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ABSTRACT: Twisted compactification of the 6d N = (2,0) theories on a punctured Rie-
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We argue that nonperturbative dynamics of class S theories are described by 5d maximal
Super-Yang-Mills (SYM) twisted on the Riemann surface. In a sense, twisted 5d SYM
might be regarded as a “Lagrangian” for class S theories on R'2 x S!. First, we show that
twisted 5d SYM gives generalized Hitchin’s equations which was proposed recently. Then,
we discuss how to identify chiral operators with quantities in twisted 5d SYM. Mesons, or
holomorphic moment maps, are identified with operators at punctures which are realized
as 3d superconformal theories T,,[G] coupled to twisted 5d SYM. “Baryons” are identified
qualitatively through a study of 4d N' = 2 Higgs branches. We also derive a simple formula
for dynamical superpotential vev which is relevant for BPS domain wall tensions. With
these tools, we examine many examples of 4d N' = 1 theories with several phases such as
confining, Higgs, and Coulomb phases, and show perfect agreements between field theories
and twisted bd SYM. Spectral curve is an essential tool to solve generalized Hitchin’s
equations, and our results clarify the physical information encoded in the curve.
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1 Introduction and summary

MS5 brane is an important object in M-theory, but numerous studies have shown that it is
also relevant for four dimensional field theories. It was used to give solutions of Coulomb
branches of a large class of N/ = 2 field theories [1] and also used to reveal strong coupling
dynamics of NV = 1 theories [2, 3]. Furthermore, even new types of four dimensional field
theories can be constructed from M5 branes [4, 5]. The important building block of those
theories is the so-called Ty theory [5]. It was discovered through the study of NV = 2
S-dualities generalizing the Argyres-Seiberg duality [6] which involves the Eg theory [7].
The T theory for N > 3 does not have a Lagrangian description at present. The existence
of those theories enlarge the landscape of 4d quantum field theories.

The low energy world volume theory of IV coincident M5 branes is given by the mys-
terious six dimensional ' = (2,0) theories of the Ay_1 type. More generally, by taking
6d N = (2,0) theories of ADE type and compactifying it on a Riemann surface C' with
punctures, we get four dimensional field theories in the low energy limit. Theories of this
class are known as class S [5, 8]. Depending on how to twist the theory on the Riemann
surface, we get N' =2 or N’ = 1 gauge theories.

Although direct field theory analysis of class S theories is often difficult, there is a way
to study those theories in a unified way. The key idea is to compactify the theories on a
circle St [8, 9]. The six dimensional theories are put on R%? x S x C. If we compactify
on C first, we get four dimensional theories on R'? x S'. However, if we change the
order of compactification and compactify the S' direction first, we get five dimensional
maximal Super-Yang-Mills (SYM) on RY? x C. In the case where the four dimensional
theory has N’ = 2 supersymmetry, the condition for supersymmetric vacua gives Hitchin’s
equations [10, 11].! The Coulomb moduli space of the four dimensional field theory on
RY2 x 81 is given by the moduli space of solutions of Hitchin’s equations. In the case in
which N' = 1 supersymmetry remains, we get generalized Hitchin’s equations which has
been proposed in [15, 16|, as we explicitly derive in section 2 from 5d SYM.

We argue that the 5d SYM twisted on the Riemann surface, as a whole, gives the
description of class S theories. There is a proposal [17, 18] (see also e.g., [19-24]) that
5d SYM contains all the degrees of freedom in the N' = (2,0) theories compactified on a
circle.? If this is the case, twisted 5d SYM on R'? x C should be somehow equivalent to
the class S theories on R"? x S! in the limit in which the area A of the Riemann surface
goes to zero. (See [43] for finite area effects.) The limit A — 0 is rather singular; the
effective coupling constant of 5d SYM, which is normalized to be dimensionless by using
A, goes to infinity at the scale of compactification on C. Then UV divergences of 5d
SYM [22] may become a serious problem. However, at least some protected quantities such
as holomorphic quantities have trivial dependence on the gauge coupling and A, and hence
we expect these quantities can be computed by using twisted 5d SYM. In this sense, we
might regard twisted 5d SYM as a “Lagrangian” of class S theories which often have no
Lagrangian description in terms of four dimensional fields.

!See e.g., [12-14] for readable physics discussions on Hitchin’s equations.

25d SYM on a curved five dimensional manifold is also considered in the context of localization calcula-
tions in e.g., [25-42] and relations to the proposal of [17, 18] are discussed. Our work has a relation to [34]
if we compactify R"? to S®. It would be interesting to investigate this direction further.



As mentioned above, Hitchin’s equations give solutions to the moduli space of Coulomb
branches of N’ = 2 theories. We will see in section 5 that twisted 5d SYM also reproduces
moduli spaces of Higgs and mixed Higgs-Coulomb branches. Twisted 5d SYM was used
also in [43, 44] for related purposes. In the N' = 1 case, generalized Hitchin’s equations
and its spectral curve play the important role. Different approaches were discussed in [15,
45] and in [16], and in this paper we always follow the approach of [15, 45]. The field
theory dynamics of NV =1 class S theories or similar theories are discussed in [46-57]. As
demonstrated explicitly in [45], moduli spaces of solutions of generalized Hitchin’s equations
almost reproduce moduli spaces of those field theories. Based on twisted 5d SYM, we
will make this description of moduli spaces more complete. We also derive a formula for
dynamically generated superpotential vacuum expectation value (vev) which is relevant for
BPS tensions of domain walls [58]. The formula simplifies the one obtained by Witten [3]
from M-theory. Our construction does not directly rely on M-theory; we only need the 6d
N = (2,0) theories, and hence any gauge group G of ADE type is possible.

Summary of results. Let us summarize the main results obtained in this paper. First,
the 5d space-time of the twisted 5d SYM is given by R"? x C and the coordinates of R'?
and C are denoted as x and z, respectively. The supersymmetry of the twisted 5d SYM
is realized as 3d N = 2 supersymmetry by regarding z as space-time coordinates and z as
“internal” coordinate. The chiral fields of the twisted 5d SYM are given by As(x, z,0) and
®;(x,2,0) (i =1,2), where 6 is the superspace coordinates of 3d N/ = 2 supersymmetry.
The field Az takes values in the canonical bundle K = T*C' of the Riemann surface C', and
®; takes values in a rank two bundle F over the Riemann surface which is constrained as
det F = K. We will mainly focus on the case [50] F' = L; & Ly for two line bundles L
and Lo with L1 ® Ly = K. From the 3d point of view in which z is regarded as an internal
index, the gauge group G is the group of maps C' — G, where G is a usual ADE type
group. The gauge transformation is given by Az — ¢~ Azg+ ¢ 10zg and ®; — g~ ;g for
g € G. There is also the vector multiplet V(z, z,0) of the above gauge group.

When there are no punctures, the Kahler potential and superpotential from the 3d
point of view are given by

2 _ = _

K=-5 / Vg|d*z| Tx (g“AzAz + h”q%‘l’i) ) (L)
95

W = —\/;Z/dz Ndz €9 Tr (®;D:P;), (1.2)
95

where ¢** and hii are the metrics of K and F respectively, |d%z| = idz A dz, g5 is the 5d
gauge coupling, € is the totally antisymmetric tensor with €'? = 1, Tr is a negative-definite
inner product on the space of Lie algebra, and Dz®; = 0:®; + [Az, ®;]. There are also
couplings between the chiral fields and the vector field V' determined by the above gauge
transformation and the Kahler potential.

The conditions for supersymmetric vacua are obtained from the above Kahler potential
and superpotential as

G Pz + 07 [0, 01 =0, D:0i=0, @, ;) =0, (1.3)
DEU = 07 [07 (I)’L] = 07 (]‘4)



where the o is the real adjoint scalar field contained in the vector multiplet V. The first line
is generalized Hitchin’s equations, while the second line is also required by the twisted 5d
SYM. When the gauge group G is broken down to H by a solution of generalized Hitchin’s
equations, we can turn on ¢ and dual photons in the Cartan subalgebra of H. In particular,
if H is trivial, we get 0 = 0 and generalized Hitchin’s equations capture the moduli space
completely. When ¢ is nonzero, the moduli fields coming from o correspond to the moduli
coming from the chiral operators [59] Qj,iyi; of the T theory and their relatives.
Punctures are interpreted [60] as 3d N = 4 superconformal theories T,[G] introduced
by Gaiotto-Witten [61] coupled to the twisted 5d SYM. Let us focus on the case p = 0
for simplicity. (See section 3 for general p.) The T[G] theory has the Higgs branch global
symmetry G' and Coulomb branch global symmetry GV, where for the ADE type groups,

GV is the same as G. The corresponding holomorphic moment maps are denoted as ugd)
for the Higgs branch and ug’d) for the Coulomb branch. The superpotential coupling to

the twisted 5d SYM is given by

WS () - ST () 0

acA beB

where z, (a € A) and z, (b € B) are positions of punctures on the Riemann surface,
and u((lgff} and NS}? are the Higgs branch moment maps of T'[G] living at the respective
punctures. Generalized Hitchin’s equations with these source terms tell us that regular

singularities of the Higgs fields @ 5 at the punctures are given as

e ClM(Sd)
Oy 2z, e 2 (2o ), (1.6)
Z— Zq Z =2
_ 2 . . (3d) (3d) .
where ¢; = —gz /47 is a constant. By adding a mass term tr(mp> ), the vev of py ™ is

given as ugd) o m. Therefore, the above formulas reproduce the usual regular singularities.

For irregular singularities, we just borrow the results from the literature, e.g., [8, 62-67].
Let us focus on the case G = SU(N) for concreteness. (See section 3.5 for general G.)
Field theory information is extracted from the twisted 5d SYM in the following way.

1. Flavor symmetries of field theory are identified as the Coulomb branch GV = SU(N)
symmetries of copies of T'[SU(NV)] at the punctures, and hence the moment maps of
these symmetries are given by uggg) and Ml()gg)‘ The vevs of these operators can be

extracted from solutions for the Higgs fields ®; 2. At the puncture z — z,, we have

det(x — co®1) — det (:B — uggg)) , By — C3Ma_
g 2 — 2

(z = zq) (1.7)

where ¢y = v/2/47 and c3 = gg /1672 are constants. At z — z,, similar equations
hold with ®; <» ®5. The first equation means that the characteristic polynomial of
the matrix ”Ejg‘) is equal to the characteristic polynomial of the non-singular Higgs
field at z,. From these formulas and solutions of generalized Hitchin’s equations, we

can obtain chiral ring relations such as deformed moduli constraints in Higgs phase.



2. The vev of superpotential for a given solution of the generalized Hitchin’s equations

is given as
W |solution = €4 Zj'{ dz Tr(®Dy) = 04274 dzTr(®1®y),  (1.8)
acAVz—zl=¢ be B’ |7—2al=¢
where ¢4 = —21'\/5/ g?) is a constant and € is an infinitesimal number. The two

expressions above are equivalent by Cauchy’s theorem. This superpotential vev gives
BPS tensions of strongly coupled domain walls in confining phase.

3. The spectral curve is defined by

1 s
0= ﬁ(xll - (I)il)aﬂll T (xiN - (I)ZN)aéVNea1 capn € e 6N, (1.9)

where i, = 1,2 and (z1,22) are the coordinates of the fiber of the rank two bundle
F(= L1 ® Lg). This equation defines a curve on the total space of F. It contains
informations of moduli space of field theory as in [45].3 This equation also gives the
Seiberg-Witten curve [68, 69] which determines the holomorphic gauge coupling of
low energy massless U(1) fields in A/ =1 Coulomb phase [70].

For explicit examples, see section 5 for N = 2 theories and section 6 for ' = 1 theories.
The above equations are written in the normalization which is natural in 5d SYM and 3d
field theory. There is more natural normalization from the point of view of 6d (2,0) theory
and 4d field theory which is discussed in sections 2 and 3 and used in section 6.

The rest of this paper is organized as follows. In section 2, we perform the twisting
explicitly and derive the twisted 5d SYM. We also discuss generalized Hitchin’s equations
and spectral curve. In section 3, we introduce punctures. Formulas for the vevs of mesons
or moment maps, and also the superpotential, are derived there. In section 4, we review
the compactification of effective action of 4d N = 1 theories on S! similar to the discussion
in [71]. We argue some nonrenormalization theorems which claim that vevs of holomorphic
quantities are independent of the radius of S'. In section 5, Higgs branches of N' = 2
generalized quiver gauge theories are studied. We will see the meaning of o in the vector
multiplet of the twisted 5d SYM. In section 6, a lot of A/ = 1 examples are examined
using our new tools. Appendix A reviews N = 1 class S theories relevant for this paper.
Appendix B gives explicit computations of spectral curves.

2 Twisted 5d Super-Yang-Mills and generalized Hitchin systems

The class of 4d theories we study in this paper is obtained from the 6d N' = (2,0) theories
compactified on a punctured Riemann surface C' = Cy,, where g is the genus and n is
the number of punctures. As discussed in the introduction, let us further compactify the
theory on S! with radius R. Now the (2,0) theories are on the space RM? x St x C.
Suppose that our purpose is to study field theory quantities whose dependence on R are

3The spectral curve here might look different from the one in [45], but they are essentially the same.



well-controlled, such as holomorphic quantities as we discuss in detail in section 4. In this
case, we may consider a very small R limit such that R is much smaller than the length
scale of C. Then we change the order of compactification; we first compactify the (2,0)
theories on S and then on C. The compactification of the (2,0) theories on S! gives 5d
maximal SYM. Therefore, we are left with the 5d SYM compactified on C, which can be
described explicitly by Lagrangian. The change of the order of compactification induces [9]
a mirror symmetry [72] from the 3d point of view. Thus, in the case of 8 superchages,
hypermultiplets of twisted 5d SYM are related to vector multiplets of 4d field theory on
S1, and vice versa.

2.1 SUSY transformations in twisted 5d SYM

To preserve some of the supersymmetry, the compactification must be done with
twisting [73]. We perform a twisted compactification of 5d SYM on R'? x C' which pre-
serves at least 4 superchages (i.e. 4d N =1 or 3d N = 2), and give explicit supersymmetry
transformations. The final result will be very simply summarized in terms of the super-
potential (2.46) and the Kahler potential (2.45), so the reader who is only interested in
the result can skip this subsection and go to subsection 2.2. The calculation here will be
somewhat similar to that of the twisting in [12].

5d SYM from 10d SYM. The 5d maximal SYM can be obtained from dimensional
reduction of the 10d maximal SYM. Our notation and conventions are as follows. We use

the metric signature —+- - - +. We use indices I, J, - - - for 10 dimensions, i.e. [ =0,1,--- ,9,
and use u,v,--- for 0,1,2,3. For later convenience, we also define
SO O O i A e 5 (2.1)

V2 V2 V2

In these complex coordinates, upper and lower indices on tensors are related as, e.g.,
A% = A; etc.
The ten dimensional gamma matrices are denoted as I';. We also define I'7,...;, =

Ly, -+ I'g,), where [, | represents anti-symmetrization. The charge conjugation matrix in
10d is denoted as C, which satisfies
rpt =-crct,  cT=-c, (2.2)

where the superscript 1" represents transpose. The Majorana-Weyl conditions for a spinor
€ are given as

(To1..9)€ = €, (2.3)
€Ty = €L'C. (2.4)

If we use a basis in which all the gamma matrices are real, we might take C' = I'g and then
€ is real. But we will not assume this specific basis.

Lie group generators are taken to be anti-Hermitian. For example, the field strength
tensor is F' = dA+ ANA or Frj = 0rAy — 05Ar + [Ar, Aj]. The simbol Tr will denote
a negative definite inner product on Lie algebras. For SU(N), it is just the trace in the
fundamental representation. For a simply laced group G, if we take an SU(2) subalgebra,
then it coincides with the trace in the fundamental representation of SU(2).



The action of the 10d SYM is given by
1 1
Lo=— [ dVzTr <2FIJF” - i)\TCFIDI)\> (2.5)
(&

where X is the Majorana-Weyl gaugino, and ejg is the ten dimensional gauge coupling.
This action is invariant under the following supersymmetry transformation;

1
SA; =il CTyN, 6\ = 5r”FI JE. (2.6)

The 5d SYM can be obtained by simply taking all the fields to be independent of five

coordinates. We take 20, 2!, 22, 2%, 25 as the space-time directions of 5d SYM, and then

all the fields are independent of the remaining directions 22, 2, 27, 2%

,z°. The motivation
for this unusual convention is as follows. When we relate 5d SYM on R%? x C' to the 6d
N = (2,0) theories on RY? x S' x O, we want to take the S* direction as z3. Then, in
the large radius limit of S!, the 20, 2!, 22, 23 become the coordinates of four dimensional
flat Minkowski space R13. We also note that the coordinate z = (ac4 + i$5) /V/2 defined

in (2.1) will be the holomorphic coordinate of the Riemann surface C.

Twisting. The 5d SYM has the Lorentz and R-symmetry groups SO(1,4) x SO(5) which
is the subgroup of the 10d Lorentz group SO(1,9). We consider the subgroup SO(1,2) x
U(1), x U(2), € SO(1,4) x SO(5), where U(1), and U(2), = U(1), x SU(2), are the
rotation groups of z and (ul, u2) defined in (2.1) respectively, and SO(1,2) is the Lorentz

1

group of 2%, 2!, 2. The 16 dimensional Majorana-Weyl spin representation of SO(1,9) is

decomposed as

163 [(2, 1)+ @ (2,2)%30 @ (2,1) %! (2.7)
+

where, for example, (2, 1)i%’+1 means that it transforms as 2 under SO(2,1), as 1 under
SU(2), C U(2)y, and has charges 3 and +1 under U(1), and U(1), C U(2),, respectively.

By compactifying the 5d SYM on C, the U(1), becomes the rotation group of the
tangent bundle of C'. To preserve some of the supersymmetries, we introduce background
gauge field w,, coupled to the R-symmetry U(2),. This connection w, defines a rank two
vector bundle which we denote as F'. The connections are supposed to satisfy the relation

w+trw, =0, (2.8)

where w is the connection of the tangent bundle T'C', and trw, is the connection on the
determinant bundle det F' of the rank two bundle F'. This condition means that det F' = K,
where K = T*C' is the canonical (cotangent) bundle of C'. Then, the spin bundle in the
representations

2,=(2,1)"zt, 2, =(2,1) 2" (2.9)

becomes a trivial bundle and we can preserve the supersymmetries corresponding to these
representations.



We denote the supersymmetry transformation parameters in the representations 2,
and 2, as € and €., respectively. They satisfy, e.g.,

Dozep =T g6 = T2geer = €y, I',eg =Tyer =0, (2.10)

T.ze, =T 16, = U226 = —€p,y I'z¢, =Tze, = 0. (2.11)

SUSY transformation. For convenience, we define the “holomorphic three form” (2.
Let 2z be complex coordinates,

2t =t 22 =2, 23 =z (2.12)
Then, we define
1 . :
Q= gﬁijkdzz AdZ A dzk = dut A du® A dz. (2.13)

In components, 2123 = 1 etc. Note that if indices are raised, 0123 — 1 ete. The ) is defined
as the complex conjugate of 2. The following calculation may be easier to understand if
we consider the subgroup SO(1,3) x SO(6) C SO(1,9) which is not a true symmetry group
of the 5d SYM but is technically convenient.

