF for Drell-Yan and Cr = C4 for Higgs production. Comparison of the previous
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two equations yields an expression for the FDH renormalization factor Zg(k, u) = ZFP¥(k, p)
in terms of the soft and cusp anomalous dimensions. This expression has the same structure
as eq. (2.12), but can be written in a simpler form because up to NNLO the soft function
does not depend on a, and ay,:

_ < T 1 -
mZ = () [—10+ (2T10 Ly + 1) (3.25)

47 €2

3850 10 /320 Ly 1, - o
« (5" [ - B ot + o) - 18+ 5 FwL+ o)
+0(a?).

By requiring that the renormalization factor Z in eq. (3.25) minimally subtracts all of the
divergences of the bare soft function (in FDH, treating N, as an independent multiplicity),
we extract the expressions for the anomalous dimensions in the FDH scheme

Tensp = (%) Cr(4)

+ (Zﬂ) Cr [CA(? . %H) - %TRNF N, %CA] + 03, (3.26a)
= () Cn[oa( = G + #2860 MG - M)+ e (B - )
+0(a?). (3.26b)

The fact that fcusp = CRYcusp, With the known expression of the cusp anomalous dimension
in the FDH scheme, cusp, is a consistency check of the method. 7y is a new result. The
corresponding expressions in CDR/HV can be obtained by simply using the appropriate [
functions and anomalous dimensions in eq. (3.25) and by setting N = 0 in eq. (3.26). They
are consistent with the literature [43].

Finally we remark that in analogy to eq. (2.5) we can obtain a finite and scheme
independent soft function sg, through

Sﬁn(’ia :U') = (]\%m Ssub(’{’ M) (327)

The explicit expression for sg, is given in eq. (A.2) of appendix A.

3.3 Computation and scheme dependence of the quark jet function and v 4

The quark jet function has been calculated at NNLO in CDR [28]. Referring to [28] for
more details, we describe here the corresponding calculation in FDH (which is identical to
the one in DRED, but for simplicity we will only refer to FDH in the present subsection).
The jet function is given in terms of the hard-collinear quark propagator

ﬁ n-p T / a4 7% (O[T {xne() ¥he(0)}0)

— /d% eimoyT{VTWT(x)w(xw(O)W(O)ﬁZL} 0), (3.28)

with Wilson lines 0

W(x) =P exp (igs/ dsn - Az + sﬁ)) , (3.29)

—00

,18,



-

X X &

(a) (0)

—X

Figure 3. Examples of two-loop diagrams contributing to the quark jet function. Gluons emitted
from the crossed circles originate from the Wilson lines. Diagram (a) contributes in CDR and FDH,
whereas diagram (b) with two e-scalars contributes only in FDH.

where A* = AL t® The field yp.(z) is the gauge-invariant (under both soft and hard-
collinear gauge transformations) effective-theory field for a massless quark after a decou-
pling transformation has been applied, which removes the interactions of soft gluons with
hard-collinear fields in the leading-power SCET Lagrangian. As shown in eq. (3.28), we
can rewrite the propagator in terms of standard QCD fields.

The hard-collinear quark propagator J,** as defined in eq. (3.28) is scheme dependent.
The fields ype. and @ on the r.h.s. of eq. (3.28) are Heisenberg fields, so applying the
usual perturbative expansion results in loop diagrams contributing to the propagator. The
scheme dependence is related to UV singularities of such diagrams. Examples of two-loop
diagrams are shown in figure 3. In FDH the computation is similar to the CDR scheme.
However there are additional diagrams, which include the e-scalars and also depend on
the coupling a.. An example of a two-loop diagram needed for the jet function in FDH
(and not present in the CDR scheme) is shown in figure 3 (b). Since n is a D-dimensional
vector, there are no e-scalars originating from the Wilson lines. Indeed, the scalar product
in eq. (3.29) will vanish in the case of the e-scalar.

The jet function J;° (p?) is the discontinuity of the propagator, i.e.

TE(p?) = Lim [z TS (pQ)} . (3.30)

™

To highlight the similarities with the discussion in section 2 and the soft function it is
convenient to work in Laplace space, so we define jgs(QQ), the Laplace transform of the jet
function as

[e%) 2
Q) = /O dp* exp (— Q567E> S (p?). (3.31)

The analogous equation in the case of the soft function is eq. (3.20).

To compute the propagator in the FDH scheme, jq (p?), the diagrams have been gen-
erated with QGRAF [56] and the colour algebra has been done with ColorMath [57]. For
the reduction of the integrals Reduze 2 [58] has been used. The master integrals needed
for the FDH jet function are the same as for the CDR scheme. After taking the imaginary
part and performing the Laplace transform, the bare quark jet function at NNLO in FDH
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is obtained as

- 4 3 2 72 2
Jabare (Q%) =1+ a5 (Q%) Cp (eﬁe”‘ 3 <14‘2—843>>

+ae (Q°) Cr Ne (—216 - 1—|—e< 2+ 1;))

+a3 (Q°) (02 7EE 4 CpCa 78" + CpTrNF 75 f)

+a2 (@) (CEi" + CrCasl! + CoTuNe 3

+ay (@) ac (Q%) (CRIf" + CrCa i) +0 (%) . (3.32)

In analogy to eq. (3.16) we have defined

1\¢ bare 2 EZa s
as(Q?) = e E (47)° <Q2> ajﬂ = <52> (4;0; . (3.33)

with an analogous equation for a.. The explicit expression for the two-loop coefficients are
given in appendix A. Note that 7, pare(Q?) is independent of p.

The renormalization procedure in any regularization scheme can easily be general-
ized from the corresponding procedure in CDR [28]. A renormalization factor Z?:(QQ, i)
absorbing the UV divergences of the bare jet function is introduced such that

Taaun (@ 1) = Z32(Q%, 1) Jyare(Q7) (3.34)

is finite. This equation is analogous to egs. (2.4) and (3.22). Requiring minimal subtraction
with N, as an independent multiplicity determines the explicit form of Z 5‘;(@2, ) uniquely
in terms of the bare quark jet function j, pare(@?). In principle, Zf}qs depends on all couplings
{a}. However, in FDH, up to NNLO there is no dependence on cu,.

