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ABSTRACT: By calculating the second-order pole in the operator product expansion (OPE)
between the spin-3 Casimir operator and the spin-4 Casimir operator known previously,
the spin-5 Casimir operator is obtained in the coset model based on (Ag\l,)_l @A%)—p Ag\lf)_l)
at level (k,1). This spin-5 Casimir operator consisted of the quintic, quartic (with one
derivative) and cubic (with two derivatives) WZW currents contracted with SU(N) invari-
ant tensors. The three-point functions with two scalars for all values of 't Hooft coupling in
the large N limit were obtained by analyzing the zero-mode eigenvalue equations carefully.
These three-point functions were dual to those in AdSs higher spin gravity theory with
matter. Furthermore, the exact three-point functions that hold for any finite N and k are
obtained. The zero mode eigenvalue equations for the spin-5 current in CFT coincided
with those of the spin-5 field in asymptotic symmetry algebra of the higher spin theory on
the AdS5. This paper also describes the structure constant appearing in the spin-4 Casimir
operator from the OPE between the spin-3 Casimir operator and itself for N = 4,5 in the
more general coset minimal model with two arbitrary levels (ki, k2).
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1 Introduction

Simple examples of the AdS/CFT correspondence allow a detailed study of holography
that would not be possible in a string theory setup. Recent progress along these lines is

based on an examination of higher spin theories of gravity in AdS space, which include a

large number of fields with spins s = 2,3,--- , N. In three bulk dimensions, the higher spin

theory is quite simple. The massless sector is given semiclassically by the Chern-Simons



action. Therefore, the graviton and its higher spin fields have no propagating modes. Two-
dimensional conformal field theories are well-established quantum field theories and have
a range of applications in different areas of physics. A high degree of analytical control
over these CFTs can provide a rich source of CFTs with nontrivial bulk AdS duals. The
simple theory is described using large N vector models. This will give rise to a controlled
environment in which to study the puzzle of the emergence of a gravity dual.

The Wy minimal model conformal field theory (CFT) is dual in the 't Hooft 3; expan-

sion to the higher spin theory of Vasiliev on the AdS5 coupled with one complex scalar [1, 2].

G

The CFTs have the following diagonal coset, 7, which is expressed as

G _ SUW)k® SUN) (L1)

H SU(N) k41
The higher spin-s Casimir currents of degree s with s = 3,--- | N can be obtained from

polynomial combinations of the individual numerator SU(N) currents of spin-1 [3]. The
diagonal denominator SU(N) currents of spin-1 commute with these higher spin-s Casimir
currents. One of the levels for the spin-1 current is fixed by the positive integer k& and
the other is fixed by 1 in the numerator of the coset CFT (1.1). One of the specialties of
the above coset model (1.1) is that the additional currents generated in the OPEs for the
general level [ in the second numerator SU(N) current become null fields for the level [ =1
and hence decouple [4]. See recent review papers [5, 6] for the above duality.

The spin-3 (Casimir) current was reported in [4]. The four independent cubic terms
were made from the two spin-1 currents in the numerator of the coset (1.1). The spin-4
(Casimir) current was generated [7] by calculating the OPE between this spin-3 Casimir
current and itself, which consists of quartic terms and quadratic terms with two derivatives
in the above spin-1 currents. The next step is to determine how one can construct the next
higher spin-5 Casimir current. Because the complete form of the spin-3 and spin-4 Casimir
currents is known, the OPE between the spin-3 current and spin-4 current can be calculated
using the current algebra in the numerator SU(N) currents of spin-1. The spin-5 Casimir
current can be extracted explicitly from the second-order pole of this OPE.!

The explicit form for the spin-5 current is needed because it was necessary in refer-
ence [2] to obtain the commutator between the spin-3 Laurent mode and the spin-4 Laurent
mode and determine the minimal representation [2, 5] of the asymptotic quantum symme-
try algebra Weo[p] of the higher spin theory on the AdS3 space, where p is a parameter
of the algebra.? The zero mode eigenvalue equations of the spin-5 Casimir current in the

!This will continue to the generation of general higher spin-s (s > 3) currents. In other words, once the
structure of the higher spin-s current is known, the OPE between the spin-3 current and this spin-s current
will provide the structure of the higher spin-(s + 1) current at the second order pole.

2The eigenvalues of the zero mode of the spin-3 and spin-4 fields were expressed as the conformal spin
h of the ground state and the central charge ¢, which is also a parameter of the algebra. Furthermore, the
eigenvalue of the zero mode of the spin-5 field was described as the eigenvalues of the zero mode of the spin-3
and spin-4 fields, the conformal spin h of the ground state, the central charge ¢ and u-dependent structure
constant appearing in front of the spin-3 field Laurent mode in the right hand side of the above commutator.
The cubic equation for the conformal spin h contains two solutions in terms of the two parameters (i, c).
Under these conditions, 4 = N and ¢ = ¢y %, where ¢y i is equal to (2.8), the above two conformal spins
are exactly those of the physical representations, coset primaries denoted by (f;0) and (0; f) [1, 5].



2-dimensional coset model (1.1) behave like those of the spin-5 field in asymptotic quantum
symmetry algebra W [u] of the higher spin theory on the AdSs space.

In this paper, the spin-5 Casimir current was obtained and consists of quintic, quartic
(with one derivative) and cubic (with two derivatives) WZW currents in the coset (1.1)
contracted with SU(NN) invariant tensors. The relative 52 coefficients depend on N and k
explicitly. To arrive at this spin-5 current, one should realize that the second order pole
of the OPE between the spin-3 and spin-4 currents contains the other part as well as the
new spin-5 current.?

The structure constant mentioned above can be determined explicitly because this
study was interested in the specific WZW model and the basic current algebra is known
explicitly. Furthermore, in general, the second order pole after calculating the various OPEs
between the spin-3 current with four terms and spin-4 current with 19 terms contains many
unwanted normal ordered products between the fields. They should be rearranged in terms
of the fully normal ordered products [34]. This step is necessary because the zero mode for
any given multiple product of the fields should be taken very carefully, and the zero mode
can be obtained from this fully normal ordered product systematically. The rearrangement
lemmas in [34] are useful for obtaining the desired normal ordered product.

The zero modes of the spin-1 currents that play the role of SU(IV) generators act on
the coset primaries. The singlet condition suggests that the zero mode of the spin-1 cur-
rent with level k in the numerator of (1.1) acting on the state |(0; f)), where the element
0 means a trivial representation of the coset, vanishes while the zero mode of the diagonal
spin-1 current in the denominator of (1.1) acting on the state |(f;0)) vanishes [13]. These
are the eigenvalue equations, and the rightmost zero mode should be taken first when this
singlet condition is applied to the multiple product (quintic, quartic and cubic terms) of
zero modes. After that, the SU(NN) generators appear. Then the next rightmost zero mode
can be repeated with the singlet condition (each zero mode disappears and the generators
with SU(N) group indices do appear).* At the final stage after calculating this procedure,
we are left with the eigenvalue, which has the form of a trace of the SU(N) generators
contracted group indices with a range of SU(N) invariant tensors, times the state. The
eigenvalue depends on N.

The relative 52 coefficients appearing in the spin-5 current are very complicated ex-
pressions in terms of N and k. This is because they arise from each coefficient function in
the spin-3 current and in the spin-4 current. The latter consists of rather complicated frac-
tional functions, whereas the former has a simple factorized form. Furthermore, the final

3How does one subtract this extra piece from the second order pole to obtain the correct spin-5 primary
current? Any OPE between the two quasi-primary fields with given spins produce other quasi-primary fields
with fixed spins in the right hand side of this OPE [8-12]. Of course, the structure constant is generally
unknown. On the other hand, the coeflicients arising in the descendant fields of this OPE are determined
completely by the spins of these three quasi-primary fields (two of them are the operators in the left hand
side and one is the operator in the right hand side) and the number of derivatives in the quasi-primary field
in the right hand side.

*Note that the state |(0; f)) transforms as a fundamental representation with respect to the zero mode of
the second numerator current with level 1 and the state |(f;0)) transforms as a fundamental representation
with respect to the zero mode of the first numerator current with level k.



expression for the coefficient functions is rather involved due to ordering in the composite
fields. Although each 52 coefficient function is complicated, the eigenvalue equations for
the spin-5 current have very simple factorized forms.”

In section 2, after reviewing the GKO coset construction for the spin-2 current, the
generalization to the spin-3 and spin-4 currents is described.

In section 3, from the explicit expressions for the spin-3 and spin-4 Casimir currents,
the second order pole of the OPE between them is obtained. The new spin-5 Casimir
current is found by subtracting both the quasi primary field of spin-5 and the descendant
field (of spin-5) of spin-3 Casimir current with correct coefficient functions.

Section 4 analyzes the zero mode eigenvalue equations of spin-5 Casimir current in the
large NV limit. The three-point functions are obtained. The exact eigenvalue equations and
the exact three-point functions are also described.

Section 5 presents a summary of this work as well as a discussion on the future direc-
tions.

Appendices A-F provide detailed descriptions of sections 3 and 4.

2 Generalization of the GKO coset construction: review
The diagonal coset WZW model is given by the following coset &, which is expressed as

G _ SUN)x®5U(N)1. 2.1
H SU(N)gs1 Y

The numerator spin-1 currents are denoted by K“(z) of level k and J?(z) of level 1, whereas
the denominator spin-1 current is denoted by J'®(z) of level (k + 1). The standard OPE
between J%(z) and J°(w) is

1
k6% 4 ———— fO T (w) 4 - -, (2.2)

I = g

where the level is characterized by the positive integer kq, which is fixed as 1 in the coset
model (2.1). The other spin-1 current with level & living in the other SU(N) factor of the
above coset model (2.1) satisfies the following OPE between K°(z) and K°(w),

1 ab 1
Gowe™ T

where the level is given by ko, which is rewritten as k in the coset (2.1). These two spin-1

K*(2) K*(w) = - FUR (W) + - (2.3)

currents are independent of each other because the OPE satisfies J%(2) K*(w) = 0 and there

®To reveal the duality between the higher spin theory on the AdS3 and Wy minimal model coset CFT,
the eigenvalues for the higher spin currents in the coset model can be compared with those of the higher
spin fields in the asymptotic quantum symmetry algebra Weo[u] of the higher spin theory on the AdSs. As
described before, the CF'T computations for the eigenvalue equations of the higher spin-5 current coincide
with those in Wao [u1]. The corresponding eigenvalue equations for the spin-3 and spin-4 currents (including
the spin-2 current) can be calculated at finite N and k (the large N limit result can be obtained by taking
the limit appropriately).



are no singular terms between them. The diagonal spin-1 current living in the denominator
of the coset (2.1) is the sum of the above two numerator currents

Jz) = JYz) + K2). (2.4)

By adding the OPEs (2.2) and (2.3), the following OPE between the currents (2.4) satisfy

1 1
J(2) J?(w) = ————— k6% 4 ——— pabe jre v K =ki+ke=k+1. (25
By construction, the level of the denominator current in (2.5) is the sum of each level of
the numerator current.
The stress energy tensor with arbitrary levels (k1, k2) via a Sugawara construction is
expressed as

1 1 1
Iz = K°K(2) + ;

(k2 +N) (k1 + k2 + V) TR, 28

@) = —5m+ ™

The corresponding stress energy tensor in the coset model (2.1) can be read off from (2.6).
The OPE of the stress energy tensor (2.6) with itself from the OPEs (2.2), (2.3) and (2.5)
is given by

1 c 1 1

T(z)T(w) = w2 + w2 2T (w) +

oT e 2.7
ST (2
where ¢ in the fourth-order pole of (2.7) denotes the central charge in the coset (2.1) that
depends on N and k and is given by

N(N +1)

c= W=D -mrpwersn)

(2.8)

The higher spin-3 current consists of cubic WZW currents contracted with the SU(N)
completely symmetric traceless invariant d®° tensor. The relative coefficient functions
were fixed by two conditions: 1) this spin-3 current transforms as a primary field under
the above stress energy tensor (2.6) with levels (1, k); and 2) the OPE between this spin-3
current and the diagonal current (2.4) does not have any singular terms. Finally, the overall
coefficient can be fixed by calculating the highest-order singular term in the spin-3 spin-3
OPE, which is equal to § with (2.8).