The gaugino A transforms under the representation (2.7). It is convenient to
parametrize \ as

A= X — A\ + Q”’fr——qpm + Q " g (2.14)

Here, A\, and W; transform in the representation 2y, and A, and ,; transform in the
representation 2,. The coefficients are chosen to agree with the conventions of Wess and
Bagger [74] later. The reality condition (2.4) gives

Mo =\'C, wlro=4C, (2.15)

and equations with ¢ <» r. In this sense, 2y and 2, are complex conjugates of each other.
Let us study the supersymmetry transformation under ey, which we denote as dy. The
variation of the gaugino A is given as

1
o) = <2 F, TH 4 FT0 4 er” + le“‘“>
- <2FW1““” — Fy + F,]F-- Q”kaijF I; §3> (2.16)

where we have used (2.10). Comparing this with (2.14), we get

1
55)‘5 = <2F/1,1/F'uy + Fﬁ) €r, (217)
deAr =0, (2.18)
Orty; = ijijEZa (2.19)
Setrsi = —§FuiT“FI§§€é- (2.20)



On the other hand, the variation of the gauge field is given as
T L ik
0Ar = 1€ Cly| =M\ + XQ ng’lﬂ&jﬂ , (2.21)

where we have again used (2.10), and we have also used the fact that Ay and ¢y transform
s (2,1) under SO(3,1) x SU(3) C SO(9,1) which rotate (:z:o,xl,x2,a:3) and (z1,22,z3),
and hence EgCPMAg = GgCPgAg = eZTCTi)\g = 0. From these facts, we obtain

6¢A, = —ie} OT )\, (2.22)
i

0 A; = §€%CF1231/J£,;, (2.23)

§eA; = 0. (2.24)

The supersymmetry transformations above can be rewritten in the form of the trans-
formations of 3d N’ = 2 supersymmetry, which is obtained from 4d A/ = 1 supersymmetry
by dimensional reduction on the z? direction. For this purpose, we need some definitions.
First, notice that on the space of 2, ® 2,., we have

(T123 + T'y33)err = —8err- (2.25)
We represent this equation by writing
(123 + T'yz3)% = —8. (2.26)
With this in mind, we define

1 /)
. T3+ T30, Ci = ——C(Tyaz + Tisg). 2.97
T 2\@( 123 + 123) T =5 (F123 + I'1a3) (2.27)

They are interpreted as the four dimensional gamma matrices and the charge conjugation
matrix, respectively. For example, they satisfy

{’V,ua ’YV} = 29w, Vv = Ty, (2.28)
() = -Cmic], T'=-cC (2.29)

The reality condition (2.15) is now given as
M(=ino) =\ Co, fi(=ino) = ¢fiCu. (2.30)

Next, we introduce auxiliary fields D and F;. We set

D = —iFj;, (2.31)

F; = %Q]kﬂk (2.32)

Now we can rewrite the supersymmetry transformations. We can interpret
(Au, Mg, Ar, D) as a vector multiplet. Their transformation law is

§0A, = € Cavur (2.33)

VS (—;Fw/y“” + ’L'D) €r, (2.34)

OeAr = 0. (2.35)



The multiplets (Aj, 1,5, F;) can be interpreted as chiral multiplets. Their transformation

law is
S50A; = V2€] Catly;, (2.36)
S A; =0, (2.37)
Sethp; = V2Feq, (2.38)
5@%,1' = ﬁDyAi’YMQa (2'39)

where we have written F,; = D,A;. These are precisely the transformation laws of 3d
N =2 (or dimensionally reduced 4d N = 1) supersymmetry.*

The above calculation has been done very similarly to a compactification of the 10d
SYM on a Calabi-Yau threefold. But in our case, Az and A2 are not gauge fields, but
scalar fields in the adjoint representation. Due to the background field w, coupled to the
R-symmetry U(2),, these adjoint fields take values in the rank 2 bundle F', on which w,, is
a connection. Let us rename the chiral multiplets Az and A2 as

q)leﬁl: ¢1:W,ﬁla F=Fa,
Py =Apz, V2=1pa2, Fp=Ip. (2.41)

The anti-chiral multiplets are denoted as 5172, 1/;172, FLQ. Because we are taking gauge
group generators T, to be anti-hermitian, ® is defined as ® = T, (®*)* = —®'. The chiral
multiplet which includes Az and 1)y > will be denoted by its lowest component Az, and the
vector multiplet which includes Ay, A, and A, will be denoted by V.

The above analysis is valid for an orthogonal basis of the bundles K and F'. However, it
is more convenient to use a holomorphic basis. Let g,z be the metric of C, and hii (i,j=1,2)
be the metric of F'. Then, (2.31) and (2.32) are given more precisely as

D= (gzin5 — bl [@;, cig]) , (2.42)
P= L) (2.43)
g-zh F; = —/26% D, ®y (2.44)

where €7 is the totally anti-symmetric tensor with €'? = 1. The metrics are introduced so
that the equations transform covariantly.
2.2 Kahler and superpotential

The result of the previous subsection is summarized in the following way. From the three
dimensional point of view, we have chiral multiplets ®;(z, z, ), ®2(x, z,60) and Az(z, z,0)

“See page 50 of Wess and Bagger [74]. To make comparison, we identify A\p — Ao, A — A%, A\[ Cy — A%,
)\,TC4 — Ag. The gamma matrices should be given as

[ 0 o
Y =1 <6 0”) . (2.40)
%

We also need to change the orientation so that £ <> r.
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and a vector multiplet V(x,z,60), where 6 is the superspace coordinate. The z is the
space-time coordinates, while z is regarded as an “internal coordinate” from the point of
view of the 3d N/ = 2 supersymmetry. The fields ®; (i = 1,2) take values in the bundle
F ® ad(F), where ad(FE) is the vector bundle associated to the gauge group in the adjoint
representation, and F' is a rank two holomorphic vector bundle such that its determinant
bundle is the same as the canonical bundle, det /' = K = T*C. This F was introduced in
the twisting.

The D-term and the F-terms of the previous subsection are reproduced by the Kahler
potential and superpotential given by

2 _ I —

Koa =~ [ VoI Te (57424, + hTid5) (245
95
2 1 ..

Wy = _/\dQ,z]e”Tr(CI)iDEQ), (2.46)
g2 V2 !

where |d?z| = idz A dz, g5 is the metric of C, h¥ is the metric of the bundle F, D;®; =
0:®; + [Az, ®;], €7 is the totally antisymmetric tensor with e'? = 1, V9 = g2z, and g5 is the
5d gauge coupling. From them, the equations for the F-terms (2.43) and (2.44) are derived
straightforwardly. Note that the Kahler potential explicitly depends on the metrics, but
the superpotential is independent of them, thanks to the condition det F' = K.

The D-term (2.42) can be obtained in the following way. (See [74] for an explanation
of how to couple general Kahler potentials to general gauge groups.) From the three
dimensional point of view, we can interpret the theory as a 3d gauge theory whose gauge
group G is the group of maps C' — G. This is an infinite dimensional gauge group. The
fields As and ®; take values in an infinite dimensional space VW. The transformation of
them under G is given as

6aA2 = _D2a7 5O¢(p2 = [O[, ¢1]7 (247)

where a@ = «(z) is an infinitesimal gauge transformation parameter. The space W is a
flat Kahler manifold with the Kahler potential (2.45), and G is a symmetry group of this
Kahler manifold. Let us compute the moment map under the transformation (2.47). First,
the Kahler form w (excluding gs) is given as

w=— / Vald?z| Tr (i9225A5 ASA, + ik 5, N (5@)3) , (2.48)

where 0 means the exterior derivative on the space W. Let V(«) be the vector field which
generates (2.47) on the space WW. The moment map ju(a) is defined as dp(a) =ty (oyw, where
¢ means to contract the vector V(«) with the two form w, giving a one form. Explicitly, it
is given as

(W =— / Vald%z| Tr <—igzz((Dga)(5Az—(Dza)5A5)+ihi3 ([, ®,]5%; — [, 3] 5<1>j)) .
(2.49)
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From dp(a) = vy (qyw, we get

= —/\/§|d2z\Tra,u. (2.50)

If the gauge multiplet A, A, A, D (where A = A\¢, A = \,) has the kinetic term,?

—/d20/\/§|d2z\12 Te(WoW,) = 12/d20[WaWa], (2.51)
295 493

then the equation of motion of the auxiliary field D gives D = u. The equation (2.42) is
precisely this equation of motion of D.

In total, the 3d Lagrangian is given by

L3g = / d?0d*0K 4 + / d*0Wsq + / d294i2[WaWa] + h.c. (2.52)
95

The Kahler potential K should be coupled appropriately to the vector multiplet as in [74].

Before closing this subsection, let us comment on the dependence on the radius R of
the compactified direction 3. As explained in [8], we redefine ®; as

o\ = R 1o, (2.53)

(6d)

so that <I>1(»6d) has mass dimension two. In this normalization, ®,”’ can have direct inter-

pretation as the scalars of the 6d N = (2,0) theories. Furthermore, g5 is given as

1 1
—_ = — 2.54
g? 8mR (2.54)

Taking into account the fact that the action is multiplied by 27 R by dimensional reduction,
we define the four dimensional superpotential as

1
Wyg = ﬁng

1 5 ij (6d) (6d)
Y ) O
= 5y /dz NdzZ €9 Tr (@l D:®; ) . (2.55)

Notice that this formula is independent of R and the metrics g,z and Rhid. This superpo-
tential is well-defined thanks to det ' = K =T*C.

5We take vector multiplets V* to be real, and define V' = T,V* with anti-hermitian generators T,,. Then
W is defined as Wo, = £D? (e**V De™ V"), which is slightly different from the Wess and Bagger convention.

— 12 —



2.3 Generalized Hitchin’s equations and spectral curve

Let us consider a field configuration such that the 3d Lorentz invariance is preserved. Then
the conditions for supersymmetry to be preserved in the above Lagrangian are given as

0= g% F.; — h [®;, 8], (2.56)
0= D:®;, (2.57)
0= eV [®;, ], (2.58)
0 = D:o, (2.59)
0= [o, ], (2.60)

where o = Aj is the real adjoint scalar in the 3d A/ = 2 vector multiplet. Solutions of these
equations describe the vacuum moduli space of the low energy three dimensional theory.
We should also divide the space of solutions by the gauge group G.

2.3.1 Spectral curves

Let us suppose o = 0 for a while. The equations (2.56), (2.57), and (2.58) are precisely
the generalized Hitchin’s equations [15, 16]. As we have seen in the previous subsection,
the equation (2.56) comes from the D-term condition of the gauge group G. As is usually
done in physics literature, instead of imposing (2.56) and dividing by G, we may divide the
space W by the complexification G¢ of G.° In any case, we get a Kahler quotient W//G.
On this quotient space, we need to impose (2.57) and (2.58) which are holomorphic. Note
that (2.57) and (2.58) are covariant under G, so they are consistent with the Kahler
quotient. In this way, we get a Kahler manifold for the moduli space, as expected from the
3d N = 2 supersymmetry.

In the following discussion of this subsection, we take the gauge group G = SU(N).
There is a very useful way to study the moduli space of solutions of (generalized) Hitchin’s

equations, known as spectral curve.

Spectral curve for AN/ = 2 theory. First we briefly review the case of the original
Hitchin systems, which describe Coulomb branches of N = 2 theories as discussed in [75].
In this section, we only consider the case in which there is no puncture.

In the original Hitchin systems, we take F' = O & K, where O represents the trivial
bundle. We set ®; = 0, and there is only one adjoint Higgs field ® = ®5 which is a section
of K ® ad(E). Then we write down an equation

N
0= det(x — ®(2)) = 2™ + ) dp(2)a™F, (2.61)
k=2

where z is the coordinate of the fiber of the canonical bundle K. We omit the unit matrix;
more precisely the equation is det(x - 1y — ®(2)) = 0 for the N x N unit matrix 1. The
equation (2.61) defines a curve in the total space (z,x) of the canonical bundle K. This
curve is called the spectral curve. Notice that the ¢ is a holomorphic section of the line
bundle K*, 0:¢5, = 0, because of the equation D;® = 0.

SThere should be some stability condition as in the original Hitchin systems. We neglect the stability in
this paper, assuming that it is not essential in generic situations we are going to study in this paper.
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The moduli space of solutions of Hitchin’s equations, denoted as My, has the following
structure. We define the base By as

By = éHO (C, K’“) , (2.62)
k=2

where H° (C’, K k) is the space of holomorphic sections of K*. Then, let us define a map
T M H — B H as

T (Ag, ‘I’) — {¢k}2§k§N; (263)

where (Az, @) is a solution of the Hitchin’s equations, and ¢y, are defined in (2.61). Then,
it is known that (i) the map 7 is surjective, m(Mpy) = By, and (ii) at a generic point
p € By, the fiber 771(p) is a complex torus given by (a subspace of) the Jacobian variety’
of the spectral curve (2.61). See [75] for explanations.

The physical meaning of the above structure of My is the following. The sections
¢r parametrize Coulomb branches of N = 2 theories. Thus By is the Coulomb moduli
space. When 4d space is compactitfied on S!, massless U(1) gauge fields are dual to
complex scalars whose target space is a complex torus, as we will review in section 4.
The complex torus given by the fiber 7!(p) is precisely the moduli space of these dual
complex scalars. The spectral curve (2.61) is precisely the Seiberg-Witten curve describing
low energy holomorphic gauge coupling matrix of massless U(1) vector fields. We will
briefly review M5 brane interpretation below.

Spectral curve for N/ = 1 theory. Now let us consider A/ = 1 theories described by
the generalized Hitchin’s equations. In this case, the Higgs fields ®; take values in the rank
two bundle F'. Then, for example, an equation like det(x — ®1) = 0 is not covariant under
the U(2) which acts on F'. A generalization of the spectral curve which is covariant under
U(2) is given by

0= Pi Tiy — (I)Z‘l)aﬁll cee (a:iN — (I)iN)aé\jveal‘..aNéﬁlh"ﬂN, (2.64)

1

iy = 7o
where (x1, x2) are the coordinates of the fiber of the bundle F and 41, - - - , iy take values 1 or
2. For example, the above definition gives Pjj..q = det(x; — ®1) and Pa...0 = det(xy — P2).

There are N + 1 equations in (2.64) since i1,--- ,iy are totally symmetric. Because
there are only 3 variables z, x1, x2, the equations (2.64) look overdetermined and not defin-
ing a curve in the total space of F'. However, (2.64) really defines a curve thanks to the
commuting condition (2.58). Due to this equation, we can diagonalize ®; and @9 simulta-
neously by complex gauge transformations if their eigenvalues are generic. We get

®; — diag(Ai;1(2), -+, Ay (2)). (2.65)
Now the curve ¥ = {(z,21,22) € F': P;,..;, = 0} is equivalently given as

Y=A{(z,x1,22) € F: Pj,..ip(2,21,22) = 0}
={(z,21,22) € F : (x1,22) = (M (%), A2(2)), k=1,--- N}, (2.66)

"We will describe the Jacobian variaty very explicitly in subsection 5.2 in a simple case.
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as one can check explicitly from the definition (2.64). Therefore, ¥ defines is an N-covering
of the base Riemann surface C'. The branching points of the curve are the points where
some of the eigenvalues degenerate, i.e., typically, some of the N sheets meet smoothly at
those degenerate points to form a single connected curve 3.8

The curve (2.66) has a clear meaning in terms of M5 branes. Suppose N M5 branes
are wrapping a cycle in a Calabi-Yau threefold. We assume that the Calabi-Yau locally
looks like the total space of the bundle F', and the holomorphic cycle is given by the zero
section of F', which is the Riemann surface C'. Then, the eigenvalues of ®; and ®, are
interpreted as the positions of these M5 branes in the transverse directions to the world
volume of the M5 branes. As in [1], the N M5 branes become a single M5 brane wrapping
a holomorphic curve in the Calabi-Yau threefold. The curve (2.66) can be interpreted as
this curve of the M5 brane.

From the above interpretation in terms of the M5 branes, we can clearly see the
following physical identifications. First, the space of normalizable deformations of the
curve X corresponds to the moduli space of low energy 4d gauge theory. Second, if the
genus of the curve X, gy, is nonzero, then this curve is precisely the Seiberg-Witten curve
which gives the low energy holomorphic coupling matrix of massless U(1) gauge fields. This
is because the two-form gauge field in the world volume of a single M5 brane gives massless
U(1) gauge fields in the low energy 4d field theories [1, 76].

Therefore the curve (2.66) is very important for extracting the physical information
from generalized Hitchin systems. A method of determining the curve is explained in detail
in [45]. In appendix B, we will explain another method which directly uses (2.64).

Generalized Hitchin systems have not yet been studied mathematically. Although we
have used the M5 brane interpretation above, it would be very interesting to deduce the
above properties purely mathematically. We just summarize some properties which are
expected from the M5 brane intuition. We do not try to give a proof, or we do not even
attempt to make our claims mathematically precise.

Let us define qﬁ(k) . as

i1

®) (—1)

Gy iy, = m(q’il)aél s (Biy) % o apa gy ay €1 PROFITON, (2.67)

The ¢ is a section of Sym*F, i.e., the symmetric part of F @ ---® F where F appears k
times. Then the curve (2.64) is given by

N
_ (N (k) N—k
0= (x )i1~~-iN T Z ¢(i1"'ik (1: )ik+1'~iN)’ (2.68)
k=2
where (xk)“,,k = x;, - Tj,, and (,) represents symmetrization.
Let Mgy be the moduli space of solutions of generalized Hitchin’s equations. We also

define a map 7 : Mgy — @h_, H(C,Sym”* F) such that

7w (As, ) {¢(k) (2.69)

RESCE }2§kgz\/ '

®In some cases, the curve X is not connected but has several connected components, as in the Higgs
branches of 4d N' = 2 theories discussed in section 5.2.
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where (Az, ®;) is a solution of the generalized Hitchin’s equations. We define the base
Bapy as

N
Ben = m(Mey) ¢ @ H (C, SymkF) . (2.70)

k=2

We expect (but do not prove) the following properties;
1. The base Bgp is given by the subspace of @ff:g HO (C’, SymFF ) such that the equa-
tions (2.68) define a consistent curve in the total space of F'. In other words, for each
(k) }
t 4
st {6505},
base Riemann surface C', there exists a solution of the generalized Hitchin’s equations
satisfying (2.67).

for which the curve (2.68) makes sense as an N covering of the

2. For a generic point of By, p € B, the fiber 771(p) is a complex torus given by
(a subspace of) the Jacobian variety of the curve (2.68).

The second claim above may be shown in a similar way to the proof sketched in [75].
The crucial difference from the N/ = 2 case is that Bgy is not the same as the linear space
EB;LQ HO (C, SymkF). Bgp is a nonlinear space in general. This is because (2.68) is an
overdetermined set of equations (i.e., N + 1 equations for three variables (z,z1,x2)), and

hence there should be nontrivial relations among parameters inside ¢ This property

(SRR
makes it possible to reproduce very rich dynamics of A" = 1 theories.

In the above discussion, we have assumed that there are no punctures. When we
include punctures, there are new degrees of freedom living at the punctures, and the above

statements need modification. Inclusion of punctures will be discussed in section 3.

Twisted Higgs bundle. There is a particularly simple branch of the full moduli space
Me . Suppose that the bundle F' has a holomorphic sub-bundle L, L C F', with rank one.
For example, if F' is a direct sum of two line bundles ' = L1 ® Lo, we can take L = L1 or
L = Ly. Then, we have a branch in which & is taken as a section of the bundle L ® ad(E).
In this case, the commuting condition (2.58) is trivially satisfied since we are considering a
rank one subspace of F'. This case is studied mathematically and it is called twisted Higgs
bundle; see e.g., [77].
We can write down the spectral curve as

N
0 =det(z — @) = 2V + Z or(2)xN 7k, (2.71)
k=2

where ¢, is a holomorphic section of L¥. The moduli space of a twisted Higgs bundle,
Mg, has the following structure. We define the base Bry as Bry = EB]kV:Q HY (C, Lk)
and the map 7 : My — By as

7w (Az, @) — {gz;k}

Then, (i) the map 7 is surjective, m(Mzp) = Brp, and (ii) a generic fiber 771 (p) is given

. 2.72
2<k<N ( )

by a complex torus which is (a subspace of) the Jacobian variety of the curve (2.71). In
particular, there are no constraints on ¢j. This structure is similar to the N' = 2 case, just
by replacing K* with LF.
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2.3.2 Turning on o

Up to now, we have assumed that the real adjoint scalar ¢ in the vector multiplet is zero.
Here we discuss what happens when they are nonzero.

First, note that any gauge invariant polynomial of o, such as Tro* (k=2,---,N)is
a section of the trivial bundle. Thus, from (2.59), we conclude that they are constants on
the Riemann surface C'. Up to gauge transformations, we can diagonalize it, and then o
has constant eigenvalues. Therefore, we can consider o to be a constant matrix on C. The
constant vev of o breaks the gauge group G to a subgroup H' whose elements commute
with 0. The equations Dzo = 0 and [0, ®;] = 0 impose that Az and ®; take values in this
subgroup H'. They satisfy generalized Hitchin’s equations with the gauge group H'.

Another, equivalent way of describing the situation is the following. Let us consider a
subset of solutions of generalized Hitchin’s equations such that the pair (Az, ®;) breaks the
gauge group G to a subgroup H. (Do not confuse this H with the above H’.) Then we can
turn on a nonzero constant vev for ¢ in the Cartan subalgebra of H. This vev generically
breaks H to U(1)", where r is the rank of H. In 3d, we can dualize U(1)" vector fields
to r dual photons which are real scalars. The r real scalars coming from ¢ are combined
with the r dual photons to give r complex scalars. In this way, we get a new branch of
the moduli space of the twisted 5d SYM, which cannot be captured by generalized Hitchin
systems alone. We will get more insight on this type of branches in sections 5 and 6.

