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1 Introduction

The LHC has discovered a Higgs-like boson with properties consistent with Standard Model
(SM) predictions. In addition, the SM provides a successful description of experimental
data up to energies v = 246 GeV, the scale of electroweak symmetry breaking, and there is
no evidence thus far for any additional particles beyond the SM. It is important to study
the properties of the Higgs boson to high precision, and to increase the energy at the LHC
to search for additional particles or phenomena at higher energy. A widely used approach
to studying new physics in light of the current experimental situation is to generalize the
SM to an effective field theory (EFT) by adding higher dimensional (non-renormalizable)
operators constructed out of SM fields to the SM Lagrangian. This approach implicitly
assumes that SU(2); x U(1)y is a linearly realized symmetry in the scalar sector, which
is an assumption we adopt in this work. The non-renormalizable operators are suppressed
by an energy scale A > v, and they parametrize the low-energy effects of new physics at
energies above A. In the effective field theory approach, higher dimensional operators yield



effects which are ordered in a power series expansion in E//A. Operators of mass dimension
d in the SM EFT yield effects which are order (E/A)4=%. Thus, the largest effects for
FE < A arise from the non-renormalizable operators of smallest mass dimension.

The leading operators which preserve lepton number first arise at dimension six, and
have been classified in refs. [1, 2]. There are 59 independent dimension-six operators
which preserve baryon number after redundant operators have been eliminated by field
redefinitions, or equivalently, by using the equations of motion (EOM). These 59 operators
divide into eight operator classes, labelled by their field content and number of covariant
derivatives. Denoting gauge field strengths by X = G, W,,,,, B, the Higgs doublet scalar
field by H, fermion fields by ¢ = q,u,d,[,e, and covariant derivatives by D, the eight
operator classes are 1 : X3, 2: HS 3: HYD? 4: X?H? 5:¢?H3, 6 :¢y?>XH, 7:¢?H?D
and 8 : ¢)*. Since we make extensive use of these operators, we list them again in table 1.

The anomalous dimensions of the dimension-six operators enter into Higgs phe-
nomenology. In ref. [3], we computed the anomalous dimension matrix of the eight X2H?
operators which contribute to h — v+, h — vZ and gg — h, which are crucial processes
for precision Higgs experiments, and in [4] an exactly solvable model was constructed that
generates precisely these operators. In ref. [5], we embarked on the calculation of the com-
plete one-loop anomalous dimension matrix for the 59 independent dimension-six operators.
In addition, we calculated all contributions to the running of the d < 4 SM parameters
from the 59 independent dimension-six operators. The contributions to the running of
SM parameters from dimension-six operators is order v2/A?, which is as important as the
tree-level contribution of dimension-six operators.

The present paper continues our computation of the one-loop anomalous dimension
matrix of the dimension-six operators. This matrix, with 59 x 59 = 3481 entries, can be
broken into block submatrices 7;; where 4,5 = 1,---,8 label the eight operator classes.
In this paper, we present the Yukawa terms, leaving the gauge terms for a subsequent
publication. The Yukawa terms contribute to flavor-changing processes. The anomalous
dimensions we compute can give flavor-changing Higgs couplings to fermions, and they can
lead to rare decays such as p — ey. The anomalous dimension calculation involves a large
number (~ 100) one-loop diagrams, a selection of which are shown in figure 1. Each graph
is simple to compute, but computing the full flavor dependence is tedious. For example, a
single graph in figure 1 for the * — ¢* mixing of four-fermion operators into themselves
leads to a set of anomalous dimensions that occupy seven pages of the appendix.

Some aspects of operator mixing of dimension-six operators due to Yukawa couplings
has been previously calculated in refs. [6-11]. In particular, ref. [11] recently studied
operator mixing from a different viewpoint, and calculated, for a single flavor, some entries
in rows 3,5 and 6 of the anomalous dimension matrix, including the gauge dependence.

2 Formalism
The Lagrangian of the SM EFT is given by

L=Lsy+ Y LD, (2.1)

d>4



1:Xx3 2: H° 3:H*D? 5:¢?H® + h.c.
Qc | FAPCGRGPrGt || Qu |(HTH)? | | Quo | (HTH)O(H'H) Qen | (H'H)(Ipe H)
Qg | 1APeGiralrar Qup | (H'D,H)" (H'D,H) | | Qu | (H'H)(Gyu-H)
Qw | Wi Wl r Qan | (H'H)(gpd, H)
Qu | KWW w s
4: X2H? 6:9?>XH + h.c. 7:9?H?D
Que | HHGLGY™ || Quw | (o™ e)r HW], @ (H''D . H) (1,71,
Que | HHHGA,GY || Qop | (o™ e,)HB,, @ (H'i DL H)@,r"1,)
Quw | HHHWLW™™ | | Qua | (G0 T*u.)H G}, QHe (H'iD . H)(epy"er)
Quiw | HHWLW | | Quw | (@0 u)r HW}, Q| \D @)
Qus | H'HBWB"™ || Qus | (0" u)H B Q) | (HYDLH) @ v )
Qus | HHBWB" || Que | (@o™TAd)HGL || Qua | (D H) (@ u,)
Quws | HIT"THWL,B" | | Qaw | (gpo*d,)T"H W, QHa (HTi(BuH)( dpy*dy)
Quivp | HITTHWLB™ | | Qup | (@0" d)H Buy | | Quua + hc. | i(H' D, H)(ap7"dy)