To relate Z{l}qS(Q2, 1) to the cusp anomalous dimension gy, and the quark jet anoma-
lous dimension ’yf}qs we follow the same procedure as for the soft anomalous dimension. We
compare the RGE of the quark jet function in the form

d S 2

dZ5°(Q%, 1)
]quub(Q ,M) - %7“ (

Q) @) (33)
dlnu Jq y .]qsub s M .

dlnp

to the RGE written in terms of T'ES_ and 7}}5,

cusp

d

dln Iuquub(Q2v H) |: Ff:(ssp LQ - 27};5} ]giub(Q2a M) : (336)
This relation is analogous to eqs. (2.6) and (3.24); we have used Lg = In(Q?/u?) and
I8y = Cryemp- With the help of eqs. (3.35) and (3.36) we can express Z;, in terms
of the FDH anomalous dimensions. Up to NNLO, the expression for In Z J, has the same

structure as egs. (2.12) and (3.25). We write it explicitly, using that up to NNLO only the
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two couplings o and a, appear:

g T
nZy, = 2=+

1/- J
“AT0 L = q)} Qe
A7 2 _6 (_ 10 ? +_710 + A7
N (%)2[ 3 (B30 10 + B5oLo1) 520 (
A 4€3

_GT+ (FOlLQ+701):|

B85,
F()LQ-i-’YlO) 5 2<F01LQ +")/01>

Ly 1 _
_ = _ F L Q>
4 €2 +2 < 20 L@ 7+ 720

aer27 3 (Biol0 + B5olo1)  Bey /- _J BSy (= _J
() [ 4¢3 By (F“’ Lo+ 713) - %(Fm La +701q>

“Te o (Foz Lo+ 702)
Qs) (Qe (/Bnrm + B1lo) ﬂn ( J ) B (f J )
o) Ty L : Lo L 4
i (47r) (47r> { 4¢3 105 T 70 ) — 52 (torle T
r
~qata (Fn Lo+t | +0(?). (3.37)

On the one hand this formula gives strong consistency checks. It allows for an independent
extraction of the cusp anomalous dimension and the coefficients of the S functions of ay
and «, in the FDH scheme. These coefficients agree with the well-known results in the
literature [17, 18].

On the other hand, comparing eq. (3.37), in particular the 1/e pole, to the explicit
result for the bare quark jet function allows to read off the anomalous dimension 7,,. We
obtain the following explicit expression in the FDH scheme:

1= (32) (3Cm+ (32) or

(%) o3 (= 2 an - 2ac) + Crea (- T2 -1 gy
- CFTRNF<22472 - 45) N? (25% - 7;2>CFCA}
(&) (57) [N (HCFCA 16} - 564
+ (3 [-Fes - 2 eamn] ot azs

Using this expression together with egs. (3.4) and (3.26b) the quark anomalous dimension
in the FDH scheme, 7, can be found. Thus the computation of the soft and quark jet
functions provides an alternative determination of 7,. The result agrees with previous
determinations [17, 18] and is listed in appendix B for completeness. Of course, setting
N¢ = 0 only the pure ay terms survive and the well known results in the CDR/HV scheme
are recovered.

This is also true for the quark jet function as a whole. In analogy to eq. (3.27) we
can define

]qﬁn(QQa :u) (]\%m ]qsub(Q27 ,LL) ) (339)

so the finite quark jet function is scheme independent and can be obtained using any of
the regularization schemes. The explicit result is given in appendix A.
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3.4 Computation and scheme dependence of the gluon jet function and ~;4

The discussion of the previous subsection can be readily adapted to the gluon case. We
closely follow ref. [29], where the gluon jet function J,(p?) has been calculated at NNLO
in ¢cDR. The starting point is the gauge-invariant field A", related to the collinear gluon
field A% (x) through

A (z) = A™(2)ty = W (2)[iD*W ()] . (3.40)

The treatment of this vector field depends on the regularization scheme; we will give the
details below. In all schemes the field A* satisfies n - A = 0; hence it can be decomposed
as A = A + (n - A)n*/2 and the leading term is A" . The gluon jet propagator J,(p?)
is then defined as

52 (—g'") T3S (p?) = / d'z e (0| T{ A (x) A% (0)}|0) . (3.41)

For the calculation of J;* (p?) it is actually more convenient to use an equivalent definition
in terms of the time-ordered product of the full fields A*,

ab 2 — M RS(,.2 77L,lL’ﬁ‘l/ RS 2
0 QSK Juv + nop )jg (p”) + (ﬁ-p)2lc9 (p?) (3.42)

_ / d* e (0| T{ A% () AL (0)}0)

and then extract J;* (p?) using a projection. The gluon jet function Jy® (p?) is the disconti-
nuity of the leading part of the propagator, more precisely J/;*° (p?) = Iml[i T3 (p?)] /7. The
function K;S is related to power-suppressed terms and will not be considered any further
in this paper.

As in the case of the quark jet function, after decoupling of the soft fields, the collinear
Lagrangian is equivalent to the QCD Lagrangian. Exploiting the gauge invariance of ngS
we work in the light-cone gauge n - A = 0. This is particularly convenient as in this gauge
W(x) =1 and, therefore, no diagrams with additional emission of gluons from the Wilson
lines have to be considered. Therefore, for the calculation of ngS only standard QCD
Feynman rules are required. Of course, ghost loops are also absent in this gauge.

Now we give details on the regularization scheme dependence. Typical examples of
two-loop diagrams contributing to J;** are shown in figure 4. In CDR all gluons are D-
dimensional gluons § and no e-scalar diagrams are present. Correspondingly, the metric
tensor in eq. (3.42) is g" in CDR. In HV and FDH the external gluons are understood to be
strictly 4-dimensional. Thus, the gluons attached to the Wilson lines in figure 4 are to be
interpreted as g, and the metric tensor in eq. (3.42) is g"” in these schemes. Furthermore,
in FDH internal gluons are treated as g and hence are decomposed into ¢ and g, as indicated
in the left and right panel of figure 4. In DRED the definitions of the present subsection
apply to external D-dimensional gluons §g. For these, the calculation and the result are
the same as the corresponding FDH calculation, see eq. (2.20). Hence for simplicity we will
only refer to FDH in the remainder of the subsection.
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(a) (b)

Figure 4. Sample two-loop diagrams contributing to the gluon jet function. Diagram (a) is present
both in CDR and FDH, diagram (b) including an e-scalar contributes only in FDH.

After an explicit calculation of the diagrams in FDH, taking the imaginary part and
performing the Laplace transform, we obtain for the bare gluon jet function in FDH

4 67 272 404 1172
jgbare(Q2):1+as<CA[ ++—7T—|—6<_ T 3 >:|

3 9 3 27 18

22 112
NpT = =
+ m[ e (%)

e, {_36- (5-3)])

AA _g; A _g;
<C2 75 +CANFTR]Q(]6 f+CFNFTRj296Ff+N}27 2_]290’ff>

20
9
8
9

+ asae (CANFTR 754 4 CpNpTr 755! ) + 0. (3.43)

The explicit results of the two-loop coefficients are given in appendix A. In the limit N, —
0 all terms proportional to a, vanish and we obtain the results in CDR, in agreement
with ref. [29].