3 Punctures, operators and superpotential

In this section, we study punctures in the context of the twisted 5d SYM. Our main
purposes are; (i) to get identification of chiral operators, especially holomorphic moment
maps or mesons, and (ii) to derive a formula for dynamically generated superpotential vev.

3.1 T,[SU(N)] theories

Here we focus on the case G = SU(NV) for concreteness. More general gauge groups will
be discussed in subsection 3.5. Although N = 1 supersymmetry allows a large class of
punctures [15], we will focus on the locally half-BPS punctures of [5].

We take the following point of view [60]. At a puncture z = z,, there is a three dimen-
sional N = 4 superconformal theory T,[SU(N)] introduced by Gaiotto and Witten [61].
This 3d theory has codimension two in 5d space-time and is located at z,. At this point, the
3d theory is coupled to twisted 5d SYM in a way which preserves half of the supersymmetry
locally. Let us review basic things about 7,,[SU(N)] theories.

First we consider the T'[SU(N)] theory, i.e., p = 0, which gives a maximal puncture
when it is coupled to twisted 5d SYM. The T[SU(N)] theory is the low energy limit of a
3d N = 4 quiver gauge theory. The quiver is given as

U(1) = U(2) — - — U(N = 1) = SUN) | ftawor » (3.1)

where SU(N) g is a flavor symmetry and other U(k) (k=1,--- ;N — 1) are gauge symme-
tries. Between each adjacent groups U(k) and U(k + 1) (or SU(N)gy for k+1 = N), there

,17,



i

Figure 1. (a): the brane realization of the T[SU(N)] theory in type IIB string theory for N = 3.
Horizontal lines are D3 branes, vertical solid lines are NS5 branes, and vertical dashed lines are D5
branes. The NS5 branes and the D5 branes are extended to different directions in ten dimensions,
but we do not explicitly show that in the figure. The U(k) vector multiplets in (3.1) are coming
from D3 branes suspended between adjacent NS5 branes. (b): a 4d quiver superconformal gauge
theory in type IIA brane construction. Horizontal lines are D4 branes, vertical solid lines are NS5
branes, and vertical dashed lines are D6 branes. There are two maximal punctures realized at the
two sets of N D6 branes at the ends of D4 branes, and several other simple punctures. (c): D4
branes ending on D6 branes give a maximal puncture of figure (b). By S! compactification of the
x? direction and taking a T-dual, we get D3 branes ending on D5 branes in type IIB string theory.
The S-dual of it gives the T[SU(N)] theory at the end of the D3 branes, which is realized by D3
branes suspended between NS5 branes.

are bifundamental multiplets Ay and By, in the representations (k 4+ 1) x k and k x (k + 1)
of U(k + 1) x U(k), respectively. In type IIB string theory, this theory is realized by the
brane construction as in figure 1-(a).

The fact that a maximal puncture of [5] is realized by a copy of the T[SU(N)] theory
can be seen along the lines of [43, 44, 60, 78]. Here we sketch the reasoning. Let us consider
a 4d linear quiver superconformal theory constructed as in figure 1-(b) in type ITA string
theory [1]. A maximal puncture is realized as N D4 branes ending on N D6 branes. In
this paper, we are compactifying the z2 direction. In this case we can take T-dual in this
direction, and get a configuration in which D3 branes are ending on D5 branes. Taking
S-dual as in figure 1-(c), we get the T[SU(NV)] theory at the end of the bunch of D3 branes.
Therefore, we may interpret that the T'[SU(N)] is the S-dual of the maximal puncture.
What we are actually doing in this paper, in the type ITA context, is to consider the linear
quiver configuration, uplift it to M-theory, and compactify it on the 2% direction and going
again to type ITA string theory by regarding the S! of 23 as the M-theory circle [9]. Our
twisted 5d SYM is realized by D4 branes in type IIA string theory. The S-dual of type IIB
string theory used above is naturally realized by the exchange of M-theory circle from the
29 direction to the 23 direction. The S-dual induces mirror symmetry from the 3d point
of view [79].

Let us see some properties of the T[SU(N)] theory. From the brane construction of
figure 1-(a) and using the interpretation of mirror symmetry as S-duality of type IIB string
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theory [79], one can see that it is self-dual under mirror symmetry; its Higgs branch and
Coulomb branch have completely the same structure, and their difference is that they are
acted by different R-symmetries, which we denote as SO(3) x and SO(3)y. The hyperkahler
holomorphic moment map of the Higgs branch SU(NN) g symmetry is given by
(3d) _ 1
P = An_1Bn_1 — I tr(ANleNfl), (3.2)

where Ay and By are considered as (k + 1) X k and k x (k + 1) matrices, respectively.
By mirror symmetry, the Coulomb branch also has an SU(NV)¢ flavor symmetry, which is
realized quantum mechanically. We denote its homomorphic moment map as ugd).

Let us next consider more general T,,[SU(N )] theories. Those theories are classified by
an embedding of SU(2) in SU(N),

p:SU(2) — SU(N). (3.3)

Under this embedding p, the fundamental representation of SU(N) is decomposed into
irreducible representations of SU(2) as N — nj+ng+- - -+ny, where n; is the n; dimensional
spin (n; — 1)/2 representation of SU(2). Without loss of generality, we can assume n; >
ng > -+ > ny. When this theory is coupled to the twisted 5d SYM, it gives a puncture
corresponding to the partition (ng,---,ny) discussed in [5].

The T,[SU(N)] theory has a quiver description and brane construction. However, for
our purpose, it is enough to note the following fact [60, 61, 78]. Let us take a copy of the

T[SU(N)] theory and give a nilpotent vev to the Coulomb branch operator ugd) as

(1) o< pl™), (3.4)

where 07 = o! +i0? is the raising operator of SU(2). Then, the low energy limit of this
theory is the 7,[SU(NV)] theory with some decoupled Nambu-Goldstone multiplets associ-
ated with the spontaneous symmetry breaking of the Coulomb branch SU(N)¢c symmetry

3d
by (u¢:”)
The adjoint representation of SU(NV) is decomposed into SU(2) representations as
adj = P (2ja +1) (3.5)
acA

where (2ja + 1) is the spin j, representation, and {j,}seca represents the set of all spins
appearing in the decomposition. Then pc is decomposed as

Ja
e =p0") D0 D Tam ug™, (3.6)

aEAm=—jq

9The reason is as follows. In the setup of [80], 4d N =4 SYM is put on a half space z* > 0. The
hyperkahler moment map ﬁgd) which is a triplet of an SO(3)x R-symmetry is given by ﬁg’d) o )?(O) in
an appropriate S-dual frame, where X is the adjoint scalars in the triplet of SO(3)x. By giving a vev
X(0) x p(&), the vev becomes effectively infinity in the IR limit and it gives a Nahm pole of X at z* = 0.

This Nahm pole is the necessary ingredient of the T,[SU(N)] theory [61].
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where Ty (—ja < m < j,) are generators of SU(N) corresponding to the decomposi-
tion (3.5). They satisfy e.g., [p(03/2), Tu.m] = mTym and [p(oF), Tum] X Tom+1. We have
set the proportionality factor in (3.4) to be unity for simplicity. Because of the vev p(c™),
one can see that the fields ™ for m > —j, are just Nambu-Goldstone multiplets. By a
complex SU(N)¢ transformation puc — UpcU~! which eliminates the Nambu-Goldstone
multiplets, we get

3d —ja
uEY = p(o ) 4 3 T i (3.7)
acA
A subset of Lie algebra of this form is called the Slodowy slice S,+) transverse to a
nilpotent orbit O,,+). See [80] for more details on this slice.

3.2 Coupling T,[SU(N)] to twisted 5d SYM

In this subsection, for the moment, we restrict ourselves to the 4d N' = 2 (or 3d N = 4)
case so that we can see our formalism in the context of perhaps more familiar N' = 2
Gaiotto type theories [5]. Let us very briefly review this case (see e.g., [12]). The bundle
F is taken as O & K, where O is the trivial bundle and K is the canonical bundle. From
the point of view of the 3d A/ = 4 supersymmetry, the pair (V, ®1) is a vector multiplet and
the pair (Az, ®2) is a hypermultiplet. (The role of ®; and ®5 can of course be exchanged
by a simple relabeling of 1 and 2. The only important point is that one of the ®; in the
same multiplet as V' is a section of O, while the other one in the same multiplet as As is a
section of K.)

The space of (Az, ®2), which we denote as W', spans an infinite dimensional flat
hyperkahler manifold (see e.g., [81] for a review of hyperkahler manifold). The metric is

1 _ _
Ghk = ——5 / |d%2| Tr (04; ® 0A, + 6A, ® 6A; + 02 ® 6Dy + 02 ® §03) (3.8)
95

where § means exterior derivative on the space W as in section 2, and we have used the
fact that g** v/9 = 1 on the Riemann surface. There are three complex structures I, J and
K, which satisfy I? = J? = K2 = -1 and JK = I, KI = J, IJ = K. They act on the
tangent space of W, and their actions are defined as

IT (5A5,009,6A,,005) = (i6Az,i0®s, —i0A,, —idDs) , (3.9)
JT(0A5,6®2,0A,,002) = (002,64, 502,045, (3.10)
KT (6Az,0®9,0A,,6®s) = (—i6®s,i0A,,i6®s, —i6Az) (3.11)

where IT, J7 and KT are the transpose of I,.J and K respectively. The I is the complex
structure which is present in the less supersymmetric 3d N' =2 (or 4d N' = 1) case.

The Kahler forms associated to the complex structures I, J and K are given as w; =
I ® 1(guy), i.e., one of the indices of I is contracted with one of the indices of gy, and
similarly for J and K. The wy is given by (2.48) with the replacement hid §D; N 5@3 —
g7 0Py A 0Po. The Kahler forms associated to J and K are combined as

Wy + ik = — / 14222 Te[5 A= A 6], (3.12)
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where we have omitted the gauge coupling g5 2 for the moment. The holomorphic moment
map ugd) (o) under the gauge transformation (2.47) is defined by 5,ug)d) (@) =ty (a) (w2 tiws)

as in the case of the real moment map in section 2, and it is given as
W @) = = [ @22 Tr fa(Ds)

= —/\/§]d22|Tr [a,u((gd)} . (3.13)

Now, let us put a copy of the T'[SU(NN)] theory at z = z, in the 5d space-time, and
couple the Higgs branch SU(N)gy symmetry to the twisted 5d SYM. The contribution to

the holomorphic moment map from this sector is given as \/g=16%(z — Zp) ugd), where ugd)
is explicitly given by (3.2). The total of the holomorphic moment maps pc = g5 Q,u((g D4

Vo163 (z — zp),ugd) is coupled to the adjoint chiral multiplet ®; in the vector multiplet
(V,®q) as

Waa == [ Vald2|V2 Tr(@1c)
— 2 (Tr (#g%l(zp)) + / |d2,z|g2§Tr(<I>1Dz<I>2)> . (3.14)

The second term is exactly the same as (2.46) which was already derived previously. The
first term gives a coupling between T[SU(N)] and the twisted 5d SYM.

Now suppose that ®1(z,) has a generic diagonal vev. Then the first term of (3.14)
gives a mass term for the T[SU(N)] theory. Let us study the effect of this mass term on
the Coulomb branch of the T'[SU(N)]. For this purpose, we use mirror symmetry. As
mentioned earlier, the mirror of T[SU(N)] is also T[SU(N)], but the Coulomb branch is
mapped to the Higgs branch, and masses are mapped to Fl-parameters. By holomorphy,
the holomorphic masses are mapped to holomorphic FI terms in the superpotential. Let us
denote the FI parameter of U(1) C U(k) in (3.1) as . The superpotential contains terms
V2&;, tr ¢y, where ¢y, is the adjoint scalar of U(k). Then, the F-term conditions of ¢, give

BAy — A1 B =&  (2<k<N-1),
BiA =&, (3.15)

where we denote bifundamentals in the mirror side as A} and Bj. We define M’ =
A, B)y_,. From the equations above, we get

M'(M' — €x_1) = (Aly By 1 Aly 1By — Ex—1 Ay 1By )
= Ay 1 ANy_3Bn_yBy_1.

Similarly, noting that for k > 2

N-1 N-2
Bl/cBi/cH B4 < N-1BN_1— Z fz’) = Bllng/Hl T B?V—z ( /N—2B§V—2_ Z fz‘) By_1
i=k i=k
== A2—132—1B;c+1 T B?Vfl
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and also B (A B} — &) =0, we get [61]

N-1
M'(M' = €&n1)(M' —En—1 —En—a) -+ (M' - Z flc) =0. (3.16)
P

This equation gives the characteristic polynomial of M’. In particular, the eigenvalues of
Ml . N-—1
are given as y .~ &;.
(3d)

The moment map ¢ of the original theory is the moment map of the Higgs branch of
the mirror theory, ugd) =M - % tr M'. The characteristic polynomial of ug’d) is given as
N
P(z) = det(z — pa™) = [J (@ — M), (3.17)
k=1
N-1 1 V-1
Ap = Zk S~ N Zl &, (3.18)
i= i=

for arbitrary variable x. Now recall that the FI parameters & of this mirror theory come
from the mass parameters of the original theory, which are given by the eigenvalues of
®1(2p). By the symmetry under the Weyl group of SU(N), or more directly from the
brane picture of figure 1-(a), the A;, must be proportional to the eigenvalues of ®;(z)).

The factor of proportionality in mirror symmetry between masses and FI parameters
can be determined by comparing a quark mass in one theory and a vortex mass in the mirror
theory [82]. As the most simple example, let us consider 3d ' =4 U(1) gauge theory with
one hypermultiplet ¢,§. The superpotential is W = v/2¢(gg — £). One can explicitly
calculate (see e.g., [83]) that the BPS bound for a vortex mass is given by 47¢. The mirror
of this theory consists of a single hypermultiplet p,p with a mass mpp. Therefore we get
m = 4w&. By inspection of a brane construction of this simple theory and more general
theories, one obtains v/2®(z,) = 4w diag(A1,---,Ax) up to a phase which we neglect.
Thus we get

det (m - ,u,(gd)) = det (:): — f@’ﬂz@) . (3.19)

In the class S theories which we are studying in this paper, there is a flavor SU(N)
symmetry associated to each maximal puncture. In the context of the twisted 5d SYM,
this flavor symmetry associated to the puncture z = 2, comes from the Coulomb branch
SU(N)¢ symmetry of the T'[SU(N)] theory at the puncture. The operator ,u(g’d) is the
holomorphic moment map associated to this flavor symmetry. Therefore (3.19) gives us
the way to identify the vev of the moment map in field theory with a quantity in twisted
5d SYM. In the following, we will often write

g V2

pe A E(I)l(zp). (3.20)

The meaning of this equation is that the characteristic polynomial of both sides agree with
each other. If the eigenvalues are generic, i.e., if all the eigenvalues are distinct, (3.20)
means that they are conjugate matrices.
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For more general T),[SU(N)] theories, we simply use the renormalization group inter-
pretation of the previous subsection 3.1. In this case we just need to restrict M(ng) to the
form (3.7). Assuming that the eigenvalues of ®1(z,) are generic, we define the orbit of

A = V2®(z,)/47 as the set

Ox = {gcrgc i 9c € SUWN)c}, (3.21)

where SU(N)¢ = SL(N) is the complexification of SU(N). Then u(g’d) is in the intersection

of O, and the Slodowy slice S5+, Sy(o+)NOx. See e.g., [8, 13, 14, 60, 61] for explanations
on non-generic cases where some of the eigenvalues degenerate.

Before closing this subsection, let us consider the dependence on the radius R of S?.
As in section 2, the three dimensional Kahler and superpotential are related to the four
dimensional ones as

(27 R)K4q = K3gq, (2T R)Wyq = Wy, (3.22)

where K34 contains both the bulk contribution of the twisted 5d SYM and the contribution
from the Coulomb branch of the T[SU(N)| theory. Moment maps are proportional to
Kahler metrics, so the vevs of 4d moment maps are related to 3d moment maps as

1 3d V2 V2 6d
(4d) (3d) 8F2R<1>1(zp):@q>§ ) (2), (3.23)

- ZWRMC

1

(6d)

where ®|""(2,) was introduced in section 2.2. In this way, ;4%

is independent of R.

3.3 Dynamical superpotential

In the above discussion, we have concentrated on the 4d NV = 2 or 3d N = 4 case with
one puncture. However, the class of theories discussed in appendix A is locally the same
as this 3d N = 4 case, so we can easily generalize the result. We only consider the case
F = L1® Ly as in the appendix. Then ®; and ®4 are sections of L1 ®ad(F) and Ly®ad(E),
respectively.

Suppose that @ is coupled to copies of T,[SU(V)] theories at the punctures z, (a € A),
and ®9 is coupled to them at z, (b € B), where A and B are sets labeling the punctures.
The choice of whether to couple T,[SU(N)| to ®; or ®; corresponds to what ' = 1 theory
we consider; it is the choice of + of punctures discussed in appendix A. The superpotential
is now given by

ng:—\@<z Tr (Mfﬁ}@l(za)) -3 Tr(ug?,?%(zb)) +/ |d2z|32 Tr(<I>1Dz<I>2)>, (3.24)
95

acA beB

where the minus sign in the second term comes from the fact that the third bulk term
is antisymmetric in ®; <> ®3. The normalizations of ®; and ®9, and hence the above
couplings, depend on the basis of L; and Lo at the punctures. We can, e.g., canonically
normalize the Kahler potential of them at the positions of the punctures. We will make
some comments later on normalization of fields.
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The F-term equations are given by

0= u((l 1252(2 — 2q) + D P, (3.25)
acA g
_ Bd) g2, “D.
0=> o (z—2)+ > Dy, (3.26)
beB 95
Due to the delta function sources, the Higgs fields ®; and ®5 develop singularities as
5 (3d)
g5 'ua,H
by — —=> — 3.27
2 AT 2 — 24 (2= 2a), (3.27)
5 (3d)
95 HoHr
Oy - —=>—"— — 2p). 3.28
! 4 2z — z (2= 2) ( )

Here we assumed that the singular part of Az (if any) commutes with the singular parts of
®; and ®5. These equations will be the expected singular behaviors at regular punctures
as we will see later.

Using (3.25) and (3.28), the superpotential (3.24) evaluated at a solution of the F-term
equations are given by

W3d’solution = \/5 Z Tr (/1’1(7?[(3) 3 (zb)>

beB

= 2‘? Z?é dz Tr(®1Py), (3.29)
|z—zp|=€

95 ien

where € is an infinitesimal number. This is the formula for dynamically generated super-
potential vev. In field theory side, it is generated typically by gaugino condensation in
theories with a mass gap such as 4d pure ' = 1 SYM. When there are distinct vacua,
the difference of the superpotential vevs between two of the vacua is a physical observable
since it gives tensions of BPS domain walls [58].

Let us check the R dependence. The 4d superpotential is given by

1
W4d’solution = o R W3d‘solution

d 2

--y jq{ —Zé Tr (o ef), (3.30)
51— ml=e 2mi 4w

where we have used g2 = 87?R. This is independent of R. By using dz A

dzos Tr <<I>§6d)<l>éﬁd)) =0 and integration by parts, we can also rewrite the superpotential as

W4d ‘ solution = Z ?{
|z—

V2 gy (o0} . (3.31)
Szl 2772 472
In the above discussions, we have only considered regular singularities which can be
realized by T,[SU(/V)] theories. However, we expect that the formula (3.30) is valid even if
there are irregular singularities. The reason is that irregular singularities (which have type
ITA brane realization) can be achieved by renormalization group flows from regular ones

by taking some of the masses to infinity.
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3.4 Regular singularity

At a puncture z,, we can add a mass term associated to the flavor symmetry at that
puncture. Suppose that the puncture is maximal and we add a mass term

Wya D tr (mu(4d)> < Wsg Dtr (m,ugd)> . (3.32)
Then, the mirror of (3.20) tells us that we get
i ~ —m. (3.33)
Combined with (3.27) and g2 = 872 R, we get
1 m

P = Ry — = .
2 2 22—z

(3.34)

This is the standard behavior of regular singularity. The factor 1/2 may look unusual,
but it is necessary so that mgp can be directly interpreted as quark masses in 4d N = 2
theories. !0

Using the relation (3.23), we get the superpotential vev as

W4d|solution = Z% 27” (Q)gﬁd) ((14d)>

acA |z—2a|=e

Y (maua ) , (3.35)

acA

where m,; are mass matrices at the punctures z, and z,. This formula is valid only
for the vev.

