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contains the T?/Zy orbifold with magnetic flux, Scherk-Schwarz phases and Wilson line
phases. We classify all the possible Scherk-Schwarz and Wilson line phases on T?%/Zy
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wave functions. We also investigate Kaluza-Klein mode functions and mass spectra.
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1 Introduction

Extra-dimensional field theories play an important role in particle physics. Phenomeno-
logical aspects of four-dimensional low energy effective field theory strongly depend on
geometrical aspects of compactification of extra dimensions and some gauge backgrounds
as well as other backgrounds. For example, one of the simplest compactifications is a torus
compactification. However, the toroidal compactification without any non-trivial gauge
backgrounds leads to a four-dimensional non-chiral theory, and that is not realistic. In
general a more complicated geometrical background can lead to a four-dimensional chiral
theory, but it is difficult to solve zero-mode equations in generic background and derive
the four-dimensional low energy effective field theory.



Torus compactifications with some magnetic fluxes are quite interesting extra-
dimensional backgrounds [1-5].! That can realize chiral spectra in four-dimensional low
energy effective field theory. Ome can solve zero-mode equations analytically and their
zero-mode profiles are nontrivially quasi-localized.

The number of zero modes depends on the magnitude of magnetic flux, and three-
generation chiral models can be obtained by choosing properly magnetic fluxes.? In ad-
dition, since zero modes are quasi-localized, their couplings in the four-dimensional low
energy effective field theory are non-trivial. That is, when they are quasi-localized far away
from each other, their couplings can be suppressed. Thus, magnetic flux backgrounds are
quite interesting. Indeed, several studies have been carried out to derive four-dimensional
realistic models and study their phenomenological aspects, e.g., Yukawa couplings [5],% re-
alization of quark/lepton masses and their mixing angles [14], higher order couplings [15],
flavor symmetries [16-21], massive modes [22], and so on [23-31].

The T2 /Z, twisted orbifold compactification with magnetic flux is also interesting [32,
33].* The zero modes and their wave functions on T? are classified by Z charges, that is,
Zo even and odd. Then, either Z5 even or odd eigenstates are projected out exclusively
by the orbifold boundary conditions. Thus, the number of zero modes on T?/Zy with
magnetic flux is different from one on T? with the same magnetic flux. Also each of zero-
mode wave functions on T?/Z5 can be derived analytically and it has a non-trivial profile.
One can construct three-generation orbifold models, which are different from models on 72
with magnetic flux. Such analysis can be extended into higher dimensional models such as
TC/Zy and TC/(Zy x Z}) orbifolds with magnetic fluxes [32, 33].

In addition to T2/Z,, there are other two-dimensional orbifolds, 72/Zy for N =
3,4,6 [36, 37]. (See for their geometrical aspects [38-40].>) Moreover, there are various
orbifolds in six dimensions like T°/Z;, T%/Zs,T®/Z 2, etc. Obviously, geometrical aspects
of T?/Zy with N = 3, 4,6 are different from those of 72 /Z5. Thus, one can derive interest-
ing models on T?/Zy for N = 3, 4,6 with magnetic fluxes, which are different from those
on T?/Zy. Hence, it is our purpose to study these orbifold models with magnetic fluxes.
In addition, non-trivial (discrete) Scherk-Schwarz phases [46, 47] and Wilson line phases
are possible on orbifolds [39, 48, 49].° Such backgrounds have not been taken into account
in [32, 33] for the study on T?/Z, with magnetic flux. Here, we also consider these phases.

In this paper, we study 72/Zy orbifold models for N = 2,3, 4,6 with magnetic flux,
Scherk-Schwarz phases and Wilson lines. We clarify possible Scherk-Schwarz phases as

1See for string magnetized D-brane models [6, 7] and references therein.

2Five-dimensional models with point interactions are another type of interesting approach to realize
three generations [12, 13].

*Within the framework of superstring theory, magnetized D-brane models are T-dual of intersecting
D-brane models [6, 7]. Yukawa couplings are also computed in intersecting D-brane models [8-11].

*See for heterotic models on magnetized orbifolds [34] and also for shifted 72/Zx orbifold models with
magnetic flux [35].

°In a higher-dimensional field theory without magnetic flux, detailed studies of the SU(N) and SO(N)
gauge theory have been made in ref. [41-45]. Especially, some candidates of three-generation models have
been shown in ref. [45].

6Also in intersecting D-brane models, Scherk-Schwarz phases were discussed in [50] and discrete Wilson
lines were studied in [51] (see also [52, 53]).



well as Wilson lines on 72/Zy orbifolds for N = 2,3,4,6 with magnetic fluxes. Then, we
study the behavior of zero modes on T?/Zy for each eigenvalue under the Zy twist. We
will show that one can obtain three-generation models in various cases and model building
becomes rich. Furthermore, we show Kaluza-Klein mode functions and its interesting
mass spectrum.

This paper is organized as follows. In section 2, we review the U(1) gauge theory on a
two-dimensional torus with magnetic fluxes. In section 3, we study the general formalism
of Zy twisted orbifolds with magnetic flux. Especially, we investigate the form of the
eigenfunctions for each Zpy eigenvalue and the allowed values of important parameters
such as Scherk-Schwarz phases and Wilson lines on each orbifold with magnetic flux. In
section 4, we analyze the number of zero-mode eigenfunctions, that is, the number of
generations for matter fermions on each orbifold. In section 5, we also show Kaluza-Klein
mode functions and their mass spectrum. Section 6 is devoted to the conclusions and
discussions. In appendix A our notation is summarized. In appendix B we show the
relations between Wilson lines and Scherk-Schwarz phases. In appendix C we show some
examples of calculations on zero-mode wave functions on T?/Zx with magnetic fluxes.

2 Gauge field theory on M* x T? with magnetic flux

Let us study the behavior of gauge and matter fields on six-dimensional space-time, which
contains four-dimensional Minkowski space-time M* and an extra two-dimensional torus
T2. We denote coordinates on M* by z* (1 = 0,1,2,3) and we use the complex coordinate
z on T?. We consider a theory containing the torus with magnetic flux. Then, one can
obtain an attractive feature that chiral zero-mode fermions appear and their number is
determined by the magnitude of the magnetic flux. We will see it below.

First of all, we consider the Lagrangian density based on a U(1) gauge theory on
M* x T? such as

1 _
EGD :—ZFMNFMN+Z\I/+FMDM\I]+, (21)

where M, N = u(= 0,1,2,3),2,2 and Dy; = Oy — iqAn(,2),” with a U(1) charge q.

Here, U, are six-dimensional Weyl fermions, and are obtained by projection operators

1+I'7
2

such as

1+T
\I/iE B 7\11,

Uy (2, 2) = Yr(7,2) + (2, 2)

- Z (¢4R,n(l‘) & ¢2+,n(z) + ¢4L,n($) (9 1][)2,771(2)) s

\I/—(xa Z) - WL(% Z) + 1%%(377 Z)

=D (Whpn(®) ® Yosn(2) + Yiga(@) @ ¥o-u(2)) (2.2)

"In this paper, we use a notation as in appendix A. Note that fields such as Ap/(z, 2), Agb)(z), Uy (z,2),
1. (2) and so on are written by functions depending on not only z but also z.



where n means the label of mass eigenstates. W is a six-dimensional Dirac fermion,
/ . . . .

VYap/Ln and ¥ p L BTC four-dimensional right/left-handed fermions, and 4 , are two-

dimensional Weyl fermions. For convenience, we also use the following notation:

Yryn(z) = (‘Z’*’g(z)) L rn(e) = ( w_i(z)) . (2.3)

Then, the action for the one Weyl fermion W, and its gauge interaction can be written as
sWeyl — / d*x / dzdz W TM Dy,
M4 T2

= /M4 d433[ Z 77[_)4,n(i'YMD,SO) = mn)Yan

mp#0
+ iRy Do + it 07" DOy

+ (AE\Z) (x)—dependent terms)] , (2.4)
where DELO) =0, —iqALO) (z) with a zero mode of gauge field AELO) (), and Ag\?,) () are higher

modes. Here, we used ¢4, = Y4rn + 41, and the mass equations with background gauge
fields Agb)(z) and Aéb)(z),

~2DP_ n(2) = mnthyn(2), 200 n(2) = math—n(2),
DY) =9, —igAD)(2), ng) =0; — iqA(gb) (2). (2.5)

We have also used the orthonormality condition

/T 2 i (V0 () = (2.6)

Our first interest is the feature of zero modes for a fermion with m,, = 0, and its inter-
action with magnetic flux. We will investigate the zero-mode parts of the two-dimensional
Weyl fermion 24 ,(2) and the background gauge fields Agb)(z) and Ag—b)(z).

2.1 Magnetic flux quantization on T2

We review the U(1) gauge theory on a two-dimensional torus with magnetic flux following
ref. [5, 54]. The complex coordinate z on one-dimensional complex plane satisfies the
identification z ~ 2 +1 ~ z+7 (7 € C,Im7 > 0) on 72.% The non-zero magnetic flux b on
T? can be obtained as b = ng F® with the field strength
b
FO = %dz Adz = FOdzdz. (2.7)

mT

8For convenience, we choose (1,7) as two circumferences of the two-dimensional torus.



For F(®) = dA®) the vector potential A®) can be written as

AD() = P w[(z + a,)d

-~ 2ImT

b

- 4iImT

= A (2)dz + AP (2) dz, (2.8)

(24 ay)dz —

where a,, is a complex Wilson line phase. From eq. (2.8), we obtain

AP (z4+1) = A®)(2) + Imdz = AY (2) 4+ dyx1(z + aw),

2Imr

AP (z 4 7) = AD () + Im(7dz) = A®)(2) + dxr(z + aw), (2.9)

2ImT

where x1(2 + ay) and x,(z + a,) are given by

b b _
X1(z + ay) = mlm(z +ay), x-(z+aw) = mlmh(z + ay)]. (2.10)

Moreover, we require the Lagrangian density Lgp (2.1) to be single-valued, i.e.,

Lep(A(x,2),Vy(x,2)) = Lep(A(x, 24+ 1), ¥4 (x,2+ 1))
= Lep(A(x, 2+ 7),Yy(x,2+T)). (2.11)

Then, this field ¥, (z, z) should satisfy the pseudo periodic boundary conditions

U (2,24 1) = Ur(2) 0 (2,2), Uy (2,2 +7) = Uy ()04 (3, 2), (2.12)
ie.,
Vien(z+1) = Ui(2)Yan(z), Yrn(z+7)=Ur(2)¢sn(2), (2.13)
with
Ui (2) = e (etan)t2mion 17 (o) = giaxr(z+aw)+2mior (2.14)

where o1 and «; are allowed to be any real number, and are called Scherk-Schwarz phases.
The consistency of the contractible loops, e.g., 2z = z+1 — 2+ 147 — 2+ 7 — 2z, requires
the magnetic flux quantization condition,

qb
— =M € Z. 2.1
21 < ( 5)

Then, U;(z) and U-(z) satisfy

Ui(z 4+ 1)Uz (2) = Ur(z + 1)Uy (2). (2.16)

“Note that we can freely add constants in the definition of y; and y, without changing the relation (2.9).
Here, we chose such constants, as in eq. (2.10), for later convenience.



It should be emphasized that all of the Wilson line phase and the Scherk-Schwarz
phases can be arbitrary, but are not physically independent because the Wilson line phase
can be absorbed into the Scherk-Schwarz phases by a redefinition of fields and vice versa
(see appendix B). This fact implies that we can take, for instance, the basis of vanishing
Wilson line phases, without any loss of generality. It is then interesting to point out that
allowed Scherk-Schwarz phases are severely restricted for T2/Zy orbifold models, as we
will see in the next section, while there is no restriction on the Scherk-Schwarz phases for
T? models.