The renormalization procedure is the same as for the quark jet function. In Laplace
space, the renormalized gluon jet function in the FDH scheme is obtained by multiplying

q. (3. 43) by a factor Z,. This factor is the same as in eq. (3.37) apart from the replacement
f’y;éq — 'yl] and TS, = Cavanp- After renormalization of the coupling, all divergences of
the bare gluon jet function have to be absorbed by Z, Jg(Q2, w). This allows to determine
the anomalous dimension of the gluon jet in the FDH scheme as

Vi, = (%) (—1310A + gNFTR + ]\GZECA)
+ (%)2 [C’i( - % + HTW + 16(3) + CANFTR(% — 4%) +4CrTrNp
%22y
() (5) [~ Me@orvem] + 0@). o

Of course, it is again also possible to extract the cusp anomalous dimension as well as the
B functions of o and o, from Z Jg(QQ, 1). The fact that we obtain again the same results
for these quantities is a strong consistency check on the procedure.
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Figure 5. Sample two-loop diagrams contributing to the e-scalar jet function both. Diagram (a)
is proportional to asa. whereas diagram (b) is ~ aF..

From %,, we can determine 7, with the help of eq. (3.4). The result is in agreement
with previous determinations [17, 18] and is listed in appendix B for completeness, but the
present procedure provides a more direct alternative determination of ;.

Finally, as for the soft and quark jet function, we can obtain a finite and scheme
independent gluon jet function as

inl @) = Jim 5P ). (3.45)

For completeness the explicit result is listed in appendix A.

3.5 Computation of the e-scalar jet function, vj. and result for 4. in DRED

In DRED processes with external e-scalars need to be considered. The discussion of sec-
tion 3.1 applies analogously, and we can determine the anomalous dimension of e-scalars
from an equation like eq. (3.4),

DRED

_ _ Tw.
fngED =Fe =7y, — 5 (3.46)

As mentioned in section 3.2 the soft function is the same as for external gluons, hence
DRED

Tw,
can be defined and computed in close analogy to the calculation of the gluon jet function,

with the difference that now the time-ordered product of two fields fl# = g A" has to be
considered. In light-cone gauge these fields reduce to the e-scalar field /Nlu. Starting from

the propagator J.(p?) = JP P (p?) given by

= Aw, from eq. (3.26b). For 7, an e-scalar jet function is needed. Such an object

592 (=gu) Te(0?) = / d'xe™ (0T {Af,(x).A7,(0)}0) (3.47)

the e-scalar jet function is obtained as J.(p?) = Iml[i J(p?)]/~.

Two examples of diagrams contributing (in light-cone gauge) at two-loop order are
shown in figure 5. A new feature is the appearance of the quartic coupling ay.. We do not
need to distinguish the three different aye since the quartic coupling only appears at the
two-loop level and hence the associated renormalization constants and S functions do not
appear. The only non-vanishing diagram ~ aie is depicted in figure 5 b.
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Performing a computation analogous to previous cases, the bare two-loop e-scalar jet
function in Laplace space is found to be

4 4 272 2m
jebare(QZ)zl‘FasCA <62+6+8_3+6( 6—3—8(3))

2 2
+aeNFTR <64+6(8+7;>)

+a? (Ch 750" + CaNeTr 5555”)
+ ag NFTR (CA j020 + CF ]020 + NFTR]O’ff)

2 —e; AA
+ a3, CA Toos

+asae NpTr (C’A 75 + O jf1§f) +0(a®) . (3.48)

Due to the presence of aye, the various coefficients have now three labels, with the last one
indicating the power of a4.. The explicit NNLO expressions are given in appendix A.

Once more, the UV divergences of the bare jet function are absorbed by a renor-
malization factor ZPREP(Q?, 1), which has a structure similar to eq. (2.12) or egs. (3.25)
and (3.37). In fact, it can be written as eq. (2.18),

e = (£)-(H + 5) (3.49)
+3(8)"(5) (5

DRED /DRED DRED DRED / DRED DRED
( 3ﬁmnk F ﬂmnk F + ank ank ) + O(Oé3)

16€3 4€2 16€2 * 4e

with the identification

F,DRED =—4 CA ﬁcuspa FDRED =2 CA F_VCHSP LQ +2 f?Je : (3'50)

We refrain from using the explicit form of eq. (3.37) since the dependence on a4 leads to
a proliferation of similar terms. The only simplification used is the identification of the
couplings aye ;, which is possible since the explicit results show that these couplings appear
not at one-loop but only in the genuine two-loop coefficients.

By comparing with the explicit result for the e-scalar jet function we determine the
renormalization factor using minimal subtraction and extract from this the anomalous

dimension of the e-scalar jet as

.= (52) (~4Cw) + (52) @NeTr)
() (- T NI+ CaNetn( + 1]
+ (%T) (M) [10 CpNpTg — %CANFTR}
+(59)" [NeT(2Ca —4Cr — Nu(Ca + )]
(25 ferder o] ot s
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Combining this result as prescribed by eq. (3.46) with the soft anomalous dimension, which
has only a2 contributions, we find the e-scalar anomalous dimension

Ve = (%) (—4Ca) + (%;) (2NFTR)
+ () ea(- S+ T 2a N M) canet (B + )]
+ <Z7> (Z—W) [10 CpNpTh — %CANFTR]
(0‘7)2 :NFTR(Q Ca—4Cp — N(Cu + CF))}
4 @i) [03&(—1 + V)] +0(0%). (3.52)

As discussed in section 2.3, 7. is needed to relate two-loop matrix elements computed in
DRED to those computed in other schemes such as FDH. With this new result all anomalous
dimensions are known at the two-loop level in all four schemes.

4 Alternative determination of 4. from the e-scalar form factor

Apart from the new approach of extracting the IR anomalous dimension of the e-scalar, 7,
defined in eq. (2.21) from the e-scalar jet and soft functions, it is also possible to obtain
this quantity in the more traditional way, by comparing the generic infrared factorization
formula with a specific amplitude for a process containing external e-scalars. This pro-
cedure is analogous to the determination of 4, and 7, in ref. [18]. We now describe the
determination of 7, via a process with two external e-scalars, the e-scalar form factor, which
has been calculated recently in ref. [31] up to the two-loop level.

According to eq. (2.18) the one-loop infrared divergences in the DRED scheme are
described by

= Tigo . 7§ a oo . 7§
InZL — (%) _ 100 <7e> _ 010
& 47 2¢2 + € + 47 2¢2 + €

Q4e Coor . o1
— —. 4.1
+ (47r> [ 2¢2 + € (4.1)
Here the relations I;;; = —2T;;, = QC’A'yfju,:p and Ty, = 27, have been used. The

notation with three indices for a common ay. coupling and for dropping the superscript
“cusp” has been explained in section 3.1. Eq. (4.1) can now be compared with the corre-
sponding IR divergent one- loop result of the UV renormalized e-scalar form factor given in
ref. [31], where Tg = % and p? = —s;5 has been used:

R ()| -3 - e () o) =

The -pole of this one-loop form factor confirms the previous finding that the one-loop cusp
anomalous dimension is a process-independent quantity that has only one non-vanishing
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component ['1gg =4 Cy = Yoo” Ca. On the other hand, the %—poles in eq. (4.2) are directly
correlated with the components of the anomalous dimension 4.. The values obtained here
agree with the results from the previous section.