A higher spin-4 current can be constructed similarly, and consists of quartic, cubic
(with one derivative) and quadratic (with two derivative) WZW currents. This spin-4
current can be obtained in two ways. One is to consider the most general spin-4 current
and determine the various unknown coefficient functions using the above two requirements.
The other is to calculate the OPE between the above spin-3 current and itself and read
off the second-order pole structure. The normalization of the spin-4 current is related to
the normalization of the spin-3 current and the structure constant appearing in the spin-4
current from the OPE between the spin-3 current and itself. In this case, the structure of
the spin-4 current is determined completely except for the normalization constant because
the full expression of the spin-3 current is known.



3 Spin-5 Casimir operator

Subsection 3.1 reviews the relevant facts about the spin-3 and spin-4 currents first. This
subsection will focus on the second-order pole in the OPE between the spin-3 current and
the spin-4 current. Subsection 3.2 then constructs the next higher spin-5 current from the
known spin-3 and spin-4 currents explicitly.

3.1 Review on the spin-3 and spin-4 currents

For later convenience, let us introduce spin-3 operators
Q(z) = d®J*J*J%(z),  R(z) = d"K*K'K®(z), (3.1)
and spin-2 operators
Q%(z) = d*JvJ¢(2), RY(z2) = d* K K*¢(2). (3.2)

As described before, the d symbol appearing in (3.1) and (3.2) is a completely symmetrical
traceless SU(/V) invariant tensor of rank 3. The operators Q(z) and Q*(z) are the primary
fields of spin-2 and spin-3, respectively, under the stress energy tensor defined in the second
numerator SU(N); factor in coset (2.1), corresponding to the first term of (2.6). Similarly,
the operators, R(z) and R%(z), are the primary fields of spin-2 and spin-3, respectively,
under the stress energy tensor defined in the first numerator SU(V); factor, corresponding
to the second term of (2.6). This can also be generalized to the spin-4 operators but the d
symbol of rank 4 is reduced to the product of the d symbol of rank 3 and the § symbol of
rank 2 with the appropriate contractions. See equation (A.3).

Calculating the following OPEs is straightforward [4, 34]

Jz) Q¥ (w) = (z—lw)Q (2k1 + N)d™J¢(w) + G _1 o FeQ(w) 4+, (3.3)

7(2) QM) = ~ = 31+ N)Q () + - (3.4
K(2) Rb(w) = —(Z_lw)g (2o + M)A w) + ! o F W) e 35)
K9(2) R(w) = _(z—lw)2 3(ks + N)R(w) + - . (3.6)

Occasionally, some of the OPEs can be obtained from the known OPEs by taking the
symmetries between the currents and levels. For example, the OPE (3.5) can be obtained
from the OPE (3.3) using J* — K (and Q* — R*) and k1 — ko without calculating (3.5)
independently and vice versa. Similarly, the OPE (3.6) is related to the OPE (3.4) with
J* < K® and ky <> ko. Therefore, some OPEs and some operators are expressed with
arbitrary levels (k1, ko) rather than fixing them.

The coset spin-3 primary field can be expressed as

WO (z) = daote (Aljajbjc(z) + AgJOJPKC(2) + AsJOKPKC(2) + A4K“Kch(z)>
= A1Q(2)+ Ay KQ%(z) + As J*R%(2) + A4 R(2), (3.7)



where the coefficient functions that depend on ki, ks or N were determined elsewhere [4]

A = k‘g(N + k‘g)(N + 2]4:2), Ay = —3(N + k‘l)(N + kQ)(N + 2]{72),
Az = 3(N + kl)(N + kg)(N -+ 2]€1), Ay = —kl(N + kl)(N -+ 2]€1). (38)

Actually, there is an overall normalization factor B(N, k1, k2) in (3.7), but B(N, k1, k2)
is not considered. Compared to the stress energy tensor (2.6), the spin-3 current is not
the difference between the spin-3 current in the numerator and the spin-3 current in the
denominator in the coset model (2.1). As described previously, by assuming the possible
terms of spin-3, all the relative coefficient functions are fixed by the above two conditions.
The normalization factor B(N, k1, k2) is determined by calculating the OPE of the spin-3
current and itself. See the equation (4.33) for the explicit form.

By substituting (A.2) and (A.4) into (A.1), the following form of the spin-4 current
was obtained

W(4) (Z) _ dabedcde (hGJanJCJd + h7JanJch + hSJanKch + thaKchKd
+ hloK“KchKd) (2) + hi J T TP TP (2) 4+ haoJ“ T TP K®(2) + hisJ* J KK ()
+hiaJ K K K (2) + his K° KK K (2) + h170* J“K®(2) + hao0J 0K (2) + has J"9* K (2)
+h23JanKaKb(Z) + h24dacedbdeJanKch(Z) + h25fabcajanKC(z) + hzefabc('?KaKch(z)
+hor0? T J(2) + hog O K K®(2) + hao0J"8J"(2) + haod K K" (z), (3.9)

where the 21 coefficient functions are

he = c6 + 3ci, h7 = ¢ + 3ca, hs = cs + c3, ho = c9 + 3ca, hio = c10 + 3cs,
- 12 (N? — 4) - 12 (N? — 4) - 4(N? —4)
11 = cC11 — N(T-ﬁ-l)q’ 12 = C12 — mcm 13 = C13 — m&s:
= 12 (N? — 4) - 12 (N? — 4)
14 = C14 — mc4’ 15 = C15 — m%,
_ 2(N? — 4)(N? - 3) _ (N? —4)(N? - 3)
hir = a7+ N1 c2,  hao =c20 — TNerl @
N? —4)(N* -3 8(N? —4
haa = c22 — %sz, h23 = ca3 — N((N2 T 1)) cs, h2a = 2c¢3,
Bor = C3(N?—4)(N® - 3)0 hor = 3(N? —4)(N? — 3)c
25 = N(N2 1 1) 2, 26 = N(N2 1 1) 4,
_ 2(N? —4)(N? - 3) _ 2(N? —4)(N? - 3)
har = c1, hag = 5,
N2 41 N2 41
3(N? —4)(N? - 3) 3(N? —4)(N? - 3)
= — = — . 1
h29 N2 T 1 C1, h30 N2 n 1 cs (3 0)

The last seven-terms of (3.9) newly appear and the first five-terms of (A.1) disappear.
From (3.10), the precise relationships between the spin-4 current (A.1) and its different
versions (3.9) and the subscripts of the h coefficients are kept unchanged.

3.2 The spin-5 current

The next step is to construct the spin-5 current from the spin-3 current (3.7) and spin-4
current (3.9). Although in principle the complete OPE can be calculated, this subsection
focuses on the second order pole only to extract the spin-5 current. The OPE between the



spin-3 and spin-4 currents is given by [2]

1 1 1
W(g)(z) w (w) = m W) (w) + m gﬁWaW(‘g) (w)

1 3 nw
- TW®) _ 2 521 3) IW 927y/(3) (5)
+(z—w)2 [m\< W 148W +148W + WY (w)
+(O(Z - w)_l)a
where the (N, ¢)-dependent coefficients are

39 y

A = (14 +70) (033)2, nw = (C§3)2- (3.11)

>~ w

Because the primary currents are not normalized properly, there is little difference
from [2] in an overall factor

3

WOOWH(w)| 1 =y <TW<3> (w) = 5

] 92w ) (w)) n %6214/(3) (w) + WO (w).
(z—w)

(3.12)
The combination (TW®) — %32W(3))(w) = A(w) in (3.12) is a quasi-primary field.® The
explicit (N, c)-dependence of the structure constant Cj; in (3.11) was obtained from the

literature [2, 16]

2 _ 64(c+2)(N = 3) [e(N +3) + 24N +3)(N — 1)] (3.13)

(C35)” = (5¢+22)(N —2) [e(N +2) + (3N + 2)(N —_11)] '

Note that due to the (N — 3) factor in (3.13), the coset model (2.1) for N = 3 does not
produce the spin-4 current. The spin-5 current appearing in the OPE between the spin-3
and the spin-4 currents should contain the factor (N — 4) in its expression. The N should
be greater than 4. This issue will be addressed later. See equation (4.33).

The spin-5 current can be obtained from

WO (w) = W) WD (w)| 1 —na (TW<3> (w) — %a2w<3> (w)) - ’%a?vv@) (w).

(z—w)2

(3.14)
The stress energy tensor and the spin-3 current are given in (2.6) and (3.7). Furthermore,
the relative coefficients are given in (3.11) together with (3.13). To ensure the right rel-
ative coefficients in the right hand side of (3.14), two arbitrary unknown constants can
be introduced in front of ny and ny. For N = 3, they are vanishing by calculating the
OPE between T'(z) and W®) (w) and requiring W) (w) is a primary field of spin-5. This
is consistent with the fact that the structure constant C; in (3.13) vanishes at N = 3. For
N =4 and N = 5, these extra parameters are equal to 1 by solving the primary condition.

5The coefficient % comes from general formula ﬁ, where s is the spin for the field ® [9, 12]. In other
words, the OPE T'(z) A(w) has no third order pole and the nonvanishing fourth order pole of this OPE is
given by ﬁ(114+7c)W(3). The numerical factor {5 can be obtained from the formula - s %
with h; = 3,h; = 4, hy, = 3 and n = 2 [9, 12]. Note that the equation, C3, = %Cég holds for general N.

Furthermore, for N = 4, expression (3.12) without the spin-5 current is already known in [9, 14, 15].