2.2 Zero-mode solutions of a fermion

We focus on zero-mode solutions 4 o(z) with m,, = 0 on T’ 2 with magnetic flux. From
egs. (2.5) and (2.8), 9+ o(2) satisfy the zero-mode equations

M
2Im7

<az + %(z + aw)) i o(2 aw) =0, (az - (z+ aw)> Yo o(zap) = 0. (2.17)

Here and hereafter, to emphasize the existence of the Wilson line phase, we will rewrite
Y1 0(2) as Y+ 0(2; ay). The fields ¢4 o(2; ay) should obey the conditions (2.13), i.e

Y 0(2z + 15 a) = e Gran)t2miany, | (50q,)

Yio(z+ Tiay) = eiqx7(z+aw)+2ma7¢i7o(z; Q). (2.18)

Then, the zero-mode solutions of 11 o(z; a,,) with the Wilson line phase are found to be of

the form
. _ iﬂM(Z+aw)M . J+JV?1
Yy o(z;a0) = Ne g | (Mot 0u), M)
— Q7
= 0 (za,)  for M >0 (2.19)
- 7+0 ) Qw , '
. — i M (F+ay ) mETIw) JR!IJQ - .
Fols A nrY (M(z + @), M7)
—a,
_ o Gtanarn)
=Y, (z;ay)  for M <0, (220)
where j = 0,1, -+ ,|M|—1, and N is the normalization factor. For a,, = 0 and (a7, ;) =

(0,0), ¥ U +a1,a7)(Z; ay,) are reduced to the results obtained in ref. [5]. We would like to
note the two features that for M > 0 (M < 0), only ¢4 (¢)—p) has solutions, and
that the number of solutions is given by |M|. Thus, we can obtain a |M|-generation
chiral theory in four-dimensional space-time from eq. (2.1). Here, ' may be fixed by the
orthonormality condition

/T dadz DL (2 a0) (L) (2 a0))t = 69F, (2.21)

1
and is given by N = <2Im+2|M|> * with the area of the torus A.



The 9 function is defined by

9 [Z] (Cl/, CT) _ Z ei7r(a+l)2c7'627ri(a+l)(cu+b)’ (2‘22)

l=—00

with the properties
19 [
a
b

where a and b are real numbers, ¢, m and n are integers, and v and 7 are complex numbers
with Im7 > 0.

] (v 4 n), cr) = miacny [Z] (cv,cT),

a
b
] (v 4 n7), 1) = eIt T=2min(evtb)y [Z] (v, eT),

b+

(cv, eT) = e*™any [Z] (cv,cT), (2.23)

3 Twisted orbifolds with magnetic flux

In the previous section, we reviewed the U(1) gauge theory on a two-dimensional torus 72
with magnetic flux. Then, we found that the number of zero-mode fermions is given by
the magnitude of magnetic flux |M|. In this section, we study the U(1) gauge theory on
twisted orbifolds 72 /Zy with magnetic flux, and investigate the degeneracy of zero-mode
solutions and the allowed values of the Wilson line phase a,, and the Scherk-Schwarz phases
a1 and ar.

3.1 T?/Zn twisted orbifold

A two-dimensional twisted orbifold 72/Z is defined by dividing a one-dimensional complex
plane by lattice shifts t1, t; and a Zy discrete rotation (twist) s such as
tv:iz—z+1, tr:z—z+7, §:2—wz, (3.1)
with
w = 2™V, (3.2)
Thus, the orbifold obeys the identification

z~wz+m+nr  for YmoneZ. (3.3)

It has already been known that there exist only four kinds of the orbifolds such as
T?/Zy (N = 2,3,4,6). We would like to note the relation between the moduli 7 and
the rotation w for each orbifold. For N = 2, there is no limitation on 7 except for Im7 > 0,
but for N = 3,4,6, 7 should be equivalent to w because of the analysis by crystallogra-
phy [40]. For convenience, we still use both 7 and w as a base vector on the lattice and the
Zn twist, respectively below, though 7 = w for N = 3,4, 6.



Moreover, an important feature is the existence of fixed points zg, defined by

3

2ep =wzp +m+nt  for “m,n € Z. (3.4)

Since each fixed point is specified by the Zy twist w and the shift m +n7, we define zg, as
(w, m~+n7) with the language of space group. On the complex plane, there exist an infinite
number of fixed points because the possible combinations of (m,n) exist countlessly. On
the torus, however, zg, and zg, +m/ +n/7 (Ym/,n’ € Z) should be identified with the torus
identification z ~ z 4+ m + n7. Then, it follows from eq. (3.4) that since zg, +m' + n'7
satisfies the relation

2p +m' +n'T = w(zgp +m' +0'7) + m+ T, (3.5)
ie.,
2p = w2gp + (w — 1)(m' +n'7) + m + nr, (3.6)

(w,m + n7) should be identified with (w, (w — 1)(m’ + n'7) + m + n7).

For example, let us consider the case of 72/Z3. For n' = 0, (w,m + n7) is identified
with (w,m —m' + (n + m/)7). For m' = 2n’ # 0, (w,m + n7) is also identified with
(w,m — 3n’ + n7). From these identifications, one can find three fixed points, i.e.,

(m,n) = (0,0),(1,0),(2,0) mod (—1,1) and (3,0). (3.7)

Actually, the three fixed points on the fundamental region are given by

2 142
s =0, =20, =0 for (m.m) = (0,0),(1,0),(1,1). (3.8)
In the same way,'Y on T?/Z,, four fixed points exist, which are zgp = 0, %, 3 HTT for

(m,n) = (0,0),(1,0),(0,1),(1,1), respectively. On T2/Z4, two fixed points exist, which
are zg, = 0, 1‘*'77 for (m,n) = (0,0), (1,0), respectively. On T?/Zg, only one fixed point
exists, which is zg, = 0 for (m,n) = (0,0). The fundamental region and the fixed points
for each orbifold are depicted in figure 1. As we will see below, the number of fixed points
correspond to the variety of allowed Scherk-Schwarz phases on each orbifold.

3.2 Field theory on orbifold

Next, we study a field theory on the orbifold. Let us consider the following Lagrangian
density on six-dimensional space-time with the orbifold 72 /Zy,

Eg)eyl = i\TITg/ZN+(:c, z)FM(aM —iqAp(z, z))\I!Tz/ZN+(x, z), (3.9)

where W27 (7, 2) is a six-dimensional Weyl fermion on M 4xT?/Zy. Here and hereafter,
we take the gauge with a,, = 0 because the Wilson line phase can be absorbed into the
Scherk-Schwarz phases (see appendix B). In order to define a field theory on the orbifold,

19See in detail ref. [39].
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Figure 1. The fundamental regions of T?/Zy orbifolds (N = 2, 3,4, 6) and their fixed points. The
top left is T2 /Z,, the top right is T?/Z3, the down left is T?/Z,, and the down right is 72 /Zs. The
black dots denote the fixed points, and the gray areas correspond to the fundamental region. Each
of single, double and triple arrows means the direction and pair of identification by lattice shifts
and Zy twist.

we need to specify what are boundary conditions under the lattice shifts ¢, ¢, and the Zy
twist s for the fermion. Then, we define the boundary conditions for W2, L(x,z) as

‘I’T2/ZN+(37> z4+1) = Ul(z)\I/Tz/ZN+(x, z),
Vo )z (X2 +7) = Ur(2) W27, 4 (7, 2),

U2 g4 (T, w2) = SV(2) V2,7 4 (2, 2), (3.10)
where § = (I'*T* + wI'*I'%) /4 = diag(1yx4,wlaxs), and V() is a transformation function
for the Zn twist. The transformation functions U;(z) and U,(z) for the lattice shifts t;
and t, are given in eq. (2.14) with a,, = 0. However, the Scherk-Schwarz phases a; and
a, cannot be freely chosen, and are allowed to be certain discrete values on the orbifold,
as we will see later.

In a way similar to eq. (2.2), we can expand the Weyl fermion Wr2,7 . (z,2) on
M* x T?/Zy such as

U2 g+ (,2) = Yr2)70R(T,2) + Y1271 (2, 2)

= Z (¢4R,n($) ® V7275240 (2) + Yarn(T) @ ¢T2/ZN2—,n(Z)) ;o (3.11)



with

U270 +m - 0
V127524 m(2) = ( g /ZO+ (Z)) v Ur2zy0- n(2) = <¢T2/ZN,n(Z)) - (3.12)

Then, the boundary conditions (3.10) for Wre /7 4 (x,z) are replaced by those for

¢T2/ZN:I:,n(Z)7 Le.,

Y12z +n(z +1) = U1(2)¥r2/ 7y 4.0(2),
wT2/ZN:|:7n<Z +7) = UT(Z)T/}T‘Z/ZNﬁ:,n(z)a
V2 ) zp+m(W2) = VI(2)Ur27, 4 n(2),
wTQ/ZN—,n(WZ) = WV(Z)T/}TZ/ZN—,n(Z)- (3.13)

Here, it is worthwhile to note that the wave functions ¢72,7, 1 ,(z) on the orbifold T%/Zy

can be constructed from certain linear combinations of 14 ,,(z) on the torus T2. This is

because the orbifold 72 /Z is obtained by dividing the torus 72 by the Zy discrete rotation.
From eq. (2.8) with a, = 0, AW (z) and A;b)(z) satisfy

AP (wz) = wAD (2), AP (wz) = wAP (2). (3.14)
The transformation function V'(z) is given by
V(z) =¥, (3.15)

where f is a real number. From the requirement that N times the twisted transformation
in eq. (3.1) should be identical to the identity operation, i.e., s = 1, 3 has to satisfy

BN =0 mod 1. (3.16)

When we require that [,g%eyl is single-valued under the lattice shifts and the Zy twist,
the boundary conditions for the gauge fields Ays(x, z) can be obtained as

Api(a, 2 +1) = Us(2) <AM(9c, 2y — ;aM> Ul(2),
Ay(z,z +71) = Ur(2) (AM(a:,z) - ZaM) Ul(z),

Ay(z,wz) = Ay(x,2), Al(z,wz) =wA(z,2),
Az(z,wz) = wAs(z, 2). (3.17)

Moreover, let us investigate the boundary conditions for general lattice shifts m +
nt (m,n € Z) and Zy twists w¥ (k € Z). To this end, we define the transformation
function Uy, 4n-(z) through the relation

\IIT2/ZN (.CC, z+m+ nT) = Um-i—nT(Z)\I]TQ/ZN (1'7 Z)' (318)

,10,



Then, we obtain
Yoz, (2, WF(z+m+nr)) = Uk (menr) (wkz)\Isz/ZN (z,w"2), (3.19)
because w¥(m-+nt) for Yk, m,n € Z can be equivalently expressed as a lattice shift m’ +n'r

for Fm/,n’ € Z.
From the above definition (3.18), Up,+n-(2) turns out to satisfy

Unm+i14nr(2) = Ur(z + n7)Unpgns (2),
Um+(n+1)r(z) = Uz (2 + m)Unpnr(2),
U_(minr)(2) = Uppipr (2 —m —n7) = Uphne(z —m —n7),
Unm(z) = (U1(2))™, Unr(2) = (Ur(2))", (3.20)

where we have used the relations U;(z+m) = U;(z) and U (2 +n71) = U-(2), which will be
derived from egs. (2.10) and (2.14). We can further show that from eq. (3.10), Up4nr(2)
should obey the relation

Um+nr(2) = Uy (manr) (wFz)  for ke Z. (3.21)
It follows that we find
Ui(z) = U_1(—2), Ur(z) =U_7(—2) for N =2,
Ui(z) = Uy(wz), Ur(2) = Uyr(wz) for N =3,4,6. (3.22)

3.2.1 Scherk-Schwarz phases without magnetic flux

First, let us review Scherk-Schwarz phases without magnetic flux [39, 49]. Then, U;(z) and
U:(z) are independent of z,

Ui(z) = 2™ U, (z) = e¥™or, (3.23)

For N = 2, using egs. (3.20) and (3.22), we obtain

627”041 — 67271'1011 6271'101-r — 6727”047— (324)

(a1,0,) =(0,0), (1/2,0), (0,1/2), (1/2,1/2), mod 1. (3.25)

For N = 3, using egs. (3.20) and (3.22), we obtain

e2mion _ miar - 2miar _ ,=2mi(ar+ar) (3.26)
ie.,
(a1,07) =(0,0), (1/3,1/3), (2/3,2/3), mod 1, (3.27)
where we have used the relations that wr = —1 — 7 for 7 = w = €27%/3,
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For N = 4, using egs. (3.20) and (3.22), we obtain

ePmion — g2miar - plmiar _ pm2mian (3.28)
ie.,
(a1,a7) =(0,0), (1/2,1/2), mod 1, (3.29)
where we have used the relations that wr = —1 for 7 = w = i.