We have been careful about the normalization of the fields in the above discussion,
but their meaning is limited in 4d A" = 1 theories. In the case of 4d N/ = 2 theories, a
holomorphic moment map x*® is in a current multiplet of a global symmetry, and hence
it is not renormalized. Correspondingly, a mass in 4d NV = 2 theories are not renormalized.
However, there is no such nonrenormalization for ;(*?) and masses in 4d A = 1 theories.

Let us see it more explicitly. Consider flavors of quarks ¢ and ¢ coupled to 4d N = 2
or N = 1 gauge multiplets. In the N' = 2 case, it is known that the Kahler potential
of the quarks is not renormalized [84]. Therefore, we can normalize the quarks so that
they have canonical kinetic terms in the Kahler potential. The normalization of 49 = gq
is also fixed. However, in the N' = 1 case, the Kahler potential receives perturbative
corrections, and in particular there are wave function renormalizations, K = Zqtq+ Zq'q.
These corrections are not holomorphic. As long as we only consider holomorphic quantities,
there is no way to fix the normalization of ¢ and ¢. Canonically normalizing the quarks
requires non-holomorphic wave function renormalizations of the quarks which depend on
renormalization scales.

9By carefully examining BPS tensions of M2 branes of M-theory, strings of (2,0) theory and particles of
4d theories, the Seiberg-Witten differential is determined as Asw = (z/7)dz [8], where det(z —®?(2)) = 0
as in section 2.3.1. Then, by computing § Asw for a massive quark with a large mass, one can see that
singularities of  must be x ~ m/(2z).
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Although the normalizations of m and p*® are not uniquely fixed, their product

4d)

mp*® is renormalization group invariant due to the usual nonrenormalization theorem

of superpotential. In general, exact results in supersymmetric field theories are invariant
under wave function renormalization of fields [85].

With the above facts in mind, we renormalize <I>g 2) as

= V2 (6d = 6d
by = W@ﬁ U (3.36)
and we define their limits at z — 2, as
By sy, Gy Mo
1=y, 2 — (2 = za), (3.37)
Z— Zg
Dy — ul(;ld), By — (z = z4). (3.38)
zZ— Zp
The normalization of m, and u((fd) are the same as before, but the normalization of my,

and ,ul(fd) are changed in such a way that their products mbul(fld) are unchanged. The

superpotential (3.30) or (3.31) is now given as

W4d ‘ solution — E %

acA |z— za\—s

= Tr <q>1c1>2> (3.39)

Note that the coefficients of (3.37), (3.38) and (3.39) are very simple now.

The reason that we are so serious about the numerical coefficients of the above equa-
tions (aside from phases) is that we can actually check them. In SQCD, numerical coef-
ficients of exact results are really determined precisely [86], at least in a certain class of
renormalization schemes. See [87] for those exact results including the coefficients. Thus,
by comparing the results of twisted 5d SYM and field theories, we can obtain important
consistency checks including these coefficients.

3.5 General gauge groups and T,[G] theories

In this subsection we discuss the case of general gauge groups G = A, D, E which appear
in the 6d V' = (2,0) theories.!’ Our discussion will be very brief and the reader should
consult [61, 80] for essential ingredients.

At each puncture, there is a copy of the 3d theory T,[G]. First let us recall the
definition of the simplest theory T'[G], i.e., p = 0. Consider 4d N' =4 SYM with the theta
angle taken to be zero. We divide the theory into two parts, 23 < 0 and 23 > 0. Then
the theory can be regarded as two 4d ' = 4 SYM defined on the half spaces 2% < 0 and
23 > 0 which are connected by a boundary condition at 22 = 0 smoothly. Now we take
S-dual of the theory in 2 > 0. In this region we get N’ = 4 SYM with the dual gauge
group GV. For a simply laced gauge group G = A, D, F, the dual group GV is the same as
G (at the level of Lie algebra), but we continue to write it as GV to distinguish between
the original N'=4 SYM and the dual one. We have the N' =4 SYM with gauge group G

" There is a further generalization including outer-automorphism twist [88]. We do not study this direc-
tion in this paper.
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for 2% < 0 and gauge group GV for 2> > 0, and there must be some boundary condition at
23 = 0. The boundary condition is such that there is a copy of the 7[G] theory at 2% = 0
which is coupled to both of the N'=4 SYM. The Higgs branch of the T[G] theory has a
flavor G’ symmetry, and the Coulomb branch of it has the flavor GV symmetry, and each
of these flavor symmetries are gauged by the corresponding bulk N/ = 4 SYM.

For our purpose, we take a copy of the T'[G] theory and couple its Higgs branch moment

map ugd) to twisted 5d SYM as /2 Tr (ugd)q)l(zp)>. Then we want to know the Coulomb

branch moduli space of the T'[G] theory when ®1(z,) is nonzero.

This problem can be studied as follows. Let us consider the above setup of two A/ = 4
SYM coupled to the T[G] theory. We ungauge the gauge group GV by introducing the
Dirichlet boundary condition of gauge fields at, say > = L > 0. Furthermore, in the
region 23 < 0, we turn on the vev of the adjoint chiral field ®x—4 in the vector multiplet
of N'=4 SYM on the half space. We take the vev as (Par—4) = ®1(zp). Because ®pr—yq is
coupled to the T'[G] theory as V2 Tr (,u(l_?d) P N:4>, we can realize the same situation in this
4d setup as in our twisted 5d SYM setup. Actually, this is more than just an analogy. If we
take the Riemann surface C of the twisted 5d SYM to be a cigar geometry and put the T'[G]
theory at the tip of the cigar, then, by dimensional reduction on the S' direction of the
cigar, we get 4d N =4 SYM on a half space with the T'[G] theory at the boundary [44, 60].

The Coulomb branch of the T'[G] theory in this 4d setup is determined as follows. We
take S-dual of the N' =4 SYM on 2® < 0. Then, recalling the way the T[G] theory was
introduced above, one can see that we get a smooth N' =4 SYM with the gauge group GV
in the entire region 2> < L. For a simply laced gauge group G = A, D, E, the vev of ®r—y
is mapped to the vev of the dual adjoint field ®},_, as (see e.g., [12])

(e")?

<(I’X/:4>:?<‘I’N=4>7 (3.40)

where eV is the gauge coupling of the N' = 4 gauge group GV. It is related to the gauge
coupling e of G as (e")?/4n = 4 /e? since we have taken the theta angle to be zero. The
equation (3.40) should be interpreted as the statement that their eigenvalues match, be-
cause the eigenvalues have the physical meaning as BPS masses of W-bosons and monopoles
in N =4 SYM. The S-dual exchanges the masses of W-bosons and monopoles.

The moduli space of the system is described by Nahm’s equations on the space 2% < L.
We have imposed the Dirichlet boundary condition at 23 = L and we also impose the
boundary condition ®}_, — (®X-_,) at 2% — —oo. The result is that the moduli space,
as a complex manifold, is the orbit of <<I>X/: 4)- In particular, @X/: 4 at x = L is conjugate
to (®X,_,). The holomorphic moment map is given as

,U(C?)d) = (;Cfg q)X/':4(x3 =L)~ (2?)2 <(I)Xf:4> = :(f‘I’l(Zp), (3.41)

where &~ means that both sides are conjugate by complexified G¢, assuming that the
eigenvalues are generic. The first equality, including the coefficient v/2/(e")2, can be de-
termined by careful calculation of the hyperkahler moment map. The second equality is
a consequence of the Nahm’s equations. In the third equality we have used (3.40) and
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(Ppr=4) = P1(zp). This result generalizes (3.20) which was derived for SU(N) to arbitrary
simply laced gauge groups. It is pleasant that we get the same result from two different
lines of arguments in subsection 3.2 and in this subsection.

For more general T),v[G] theories, we simply note that the above discussions are almost
unchanged other than the fact that we need to include a Nahm pole pV/(y — L) at y — L.
Then the moduli space is the intersection of the Slodowy slice S,v and the orbit Oy of
A= (\@/47‘(’) @1(2’17).

The discussions on superpotential vev in subsection 3.3 and regular singularities in
subsection 3.4 are the same. Lagrangian descriptions of the 7,[G] theories are not known
for general G, but for many purposes the equations (3.37), (3.38) and (3.39) are enough
and we do not need more explicit information about 7,[G].

4 Nonrenormalization theorems

One of the main claims in this paper is that the holomorphic dynamics of 4d field theories
of class § are described by classical solutions of twisted 5d SYM. We are considering 6d
N = (2,0) theories on a Riemann surface C, and we further compactify the theory on
S1. Taking the radius R to be smaller than the length scale of C, denoted as L, we get
twisted 5d SYM on RY2 x C. On the other hand, taking the limit that the length scale
L to be much smaller than R, we get a 4d theory on RY? x S'. The limit that the 5d
SYM is reliable (R/L — 0) is different from the limit that we obtain purely 4d field theory
(R/L — o0). Therefore, it is not evident whether the 5d SYM can describe the dynamics
of 4d field theory.

There are at least two points which need to be justified. First, we have to show that field
theory quantities we are interested in have rather trivial (or well controlled) dependence on
R. If a quantity receives complicated quantum corrections which depend on R and cannot
be controlled, we have no justification of the above argument at all to study that quantity.
Second, we have to justify that quantum corrections in twisted 5d SYM can be neglected,
and we can treat it classically. In this section, we investigate these two points. We will
only assume 4d N = 1 supersymmetry and discuss holomorphic quantities. If the theory
has N = 2 supersymmetry, we can also control the Kahler potential, but we do not discuss
that in this paper.

4.1 Nonrenormalization in field theory

Let us consider a 4d NV = 1 field theory. In the low energy limit, we assume that the
theory is described by neutral massless moduli fields u* and massless U(1) vector fields VZ.
Massless charged particles may appear at some points of the moduli space, but we focus our
attention on generic points of the moduli space where there are no such massless charged
particles. The low energy theory can be empty. For example, there is a mass gap in N’ = 1
pure SYM and there are no massless particles at low energies below the confinement scale.
Our discussion below includes such cases.
The low energy effective Lagrangian is given by

£ = [ @oeerGO ) + [ @owi )+ [t Lol e, (@)
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where 775 (u) = (47i/e?+60/27) 1, is the holomorphic gauge coupling matrix of the massless
gauge fields V. The theory is very weakly coupled (almost free) in the IR. For example,
if the theory is N’ = 1 pure SYM, there are no massless fields and we only have a constant
superpotential Wééfd) = NA3 generated by gaugino condensation.

Now we compactify the theory on S* and perform dimensional reduction at the classical
level. We take the radius R to be very large so that the effective theory (4.1) is valid at
the scale of compactification. The kinetic term for U(1) gauge fields in 4d are

/d%,cg;;d) > / (%Fi AxFT — %F{ A *F;’) (4.2)
where Fy = (F+xF)/2, the * means the Hodge star, and we are using Euclidean signature
(+ 4+ ++). By dimensional reduction to 3d, we get

0
2R / P 5 or R / <e;} (F"'A%F" + R™2da! A xda”) —%R*F” A da’ ) (4.3)
s

where F'! is the gauge field strength in three dimensions, and a! = RA! is the gauge field
in the S! direction. This af is the U(1) Wilson loop in the St direction 2mal = § da® Al
and it has a period af 2 af + 1.

In RY2 x S, we can dualize the vector multiplets to chiral multiplets. Let us see it

for the bosonic fields. We consider Fj as a fundamental variable in the path integral, and

change the action as
0
/ (27rReI_J2 (F"" AxF'" + R™2da’ A xda”) — 121‘]

™

F'TNda” +ibrdF'" ) . (4.4)

The b; is a Lagrange multiplier scalar field to impose the Bianchi identity dF"! = 0. If
there exist some monopole-like objects with a magnetic density j! such that dF"l = 25!
and fjl € 7Z, we may change the by term in the above action as iby (dF’I — 27rj1). Then
we can see that by has a periodicity by = by + 1 due to ij € Z. (The argument here is
heuristic and not rigorous. See [71] for more rigorous treatment.)

Integrating over F'!, we get

b il da! A xda” + [ Y db +QI—KdaK As | db +9‘]—LdaL
2R e2 17 47 I or T on

62 1J ;

where ellipsis denotes terms involving derivatives of 77;(u), and we have defined complex
scalar fields o; as

o = by +1150”. (4.6)
Because of the periodicity of a’ and by, the scalars 7 have the periodicity
o1 = o +my+1rm’, (4.7)

where m; and n! are integers. This means that the scalars ¢; live on a complex torus
(or more precisely an Abelian variety) with the complex structure 77;.
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Therefore we get an effective 3d theory described by u? and ¢ with the Kahler potential
and superpotential given as

1
Kégfd) = QWRKe(?fd) (u,uT> + = ((Im T)_l)u ImprIm ey, (4.8)
wED = o RWED (u). (4.9)

One can check that the above Kahler potential for ¢ reproduces the kinetic term (4.5) and
it is invariant under (4.7) up to irrelevant holomorphic+anti-holomorphic terms. Therefore,
the total moduli space M is spanned by u' and ¢;. It has a fiber structure 7 : M — B
where B is the moduli space of u’, B = qu': 8We(§d)/8ui =0y, and the fiber 7=1(u) is
the torus spanned by ¢;. This is the same structure discussed in subsection 2.3, and we
identify M = Mgy and B = Bgp if o is zero and there are no punctures. The fiber
structure 7 : M — B is generally true due to the above field theory analysis.

Nonrenormalization. In the above discussion, we have compactified the effective theory
at the classical level. Now we argue that the superpotential We(gd) and other holomorphic
quantities are not renormalized by the compactification.

First, let us show that the superpotential cannot depend on ¢;. The superpotential
must be a holomorphic function of ¢; and u’. The important point is that there is no strong
coupling gauge dynamics below the scale of compactification, since by our assumption, the
theory consists of neutral moduli fields and massless U(1) fields at the energy scale of
compactification and there are no charged fields at low energies on generic points of the
moduli space of .12 Then a singularity cannot appear in the superpotential as a function
of ¢ for a fixed generic !, and the superpotential must be holomorphic. However, there
is no holomorphic function on a complex torus (or compact complex manifolds in general)
other than constants. We conclude that Wégd) does not depend on ¢;. The crucial point in
the above discussion is that the gauge group of 4d theory is broken and/or confined already
above the compactification scale and there are only U(1)’s and neutral moduli fields. If the
unbroken gauge group was non-Abelian at the compactification scale and was broken down
to U(1)’s at or below the compactification scale, the story would be completely different.
See [89, 90] for careful discussions on such a case.

Next, we argue that there is no renormalization at all to the superpotential We(gd) (u) =
27TRWe(§d) (u). For this purpose, we use holomorphy and symmetry argument [91]. In the
UV, our 4d theory consists of matters and gauge multiplets. By “matters”, we mean free
chiral multiplets and also some isolated superconformal theories such as the Tx theory.
Gauge multiplets are coupled to global symmetries of the matters. If we turn off all
gauge and superpotential interactions, the matter sector is A/ = 1 superconformal and
has chiral primary operators O, whose dimensions A, and R-charges R, are related as
A, = 2R, [92-94].

Now let us turn on a UV superpotential as

Wiy =" €0, (4.10)

121f there is a cubic term in the superpotential, Weg ~ >, the 3d theory gets strongly coupled at low
energies. However, we believe that this kind of strong coupling does not affect the following discussions.
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We also turn on gauge interactions. Each gauge group has a holomorphic dynamical scale
(or one instanton factor) A® = u® exp (—8772 /g% + i9), where b is the coefficient of one-loop
beta function and g is a renormalization scale. Here, “one-loop” beta function means
the beta function of a gauge coupling in the limit that all the gauge and superpotential
couplings are going to zero. This definition is well-defined even for theories without La-
grangian descriptions such as the T theory. Contributions from non-Lagrangian sector
can be parametrized by two-point current correlators.

We assign mass dimensions and R-charges to the parameters so that the interactions
preserve the scaling and R symmetries discussed above. From the superpotential, it is
easy to see that ¢, has dimension A¢, = 3 — A, and R-charge R¢, = 2 — R,, and hence
it satisfies A¢, = 3Re,. The mass dimension of A® is evidently b. The R-charge of A is
determined by anomaly. In general, R-symmetry becomes anomalous when matters are
coupled to gauge fields, and this anomaly can be cancelled by a shift of the theta angle 6.

This shift determines the R-charge of A” = pi’exp (—87?/g* 4 i6). It is known [95] that
2
3
and parameters have the relation A = %R.

this R-charge is given by %b. Therefore, we conclude that all the holomorphic operators

Now, notice that the radius R of the circle S' has mass dimension —1 and R-charge 0.
Thus this parameter has a “wrong” relation between mass dimension and R-charge. Note
also that the R is the only quantity which has wrong mass dimension and R-charge and also
could possibly appear in the superpotential. (For example, wave function renormalizations
also have wrong scaling dimensions due to quantum corrections in general, but they can be
extended to real vector superfields and cannot appear in holomorphic quantities.) However,
since ngd) /(2w R) has mass dimension 3 and R-charge 2, the radius R cannot appear in
this quantity to preserve the spurious symmetries. In the decompactifying limit R —
00, we should recover the 4d effective superpotential ngd) /(27R) — We(éd). Since it is
independent of R, we get the exact relation We(gd) /(27R) = Wééd). Therefore we have
established the nonrenormalization of the superpotential in the compactification. By the
same reasoning, the vevs of holomorphic operators and 77; do not depend on R and they
are not renormalized.

We stress again that Wégd) /(27 R) is equal to the IR effective superpotential of the
4d theory, and not UV tree level superpotential. For example, in the case of N’ = 1 pure
SYM, there is no UV superpotential. But the IR superpotential is generated by gaugino
condensation as We(éd) = NA3. Therefore we get We(gd) = 2TRNA3.

In the above discussion we have assumed that the radius R is very large. But the
result should be valid for all the values of R under the assumption that there is no phase

transition as we change R.

4.2 (Non)renormalization in twisted 5d SYM

Here we argue that we can use classical equations of twisted 5d SYM. As discussed in
section 2, the structure of supersymmetry in twisted 5d SYM is the same as that of 3d
N = 2 supersymmetry. In 3d N/ = 2 case, the gauge coupling g5 can be extended to real
vector multiplets after some redefinition of chiral fields. This is because the field strength
Tr WYW,, can be written as —2Tr WeW,, = D?(Tr X?) for the gauge invariant operator
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Tr Y2, where ¥ = iDO‘ (eZivDae_QiV) is gauge covariant in 3d N = 2 supersymmetry.
Then the kinetic term for the gauge field can be written as an integral [ d?0d%6?, and
hence gg 2 can be extended into a background real vector field. Therefore, holomorphic
quantities do not receive quantum corrections of gs. The twisted 5d SYM has another
parameter L which is the length scale of the Riemann surface C'. Because of the relation
A= §R of the previous subsection, the only quantity which could potentially appear is
the combination R/L o gz 2/L. Since there is no correction due to g5, L cannot also appear.
Thus we can take a limit L — oo and g2 o« R — 0 to compute field theory holomorphic
quantities. In this limit, the twisted 5d SYM can be treated classically. However, note
that we have to treat the T,[G] theories at punctures quantum mechanically. For example,
the Coulomb branch SU(N)c symmetry of the T[SU(N)] theory appears only quantum
mechanically at the low energy fixed point of (3.1).

A possible loophole of the above argument is the following. Below the compactification
scale of C, we get a 3d theory. If the gauge group G is broken to U(1)’s and there are no
massless charged fields, the 3d theory remains weakly coupled in the IR. However, if some
non-Abelian groups remain and/or there are massless charged fields, the theory becomes
strongly coupled in the far IR by renormalization group flows in the low energy 3d theory.

3d mirrors. Actually, it is interesting to study more explicitly the case that the gauge
group is unbroken at the length scale of C'. Suppose that the vevs of the fields ®1, $o, As
and V are negligible at the compactification scale of C', and the gauge group G is unbroken
at this scale. Then the correct physical procedure is to do Kaluza-Klein reduction of fields,

(2,0, 2) ZA LM (), (4.11)
i(x,0,2) Z@”)xe n)( ) (4.12)

V(z,0,z) Zv(” (z, )\ (), (4.13)

where 1(z)’s are wave functions on C, and 6 is the superspace coordinate.