8:(LL)(LL) 8: (RR)(RR) 8:(LL)(RR)
Qu (Lol ) (Lsy"11) Qee (epyuer)(€syer) Qe (Lpyulr) (7™ er)
W @Wwe) @) || Quu | (Tpyaus)(@sy ue) Que | (pyule)(@syue)
9 @t a) @V @) | | Qaa | (dpyudy)(dendyr) Qui | (Ipyulr)(dsy"dr)
Q| Grul) @ a) || Qeu | (Epyuer) (@™ ur) Que | (@ 1uar)(Ey"er)
Q| (I 1)(@v" T a0) | | Qea | (Epyuer)(dsrdy) S (@rne) (@ ue)
QU | (pyuur)(dsyde) & | (@ T a0 @y T4 uy)
QE) | (@ THun)(dey* Tde) | | QW | (@vugr) (day )
QY | (@ T q)(dy* T dy)

8: (LR)(RL) +h.c. 8: (LR)(LR) + h.c.
Queaq | Ber)(doqis) | | Qg | (@ur)esn(@hdy)
QW | (BT ur)ejn(@ T dy)
Qz(;;u (er)en(qhu)

)

(
Qlequ (l Opver EJk(q\?U#Vut)

Table 1. The 59 independent dimension-six operators built from Standard Model fields which
conserve baryon number, as given in ref. [2]. The operators are divided into eight classes: X3, HS,
etc. Operators with +h.c. in the table heading also have hermitian conjugates, as does the 12 H2D
operator @ p.q. The subscripts p,r, s,t are flavor indices.



Figure 1. A selection of graphs contributing to the one-loop anomalous dimension matrix. The
solid square is a £ vertex, and the dots are SM vertices. Some graphs containing gauge fields
contribute to the anomalous dimension matrix in the limit g? — 0 in the rescaled operator basis
used for power counting. The first graph leads to anomalous dimension contributions seven pages
long when all flavor combinations are evaluated.

where

1 1 1 Di
Lon = =G GMY — JWL,W!H — 2B, B + (DHNYDMH) + Y Gilby
Tﬂ:q,“,d,l,e

1 .\2 _ .. .
-\ (HTH — 202) — [H“d Yyq; + HVaY, q; + HYe Y, 1; + h.c.] : (2.2)

and £(@ denotes terms in the effective Lagrangian of mass dimension d. In this work, we

restrict our attention to the dimension-six Lagrangian

L9 =3"CiQi, (2.3)



where the sum is over the 59 independent operators (); given in table 1. Each independent
operator (Q; appears in the sum with a corresponding operator coefficient C;, which is
proportional to 1/A2.

The one-loop anomalous dimension matrix of the dimension-six operators has entries
which are proportional to gauge couplings g, the Higgs scalar doublet self-coupling A
and Yukawa couplings y. The coupling constant dependence of the anomalous dimen-
sion entries simplifies if the operators are normalized using naive dimensional analysis
(NDA) [12], and a factor of g is absorbed into each field-strength tensor X and a factor of
y is absorbed into the single chirality-flip operators ¥>H?3 and 12X H. In terms of these
rescaled operators QVZ-, the anomalous dimension entries have the form

g2 Ng A ) yg Ny
(i) () () omeemem e

where N is the perturbative order of the anomalous dimension. The form eq. (2.4), and

a formula for N in terms of NDA weights w; of the rescaled operators, was derived in
ref. [13]. At one-loop order, N = 0,1,2,3,4, so that entries in 7 range from perturbative
order N = 0, i.e. effectively “tree-level order,” to perturbative order N = 4, i.e. effectively
“four-loop order.” The form of the one-loop anomalous dimension matrix for the rescaled
operators is given in table 1 of ref. [13].

The rescaled operators @Z give the simple form eq. (2.4) for the coupling constant
dependence of v, which is useful to classify the terms in . However, the actual results
given below are for the original unrescaled operator basis @; of ref. [2]. Ref. [3] calculated
the complete result for ~v44. Ref. [5] performed a complete classification of the entire
anomalous dimension matrix, giving the allowed values of ng4, ny,n, for all possible terms.
There are non-zero entries in v for which no one-particle irreducible graph exists, arising
from operator conversions using the EOM. Ref. [5] calculated the order A, A\? and A\y?
terms of the one-loop anomalous dimension matrix, i.e. entries with ny > 1 and ny, = 0.
These anomalous dimensions had either n, = 0 or n, = 1. In this paper, we calculate
the order 32 and y* terms, which are the remaining terms with ng = 0. The terms with
ng # 0 will be discussed in a subsequent publication.

3 Discussion

The anomalous dimensions are lengthy, and are given in the appendix. Here, we briefly
comment on some of the results.

The dimension-six operators alter the formulae of SM observables at tree level. For ex-
ample, the Higgs doublet coupling to leptons in the SM EFT involves the Lagrangian terms

L=~V sHYe Iy + Cy(H H)HVE, Iy + h.c.

ST

1 1
B _ﬁ (U + h) eprYeers + ﬁ (1) + h)S C:HéRT ers + h.c., (31)



where the second line has been evaluated in the spontaneously broken theory. Conse-
quently, the charged lepton mass matrix

o (Wi - ey ) (32)

and the Higgs-charged lepton coupling matrix

(Wi = oty ) (33)

depend on different combinations of the usual SM d = 4 Yukawa matrix Y, and the
dimension-six terms ’UQC: - The two combinations are not simultaneously diagonalizable
in general, which can lead to flavor-changing Higgs couplings to fermions. Keeping only
the top-Yukawa coupling contributions to the C.y anomalous dimension eq. (A.18),