For N = 6, using egs. (3.20) and (3.22), we obtain

e2mien — p2miar - 2miar eZm(_aﬁo‘T), (3.30)
ie.,
(a1,a7) =(0,0), mod 1, (3.31)
where we have used the relations that wr = —1 + 7 for 7 = w = e™/3,

Here, we would like to note that the variety of the Scherk-Schwarz phases (aq, a;)
corresponds to the number of fixed points in the fundamental region on each orbifold.

3.2.2 Scherk-Schwarz phases with magnetic flux

Next, let us investigate the Scherk-Schwarz phases with magnetic flux. Then, U;(z) and
U;(z) depend on z,

U1 (Z) _ eiq)a (z)+27rioq’ UT(Z) _ eiqxf(z)—I—Qm'aT ) (3‘32)

We apply egs. (3.20) and (3.22) to these U;(z) and U,(z). Then, for N = 2,4, we have the
same results as eqgs. (3.25) and (3.29), respectively. On the other hand, we will show that
the allowed Scherk-Schwarz phases with magnetic flux are different from those obtained in
the previous section for N = 3,6 with M = odd.

For N = 3, using egs. (3.20) and (3.22), we obtain

g2mion _ Q2miar  2miar _ e—27ri(o¢1+oc7—)+i7rM7 (3.33)
ie.,
(a1, a7) =(0,0), (1/3,1/3), (2/3,2/3) for M = even,
(a1, ) = (1/6,1/6), (1/2,1/2), (5/6,5/6) for M = odd. (3.34)
For N = 6, using egs. (3.20) and (3.22), we obtain
g2mion _ Q2miar - 2miar _ 627ri(—0¢1+067—)+i7rM7 (3.35)
i.e.,
(a1, ) =(0,0), for M = even,
(a1, 00) = (1/2,1/2), for M = odd. (3.36)
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Orbifold | M | Scherk-Schwarz phases (a1, a;) (mod 1)
TZ/Z2 - (070)7 (%70)7 (07 %)7 (%7%)
odd (5:5) (3:3) (8:8)
TZ/Z4 - (070)7 (%7 %)
eve 0,0
T2/ Zs ven (0,0)
odd 3.9

Table 1. The list of the allowed Scherk-Schwarz phases with magnetic flux.

The allowed Scherk-Schwarz phases are shown in table 1. It is found that the variety
of the Scherk-Schwarz phases still corresponds to the number of fixed points even with
non-zero magnetic flux.'’ However, it is remarkable that the non-zero magnetic flux with
M = odd affects the values of the Scherk-Schwarz phases for N = 3,6, and especially does
not permit them to vanish.

3.3 Zn eigenstates of fermions

Here, we explain how to construct the wave functions ¢z, 1 »(2) on T?%/Zy from the
wave functions 94 ,(2) on T2, To clearly distinguish wave functions on 72 from those on
T?/Zy, we rewrite the wave functions with a,, = 0 on T2 as ¥p2, ,(2). Since the wave
functions ¥z ,,(2) should obey the desired boundary conditions (2.13) as well as the zero-

mode wave functions wg;;aé,af) (2) = Q/J(ijigm’%) (2;0), we rewrite them as wgrj;;a;’%) (2) (j =
0,1,---,|M| — 1), which are constructed by a way similar to the analysis of harmonic

oscillator in the quantum mechanics (see section 5).

In addition to the torus boundary conditions (the first two conditions of eq. (3.13)),
the wave functions 172 /ZNi,n(z) have to satisfy the orbifold boundary conditions (the last
two conditions of eq. (3.13))

¢T2/ZN+,n(WZ) = 77¢T2/ZN+,n(Z)a

V2 )7y —n(W2) = wnre 7, n(2), (3.37)
with
n=em, (3.38)
ie.,
ne{lLww’ - w1} (3.39)

1 Also, the same relation among the fixed points, discrete Wilson lines as well as phases is studied in
intersecting D-brane models on T°/(Z> x Z2) [51].
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Then, we can construct p2/7, 4 ,(2) by the following linear combinations

of w (J+a1,0r) (Z),

T2+n

N-1

R ana(2) = N D7 a0 (W), (3.40)
k=0

. N-1
BT (2) = NUL ST @) el (whz), (3.41)

k=0
where j (= 0,1,---,|M| — 1) stand for the degeneracy with respect to the n-mode wave

(j+au,o (J+a1,ar)
T2/ZN+TTL( ) (¢T2/ZN Tn

onT?/Z N, and NJ(rj (./\/ G) ) are normalization factors, which depend on j, the chirality of

(Jtai,ar) (j+ai,ar)
1/1T2i ; T2/ 75+, n(Z>w

and 9, U +a1’aT) ! (2)un defined above satisfy all of the boundary conditions (3.13) on T?/Zy;,
as they should be.

It should be emphasmed that w,ﬁ;;?’(r) (2),¢ are mutually independent for different
values of £, i.e., eigenvalues w!’ under the Zy twist, but are not always linearly independent

functions. The index of n (wn) for ¥ (2)wn) means Zy eigenvalues

(z), and the Zy eigenvalues n (wn). It is easy to verify that both v

for different values of j. We will see this feature in the next section explicitly.

3.4 Wilson line phase

In section 3.2, we have investigated the variety of Scherk-Schwarz phases in the gauge with
a, = 0. Here, we would like to consider the case of non-zero Wilson line phases. From
the results given in appendix B, let us transform the a,, = 0 gauge into the gauge, where
they satisfy

May, =o17—ar, @ =0, & =0, (3.42)

where a,, and (&1, &) are the redefined Wilson line phase and the redefined Scherk-Schwarz
phases, respectively. Substituting the value of (a1, a;) (mod 1) of table 1 into eq. (3.42), we
can obtain the allowed Wilson line phases, which are shown in table 2. Namely, the variety
of allowed values for the Wilson line phase corresponds to the number of fixed points on
each orbifold.

4 Zero-mode eigenstates on T?/Zy

In the previous section, we have discussed the Zy eigenfunctions wTQJ;%l’aiT; (2),eonT?/Zn
and found the allowed values for the Wilson line phase a,, and the Scherk-Schwarz phases
ay and «; on each orbifold. Here, we focus on the zero-mode eigenstates for each Zy
eigenvalue with a,, = 0, and study their number for each M. In particular, we will pay
attention to the cases that the number of zero-mode eigenstates is given by around three,

because we would like to construct a three generation model.
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Orbifold | M | Wilson line phases: M ay,,
T2/ZQ - 07 %7 %7 HTT

even 0, 2z 2
T2/ Zs R

ot | b
T2)7, - 0, 4~

even 0
T2/ Z¢

1
odd #

Table 2. The allowed Wilson line phases.

4.1 T?/Z,
First, we study the case of T2/Zy with M > 0.2 From eq. (3.40), the Zy eigenstates

wszJ;Z;fTO (2)+1 (j =0,1,--- ;M — 1) are given by

W) (2)an = NP4 (w0 () 0B (<2) (4.1)

which satisfy the eigenvalue equations

et (<o) = wpho ) (). (4.2)
From eq. (2.19), 1/173210%’0” (z) possess a relation such as
PR () = upl T (a) = et My 6 (43)

with (a1, ;) = (0,0),(3,0),(0,3),(3,2) (mod 1). Substituting this relation into eq. (4.1),
we obtain

Qe (2 = N,y (W) (2) & e tmitteDar Ay QL ronen ) - (4.4)

For example, for M = even and (a1,c,;) = (0,0), ¢T2/22+0( z)4+1 satisfy the rela-

tions wTQ/ZQ_H)( 2)41 = wT]\Q/I/Zii)O( )41 for j = 0,1,--- ;M — 1. This implies that the

zero-mode eigenstates wTQ/Z +0( 2)4+1 only for j = 0,1,2,--- ,% are linearly indepen-

dent, and their number is equal to 2 + 1. On the other hand, for M = even and
(0, 07) = (0,0), ), . ()1 satlsfy the relations %), | (2)1 = —piu 0 (2)
for 5 = 0,1,---,M — 1. Then, the zero-mode eigenstates w¥23)22+,0(z)*1 only for
J=12--- % — 1 are linearly independent, and their number is equal to % —1.

In the same way, we can obtain the number of linearly independent zero-mode eigen-
states for any M and (a1, «;). Results are shown in table 3. We should understand that

2The U(N) gauge theory in ai = ar = 0 on T?/Zs T/ Zs and T°/(Z2 x Z4) has already been studied
in ref. [32, 33].
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(j+a1,ar) (j+a1,ar)
(041,047-) M ¢T2/Z2i0( )+1 ¢T2/Z2j:0( ) 1
M M
even % +1 % —1
(0,0 M| +1 \M|—1
J’_ —
odd - B
oven | 1 ]
1 2 2
(2:0) |M|+1 |M|-1
odd 3 3
oven | L ]
1 2 2
©:2) |M|+1 M1
odd 3 5
even 1] 1]
272
M|—1 M|+1
odd 1] M1+

Table 3. The number of linearly independent zero-mode eigenstates for each Zs eigenvalue.

%Z;g;fg (2)41 ( Tfj/g;f” (2)+1) exist only for M > 0 (M < 0) in table 3. The number of

linearly independent zero-mode eigenstates depend on the evenness or oddness of M as well

as the Scherk-Schwarz phases (a1, ), and that the sum of the numbers of @ZJIZ;;? fg)( )41

and wT];;%;’fTO) (z)—1 is equal to |M|, which is the number of zero-mode wave functions

@bjfziaé’af (z). Tt is important to note that candidates of three-generation models can be
obtained by taking |[M| =4,5,6,7,8 with appropriate Scherk-Schwarz phases in table 3.