The appropriate two-loop prediction for In Z?" could be given in a completely general
form, as in egs. (2.18) and (3.49), in which it would allow to read off once again even the
one-loop S functions. Here, however, we give the prediction in a more specific form, where
we already use the knowledge that several one-loop coefficients are zero. Considering only
non-vanishing components of one-loop anomalous dimensions and [ functions yields for
the infrared divergence structure at the two-loop level

InZ2 — (%)2 [35500 Tio0  B3007i00  L200 ’7500]

8e3 2¢2 8e2 2¢

as\ @\ | Biodow  Tuo | i
* (47T) (47r) l 2¢2 8e2 + 2¢

Qe s\ (ue\| _Tion | o

47 2¢2 8e2 + 2¢ + (47r) ( 4 ) [ 8¢2 + 2¢ ]

e\ (s | Lo | ¥u (a4e)2 _ Too2 | 602 43
+ (47r)(47r)[ 8e2 + 2¢ + 4 8e2 + 2¢ |- (4.3)

Thanks to the simple colour and momentum structure of the form factor, this has to

N (ae)Q [_ B620 %610 Lo20 | 20

correspond directly to the divergence structure of the combination FZ2V — %(FEIL)Q, see
ref. [18]. Inserting the results for the form factor of ref. [31] yields

2L 1(F1L>2
€ 2 €

()

2987 | 5= 233 | w2
u_ X %+§—%+_W+ﬁ+C(3)+Ne(m+ﬂ)

€

13 7’
o] g HE|
(@ o] -2 g] e
- (;)Q{CANF mhk 5_}5 +0FNF[2_62% T & +N%212}
+ (jj:)Zcz,u —Ne);—:) +O(), (4.4)

Again, the %—poles allow to read off the components of the anomalous dimension of the
e-scalar .. The values found here agree with the results from the previous section, see
eq. (3.52). Since the remaining divergence structure is governed by one-loop anomalous
dimensions, the process-independent components of the cusp anomalous dimension and
previously known [ coefficients, this is further evidence for the validity of the results
obtained in section 3.5. With this result, and the results of the previous sections and
ref. [18], all two-loop anomalous dimensions +; in all RS have been determined both in the
SCET approach and from form factors.
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5 Cross check with explicit processes

The results of the previous sections allow us to predict the differences between UV renor-
malized virtual two-loop amplitudes squared, as defined in eq. (2.3), computed in different
regularization schemes. In this section we will make these transition rules more explicit
and will check them with explicit examples.

The following discussions will also shed more light on the role of the various couplings
o, o and aye;. In the practical computation of the genuine two-loop diagrams it is no
problem to set these couplings equal from the beginning. In the process of UV renormal-
ization, i.e. in lower-order diagrams with counterterm insertions, the bare couplings and
the associated renormalization constants appear. It is unavoidable to keep these distinct,
regardless whether FDH or DRED is used. Once renormalization has been performed, it is
possible to set the renormalized couplings equal and to identify N, and 2e. Likewise, the
derivation of the IR subtraction formulas and the transition rules requires the couplings to
be treated independently, but in the end the transition rules can be easily written down
for the special case of equal couplings.

We will consider the transition rules FDH <> HV, as well as FDH <> DRED. To make
connection to the scheme that is used most often, CDR, we remind the reader of the discus-
sion in section 2.2. The only difference in the squared matrix element between HV and CDR
is due to the use of different metric tensors for the polarization sum of external gluons. All
anomalous dimensions are the same in the two schemes.

5.1 Transition between FDH and HV

Since external gluons are treated in the same way in FDH and HV, we can actually relate
directly virtual amplitudes and do not need to work with squared amplitudes. The finite
remainders of the scattering amplitudes are scheme independent. More precisely

[Asn ({p}, ) = lim Z7 (e, {p}, )| Ae, {p}))

= (]\}%goz_l(e’ NE’{p}’M)’A(€7NE’{p})> ) (5'1)
where |A) = |A") and Z = Z" denote quantities in the HV scheme and | A) = | A""") and
Z = Z"°" are the corresponding quantities in the FDH scheme. Suppressing the arguments
of the amplitudes, setting N, = 2¢ and writing Z~! = 1 + §Z in both schemes, we can
rewrite this equation as

IA) + 6Z|A) = |A) + 6Z|A) + O(e) . (5.2)

If the expansion coefficients dZ are known to O(a’) and the amplitudes |.A) are known to
O(a™~1), this equation allows to obtain a relation between the O(a™) amplitudes computed
in HV and FDH, up to O(e) terms. We now give the explicit results up to the two-loop level.

The tree-level amplitudes in the two schemes are the same |Ag) = |Ag). At one-loop
we can relate the O(a,) and O(ae) corrections in the FDH scheme, denoted by |Ajg) and
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| Ao1) respectively, to | A1), the O(as) corrections in the HV scheme

‘f_l01> = —5201‘.,40) + 0(6) , (5.3&)

|A10) — |A1) = (6Zy1 — 6Z10)]Ao) + Ofe) . (5.3b)

In the above equation we have also introduced the expansion coefficients 6Z,,, and 6Z,,,, of
Z~! =14 6Z in the HV and FDH scheme, respectively. Substituting in the last equations
the explicit expressions of these expansion coefficients, the explicit form of the differences
for a process with #q external massless quarks and #g external gluons read

~4d
[or) = L0 4g) + O(e) = 4 Ao) +O(0) (5.42)
—9 .9
o) — Az) = PLOD 0] ) 4 o) = 9T ) + 01, ()

which agrees with the results in [4, 16]. In eq. (5.4) and what follows we use the notation
(see footnote in section 3.1) Y0 = 4 for the anomalous dimensions (and the S-functions)
in the HV scheme. Since in the HV scheme the anomalous dimensions depend only on
as but not on a, the second label is always zero. Of course, this is not the case in
the corresponding quantities in the FDH scheme, 7,,,. To obtain eq. (5.4) we have used

qQ _ =9 d cusp __ —cusp
Yo = Y10 @A Y19 - = Y10 -

Moving to the two-loop level the corresponding equations are

| Ag2) = —0Zo1|Ao1) — 0Zo2|Ao) + Ofe) , (5.5a)
|Ag0) — |A2) = 6Z1| A1) — 6Z1o| A1) + (62 — 0Z20)| Ag) + Oe) (5.5b)
‘A11> = —(5201‘A10> — (5210’A01> — 5211’A0> + 0(6) . (5.5(:)

The expressions given in (5.5a), (5.5b) and (5.5¢) allow one to move from FDH to HV (and
vice versa) for any process with #g external gluons and #¢ external massless quarks in

_cusp

QCD up to two-loop order. Exploiting 7§, = 77, and 775 = 375" we obtain
A —1 ~4 (9pe ~4 1 ~4
| Ag2) = @#Q’Ym(?%z + #470) + ZE#Q%Q | Ao)

+ [i#qvgl} | Ao1) + O(e) , (5.6a)