1
Corr = 4010 NeYu Y Yulpe + .. (3.4)
rs rstp
where C is defined in eq. (A.1), we see that flavor violation from the four-fermion operator
Ql(elgu = (l?ger)ejk(cjfut) can feed into the lepton Yukawa couplings. Similar flavor-mixing
terms are also present in the quark sector. These flavor-mixing effects, which depend
on the flavor structure of the dimension-six operator coefficients, need not be suppressed
by SM Yukawa couplings, and could be phenomenologically interesting. For some recent
phenomenological studies of bounds on such Higgs related flavor violation, see refs. [14, 15].
The lepton dipole operators also get contributions from 1% operators,
: 3
CeW = _292NC(Yu + YQ)CZ( ) [Yu]tp +...,

equ
rs rspt

: 3
Ceb = 491 Ne(Yu + yg) Cob Yaltp + - .- (3.5)
rs rspt
Such a mixing of “tree-generated” into “loop-generated” operators was recently argued to
vanish in general, but it is non-zero by explicit computation. (See refs. [5, 16] for more
discussion on related issues.) The linear combination

1 1
Cey = —Cep — —Cew (3.6)
rs g1 rs g2 rs

is the coefficient of the electromagnetic dipole operator
(& Cfewa,ZrJ“”esH, (37)
s

which gives flavor transitions such as p — ey, when H is replaced by its vacuum expectation
value v/4/2. Tt has the anomalous dimension

Cfi’; = 6Nc(yu + yQ)Cl(jq)u

rspt

Yaltp + - - (3.8)

The current bound on the g — ey branching ratio from the MEG experiment [17] is
5.4 x 10713, with an order of magnitude improvement in sensitivity expected with a



future MEG upgrade. As these sensitive probes of BSM flavor violation increase in
precision, incorporating the RGE effects presented in this work will be crucial in correctly
interpreting future limits or deviations from SM predictions. Furthermore, if deviations
are not found, the non-trivial flavor mixing effects present in the RGEs puts strong
constraints on the flavor structure of the SM EFT. One possible interpretation is that it
implies the idea of a symmetry-based solution, such as minimal flavor violation [18-20], if
BSM physics is not simply decoupled.

4 Conclusion

We have computed the Yukawa terms in the 59 x 59 one-loop anomalous dimension matrix
of dimension-six operators in the Standard Model effective field theory. The anomalous
dimensions mix the eight different operator classes of dimension-six operators, and the
resultant expressions are lengthy. Most of the complications arise from the 25 four-fermion
operators (class 8 : ©*). There are interesting non-trivial flavor effects which can occur
from the flavor structure of the renormalization group evolution equations. Incorporating
these RGE effects refines the interpretation of the increasingly strong bounds derived from
the many searches for flavor violation beyond the SM.
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A Results

The renormalization group equations are given in this appendix. These equations are
to be added to egs. (4.3), (4.4), (6.1)—(6.4) of ref. [5]. Eq. (5.6) of ref. [5], which does
not depend on the \(HTH)? coupling, is included as part of the results of this paper in
section A.6, and should not be added again. The invariants cp3 = (N2 — 1)/(2N.) and
ca,3 = N, are the SU(3) quadratic Casimirs in the fundamental and adjoint representation,
respectively; N, = 3 is the number of colors, and yg; .4 denotes the U(1) hypercharges
of the fermions. We use the notation

. d
= 1672 u— Al
C =167 Mduc (A1)

in the renormalization group equations given below. The wavefunction renormalization

contributions proportional to Yukawa couplings are written in terms of

1
1) = S XY, 1) = el Al =T [NV 4 NeYiYa + Y]V
s
1
7 = S+ YfYals, A = il A5 = a¥ ], (4.2)
rs s TS



which are 1672 times the field anomalous dimensions. The gauge contributions to
wavefunction renormalization will be included with the gauge terms for the anomalous
dimension matrix, since only the total combination is gauge invariant.

To simplify later expressions, it is useful to define the constants 71_5 and & g4 71,2
were already used in ref. [5].

1

1 * 1 1 " 1 1
m = §NchH [Yd}sr + QNCCdH[YdT]T‘S + §NcCuH[Yu}sr + §NcCuH[YuT]rs + ioeH[}/e}sr + =
s rs rs rs s

CinlYrs,
2 rI‘;I[ ]rs

2 = —2NCY Y IV + Y Valar + NeCrrualYaYillor + NeChrualYuY{]er — 2C5) VI Yelar |
s s ST

s = NeCyA Y] Ya — YiVilar + 3NCEY Yo + Y Vil + NeCir VoY er — NCC;Zg[YdeT Jar
- NCOHTZd[YdYJ Jsr — Ncc}yud[Yui/j}” + (30%) + o) YY) — Cre VoY

s = ANCY) Y Yo — Y Vilar + AN:Ciru [YuYil]ar — 4Nccgg[YdY; Jsr + QNCCW[YdYJ Jsr
+ 2NeCirualYuY{{Jor +4C}] [YIYelor — 4CH[YeY Lo

1. 1. « 1. 1. " 1. 1. .
5 = §’LNchH [Yd]sr_ §ZNchH [Yg”'rs - glNcCuH [Yu]sr+ ilNCCuH [YJ]TS + §ZC€H [YIE]ST - §ZCEH[Y€T]T5

(A.3)

55 = 20 le [}/e'r]rs - Nccledq [Y;]TS + Cl(elguNc[Yu]'rs
pt prst ptsr ptsr

Loy 1 ®) x ot
Eq =2 ch 4 cF,gC(g) Yi]ns — (NCC(S +-C g+ scrsCoy Yulrs = Cleaq[Ye'lsr
5= 2O, ¥ oraCes )0 a3yt 90 O Jubre = Gl ]

1 1
E'“% = 2(0((}’21, + CF,JC(sZ‘ )[YJ}TS - (NCC;Bqd + icéi)qd + ECF,dCé,?qd) [Yd]rs + Clequ [Ye]rs (A4)
p prst prst ptsr stpr stpr srpt

The Yukawa contributions to the one-loop renormalization group equations of the
59 dimension-six operator coefficients are listed by operator class in the following eight

subsections.
A1l X3

Ca =0, Cz =0, Cw =0, Ci =0. (A.5)
A.2 HS

Crr = 4N Cun[YuY Vil — ANCE Y Yu Y re — ANCan [YaY ) Yalar — AN Coig [V YaY 1,6

rSs

—AC Y Y]V, o — ACT VIV Y], + 69 Cp (A.6)

A.3 H*D?
Coo = —2n3 + 44/ Cup = —2m + 440 A7
HO) ns + 4vy 'Cro HD N +4vy "Cup (A7)



A4 X2H?