4.2 Tz/Zg, Tz/Z4 and Tz/Zﬁ

In section 4.1, we have succeeded in obtaining the linearly independent Zs eigenstates on
T?/Z,. In this section, we extend such analysis into 72 /Z3, T2/Z4 and T2/ Zs.
As discussed in section 3.3, the zero-mode eigenstates ¢T Jral’%)( )¢ with the Zn

2/ZN+,0
eigenvalue w’ (¢ = 0,1,--- ,N — 1) and M > 0 will be given, in terms of the zero-mode
functions wjf;fé’%)(z) on T2, as
N-1
a0 j 0tk (G+an,or
PRI @ = N D7 a7 (Wh), (4.5)
k=0
which obey the eigenvalue equations
¢ J+a1,ar)(wz) _ wlw (§+a1,ar) (Z)wév (4.6)

T2/ ZN+,0

forj=0,1,--- M —-1land ¢=0,1,--- ,N — 1.

As pomted out in section 3.3, all of @Z)IJ;;ZI’T%( )t for j =10,1,--+ M —1 with a fixed ¢

are not always linearly independent. To find the number of linearly independent zero-mode

T2/ZNn+,0

eigenstates ¢1327§1’3_T()](z)we we need information on the relations between ¢132—:_aé’a7)(wkz)
and 1/}7321&6’&7)(2) such as eq. (4.3). Since wégfé’%) (w¥2) for any j and k satisfies the same
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zero-mode equations and boundary conditions on T2 as ¢¥2+ f B’QT) (z) fori=0,1,--- ,M—1,

and since {ngf:)’af)(z), i =0,1,---,M — 1} forms a complete set of the zero-mode

. 2 (§+a1,ar)
eigenstates on T, ¢, g

wjf;fé’m (2) such that

(w¥z) have to be expressed by some linear combination of

M—1
VRS W) = 3 O () (4.7)
i=0
where C,]: are complex coefficients, j =0,1,--- ,M — 1, and k=0,1,--- /N — 1.
Inserting eq. (4.7) into eq. (4.6), we obtain

—1M-1
(j+ou,07) (J —lk i) (i+ar,ar)

W = VLY Y ) (48)

k=0 i=0
Thus, any Zy eigenstate 1/1%7%1’?:())(2)& on T?/Zy turns out to be expanded in terms
of the zero-mode functions @lejfB’aT)(z) on T?. This result immediately tells us that
all of ¢T]2J;§1’3‘:()]( )¢ for j =0,1,--- M —1 and ¢ = 0,1,--- ,N — 1 are not always
linearly independent because there are only M independent wave functions wg;glo’%)(z)
for i = 0,1,--- ,M — 1 on T?, but a naive counting of the functions @Z)T;;ZLT())(Z)M for

j=0,1,--- M —1and £=0,1,--- ,N — 1 gives NM, which is always larger than M for
N > 1. Thus. it becomes an important task to find M linearly independent functions from
%ijz“fg( ) for j=0,1,-- ,M —1and for £=0,1,--- ,N — 1.

We have succeeded in obtaining the coefficients CY" for the Zy orbifold with w = —1
in section 4.1. However, it seems mathematically non-trivial to determine the coeflicients
C’,J: analytically for N = 3,4,6 and any M, in general. Hence, we will first try to find C]Zi
for some small M, analytically.

Let us first consider the case of M =1 and (a1, 0r) = (1/2,1/2). Then we obtain

a zero-mode function ¢T22 j)o( ) on T2. It is not difficult to show that d)T%’f O( z) satisfies
the relation

(11

wTQ_,_ Q(WZ) = U”/}TEZED(Z)? (49)

for w = e?™/N with N = 3,4,6. To derive the above relation, we may use the following
formulae of the elliptic theta functions,

1
2
1
2
3 o E _l = i(—iT 1/2€i7rz2/'r T

N[ N[ =
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2mi/N

witht=w=e for N = 3,4,6. It follows from eqs. (4.5) and (4.9) that we find

© (33 B
N OWE Newtripol) - for £=1 (4.11)
0 . .
o 0 for ¢#1

1 1
Thus, the Zy eigenstates wTé”"Z + 0(2),t defined in eq. (4.5) are non-vanishing only when

¢=1for M =1 and (a1,a;) = (1/2,1/2).
A similar analysis will work for M = 1 and (a1, ,) = (0,0) with N = 4.13 Then, we
can show that

P o(wz) = v o(2)  for w=i. (4.12)
It follows that

(0,0
(0,0) B N++11/JT2+)0(z) for £ =0
wTQ/Z4+ 0Pt = : (4.13)
0 for £=1,2,3

Let us next discuss the zero-mode eigenstates on T2 /Z, for M = 2 and (a1, o) = (0,0).

For M = 2, there are two zero-mode solutions wgﬁ O(Z) for j = 0,1 on T?. Using the

formulae of the elliptic theta functions given in appendix C, we can show that

Y oiz) =

<wT2+ o(2) + U5 o (2),

%\

s oiz) = 7<w§?;1>0<z> — P o (2)). (4.14)
It follows that we obtain
W0 oo = N (0020 0(2) + (V2= 1950 (2))
)

o = N (050 (2) + (V2= e () |
Vs 0(2)e = U530 () =0,
B o(Dr = N (8109 4(2) = (V2 + D) ().
W02 = N (0509 4(2) = (VE+ D90 1 (2))
U3y, 4.0(2)t —w%‘}z o2 = 0. (4.15)
Thus, the number of linearly independent zero-mode Z, eigenstates wTQ o 0Dt (€=
0,1,2,3) turns out to be 1,0,1,0 for £ = 0,1, 2,3, respectively. The total number of the

linearly independent zero—mode eigenstates is equal to two, and is identical to the number
of zero-mode solutions wTQ L o(2) (j =0,1) on T?, as expected.

13Remember that for M = odd, the Scherk-Schwarz phase (v, o) = (0, 0) is permitted only for N = 2,4
(see table 1).
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We present one more example of M = 4 and (a1, a,) = (0,0) on T?/Z, to show the
non-triviality of getting Zx eigenstates on Zy orbifolds with magnetic flux. The results
are given as

U0 = N (30050 ) (2) + 0850 o () + i) ) (2) + 004 (2))
¢T2/Z4+,0(2)1 - ¢T5/24+,o(2)1
0 (800 5(2) + 09 o (2) = 650 o () + 050 o (2))

s olon = NEL (009 0(2) = 0550 0 (2) + 3650 o () — 6557 4(2))

)

EEVON R 2,00
_N.hl (/\/,—’(_0 ¢T2/Z4+O( ) ,/\/'_5_1 I/JT2/Z4+0( ) ) )

)

)

b —_ ( ’ —
V127,14, 0(2)w = V127,04, (2w =

U802k = =) 4 o2 = ML (00(2) — 0300 -
Va4 0(2u2 = w$22z4+0<> 2= =) o(Par = VY, L ()

100 (8520(2) = 8500 (2) = 50 0(2) = ¥04(2))
¢<T°52>Z4+,O<z>ws=w<;53>z4+,0<z>ws=w¥53>z4+,0<z>a Vs o(Pur =0, (416)

In the above analysis, we have explicitly found the coefficients C,]: in eq. (4.7) for some
small M and the number of linearly independent Zy eigenstates on T2/Zy (N = 3,4,6).
However, it is difficult to continue this analysis for larger M because necessary formulae of
the elliptic theta functions to determine C’,Zi are not known to the best of our knowledge.

Therefore, we will determine the coefficients C’i;i and the numbers of linearly inde-

pendent Zy eigenstates wjfztgl"iT%(z)wz on T?/Zny (N = 3,4,6) for larger M by nu-

merical analysis.!* The results for T%/Z3, T?/Z, and T?/Zg are given in tables 4-11.

(+on,az)
72/ znt 0 (%)

for each combination of n = w’ (¢ = 0,1,--- ,N — 1) and |M|. For example, when we

Those tables show the number of linearly independent Zy eigenfunctions

want to construct a three-generation model on T?/Z3, we may choose one of (|[M|,n) =
(6,1),(8,1),(10,1), (8,@), (10,&), (12, @) with w = €>™/3 in table 4.

As an example of numerical computations, numerical values of WJTQ st 0(2)ye | for
M =2 and (aq, ;) = (0,0) are depicted in figure 2. The two figures of the top, mlddle and
bottom in figure 2 correspond to |1/J (7:0) ()1, \w(j’o) (2)w]? and ]¢T2/Z3+0( 2)s|?,

T2/Z34,0 T2/Z34,0

respectively. The ﬁgures of the left (right) side are |¢792(/))Zs+0( Vot |2 (|77Z)T2/Z3+0( 2).e ).

of?

The wave functions wT2 75+, 0( z),,¢ have been obtained by computing the right-hand side of

eq. (4.5) numerically. We have also determined the coefficients C,]: in eq. (4.7) numerically,

The numerical values of C,j: will be confirmed by another approach of the operator formalism given in
ref. [55].
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M| |2 4 6 8 10 12 14
171 1 3 3 3 5 5
nlwl0 2 2 2 4 4 4
w|ll 1 1 3 3 3 5

Table 4. The number of linearly independent zero-mode eigenstates 1p2 /7, + o(2), for M = even
and (a1, a,) = (0,0) on T?/Z3.

M| |2 4 6 8 10 12 14
111 2 2 3 4 4 5
njlw|l 1 2 3 3 4 5
w|0 1 2 2 3 4 4

Table 5. The number of linearly independent zero-mode eigenstates 27,4+ o(2), for M = even
and (o1, 0.) = (£,3),(3,2) on 1?/Z;.

373/7\373
M| [1 3 5 7 9 11 13
111 2 3 3 4 5
nlwl0 1 2 2 3 4 4
w|0 1 1 2 3 3 4

Table 6. The number of linearly independent zero-mode eigenstates ¢p2 /7, + o(2), for M = odd
and (o1, 0.) = (5, %), (2,2) on T?/Z;.

6°6/\6°6
M| |1 3 5 7 9 11 13

110 2 2 2 4 4 4

nlwl(l 1 1 3 3 3 5

w| 0 0 2 2 2 4 4

Table 7. The number of linearly independent zero-mode eigenstates ¢z /7, + o(2), for M = odd
and (o, ) = (3, 3) on T2/ Z3.

and confirmed that eq. (4.5) is consistent with eq. (4.7). It follows from figure 2 that

(1,0 (1,0 - 0,0 .
¢T2/)Z3+ o2 (wTQ/)ZBJF 0(#)@) is linearly dependent on w(TQ/)ZSJnO( )1 (¢T2/23+ o(2)@) , while
wTUQ(/))ZS + 0(#)w wTQ pn o(2)w = 0 in the numerical analysis. The numerical results agree
with those derived analytically before.

5 Kaluza-Klein mode functions and mass spectra

In the previous section, we have considered zero-mode solutions on 72/Zy. It is also
worthwhile to discuss Kaluza-Klein modes on T2 and T?/Zy.'® Then, we can understand
the Kaluza-Klein modes by a way similar to the analysis of the harmonic oscillator in the

quantum mechanics, as we will see below.

5For a detailed investigation of the gauge theory on the torus, see ref. [5, 19, 22]
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| M| 12 3 4 5 6 7 8 9 10 11 12 13 14 15 16 17
+1/1 11 2 2 2 2 3 3 3 3 4 4 4 4 5 5

+ (0 0 1 1 1 1 2 2 2 2 3 3 3 3 4 4 4
T o1 1112222 3 3 3 3 4 4 4 4
-0 00011112 2 2 2 3 3 3 3 4

Table 8. The number of linearly independent zero-mode eigenstates 172 /7, + 0(2), for (a1, ;) =
(0,0) on T2/Z;.

| M| 12 3 4 5 6 7 8 9 10 11 12 13 14 15 16
+1/0 1 1 1 1 2 2 2 2 3 3 3 3 4 4 A4

+ (1 1 1 1 2 2 2 2 3 3 3 3 4 4 4 4
"T1lo000 111122 2 2 3 3 3 3 4
-0 0 1 1 11 2 2 2 2 3 3 3 3 4 4

Table 9. The number of linearly independent zero-mode eigenstates 1727, + o(2), for (a1, ;) =
(27 2) on 1% /Z,.