=3

|Az0) — |A2) = |:1663

[(cA#g + Cr#ta) (B3 — ﬁsmiéiﬂ
1 cus _cus s _
+ 163 [(CA#Q +Cr#a) (0" — Yoo ) — 2#9(=285071 + #9(1{o — 7o)

_ _ 2
+285070) + (B30 — B20) (4#q7f0 + 297" Z T;-T;In <M> ﬂ

— —Sij
(i,5) J
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1 _ _
+ 3 [2#9(750 - 750) + 2#‘](730 - ’Ygo)

2
# 05T T Ty (L
(i.5) Y

)

-1 us
+ [4(@1#9 + Cr#q)7io™

2
1 g q cusp ) Nl 1UJ2 diff
+ I 24 9%10 + 274710 + Y10 Z T;-Tjln e |A%0)
(i.5) Y

+ |5ctatity ~ )| 14 + 000, (5.60)

_ —1 _ 1
| A1) = [M#q (551 +#9(7 — ’ﬁo))’ﬁ% + @(#g’ﬁﬁ + #CI’Y?Q} | Ao)
1 cus
+ [ — @(CA#Q + Cr#q)710 P

1 ) 2 i
+ 1 (2#gfyi’0 +2#q7ly +910 " ) Ti- Tjln (“) >] | Aor)

. —Si5
(i.5) J

]. _ i ]- — n
| gttty LA + [t a8 + 000, (5.60)
where we have defined

|AST) = A1) — A1), (5.7a)

AP = lim [5Z1|«40> + |«41>} = lim [5210|«40> + | Ai0) | - (5.7b)
e—0 e—0

Afn) is the NLO approximation to |Ag,) and, thus, a finite and scheme independent
1 pp ' ¢
quantity. The one-loop quantities |A%T) and |Ag;) have to be known up to O(e?) terms.

We remark that eq. (5.5a) allows to obtain the O(a2) contribution of a two-loop am-
plitude in FDH up to O(e) terms directly from the tree-level amplitude. This is due to
the fact that 5, ~ N. ~ € and hence the coefficient multiplying |4p1) in eq. (5.6a) is
finite. Therefore, we can use eq. (5.3a) and with the explicit expressions of the anomalous
dimensions we get

2C0p—Co+NpT, 1
r 2A€ & R+§(4CA+CF(#Q_4)_6NFTR) |A0) +O(e) . (5.8)

|Ao2) = Cr #q

For a process with no external quarks, #¢q = 0 there are no (9(042) terms at NNLO, as can
easily be confirmed on a diagrammatic level.

As mentioned several times, once the UV renormalization has been carried out, there
is no need any longer to distinguish between the different couplings. After setting o, = a
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the full difference is given by

i 1
|Az) — |Ag) = [— @CA(#QCA + #qCF)
1
T 36e { —14C%#9—18 Cr#q(Cr—NpTR)+Ca(—19 Cr#q+8 Np#gTR)
12
+6CAZTi Tilog <Sij) }
(:9)
T %6 [Ci#g(398 — 3#g — 31%) + CACF#q(869 — 18#g + 97)

- 9CF (CF#Q(3#Q +4(9+ 7)) + 6 Np(4#g + 3#Q)TR>

~96C4 > T, Tjlog (—f-)”'““”

(i.9) N

1
+ [ — —(#9Ca + #4Cr)

T é [ — 11Ca#g — 9Cr#q + 4 Ne#gTr + G(Z:)Ti T log (_’fj) }
ivj
+ é(#gCA + 3#qCF)} | AT
+ [é(#gCA + 3#qCF)} AT (5.9)
where we have introduced the notation
|Az) = |Az0) + [Ao2) + [A11) (5.10a)
JATT) = | A) + | Aor) — A1) - (5.10b)

5.2 NNLO 2 — 2 amplitudes in HV and FDH in massless QCD

As an example for the transition rules derived in the previous subsection, we consider the
two-loop amplitudes gg — gg and qq¢ — gg for massless quarks. Initially the interference
of these two-loop amplitudes with the tree-level amplitudes was calculated in CDR [59, 60].
Later the helicity amplitudes were computed and explicit results in the HV and FDH scheme
were given [61, 62]. However, for the computation and the UV renormalization procedure
in the FDH scheme, no distinction between a, and a. (and a4 ;) was made. For the
process gg — gg this is of no consequence, but for ¢¢ — gg this will lead to an incorrect
UV renormalization. As shown in refs. [6, 7, 17] this leads to incorrect finite terms which
violate unitarity. For our purposes it also matters because an incorrectly renormalized
amplitude cannot be consistent with the IR structure and transition rules discussed above.

Hence, in order to check the validity of the transition rules we first need to correct
the renormalization of the qg — gg result of ref. [62]. Figure 6 shows diagrams which
illustrate the problem. The left panels show genuine two-loop diagrams to gg — gg and
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Figure 6. Examples of two-loop (left panel) and one-loop counterterm (right panel) diagrams for
99 — gg (top panel) and ¢q7 — gg (bottom panel). Black vertices denote couplings gs whereas
white vertices denote couplings g., and crosses denote counterterm insertions. For gg — gg at

O(as6Z,,)

one-loop, there are no contributions with couplings g.. The order is given relative to the Born term

|~AO> ~ O(as)'

qq — gg. One of them depends on «., but setting o, = «; in these two-loop diagrams
causes no problem. However, the diagrams have subdivergences, which should be cancelled
by suitable counterterm diagrams, such as the ones in the right panels. The first of these
counterterm diagrams depends on the one-loop renormalization constant 6Z,,, but the
second one depends on 6Z,,, which differs by a divergent amount. If, as in ref. [62], this
renormalization constant is effectively replaced by §Z,,, the subdivergence is not properly
subtracted, and the final result will not be correct.

The correct renormalization procedure requires to compute the lower-order amplitudes
for individual couplings. At tree-level, the amplitudes |Ag) for both processes are propor-
tional to a5 and hence are correctly renormalized by multiplying with Z,,. At the one-loop
level, the amplitudes receive contributions of O(ay) or O(ae) relative to tree-level. The
latter contribution |Ag;) must be renormalized by multiplication with Z_ Z,, .

The difference between the two processes gg — gg and qq — gg is that for the former
process, |Ag1) happens to vanish. This is the reason why for this process the identification
a5 = a, causes no problem. In order to restore the correct renormalization for the latter
process, we have computed the O(a; ae) contribution to the one-loop amplitudes. We have
then renormalized this contribution using Z,, Z,, and add the resulting NNLO term to the
explicit results of ref. [62]. We also subtracted the corresponding terms obtained with the
renormalization factor ZC%S that had been applied in ref. [62].