Cra = ~2g3(CuaValsr + WillrsCig) = 205(CaglYaler + [¥{1rsCig) + 21y Cinc (A8)
Cug = 205(iCug [Valor - iy, Jr+Ciiq) + 293(iCac[Yalor - iy} JrsCia) + 17 Cyha (A.9)
Crw = —g2(Cew [Velor + v JrsCew) = g2 Ne(Cuw [Valor + v,! JrsCiiw)

- gch(CdTv;/ [Yalsr + [Y;]TSC';TVS[/) + Q'YE_IY)CHW (A.10)
Cuiw = 92(106:;/ [Yelsr — i[Y;T]TsC:W) + gch(’iCuW Yulsr — i[YJ]rsCZTVSv)

+ 92 Ne(iCaw [Yasr [YT}rstW) +290C (A.11)
Cup = —2gq1(y1 + ye)(Cﬁ[Ye]sr Y i’f) —2g1Ne(yq + yu)(Cﬁ [Yaulsr + [YJ]TSC%)

— 291 Ne(yq + yd)(C’(iE [Ya]sr + [YdT}TSc%E) + 29 Cup (A12)
Cup = 20101 +ye) (iCen[Velsr = z'[YJ]mC%) +291Ne(yq + yu) (Cup [Yilsr — e JrsCin)

+ 2g1Nc(yq + yd)(iCdB [Yd]sr - Z[Y;]’I‘SC;B) + 2’YH )CHB (A13)

OHWB = _92(CeB[Ye]sr + [Yj]rsCZB) + gQNc(CuB[Yu]sr + [YJ]T‘ C ) gQN (CdB [Yd}sr + [Y;]T‘SC;B)

— 201 (y1 + ye) (Cew [Yelsr + [V rsCiw) 4 291 Ne(yq + yu) (Cuw [Yalsr + [YJ]TSC’uW)
— 291 Ne(yq + Ya) (Caw [Yalsr + [V 1rsCiw) + 275 Crws (A.14)
HWB — 92(iCeB[Ye]sr - i[YeT}rsC:B) - g2Nc(iCuB[Yu]sr - Z[YJ]T‘SC;:B) + QZNC(’L'CdB[Yd}ST — Z[Y;]TSC;B)

+ 291 (yl + ye)(iCeW[Y:a]sr - Z[Y;T]TSC;W) - 2glj\/vc(yq + yu)(ZCuW[Yu]sr - Z[YJ]’I‘SCZW)

+ 291 Nelyq + ya) (iCaw [Yalsr — i[Y) JrsCiw) + 23 YChwn (A.15)

A5 Y?H3
Curr = 2(m + 12 — i05) [Vl s + [V VYl 1s(Crp — 6CHo) — 2c<”[YTY Yl es + 6C§g[YTYdYT]

+ 20V YY1 Crr + 20V ] YaY] JrCirya + 8(Co) + CF,ac‘qu Y Y Y e

rpts rpts

(2N C1<uqd +C(uqd+cF 3C¢§u)qd) [YdeTYd]Pt +4Cl(el;u [YT Yzj]pt +4CuH [YuYJ}ts +5[YJYu}rtCuH
Tstp tsrp tsrp tprs ts
—2[Y]], «CinlY, s — Cay YoV s — 20V Vil uh + 30 >cuH + 4 Cum + CunyY) (A16)

Cam = 2(m +n2 + ins) [V, ]rs [nydy Jrs(Crp — 6CHo) + zc<1>[yfydyT Jes + 6C VI YL Y fTes

Tt 'rt

—2[Y, V.Y JriCrra - vy, v JrCrrua + 8(CG) +crsC )Y YaY ]t — 4C g [YI VY, ]t

rpts rpts ptsr
—2(2NeC) 4+ CL) 4 ersCl) DY Yd Yilpe + ACan [Ya¥ Jus + 5[V YalriCan
tprs rpts rpts
+ 2[Y ]Tt uH[Y ]us - CuI;I[Yqu]ts - [Y Y ]rthH + 37].] )CdH +'Y )CdH + CdH'Yd ) (A17)

Cert = 2(m 4+ n2 + ins)[Yd s + Y YY) (Corp — 6Cun) + 2cHl,> [YJYeyj]ts ENVAAN JreCrre

+8C 1o [YIY Y pe — 4clequ YIYaY 1 +4C0) NV Y Valpe + ACen[Ye Y

lequ
rpts rstp
+ [Y Y]’V‘tCEH + 3'7]_[ )CeH + ’7[ )CeH + CeH’Ye (A18)



A6 ¢P2XH

Cow = —2g2No(yu + yq)qeq%[y Wip + Cow[YeYlJew 7937 Cew +97 Cow + o (A.19)
rs rsp rv rv vs
Cep = 4g1Ne (yu+yq)0,e;%[ Y+ Cep[YeYdlto —2YYe]riCep 7y Con+74 Cen +Ceprs” (A.20)
rs rsp ro TV vs
O%; 2V v, +Y,] YaliCua — Cac [YVaYilis + Cug[Yu Y es + yg”cug + V:v >c%g; + 01;57178) (A.21)
Cuw = —29a(ye + w)Czetqu[Y elpt + 2V Ya]riCuw — Caw [YaYi)es + Cuw [Ya Yiles
s ptrs
++¢, w + viqv )Cuw + C%m:j) (A.22)
af =4g1(ye + y’)C;;zz[Y ot — 2]V Y + YTYd]rtCuB Can [YaYiles + cur?[yuyj]m
+ VLY)CHB + vrqv )Cﬁ; + Crfwi? (A.23)
C%; =2V v, + Y] Yd]rthG - uG[Y Yiles + CdG[YdY Jes + 'YH )CdG + Wiqv )C%? + C(ifwd ) (A.24)
Cdr‘g/ =2y Yu]rthW CuW[Y Yies + CdW[YdY Jes + ’yH >C’dw + 7q Cdvvl/ + Cdr‘;V7d ) (A.25)
C’ciB —2[V Y, + Y Yd]rthB - CuB[Y Y Jts + CdB[YdY Jes + WH >C’d3 + 'y(q )CdB + CdB'y(Y) (A.26)