The next step is to calculate the second order pole for the OPE W®) (2) W® (w) explicitly.
Appendix B presents all the detailed calculations. Appendix C' describes the fully normal
ordering procedure. For N = 3 or N = 4, all the calculations in appendices B and C' were
checked explicitly using Thielemans package [17].
After the complicated calculations, the spin-5 current is summarized by the following
52 terms:
W(S)(z) = a dabfdfcgdgdeJanJchJe(z) + (CL2 dabfdfcgdgde + as dabfdfegdgcd) JanJCJdKE(Z)
+ (a4 A a7 49 4 a5 d*¥ 47949 + ag d** d’ dgdﬂ”) JOTTROK ()
(a7 dabfdfcgdgde +a dbcfdfagdgde + ao dacfdfdgdgbe) JaJ K KdKE(Z)
K*(z

+ (alo dabfdfcgdgde+all dbcfdfagdgde) JuKchKd )+a12 dabfdfcgdgdeKaKchKdKe(Z)

tays dabcédeJanJchJe(z) + (a14 d*besde 4 gps dabe(scd) J“JbJCJdKe(z)

n (aw 4?5 4 q17 d®*95 4 a1g 6abdcde) J“JbJCKdKe(z)

n (alg A5 4 qo0 6°°d°% + agy 5acdbde) JanKchKE(Z)

+ (a22 A5 4 gos 5abdcde) T KKK K (2) + a2 dabcddeKaKchKdKE(z)

tass fadedbceJanJcaJd(z) + ase dabefcdeJanJcaKd(Z) + (a27 dabEfcde + ass daCEfbde

+ ase dadefbce) J“Jb(?JCKd(z) + (a30 dabEfcde T as dacefbde +a dadefbce) JanKcaKd(z)
+ (a33 dacefbde T as, fadedbce T oass fabedcde) JanchKd(z) + (asa dabefcde +a fadedbce
+ ass facedbde) JaKchaKd(Z)-i-agg fadedbceaJaKchKd(z)+a4o fadedbceKaKchaKd(z)
tas d*° T P07 T (2) +aazd™ 0T 0T (2) +assd™® T O? J K () +aus ™ T TP K(2)
+ass dOT QT K (2) + ase d*" J* I OK (2) + aar d**°0* J*K"K°(2)

ta4s AT KO K°(2) + aso d**°0J K 0K (2) + aso d"*° J*"0K OK°(2)
+as1 A KK 0* K (2) 4 as2 d""° K“OK 0K (z), (3.15)

where the 52 coefficient functions a; are given in appendix D (D.1). The spin-5 current (3.15)
at N = 5 was checked to confirm that there are no singular terms (in the OPE between the
stress energy tensor and the spin-5 current) with an order greater than 2. For consistency
check, the OPE between the spin-5 current and the diagonal current was also calculated,
which showed that are no singular terms when N = 4. The primary condition with N =4
was checked until the third order singular terms. Furthermore, when N = 3, the above
regularity and primary conditions (up to the second order pole) were checked explicitly.
The spin-5 current consists of the first 24 quintic terms, the middle sixteen quartic terms
with the f symbol (with one derivative), and the remaining twelve cubic terms with the
two derivatives. The last twelve-terms can be observed from the second derivative of spin-3
current W®)(z). The twelve quintic terms containing the § symbol also can be seen from
the composite operator, TW®)(z). The vacuum character (7.18) of [3], which is equal to

m = 14+¢>+2¢> +4¢* +6¢° +12¢° + O(q"), contains the numerical factor, 6,

in front of the ¢° term. This suggests that there are six spin-5 fields, TW®)(z), 02°W®)(2),
OW W (2), &3T(2), dT?(z), and W) (z). Among these fields, the only primary spin-5 field
is given by W®)(z). For the next higher spin-6 fields, there are eleven nonprimary fields,



which can be obtained from the higher spin currents of spin s = 3,4, 5, the stress energy
tensor, and derivatives, and a single spin-6 primary current.

4 Three-point functions

4.1 Eigenvalue equation of the zero mode of spin-5 current acting on the state
|(f;0)) in the large N limit

This section describes the three-point functions with scalars for the spin-5 current found
in the previous section. The large N 't Hooft limit [1] is defined as

N

N,k A= ——
, K — 00, N1k

fixed. (4.1)
The product of the SU(N) generators has the following decompositions with §,d and f
symbols (for example, see reference [7])

1 ) 1
75ab o %dabcTc + §fabcTc. (42)

TaTb —
N

A range of quintic products with three d symbols can be obtained from equation (4.2) and
the traceless condition for the anti-hermitian basis.

The zero modes of the current satisfy the commutation relations of the underlying
finite dimensional Lie algebra SU(N). For the state |(f;0)), T corresponds to K§ and for
the state |(0; f)), T'* corresponds to J§ as follows

(£;0)): T« K5, [(0:0)): T% < Jg.

4.1.1 Eigenvalue equation

Now the zero mode eigenvalue equation of the spin 5 primary field W(5)(z) acting on the
primary state (f;0) in the large N ’t Hooft limit can be calculated using the relations in ap-
pendix (D.3). The ground state transforms as a fundamental representation with respect to
K§ (and as an antifundamental representation with respect to J§). For example, calculate
the following eigenvalue equation corresponding to the first term of the spin-5 current

dabf qfes gode( ge gb ge g4 7)o (£50)). (4.3)

How does one obtain the zero mode of the composite operator? Using the standard defi-
nition for the zero mode, (A.2) of [34],

4t df <9 o 35 I3 TG T IS (5 0))- (4.4)

That is, the zero mode is the product of each zero mode but the ordering is reversed (the
indices of a,b, c,d, and e go to the indices of e,d, c,b and a). The next step is to use the
eigenvalue equation. Because the singlet condition for the state (f;0) is expressed as

(Jo + K5) |(f;0)) =0, (4.5)
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The expression (4.4) is equivalent to
e e qete g g6 VKRN (£:0)) = —dM aFesane KIS ILISI(£0)) (4.6)

where the zero mode K commutes with the zero mode Jg and K is moved to the left.
The singlet condition (4.5) is applied to the rightmost zero mode J¢ (4.6) and the following
result can be obtained

4T Ao gte K g JATSKCL|(£50)) = doM I 0 ao e KGR JGJLIGN(£:00). (47)
This procedure can be repeated until all the J§’s are exchanged with the K{’s with the
appropriate ordering. Therefore, the above eigenvalue equation (4.3) becomes
1
A1 KRG (f;0)) = —d™ al oo T (T TV ToTT) (£, 0)
— iN*[(f;0)). (4.8)

In the first line of (4.8), +- is multiplied because the eigenvalue is needed (not the trace). Of
course, the zero mode eigenvalue equation can be expressed using the zero mode J§ rather
than K¢ with the corresponding SU(N) generator rather than 7.7 Here the following
quantity (related to the first term of spin-5 current) can be used:

dabfdfcgdgdeTr(TaTchTdTe) — idabfdfcgdgdedabhdhci dide
8

— _32 2 _ fhz 2 _ gi 1fcg jhci
= —g (N7 = 97 SN2 — 4)5%dl*7d
= —i%(l\ﬂ —4)3(N? — 1) — —iN°®, (4.10)

where the identities of appendix A of [7], (A.3) and (A.4), are used. Note §%¢ = N? — 1.
For N = 3, the above identity is checked explicitly. At the final stage, a large N limit (4.1)
is taken. Similarly, the second-, third-, fourth-, sixth-, seventh-, ninth-, tenth-, eleventh-
and twelfth-terms of the spin-5 current can be analyzed.

One can proceed to calculate the remaining trace identities. For the fifth-term (and
eighth-term) of the spin-5 current, the following calculation can be performed:

dacfdfbgdgdeTr(TaTchTdTe) _ daCfdfbg dgde (_ ﬁéabdcde _ édabhdhcidide + éfabhfhd dide)

4 . 2 2 2 - AT3
= i (V2 =4 (N2 — 1) = 4iN®. (4.11)
"Similarly, the following eigenvalue equation corresponding to the ninth-term of the spin-5 current can
be obtained

dacfdfdgdgbe(JanKCKdKe)()|(f;0)> _ %dabfdfcgdgdeTr(TaTchTdTe)|(f;O)>
s —iN'|(£50). (4.9)

In the first line of (4.9), the zero mode is obtained by changing the ordering of the current reversely. The
singlet condition (4.5) is used in the second line. There is no change in sign because of the even number of
J¢’s. In the third line, % is multiplied and the cyclic property of the trace is used. Finally, the previous
result of (4.10) is used in the last line of (4.9).

— 11 —



The ddd product can be reduced to a single d and the ddf product can be written in terms
of a single f using the identities involving the f- and d-tensors of SU(N). For the N = 3,
the above identity has been checked explicitly. The large N behavior of (4.11) is different
from that of (4.10). The large N limit for the coefficient functions was not considered.
Once the N behavior of these coefficient functions is included, (4.10) and (4.11) do to the
final eigenvalue equations.

For the thirteenth-term (fourteenth-, - - -, 24th-terms) of the spin-5 current, the quintic
product with d symbol and 0 symbol is obtained as follows:

dabcddeT TaTchTdTe _ gabc sde _L’ abc sde | _ _L N2 _4 N2 1 2

— —iN%. (4.12)

Note that the dd product becomes a single 0 symbol. The large N behavior of (4.12) is
different from (4.10) or (4.11). For N = 3, the above identity has been checked explicitly.

One has the quartic products with d symbol and f symbol for the 25th-term (26th-,
27th-, 29th-, 30th-, 31st-, 33rd-, 35th-, 36th-, 37th-, 39th-, 40th-terms) of the spin-5 current

dabefcdeTr(TaTchTd) — %dabefcdedabffcdf _ Z(N2 o 4)(N2 - 1)
— iN* (4.13)

The large N behavior of (4.13) is the same as that of (4.12).
For the 28th-term of the spin-5 current,

dacefbdeTr(TaTchTd) _ dacefbde (idabffcdf + ifabfdcdf>

? ace e ja Ci e ra Ci
_ Zd <fbddbff df  pbde ¢ bfddf)

id‘m (—=Nd®® + Ndoee) = 0. (4.14)
The df f product reduces to a single d symbol. Furthermore, the contributions from the
32nd-, 34th-, and 38th-terms vanish. For N = 3,4, the above identities (4.13) and (4.14)
have been checked explicitly.

Finally, the cubic product with the d symbol is calculated for the 41st-term of the
spin-5 current (and 42nd-term, - - -, 52nd-term),

1

AT (T TP T = %da’mdabc = (V2 = (V? — 1) = iN®. (4.15)

Moreover, the large N behaviors of spin-5 coefficient functions a; in the large N limit
are given in appendix (D.3).

Let us move on the zero mode eigenvalue with one derivative corresponding to the
25th-term of the spin-5 current

Jeteree (I TP TOT Yol (£50)) = FRd (@I JEIRII(F30)) = — Fed SIS I (f50))
= — e d e K KGR (:0)

— 12 —



= S FETHTTTT|(f0)) — iNP(£:0)). (4.16)

In the first line of (4.16), the zero mode is taken by reversing the ordering of the current as
. Je —m=1)J9, _
before. One then uses the following property, dJ%(z) = 0 (Z ) => % =

m
m Z’m+1

Yom (Z;ﬁ)g", which leads to the zero mode, (0J%)g = —J§. In the second line, the singlet
condition (4.5) is used, and there is no sign change due to the even number of the J§’s.
Furthermore, the previous result (4.13) is used.®

In this way, the nonzero zero mode contributions of all the terms in W) (2) (3.15) can
be obtained.