For simplicity, we only consider the case F' = L1 ® La. We denote holomorphic sections
of L; and K as sgn)(z) and s%)(z). Then, by taking only zero modes in the above Kaluza-
Klein decomposition, we get

9 *
As(z,0,z) — ZA;n)(x,Q) (sg?)) (2), (4.14)
n=1
9i
y(z,0,2) = Y 0 (@, 0)s" (2), (4.15)
n=1
V(z,0,z) = V(x,0), (4.16)

where g; = dim H°(C, L;) and g = dim H°(C, K). Therefore, we get a 3d theory composed
(n) (n)
> and ®;7,

z

of the gauge multiplet V' of the gauge group G, adjoint chiral multiplets A
and T,[G] theories. Here we have assumed that the gauge symmetry of Az on C' is fixed
in an appropriate way so that Az can be treated just as matter field.
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For example, let us consider the 3d AN/ = 4 case in which L; is the trivial bundle and
Ly = K. Then, the theory is an 3d N = 4 theory with ¢ hypermultiplets (Aé"), @gn))
(n =1,---,g) and the vector multiplet (V,®) coupled to T,[G] theories. Note that the
couplings between 7,[G] and (V, ®1) at a puncture z = z, become just standard couplings
of matters and vector multiplets of 3d A/ = 4 theory after the dimensional reduction.

The above 3d theory has been obtained in the chain of dimensional reduction

(2,0) theory on RM x St x C
— 5d SYM on R"? x C
— 3d theory on RY2.

On the other hand, we can also consider a 3d theory obtained as

(2,0) theory on RM x St x C
— 4d theory on RY? x §1
— 3d theory on R

Assuming that the above two processes lead to the same IR fixed point, we get 3d mirror
symmetry between the above two theories. Actually, the theory with (V, ®1), (A(;), @gn))
(n=1,---,g) and T,[G] was really obtained as the 3d mirror of the low energy limit of 4d
theory on S' [44] by using a different (but related) method. Our method may also give a
large class of 3d A/ = 2 mirrors. Obviously it would be interesting to investigate it further,
which we leave for future work.

Comment on (2,0) theory and 5d SYM. Before closing this section, let us comment
on the relation between the N = (2,0) theories and 5d SYM. Throughout this paper
we are assuming the existence of the N' = (2,0) theories and discussing its implications
on 4d field theories. However, we are only using 5bd SYM on C by forgetting about the
compactified S' direction. Then, very naively, the moduli space of solutions of twisted 5d
SYM might seem to correspond to the moduli space of a genuine 3d theory and not 4d
theory on S!, since we are forgetting the existence of S*. However, it is not the case. There
is a crucial difference between a genuine 3d theory and a 4d theory compactified on S*.
In a genuine 3d theory, a scalar field in a vector multiplet is just a scalar and there is no
periodicity. However, in a 4d theory on S, this scalar comes from the component of gauge
field in the S! direction and it has a periodicity due to gauge symmetry. Moduli spaces
of Hitchin systems, which are derived from twisted 5d SYM, reproduce this periodicity.
This is because a generic fiber 771(p) of the moduli spaces of Hitchin systems discussed in
subsection 2.3.1 is a complex torus, and the fact that it is a torus is closely related to the
periodicity (4.7) which comes from gauge symmetries. Therefore, in a sense, the 5d SYM
“remember” the existence of the S direction of the V"= (2,0) theories. This is consistent
with the proposal [17, 18] that all the degrees of freedom of the N' = (2,0) theories on S*
are contained in 5d SYM.
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5 Higgs branch of N/ = 2 theories

In this section, we apply twisted 5d SYM to Higgs branches of 4d N = 2 theories. We
do not aim to determine the complete structure of Higgs branches. Rather than that, our
main purpose is to understand the role of the adjoint scalar ¢ in the vector multiplet V
of twisted 5d SYM. As we will see explicitly in section 6, twisted 5d SYM becomes most
powerful when o is forced to be zero by the vevs of other fields, but A/ = 2 Higgs branches
allow nonzero vevs o and we can get some insight about them by studying N' = 2 Higgs
branches. However, we will reproduce the moduli spaces on generic points of the Higgs
branches. We will also see that our formalism can be used to derive chiral ring relations
involving holomorphic moment maps for arbitrary gauge groups G = A, D, E.

5.1 Field theory

In this subsection we only consider the case G = SU(NN). Theories we are going to study
are the generalized quiver gauge theories introduced in [5] which can be constructed by
copies of the Ty theory. (This T theory is different from the T'[SU(N)] theory discussed
in section 3.) The results in this subsection are obtained in [55] (see also [48, 96]) and we
review them for completeness.

Let us first recall a few properties of the T theory. It has flavor SU(N)4 x SU(N)p x
SU(N )¢ symmetries. There are Higgs branch chiral operators p4, up and pe in the adjoint
representations of the flavor groups SU(N)4, SU(N)p and SU(N )¢ respectively. They are
the holomorphic moment maps of the respective flavor groups. The T theory also has
chiral operators Q*A*8%C and Q; aigic Which are trifundamental and anti-trifundamental
representations of SU(N)4 x SU(N)p x SU(N)¢ respectively [59].13 Here iy, ip and ic
are flavor indices.

In the case N = 2, the 75 theory is just eight free chiral multiplets Q?4?2%C in the
trifundamental representation of SU(2)4 x SU(2)p x SU(2)¢. In this case, Qi izin X
€injaCininCicic@ AP0, (1a)'], o QUABCQj i, and so on.

Chiral ring relations. There are many chiral ring relations of the operators [47, 55, 97].
First, let us define the characteristic polynomials of matrices pua g .c as

Px(z) = det(z — px) (X =A,B,C). (5.1)
Then the chiral ring relations we will use are given as [55]
Ps(z) = Pp(x) = Po(x) = P(x), (5.2)
(1a)'4, QA = (up)'? QUIBIC = (ug)'T QP
(1a)'}, Qisisic = (1B)F, Qiajsic = (C), Qixisic: (5-3)
@ Qye) = [(P2Z2D) o mpaor y=10mm] L 6a)
Yy JjAjB

%QiA,liBJiCJ o QiA’NiB’NiC’N6iB,1~~~iB,N€ic,1~~iC,N _ (M%)(;};i o (M%_l)i?:?’]\)jej“"lmj“’]v,
(5.5)
"*There are more general operators Qi) (k =2, ,N —1) in the Ty theory [55], but we will not discuss

them. We believe that their existence does not affect the conclusions in this subsection.
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where % is the k-th power of the matrix pyx. The meaning of (5.4) is that we first
compute a polynomial of z and y given as (P(z) — P(y))/(x — y) and then substitute
matrices © = pg ® 1 and y = 1 ® up and evaluate components (i4ipjajp). The last
equation (5.5) is not explicitly written in [55], but can be derived from more fundamental
chiral ring relations written there.

Higgs branch of the T theory. Let us use the above chiral ring relations to study
the Higgs branch of the Ty theory. First, (5.2) tells us that the eigenvalues of 4, pp and
pe are the same. Assuming that the eigenvalues are generic, we have

UX/JLXU);l :dla‘g()\h 7AN) =A (X:A,B,C), (56)
where Uy € SL(N)x and 330 | A\p = 0.
We define
QiAiBic _ (UA)Z'?A(UB)iJBB(UC)i?CQjAijC’ (5.7)
Qisigic = (UL (Us")'E (UGS, Qiajsic: (5.8)

Using (5.3), we can see that the only nonzero components of Qiaisic and Q; Aigic are given
by is =ip =ic,

QM = ¢, Qrkk = Qi (5.9)

and other components are zero.
Using (5.4), we get

¢ qe = [JOw = A0, (5.10)
4k

where there is no sum or product over k. Thus, all the g are fixed in terms of ¢* and \,.
Furthermore, (5.5) gives us

N
[I= I Ge=x) (5.11)
k=1

1<k<t<N

Therefore, there are only N — 1 independent moduli parameters in ¢* (k =1,---, N). The
Higgs branch of the Ty theory is spanned by Ax, ¢*, and Ux (X = A, B,C).

Higgs branch of generalized quiver. Now we study Higgs branches of generalized
quiver gauge theories as in figure 2. We take copies of the Tl theory glued by NV = 2
vector multiplets. Each vector multiplet is coupled to two copies of the T theory.

Each trivalent vertex represents a copy of the T\ theory, T](VV). Each internal line with
a circle inserted represents an N = 2 vector multiplet, (V( 1) P I)), with the gauge group

SU(N)(r)- Each external line connected to a box represents a flavor group SU(N)(g).

The holomorphic moment maps of T](VV) are denoted as fi(y,r) or p(y,g) depending on
the group SU(N)(py or SU(N)(g) of which they are adjoint representations. Similarly, we

denote () operators of the TJ(VV) theory as e.g., Ql&i;'iE if the T](VV) is connected to SU(N)y,
SU(N);» and SU(N)g.
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Figure 2. Generalized quiver gauge theory. Trivalent vertices are copies of the Ty theory, circles
are N' = 2 SU(N) vector multiplets, and boxes are flavor SU(N) symmetries. In this example,
there is g = 1 loop, and there are n = 8 flavor groups. The g and n correspond to the genus of the
Riemann surface and the number of punctures, respectively, in the corresponding twisted 5d SYM.

Two copies of the Ty theory, say T](VV) and T ](\,V,), are glued as follows. Take a flavor
symmetry SU(N), ) of T](VV) and SU(N) ) of T](VV/). Then, we gauge the diagonal

subgroup SU(N )y € SU(N) v,y x SU(N) v~ 1y given as
SUN )1 3 9> (9,75™") € SUN)wapy x SUN) ) (512

where the superscript ¢ means transpose. Corresponding to this gauging, the superpotential
for the adjoint chiral multiplet ¢(;) is given as

W D \/itl“gf)([) (.U(V,I) —t/,L(V/J)). (5.13)

The minus sign and the transpose in the second term is the result of the above embedding
of SU(N )( I-

Let us study the Higgs branch of the theory. Equations of motion of ¢ 1) give ) =
tu(‘m 7). This equation says in particular that the eigenvalues of iy, ) and tu(‘m 1) are the
same. Combined with the result (5.6) for a single copy of the T theory, we get

U(V,I)M(V,I)U(_VT[) = U(V,E)N(V,E)U(_VTE) = diag(A1,- -, An) = A, (5.14)

for all I and E. Then, as in (5.9), we get
Ql(g‘l;’){ - q?\/)v (Q(V)>kkk = (q(v))k- (5.15)

The (q(v))x are determined as in (5.10) and qf;v) satisfy the relation (5.11).
The vevs of 1i’s break each SU(N)(j) gauge symmetry to the Cartan U(l)é\;)_1 subgroup.

The vevs of qé“v) further break these U(1) gauge symmetries. Suppose that the vertex T' ](VV)
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is connected to SU(N)py, SU(N)(s) and SU(N) ) gauge groups. Then, the vev of ¢y
imposes that massless vector multiplets satisfy

(=1 OV + ()M + ()M = 0 (5.16)

where h(V, 1) = 0 if SU(N)() is embedded in SU(N) 1) as g = g, and h(V,I) = 1 if it is
embedded as g — ‘g™, There are similar constraints if some of the SU(N) ), SU(N)(,)
and SU(N) g are flavor groups. From these constraints, one can see that there is unbroken
U(1)V~1 gauge group for each loop of the generalized quiver diagram. Denoting the number
of loops as g, we get (N —1)g massless U(1) vector fields. Therefore, gauge symmetry cannot
be completely Higgsed for g > 0 and it is actually a mixed Higgs-Coulomb branch.

Each qé“v) is not gauge invariant. We can construct gauge invariant operators as

Qfot = Hq/(kv)a (5.17)
1%

where the product is over all the vertices. We also need to divide the space by an appro-
priate Weyl group.

Let us summarize what we have found.

1. There is a set of eigenvalues A = diag(A1,--- ,An) (D , Ak = 0) which is a part of
the moduli fields. The holomorphic moment map of the flavor symmetry SU(N )y, g
is in the orbid

E _
nve € 08 = {U5 s v | - (5.18)
These orbits for flavor symmetries SU(IV)y,g) also contribute to the moduli space.

2. There are N gauge invariant operators qfot (k=1,---,N), up to Weyl group actions.
They satisfy one constraint,

Ny

N
[Ta=1 II =] (5.19)
k=1

1<k<t<N

where Ny is the number of vertices. Therefore, N — 1 of them are independent and
contributes to the dimension of the moduli space.

3. There are (N — 1)g massless U(1) vector multiplets.

5.2 Twisted 5d SYM

We study the same system using the twisted 5d SYM. We take a genus g Riemann surface
with maximal punctures labelled by E, corresponding to the flavor symmetries SU(NV) gy
in the field theory. At each puncture there is a copy of the T'[G] theory, which will be
denoted as T[G](g).
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In the twisted 5d SYM, @, is a section of ad(E) and ® is a section of K ® ad(F). In
this case, the following set of equations hold;

0= F.z — [P, B2], (5.20)
0= Dz®2,, (5.21)
0= D;o = D:®, = Dz, (5.22)
0 = [0, Bo] = [Py, Po] = [Py, P2], (5.23)
0= [o,®1] = [@1,P1], (5.24)

and complex conjugates of some of them. At the points where there are punctures, delta
function source terms as in section 3 need to be included, but we do not write them
explicitly. These equations can be derived from the equations (2.56)—(2.60) as follows. We
consider the trace of the square of (2.56),

0= Vg Tr (7 F.z — g7 [®9, B3] — [B1,®1])° (5.25)
VT (Fer — [02,82]) 4 VA Tr ([0, 81])7 — 2T (P — [0, 85]) [0, 1]).

By a little computation, we get

Tr (F.z [@1,®1]) = Tr (91 ([D2, Dz] @1)) , (5.26)
Tr ([®@2, P2] [®1, P1]) = Tr ([@1, P2] [2, P1]) + Tt ([@1, o] [1, P2]) - (5.27)

Then, by using Dz®; = 0 and [®1, P2] = 0, we obtain

0:/|d2z\\/ngr(Fzg— [q>2,<1>2])2+/|d22|¢§ﬂ([<1>1,q>1])2
—2/|d2z|Tr (Dz®1D.®4) +2/\d2zyTr([<1>1,ci>2] (@2, ®4]), (5.28)

where the integral is performed excluding infinitesimally small regions around punctures.
In using integration by parts, we have used the fact that ®; is not singular at punctures.
Recalling that our definition is such that ® = —®T, we can see that each term in (5.28) is
non-negative. Therefore, (5.28) can be zero if and only if (5.20)-(5.24) are satisfied. This
result is expected since there is an SU(2) R-symmetry which rotates v/2Re ®, v/2Im &
and o as a triplet.

Let us study the moduli space of solutions of (5.20)—(5.24). For the moment we restrict
our attention to G = SU(N), although it is straightforward to extend the results to general
gauge groups. Because of the commutation relations (5.24), we can simultaneously diago-
nalize ®; and o by a gauge transformation. Furthermore, (5.22) says that the eigenvalues
are constant. Let us set

V2

A= dia'g()\la‘ T 7)\N) = M(ﬁl

(5.29)

We assume that )\, are generic.
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At each puncture, there is an operator ,ugd) = <Mg’d))(E) /2w R which is the holo-
morphic moment map of the flavor SU(N) gy symmetry of T[SU(N)]g) as explained in
section 3. As shown in (3.23), for generic A we have

(4d) _ 17-1
/L(E) = U(E))\U(E), (5.30)

for Ugy € SL(N)(g). This is exactly the structure (5.18) obtained in the field theory.

Next, let us consider (Az, ®3). The equations (5.22) and (5.23) impose that (Az, ®2) be
in the Cartan subalgebra when ®; is generic. The unbroken gauge group is U(1)V 1. In this
case, (5.20) requires F,z = 0, so Az is a flat connection. Equivalently, we may forget (5.20)
and divide the space of Az by the complexified gauge group. This complexified group can
be used to set Az = 0, and hence the connections define N — 1 holomorphic line bundles.
Therefore the moduli space of Az divided by the gauge group is given by the moduli space
of these holomorphic line bundles.

For simplicity, let us pretend as if the gauge group is U(N) instead of SU(N), and it
is broken to U(1)". The moduli space of each U(1) line bundle is given by the Jacobian
variety of C, which we denote as J(C). The J(C) is the space of Wilson loops exp(— fv A)
for flat U(1) connections A satisfying F.,z = 0, where 7 is one of the 2g cycles in C. Thus
J(C) is a torus with real dimension 2¢ or complex dimension ¢.'* Now, the moduli space
of the U(1)V connections A; is given by J(C)N = J(C) x --- x J(C). Let the curve
Y =C+---+C be N copies of disconnected C’s. Then J(X) = J(C)¥, i.e., the moduli
space of Az is given by the Jacobian variety of the curve 3. The traceless condition in the
SU(N) requires that the actual moduli space is the (N — 1)g dimensional subspace of the
N g dimensional space J(X). This space is identified with the moduli space of the (N —1)g
massless vector fields found in the field theory, after dualizing them to complex scalars as
explained in subsection 4.1.

The @ is expanded as ®5 = Zg:_ll ®, . Hy,, where Hj, are generators of the Cartan
subalgebra. Each ®5 is invariant under U(1)V~!, and they are holomorphic sections of
the canonical bundle K. Since dim H°(C, K) = g, there are (N — 1)g moduli parameters
in ®5. These are the 4d N' = 2 superpartners of the massless vector fields discussed above.

The remaining field in the twisted 5d SYM is the vector multiplet V', which contains
the o and 3d vector field A, (u = 0,1,2). The zero modes of these fields do not depend
on z, and we consider them as 3d fields. They are also diagonal,

g = diag(al, cee ,O'N), AM = diag((Al)M, Tty (AN)M) (531)

"The J(C) for a Riemann surface C' as a complex manifold is explicitly given as follows. Let oy and
BT (I =1,---,g) be the usual real basis of closed one forms H'(C,Z) on C, satisfying e.g., fc ar A BT =
57, Joar Aoy = fCBI A B7 = 0. Then a holomorphic basis \; € H"°(C), d:A\; = 0, is given as
A = a5 + 7537 for some 775 which is a symmetric matrix 777 = 77, with Im 77 positive definite. A
flat U(1) connection is parametrized as A = 23 (aIOq - bIﬂI) for parameters a’ and b; with periodicity
al’ =2 a’ +1, by = by + 1 coming from large gauge transformations. The anti-holomorphic part of A is
given as Azdz = (bI + T[J(IJ) (W(Im T)_I’JK;\K). Therefore, we can take complex coordinates of J(C) as

1 = by + 1770”7 which have the periodicity p; 2 o5 +mg + 77yn? for mr,n’ € Z.
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For simplicity, let us again pretend as if the gauge group is U(V) and there are no traceless
conditions on o, and (Ay),. Taking the dual of (Aj),, we get real scalars p;, with the
period pi = pr + 1. They are combined with o to form chiral fields as
2iA iA  (6d)

‘Pk:Pk‘nggUk:Pk‘f‘ﬁUk (5.32)
where A = [ \/ﬁ\sz] is the area of the Riemann surface C, g2 = 872R is the 5d gauge
coupling, and ¢(°9) = R=1o. The traceless condition in SU(N) is imposed as Zivzl o =0.

Because of the periodicity pr = pr + 1, we may define

§" = exp(2mipy). (5.33)

Then, the traceless condition is translated into

N
[[&=1 (5.34)
k=1

This constraint looks similar to the constraint (5.19) found in the field theory. Therefore,
we may roughly identify

q" ~ G- (5.35)

Ny

Probably the relation between them may be something like ¢, = ¢*[], 26— A2
We leave it for future work to determine the precise relation. At least the dimension of the
moduli space matches between the field theory and the twisted 5d SYM. Our conclusion
is that the vector multiplet V' > (o, A,) contains the information about the moduli fields
contained in the operators Q%% of the T theory.

General gauge groups. The moduli space of the twisted 5d SYM for a general group G
can be studied in the same way as is done above. The result should have implications for
the corresponding field theory, which have not yet been fully investigated in the literature.
Here we simply note a simple consequence of our result. As discussed in subsection 3.5, the
equation (5.30) is valid for generic A, and hence we get the following chiral ring relation.
Let E and E’ be two punctures on the Riemann surface. The holomorphic moment maps

u&fl)) and ugg)) of the flavor groups G(VE) and GE/E') at the punctures satisfy the chiral
ring relation
4d 4d
p(u)) = v (nis) (5.36)

where p is any invariant polynomial of the Lie algebra of G.

6 Examples of N/ = 1 theories

Having done enough preparations, we can finally discuss dynamics of A/ = 1 field theories.
We only discuss the case G = SU(N). Most of the examples in this section has been
discussed in [45]. Our new tools developed in this paper make it possible to compare field
theories and generalized Hitchin systems in great detail. Although spectral curves are
determined in [45], we give self-contained derivations of the curves for completeness and
also because we want to explain a new method to determine spectral curves in this section
and in appendix B.
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6.1 Preliminary

In this section, we use the normalization of fields discussed in subsection 3.4. However, we
write ®; of that section simply as ®; in this section.