TV ys

A7 ¢2H2D
e _ Lt t t (1) t
Hq = 7[YuYu7Yd Yd]PT‘ (CHD+CHD)7[Yu]psCHZJ[Yu] r [ ]psCHd[Yd}tr‘i’z(Cpqet*C )[Y:g Ye}ts
pr s TS stpr
[YTY,H—YTY JptCY)+=C4) [YTY,H—YTY Jort 2 [Y*Yd—YTY ]ptc(3>+ c [Y*Yd—YTY e
tr tr
— (2N.C'Q) +2N.CG) + 0(1?1 +0G +3C% +3C ) Ya'va -Vt Yu]ts
prst stpr ptsr srpt ptsr rpt
—2N. c&}u [YVoYuTleo + 2N.CQ) [YaYa'lee + 2957 C4) +407C4) + O (A.27)
prst prst pr P t’!‘ pt T
. 3
) = 7§[YJYu + Y] Yalpr Cro + 7[Y;Yd - YJYu]ptcgg + 50};3 Yva— ViV
pr pt
1
+5YiYa + Yy, ]ptc“) + QCSQ[Y*YUZ + Y Yler
— (2N.CG + 2Ncc<221 +C0G) +CG =) = O ) Ya'Ya+ Y TVaus — 2CC) [VIVL]s
prst stpr ptsr srpt ptsr srpt sth
+ 2908 +4008) + cGy ) (A.28)
pr P tr pt “‘
Cra = [YdeT]pr (Cuo+ Cup) — Q[Yd]pscgé[yj]tr + S[YdeT]ptcHd + 3CHE1[YdeT]tr - [YdYJ]ptCHtud
pr tr P ‘s
- CHud[Y Y ler +2(N C ad, + N.C dd +C dd +C dd )[YdeT]ts +2(C ed = C 1 )[YeYeT]ts
prs stpr ptsr sr pr stpr
— 2N, cg; [YuYu'lee = 2N.CQ) [Ya Yo = ViTYiles + 29 )CHd +40 )CHd +Cuary (A.29)
stpr stp'r‘ pt tr pt tr
CHu - _[YuYu]pr (OHD + CHD) - 2[ u]psCS;[YJ}tr + 3[YuYJ]ptclgu + 3CHtu[YuYu]tT + [Yqu ]ptC;{ud
pr i P rt
+ CH%d[YdYJ} 2(N. Cuu, + NeCyu +Cuu + C DD Yulles +2(C cu — C t )[YeYeT]ts
P ST S T
+2N.CY) [YaYalles — 2N.C0 [Va'Ya — Y Valis + 27”’0 + 4 Crra + cme (A.30)
prst stpr pt tr pt tr
Criua = [YaYlpr (2Cu0 = Crip) = 2VaY {15 Cria + GCHU[YuY; Jer + 2(c<1d +ersC® ) [VaYa'les
pr ptsr ptsr
+2[Y, YT]ptCHud - QCHud[YdY Jer + 2’7<Y)CH ua + ’Yut )CHud + CH%d'Yd ) (A.31)
tr D tr
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. 1 3
Yl = —5 VIl (CHD+OHD)—[w]pscgtem]w+§mf Yelpe (C45)+3C5) + 3 (c;;;+30<3>) [YIYe]er

pr tr tr pt pt
+ (20 e —2C yu —2C 4 —Cy —Cuy )[YJYe]ts - ZNEC(}; [YdTYd - YuTYu]ts
prst prst stpr ptsr srpt prst
—2N.C 1y [YuVu'lts + 2NeC 1q [YaVa']es + 2w§,‘”)c§;; ++c) + o)A (A.32)
prst prst pt tr pt tr
c8 = ”[YTY]WCHD += [Y Yelpt (30}2 + c ) (30}}2 + CN Y Yeler
pr pt pt
—(Cu +C 1 Vel 2N [Y*Yd+YTY Jis+275 CE 4 CS) +c5A Y (A33)
ptsr srpt prst pr pt tr pt tr
Che = [YeYJ]pr (Cu 4 Cup) — 2[YelpsC Y ir + 3[Ye Y JpCre + 30He[y Y
pr P
+ 2(0 ee +C e; + C ee +C e;t —C e )D/E}/E ]ts — QNCC eu [YuYu ]ts
ST stpr
+2N,C edt[Yde Jis —2NeC ge. Va'Ye — V' V]ie + 290 c o+ s >OHE + c}m(y) (A.34)
prs pt tr pt tr

A8 o
A.8.1 (LL)(LL)