Let wus describe the nonzero contributions. From the analysis in (E.1)-
(E.4), (E.6), (E.7), (E.9)-(E.11), these nine-terms behave as N* and each coefficient
function in (D.4) has a factor, N. These terms then contribute to the final result in
the large N limit. Furthermore, the non-zero contributions from (E.25)—(E.27), (E.29)-
(E.31), (E.33), (E.35)—(E.37) and (E.39) have a factor, N3, and the coefficient functions
for these terms behave as N? from (D.4). Finally, from (E.41)—(E.50), these contributions
are given by N? and the corresponding coefficients behave as N3 from (D.4). By summing
these contributions, the following eigenvalue equation can be obtained for the zero mode
of the spin-5 current WO(5) acting on the state |(f;0)) in the large N limit

24i(14+ N3+ A)(4+ )
B TA3(2 - \)

5
weVl(f:0)) = NO(f;0). (4.18)
The eigenvalue has a very simple factorized form. The same eigenvalue equation at finite
N and k will be evaluated.

4.2 Eigenvalue equation of the zero mode of the spin-5 current acting on the
state [(0; f)) in the large N limit

Next the zero mode eigenvalue of the spin-5 primary field W(5)(z) acting on the primary
state |(0; f)) is described in a large N 't Hooft limit using the above (4.10)-(4.15) relations
and appendix (D.3). The ground state transforms as a fundamental representation with
respect to J§ and the zero mode K has a vanishing eigenvalue equation (i.e. a fundamental
representation with respect to the zero mode of the diagonal current)

K§1(0; f)) = 0. (4.19)

8Consider the contribution from the 41st-term of spin-5 current with two derivative terms
(I I TNl (£;0)) = d™(97T%)oJg IG|(f50)) = 2d*** JG I JG|(£;0))
= 20K RKS|(f50)) = — - d™ (T TTO)|(£;0))
— —2iN?|(f;0)). (4.17)
In the first line of (4.17), the zero mode is taken. The zero mode of the second derivative for the current

can be obtained from the fact that 9*J%(z) = §° (E I ) =>. ()i 2) T = o @Jm which

m zm+1 Zm+3 ZmT3

leads to (9%J%)o = 2J§. In the second line, the singlet condition (4.5) is used. Note the extra minus sign

because of the odd number of the current. As before, % is multiplied. At the final stage, the result (4.15)

is used. Appendix E describes the complete results for the eigenvalue equations in the spin-5 zero modes.

,13,



For example, calculate the following eigenvalue equation corresponding to the first-term of
the spin-5 current

™ dle9asie(J P <TI0 (0; ) = T d’ o9 J§ I J§ I5 I 1(0; £))
1
= Nd“bf A/ 99T (TTITTPT)|(0; f)),  (4.20)

where the previous result (4.4) is used. Equation (4.20) becomes the following expression
using the property of the d symbol

1
dabfdfc‘gdgde(JanJCJdJe)O|(0; f)> _ NdabfdngdgdeTr(TaTbTCTdTe)|(0; f)>
— —iN*(0; f)). (4.21)

The next non-zero contribution appears in the thirteenth-term. The following nontriv-
ial contribution can be obtained from the thirteenth-term

A5 (JT0 T TT)0|(05 £)) = d**6% TS5 T I8 1(05 f))
= %dabcddeTr(T“TchTdTe)](0; )
= —iN?|(0; f)), (4.22)

where, as before, the trace property is used and the % is multiplied to obtain the eigenvalue.
The large N limit is taken at the final stage in (4.22). On the other hand, due to the
N factor from (D.4), the final contribution becomes zero in the large N limit because
N x N3 = N* (the leading large N behavior has N?).
The next nonzero contribution appears in the 25th-term as follows:
Foe e (I DT (0 £)) = — A SIS 05 )
1
_ _NdabefcdeTr(TaTchTd)’(O; f)>
— —iN3|(0; f)). (4.23)

In the first line, the previous relation (4.16) is used. The nonzero contribution in the
41st-term can be obtained

A (I I 0% T)0| (0; f)) = 2d**°J5J5J51(0; f)) = %d“bCTr(T“TbTC)I(O;f»
— 2iN?|(0; f)). (4.24)

The first line comes from (4.17). The final nonzero contribution comes from the next
42nd-term and the following is obtained:

ATl (0: 1)) = A TGIRISI0; 1)) = R d TR0 £)
— iN?|(0; f)). (4.25)

By combining (4.21), (4.23), (4.24) and (4.25) with the corresponding coefficients in
the large N limit (D.4), the final zero mode eigenvalue equation can be obtained as follows:

_9)2() _ B -
W™ (0 ) = [—iN4 x N (6()\%%(2; JEAQ) 1)> _iN3 x N2 <_6(A 2;3(A 1)>

— 14 —



LN (24()\ —1)(3A2-20)  48(A—1) (222 —11) )] 1 F)

A3\ +2) a A3\ + 2)
C[24i(1 =N (3 N)(4 - )
N [ TA3(2 4+ )\)

| ¥%10:. (4.26)
The same eigenvalue equation at finite N and k can be determined later.

4.3 Three-point functions in the large IN limit

Consider the diagonal modular invariant, by pairing up identical representations on the
left (holomorphic) and right (antiholomorphic) sectors. One of the primaries is given by
(f;0)® (f;0) [18]. From the previous result (4.18), the eigenvalue of the spin-5 zero mode

for (f;0) ® (f;0) is

24i(1 + A)(3 + \)(4 + \)
A2 -\

wilo = | [¥0.,  or=g0e 0. am
In addition, the eigenvalue of the spin-5 zero mode for (0; f) ® (0; f), which is another
primary, can be obtained. In this case, only four terms with no K% can survive because
K§1(0; f)) = 0. Therefore, the result can be calculated from (4.26) as follows:

24i(1 — A\)(3 — \)(4 — \)
A2+ )

wiPlo-) = | |30, o-=eneen. @)
Symmetry exists between (4.27) and (4.28). Omne can be obtained from the other by
taking A — —\ and vice versa. Similar relations can be obtained for the other primaries
(f;0)®(f;0) and (0; f)®(0; f) after taking the generators of SU(N) in the antifundamental
representation carefully,

wio.) = |HEEIE N v, 0, = Fos Fo
W) - - [N o), o= 0neeD. @)

Compared to (4.27) and (4.28), there is an overall sign change.
The three-point functions of spin-5 current with two scalars from (4.27) and (4.28)
(or (4.29)) can then be expressed as

(0,0, WO = _ [24i(1 J;iggt?)“ + A)] N, (4.30)
_ 24i(1 — \)(3 — \)(4 — \)
(O_0_Wwb)y = [ SUCERY } N°. (4.31)

The following result can be obtained by dividing these two relations (4.30) and (4.31):

(0L0,W6) 1+ NC+NB+NE+N) )
0-0-w®) — (1-NE-NE-N(A-A) :

When A\ = %, this becomes —9, which is precisely the same as the bulk computation for
spin-5 in [18]. For a general A, the bulk result in [19] for spin-5 current agrees with (4.32).
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Recall that the ratio (4.32) containing constant 1 without a minus sign is precisely the ratio
for the spin-2 current, the ratio (4.32) containing constants 1 and 2 is exactly the ratio
for the spin-3 current and the ratio (4.32) containing constants 1,2,3 without a minus
sign is exactly the ratio for the spin-4 current. For the spin-5 current, the ratio of the
three-point function is obtained from that of the spin-4 current by multiplying —%. See
footnote 10. The ratio of three-point function for the spin-s current can be expressed as
(—1)* T2} EZB\\; .9 This issue for the finite N and k will be addressed later.

Thus far, the normalization for the spin-5 current is not considered. The normalized

spin 5 primary field W@(z) can be obtained using the unnormalized spin-5 current
WO)(2) (3.15) as follows:

WO = | g | WO

Ci3C3,
B?=— N
18(N+k)2(1+N)2(1+k+N)2(N+2)(2k+N)(2+2k+3N)(—4+N2)’
(G5 = 25(5¢ + 22)(N — 4) [¢(N +4) + 3(5N + 4)(N — 1)] (433)
34 (Te+114)(N —2) [e(N +2) + (3N +2)(N —1)] ’ ‘

where B is the overall coefficient function of the spin-3 current [4], C3, is the structure
constant and is given in [2, 20]. Note the factor (N — 4) in this expression. This suggests
that the SU(4) coset model does not produce a spin-5 current, as mentioned before.
Moreover the structure constant C3; was given in (3.13). The structure constant C3, can

be re-expressed as follows [2]: (C3,)? = 25 [Eg%;z
33

for N = 4. Therefore, for N = 4, the structure constant vanishes. Accordingly, how

— 1} , where é§3 is the structure constant

does one obtain the relative coefficient factor in W(‘r’)(z) in (4.33)?7 Originally, the spin-3
current has an overall factor B. One can multiply B at both sides in (3.12). For the spin-4
current, this study did not consider the structure constant Ca in [7] in front of W® (w) of

the second order pole in the OPE W®) (2)W®)(w). This analysis checked that for N = 4,
W (z)

Cgl:Z T
that one should divide out the structure constant Cjs in (3.12).19 % W) (w) is on the
right hand side. Once again, this quantity should be multiplied by the structure constant

the spin-4 current provides the highest singular term correctly. This suggests

9More explicitly, one can use the equations (4.51) and (4.53) of [19] to check the bulk result corresponding
to (4.32). What does this imply in the bulk theory side? The three-point function in the bulk theory can be
determined from the asymptotic behavior of a scalar field in AdS3 as the radial coordinate goes to infinity.
On the other hand, the CFT result of this paper (i.e. the equation (4.32)) indicates that for fixed spin s = 5,
the A-dependent part of this scalar field asymptotics has very simple factorized forms =+ Hi:l (n+ ). This
provides the nontrivial information on the change in the AdSs scalar under the gauge transformation for
the higher spin deformation in the bulk theory. Of course, this feature arises in section 4 of [19] via
bulk theory computation. Therefore, one might think that the physical implication for the three-point
function (4.32) is to indicate a hidden functional dependence of the change in the AdSs3 scalar (under the
gauge transformation) on the deformation parameter A where the A = % in undeformed bulk theory.

0The eigenvalue equations can be calculated for the other currents. For the spin-4 current, the large N
limit was given in (3.47) of [7]. By dividing C35 with a large N limit,

V5

V5 2+ N3+ N
20

2-M)@B-=-2Xx

|04), WsP|0-) = V5 /BB =N

Wi 104) = 22 (1+2) 5 CESVEESV At D)
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C3, and divide it out. This leaves the quantity %W(E’) (w), which is denoted by
— 33034
W®)(w). The central charge term of the OPE between W) and itself will have the form

WO (WO (w) = (z—lw)lo g 4. (4.37)

In this normalization (4.37), the previous eigenvalue equations (4.27) and (4.28) become

W0, = “54(1+A>\/§2“§§3+§§Ej+§§|@>,
Oy V14 2-NB-=NE-N
Wo0-) = _70(1_)\)\/(2+A)(3+>\)(4+>\)|O>' (4.38)

From the description of footnote 10, the general A dependent behavior for the eigenvalue
equations of a higher spin-s current can be read off and

W0, = (1+)\)\/E§ti§8j;; '_Ez_1+)\; |04,
FOo) = (e |1y, JEZAB=N - (1=
Wy”l0-) = (1) [(1 A)\/<2+A><3+A>~'<S—1+” o

In (4.39), the second equation can be obtained from the first equation by taking A — —A
and vice versa up to an overall sign.