We have compared the difference between the FDH and HvV amplitudes for both pro-
cesses with the prediction given by eq. (5.9) and have found full agreement. This is a
further non-trivial confirmation that our treatment of the scheme dependence is process
independent and applicable at least to NNLO. It is also an independent verification of the
correctness of the anomalous dimensions in FDH.
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5.3 Transition between FDH and DRED

The transition rules between DRED and FDH can be derived similarly but are more involved.
To illustrate their structure let us first consider a process with a single external gluon. The
explicit calculation of the UV renormalized matrix element in DRED yields MPRFP(g) that
can be written as

MPTP(g) = MPTPP(3) + MPRP () = 2 Re (AJA9) + 2 Re (A§|A%) . (5.11)

where we have introduced the shorthand notation A9 = APRFP(g) and A€ = APRFP(§) etc,
and suppressed other arguments compared to section 2.3. We would like to find a relation
between MPREP(g) and the corresponding result in FDH,

MFPH(g) = 2 Re (AY|A9) = 2 Re (AEPH(g)| A™H(g)) | (5.12)

To do so, we start from the equality of the IR subtracted amplitudes computed in DRED
and FDH, written with a similar shorthand notation for the Z-factors as

(AZI(29) 71 AT) + (A5] (29) 1A = (A)(2°) 7| A9) + Oe) (5.13)

where we have set N, = 2¢. Writing Z~! = 1 + 6Z, where 6Z denote the perturbatively
expanded higher-order terms we obtain an equation analogous to (5.2),

MPREP () 4 2 Re (AJ]6Z9|A%) + 2 Re (A§|6Z|A°) _
5.14
= M"™(g) + 2Re (AF|6Z°|A%) + O(e) .

If the expansion coefficients dZ are known to O(a™) and the amplitudes |.A) are known
to O(a™ 1), eq. (5.14) allows to obtain a relation between the O(a™) squared matrix
element computed in DRED and FDH, up to O(e) terms. For this relation, the knowledge
of Z¢ = ZP*"P(g) is required, even though eq. (5.13) is still correct if the second term on
the L.h.s. containing Z€ is dropped.

As a concrete example we consider the process H — ¢gg¢ in FDH and DRED and work
out the transition rules between the two schemes for the UV renormalized two-loop squared
amplitudes. For simplicity we also set ae = aye = Q.

As we have #g = 2 external gluons, in DRED the squared matrix element is to be
written as a sum over 279 = 4 terms. However, in this particular case two of these terms
vanish to all orders, resulting in

MPFER (g, 9) = M(§,9) + M(3,9) - (5.15)

Writing explicitly the equality of the subtracted matrix elements in FDH and DRED we get

<flo|<1+5zl(4 )+6Z2(4 ) )(Me) \A1>( ) |«42>< >2>
= Al (1 ol () + oz (2)°) (1480 + 14 (52) + 148 (22)')
+ (A \<1+6ZE€< >+5zef( 7T) ><1Af€>+\AE€>( )+!A“>( ﬂ)2>

+0(e) + 0(a). (5.16)
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In eq. (5.16) we have introduced a compact notation for the perturbative coefficients of the
amplitudes and Z~' in DRED: |A5) = |A2(7, §)) and

7-1(5, )—1+5z99(4 )+5z99(47r) +O@?), (5.17)

with analogous expressions for other partonic processes. Comparing the order «a, terms
yields

MllDRED(g7 g) . MI{‘DH(g’ g) MDRED(Q,g) (’7(6)10 + ’75600 — ’77{]00)
(2NpTr — Ca)

3¢

= ME™ (3, 9) +0().  (5.18)

This one-loop transition rule is in agreement? with ref. [4]. To make this agreement more

explicit we write the transition in a more general way as

(2NpTR — Cy)
6e

ME™(g,9) =M™ (9, 9) = (MG (9,9) + M5 (3. 9)) +0(). (5:19)

Note that the difference is finite, since the tree-level matrix element squared on the r.h.s.
of eq. (5.18) or eq. (5.19) are of O(e).

In order to write the scheme difference at NNLO we introduce a similar short-hand
notation for the squared matrix elements as for the amplitudes, denoting the full tree-level
and one-loop contribution for the H — §g process by M§* = My(g, §) and M = M;(g, g),
respectively. The difference can then be written as

1 _
MDRED( g) — MFDH( g) = @CAMBEng(SJp(’Yom*"Ymo Vi]oo)
1
C2¢2

Ze = ze = - _ _ e \2 (=g 2
[Mff (B620¥610 + Bi107610 + B200(¥500 — Vi00) + (3610 + Vi00)” — (F100)%)
diff ,UQ
cus cus
+ CaMT" 00" — CaMG 100 Vo100 < S) }
1 _ _ _ _ _ _ _ _ _
+ % [2 M (F610 + Voo — Vioo) + MG (F602 + V620 + V10 + V300 — Vi10 — V300)
2
+ 2Mdlﬁ7wo C’A/\/l(lhff’yfgg n <Ms) } + O(e), (5.20)
where we have introduced the one-loop difference

MPT = MY (g, g) — MTP" (g, 9) (5.21)

Note that the squared matrix elements M§ and M5 are of O(e) and M needs to be
known up to O(e?). Using the explicit results for the anomalous dimensions eq. (5.20)

“Note that in ref. [4] a different convention for the 4’s has been used.
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translates into
2 1 2 :
ME"EP = MEP = = CAM (Ca = 2NpTh) + = | = S(Ca M + 2 CEME

2
—5Cy ]V]:‘TR./VIB6 +3CF NFTRM(Ef) +4C4 NpTgrIn <—MS> M6€:|

1 .
+ 15 [CA(—66 MBE 6 MSE 4+ CAME (=37 + 272))

+ 2 Np Tr(12 M$T — 9 Cp M + 6 M§E — 204 MG (—11 + 7%))

2
. 1 .
— 36 Cy M (—“) ] - §CA(/\/tjhﬂ“ — M)+ O(e) .. (5.22)
s

We have checked our prediction eq. (5.22) with the explicit calculation of the gluon form
factor in DRED and FDH [31] and we have obtained full agreement. This was of course to
be expected, as we have verified in section 4 that the extraction of 4¢ from the form factor
for H — gg is in agreement with its determination in SCET.

6 Concluding remarks

With the results presented in this paper we complete the understanding of the scheme
dependence of IR divergent NNLO virtual amplitudes with massless particles. In particular,
we have presented the generalization of this dependence to DRED, where we have to consider
amplitudes with external e-scalars and, hence, need the corresponding anomalous dimension
%e. Furthermore, we have presented a SCET approach to the scheme dependence and
derived all anomalous dimensions again in this approach. In this way FDH and DRED are
shown to be perfectly consistent IR regularization schemes (at least) up to NNLO, as long
as the UV renormalization is done consistently. Concretely, this means that the various
couplings o, o and ayc; have to be distinguished. This is also the case in FDH, where at
NNLO the only concrete modification appears due to the UV renormalization of the NLO
virtual amplitudes. Our results and definitions of FDH are perfectly consistent with the
results and definitions proposed in [11, 17].