. 1
C 1 == VVelClil [ym Oyl +

prst

5 m*ye}prcé;?? VIV

pr pr

- [Yefn]srcgl [YTY]ptCSl) - 7[Y1—]SU[Y]wtC le i[YJ]pv[Ye]wrc le

pt prow stvw
+’y(l 'y +’yl 'C +Cuv, +Cu ’Yl) (A.35)
pv vrst sv prut pvst g Prsv gt
C;;;t: i[YJYu -v) Yd],,rc;;tg [YT Yu — Y, Y4l CY)
TS s pr
1 8) 8
+ g (I dur O +1alVdun € )+ i (0 e O+ ¥l iC )
stvw prow
1
- 5 (W e+ e O ) 5 ([Y It €5y + [ lul¥alurC) )
sTvw rw srow ptow
1 8 8 8)x% *
+ 7 (b O+ Vel il ) + i (b O b1 s
8 8 1 x *
+ 15 (ot 1or O + olredut Ol ) + g5 (e Ve Ol 4 1o 1O
svpw puvsw vrw rutw
1 1
- 0l ¥ O = 5 Yadur s = G lee Vi O = 5V ll¥alue C
Stvw prow
1 (1) 1 1)* 1 1 *
= gaurl¥udor Couga = gl Low Ml Couga = §Walur ¥ilorCoua = Hig) Y1 G
+947C 5 +44Cl + Ol Ay + 0 (A.36)
vrst pr vt pvst vr prsv vt
Clﬁg;”[yw + Y Yalr Ol - 7[Y*Y + Y Vg C8)
s pr
1
— g ([YJ]pu[Yu}wtC(%)’U« + [YJ}Sv[Yu]wrCZ()?L ) - g ([Y ]pv[Yd]wtC(qd + [YdT]sv[Yd]w'rC(i)d )
sTvw rw srow ptow
1 ®) ®) t o o® 4yt o o®)
N ([Yd]m[ Yulor g+ Yalur ]t i ) = T GO Copga+ V¥ )oo Co
1 8 * *
~ 55 (b l¥ulor Ol + WalurYidu i ) = 35 (¥l [YJ1pvc§§Ld 1l )

1 * *
+ S Yalur Yalor Ol + g Vi lowl Vil €ty + 2 Valur YadotC i + 5 ¥ Voo Ol
pvsw rvtw sSvpw tvrw
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+949 % 470G + 0 )+ O Ay (A.37)

pU vrst v prot pvst vr prsv vt

. 1 1 «
Q) =YY C) + VY = Y] YalaCG) + S [Yalu[Yelor €L, + 5[V e[V C L0
prst st pr 4 pvsw 4 rotw

- [YJ]SU[Yu]wthigw - [Y;]sv[yd}wtc d — [YeT]pv [Y;]wrcszll)ew

prow
1 - 3 3)%
+ 1 (W1l Coy + 1V [Yd]wtcwdq) =3 ([ sl + V1Ol
VW TVWS pvsw rutw
+ 'Y(ZY)C 0 + '7!1 C( lg + C(;g Jr C lq ’Y<‘1Y> (A'38)
pv vrst sV prot pust m" prsv vt
(3 3 3 1 1 1 1)«
g == Dd¥elprClpy = VY + YVt Oy = 3 Valut [Velor Clog — 7Vl lsw [Vl Cly,
prst st pr 4 pvsw 4 rotw
1 x *
+ Z ([Y;]sw [Ye]v'r‘cpledqt + [YeT]pv [Yd]wtcledq> +3 ([)/e]vr[yu]wtc(liéu + [YBT}pU [YJ]swCESL)IU>
vw TVWS pvsw rutw
+977¢®) +40¢) + 0 A+ 0G40 (A.39)
pv vrst v prvt pvst vr prsv vt
A.8.2 (RR)(RR)
Cpeet = [Y Y ]p'rCHe [)/eYcT]stCHe - D/j]wr[ye}pv C le - - [Yj]wt [Ye]sv C le
T8 vwpr
-+ ’Y< >Cvee —+ ’Y<e >C ei + Cpii ’}/(c ) + Cpf‘:vfy 2 Y) (A40)
- 1
Cun = —[YaY]prCrrw = [Yu Vil ]tCrru — [Vl lur [Yalpw €'k — Vil [Yalsw C13u
prs st pr vwst vwpr
1 8 8 1 8 1 8
g o T O e Wl YTt O G =5 ¥ Yoo € =5t [Vl O
2Nc vwpr 2 vwpt 2 vwsr
T yﬁﬁc w, <Y>c w4 Co, A0+ C oy ) (A.41)
rot vst oy TS vt
dedt [YdY ]prCHd + [YdY ]GtCHd - [Y ]w'r‘ [Yd}pv C(};{)d [Ydf]wt [Yd]sv C(lq)d
T8 vwst vwpr
1
8 8 8
+ —[Yd]m Vil O + 5 Walso V1t C 5 [Y*}w Yaloo O =5 ¥ Tt [Yalpw C5)
vwst var vwpt vwsr
+’7d)0dd +’Yd>C'dd +Cdd’7d)+C’d ’Y e (A.42)
vrst sv prot pvst gp pPrsv gt
. 1 *
Cen, =2V ) Cray = 2Yu Yl otCrre + ([Ye]pv [Yalow Clegs, + [ Tor (V] CEiLu)
s A vrw vpws
3 3)*
-2 [Y;]pv [Yg]wr c lu . —-12 ([Y] [ u] Cge;u [YeT]UT‘ [Yj]wt C(lef]u>
vws vrwt vpws
= 2[Yaloo Y]t C ge +w< 'C eu. +% >c eu, +C e A >+Cpi1;vw t> (A.43)

C ed — 2[}/652 }prcth + Z[YdY;]stCHe - 2[Y;]pv [ e }wr C ldt - 2[Yd]sv [Yd ]'Lut C q;’
s pr VWS vwpr

prst

+ D@]pv [Y;]wt Cledq +D/5T]vr [Yd]sw C?edq +’Y<ey>c ed +’Y(dY)C ed +C ed 7(3/)+C ed '7<dY) (A44)
vrsw vptw pv vrst sv prot pvst vr pPrSv gt
2
[YdY ]srCHud + —