Note that the ratio of unnormalized spin-5 and normalized one in the large N limit is

WO (2) _ CsC8y | \5120V14 /(3= 0B+ 1) - M)A+
we)(z) B 73 (2=N)(2+\) ‘

(4.40)

4.4 Eigenvalue equations and three-point functions at a finite (IV, k)

At a finite N and k, the 52 coefficient functions are given in terms of (N, k) in (D.1) and
the identities (4.10)—(4.15) hold for any N. The exact zero mode eigenvalue equations
can be obtained. Surprisingly, the eigenvalue equations are simple factorized forms.

For the spin-3 current, by multiplying (4.22) or (4.20) of [13] by the constant A, (3.8) and constant B (4.33)
with a large N limit, respectively, results in similar equations as follows:

—~—(3 V2 (2-X)
|<9 We¥10-) = = (1= (575

wiPoy) 1 + ) |0_). (4.35)

The A-dependent part of the eigenvalue equation of spin-4 current in (4.34) can be obtained from that of
the spin-3 current in (4.35) by multiplying ,/ E;f:\\; and 4/ Eg;;‘g, respectively, up to the sign. This feature

holds for the spin-3 and spin-2 currents. That is, by multiplying gf;% an g +;‘)

with the following
spin-2 eigenvalue equations,

TOL) = 51+ N[0L),  Tol0-) = 51 - N|0-), (4.36)

one obtains the above eigenvalue equations (4.35) up to the sign.
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For the primary state, |(f;0)), the 48 terms contribute to the final result. The traces
corresponding to the 28th, 32nd, 34th, and 38th terms of the spin-5 current are identically
zero. The eigenvalue equation can be expressed as follows:
WP |(£;0)) = [—24i(k + 1) (N — 4)(N = 3)(N — 1)(N + 1)*(N +2)(k + N + 1)(k + 2N)
(k+2N + 1)(3k + 4N + 3)(4k + 5N +4)/ (N°(2k + N)(7k*N + 107k* + 14kN*
+ 221kN + 107k + 114N° + 114N))] |(f; 0)). (4.41)

Note the factor (N —4)(N — 3) in the numerator of (4.41). (N —s+1)(N—s+2)--- (N —
4)(N — 3) is expected in the general spin-s eigenvalue equation. Of course, the large N
limit result (4.18) can be reproduced from the more general result (4.41).
For the other primary state |(0; f)), the eigenvalue equation becomes
W((0; £)) = [24ik(k + 1) (N — 4)(N = 3)(N — 1)(N + 1)*(N 4 2)(k + N)(k + 2N)(3k + 2N)
(4k + 3N)/ (N°(2k + 3N + 2)(Tk>N + 107k* + 14kN? + 221kN + 107k + 114N°?
+ 114N))] (0 £)). (4.42)

The factor, (N —4)(N — 3), in (4.42) appears in this case and the large N limit (4.26) can
be obtained from the more general result (4.42). The three-point functions from (4.41)
and (4.42) can be summarized as
(0,0 WD) = [~24i(k + 1)(N — 4)(N — 3)(N — 1)(N + 1)*(N + 2)(k + N +1)(k + 2N)
(k+ 2N + 1)(3k + 4N + 3)(4k + 5N +4)/ (N*(2k + N)(Tk*N + 107k* + 14kN°
+ 221kN + 107k + 114N® + 114N))]
(O_0_-W®y = [24ik(k + 1)(N — 4)(N = 3)(N — 1)(N + 1)*(N + 2)(k + N)(k + 2N)(3k + 2N)
(4k + 3N)/ (N°(2k + 3N + 2)(Tk*N + 107k* + 14kN? + 221kN + 107k + 114N?
+ 114N))]. (4.43)

Obviously, the previous results (4.30) and (4.31) can be obtained from (4.43) with the
appropriate limit.

From (4.41) and (4.42) or (4.43), the ratio between the three-point functions at a finite
N and k, can be expressed as

(0,0, WO  (k+ N +1)(k+2N + 1)(2k + 3N +2)(3k + 4N + 3)(4k + 5N + 4) s
O_0_Ww®e)y k(k+ N)(2k + N)(3k + 2N)(4k + 3N) - (44d)

Of course, the large N behavior in (4.32) can be observed from this general expression
by taking the appropriate limit as before. In other words, (4.32) is obtained once the
numerical constants, 1,1,2,3,4 in the numerator of (4.44) are ignored. This result comes
from the Wy coset CFT at a finite N and k, and corresponds to the ratio of three-point
functions in the deformed AdSs bulk theory.'!

"For the lower spin currents, the eigenvalues and three-point functions can also be analyzed. For the
spin-4 current (A.1) or (3.9), the following result is described in appendix F' (F.25)

O oy 206+ 1D)(N —3)(N? — 1)(k + 2N)(k + 2N + 1)(3k + 4N + 3) .
O e | 2k(k+ 1)(N — 3)(N? — 1)(k + 2N)(3k + 2N) .
W l(0: ) = { N2(k+ N +1)(2k 4+ 3N + 2)d(N, k) } 1(0:£)), (443)

where d(N, k) = 17k 4+ 17k* + 22N + 39kN + 5k*N + 22N? + 10kN? is introduced. Note the presence of
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In [2, 5], the minimal representation of Wy [u], where the fewest number of low lying
states exists, was studied. Indirectly, the eigenvalue of the zero mode of the spin-5 current,
x, can be expressed in terms of the spin (or conformal dimension), h, the eigenvalue of spin-
3 current, w, the eigenvalue of spin-4 current, u (note that four times their spin-4 field is
equal to the spin-4 current in the present study and see (A.22) of [2]), the central charge c,
the constant, N3, and the structure constant, Ny = %Ng((]’é’)?, which depends on (¢, p).
Explicitly, equations (B.8), (B.15), (B.16) and (B.17) of [2] (where the version 2 of arXiv
corrected some typographical errors that appeared in the version 1 of arXiv) contain the

eigenvalue of the zero mode of the spin-5 current, z. By substituting the following quantities

6(1 4+ k)(=3 4 N)(1 + N)(k 4+ 2N)(3k + 2N)(3 + 3k + 4N)

Ne = (=2 + N)(2k + N)(2 + 2k + 3N) d(N, k) ’
d(N,k) = (17k + 17k + 22N + 39kN + 5k*N + 22N? + 10kN?),

N3 = %7

o (N=1)(k+2N+1)
h1;0) = 2N(k+ N) ’
w(f;0) = —#(N2 — (N2 = 1)(k + N + 1)(k + 2N + 1)(2k + 3N +2),
u(f:0) = 2(k +1)(N = 3)(N? = 1)(k 4+ 2N)(k + 2N + 1)(3k + 4N + 3)

N2(k+ N)(2k + N)d(N, k)

 k(—14 N)(L+k+2N)
= T GRI N tkLN) (4.48)

into the formula (B.15) of [2]

AN, 208N, 3\ 1 6u
20 - ht2) 4= x—|, 4.49
o [251\73 25N3(c + 114) ( * 7) 1 5h] (4.49)

the eigenvalue given in (4.41) can be derived. Note that B times a spin-5 current is equal
to 4 x 5(= 20) times their spin-5 field. This is why the extra numerical factor 20 is placed

the factor (IV — 3). All the terms in (A.1) or (3.9) contribute to the first eigenvalue, whereas three terms
in (A.1) (or four terms in (3.9)) can survive in the second eigenvalue in (4.45). For the spin-3 current (3.7),
the two eigenvalue equations from appendix F (F.26) are

i

WP |(f;0)) = — {W(NQ —4)(N® = 1)(k+ N+ 1)(k + 2N +1)(2k + 3N +2)| [(£;0)),
)
WEVN00) = [ bV = DOV = )+ M)k + )] 1051 (4.46)
The first term of (3.7) can contribute to the second eigenvalue of (4.46). Note the factor (N — 2) in (4.46).
Finally, the spin-2 current (2.6) has the following eigenvalue equations with appendix F' (F.27)

(N—D(k+2N+1)],, . o[ k(N-—1) .
s i, i) = [y g |10 @an

The eigenvalue equations for the general spin-s are difficult to obtain from (4.41), (4.42), (4.45), (4.46),
and (4.47).

(0 = |
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in (4.49). In addition, the eigenvalues in the expressions (4.45), (4.46) and (4.47) are substi-
tuted in (4.48). Similarly, using the following eigenvalues with the other quantities in (4.48)

k(N —1)
2N(k+N+ 1)’

h(0; f) =

w(0; f) = ﬁk(N2 —4)(N? = 1)(k + N)(2k + N),

2k(k +1)(N — 3)(N? — 1)(k + 2N)(3k + 2N)
N2(k+ N +1)(2k + 3N + 2) d(N, k) '

u(0; f) = (4.50)
the expression (4.49) leads to the other eigenvalue in (4.42). Checking that the eigenvalues
for the spin-2, 3,4 fields written in terms of the conformal dimension, h, and the central
charge ¢ in [2] coincide with those expressed as N and k in (4.48) and (4.50) is quite simple.

The following ratios between the three-point functions for spin s = 2,3,4 can be
obtained from (4.47), (4.46), and (4.45)

(0,0,T)  (k+N+1)(k+2N+1)
(O_O0_T) k(k+ N) ’
on (’)+W ) (k+N+1(k+2N+1)(2k+3N +2)
(O_0_WB)y k(k+ N)(2k + N) ’
<5+O+W()> _ (k+ N +1)(k+2N + 1)(2k + 3N + 2)(3k + 4N + 3) (451)
(O_0_w®) k(k+ N)(2k + N)(3k + 2N) ' ‘

At s = 5, equation (4.44) can be derived. As a spin s increases, the extra factors in the
numerator and denominator appear up to the sign. This can be generalized to the arbitrary
spin-s current, W), whose ratio is expressed as

O (s) -
(OL0Wwh)y (k+N+1 [nk+ (n+1)N+n (4.52)

— = (-1
(O_0_W) N (k+N) nk+ (n—1)N

Of course, this generalizes the fixed A = § case in bulk theory [18] and the arbitrary X in the
boundary/bulk theory [19] to the finite N and k. In other words, for fixed spin s, each factor
in the numerator of (4.52) has the extra numerical constants, 1,1,2,3,4,---,(s —1). The
previous results in [19], where they assumed Wy, [A] symmetry in the CFT computations,
can be obtained if these constants are ignored.