Obviously, the virtual amplitudes are not the only ingredients needed for a calcula-
tion of a physical quantity. At NNLO, also double-real and real-virtual corrections are
to be considered. Furthermore, if there are initial state hadrons, a counterterm for the
initial-state collinear singularities is required. All these additional contributions are also
regularization-scheme dedendent and only once all parts are combined to a physical cross
section, the regularization-scheme dependence cancels.

In virtually all NNLO calculations of cross sections completed so far, CDR has been
used. The results presented in this paper allow for using any of the other regularization
schemes for the calculation of the virtual corrections. Using a scheme different from CDR
often facilitates the use of efficient calculational techniques for loop amplitudes. The results
can then be translated to obtain the virtual corrections in CDR and can be combined with
the additional parts mentioned above, obtained again in CDR.
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Of course, it is not imperative to treat the additional contributions (i.e. the contribu-
tions other than the NNLO virtual corrections) in CDR. Also for these terms other schemes
might offer advantages. In fact, a modification of a subtraction scheme at NNLO to the uv
scheme has been presented recently [63], resulting in a reduction of the algebraic complexity.

The question of the scheme (in)dependence of a full cross section at NNLO becomes
particularly transparent if the calculation is performed in a SCET inspired way. Following
ideas of the slicing method [64] and the gr-subtraction method [65], the cross section is split
into two regions, a ‘hard’ region and a ‘soft’ region. In the hard region not all radiation
in addition to the final state under consideration is soft (or collinear). At least one of the
emitted gluons is hard. Here we are effectively dealing with a NLO calculation of a process
for a final state with an additional parton and the scheme independence of cross sections at
NLO is well established [4]. In the soft region all additional radiation is soft (or collinear)
and a true NNLO calculation is required. For this part a SCET approach is used. This
idea has first been applied to the decay of a top quark [32] ¢ — W b X where the invariant
mass of the jet b + X has been used for the split. Recently, the N-jettiness event-shape
variable has been used to obtain a similar setup for differential NNLO calculations of Higgs
plus jet [33], W plus jet [34] and Drell-Yan production [35].

In the soft region, the cross section factorizes into a product of hard-, soft- and jet func-
tions (and beam functions if there are initial-state hadrons). The corresponding bare func-
tions are all IR divergent and scheme dependent. However, we have shown that the prop-
erly IR subtracted soft function sgy, eq. (3.27), and jet functions jqf, and jqan, egs. (3.39)
and (3.45), are not only finite but also scheme independent, at least up to NNLO. The
same holds true for the hard function [66, 67] that is closely related to Mgy, eq. (2.5).
Hence the cross section in the soft limit can be expressed in terms of these IR subtracted
quantities in a manifestly scheme-independent way.

The soft function that is required for the processes mentioned above is not the soft
function for Drell-Yan or Higgs production as we have computed. However, the procedure
to perform the IR subtraction (or UV renormalization in SCET language) consistent with
the regularization scheme used in the computation of the bare soft function is exactly
the same.

Since the soft, hard and jet functions are separately scheme independent, it is possible
to use different schemes in the computation of the various parts contributing to the cross
section. For example, the calculation of the virtual corrections (i.e. the hard function) in
FDH, where the helicity and unitarity methods are applicable, can easily be combined with
the soft or jet function computed in CDR. We are convinced that this flexibility will be
very beneficial for further developments of fully differential NNLO calculations.
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A Explicit expressions for the soft and jet functions

In this appendix we give the explicit results for several quantities as a perturbative expan-
sion. We use the conventions specified in section 3.1. For most results it will be sufficient
to expand a quantity X in a, and «, and write, instead of eq. (2.1),

oo
RS Qs \™ (Qe\" gs
X" = ; (52)" (52) xo. (A.1)
As in eq. (3.5) we will use the short-hand notation X,,,, = X1V = XSPF and X,,, =
Xpot = X8RP The explicit results for scheme-dependent quantities will be given in the
FDH/DRED scheme but we can obtain the corresponding coefficients in the HV/CDR scheme
as an = thE_m an

A.1 Soft functions

It is convenient to solve the RGEs for the soft functions in eq. (3.24) order by order in a.
By using the expansion coefficients of the anomalous dimensions in eq. (3.8) one obtains
the following scheme independent result

(073
Sen (i, p) = 1+ (ﬁ) [QFloLi + 290 L + C‘lq
g\ 2 4F10
+(52) 20w L = =% (83 - 3ah) L2
47 3
2
+2 (FQO + (’Y}/g) — Bsomo + Flocll/v) L}
+2 (ol + ol el — Bioel”) Lo+ ] (A.2)
where I'cysp = CR Yeusp and
808 11 112 2
w 2 2
_ - 1 286) + Ve (o — o) | A.3b
Y20 CR[CA< 27-i-97'r + 283 ) + N o7 97r :| (A.3b)

and the one and two-loop non-logarithmic coefficients have the expressions
oV =Cr—, (A.4a)

29¢s 2498 6772l 4 4 > 32
CA< G ) 8+67T—7r> CR71r8+NF<C3—57T—38>]- (A.4b)

\%%
—C
© R 9 81 54 3 9 27 81

The result in eq. (A.2) is in agreement with previous calculations in [43, 47].

A.2 Quark jet function

Here we list the explicit two-loop coefficients entering eq. (3.32):

. 8 12 65 872\ 1 311 1
j_géF:&+ég+<_ﬂ)2+<—57T2—20<3>

2 3 )¢ 4 €
1437 5772  b5rt
AR T AR /| A.
+ 3 1 + 13 54(s , ( 5a)
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A 11 L, 233 7\ 1 L (4 117
20 T33 T 18 T3 ) 2 108 6
86393 22172 37wt 142

618~ 36 180 3

a |

+A2[E<—313—1Zi2+<7;2 ?32)—125+2?§+%’), (A.5Db)
# = am et () T e e )
J‘&A:]f(612+f+12—7;2>+]\2&<‘612‘§‘1“7;2>’ (A.5¢)
=y (a1 3) e
j{f‘:%(—éi 1319+7;2+6<3>. (A.5h)

After renormalization and setting e — 0 we obtain a finite and scheme independent quark-
jet function. The terms containing a. cancel and we are left with only a; dependent terms.
In Laplace space the quark-jet function reads

2 O L2
Jqfin(@ ,M)=1+E Flo +71 LQ+C

Qa2 LQ J L%
(%) [<Fw> < (= o+ 300 )T

L2
+ <P20 + (710) 5207 +to 1110) 2Q
+ (720 +’Y1001 5200 )LQ+C ] ; (A.6)
where here I'cysp = CF Yeusp and
2
¢l = Cp (7 - %) , (A.7a)
205 9772 61xt 53129 15572 37t
=T - - -1
= Cr ( s 12 oo 643) +Cr CA( 648 36 180 843)
1372 4057
TrN ( ) A
+ CrTrNFp 9 162 (A.7b)

and is in agreement with previous results [28].
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A.3 Gluon jet function

Here we list the explicit two-loop coefficients entering eq. (3.43):