Irregular singularity. Although we have been focusing on regular singularities at punc-
tures, we will also use irregular singularities which are locally the same as the N = 2
singularities obtained from M-theory uplift of type IIA brane configurations. In a gauge
where Az = 0 and ®; are diagonal, the singularities we use are given by

NfZO : (I)—>(Z_ZC)1+1/]Vdiag<1wa7-.-’W%_l>, (61)
P
. ¢ : N—N;—1
Ny <N : &— EEEE e diag (o,--- 0, LNy ] )
1
+ W diag(m1,--- ,mn,;,m, - ,m) — (trace part), (6.2)
— Zp
1 .
Nf =N : o~ Wdlag(ml, cee ,m]\/'>, (63)
P

where ij:fl my+(N—Ny)m = 0 and wy, = exp(2mi/k). The Ny corresponds roughly to the
“number of flavors” at the puncture. See also appendix A for field theory interpretation.
The Ny = N case is just the regular singularity we have discussed in subsection 3.4.
Another, probably more familiar, way of writing the singularities is

N
Ny =0 : det(z — @) — 2 — (zgz)N*l + (less singular), (6.4)
~ A
N-N Ny
: N ¢ my :
Ny <N-—-1: det(x —®) =z — W (x_z—zp> + (less singular), (6.5)
k=1
N
Ny=N : det(z — @) — H z— k) (less singular). (6.6)
k=1 =T

The case Ny = N — 1 is obtained by shifting = in (6.5) so that the coefficient of the
V=1 term vanishes. These singularities can be obtained directly from the type IIA brane
construction as in [1, 5, 8].

In the equations (6.1) and (6.2), ® is not single-valued. This is an artifact of taking
A; = 0 and making ® to be diagonal. They can be made single-valued by an appropri-
ate change of basis of the bundle ad(E) [8]. After the change of the basis, some of the
fields become non-diagonal and the gauge symmetry is broken down to a subgroup at the
puncture. For Ny < N, the gauge symmetry is reduced to U(/Ny) for massless case and
U(1)"7s for generic masses at the puncture. As discussed in subsection 2.3.2, ¢ must be
in the Cartan subalgebra of unbroken gauge group. Therefore, in the presence of irregular
singularities, o is only allowed to be in the Cartan subalgebra of U(Ny). For example, if
there is an irregular singularity of the Ny = 0 type, o must be set to zero. This is only
a local constraint at the punctures, and o is also constrained by the global structure of a
solution for ®.
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The behaviors at irregular singularities constrain not only o, but also ®;. Suppose
that ®, has the Ny = 0 type irregular singularity. Then, the condition [®q,®2] = 0 gives
a constraint ®; — 0;

¢

If CI)Q —
(z — 2p)

TN diag (1,wN, e ,w%_l) , then ®; — 0 and vice versa. (6.7)
This fact can be seen e.g., by noting that Tr[®§®;] must be a single-valued function of z.
See appendix B for more details.

The phase of ¢ is not single valued and only its power (N7 is well-defined. Therefore,
if ¢ appears without the power N — Ny in a solution, that means there are discrete vacua
labelled by the phase of (.

In the case of irregular singularities, we have not studied how to identify holomorphic
moment maps or meson operators. Suppose that ®; has a singularity of the type (6.2).
There is a U(Ny) flavor symmetry associated to the puncture and we have the corresponding
moment map 4 which is an Ny x Ny matrix. If it is constructed from quarks ¢; and q, it
is given as p’ ;=M ij = (jiqj, i.e., it is just a meson matrix. We propose, but do not prove,
that this operator is identified as

o, ~ (u — H(trp)iy, 0 ) | 63)

0 —x(trp)In-n,

where ~ means that the characteristic polynomials of both sides agree. This proposal
would be a straightforward generalization of the regular case (3.38) if the trace of p were
zero. The above form of the trace part which is proportional to tr 4 may be motivated by
the fact that the superpotential formula (3.35) gives

d
7{ 2—; tr(®1P) = tr(mp) + - -, (6.9)
where m = diag(my,--- ,me) is the mass matrix, and the ellipsis represents possible

terms coming from subleading terms in the singularities which depend on explicit solu-
tions of generalized Hitchin’s equations. The term tr(mu) looks precisely as the tree level
mass term.

Singularities and redefinition of ®. Let us perform a slight redefinition of ®; which
is not essential but makes the analysis of spectral curves a little bit simpler. First, the
following mathematical fact is known. For a given set of points {zp}scp on a Riemann
surface, there exists a holomorphic line bundle which we denote as Lp with the following
property. Up to normalization, Lz has a unique holomorphic section s; which has simple
zeros at {zppep and has no other zeros.'® The degree of the bundle Lp is the same as the
number of points in {z}pecp, which we denote as n;.
More explicitly, in the case of a Riemann sphere C'= C U {0}, sp is given as

51 = H(z — 2p), (6.10)

beB

15Tf some of the points coincide, e.g., z1 = zp = - - - = 2, the section s has a zero of degree k there.
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where z is the coordinate of C = C' — {oo}. Since s is a section of the line bundle Lp with
degree deg Lg = nq, the behavior near z — oo is described as

($1)o0 =2 Ms1 — 1 (z — 00). (6.11)

Thus sp as a section goes to a nonzero finite constant at z — oo. If one of the points in
{zb}bep is at zo0 = 00, the product is taken as s1 = [ [, p_1o0) (2 = 26). Then, near z — oo,
the section behaves as ($1)00 — 1/2.

Now suppose that the singularities of ®; are at {z;}pcp. Then, we define

D) = 5,®. (6.12)

The new adjoint field ®) takes values in the line bundle
I, =L, Lg. (6.13)

The degree of the bundle L] is

deg L) = deg L1 +n1 = p, (6.14)
where p is defined in appendix A as the number of copies of the T theory of “+ type” [51,
53]. (In the notation of appendix A, we have ny = n4 and no = n_.) Furthermore, because

s1 has simple zeros at {z}1cp, the behavior of ®; near the punctures is , e.g., for the Ny
type puncture,

/ ¢ : N—N;—1
e (2 — z) Y/ V=Ny) diag (0’ O Lonong, e ey )
+ diag(ma, -+ ,mn,,m,--- ,m) — (trace part). (6.15)

Similarly, let {2, }qeca be the positions of the singularities of ®3, L4 be the line bundle
associated to {z, }aca, s2 be the section of L4 which has zeros at {z,}aeca, and @, = s9®s.
Now @, takes values in the line bundle L, = Ly ® L4 which has the degree det L, =
deg Ly + ny = ¢, where ¢ is defined in the appendix A as the number of copies of the Ty
theory of “— type”. The @/ has similar behavior as (6.15) at the punctures.

6.2 SQCD

We will consider supersymmetric QCD (SQCD) realized as a Riemann sphere with two
punctures at z = 0 and z = co. The ®; will have a singularity at z = oo, and ®9 will have
a singularity at z = 0. The degrees of the line bundles L] = L1 ® Lp and L, = Ly ® L4
are both zero, deg L} = deg L, = 0, or in other words deg L1 = deg Ly = —1 [15, 45]. This
fact can be seen by considering RG flows from the theories discusses in appendix A, or
from the type ITA brane construction [2, 3]. See [87] for a review of exact results of SQCD
including precise numerical coeflicients.
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6.2.1 Massive SQCD with Ny < N flavors

Let us consider an SU(N) SQCD with Ny flavors of quarks ¢; and ¢* (i = 1,--- , Ny) in the
fundamental and anti-fundamental representations of the gauge group, respectively. We
assume Ny < N — 1 for simplicity, although the Ny = N — 1 case is very similar.

The mass term is given as trmM, where M ij = cjiqj are mesons and the trace is over
flavor indices. The effective superpotential including the Affleck-Dine-Seiberg superpoten-
tial [98] is given as

1
A3N—Nf N—N
> " (6.16)

where AN~V is the dynamical scale (or more precisely the one instanton factor). Inte-
grating out the mesons, we get the vevs of M and W as

1
M = (A*N"Nrdetm) N m™!, (6.17)
1
W =N (A*N"Nrdetm) ¥ . (6.18)

Our purpose is to reproduce these results from the twisted 5d SYM.
The ®; has a singularity of the type (6.5) at z = oo, and ®9 has a singularity of the
type (6.4) at z = 0. The singularities suggest that

det (2} — @}) = 2" — NNy H —my) + Zukx’N k) (6.19)

N
det (2 — ®b) = 2§y — 2 A > upa (6.20)
k=2

where we have used the definition (6.12). However, since @9 has the singularity (6.4) and
there is a constraint (6.7), the moduli parameters uy in ®; must be set to zero. Therefore,
the spectral curve is

0 = det (2 — ®}) = T NNy H (6.21)
Next, let us determine ®4. A detailed derivation is given in appendix B, and here we
only give a heuristic argument. From (6.21), we can see that ®) behaves at z — 0 as
1
Ny N
— 1
& - [ (NN [ | =W diag (l,wN, Wl 1) , (6.22)
k=1

up to complexified gauge transformations. Then, the singular behavior of @} at z = 0 is
reproduced if we set

o~ (A Y (@) (6.23)
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where we have defined

Ny
N—N
A = (NG e (6.24)
k=1

An important point of the ansatz (6.23) is that the commuting condition [®], ®5] = 0 is
automatic. One can also check that @, given by (6.23) is finite other than at the puncture
z = 0. However, we must impose the traceless condition Tr ®, = 0. By using the equation
det((z})~! — (®))7Y) = (—2}) N (det @})~ ! det(z} — @), one can see from (6.21) that the
traceless condition is achieved by

Iy oL 1
~1 N
k=1 F
In the spectral curve, the pair (z,z)) is given by pairs of eigenvalues of (¥}, ®)), so we
get the curve

; Ny
Ly

hahy = A3g [ 1 - N m! | . (6.26)

k=1

See appendix B for more rigorous derivation of (6.26).
Let us calculate the meson vev using the above results. We can see that ®, at z — oo

is given as

Ny

Y — A3 d1ag<m11,---,m]_\,jc,O,-n,O)—l]\]/\f];m,;l . (6.27)
Comparing this result with the proposal (6.8), we obtain
M ~ A3 diag (ml_l, - mN}) (6.28)
This result agrees with the field theory result if we identify
(1N TV G = AN (6.29)

The vev (6.28) is determined up to conjugation, but we expect the result is exactly given
by M = Agﬁm_l.

The superpotential vev can be calculated easily. First, we note that ®} = ®; and ¢/, =
2®P5. Then we get ®1Py — Ag’ﬁlN/z at z — 0. The superpotential formula (3.39) gives

W= ]{ 2—Tr D1Py) = NAS;. (6.30)
~0

This is in perfect agreement with the field theory result with the identification (6.29).
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6.2.2 Massless SQCD with Ny = N = N; + N; flavors

Here we consider theories with the total flavor number Ny = N. We assume that ®; has
a singularity of the type (6.2) with Ny — Ny at z = oo and ®, has a singularity of the
type (6.2) with Ny — Ny at 2 = 0. We assume Ny = N = Ny + Ny and Ny, Ny > 1.

Note that theories with different pairs (N7, Na) are really different theories. There are
quarks ¢;,¢* (i = 1,---, N7) which are in the (anti-)fundamental representations of the fla-
vor group U(Ny), and there are also quarks pg, ° (¢ = 1,--- , Ny) in the (anti-)fundamental
representations of the flavor group U(Ny). We define mesons as

M = <§Z> (¢j,pm) = <(Z\I~%)3’ (AZ@)%) . (6.31)

As reviewed in appendix A, there is a quartic superpotential,

0 52
W=c (q?cﬂg - A‘?Q?%) <pfpf; - Npepy)
-1
=c (tr (LL) — N(tr My)(tr M2)> : (6.32)

where o, 8 = 1,--- , N are gauge indices. This quartic superpotential explicitly depends
on Nj and N, and hence theories with different values of (N1, N3) are different theories
even if their sum Ny + No = N is the same.

SU(2) theory. Consider the SU(2) theory with Ny = Ny = 1. The superpotential,
including the deformed moduli constraint [99], is given as

. -1
W=X <M1M2 — LL-BB- A4> te (LL - 2M1M2> , (6.33)

where B and B are baryons and anti-baryons, respectively. There are three branches.

(1) : X =¢/2, MMy =A* L=L=B=B=0. (6.34)
(2) : X =¢, LL=-A'" M, =My,=B=DB=0. (6.35)
(3) : X =0, BB=-A'" M =M,=L=0L. (6.36)

We would like to recover these branches from the twisted 5d SYM.
Let us first determine the spectral curve. For SU(2), the curve (2.64) is

1 1
2=z T P’ T2 = 3 Tr R = 5 Tr P D). (6.37)
The singularities of ®} and ¥, give

1 2
Clz + ug, T2 = 1o + ug, zizh = h(z). (6.38)
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Then, we have to impose that h(z)? = 2227 is a square of some holomorphic function

h(z). There are three possibilities;

1 Ciy/u2 G
) 5w = @G = (242, (6.39)
1
(2) : up =u2 =0, rhah = -l-ZClC% (6.40)
1
(3) DU = U = 0, :z:’la;'2 = —ZC1C2. (6.41)

In the first equation, possible =+ signs in the equation for 2 a5, are absorbed in the definition
of the moduli field /uz. However, in the second and third equations, there are no moduli
fields to absorb the + signs and we have to distinguish the different signs.

The identification (6.8) suggests that we identify mesons as M = 4u; and M3 = 4us.
Then, (6.39) gives M? M3 = (?¢2. The sign of M; M; can be fixed by the equation of o} z}.
We should get z)z}, = —M1(2/(4z) as z — 0, and 2ja, - —M>s(12/4 as z — oco. Then
we identify M; = —(1(2/ (2\/172) and My = —2,/uz. We finally get M;Ms = (1¢2. This
reproduces the field theory result (6.34) by identifying ¢;1¢o = A%

In the other two branches (6.40) and (6.41), we have M; = —2,/u; = 0 and My =
—2,/uz = 0. Therefore these branches should correspond to the branches (6.35) and (6.36).
Where is the moduli field contained in L, L or B, B? In these cases, we can explicitly write
down @] and @), as

s L[ —=Cz 0 , 1 [ =Gz 0
oot 0 ) wet(9E ) e

. /71 —C1z 0 /71 +C2/Z 0
ot () w2 (90w

As is clear from these solutions, there is an unbroken U(1) symmetry in each case. Then,

og O
o — < . —ag) 7 (6.44)

for constant op. This og is combined with the dual photon of unbroken U(1) to give a
single chiral field as explained in section 5. In the field theory result (6.35) and (6.36),
there is one modulus field in each case, parametrized by L/ Lor B / B respectively. This
one modulus should be identified with the chiral field containing 0. Indeed, L, L and B, B
are operators which are not associated to punctures, but are kind of “baryon” operators

N |

we can turn on o as

similar to Q*4"5%Q; i a, Where the Q’s are the Tly theory operators discussed in section 5.
As discussed there, they are interpreted as coming from the o. In the present case, we have
to replace Q'A'BY — (qio‘,(jia), Qicipa — (pg,ﬁga) and QABYQ; ipa — (B,B,L,I:). We
conclude that, at least qualitatively, the field theory and the twisted 5d SYM match.

The o is forced to be zero in the case of the branch (6.39), and we can recover the
deformed moduli space structure M;Ms; = A*. On the other hand, if o is nonzero, we
have not yet succeeded in determining the precise relation LL = —A* or BB = —A* from
the twisted 5d SYM. We leave it for future work to study the precise relations between
L,L,B, B and 0. However, we stress that there is no mismatch between the field theory
and the twisted 5d SYM.
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SU(N) theory. Now let us see the SU(NN) theory with Ny = N = N;+N,. For simplicity
we assume N, No > 1.
The low energy effective superpotential is given as

W =X (det M- BB - A2N> te (tr (LL) - %(tr M) (tr M2)> . (6.45)

We can see that there is a baryonic branch where BB # 0 and we focus on this branch. In
this branch, the equations of motion of baryons give X = 0. Then, L, L, tr M; and tr Mo
are massive and set to zero by equations of motion. Therefore the remaining moduli fields
are pu; = My — N% tr My, po = MQ—NL2 tr Mo, B and B with the constraint (det 1) (det pa)—
BB = A%V,

In the twisted 5d SYM, the structure of the singularities allows the following form of
solutions,

q)ll = ¢/171 0 , (I)IQ = Q)Iz’l O 5 g — JOlNl /Nl 0 5 (646)
0 (I)/LQ 0 (I)/272 0 —0’01N2/N2

where @, and ®,; are N x N; matrices, ®}, and ®5, are Ny x N2 matrices, and
Trd); + Trd), = Trdy, + Trdh, = 0. This is the most general form consistent with
nonzero o. The singularities of these fields are given as

)1 — (2N diag (Lcuzvl, LWt 1) .z o0 (6.47)
Blyy — f/N diag (1 Wy s N2 1), 20, (6.48)

The @} 5 and @ ; are nonsingular.

The singularity structure requires that ®,; — 0 at z — 0. Furthermore, @5, is
nonsingular on the entire Riemann sphere. This means that Tr ((I),le)k are holomorphic
functions on the Riemann sphere which go to zero at z — 0 and do not have poles. Then
these functions must be zero, and we set ®, ; = 0. In the same way we set & , = 0.

The spectral curves are given as

Ny
det (2} — @}) = :U/1N2 (x’lNl + Z uljk:vllNrk — zCiNl> , (6.49)
det (zf — @) = 5"t ( [N —i—Zuz V2 1@2) . (6.50)

There are no constraints on the moduli fields u j, and us ;. The identification (6.8) suggests
that the characteristic polynomials of the fields pp and po in the field theory are given by

det (z} — =M 4 Z Uy ka:'Nl , (6.51)

det (24 — =2 4 Zu kl'z 2=k, (6.52)

A degree of freedom coming from the baryons B/B is identified as o and the dual photon.
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6.3 TN theory

Let us consider a Riemann sphere with three singularities. This theory corresponds to a
copy of the T\ theory coupled to some vector multiplets. The number of singularities of
®; is ny, and that of @4 is ny, with n; + no = 3. The degrees of the line bundles are

deg L) =deg Ly +mny =0, deg L, = deg Ly +ng = 1. (6.53)

As discussed in appendix A, an irregular singularity of type (6.1) for ®3 corresponds to an
N = 2 vector multiplet coupled to the T theory, and an irregular singularity of type (6.1)
for @1 corresponds to an ANV = 1 vector multiplet coupled to the T theory.

As reviewed in section 5, the Ty theory has flavor symmetries SU(IV)4 x SU(N)p x
SU(N)c. In the subsection 6.3.1 and 6.3.2, we will only consider the cases in which at least
one of the three SU(N)’s is gauged by an N’ = 1 vector multiplet. Let us gauge SU(N )¢ by
an N = 1 vector multiplet. Before the gauging of SU(N)¢, there are chiral ring relations
of the Ty theory given in (5.2),

det(z — pa) = det(z — pup) = det(x — pe), (6.54)

for arbitrary x, where 4 g c are the holomorphic moment maps associated to the flavor
symmetry groups. After gauging SU(V)¢, the low energy theory is described by the gauge
invariant fields p4 and pp satisfying the deformed moduli constraint [55]

det(z — pa) = det(x — pp) — AZY, (6.55)

for arbitrary x.
In the twisted 5d SYM, the gauging of SU(N )¢ introduces an irregular singularity of
®; which we take at z = oo,

o) — CozN diag (1,wN, e ,w]]\\;_l) . (6.56)
The ®; and/or ®3 may have other singularities depending on the theory we consider.

6.3.1 Ty theory coupled to N' = 1 vector multiplet(s)

Let us consider the case where only ®; has irregular singularities. All the singularities of
®4 are regular with mass parameters taken to be zero. Then the residues of poles of @5 take
values in nilpotent cones [60], which can be zero. Therefore, in this case, it is consistent
to set ®3 = 0 on the entire Riemann surface.'® Furthermore, irregular singularities of ®;
set 0 = 0 as discussed in subsection 6.1. Then we get a twisted Higgs bundle discussed
in subsection 2.3.1. Spectral curves are easily determined similar to the case of N' = 2
field theories.