4.5 More general coset model

The more general coset model, & %> can be described by two arbitrary levels (k1, k2)

G _ SU(N), & SU(N)x,
H SU(N)k2+k1

(4.53)

Many additional extra currents can be expected in the general coset model (4.53). The
corresponding algebra should be larger than the conventional Wy algebra. For example,
the explicit form of the structure constant, C4;, is not known so far in the general coset
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model. Recall that the spin-3 and spin-4 currents with arbitrary levels (k1, k2) are known
in the general coset model. If the central charge term of the OPE between the spin-4
current with itself (which is equal to § with the central charge in the general coset model)
is calculated, the explicit form for the structure constant, C’§3, in the general coset model
can be determined completely.

The explicit forms of C4; for some fixed N from the Thielemans package [17] are
presented. The left hand side of (3.12) is known for an arbitrary (ki,k2) with a fixed
N = 4,5, and two arbitrary parameters in front of ny and ny are introduced. The spin-5
current can be written as in (3.14) with two parameters. Now the OPE between 7'(z) and
the spin-5 current can be calculated by requiring the primary condition. The above two
parameters can be fixed completely and the structure constants for a fixed N = 4,5 with
arbitrary levels are as follows:

[C35(N =5, k1, 1@)]2 = [64(kT(2771k3 + 10530ks + 2575) + ki (5542k3 + 76480k3
+215750ko 4 51500) 4 k2 (2771k5 + 76480k3 + 600725k + 1399250k
+406250) 4 10k (1053k3 + 21575k3 + 139925k 4 309625k, + 148750)
+ 25(ks + 5)*(103k3 + 1030k + 3375))] / [21(2k1 + 5)(2k2 + 5)
X (23 (T1ky + 55) + k2(284k3 + 2705ky + 1925) + ki (142k3 + 2705k32
+ 13675ks 4+ 11000) + 55(k2 + 5)*(2k2 + 15))]

[C35(N =4, ky, /@)]2 = [8(kT(409k3 + 1296k, + 320) + k7 (818k3 + 9136k3 + 21376k
+5120) + k7 (409k5 + 9136k + 58240k + 112976k, + 33664)
+16k1 (81k3 + 1336k35 + 7061k2 + 13280k, + 6592)
+ 64(ka +4)*(5k3 + 40ks + 126))] / [3(k1 + 2) (k2 + 2) (k7 (97K + 88)
+2k2(9Tk2 + T6Tky + 616) + k1 (97kS + 1534k3 + 6592k, + 5632)
+ 88(ka + 4)? (k2 +6))] . (4.54)

These structure constants are reduced to the structure constants of the minimal model
when k; is fixed to 1 (Of course, ko = k). Furthermore, the highest singular term of the
spin-4 current (when N = 4) was checked to ensure that it behaves correctly with (4.54).

5 Conclusions and outlook

The spin-5 Casimir operator (3.15) was obtained by calculating the second-order pole in
the OPE between the spin-3 Casimir operator (3.7) and the spin-4 Casimir operator (3.9).
The three-point functions with two scalars (4.30) and (4.31) for all values of the 't Hooft
coupling in the large N limit (and without any limit) were obtained by analyzing the
zero-mode eigenvalue equations carefully. These three-point functions (4.43) were dual to
those in the AdSs higher spin gravity theory with matter. A future study should calculate
the corresponding three-point functions in the bulk theory.

e Although the spin-5 current contains the multiple product between the d, f symbol
of rank 3, or the § symbol of rank 2, one does not observe a completely symmetric traceless
d symbol of rank 5. A future study should examine the generalization of (A.3) to a higher
rank. From the second order pole of the OPE between the spin-3 current and the spin-s
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current, where s > 4, one can imagine that a higher d symbol of rank s can be written
in terms of the multiple product of d symbol of rank 3, where the number of d symbols is
(s — 2). The generalization of [21] to the multiple product of d symbols is needed.

e Because the spin-4 current is known for any arbitrary level (ki,k2), it would be
interesting to calculate the eighth-order pole of the OPE between the spin-4 current and
itself, as mentioned before. Once this is done, the structure constant C4; in the general coset
model can then be obtained. Of course, this structure constant will reduce to the previous
result (3.13) in the coset minimal model (1.1) when k; = 1 and ks = k. Furthermore, for
N =4 or N =5, one should obtain the relations (4.54).

e What of the spin-6 current? From the vacuum character computation described
before, there are eleven nonprimary spin-6 currents that can be constructed from the spin-
2,3,4,5 currents (with some derivatives) and a single primary spin-6 current. This current
might be constructed by calculating the OPE between the spin-3 current (3.7) and spin-5
current (3.15). Definitely, the independent terms will be greater than 52 terms for the
spin-5 current. At least, relation (4.52) for s = 6 can be observed. Furthermore, because
of this relation, one also expects that the eigenvalue equations for two coset primary states
has factorized forms, as in the other lower higher spin cases. In a bulk theory point of view,
the asymptotic quantum symmetry algebra Wso[p] in [2] should be extended to the algebra
containing the commutator between the spin-3 Laurent mode and the spin-5 Laurent mode.
The previous work given in [22] (classical algebra) is expected to be helpful in obtaining
this commutator. When N = 6, the above construction should be related to the work
reported elsewhere [23], where Wy algebra was studied.

e Because the spin-3, 4, 5 Casimir currents are known for the coset model (1.1), one can
also check whether the other structure constants, C'j,, CJ5 in [20], can be expressed in terms
of C4; (3.13). The former can be obtained from the highest singular term in the OPE of the
spin-4 current and itself and the latter can be obtained from the OPE of the spin-4 current
and the spin-5 current as well as the OPE between the spin-5 current and itself. In principle,
the other OPEs, spin-3 spin-5, spin-4 spin-4, spin-4 spin-5, and spin-5 spin-5, can be ob-
tained and the algebra should be related to the W5 algebra [23], where N is fixed to N = 5.
Extracting several quasi-primary fields in these OPEs is nontrivial. For example, the OPE
between the spin-5 current and itself provides the second order pole, where the possible
quasi-primary fields of spin-8 arise. Even in the well-known quantum Miura transforma-
tions [3], the formula appears quite complicated. As mentioned in the introduction, the
general procedure to obtain the correct quasi-primaries is based on previous studies [8-12].

e The N = 1 supersymmetric coset model can be obtained by taking one of the levels
to be N in the context of that reported elsewhere [12, 24, 25]. The immediate question
in this direction is what are the spin contents of this coset model? A future study should
examine this particular coset model because this might be the possible dual theory for the
AdS3 string theory. Determining the N-generalization for the character technique is an
open problem.

e The duality in [1, 2] has been generalized to the duality with the other group, which
is analogous to the O(NN) vector model in one dimension higher [26, 27]. In [28, 29], the
explicit Casimir currents are constructed. In contrast to the present work, the Casimir
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construction with orthogonal group has the symmetric SO(N) invariant tensor of rank
2. In other words, the general N-dependence in the OPEs can be read off from the fixed
several N case results. No complicated contractions were observed between the d symbols
in the SU(N) coset model.

e The large N' = 4 holography was found recently in [30]. The 2-dimensional CFT has
many supersymmetries. Sometimes it is useful for describing the explicit construction of
Casimir operators in N/ = 2 superspace. For example, in the context of the N' = 2 Kazama-
Suzuki model. Some relevant descriptions can be found in [31, 32]. Thus far, it is unknown
how to construct the N' = 4 extension of W3 algebra. Among the sixteen currents (in the
spin contents, they are given by four spin—% currents, seven spin-1 currents, four spin—%
currents and a spin-2 current) in this large N' = 4 superconformal algebra, only eleven
currents, after projecting out four spin—% currents and a spin-1 current, play an important
role in higher spin theory. The possible lowest higher spin current contains the following
spin contents (1, %, %,2), (%,2,2, %), (%,2,2, %) and (2, %, %,3) in A/ = 2 superspace nota-
tion. In a future study, it would be very interesting to construct the above eleven currents
living in large N’ = 4 nonlinear algebra and the above sixteen currents that act as extra
higher spin currents in the specific coset model suggested in [30]. Therefore, it would be

interesting to find (11 4+ 16) currents explicitly in terms of the coset WZW primaries.
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A Coefficient functions appearing in the spin-4 current

The spin-4 current can be obtained by calculating the second-order pole in the OPE between
the spin-3 current and itself. In this calculation, the quasi-primary field of spin-4 and the
descendant term of stress energy tensor of spin-4 with the correct coefficients should be
subtracted from the above second-order pole. The coset spin-4 primary field is given by [7]
WH () = g (01 JOTTCT 4 e d TP TR 4 es JO KK 4 ey JOKPKCKY + C5KaKbK°Kd) (2)

+d* (%J“JchJd +er TP K? 4 s J I KK + ¢ JKP KK + cloK“KchKd) (2)

+enn JT I TP(2) + 1 T TP KP (2) + c13J T K K (2) + cla J* K K K (2)

+es K K K K" (2) + c170° J K (2) + 200 0K (2) + c22J“0* K" (2)

+e J KK (2), (A1)

where the coefficient functions ¢; are given in [7] or in appendix A (A.5)-(A.23). As the OPE
between the spin-3 current (3.7) and spin-4 current (A.1) is calculated, the identity between
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the d symbols should be used. Therefore, it is better to rewrite the above spin-4 current
using the d symbol of rank 3. The various identities of these d symbols of rank 3 can be used.
Using the identity [7]

12(N? —4)
abed ta 7b 7C 7d __ qabe jcde 1a 1b ye 7d () a 7a 7b 70
debed jo b ge ji () = 3debeqede jo gb ge gi () N(N2+1)JJJJ(Z)
3(N?—4)(N?-3) 2(N?—4)(N%-3)
- 9. “J%(z2), (A2
N 0T g 0N (), (A2)

the first term of (A.1) can be decomposed into the right hand side of (A.2), where the
following identity is used [33]

4(N? - 4)

dabcd _ dabe decd dace debd dade debc o
* * NONVZ11)

(950 + gocat 4+ 5205 . (A.3)
The first term of (A.1) can be absorbed into the sixth- and eleventh-terms of (A.1) besides
the derivative terms.