M| |2 4 6 8 10 12 14 16 18 20 22 24 26
1112 2 2 3 3 3 4 4 4 5 5
w|0 1 1 1 2 2 2 3 3 3 4 4 4
w21l 11 2 2 2 3 3 3 4 4 4 5

"w3lo o111 2 2 2 3 3 3 4 4
w0 111 2 2 2 3 3 3 4 4 4
wl0oo0o o1 1 1 2 2 2 3 3 3 4

Table 10. The number of linearly independent zero-mode eigenstates 1p2 7,4 o(2), for M = even
and (a1, a,) = (0,0) on T?/Z.

M| |1 3 5 7 9 11 13 15 17 19 21 23 25
17101 112 2 2 3 3 3 4 4 4
wl|ll 1 1 2 2 2 3 3 3 4 4 4 5
w001 11 2 2 2 3 3 3 4 4

TTew3lo 111 2 2 2 3 3 3 4 4 4
witlo0000O 11 1 2 2 2 3 3 3 4
wlo o 111 2 2 2 3 3 3 4 4

Table 11. The number of linearly independent zero-mode eigenstates ¢r2 ;7,4 o(2), for M = odd
and (o, ) = (3, 3) on T?/Z.

From eqgs. (2.2) and (2.5), the masses squared of Kaluza-Klein modes with a,, = 0 on
M* x T? are given by

74ng)ng) 0 wjg;_a;,ocr)( ) , w:,g:ocgaf (2) )
=m, oo N .
0 —apPD | \ w2 A )
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)1/);0;’/0)23_,_,0(;)@‘2/

(0,0)
‘sz/Zs-HO

o"‘“w

(1,0) (1,0) 5 o
|¢T’/zs+,o )wT’/zaJr,o(z)W‘

2 2. T
1 iy JN"
0 Y
OO
0.57 . MONIAS
10 10 0

Figure 2. A numerical analysis of the probability densities W%’?)ZS +0(2)wk[? for M = 2. These

figures are depicted with a complex coordinate z = x + 7y (0 < x,y < 1) for convenience of
explanation. The left two figures are probability densities |w¥2’(})z3 + o(2)1[?, the center two figures

are |z/1(j’0) (2)w]?, and the right two figures are |1/)(j’0) (2)o|?. The upper three figures are

T2/Z3+,0 T2/Z3+,0
0,0 1,0
|w(TQ/)Zs+,O(z)n\2, and the lower three figures are |¢(TQ/)23+70(2)77\2.

where DY) = 0, — iqA,(Zb) (z) and ng) = 0 —iqAéb)(z). Here, we define the two-dimensional
Laplace operator A as

A=—20"DY 1+ DY p®)y. (5.2)

which satisfies the relations with ng) and Dg))

(A, DY) = *47Z4M p®, (A, DY) =

47 M

() ® poy _ ™
7 Dz (D27, Dy (5.3)

where A (= Im7 - 1) is the area of the torus. This algebra of operators for ¢y ,(2)
is similar to the one of the one-dimensional harmonic oscillator in quantum mechanics.
Indeed, it is found that for M > 0,

A:W(MJFD, Ny =alay,
iy =i 7T|“4MD§"), al =i W@'ng), lay,at)=1,  (5.4)
with
0,158 o) | = w0, (55)
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and for M < 0,

AT|M| [« 1 )
_ ”L | <N_+2>, N_=ala_,

A . A b
a_ = D® af = _t _pt a_al]1=1 5.6
a Z 7_(_‘]\4| 4 ) a— Z 7T|M‘ V4 ) l:a/ 7a—] ) ( )

with

j+a1 ]+a1,047—

)0, = ,aT>T2 = plfaran) () (5.7)

Thus, Kaluza-Klein mode functions are given by

P (2) (Al (2)

o0 . .
WrM(z—l-aw)W § : eiw(ﬁ%—i—l)QMTe%ri(ﬁ%+l)(M(z+aw)—aT)

§\z§\~

l=—00
I w '
X Hy | VAT MImT m(z—l—a)+]—|—o¢1+l ,
Im7 M
a1,o 2 j+ar,o
¢J+ 1,07 ( ) 7D§b)1/}§22++;; T)(Z) for M > O,
My, )
(5.8)
1
J+a1,a7 — j+a1,a7
v (@) = o= @)
_ \J\A i M (Z+ay,) e aw) Z oI HD2MF 2mi( IR +) (M (F+aw) —ar)
n! Pl
x M | VAT MIm7 mZ+aw)  jta ,
Im7 M
WA (2) = = DPyf ) (2) for M <0,
(5.9)
where H,, is the Hermite polynomial defined as
!
Hp(x) = (—1)"ez T 7 (5.10)
These Kaluza-Klein mode functions satisfy the orthonormality condition on 72
_ I+, (k4o1,000) * 1
| dzz v W ) = B (5.11)
It should be noted that both of the non-zero-mode functions wTJ;;a;’aT)(z) and
¢]+a1 ) (2 ) are well-defined for M > 0 and M < 0, though only %f;fé aT)(z)
(Y7 J+a1’af)(z)) on the zero-mode functions are well-defined for M > 0 (M < 0). The
masses squared of wjf;ztal’aT)(z) are found to be of the form
4| M
m? = 7TJ|4 |n for n € {0,N}. (5.12)
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0,0 0,0 1,0 (1, 0)
¢’§"2+),n 'w’;‘z —),n ,lib’_gl12 —}—),n 1’b

n =20 O—X% 0—¢

Figure 3. The mass spectrum of szi ,(2) (j =0,1) for M = 2. The red crosses mean the absence
of zero-mode solutions, and the blue (green) filled circles correspond to a zero mode solution and

its Kaluza-Klein modes. The blue (green) arrows mean that ' operates on nth modes w%’? ()
(5,0)

e + nal (z) are made by it. Two modes in each black oval make a pair to have

and the next modes
a mass term.

Note that these are masses squared for spinor fields, while eigenvalues of A correspond to
masses squared for scalar fields as m2 = 47r|M‘( 1) for n € {0,N}.

As an illustrative example, the mass spectra of wTQ in( z) ( =0,1) for M = 2 and
(a1, a7) = (0,0) are depicted in figure 3. The red crosses mean the absence of zero-mode
solutions, and the blue (green) filled circles correspond to a zero mode and its Kaluza-Klein

modes of ¢§9;32n

(2) (1/);12’1)”(2)). The blue (green) arrows mean that af operates on the
nth modes 1#%22 (z) and the next modes 1/JT2 . ny1(2) are made by it. Two modes in each

black oval, ¢£F02’3-),n and 1/}T2’_’n (1/)T2’+’n and @ZJTl;i’n), make a pair to have a mass term.
Let us study the masses of Kaluza-Klein modes on M* x T?/Zy. The masses for

1#73;2;1771( z) are given by
() (0) (J+ai,ar) (j+a1,ar)
=m? ‘
o ot ) el w;;;at )

(j+ai,ar) (j+a,ar)
Since ¥ e 0( z), are made by linear combinations of 1, +0

in section 3.3, the Kaluza-Klein modes on the orbifolds should be made by operating (&l)”

Jto (J+ai,ar)
n ‘Ov e VT2 7540

(z) as we have discussed

, T>T2/ZNi,n (2)y. Here, we should notice that for ELL, fo,?z are
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7221(1(1)’%) (wkz), while for a' D(bk) are operated on 1) ]+aé’a7)( k2). We define

k4 and a awki as

operated on

wip =whay, al, = aofal, (5.14)
- =aa_, al, =uwhal, (5.15)

with a1+ = a+ and a al L= ai Actually, operating al on 1/173;;;1’1% (2)y, we obtain the first
Kaluza-Klein modes

J+ar

_ (j) —K A _]+C¥1,a7- k
M ’O‘T>T2/ZN+,77 =Nin U a+¢’T2+o (w*z)

j o ,0r
= NS (wibal o 0o (whe)
k=0

= Yo (Ran (5.16)
] N-—1
_ W) S gl glenen (k)

=N£j37 (@ ) R J+oz1,aT (wkz)

j+a 00
= G (), (5.17)
Thus, the Z N elgenstate with the eigenvalue 7 at the nth Kaluza-Klein modes is made by
(j4a1,ar)

T2/Zn+n—1
Klein mode functions are given by

1
Jjtai,ar _ ~ n . (Jt+ar,or
wT2/Zi\]+ 7)1(2)‘:}"77 = 7(& ) 'lﬂTQ/Z;H_ ())(2)77

(2)wn, or by operating al on ¢¥2‘;;§\;a7) (2)an- The Kaluza-

operating a+ on 1 a1

= NS @kl e (@)

= NS (@i en) (whe),

D—b) (j+a1,00) (Z)a;nn for M >0, (5.18)

]+a1,a7— o
¢T2/ZN n( )9"77 - Z FT2/Zn+n

« 7047' _ ]' ~ n o1 ,000
U (e = (@l wéfJZ;,é@)n

" (j+a1,ar)

2 .
T2/Z 5+, n(Z)wnn = _7D§b)w(]+6f17a7)(z)wnn for M < 0. (519)
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(5,0) (4,0) 'l/J(j’O) (4,0) (4,0) (4,0)
¢T2/Z3+,n T2/Z3—,n T2/Z3+,n *T2/Z3—,n ¢T2/Z3+,n T2/Z35—,n

3
-
€
€
€l
€
o

Figure 4. The mass spectra of 1/)(Tj§3)zsi (2)y (7 = 0,1) for M = 2 in table 4. The red crosses
mean the absence of zero-mode solutions and Kaluza-Klein modes, and the blue (green) filled
circles correspond to a zero mode and its Kaluza-Klein modes. The blue (green) arrows mean that
a' operates on nth modes ¢¥2’3)zg+m(z) and the next modes ¢§?§(})Za+m+1(z) are made by it. Two

modes in each black oval make a pair to have a mass term.
Then, the Kaluza-Klein modes w,f,ZQJ;ZViTBL(z)n for " possess the masses squared
o _ Am|M]|
m, = Tn

Here, let us show an illustrative example. Figure 4 shows the zero-mode eigenstates

for n € {0,N}. (5.20)

ngg(;)zg+70(z)n ( =0,1) for M = 2 in table 4 and its Kaluza-Klein modes. The meaning of
symbols in figure 4 is the same as in figure 3. The important difference between figures 3
and 4 is how Kaluza-Klein modes grow up. In the orbifolds, they grow up as changing the
Z N eigenstates.