_g;AA:8+EJ5+1(_37r2+152>+i(_40<3_1437T2+3638)

J20 el 33 €2 3 18 27
13n!  352¢3 617x° 57415
180 3 27 162
Ne[ 5 62 N 1 (1371'2 214) 8572 12371 N 32 }
21 33 92 e\ 18 9 27 162 3
N2r1 16 56 72
“loz T to 12 A.
*t [962 tTore Ty 18] ’ (A-8a)
_gAf 20 188 1 (267r2 @) 80Gs 26272 12880
07 33 92 e\ 9 9 3 27 81
Ny 8 104 320 4rn?
Sloz o5 — A.8b
+2<9e2+27e+27 9)’ (A.8D)
g 2 55
==t 16, (A.8¢)
g ff 16160 82
=92 to 16— —— A.8d
Y 9 (A.8d)
g A N,
ikl =35, (A.8e)
. N, /2
jlgiFf = ?(g + 11) . (A.8f)

After renormalization and setting ¢ — 0 we obtain a finite and scheme independent gluon
jet function. The structure in Laplace space is the same as for the quark jet function,
eq. (A.6),

L2
a J J
Jgin(Q% p) =1+ = 102 +noLg + ¢’
47 2
QN 2 ) L4Q J LZ’?
+<47i> [(Flo) ry +<—5§0+3713)F10 6

L2
Jg\ 2 J, J,
+ (Tao + (38)* = Boolg + ' Ta0) =2

+ (ol 48" = Bl ) L + ). (A9)
where here I'cusp = C'4 Yeusp- The coefficients are given by
J 67 2m 20
i =Ca(g — )~ g N (A0
1 o <20215 362> 88(3 177r4>
2 A\ 162 27 3 36
1520 13472 16(3
CuNpT (— _ )
+Calrlr 27 T v 3
55 400  8x?
+ CrNpT( - >+ 1663 ) + N%T§<8—1 - 7”7) . (A.10D)

and agree with ref. [29].
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A.4 e-scalar jet function

The results in this subsection depend on a4, as well as ag and a.. We start by listing the
explicit two-loop coefficients entering eq. (3.48).

_e: AA 8 1 /59 N, 1 /493 9 TN
J2%0 :e4+e3(3_6 taly g

<31675 1772 (TF2 625))
216 2 12 216
2 4 2

A g (T 6)
Tow = % (=24 No) + % (9 + N2> LA Y 641 +r? - Nf; , (A.11¢)
Tow ' = ;2 (4= No)+ % (18 - 7‘7\27> +61 — NE§ —2m% + Nf; , (A.11d)
T = % + 1?6 +48 — 277, (A.11e)
T = 83 (1= Ne)+ % - Ne% , (A.11f)
aie’ = —g zf % (1052 ) C 1564+ 2T 4 g, (A.11g)
gy =5 -2 - El v g, (A11h)

The expression for the renormalized e-scalar jet function in Laplace space is considerably
more complicated than the corresponding expression for the quark- or gluon-jet function.
Contrary to the quark- and gluon-jet function, there is still a dependence on «a, and aye.
The finite e-scalar jet function is given by

2 2

L L
Jern(Q? ) =1+ —4; [Floo 5+ YisoLo + 0100] 4; [Fmo 5+ vioLg + cow]

Os L4 s J, L?é
+ (E) [FIOO 3 + (—=B500 + 3’7150)F100?
2

L
Q Je Je Je Je
—= + (%360 + Yigoc100 — Br0oCioo) Lo + 0200]

+ (T200 + (7150)? = B300Viso + oL 100) 5

e \2| o Lé) e J Lé)
+ (ﬂ) [FOIOS + (= 8620 + 3’70f0)11010?
2
+ (To20 + (1650)” — Boao 050 + 0010F010) 5 T (Yos0 + Yoi0c010 — Bo0iio) Lo + COJEO]

4 3
+ (%)2 [FgmLSQ + (—Ba62 + 37551) Toor LGQ
12

Js € Je Je Q J
+ (Tooz2 + (o51)* — Basa o6 + Coo1F001)7 + (Y902 + 70010001 ﬁoozcom)LQ + 0002]
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LS

L4
« [0
+ (4;) <46) [1“010111004 + (= (Bf1oT 010 + Bi1oT100) + 3(F01o'yi]50 + Floo’Yé]fo))?Q
L3
Jo . Je Je Je Je
+ (T'110 + 2799107160 — (Bi107Y010 + Bi107160) + ClooL 010 + 0010F100)7
Je Jo Je Jo Je Je Je Je
+ (Y10 + YicoCoio T Y0ioCioo — (Br10Chio + Bii0citn)) Lq + ciio| » (A.12)

where we have kept all terms of O(a?), O(a?), O(a?.) and O(asa.), that appear in the
structure of the equation, even if they are zero. The limit N, — 0 has been taken and
as usual we indicate this in the notation by dropping the bar, e.g. 8¢ = limy, o B¢. The
coefficients of the anomalous dimension of the e-scalar jet can be read off eq. (3.51). In
particular 76751 = 0. The coeflicients of the cusp anomalous dimensions can be read off
eq. (B.1d) and only I'199 and T'ggp are non-vanishing.

The non-logarithmic terms of eq. (A.12) read

clso =8Ca — 2LCA, (A.13a)
Coio = —4N¥Tr, (A.13b)
Coor =0, (A.13c)
o= [T AT e (e Pl euwem, (asa
e = [7;2 29} CANFTR + 29— 22} CrNpTp + 16— T} N2TZ,  (A.13e)
Cop2 = ?2%, (A.13f)
lio = [16% — 28— 86| CaNETh + [ — 1% 4 24G5] CoNe T (A.13g)

B Anomalous dimensions

In this appendix we collect all results for the anomalous dimensions relevant for this work
without distinguishing the various oue ;.

We give the explicit results with T = 1/2 in the FDH/DRED scheme, see eqgs. (2.20)
and (2.21) for definitions and relations. The CDR/HV results are obtained by setting N, = 0.
Of course, 7, is only meaningful for DRED.

= () caen s (NG

(2 feron( - Bt vci (-3 et 210

o+ 5) + (g5 + ) a0

@) e (4 e

(%;)2[ Ne CFNF_N?%F}JFO( %), (B.1a)

+
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e (- £

+ () (55) (=NLeNp) + 0(a), (B.1b)
= (5) (40w + (52) ()

o () fea(- o+ T vo e G D) s cane (5 + )

# (52) (52) [poene ~ Fcane]

+(59)" [Ne(Ca— 200 - Te(Ca )]
(5 [ 1+ M) + o), (B.1c)

= (32) 0
() et ow. o
where O(a?) stands for a generic coupling o € {a, e, Qe i}
For the § functions we have
() [Sen- T (- 5] ot )
e (3) (32 e
(Z‘W) [—4CF+20A—NF+N€(CF—CA)} +O(a?). (B.2b)

A more complete list of coefficients for the 5 functions can be found in ref. [17].
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