W = oy, v JorCra + 2[YaY 6t Crru + 2 v,y JptCirua
s pr

prst N N
1 1) 1 1)*
b (1w Dl Ol 1o DT O, ) = ol [l Ol — Dot 1 O,
c vrwt vpws vrwt vpws
Ne—1 c® foyt o®) oW H o o
+ 2 N2 [Yd}sv [Y ]pw quqd+[Yd ]vt [Yu}wr Cquqd _2[Yu]pv [Yu]wr c qd _2[Yd]sv [Yd ]wt C qu
vrwt vpws vwst vwpT
AW 4@ o ) o) @) (A.45)
P'U ’U'l.st sv prot pust "”" prsv ’ut
C(Sfit = 4[YdYJ]srCHp1;d + 4[YquT]ptC;Iud + 2 <[Yd]sv [Yu]pw quq(i + [YT]vt [YT}U)T C;B;d)
prs s vrw vpws
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1 *
— 2 [ her €5 = 200l V01t Oy = - (olow [l Cl + IVt 1¥r €L, )

quqd quqd
vwst vrwt vpws
- QYd]sw Yalpo Coo g 1Y Tt [Yil Tor szi);d) +742CC, 440, +@, 40+, 4
vrwt VpwWs, pv vrst sv prot p'u.st ur prsv 'ut
(A.46)

A.8.3 (LL)(RR)

C e = [Velorks, = [VIVelprCrte + 20V Y01t Clal = [Vl [Velur C e = ¥y [¥Velur € e

prst

pr
- Q[YET]pv [Y;]wT C eet + [Ye ]pw [Y;z]sv C le . - [Yj]wt [}/:a]s'u C 77— [Yef]vt [Y:i]sw C 125
vws vrw pwur pvwr
74[Y;T]wt Dfe]svc 121 +[Y5T}vt[ e]wrc le +'Y C le +’Ye )C le +C le ’Y +C le <Y) (A47)
prow pvsw pv vrst sv prot pvst gy prsv 'ut
C i = Y] VelprCrra — 2Ya Y1yl — 3 ([Ye]w Yadow Cligu + [Vl [YJ]wtcEiLu)
prst st pr 2 powt TOWS
2Vl YT O, — 6 ([Yem oo €Ll + 1V o (01t Cf8, ) = e (1 C o,
prow pvwt TVWS
+7C 1w 49070 1w +C 1 A +C AR (A.48)
pv vrst sv prot pvst yp prsv 'Ut

. 1 *
Cu =—[Y! Y]prcHﬁz[YdYT] ) — = ([Y]w[ Nt Creaq + [Ydlpo [Yalsw cledq)

prst pr 2 pvsw rutw

- Q[Yd]sv [Yd]wt C(ll)q 7[}/;]107‘ Dfe ]pv ed +’Yl C ld +’7d >C ld +C ld ’Vl )+C ld 'Y )

prow pv sv  prut pust yp PTSvV gyt

(A.49)

Cae =YV, - Y] YalprCrie +2[Ye sztcg;f = ([Y*]pw[ Yelso Cledq + [V ot [Yalwr c*zedq)

prst 2 vtwr vSwp

1
—2[¥elow [V ]ue €O = ([mm [Velow o + Yot [Vl CEiqu) — Yalur [Y{lp C ca

la 2 stvw

vwpr vitpw vSTW

lequ vw
vtpw vSrw

-6 ([Ye}sv [Yaluwr €2+ [Y Lot [Vl ]pw O ) — [YuJur [Yi]po C eu

+’Y( )C qe —|—’y<y)C qe + C qe ’y( )+ Cpqe ’Y(y) (A.50)
vst TSV vt
- 1
C((}& = F[Yu}srgu + [YJYu - Yd Yd]prCHu - 2[YuYJ]stC§-};
prst c pt st pr
1 *
+ 5 ([YJ]W Yaloo C'at + Dllor Vadur C9 4 Vb [Yalo Cona + Vil lpu [¥il]un C;Bqd)
c vrwt vSsw pt'uw rsow
1 8 8) 8)x
~ 5 ([YJ]W [Yaloo €5+ ot Yabur C9 o+ Walur [Yadow Clga + [Vl Vil ot cgu)qd)
c vrw ptow rsvw
1
ﬁ ([YJ]'W [Yu]sw C;%%)T + [YJ]U)t [ u} CI()L%T + [YT}pv [ u}wr C ““ + [ ] w [ u}vr Cwﬂig‘v)
3
NT ([YT]vt [ u]sw C(:z'{)q + [YJ]’UJt [Yu}sv CCE])q ) ([YT]pw [Y ]sv LSI?U, + [YJ]vt [Yu]wr C(%)u )
N pvwr pwur vrwt pvsw
1 * *
+ 5 ([Yu]sv [Yd]wv‘ Ciggg + [YT]pw [YT]vt v?gg) + [Y ]sv [Yd}wr nggg + [Yf]pw [Y ]vt C;Z%Ig)
— AVl [Yaloo g = 2T Walor €, = Voo Yahur C'o
stvw
n 7<Y>C<11>1 n %”C“L + 0O, A0 4 o), 4 (A51)
pv vrst sv prot pvst 'u'r prsv vt
o) = N [Yd]srgd + Y = Y{Yalpr Cra + 20YaY {1 Clyy
prst p'r‘
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b (0l W2l C + V01t Walar € [¥elur il iy + [l V10 O, )
orw pvsw vwp VWS
1 8 8 8 8)*
" N7 (M b Voo O+ [¥d 1ot Valur O+ Valur [¥alow Cla + [Vl Ty 1V T Céu)qd)
orw pusw vwp vwTrs
A <[Y Jor [Ya]sw pq)q + VT [Yalsw C;ggw + [V Tpo [Yalwr C dd + (Y Tpw [Yaor degv>
3 (3) + (3) 1 ) ; )
ﬁ [Y ]vt [Yd]sw C q + [Yd]wt [Yd]sv Cpqq + 5 [Y ] [Yd]sv C ad + [Y ]'ut [Yd}wr C d
wuor 'u'rwt pUSW
1 *
*3 (Yd Jew [YaJor G+ il T Vot Coplga + Yalow [Vaur Cot + il [¥ ] céiqd>
pow rvws vwp vwrs
— A1t [Yalow O = 20Vl Vil €@ a0 = [Vl [Valuor L
prow vws i
+ V(Y)C(lt)i 4 "}/(Y)C(l + C(;) (Y) + C(l) (Y) (A52)
pv vrst sv prvt pust vr prsv vt
CGh =20ty
prst
-5 ([YJ]pw [Yulsw C90 + [V ot [YaJwor C’;%u + Yalwr [Yaloo €2 4+ Vi lpw [Vil ot Céi);d)
¢ vrwt vsw ptow TSVW
* 1 .
+2 ([Yu]sv [Ya]uwr c<;ﬂd + Vil Toe YT Clpta + 3 YValow [Yiluor C’;?qd +4 L Yo [V qu’qd)
plvw rTSVW vipw DsTw
=2 (1o (el €+ Dt 11 Oy = Wl el € = IVt edr O )