6 Conclusions and discussions

We have studied the U(1) gauge theory on the 72/Zy orbifolds with magnetic fluxes,
Scherk-Schwarz phases and Wilson line phases. We have shown all of the possible Scherk-
Schwarz and Wilson line phases. It is remarkable that the allowed Scherk-Schwarz phases
as well as Wilson line phases depend on the magnitude of magnetic flux for the 72/Z3
and T?/Zg orbifolds, in particular, whether M is even or odd. At any rate, the variety
of possible Scherk-Schwarz and Wilson line phases corresponds to the number of fixed
points on each orbifold with any value of magnetic flux. Under these backgrounds, we have
studied the behavior of zero modes. We have derived the number of zero modes for each
eigenvalue of the Zy twist. This result was obtained by showing explicitly and analytically
wave functions for some examples and also by studying numerically Zy-eigenfunctions for
many models. The exactly same results will be derived by another approach for the generic
case [55]. The Kaluza-Klein modes were also investigated.
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Our results show that one can derive models with three generations of matter fermions
in various backgrounds, i.e., the 72/Zy orbifolds for N = 2,3,4,6 with various magnetic
fluxes and Scherk-Schwarz phases. Using these results, one could construct realistic three-
generation models. The toroidal compactification can lead to three zero modes only when
M = 3, and such a model leads to A(27) flavor symmetry [16-20].1® On the other hand,
three generations can be realized in various orbifold models and that would lead to a rich
flavor structure. Couplings among zero modes in the four-dimensional low energy effective
field theory are obtained by overlap integrals of their wave functions. Our analysis shows
that zero-mode wave functions on the orbifold with magnetic flux can be obtained as
linear combinations of zero-mode wave functions on the torus with the same magnetic flux.
Since overlap integrals and couplings of zero-mode wave functions on 72 were calculated
in [5, 15], such couplings can be similarly computed for generic orbifold models. These
analyses on realistic model building for three generations and their low energy effective
field theory will be studied elsewhere. We have focused on the bulk modes originated
from higher dimensions. However, the orbifolds have fixed points. Then, we can put any
localized modes with §-function like profile on such fixed points, if that is consistent from
the viewpoint of four-dimensional field theory.

At any rate, our results can become a starting point for these studies. Also, our study
is applicable to more general twisted orbifold models in higher-dimensional theory more
than six-dimensional one, e.g., T%/Zy, T%/(Zn x Z%;) and so on.
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A Lorentz spinors and gamma matrices

In our work, the gamma matrices are take as

{TM 1N} = 2pMN — 2diag(+1, -1, -1, -1, -1, —1), (A1)
"
' =" ®1oxa = <7 u)’
¥
F5:75®i01=<. m), F6=75®2'02=< 75), (A.2)
Rk —5
T7 = TOTIT20305T6 = s @ 03 = (75 ) : (I, TMy =0, (A.3)
—5

16 A similar flavor symmetry can be obtained in heterotic string theory on an orbifold [56] (see also [57, 58]).
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where M = 0,1,2,3,5,6, v* (u = 0,1,2,3) is a four-dimensional gamma matrix, v; =

i7°v'y2~y3 and o; (i = 1,2,3) is a Pauli matrix. Furthermore we rewrite the fifth and sixth
dimensions as a two-dimensional complex plane such as

z = x5+ iTrg, Z = x5 — 1T¢. (A.4)

Then the gamma matrices and the differential operators are given by

FZEF5+Z'I‘6:< 2275), I‘ZEF5—1'I‘6:< , 0), (A.5)
0 2475

1 , 1 .
9 = 5(95 — idk), 0z = 5(9s -+ id). (A.6)

Here the translations from 5,6 to z, Z satisfy

A% = Ay, B, = 1B (a,b = z,2)

B Redefinition of fields

We consider the relation between the redefinition of a field ®(z) interacting with a U(1)
gauge field A(z) and Scherk-Schwarz phases a1 and «, which are real numbers. Here, we
denote ®(z) and A(z) as ®(z;a,) and A(z;ay) to emphasize the Wilson line phase a,,.
We have already obtained the boundary conditions for A(z;a,) and ®(z;a,) on the torus

with magnetic flux,

A(z+ 1y ay) = A(z; ay) + dxi(z + ay), A(z 4+ 1y ay) = A(z;ay) + dx- (2 + ay),
D(z+ 1 a,) = 6iQX1(z+aw)+27ria1(I>(Z; ), (2 + T3 ay) = eiqxr(z+aw)+27riafq>(z; aw),
(B.1)
with
M M
w) = I w)s T w) = Im|7 w/l B.2
W+ a) = Tt 4 ), (e a) = Tl eyl (B2

Let us redefine ®(z;a,,) by
B(2; ay) = RNEFWNGH(2:6,,), (B.3)

where v is a complex number, and a,, will be determined below. With this redefinition,
the covariant derivatives for ® can be written by

(8 — iqAL(2; a0)) D (2; ay) = RDEFGI(H — 0 A (2; ) P(2; dw),
(0 — iqAz(z; aw)) P (25 ay) = eiqReW*&w)](ag — iq[lg(z; dw))é(z; Q). (B.4)
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Here we defined A, and A; as A, = A, — ~/2 and A=A — v/2, respectively. Then the
Wilson line phase for A is given by

gyl
Ma, = May, + it mT.

. (B.5)

We notice that under the transformation ® — ® and A — A, the Lagrangian density £ is
invariant, i.e., L(A, ®) = E([l, ®). Using

X1(z + aw) = x1(2 + ay) + Rey, xr(z2+ ay) = x+(2 + aw) + Re(7y), (B.6)

we can obtain that A and ® satisfy

Az 4 1;a0) = A(z; Gy) + dx1 (2 + ),

Az + T3 dw) = A(2; @) + dx+(2 + Gw),

B(2 + 1;dy) = 00 (Haw)F2micn —2iaReY G (5 5 ).

R A {CT W) (B.7)

If we take ~ to satisfy ma; — gRey = 0 and 7o, — qRe(7y) = 0, we obtain the redefined
Wilson line phase a,, and the redefined Scherk-Schwarz phases @1 and &,

May, = May +o17—ar, a1 =0, & =0. (B.8)

Thus, we can always make the Scherk-Schwarz phases absorbed into the Wilson line phase
by the redefinition of fields. On the other hand, if we take v to satisfy a,, = 0 in eq. (B.5),
we obtain

MIma,, N MIm(Tay,)

y O = Or

G =0, & =a+ (B.9)

Imr Imr

Thus, we can always make the Wilson line phase absorbed into the Scherk-Schwarz phases
by the redefinition of fields too.

C Example of calculation for linearly independent wave functions

Let us show the direct analysis with eq. (3.40) and its formulae among the ¢ functions for
some examples. First, we study the case with a,, = 0, (a1, ;) = (0,0), j =0,1and M =2
on T?%/Z,. Here, we use w = 7 = i. The eigenstates for all Z, eigenvalues are given by

0) 0)
U rro(2) Nf+12w§f2+o ),

k=0
() : (4,0)
¢T2/Z4+o( )+ i:N+j,+z‘Z( ) ¢722+o( 2),
k=0

3

0
¢T2/24+ 0( N(]—lz 1‘22_;20 ZkZ)?

,¢T2/Z4+0( ) N(J Z ¢722220( A ) (Cl)
k=0
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For convenience, we rewrite @ZJTQ . O(z) as

W% (2) = Ne2momegy (22 20), 50 (2) = NePmemzgy(22,20),  (C.2)

with the elliptic theta functions, which are defined as

1 1
191(V T) 0[%] (V7T)7 192(1/ T) 19[(2)] (VvT)v
2
0 0
I3(v,7) =9 0 (v, 71), Da(v,7) =0 | 1| (v,7) (C.3)
2
The following formulae:
191(7/’ 7-)’ﬂl(/j“v T) = 793(7/ + i, 27—)192(” - M 2T) 192(1/ + W, 27—)193(V - K 2T)7
V3(v, 7)03(p, 7) = I3(v + 1, 27)03(v — p1, 27) + Do (v + p, 27)02(v — p, 27),
P2 (20,2 — 1 ! U = +
2(2v,27) = 1(0,27) 7~ v, T |V1 v, T
1
- 4
V3(2v,27) = 194(072 )193( — v, 7')193(4 + v, T), (C.4)

are useful. To understand the number of zero-mode eigenstates, we need to rewrite
wTOQ(J)F)O(zz) and w(TIQ’?r) (iz) by wTOQ?F)O( ) and w(TIQi o(2). Namely, we need to calculate
V¥2(2iz,2i) and ¥3(2iz,2i). Using the relations (C. 4) we can obtain

1 1

o 1 —T omz2 ;_
——194(0’21,)@ se 191<4+zz)191<4 zz)
1

= 7194(0722.)6 z 2ma? [193< 22)192(22 2i) — 192< 2@>193(2z 22)] ,
e 1 o 1
U3(2iz,2i) = m% Z —iz,i |3 § iz
— 1 —T o7z E . z_ .
i)

_ Me_ge%ZQ [19 (2 2z>293(2z 22)—1—192( 21)192(22 2@)} (C.5)
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From these results, we can rewrite wg,fg(l oliz) by
,¢) 0 0) ( ) — N€2ﬂi(iz)lm(iz)l93(2iz, 21)7

7240\

N | i i

— 2mi(iz)Im(iz) 27rz Ol 228 V9x(22.20) 95 [ = 2i V9-(22. 2i
e 020 ° {3<2’ Z) 3(22,20) 102 5,21 | 02(2,20)

193(%721)

94(0, 27)

-3 19( ) 19( ) ) 2
[ﬂi(o 2i) TOQTO( )+ M¢(T2E)o(2)]

. 9o (5, 26
= Ne 5 ¢2mizImz [ ¥3(22,2i) + 2(22;)192(2,2, 22)]

o0

=€

1
= (w529 0(2) + v ()

1/}(1 0) (Zz) — '/\/’6271'7,(1,2)11'11(1,2),[92(2712’ 21),

T2+,0
1
_ 2mi(tz)Im(iz) _ — ~  —
= Ne e {193( 2Z>ﬁ2(2z 2~ 192( 22>03(2Z QZ)]
Us(3,20)
4(0, 217)
e |0s(5.20) o) 02(5.20) (00
=—e 8 [194(07%) 24,0(%) = mwi’%,o(z)

(v5204(2) - v50(2)) (C.6)

A E
0a(22, 2i) — Mﬂg(%, 2@)]

_ —T 2mizIlmz
= Nere [ 04(0,23)

1
V2

Finally, we can obtain the zero-mode eigenstates for all Z4 eigenvalues

200 A0 (00 (1,0)
T2/Z4+ O(Z)—H - _|_ +1 ( T2+, O(Z) (\/5_ 1 wT2+O z )
Vo = M (00() + (V2 - 10 ().
W01 = ML (0505(2) = (VE+ D o (2))
(1,0 (0,0 1,0)
TQ/)Z4+ 0(2)-1= J(r,—l ( T2+)0(Z) (V2+1 wgf2+o )
ey 0. (C.7)

¢T2/Z4+ O(Z)ﬂ:z Tz/Z4Jr O(a:,z)i,

The number of independent wave functions is equal to two. Thus, the total number of
zero-mode eigenstates is equal to two, and corresponds to the magnitude of magnetic flux
|M|. This result corresponds to the case for M = 2 in table 8.

Open Access. This article is distributed under the terms of the Creative Commons
Attribution License (CC-BY 4.0), which permits any use, distribution and reproduction in
any medium, provided the original author(s) and source are credited.

References

[1] C. Bachas, A way to break supersymmetry, hep-th/9503030 [INSPIRE].

— 31 —


http://creativecommons.org/licenses/by/4.0/
http://arxiv.org/abs/hep-th/9503030
http://inspirehep.net/search?p=find+EPRINT+hep-th/9503030

[2] R. Blumenhagen, L. Gorlich, B. Kors and D. Liist, Noncommutative compactifications of
type-I strings on tori with magnetic background fluz, JHEP 10 (2000) 006 [hep-th/0007024]
[INSPIRE].