5We believe that it is not only consistent to set ®> = 0, but ®, is forced to be zero by generalized
Hitchin’s equations for the theories studied in this subsection. However, we will not prove this claim.
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One SU(N) gauge group: (ni,nz) = (1,2). When the Ty theory is coupled to one

N = 1 SU(N) vector multiplet, the field theory is described by the deformed moduli

space (6.55). Let us reproduce this deformed moduli constraint from the twisted 5d SYM.
From the singularity (6.56), we get

det (2} — @) = o —i—Zu eNTF (X (6.57)

Suppose that the other two regular punctures of ®, are at z = 0 and z = 1. The identifi-
cation (3.37) gives us

N

det (2} — pa) = det (2} — @) .o = 2 + ZukxllN_k, (6.58)
k=2
N

det (2} — pp) = det (2] — ®}) |.=1 = =N+ ZukxllN_k -, (6.59)
k=2

From these equations, we obtain
det(2) — pa) = det(z) — up) + ¢&. (6.60)

This is exactly the relation (6.55) with the identification (Y = —AZY. Thus the twisted 5d
SYM perfectly reproduces the deformed moduli constraint of the field theory.

Two SU(NN) gauge groups: (n1,n2)=(2,1). When SU(N)c and SU(N) g are gauged
by N = 1 vector multiplets, we obtain the following low energy theory. First, by taking
Ac to be large, the theory is described by pa and pp with the constraint (6.55). The
[A is gauge invariant, but pp is now an adjoint chiral field of the gauge group SU(N)p.
A generic vev of up breaks SU(N)p to U(1)V~!. Gauge invariant polynomials of up are
fixed by a4 due to the relation (6.55). Thus the low energy theory is described by 4 and
N — 1 massless vector multiplets. See [70] for the SU(2) case.
The spectral curve of this theory is given by

0 = det (2} — ®}) = o —|—Zu N F 71—C(];Vz, (6.61)

where we have chosen the origin of uy such that the characteristic polynomial of 4 is
given by

det (2} — pa) = det (2} — @) |s=0 = 2} —|—Zu VR, (6.62)
k=2
The curve (6.61) is identified as the Seiberg-Witten curve describing the holomorphic cou-

pling matrix 777 of the low energy massless U(1)N ! fields.
For example, let us consider the SU(2) case. The curve can be rewritten as

y? = w4 (B + B — detpa) w? + G, (6.63)
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where w = (3(z — 1) and y = (%4(z — 1)2}. This is exactly the same as the curve found
by Intriligator and Seiberg [70] for this SU(2) theory, with the identification AZY = ¢&
and AQBN = Cg . Notice that the moduli space of the theory is spanned by pa and it
has dimension N2 — 1 = 3. However, only the flavor singlet operator det p4 appears in
the curve.

Three SU(NN) gauge groups: (ni,n2) = (3,0). If all the three SU(NN) groups are
gauged by N' = 1 vector multiplets, the low energy theory is described by U(1)2(N -1
massless vector multiplets and N — 1 gauge invariant fields tr ,uffl ~ tr ,u% ~ tr Mé (k =
2,-+-,N). The spectral curve is given as

N
0 = det (2] — ®}) =} —I—Zu N~ k———iz—cgz. (6.64)

This is exactly the same as the Seiberg-Witten curve derived in [48, 55] for ¢ 1]4\{ BC = A%VB’C.

In this theory, the moduli fields u; are not composites of more fundamental gauge
invariant operators. They are just independent fields parametrizing the moduli space
similar to the case of Coulomb moduli of A/ = 2 theories. There are no chiral ring relations
among them, and the moduli space is just CN 1.

6.3.2 Tx theory coupled to N' =1 and N = 2 vector multiplets

Here we are going to study the theory defined by a Riemann sphere with two irregular
singularities for ®; and one irregular singularity for ®5. All of the irregular singularities
are of the type (6.1). In this case, both ®; and ®5 are nonzero.

Field theory. The field theory dynamics of this theory is interesting. There will be no
massless moduli fields, and gaugino condensation will occur which leads to discrete vacua.
However, there will be massless U(1) vector multiplets. So the moduli space is a set of
discrete points with massless vector fields at each point. The Seiberg-Witten curve will
only depend on dynamical scales of the theory.

Let us gauge SU(N)¢ and SU(N)4 by N' = 1 vector multiplets and SU(N)p by an
N = 2 vector multiplet. We assume that the dynamical scale of SU(N )¢, A¢, is very large.
The effective superpotential after confinement of SU(NN)¢ is given as

N
W:\/ﬁtr@g,u]g—i—ZXk <truﬁ—tru%—NA%N5k’N), (6.65)
k=2

where ¢p is the adjoint scalar in the N/ = 2 vector multiplet of SU(N)p, and X} are
Lagrange multipliers imposing the deformed moduli constraint (6.55). In the effective
superpotential, up and ¢p have a mass term tr¢pup and can be integrated out. The
F-term equation of ¢ set up = 0, and then the deformed moduli constraint requires that

nA = A%‘ dla‘g (1,WN, e U.)]]\\; 1) ) UB = 07 (666)

up to SU(N) 4 rotations.

— 51 —



As a result of integrating out ¢p and pp, the SU(N)p becomes pure N' = 1 SYM
at low energies. Then the SU(N)p develops gaugino condensation, and gives N isolated
vacua. The vev (6.66) for j4 breaks the SU(N)4 gauge group to U(1)V~! and there are
N — 1 massless vector fields. We need a Seiberg-Witten curve which determines the low
energy coupling constant matrix of these massless U(1)V~! fields.

The curve will be determined by using the spectral curve later, but we can also see how
the curve looks like by field theory consideration. The SU(N)4 vector multiplet combined
with the adjoint chiral field u 4 is very similar to an N' = 2 pure SYM. The Seiberg-Witten
curve for this pure N/ =2 SYM may be given as [100, 101]

A2N
det <a; - ‘“*) _2A 4L, (6.67)

z

where we have divided p4 by A¢ so that pa/Ac has mass dimension one, which is the
correct mass dimension for a chiral field with a canonical kinetic term. After using (6.66)
and rescaling the variables  — x/A¢ and z — zAY, we get

A2N
N — AZY — % + APz ~0. (6.68)

This curve is derived in the limit Ac > A4, so we can have a small correction like AQCN —
AQCN + CA%N in some terms. The original field theory has a symmetry under the exchange
A < C. Requiring this symmetry which is accompanied with z <> 2z~ and 2V < —2,

we expect that the curve is given as

xN—@JFA?N — (AZN —A2N) =0 6.69
> Cc * ((J A)—- (6.69)

This derivation is only heuristic. We will derive it using the spectral curve.
The gaugino condensation of SU(N)p induces a constant superpotential vev. The
dynamical scale of the low energy SU(N)p is given by

AR o ~ AFAEY. (6.70)

This A?I)S]Xow is determined as follows. The high energy one instanton factor of SU(N)p is
given as Ag , and hence A3B]XOW should be proportional to it. Assuming that the mass of the
fields ¢p and pup is of order A¢, we get the factor AQCN in A3B]’\i0w when the adjoint fields
¢p and up are integrated out.

The A%JXOW is derived for Ac > A4 p, but the symmetry under the exchange A <+ C
may require that the exact form is

Aflow = AR (A +A%Y) (6.71)

up to an overall numerical coefficient. The gaugino condensation induces the superpotential
1

Wcondense = NA?)BJOW =N [Ag (AQCN + A?4N) ] N. (6.72)

The presence of the N-th root suggests the existence of N-vacua as usual.
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Twisted 5d SYM. The field ®; has irregular singularities of the type (6.1) at z = 0
and z = oo. Then we have

det (2] — =N + Zu TR + Az, (6.73)

for some moduli ug. However, because ®3 has a singularity at z = 1 of the type (6.1), ®}
must be zero at z = 1 by the constraint (6.7). Then the spectral curve for 2} is completely
fixed as

N1 —
0 = det (2} — ®}) = 2/ — Cf‘(lzz) - - 2. (6.74)

One can see that this curve is precisely the Seiberg-Witten curve (6.69) in the field theory
if the parameters are identified as (¥ = A% and Cév = Ach .

Next let us determine ®5. A detailed derivation is given in appendix B, and here we
only give a heuristic derivation. If we only look at the behavior at the punctures, we can
see that (<I>’1)71 almost reproduces the behavior of @ at z = 0,1, 00; at the punctures
z, = 0,00, the fields @) and (®})~! both behave as (z — z,)'/" diag (1,wN,--- o\ 1)
because of the constraint (6.7), and at the puncture z, = 1, they both behave as
(z — 2p) YN diag (1 WNy o W 1) Furthermore, (®7)~! manifestly commutes with ®/,
as required by the generalized Hitchin’s equations. So we might hope that we can find a
solution for @, by setting

Pl ~ (@)L (6.75)

There are two problems in this proposal. First, the line bundle L} has degree deg L}=0,
but the L), has degree deg L, = 1. Thus (6.75) does not make sense. Second, the
curve (6.74) indicates that ®} behaves near z = — (¢4 /¢%) as

P} — const. (z + CI{‘V/C]CV)I/N diag <17WN7 W 1) . (6.76)

Then, (®})~! is singular at this point. These two problems can be solved simultaneously.
We take a holomorphic section of the degree 1 line bundle L as,

B (B
A= ) (&= +¢d), (6.77)
and set
Y = \(@))~L (6.78)

Now both the left and right hand side are sections of the same bundle. Due to the zero of
Aat z = —(¢}/¢Y), the singular behavior is avoided. The overall factor of A is chosen so

that ®), behaves at z = 1 as ®, ~ (g(1 — 2)~ /N diag (1,wN, e wjj\\,] 1) In this way, ®)
has all the desired property.
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We summarize the above solution as the spectral curve,

w_ (@24 ¢) 0 -2)

N = 4 , (6.79)
dhah = ——F (et ), (6.50)
(¢ +¢X)

where (2, x}) are the eigenvalues of (¥}, ®)). See appendix B for a rigorous derivation of
this curve.
Let us compute the superpotential vev. We use the general formula (3.39). First we

have to go back to the original fields ®; = sfl‘I)'l and @5 = s, 1<I>’2. The sections s; and s9
introduced in subsection 6.1 are given as

s1 =2, s9 = (2 —1), (6.81)

where s1 is a section of the degree two line bundle and s» is a section of the degree one line
bundle. Then we get

_ B B+
T1To = @+ gﬁ’)l_l/N < 1) > . (6.82)

The formula (3.39) gives

d
W = % 72,5611‘2]\[
el 2T

= N (Y + )™ (6.83)

where the factor N comes from the fact that ®1P9 o« 1y and Trly = N. This result
agrees with the field theory estimate (6.72) if the parameters are identified as ¢} = A%,
Cév = A%N ,and ¢ g = Ag . Therefore, the spectral curve contains both the information of
the Seiberg-Witten curve and the dynamical superpotential vev.

6.3.3 TN theory coupled to singlets

Here we do not gauge any flavor groups of the T theory. Instead, we introduce singlets
M, in the adjoint representation of the flavor group SU(N)4. We take a superpotential,

W = tr(MA,uA). (6.84)

The moduli spaces studied in 6.3.1 and 6.3.2 are “Higgs branch” in the sense that the
Higgs branch operators of the original T theory have nonzero vevs. In this subsection,
we consider “Coulomb branch” in the sense that the vevs of Coulomb branch operators of
the T theory are turned on.

Let us give a nonzero generic vev to M 4. From the point of view of the Coulomb
branch of the Ty theory, the superpotential (6.84) gives a mass term associated to the
flavor symmetry SU(NV) 4, with the mass matrix given by the vev of M4. Thus the Seiberg-
Witten curve is the same as that of the T theory with the mass M4. Our purpose is to
reproduce this result from the twisted 5d SYM.
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As explained in appendix A, the above theory is realized by a Riemann sphere with
three regular punctures. At two of the punctures, z = 1 and z = oo, the ®5 has singularities.
These punctures are associated to SU(N)p and SU(NN)c. The ®; has a singularity at one
puncture z = 0 which is associated to SU(N)4. The degrees of the line bundles are
deg L) = 0 and deg L), = 1, or equivalently deg L; = —1 and deg Ly = —1. From the
result (3.38), we have

By(z = 0) ~ My, (6.85)

Notice we have taken M4 instead of p4. Actually, in the present theory we get us = 0 by
the equation of motion of M4, and ®2(z = 0) should be identified as M 4. See appendix A.
Now, let us take a section s of the degree —1 line bundle given as s = 1/z, and define

¢
DY = 5By = 72 (6.86)
Now @ takes values in the degree —2 line bundle, which is the canonical bundle K on the
Riemann sphere. If we set ®1 = 0, the spectral curve is given as

0 = det (2" — @) . (6.87)

Because @Y takes values in the canonical bundle, the spectral curve is the same as that of
the original Coulomb branch of the T theory. The only change from the A/ = 2 case is
that the singularity at z = 0 is given as

B % (6.88)
This singularity exactly matches with the fact that M4 gives the mass of the Ty theory as
discussed above from the field theory point of view.

In the actual N' = 2 case with the singularity ®s — m/z, the mass m is a non-
normalizable deformation. The Kahler potential (2.45) gives an infinite kinetic term for
m, and hence m is frozen and it is not a moduli field. However, in the theory considered in
this subsection, the pole (6.88) has been introduced in an artificial way. The singlets M4
have finite kinetic terms and they are moduli field.
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A N =1 theories of class S and dualities

In this appendix, we review N’ = 1 class S theories and their dualities, mainly based
on [15, 45, 51, 53]. An important ingredient is the Tl theory.!” The T theory has flavor
symmetries SU(N)4 x SU(N)p x SU(N )¢, and there are chiral multiplets p4, pp and pc
in the adjoint representations of the corresponding flavor groups. See section 5 for more
detailed review.

Y"This is different from the T[SU(N)] theory discussed in section 3.
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Field theory. Take two copies of the T theory. One of them has global symmetries
SU(N)4 x SU(N)p x SU(N); and the other one has SU(N)c x SU(N)c x SU(N)e. We
will specify the copies of the T theory by their flavor symmetries as Txn(A, B,1) and
Tn(C,D,2). First let us briefly recall N' = 2 dualities. We gauge the diagonal subgroup
SU(N)y C SU(N); x SU(N)y which is embedded as SU(N)y 2 g — (9,'97") € SU(N); x
SU(N)a. The superpotential is

tr (¢ (p1 — "p2)) (A1)

where ¢ is the adjoint chiral field of the N' = 2 vector multiplet, and we have omitted the
usual v/2 factor for simplicity. We may say that the two copies of the Ty theory are glued
by the N/ = 2 vector multiplet.

This theory is dual to the following theory. We take T (A, C,1) with flavor symmetry
SU(N)a xSU(N)ec x SU(N )y and Ty (B, D, 2) with flavor symmetry SU(N)p x SU(N)p X
SU(N)z. The diagonal subgroup of SU(N); x SU(NV)2 is gauged. This theory is dual to the
above theory. There are precise correspondences of the flavor symmetries SU(N)4 p.c,p in
the original and dual theories, but SU(N); and SU(V)2 are gauged and hence there are
no gauge invariant relations of these groups between the original and dual theories. In this
duality, the UV coupling constant 7 is mapped as 7 «» —7 L.

The N =1 dualities discussed in [53] are similar to the A/ = 2 dualities, but we need
more labels to specify the theories. A sign =+ is assigned to each copy of the Ty theory. Each
flavor symmetry also has a sign +. Thus each Ty theory is labeled like T](Vi) (AT, B* 1).

For example, let us glue T](\,+)(A+, Bt 1) and T](V_)(C_, D,2). They are glued by an
N =1 vector multiplet, and the superpotential is taken as

W = ctr (,u,lt,ug) ) (A.2)

where ¢ is an exactly marginal coupling at the IR fixed point. This theory is dual to
a theory in which T](VJF)(A*,C*, 1) and T](\,_)(B+,D*,2) are glued by an N/ = 1 vector
multiplet with a superpotential

W = ¢ tr (1’ p2) + tr(upMp) + tr(uc Mc), (A.3)

where we have introduced new singlets Mp and M which are in the adjoint representations
of SU(N)p and SU(NV)¢, respectively. The pp o of the original theory are dual to Mp ¢,
similar to the case in Seiberg duality [102]. Furthermore, the theory is dual to a theory in
which T](VJF)(C*, D—,1) and T](\,_)(A+, B™,2) are glued by an A/ = 1 vector multiplet with
a superpotential

W =c"tr (,ult,U2) + tr(,uAMA) + tl"(,uBMB) + tl“(,ucMc) + tr(,uDMD). (A.4)
The general rule is the following.

1. When two copies of the Ty theory are glued, the vector multiplet used in the gluing is
an N = 2 vector multiplet with the coupling (A.1) if the two Ty have the same sign,
i.e., if the combinations are T](\,+) and T](\,+), or T and T](V_). If they have different
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signs, that is, if T](VJF) and T ](V_) are glued, we use an N' = 1 vector multiplet with a
superpotential

ctr (pur'pe) - (A.5)

2. If the sign of T and one of its flavor symmetries, say A, are different, such as
T](VJF) (A7, *,%) and TJ(V*)(AJF, %, %), then we introduce singlets M4 in the adjoint rep-
resentation of the flavor group SU(N)4. The M4 are mesons. We also take a super-

potential
tr(aMa). (A.6)

If the sign of Th and a flavor symmetry is the same as Tz(v+) (AT %, %) and

T](\f)(A_, %, %), there is no new ingredient.
In a generalized quiver, there are following data:
1. The number of T](VJF), denoted as p, and the number of T](Vf) , denoted as q.

2. The number of flavor symmetries with + sign, denoted as n, and the number of
flavor symmetries with — sign, denoted as n_.

For example, in the example discussed above, all the dual theories have (p,q,n4,n_) =
(1,1,2,2). The claim is that theories with the same set of numbers (p, ¢, n4,n_) are dual
to each other. (More precisely, dual theories are specified by (p,q) and the set of flavor
symmetries { AT, B*,...}.) The class of theories are constructed by following the general
rule described above.

We will soon discuss that the set {Ai, Bt ... } corresponds to punctures on a Riemann
surface. In the above discussion, we have only considered the case that all the punctures
are maximal. However, it is possible to use more general punctures. Let us consider
the case in which AT and D~ are simple punctures and BT and C~ are maximal ones.
Then, for example, T](VJF) (AT, B7T,1) is no longer the T theory, but it is a bifundamental
¢&, g, where i = 1,--- , N is a flavor index for SU(N)p and « is a gauge index. Similarly,
Ty '(C~,D7,2) is now a bifundamental pg‘,ﬁg where ¢ = 1,--- , N is a flavor index for
SU(N)c. The theory constructed by gluing these two bifundamentals is an Ny = 2N
SQCD with a superpotential (A.5), where

.0 .

()3 = a'ds — 74 &, (A7)
o Oa .

(tp2) = p)pt, — Nplpi- (A.8)

The dual theory with TJ(VH (AT,C~,1) and T](Vf)(BJ“,D_,Q) as bifundamentals are con-
structed similarly using (A.3). This is essentially the same as Seiberg duality. The dual
theory using TJ(V+)(C_, D~,1) and T](\,_)(A+, B*,1) is more nontrivial. See [53] for details.

All of the above theories are conformal and all the punctures are regular. However,
we can also consider non-conformal cases. Let us start from the theory constructed by
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Figure 3. S-duality in A/ = 2 theory. Both the left and right figures are just a Riemann sphere
with four punctures A, B,C and D, but different degeneration limits give different field theory
realizations.

T](\,+) (AT, BT 1) and T](V_)(C'_, D~,2). Then, for example, we introduce an N' = 2 vector
multiplet coupled to the group SU(N)p. We also introduce Ny flavors of quarks i, q
(¢=1,---,Ny) coupled to the SU(N)p gauge group. The superpotential is

W D trép (s + 4:d') - (A.9)

For Ny < N, the puncture B corresponds to a irregular puncture. (It corresponds to (6.2)
of section 6).

The above puncture B is “locally” an N = 2 irregular puncture, but we can get
an N = 1 dual of this puncture. Going to the dual theory which is constructed by
T](\,Jr)(A*,C*, 1) and T](\,_)(B+,D*,2), we get

W D trop (Mp + ¢:d') + tr(Mpus), (A.10)

where we have used the fact that pup of the original theory is dual to Mp. The adjoint
fields ¢ and Mp become massive and can be integrated out. Then we get

W > —tr (,qul-(ji) . (A.11)

Therefore, the N/ = 1 dual of the N' = 2 irregular puncture is given by the N = 1
vector multiplet and quarks with the superpotential (A.11). When Ny = N, one can see
that (A.11) is just the same as (A.5). In this Ny = N case, we get one simple and one
maximal regular punctures instead of one irregular puncture.