-2 ([Y ] v [ u]wr C 7“‘ + [YJ]pw [Yu]v'r‘ C “” ) -6 <[Y1”Ut [Yu}sw CZ(JZJ)Z)T + [YJ]wt [Yu]sv C;(j(f;)%r>

_[Yd’r}pv [Yalwr C(i)d + (Y)C(%)l + <Y)C(81)l +C(8) (Y)+C(§L 75}’) (A.53)

stvw pv 'u'rst sv prot pvst ur prsv vt

¢ = 20a)erta

prst

_ L ([Y o [¥alow O+ (Yot [Yaur ©F) 4 [Vl [Yalow O

- + Wl 1V O )

quqd qugd
v'rwt pvsw vwpt vwTs

quqd
pvwt TVWS

1w

quqd
vwpt vwTrSs

42 (¥l Iodr Cltg 4 1t (¥ Ol + 5 el ol Cly + 5 e 1t Cl

-2 (Y Jot [Yalow C Q0+ VTt Yalso CG = [Yflpw [Yalow C = V1ot [Yalur C, )
P wr pwyr vrwt pvsw
-2 ( p'u Yd w'r C dd + [Y ]pw [Yd]'u'r C dd ) -6 ([YdT]vt [Yd]sw CV(Bq + [Y;]wt [Yd]sv C(?:z)q >
vtsw wtsv pvwr pwvur
= Wl Waluwr O 4970 90705 +CG A7 + 05 A (A.54)
vwst pv ’U’I‘st sv p'r'ut pvst VT prsv vt

A.8.4 (LR)(RL)

C"lealq - _2[Yd]5t£per - 2[YE];7«£% + 2[Yj]pv [Yd]wt Cved - 2[Yj]vr [Yd]wt C d + 2[Yj}vr [Yd}sw C(IZL

prst s rsw pvsw pvwt

+ 6V Jor [Yalow O = 2[Yd o [Yaleo C g +2[Yalso [Yaue c®

lequ
pth prow
+ ’Y 1 )Cledq + "Yq Cledq + Cledqry e + Cledq'}/d ¥ (A55)
pv vrst sv prot pvst vr pPrSv gt

A.8.5 (LR)(LR)

Clegu = 2001l e + 20 Tpr& + 20 o0 Ve Creag + 2V Tpo [Vflow C e+ 20¥or [¥:{un €,

prst prow puvsw
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= 61 Jor [V Jue O, = 20 or [VilJew € 1 = 20V s [Vl C e

pvsw pvwt
00, 41§00, + Clr )+ O, (450
pv vrst sv prut pust VT prsv Ut
-3 1 1 1 3 3
Cloa = =5 Wllew Y10 C e = S V0o V1 €+ 51V 0o [V €,
prst pvsw pUvsw
1
= W e € = 50D V1 C g,
+100C0, 17 C, + Cleg S + Cf’;u W (A.57)
pv vrst prot pust 'UT prsv Y
(1
Céfﬁ)‘é? = -2[Y, ]pTﬁd - 2[Yd ]stfgjn
8) 8 8
([Y*]w Y low €5+ Wdlut Vl)ew €5+ Vil [¥:l 1w € )
sth vwr vrwt
+ ﬁ <[dewt [Yj]vr C:?}J]w + [YdT]vt [YJ}wr C;:?)gw - 3[YdT]wt [Yj]vr Oi?}%w - 3[YdT]vt [YJ]wr O;?gw)
4 1 1 1
o (0 010 0%+ 1 e O+ D 01 02 )
sth vrwt
1 1 3 3
4 (01 01 O L e cgggw) 12 (1 V01 €+ 1 [¥01er O )
8 8 8 1
2 ([YJJW Yillor €5+ Wt VlJew €5+ Vil [¥:l 1o € ) = AlY)sw [V C
svwt vwr vrwt vrwt
Y (1 Y 1 Y
( )Cqu>q +’Y< >C(uqd+c<uqd7“ C;'U,)qd (d ) (A58)
pv vrst sv prot pvst YT prsv vt
(8 4 8) 8 8
g = =30 (o 19y €+ s V1 O+ ¥l (10 C )
prst c .s'uwt pvwr vrwt

+8([Y;]pw[ Tor €0, +[Y*]m [szwc% + Y lpw Vil ]ew O, ) — Al JTow [Yil]p0 €

sth vrwt vrwt
Y 8 Y 8 Y Y
p?l vrst ¢ ” p'r'ut p'ust ur st'u vt
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