[3] C. Angelantonj, I. Antoniadis, E. Dudas and A. Sagnotti, Type I strings on magnetized
orbifolds and brane transmutation, Phys. Lett. B 489 (2000) 223 [hep-th/0007090]
[INSPIRE].

[4] R. Blumenhagen, B. Kors and D. Liist, Type I strings with F flux and B fluz,
JHEP 02 (2001) 030 [hep-th/0012156] [INSPIRE].

[5] D. Cremades, L. Ibanez and F. Marchesano, Computing Yukawa couplings from magnetized
extra dimensions, JHEP 05 (2004) 079 [hep-th/0404229] INSPIRE].

[6] R. Blumenhagen, M. Cveti¢, P. Langacker and G. Shiu, Toward realistic intersecting D-brane
models, Ann. Rev. Nucl. Part. Sci. 55 (2005) 71 [hep-th/0502005] [INSPIRE].

[7] R. Blumenhagen, B. Kors, D. Liist and S. Stieberger, Four-dimensional string
compactifications with D-branes, orientifolds and fluzes, Phys. Rept. 445 (2007) 1
[hep-th/0610327] [INSPIRE].

[8] M. Cveti¢ and I. Papadimitriou, Conformal field theory couplings for intersecting D-branes
on orientifolds, Phys. Rev. D 68 (2003) 046001 [Erratum ibid. D 70 (2004) 029903]
[hep-th/0303083] [INSPIRE].

[9] S. Abel and A. Owen, Interactions in intersecting brane models,
Nucl. Phys. B 663 (2003) 197 [hep-th/0303124| INSPIRE].

[10] D. Cremades, L. Ibdnez and F. Marchesano, Yukawa couplings in intersecting D-brane
models, JHEP 07 (2003) 038 [hep-th/0302105] [INSPIRE].

[11] G. Honecker and J. Vanhoof, Yukawa couplings and masses of non-chiral states for the
standard model on D6-branes on T6/Z6', JHEP 04 (2012) 085 [arXiv:1201.3604]
[INSPIRE].

[12] Y. Fujimoto, T. Nagasawa, K. Nishiwaki and M. Sakamoto, Quark mass hierarchy and
mixing via geometry of extra dimension with point interactions,
Prog. Theor. Exp. Phys. 2013 (2013) 023B07 [arXiv:1209.5150] [INSPIRE].

[13] Y. Fujimoto, K. Nishiwaki and M. Sakamoto, CP phase from twisted Higgs vacuum
expectation value in extra dimension, Phys. Rev. D 88 (2013) 115007 [arXiv:1301.7253]
[INSPIRE].

[14] H. Abe, T. Kobayashi, H. Ohki, A. Oikawa and K. Sumita, Phenomenological aspects of 10D
SYM theory with magnetized extra dimensions, Nucl. Phys. B 870 (2013) 30
[arXiv:1211.4317] [INSPIRE].

[15] H. Abe, K.-S. Choi, T. Kobayashi and H. Ohki, Higher order couplings in magnetized brane
models, JHEP 06 (2009) 080 [arXiv:0903.3800] [INSPIRE].

[16] H. Abe, K.-S. Choi, T. Kobayashi and H. Ohki, Non-abelian discrete flavor symmetries from
magnetized/intersecting brane models, Nucl. Phys. B 820 (2009) 317 [arXiv:0904.2631]
[INSPIRE].

[17] H. Abe, K.-S. Choi, T. Kobayashi and H. Ohki, Magnetic fluxz, Wilson line and orbifold,
Phys. Rev. D 80 (2009) 126006 [arXiv:0907.5274] [INSPIRE].

— 32 —


http://dx.doi.org/10.1088/1126-6708/2000/10/006
http://arxiv.org/abs/hep-th/0007024
http://inspirehep.net/search?p=find+EPRINT+hep-th/0007024
http://dx.doi.org/10.1016/S0370-2693(00)00907-2
http://arxiv.org/abs/hep-th/0007090
http://inspirehep.net/search?p=find+EPRINT+hep-th/0007090
http://dx.doi.org/10.1088/1126-6708/2001/02/030
http://arxiv.org/abs/hep-th/0012156
http://inspirehep.net/search?p=find+EPRINT+hep-th/0012156
http://dx.doi.org/10.1088/1126-6708/2004/05/079
http://arxiv.org/abs/hep-th/0404229
http://inspirehep.net/search?p=find+EPRINT+hep-th/0404229
http://dx.doi.org/10.1146/annurev.nucl.55.090704.151541
http://arxiv.org/abs/hep-th/0502005
http://inspirehep.net/search?p=find+EPRINT+hep-th/0502005
http://dx.doi.org/10.1016/j.physrep.2007.04.003
http://arxiv.org/abs/hep-th/0610327
http://inspirehep.net/search?p=find+EPRINT+hep-th/0610327
http://dx.doi.org/10.1103/PhysRevD.70.029903
http://arxiv.org/abs/hep-th/0303083
http://inspirehep.net/search?p=find+EPRINT+hep-th/0303083
http://dx.doi.org/10.1016/S0550-3213(03)00370-5
http://arxiv.org/abs/hep-th/0303124
http://inspirehep.net/search?p=find+EPRINT+hep-th/0303124
http://dx.doi.org/10.1088/1126-6708/2003/07/038
http://arxiv.org/abs/hep-th/0302105
http://inspirehep.net/search?p=find+EPRINT+hep-th/0302105
http://dx.doi.org/10.1007/JHEP04(2012)085
http://arxiv.org/abs/1201.3604
http://inspirehep.net/search?p=find+EPRINT+arXiv:1201.3604
http://dx.doi.org/10.1093/ptep/pts097
http://arxiv.org/abs/1209.5150
http://inspirehep.net/search?p=find+EPRINT+arXiv:1209.5150
http://dx.doi.org/10.1103/PhysRevD.88.115007
http://arxiv.org/abs/1301.7253
http://inspirehep.net/search?p=find+EPRINT+arXiv:1301.7253
http://dx.doi.org/10.1016/j.nuclphysb.2013.01.014
http://arxiv.org/abs/1211.4317
http://inspirehep.net/search?p=find+EPRINT+arXiv:1211.4317
http://dx.doi.org/10.1088/1126-6708/2009/06/080
http://arxiv.org/abs/0903.3800
http://inspirehep.net/search?p=find+EPRINT+arXiv:0903.3800
http://dx.doi.org/10.1016/j.nuclphysb.2009.05.024
http://arxiv.org/abs/0904.2631
http://inspirehep.net/search?p=find+EPRINT+arXiv:0904.2631
http://dx.doi.org/10.1103/PhysRevD.80.126006
http://arxiv.org/abs/0907.5274
http://inspirehep.net/search?p=find+EPRINT+arXiv:0907.5274

[18] H. Abe, K.-S. Choi, T. Kobayashi and H. Ohki, Flavor structure from magnetic fluzes and
non-abelian Wilson lines, Phys. Rev. D 81 (2010) 126003 [arXiv:1001.1788] [INSPIRE].

[19] M. Berasaluce-Gonzalez, P. Camara, F. Marchesano, D. Regalado and A. Uranga,
Non-Abelian discrete gauge symmetries in 4D string models, JHEP 09 (2012) 059
[arXiv:1206.2383] INSPIRE].

[20] F. Marchesano, D. Regalado and L. Vazquez-Mercado, Discrete flavor symmetries in
D-brane models, JHEP 09 (2013) 028 [arXiv:1306.1284] [INSPIRE].

[21] G. Honecker and W. Staessens, To tilt or not to tilt: discrete gauge symmetries in global
intersecting D-brane models, JHEP 10 (2013) 146 [arXiv:1303.4415] [INSPIRE].

[22] Y. Hamada and T. Kobayashi, Massive modes in magnetized brane models,
Prog. Theor. Phys. 128 (2012 903 [arXiv:1207.6867] INSPIRE].

[23] M. Sakamoto and S. Tanimura, An extension of Fourier analysis for the n torus in the
magnetic field and its application to spectral analysis of the magnetic Laplacian,
J. Math. Phys. 44 (2003) 5042 [hep-th/0306006] [INSPIRE].

[24] 1. Antoniadis and T. Maillard, Moduli stabilization from magnetic fluzes in type-I string
theory, Nucl. Phys. B 716 (2005) 3 [hep-th/0412008] [INSPIRE].

[25] 1. Antoniadis, A. Kumar and B. Panda, Fermion wavefunctions in magnetized branes: Theta
identities and Yukawa couplings, Nucl. Phys. B 823 (2009) 116 [arXiv:0904.0910]
[INSPIRE].

[26] K.-S. Choi, et al., E(6,7,8) magnetized extra dimensional models,
Eur. Phys. J. C 67 (2010) 273 [arXiv:0908.0395] [iNSPIRE].

[27] T. Kobayashi, R. Maruyama, M. Murata, H. Ohki and M. Sakai, Three-generation models
from Eg magnetized extra dimensional theory, JHEP 05 (2010) 050 [arXiv:1002.2828]
[INSPIRE].

[28] P. Di Vecchia, R. Marotta, I. Pesando and F. Pezzella, Open strings in the system D5/D9,
J. Phys. A 44 (2011) 245401 [arXiv:1101.0120] [NSPIRE].

[29] H. Abe, T. Kobayashi, H. Ohki and K. Sumita, Superfield description of 10D SYM theory
with magnetized extra dimensions, Nucl. Phys. B 863 (2012) 1 [arXiv:1204.5327]
[INSPIRE].

[30] L. De Angelis, R. Marotta, F. Pezzella and R. Troise, More about branes on a general
magnetized torus, JHEP 10 (2012) 052 [arXiv:1206.3401] INSPIRE].

[31] H. Abe, T. Kobayashi, H. Ohki, K. Sumita and Y. Tatsuta, Flavor landscape of 10D SYM
theory with magnetized extra dimensions, arXiv:1307.1831 [INSPIRE].

[32] H. Abe, T. Kobayashi and H. Ohki, Magnetized orbifold models, JHEP 09 (2008) 043
[arXiv:0806.4748] [INSPIRE].

[33] H. Abe, K.-S. Choi, T. Kobayashi and H. Ohki, Three generation magnetized orbifold models,
Nucl. Phys. B 814 (2009) 265 [arXiv:0812.3534] INSPIRE].

[34] S. Groot Nibbelink and P.K. Vaudrevange, Schoen manifold with line bundles as resolved
magnetized orbifolds, JHEP 03 (2013) 142 [arXiv:1212.4033] [INSPIRE].

[35] Y. Fujimoto, T. Kobayashi, T. Miura, K. Nishiwaki and M. Sakamoto, Shifted orbifold
models with magnetic flur, Phys. Rev. D 87 (2013) 086001 [arXiv:1302.5768] [INSPIRE].