One can calculate similar identities as follows [7]:

_12(N?—4)

abcd ya b yc p-d _ abe jcde ya b yc p-d
d®l g I K () = 3d*edcd g1 P T K () NTED

JOJ I K (2)
_3(N*—4)(N* -3) 2(N? — 4)(N? - 3)
N(N2+1) N2 +1
dabchanKch(Z) _ dabedcchanKch(z) + 2daccdbdeJanKch(Z)
_4(N*—4) 8(N? — 4)
N(N2+1) N(N2+1)
(N? —4)(N? - 3)

_NQ—HGJ“(’)K“(Z),

fabcaja Jch(Z) + 82 JaKa(Z),

JUJ K K (2) — J' KK (2)

_12(N* —4)

abed ya 7 b prc g -d _ abe jcde ja 1-b y-c p-d
A KKK (2) = 3d°¢de T KP KK (2) NTED

J'K°K"K"(2)

3(N? —4)(N? - 3) (N? —4)(N? - 3)
N(N2+1) N2 +1

dabchaKchKd(Z) _ dadeJanJCJd(Z)|Ja<_>Ka. (A4)

+ FPOK K I () — JUOPK(2),

Checking whether the second term of (A.1) can be absorbed into the seventh- and twelfth-
terms of (A.1) is relatively simple. Furthermore, the f symbol term (due to the normal
ordering of the currents J%(z) and K%(z)) in the first equation of (A.4) newly arises. The
third term of (A.1) can contribute to the eighth- and thirteenth-terms and the two new
independent terms appear. Similarly, the fourth-term of (A.1) can be absorbed into the
ninth- and fourteenth-terms. In this case, the f symbol term also arises. The symmetry
between the spin-1 currents is used at the final equation of (A.4). That is, the left hand side
of that equation can be obtained from (A.2) by changing J%(z) to K%(z) and vice versa.
The following presents the various coefficient functions in (A.1) that appeared in [7]:
a1 = [~ka(N? +1)(kikaN? — 3kTka — 2ki N + k1k3 N° — 3k1k3 + 2k1 ko N® — 8k1ko N
— 4k N? — 2k3N — 4kaN? — 2N®)] / [2(N — 2)(N + 2)(N? — 3)(k1 + N)(k1 + k2 + N)
x D(k1, ka2, N)], (A.5)
c2 = [-2N(N? + 1)(10k}kaN? — 30kTka — 20k7 N + 30ki k3 N? — 90ki k5 + 35k ko N°
—133kiko N — 38kTN? + 20k1 k3 N? — 60k k5 + 55k1 ki N° — 161k1 k5 N + 30k1 ks N*
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— 96k1kaN? + 24k3 N + 50k3 N° + 44k N® + 18N*)] / [3(N — 2)(N +2)(N? — 3)

X (2]61 + N)(kl + ko + N)(le + 2ko +3N)D(k17k2,N)} s
N
(N— 2)(N+2)(/€1 + ko +N)(2k1 + 2ko +3N)7

[2N(N? +1)(5kikaN? — 15k ks — 10ki N + 5k1kis N? — 15k1 k5 + 10k1 ko N*

— 56k1ka N — 36k N? — 10k N — 36k2N” — 26N°)] / [3(N — 2)(N + 2)(N” — 3)

X (k1 + k2 + N)(2k1 + 2kg + 3N)D(k1, k2, N)]|,

[—k1(N? + 1) (kikaN? — 3kTky — 2ki N + kik3 N° — 3k1k5 + 2k1kaN® — 8k1ko N

— 4k1N? — 2k3N — 4kaN? — 2N®)] / [2(N — 2)(N + 2)(N? — 3)(k2 + N) (k1 + k2 + N)
x D(ky, k2, N)],

[k2(6kikaN* — 12k1ko N — 18kiks — 12k N — 12ki N + 12k7k5 N — 24kk3N?
—36ki ks + 24k ko N® — T2k ko N® — 96k5 ko N — 48k N* — 48K N? + 6ki ks N*
—12k3kSN? — 18kiks + 32kTkaN® — T6kT ks N® — 156k7ka N + 31kikoN® — 112k ko N*
—255k3 ko N? — 58k; N® — 102k; N° + 8k1 k3 N° — 16k1 ks N® — 72k1 ks N + 23k1 k3 N°
—48k1 ks N* — 279k k3 N? + 14k ko N7 — 42k ko N® — 324k ko N® — 20k, N® — 108k, N*
+ 16k3N* — 72k3N? + 34k5 N — 186k5N° + 20kaN® — 156k N* + 2N7 — 42N°)] /

x [(N = 2)(N +2)(N? = 3)(k1 + N)(2k1 + N) (k1 + ka2 + N)(2k1 + 2k2 + 3N)

C3 =

Cq

Cs

Ce

(A.9)

X D(kl,kQ,N)], (AlO)

[AN (5k7kaN* — 10k k2 N? — 15k ko — 10kIN® — 10k} N + 10kT k3 N* — 32k7 k3 N?

+6kTk3 + 15kTka N® — T2k7 ko N® + 25kikoN — 30kiN* + 14kiN? + 5k ks N* — 22k k3 N
+21k1k3 4 15k1 ks N® — 80k1 ks N® + 113k1k3 N + 10k1 ko N® — 90k1 ko N* + 168k ko N2
—22k1 N® 4 66k1 N® — 10ks N® + 7T8kS N — 30ka N + 190k2N? — 22ko N° + 154k, N°

— 2N® +42N*)] / [(N — 2)(N + 2)(N® — 3)(2k1 + N) (k1 + kz + N)(2k1 + 2k2 + 3N)

c7

X D(k’l,k‘Q,N)], (A.ll)

2N?

Ccg = (A 12)

(N —2)(N + 2)(2k1 + N)(2kz + N)(2k1 + 2ka + 3N)’

co = [—AN(5kikaN* + 2kTka N? — 51kTka + 22kY N® — 66kY N + 10k7 k5 N* — 8kTk5 N®
—66kiks + 15kTkaN® + 12k3 ko N® — 211kiko N + 50k N* — 170k N? + 5k k3 N*
—10k1 k3 N? — 15k1 k5 + 15k1k3 N® — 28k1k3 N® — 155k1 ks N + 10k1kaN® — 2k ko N*
—280k1kaN? + 26k N® — 150k N® — 10k5N® — 10k5 N — 30k N* — 74k3N? — 22k, N®
— 110k N® — 2N° — 46N")] / [(N — 2)(N + 2)(N? — 3)(2k2 + N) (k1 + k2 + N)

X (2]4,‘1 + 2]{}2 —+ 3N)D(k}1, kz, N)} 5 (A13)

cio = [ki(6kik3N® — 12k7k3N? — 18k7K3 + 8kTka N® — 16kTka N® — 72k ko N + 16k7 N*
—T2kiN? + 12K k3 N — 24kTkSN? — 36kT k5 + 32kiks N° — 76kik3 N® — 156k ks N
+23kTkaN® — 48kT ko N* — 279k1ko N + 34ki N° — 186ki N> + 6k1ks N* — 12k1 ks N>
—18k1 k5 + 24k1 ks N® — T2k k3 N® — 96k1 ks N + 31k1ks N® — 112k k2 N* — 255k, k2N
+14k1koNT — 42k ko N® — 324k1 ko N® + 20k N® — 156k N* — 12ks N® — 12ka N
— 48k N* — 48k3N” — 58k3N° — 102k N® — 20ko N® — 108k N* + 2N" — 42N°)] /

x [(N = 2)(N +2)(N? — 3)(k2 + N)(2kz + N) (k1 + k2 + N)(2k1 + 2k2 + 3N)

X D(k’l,kg,N)], (A14)

c11 = [—2k2(3kikaN? — 9kiks — 6k N + 3k1k3 N® — 9k1k3 + 6k1kaN® — 24k ko N — 12k N
+ 4k3N® — 18k5N + dkoN* — 24k N? — 6N®)] / [N(N? = 3) (k1 + N) (k1 + k2 + N)

X D(k1’k27N)]’ (A15)
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C12

C13

C14

C15

C17

C20

C22

C23

where

[8(—10k$kaN? + 30T ko + 20k} N — 14kT k3N + 42kTk3 — 19k ko N + 85kika N

+38kT N? — 4ki k3 N? 4+ 12k1 k3 — Thkik3 N® + 17Tk1k3 N + 2k1 ko N* + 8k3 N® — 48k5 N

+ 20k3N* — 110k3N? + 12ko N° — 80k N® — 18N*)] / [(N? — 3)(2k1 + N)

x (k1 + k2 + N)(2k1 + 2kg + 3N)D(k1, k2, N)]|, (A.16)
[~4(3kTkaN? — OkTko — 22K7 N + 3k1k3N® — Ok1k3 + 2k1kaN® — 44k1ko N — 44k N°

— 22k3N — 44k N? — 22N%)] / [(N? + 1) (k1 + k2 + N)(2k1 + 2k2 + 3N)

x D(k1, k2, N)], (A.17)
[8(8KTN? — 24kT + 13kTkaN? — 39Kk7 ks + 20ki N® — T0kT N + 5ki1k3 N — 15k1 k3

+ 18k1ka N? — 80k1ko N + 12k1 N* — 72k1 N — 10k3N — 36k2N? — 26N°%)] / [(N? — 3)

x (k1 + k2 + N)(2k1 + 2kg + 3N)D(k1, k2, N)], (A.18)
[—2k1 (3kTkaN? — 9kTka + AKTN® — 18KTN + 3k1k3 N* — Ok1k3 + k1 ko N° — 24k1 ko N

+ 4kiN* — 24ki N? — 6k3N — 12k N? — 6N?)] / [N(N? — 3)(k2 + N) (k1 + k2 + N)

x D(k1, k2, N)], (A.19)
[2(6k1kaN? — 18kTks — 12k N + 12k{k3 N® — 36ki k3 + 29k ko N® — 111k ko N

—58K; N” + 6kiks N® — 18k k3 + 42kT k3 N°® — 150kTk5 N + 46kikaN* — 230kT ko N°

—88kiN® + 13k1k3 N® — 51k1k5 N + 38k1 ks N* — 166k1k3 N> + 24k1 ko N® — 156k1 ko N°

— 42k N* + 6k3N? + 4k3N® — 2kaN*)] /[3(2k1 + N) (k1 + k2 + N)(2k1 + 2k2 + 3N)

x D(k1, k2, N)], (A.20)
[—2(3k ko N* — 6kTkaN? — 9k ko — 6k N® — 6KV N + 6kTk3 N* — 12k7k3N® — 18k k3
+8kikaN® — 34kikoN® — 18kTko N — 32k; N* + 12kTN? + 3ki k3 N* — 6k1 k3 N? — k1 ke
+8k1k3 N® — 34k1k3 N> — 18k1 ks N + 4k1kaN® — 64k1 ko N* 4 24k ko N? — 46k, N°

+ 42k N® — 6k3N® — 6k5N — 32k5N* + 12k3 N — 46k2N° + 42ko N — 20N° + 24N*)] /

x [(N? + 1) (k1 + k2 + N)(2k1 + 2k2 + 3N)D(k1, k2, N)] , (A.21)
[2(k1 + k2 + 2N)(3kikaN? — 9kTko — 6ki N + 3kik5 N — Ok1 k3 + 2kika N° — 12k1 ko N

— 4k N — 6k3N — 4kaN? +2N*)] / [3(k1 + k2 + N)(2k1 + 2k2 + 3N)

x D(k1, k2, N)], (A.22)
[—8(3kikaN? — OkTks + 8KIN® — 14kiN + 3kiki N? — Ok1 k3 + 18k1 ko N° — 28k1 ko N

+ 20k1 N* — 24k1 N? + 8k5N® — 14k5 N + 20ka N* — 24koN° + 12N° — 10N®)] /

x [(N? + 1) (k1 + k2 + N)(2k1 + 2k2 + 3N)D(k1, k2, N)] (A.23)

D(k1, ko, N) = 5kkgN? +17kT ko +22k% N +5k1 k3 N? + 17k k3 +10k1 ko N> +56k ko N

+44k) N? + 22k3 N + 44ko N? + 22N°. (A.24)

Note that (¢; 4+ b;) in [7] is replaced with ¢; here. Of course, in the coset model (1.1), the
levels are fixed to k1 = 1 and ko = k.