(2,0) theory interpretation. The dualities discussed above have a nice interpretation
in terms of the N = (2,0) theories compactified on a Riemann surface. First, let us recall
the N' = 2 dualities. The theory constructed by gluing Tn (A, B,1) and Tn(C, D,2) is
realized as a Riemann sphere with four punctures A, B, C' and D as in figure 3. The theory
is manifestly dual to the theory constructed by gluing Tn (A, C, 1) and Tn(B, D, 2), and so
on. Different degeneration limits give different field theory realizations as in the figure.
We decompose the Riemann surface into several pieces as in figure 4. In the figure, a
Riemann sphere with three holes corresponds to the “body” of a copy of T. There are
also cap-like pieces with a puncture on it. These caps are glued to a hole of the Riemann
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Figure 4. Decomposition of the Riemann surface into pieces. By gluing them, we can get a 4d
field theory. Although each piece does not have a direct field theory interpretation, it is convenient
to consider this decomposition to understand the N/ = 1 dualities.

sphere. Gauging the diagonal subgroup of SU(NN); x SU(V )2 of two copies of Ty is realized
by gluing two holes of the Riemann spheres. Near the boundaries of these pieces, the metric
is flat and the Riemann surface locally looks like S x R.

On each piece of the Riemann surface, we take two line bundles. These two line bundles
are the ones in F' = L; & Ly which are used in the twisting of the (2,0) theory (or 5d SYM)
as in section 2. We take one line bundle to be the canonical bundle, denoted as K, and the
other is the trivial bundle, denoted as O. In the A/ = 2 case, canonical bundles are glued
together and trivial bundles are glued together, defining the canonical bundle and trivial
bundle on the entire Riemann surface. We get L1 = K and Ls = O in this case.

Now let us discuss the N' = 1 case. We use different gluing of the line bundles from
the V' = 2 case. The general rule is the following:

1. For T](\,+), the line bundles of the corresponding Riemann sphere with three holes are
taken such that Ly — K and Lo — O. If it is T(f), we take L1 — O and Ly — K.

2. For A™, the line bundles of the corresponding cap are taken such that L; — K and
Lo — O. The field @1 has a singularity at the puncture. If it is A~, we take L1 — O
and Lo — K. In this case, the ®5 has a singularity.

As we mentioned above, the metric near boundaries are flat, so the canonical bundle is
trivial near the boundaries and hence the gluing of the line bundles are straightforward.
The gluing requires complex parameters which determine the complex moduli of the line
bundles. These parameters, combined with the complex moduli of the Riemann surface,
correspond to exactly marginal couplings of the field theory.

The above rule matches with the field theory rule very well. Let us glue two copies of
Tn. If both of them has the same sign, the above gluing of pieces of the Riemann surface is
locally very similar to the case of NV = 2, aside from the possible complex parameters in the
gluing. Therefore, it is natural that we get an A" = 2 vector multiplet. Complex parameters
in the gluing correspond to changing (A.1) as tr ((;5 (C/Ll — c_”,ug)) for a parameter c. On
the other hand, if two Ty’s of different signs are glued, the gluing process breaks half of
the supersymmetry. Our interpretation is that this gluing gives an A/ = 1 vector multiplet
with the superpotential (A.5). A similar thing can happen in the gluing of Ty and a cap
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0,123 14 |5|6]7[8|9
D4 o
NS5 o ol o
D6 o ololo
NS5’ o ol o
D6’ o o| o o

Table 1. Branes which preserve 4d N' = 1 supersymmetry, and their extended directions.

labeled by A. If they have the same sign, the gluing is locally N/ = 2. On the other hand,
if they have different signs, the gluing breaks half of the supersymmetry. We interpret that
this process introduces the meson M4 and the coupling (A.6).

Actually, the above picture can be checked in type ITA brane construction [15]. We
prepare several branes as in table 1. These branes preserve 4d A/ = 1 supersymmetry and
can be used to construct gauge theories [2, 3. Let us denote a simple puncture as S and a
maximal puncture as M. Then, an NS5 brane corresponds to T(+)(>k, %, ST) and an NS5’
brane corresponds to T(_)(*, *,57). N D6 branes correspond to M+ and N D6 branes
corresponds to M, etc. Gluing pieces of the Riemann surface corresponds to suspending
N D4 branes between these NS5, NS5’, D6 and D6’ branes. From this interpretation, we
can see the properties described above.

The degrees of the line bundles L; and Lo are determined as follows. A Riemann
sphere with three holes has the Euler number 2 — 3 = —1 and hence the canonical bundle
K has degree deg K = +1. A cap region surrounding a puncture has the Euler number
2—1 =41 and hence K has degree deg K = —1. Here the degree is defined as the integral
of the first Chern class [ ¢(K), which is well defined under the condition that the metric
is flat near the boundaries. Therefore, using the above general rule, we get

degLi =p—n, degLo =q—n_. (A.12)

This is an important equation to construct the twisted 5d SYM from field theory data.
The above gluing rule is not the most general one consistent with the N/ = 1 super-
symmetry. Take two copies of T, denoted as TJ(\,1 ) and T](\,2 ). Then they have rank two
bundles F() = 0 & KM and F® = 0@ ¢ K@, In general, we can glue the two
bundles F( and F) in more complicated ways using a U(2) matrix. The same is true
for a gluing of Ty and A. See [47] where such gluing has essentially appeared as Wilson
lines of SU(2) C U(2). It would be interesting to study this case more systematically.

B Solving generalized Hitchin’s equations

Here we develop a method to determine spectral curves based on the set of equations (2.64),

Ty — @il)aﬁll tee (ZEiN — @iN)aﬁl\]’veal...aNeﬂl"ﬂN. (Bl)

1
0= Pil---'iN(xth) = ﬁ(
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We only consider the case F' = L ® Lo, i.e., ®; and ®, are sections of L; ® ad(F) and
Ly ® ad(FE), respectively. In this case, it is convenient to define

((I)l)al "'((I)l)ak ((I) )ak+1 ((13 )aku 551 BrBra1 Bl tVete41 YN

Br+1 By o001 QR Q1 Ol (Vo1 YN
EWNN — Kk —0)! ’
(B.2)

br(z) = (—1)FH

where 5@1 ﬁffv = eal...aNeﬁl“'ﬁN. The ¢y ¢ is a section of line bundle L’f ® Lg. Then, P, ...iy
is given as

e (N — m)ml(N — k= 0)! ek
Prwes = ol af + 3 (e I el (B

where we have taken i1 = --- =iy_p, =1land iy_pq1 = =iy =2 1n P ..y.

Particularly important equations in the following discussions are
N
0="P =2+ Z dro(z)aN 7k, (B.4)

0P (21, 2)

The second equation (B.5) can be explicitly checked using (B.2) and (B.3). These equations
defines an N-covering ¥ of the Riemann surface C'. An equation similar to (B.5) was also
discussed in [16], but our equation is more explicitly given in terms of the Higgs fields ®; .

We claim (without complete proof) that these two equations are enough to determine
the curve ¥ = {F;,..;,, = 0} in the case where the eigenvalues of ®; are distinct on generic
points of the Riemann surface. The motivation of this claim is as follows. As explained
n (2.66), the curve ¥ is given by (z1,22) = (A g, Aog) (E=1,---,N), where (A1 x, A2)
are pairs of eigenvalues of (®1, ®2). The equation Pi1..; =0, (B.4), sets x1 = Ay ;, for some
k. Then, the equation Ps1..; = 0, (B.5), gives

(22 — A2 k) H()\l,k — M) =0, (B.6)
04k

where we have used x; = A; ;. Therefore, when A\j , # A1 for k # £, we get (x1,22) =
(Aik, A2 ) as desired.

Note that we have only assumed that the eigenvalues of ®; do not degenerate at generic
points. At some discrete points on the Riemann surface, degeneration of the eigenvalues
can occur. In fact, such points are important to determine the curve as we will see below.

The above result is also represented as follows. A generalization of the Cayley-Hamilton
theorem is that the commuting matrices ®; and ®y satisfy P;,..iy (®1, P2) = 0 where we
have substituted the matrices (®1, ®2) for (z1,x2) in P, ...iy (21, 22) defined in (B.1). When
eigenvalues are not degenerate, this formula is proved by simultaneously diagonalizing ®;
and ®,. The case where some of the eigenvalues are degenerate can be reached as a limit
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of the non-degenerate case, and hence the theorem is proved. If we are given a solution for
o4, (B.5) tells us

oP -
Dy = — [ :

671(”31 = @1)] > @ (B.7)
k=1

This is the motivation for our claim that (B.4) and (B.5) are enough in generic case; the
curve (B.4) and the points of its Jacobian variety may determine (Az, ®1) as in the original
Hitchin systems’ case, and ®, is uniquely determined by (B.7). We do not try to give a
complete mathematical proof here.

B.1 Constraint from commuting condition

The crucial difference between generalized Hitchin systems and original Hitchin systems is
that there is the commuting condition [®1, ®3] = 0. Here we explain why this commuting
condition strongly constrains solutions of generalized Hitchin’s equations [45].

If eigenvalues of ®; and ®5 are generic, the commuting condition just implies that the
two matrices ®; and Py are simultaneously diagonalizable. However, when some of the
eigenvalues of ®; or ®9 become degenerate, the commuting condition even constrain the
eigenvalues of them.

Let us first see a simple SU(2) example. Suppose that near z ~ 0, ®; behaves as
det(xy — @) = x% — z. The two eigenvalues of ®; are degenerate at z = 0. In a diagonal
form, ®; is given as ¢; = diag (21/2, —21/2). However, this is not single valued. In a more
appropriate basis, ®; may be given as

@:(0;) (B.8)

Then, imposing [®1, P3] = 0, one can easily see that ®5 at z = 0 must be of the form

Dy(z = 0) = (88) (B.9)

Therefore, the eigenvalues of @9 must also degenerate at z = 0.
Another way of seeing this condition is the following. For the SU(2) case, (B.1) gives

22 = f(2), x% =g(2), x129 = h(2), (B.10)

where f(z) = Tr(®%)/2, g(z) = Tr(®3)/2 and h(z) = Tr(®;®3)/2. For these equations to
be consistent, we need to have f(2)g(z) = h(z)?. Then, if f(2) has a simple zero at z = 0,
g(z) must also have a zero of odd degree at the same point so that h(z) is holomorphic. In
this way we get the same conclusion as above about the degeneracy of the matrices ®; and
®y. The argument based on (B.10) might look quite different from the argument based on
the commuting condition. However, recall that the commuting condition was the essential
reason that the over-determined equations (B.10) or (B.1) define a consistent curve, as
explained in subsection 2.3.
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Now let us consider a general constraint for SU(N) case. The commuting condition
[®1, P2] = 0 tells us that the matrices ®; and ®9 are generically simultaneously diagonal-
izable. Suppose that the eigenvalues of ®; are generic enough so that all the eigenvalues
are distinct at generic points of the Riemann surface C. Then, we can expand ®5 as

N-1
Oy =Y frdf. (B.11)
k=0

The coefficients fr may be determined by solving e.g.,
N-1
Y ot (qfﬁ’f) fi = tr(®7®y),  (m=0,---,N —1). (B.12)
k=0
In the following discussion, we do not need the explicit form of f. The important point is
that f;, are given by gauge invariant polynomials of ®; and @, i.e., tr ®7*®5. Therefore,
they are single-valued on the Riemann surface C.

We have assumed above that the eigenvalues of ®; are distinct at generic points of the
Riemann surface. However, at discrete set of points, their eigenvalues degenerate. These
points are the branching points of the cover det(zq; — ®1) = 0. Suppose that z = 0 is one
of these points and det(zy — ®1) behaves as

det(xy — @) ~ H [(z1 — ag)™ —byt2"™], (B.13)
¢
where a; and by are constants, ny and my are relatively prime integers such that > ,n, = N.
The integers m, can be negative so that we can also treat behaviors at punctures. The
constants ay, may or may not be zero, but we assume by # 0. Then the eigenvalues of ®;
behave as

®, ~ diag [EB (ag + bzzme/ne7 e Lap+ (wnz)nzlbezmz/nz>] , (B.14)
l
where wy,, = exp(27i/ny).
Now we use (B.11) to determine the behavior of ®s. Because fj, are single-valued on
the Riemann surface and cannot have fractional powers of z around z = 0, we obtain

&y ~ diag [@ <ngm + deszrQermz/ne7 e+ (w%)nzldezpe+%mz/nz>] , (B.15)
¢
where py, q¢ and 7 are integers such that ¢, is not a multiple of ny.
As a special case of (B.14) and (B.15), the following simple observation will be useful.
When ny = N, the traceless condition Tr®; = Tr®s = 0 suggests that ay = ¢, = 0.

-1

Therefore, if ®; behaves as &1 ~ z"/N diag (1,wN, e ,w% with my and N relatively

prime, &5 must behave as ®y ~ 2P T0m/N diag (1,w%, s (w%)N_1> for g, which is not
a multiple of N. In particular, if ®5 does not diverge at z = 0, it must actually vanish,
Py — 0

If & — 2"me/N diag (1,wN, e ,w]]\\;_1> , then ®5 — 0 and vice versa. (B.16)
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The above condition about degeneracy of eigenvalues of ®; and ®5 indicates that the
degeneration points give constraints on the solutions of generalized Hitchin’s equations.
This observation suggests the following strategy to determine (B.4) and (B.5). First, note
that some of the eigenvalues degenerate when we can find a solution to P, = 9P, /dz1 = 0.
Then, from (B.5), we can see that S p ' ¢p.1(2)2zY 17 must be zero at these points. This
condition fixes parameters inside ¢y, 1.

B.2 Solutions

We give a derivation of the spectral curves of subsection 6.2.1 and 6.3.2 based on the
strategy discussed above. Here we use ®] =s1®; and P, =s9P as defined in subsection 6.1.
We use ¢, , which denote sections defined by using ¢} and @5 in (B.2).

Massive SQCD with Ny < N flavors. Here we determine the curve of subsec-
tion 6.2.1. The behavior at z — 0 is given as

P — ez /N diag (l,wN, e ,w]]\\;_l) (B.17)
o foN diag (1,%1, . ,w;VN“) (B.18)

where we have used the result of subsection B.1 for the behavior of ®;. The constant c;
is to be determined by solving the generalized Hitchin’s equations. Similarly, at z = oo,

we have
(p,l N Clzl/(Nfo) diag <07... ’Ojlij_ny... 7w]]\\[[:]]\\[[;—1>
+diag (ma, -+ my,m’, - m) (49
<I)’2—>d1ag (C/D'“ 7c§vf7c/’... 70/) , (B20)

where vazfl m; + (N — Ny)m = 0, vazfl ¢, + (N — Ny) =0 and we have again used the

result of subsection B.1.
The singular behaviors above suggest the following:

1. At z — 0, ¢, behaves as
O(z') k>t
Gre— 1 O(°) (#N : (B.21)
0 (7)) (k.0) = (0, N)

2. At 2 — o0, ¢}, behaves as

) O (2°) k<N — Ny
(bk,é - {O (Zl) k > N—Nf . (B.22)

In determining the above behaviors, it is important to note that ¢, , are single valued

functions of z, and hence, for example, if gbm — O (zl/ N ) at z — 0, we must have
ke — O (z1) ete.
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The curve det (2§ — ®}) = 0 is uniquely fixed by the above singular behaviors. For
example, qﬁz’o for 2 <k < N — Ny must be zero to be consistent with the above behavior.
For k > N — Ny, qb;g’o must be proportional to z, and their coefficients are fixed by the
singularity (B.19). We get

0= Pl = ZL‘IIN — ivijZQl (IE/I) 5 (B23)
where we have defined
Ny
Q:1(z) = H (2] —my). (B.24)
i=1

Our remaining task is to determine the curve (B.5).
From the singular behavior described above, we get

N-1 N-—1
/ IN—1—Fk IN —2 IN—1—Fk
g Pp 171 = axy +z E bn_1-kx] , (B.25)
k=1 k=N-N;

where a and by_1_j are constants. Then (B.5) becomes

Ny—1
~N; O
0= <Na;’1N_1x’2 -z fV Ny acj/l a:'2> + a2 42 Z b | . (B.26)
1 k=0
By multiplying 22 and using (B.23), we get
Ny—1
/8Q1 ro : 1 Ik+2
O = NQl — CI;IW $1$2 -+ an + Z kaUl , (B27)
1 k=0

where b, = by, /¢V~Ns. This equation suggests that the polynomial aQ + Eg:f(;l b a2
must vanish at the zeros of the polynomial NQ; — 2 (0Q1/0x). Because they are poly-
nomials of x| of degree Ny + 1 and Ny respectively, the constants bj, must be such that

Ny—1
r) 0Q1

k42
a@Q1 + kz_o b;cxll 2 _ (1 + cx'l) <Q1 N 81"1 > , (B.28)

where ¢ and ¢’ are constants. Comparing the 2}’ and 7' terms, we get

13
! — = —— —_ B.29
d =a, c I ; - ( )

Note that the zeros of NQ; — 2 (0Q1/0x)) occur at the points where Py = 0P, /0x} = 0.
As explained in subsection B.1, these points constrain the moduli parameters.

The curve is now
a i 1

_IANT =, (B.30)

x'lmé + N N -
. (A
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The constant a is determined from the behavior of 2} and x} at z — 0. Since 2§’ —

_ N—-N N N -N N
Cévz ! and 33,1N - (—1)Nf<1 fZHi:f1 m;, we get (zjry)” — (—1)Nf<1 fCéV szfl my.

Therefore, the final result is

3 Sl L1
/
O = CClﬂf/Q — Aeff 1 — N — E y (B31)
Ny N
N—-N
Adg = | (DN GG i (B.32)
=1

This is the curve discussed in subsection 6.2.1.

Tn theory coupled to N/ = 1 and N = 2 vector multiplets. Here we derive the
curve of the theory discussed in subsection 6.3.2. The line bundle L} = L; ® Lp and
L), = Ly ® L4 have degrees deg L} = 0 and deg L/, = 1, respectively.

The singular behaviors of the Higgs fields are the following. At z — 0, we have

P — z%/LXN diag (1,wN, e ,w]]\\;_1> , (B.33)
), — cz' /N diag (1,w;,1, e ,w&NH) , (B.34)

where we have used the result of subsection B.1 to determine the behavior of ®,. Similarly,
at z — 0o, we require

o) — Cczl/N diag (l,wN, e ,w%‘l) , (B.35)
o, — zzl% diag (l,w;,l, e ,w]}NH) ) (B.36)

where the factor z in @} comes from the fact that deg L), = 1. Finally, at z — 1 we require

) — c(z — )YV diag (1,wN, e ,w]]\\,f_l) (B.37)
/ (B . 1 —N+1
@2—>mdlag (1,LL)N y ,WN ) (B38)

These behaviors suggest the following behaviors of d);aé;

1. At z =0, ¢, behaves as

O(') >k
o= O0(") k#N : (B.39)
O (=) (k,0)= (N,0)

2. At 2z = o0, ¢}, , behaves as

Pre— 3 O() k#N : (B.40)
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3. At 2 =1, ¢} , behaves as

e O((z-1)" é#N . (B.A1)

0 (zl); k>t
O((z=1)" 1 ¢)=(0,N)

The only possible solution for P; = det(z)] — <I>’1) is given as

P =N - (CA + go> (1-2). (B.42)

Next, let us determine (B.5). Using the above singular behaviors, we get,
0=aN el + (a2 + ag)aN 2+ (1 - 2) Zb Nk (B.43)

for some constants a; 2 and bg. Multiplying =/ 2 and using (B 42), we get
N—1
= (Cévz + (AV) (225 + a1z +az) + 2 Z b Nk, (B.44)
k=2
Let us see the behavior at (Cévz + Civ) — 0. In this limit, we have z} ~ (Cévz + Cfv) VN as
one can see from (B.42). Since the first term of (B.44) vanishes linearly as ((Yz + () — 0
we must set by = 0 for (B.44) to be consistent. Then we get ziz5 + a1z + az = 0.
By considering the limit (Cévz + C,]4V) — 0 again, a1 and az must be such that zjz}, =
a (C(]]Vz + Ci\v). Note that the point ({gz + Ci\V) = 0 is exactly the point P, = P, /0x) =
0 where solutions of x| degenerate. This point is important to constrain the curve, as
explained in subsection B.1.
The constant a is determined by considering the limit z — 1. The final result for the
curve is

N 1/N
i B N N
T1Xy = N—1> (CCZ+CA) . (B45)
((céV +¢X)

This is the curve discussed in subsection 6.3.2.
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