— 33 —


http://dx.doi.org/10.1103/PhysRevD.81.126003
http://arxiv.org/abs/1001.1788
http://inspirehep.net/search?p=find+EPRINT+arXiv:1001.1788
http://dx.doi.org/10.1007/JHEP09(2012)059
http://arxiv.org/abs/1206.2383
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.2383
http://dx.doi.org/10.1007/JHEP09(2013)028
http://arxiv.org/abs/1306.1284
http://inspirehep.net/search?p=find+EPRINT+arXiv:1306.1284
http://dx.doi.org/10.1007/JHEP10(2013)146
http://arxiv.org/abs/1303.4415
http://inspirehep.net/search?p=find+EPRINT+arXiv:1303.4415
http://dx.doi.org/10.1143/PTP.128.903
http://arxiv.org/abs/1207.6867
http://inspirehep.net/search?p=find+EPRINT+arXiv:1207.6867
http://dx.doi.org/10.1063/1.1616203
http://arxiv.org/abs/hep-th/0306006
http://inspirehep.net/search?p=find+EPRINT+hep-th/0306006
http://dx.doi.org/10.1016/j.nuclphysb.2005.03.026
http://arxiv.org/abs/hep-th/0412008
http://inspirehep.net/search?p=find+EPRINT+hep-th/0412008
http://dx.doi.org/10.1016/j.nuclphysb.2009.08.002
http://arxiv.org/abs/0904.0910
http://inspirehep.net/search?p=find+EPRINT+arXiv:0904.0910
http://dx.doi.org/10.1140/epjc/s10052-010-1275-9
http://arxiv.org/abs/0908.0395
http://inspirehep.net/search?p=find+EPRINT+arXiv:0908.0395
http://dx.doi.org/10.1007/JHEP05(2010)050
http://arxiv.org/abs/1002.2828
http://inspirehep.net/search?p=find+EPRINT+arXiv:1002.2828
http://dx.doi.org/10.1088/1751-8113/44/24/245401
http://arxiv.org/abs/1101.0120
http://inspirehep.net/search?p=find+EPRINT+arXiv:1101.0120
http://dx.doi.org/10.1016/j.nuclphysb.2012.05.012
http://arxiv.org/abs/1204.5327
http://inspirehep.net/search?p=find+EPRINT+arXiv:1204.5327
http://dx.doi.org/10.1007/JHEP10(2012)052
http://arxiv.org/abs/1206.3401
http://inspirehep.net/search?p=find+EPRINT+arXiv:1206.3401
http://arxiv.org/abs/1307.1831
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.1831
http://dx.doi.org/10.1088/1126-6708/2008/09/043
http://arxiv.org/abs/0806.4748
http://inspirehep.net/search?p=find+EPRINT+arXiv:0806.4748
http://dx.doi.org/10.1016/j.nuclphysb.2009.02.002
http://arxiv.org/abs/0812.3534
http://inspirehep.net/search?p=find+EPRINT+arXiv:0812.3534
http://dx.doi.org/10.1007/JHEP03(2013)142
http://arxiv.org/abs/1212.4033
http://inspirehep.net/search?p=find+EPRINT+arXiv:1212.4033
http://dx.doi.org/10.1103/PhysRevD.87.086001
http://arxiv.org/abs/1302.5768
http://inspirehep.net/search?p=find+EPRINT+arXiv:1302.5768

[36]

[37]

[38]
[39]

[40]

[41]

[42]

[43]

[44]

[45]

[46]

[47]

[48]

[49]

[50]

[51]

[52]

[53]

[54]

[55]

L.J. Dixon, J.A. Harvey, C. Vafa and E. Witten, Strings on orbifolds,
Nucl. Phys. B 261 (1985) 678 [INSPIRE].

L.J. Dixon, J.A. Harvey, C. Vafa and E. Witten, Strings on orbifolds. 2,
Nucl. Phys. B 274 (1986) 285 [INnSPIRE].

Y. Katsuki et al., Zy orbifold models, Nucl. Phys. B 341 (1990) 611 [nSPIRE].

T. Kobayashi and N. Ohtsubo, Geometrical aspects of Zn orbifold phenomenology,
Int. J. Mod. Phys. A 9 (1994) 87 [INSPIRE].

K.S. Choi and J.E. Kim, Quarks and leptons from orbifolded superstring, Lect. Notes Phys.
696 (2006) 1.

Y. Kawamura, T. Kinami and T. Miura, Fquivalence classes of boundary conditions in gauge
theory on Z(3) orbifold, Prog. Theor. Phys. 120 (2008) 815 [arXiv:0808.2333] [INSPIRE].

Y. Kawamura and T. Miura, Equivalence classes of boundary conditions in SU(N) gauge
theory on 2-dimensional orbifolds, Prog. Theor. Phys. 122 (2010) 847 [arXiv:0905.4123]
[INSPIRE].

Y. Kawamura, T. Kinami and K.-y. Oda, Orbifold family unification,
Phys. Rev. D 76 (2007) 035001 [hep-ph/0703195] [INSPIRE].

Y. Kawamura and T. Miura, Orbifold family unification in SO(2N) gauge theory,
Phys. Rev. D 81 (2010) 075011 [arXiv:0912.0776] [INSPIRE].

Y. Goto, Y. Kawamura and T. Miura, Orbifold family unification on 6 dimensions,
Phys. Rev. D 88 (2013) 055016 [arXiv:1307.2631] [INSPIRE].

J. Scherk and J.H. Schwarz, Spontaneous breaking of supersymmetry through dimensional
reduction, Phys. Lett. B 82 (1979) 60 INSPIRE].

J. Scherk and J.H. Schwarz, How to get masses from extra dimensions,
Nucl. Phys. B 153 (1979) 61 [INSPIRE].

L.E. Ibanez, H.P. Nilles and F. Quevedo, Orbifolds and Wilson lines,
Phys. Lett. B 187 (1987) 25 [INSPIRE].

T. Kobayashi and N. Ohtsubo, Analysis on the Wilson lines of Zn orbifold models,
Phys. Lett. B 257 (1991) 56 [INSPIRE].

C. Angelantonj, M. Cardella and N. Irges, Scherk-Schwarz breaking and intersecting branes,
Nucl. Phys. B 725 (2005) 115 [hep-th/0503179] [INSPIRE].

R. Blumenhagen, M. Cveti¢, F. Marchesano and G. Shiu, Chiral D-brane models with frozen
open string moduli, JHEP 03 (2005) 050 [hep-th/0502095] [INSPIRE].

C. Angelantonj, C. Condeescu, E. Dudas and M. Lennek, Stringy instanton effects in models
with rigid magnetised D-branes, Nucl. Phys. B 818 (2009) 52 [arXiv:0902.1694] [INSPIRE].

S. Férste and G. Honecker, Rigid D6-branes on T®/(Za x Zapn x QR) with discrete torsion,
JHEP 01 (2011) 091 [arXiv:1010.6070] [INSPIRE].

A. Hashimoto and W. Taylor, Fluctuation spectra of tilted and intersecting D-branes from the
Born-Infeld action, Nucl. Phys. B 503 (1997) 193 [hep-th/9703217] [INSPIRE].

T. -h. Abe, Y. Fujimoto, T. Kobayashi, T. Miura, K. Nishiwaki and M. Sakamoto, in
preparation.

— 34 —


http://dx.doi.org/10.1016/0550-3213(85)90593-0
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B261,678
http://dx.doi.org/10.1016/0550-3213(86)90287-7
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B274,285
http://dx.doi.org/10.1016/0550-3213(90)90542-L
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B341,611
http://dx.doi.org/10.1142/S0217751X94000054
http://inspirehep.net/search?p=find+J+Int.J.Mod.Phys.,A9,87
http://dx.doi.org/10.1143/PTP.120.815
http://arxiv.org/abs/0808.2333
http://inspirehep.net/search?p=find+EPRINT+arXiv:0808.2333
http://dx.doi.org/10.1143/PTP.122.847
http://arxiv.org/abs/0905.4123
http://inspirehep.net/search?p=find+EPRINT+arXiv:0905.4123
http://dx.doi.org/10.1103/PhysRevD.76.035001
http://arxiv.org/abs/hep-ph/0703195
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0703195
http://dx.doi.org/10.1103/PhysRevD.81.075011
http://arxiv.org/abs/0912.0776
http://inspirehep.net/search?p=find+EPRINT+arXiv:0912.0776
http://dx.doi.org/10.1103/PhysRevD.88.055016
http://arxiv.org/abs/1307.2631
http://inspirehep.net/search?p=find+EPRINT+arXiv:1307.2631
http://dx.doi.org/10.1016/0370-2693(79)90425-8
http://inspirehep.net/search?p=find+J+Phys.Lett.,B82,60
http://dx.doi.org/10.1016/0550-3213(79)90592-3
http://inspirehep.net/search?p=find+J+Nucl.Phys.,B153,61
http://dx.doi.org/10.1016/0370-2693(87)90066-9
http://inspirehep.net/search?p=find+J+Phys.Lett.,B187,25
http://dx.doi.org/10.1016/0370-2693(91)90858-N
http://inspirehep.net/search?p=find+J+Phys.Lett.,B257,56
http://dx.doi.org/10.1016/j.nuclphysb.2005.07.025
http://arxiv.org/abs/hep-th/0503179
http://inspirehep.net/search?p=find+EPRINT+hep-th/0503179
http://dx.doi.org/10.1088/1126-6708/2005/03/050
http://arxiv.org/abs/hep-th/0502095
http://inspirehep.net/search?p=find+EPRINT+hep-th/0502095
http://dx.doi.org/10.1016/j.nuclphysb.2009.03.018
http://arxiv.org/abs/0902.1694
http://inspirehep.net/search?p=find+EPRINT+arXiv:0902.1694
http://dx.doi.org/10.1007/JHEP01(2011)091
http://arxiv.org/abs/1010.6070
http://inspirehep.net/search?p=find+EPRINT+arXiv:1010.6070
http://dx.doi.org/10.1016/S0550-3213(97)00399-4
http://arxiv.org/abs/hep-th/9703217
http://inspirehep.net/search?p=find+EPRINT+hep-th/9703217

[56]

[57]

[58]

T. Kobayashi, H.P. Nilles, F. Ploger, S. Raby and M. Ratz, Stringy origin of non-abelian
discrete flavor symmetries, Nucl. Phys. B 768 (2007) 135 [hep-ph/0611020] [INSPIRE].

T. Kobayashi, S. Raby and R.-J. Zhang, Searching for realistic 4d string models with a
Pati-Salam symmetry: orbifold grand unified theories from heterotic string compactification
on a Zg orbifold, Nucl. Phys. B 704 (2005) 3 [hep-ph/0409098| [INSPIRE].

P. Ko, T. Kobayashi, J.-h. Park and S. Raby, String-derived D4 flavor symmetry and
phenomenological implications, Phys. Rev. D 76 (2007) 035005 [Erratum ibid. D 76 (2007)
059901] [arXiv:0704.2807] [NSPIRE].

— 35 —


http://dx.doi.org/10.1016/j.nuclphysb.2007.01.018
http://arxiv.org/abs/hep-ph/0611020
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0611020
http://dx.doi.org/10.1016/j.nuclphysb.2004.10.035
http://arxiv.org/abs/hep-ph/0409098
http://inspirehep.net/search?p=find+EPRINT+hep-ph/0409098
http://dx.doi.org/10.1103/PhysRevD.76.059901
http://arxiv.org/abs/0704.2807
http://inspirehep.net/search?p=find+EPRINT+arXiv:0704.2807

	Introduction
	Gauge field theory on M**4 x T**2 with magnetic flux 
	Magnetic flux quantization on T**2
	Zero-mode solutions of a fermion

	Twisted orbifolds with magnetic flux 
	T**2/Z(N) twisted orbifold
	Field theory on orbifold
	Scherk-Schwarz phases without magnetic flux
	Scherk-Schwarz phases with magnetic flux

	Z(N) eigenstates of fermions
	Wilson line phase

	Zero-mode eigenstates on T**2/Z(N) 
	T**2/Z(2)
	T**2/Z(3), T**2/Z(4) and T**2/Z(6)

	Kaluza-Klein mode functions and mass spectra 
	Conclusions and discussions 
	Lorentz spinors and gamma matrices
	Redefinition of fields
	Example of calculation for linearly independent wave functions