B Intermediate spin-5 field contents in the second-order pole of the OPE
w3) (z)W(4) (w)

The second-order pole in W& (2)W® (w) (3.14) can be calculated explicitly using the
spin-3 current in (3.7) and the spin-4 current in (3.9). Consider the first term Q(z) =
deeJe Jb J¢(z) of (3.7) and make an OPE between @Q(z) and 21 terms in the spin-4 current.
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For the spin-4 current, only the fields that did not have a d symbol were considered. Twelve
quartic terms can be obtained from the following five terms with the free indices.

JOJ g (w),  JUJ T K Y (w), JUJPKCKY(w), J'K'K°K%(w), KUK'K°K%(w).
(B.1)
After calculating the OPE between (Q)(z) with the five fields in (B.1), the nine OPEs between
Q(z) with the remaining nine terms in the spin-4 currents are given. The following fourteen
OPEs are then obtained:

Q) I T W) s = —3(ky + ) (Q JPICTt 4 TeQP I T + T QE T 4 T TQ )( ),
Q) I I I K W) s = =8(k +N) QUK+ QUK + I QK" ) (w),
Q) J“JbKCKd(w)|ﬁ = —3(k1 + N) (Q JPKK? 4+ J°QYK° Kd)( ),
Q(z) J“KbKCKd(w)|W = —3(k1 + N)Q"K"K°K"(w),
Q@) K K"K K" (w) 1 =0,
Q)OI K W) 1, = =0k + N)FPQ K" (w),
Q)OI OK ) 1, = ~6(k + N)IQOK" (w)
Q) IR )| = =3(k1 + N)Q"OK" (w)
Q) [0 'K )] 1, = ~3(ki + N) (27°7°0Q" I K + 05" Q" K (w),
Q) fOK K" (w)| 1, = =3(ki + N)OK"K"Q"(w),
Q(2) 82J“Ja(w)|(z -y = 30+ ) (37°0°Q" + 9*1°Q") (w),
QR PR K (w)| 1, =0,
Q)T (w)| 1, = ~12(k + N)DJ0Q" (w),
Q(2) OK 0K " (w)] = 0. (B.2)

i

zw)

For the quartic terms in the left hand side, the extra d or § symbols are multiplied to obtain
the final result for the second order pole. Further simplifications for the right hand side
of (B.2) is needed to analyze the zero mode eigenvalue equations. In other words, field
Q%(z) should be located at the right hand side of field J%(z) by moving Q%(z) to the right.
Field K%(z) can be placed to the right. This issue will be addressed in appendix C.

Let us introduce spin-2 operator for convenience.

L%(2) = d™JPK¢(2). (B.3)

Consider the second term d®¢J*JPK¢(z) = K°Q°(z) of (3.7) and calculate the fourteen
OPEs as follows:

K°Q(2) J“JbJCJd(w)|( L, =2k +N) (Legbgegt + gertgegt 4 jegbLege

—‘,—JanJCLd _ fafgdbega(Jer)Jch _ fafgdcegjba(Jer)Jd _ fafgddngcha(Jer)

— fPragees Joo(JeK ) gt — fPraqied jo geo(JeKT) — pelaqdes jo g o(J K )] (w)

— I fre(QOKT) I T (w) — f4I9 fITH QKT )T (w) — fT9 fU9 TP THQUKT ) (w)

—frIaFeeo JUQKT) I w) — fHOFI TN TN(QOKT ) (w) — U0 QUKT ) (w),
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K°Q(2) JaJ’nJClr(d(w)|m =—koQ4J* I J¢(w) — (2k1 +N) [KL*J T+ K JLP J°
+ KT Le — fof9qbes KAg(JKT)J¢ — fl9qc9 KA o(Je KT — fPr9gees ke gea(Je KT
+fH9qreag(JeKT) I ¢ + fA9db0 Jo9(J KT )T + fH9q°°9 J P o(J K T)] (w)

— [ I KNQUKT) I (w) — [T feIRTNQUKT ) (w) — fHIIfeIKLTHQOKT ) (w)

I frIQOKT) T T (w) + fU9 PO THQUKT) T (w) + fHIfeIT T QKT ) (w),

K°Q°(z2) Jcaﬂumr{d(w)|m =l J TP QK (w) — ko J* TP K Q% (w) — (2k1 +N) [L*J* K K*
+ JOLPKCRD fafgdbega(Jer)Kch] (w) T ko (faCEJbaQeKd + faderKcaQe
+fbceJaaQeKd + fbdeJaKcaQe o fcdeJanaQe) (w) - fafgfbeg(Qer)Kch(w)
T QKT K (w) + [ f T K QKT ) (w) + [0 f19 QKT ) K (w)

+ffU QKT ) (w) — [0 fUTINQC KT ) (w),

K°Q(2) J“KbKCKd(w)|m = —(2k; + N)L°K" KK (w) — ko (J*Q"K°K* + J* K" Q°K*
+J@KZ)KCQd - fabeaQeKch B faceKbaQeKd - fadeKchaQe + fbcejaaQeKd

+ fbdeJaKcaQe + fcdeJaKbaQe) (w) + faegfbfg(Qer)Kch(w) + faegfcngb(Qer)Kd(w)
+f fIIKK QKT ) (w) — 00 f19 T (Q° KT K (w) — f29 f 491 KH(Q KT ) (w)

—feo It (QUKT ) (w),

KQ () KUK KK (w)| 1, =~k (Q"K"K K" + K*Q"K K" + K*K'Q°K"

FEOKPKCQ 4 Fe9Qe KCKY + foe KPOQ K + fade KV KCOQ° + fP° K19Q° K™

4 fbde g gegQe fcdeKaKbaQe) (w) — f2°9 £o19(Qe KT Y KK (w) — £2°9 FF9 Kb (Qe K1) K4 (w)
— I fYIRPKA(QKT ) (w) — f*9 fIIRY QKT )K (w) — f*9 fYIK K(QKT ) (w)

— [ fTIK R (QKT ) (w),

K°Q%(2) 9*J K" (w)] 1, =32k + N)PLK(w) — k202 J°Q%(w) + 2f**°0(Q* K®) K¢ (w),
KQ(2) 0J"0K" ()| _1_, = =2(2k1 + N)OL"OK" (w) = 2k20.J"0Q" (w) + f**(Q"K")OK* (w)
7fabcaJa(Qch)(w)7

K°Q(2) J“82K“(w)|( L, = —(2k; + N)L“O*K*(w) — 3ky J*0*Q*(w) + 2NO*(Q K *)(w)
72fabc!]aa(Qch)(w)’

KQ(2) f 0" 'K (w)| o, = ks (—f*0J"J*Q° + 2N9J"0Q") (w)

+(2k1 + N) (72dabef6dea(JaKb)JCKd + fadedbceaja(Jch)Kd) (w) + fabefcde(QaKb)Jch(w)
+Nfab68JaQch(w),

KQe(2) f 0K K (w)| o, = ks (2f*"°0Q"J°K* + f*" 0K J'Q° — 2NOK 0Q") (w)
_(le + N)fadedbceaKa(Jch)Kd(w) + fabefcde(QaKb)Jch(w) + Nf“bCQaaKch(w),
K°Q(2) I T (w)| o, = =(2k1 + N) (39°L*J* + 02T L?) (w) + 2f**)(Q"K").J*(w),

KQ%(2) *K K (w)| _1__ = —ky (30°Q°K“ + Q“0°K*) (w) — 2f**°0(Q*K®)K°(w),
(z—w

)2
KQ(2)0J°0)"(w)| 1, = =2(2k1 + N) (OL°0.J + 0.JOL") (w) + e ((QUKY)oJ°
+0J4(Q"K)) (w),
KQ(2) 0K 0K (w)| v, = —4kp0Q"0K" (w) — £ ((Q K")OK® + 0K“(QK®)) (w). (B.4)

(z—w

Further simplifications for the right hand side of (B.4) with the appropriate normal
ordering procedure are needed.
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The second order pole for the third term d®¢J*KYK¢(z) = J°R®(z) of (3.7) and the
spin-4 current without using an explicit calculation can be obtained from the previous

result (B.4)
JER(2) J*J° T T (w)|_a

(z—w)Z

JER(2) J*J° T K (w)]

oy

JERE(2) J*J' KK (w)| s

(z—w)2

JR(2) J*K’K°K®(w)|_1

(z—w)2

J°R(2) K*K* KK (w)|_4

(z—w)?

J°R(2) 9> J*K*(w)| _1

(z—w)?

R(2) 8J 0K (w)| _1

(z—w)2

e pe a 02
TR () IR w)| =

JER(2) 0" JP K (w)|_a

z—w)?

JER(2) f*°0K“ K" J(w)| _

(z—w)?

R(2) 9> JJ*(w)| _1

(z—w)2

JR(2) K "K*(w)|_1

(z—w)?

JR(2)0J*0J"(w)|_1

—w)?

JER(2) 0K 0K (w)| _.

(z—w)?

(KeQe(z) KK'K°K%(w)|__

K°Q
K°Q

K°Q

(e
(e
(e
(e
(e
(e
(K
= (0
= (w0
- (we
- (we
- (we

N

K°Q

K°Q

(KEQE(Z) 8J°0J (w)|_1

6

8

a a a a
m) |k1<—>k2,J K QA+ R,

d
J K”’K KC( ) - )2> |k1<—>k2,Ja<—>Ka Q@+ RY,
b
2) JO K K (w )|( )2) |k ko, Jo s Ko Q05 Ra
2) JP I TR ( (Z LS )‘kﬂ—»kQ,J‘N—»K“,Q"'HR“»
a c 7d
z)J JbJ JU ( )|k1<—>k2,JQ<—>KQ,Qa<—>Ray
2
2) JUO K (w ( o~ ) |k ko, Jo s Ko Qe RY
2) 0J*OK* (w ) k1 rko, O KO QA R,
(z w)
2
z) 0" J" K" (w ) |k1 ko, J0 0 K@, QasRE
(z— w)
) FUCOK Kb e > |k1 ke, 70 0K, Qoo R,

abcaJanKC( )| .
(z—w)

- ) |k1<—>k2,J“<—>Ka,Qa<—>R“7

(2) P K K (w )|( 1 )2) k1 43k, 7% 5 K@,Qo > R 5
2) 8% J*J* (w )|( L )‘lekz,J‘lHK@,QaHR%
2) 0K 0K (w)| 1

G-w

2) ‘k1<—>k2,J’l<—>K‘l,Q“<—>R“7

2) ‘k1<—>k2,Ja<—>Ka,Qa<—>Ra-

(z—w

(B.5)

Finally, the second order pole in the OPE between the fourth term d***K*K*K¢(z) =
R(z) of (3.7) and the spin-4 current can be obtained from the previous result (B.2).

R(z) J*J° I (w)|_4
(=

“w)2

R(z) J*J°J° K% (w)| 1

(z—w)2

R(2) J"J°K°K*(w)|_1

G-w)?

R(z) J*K'K°K*(w)|_1

(z—w)2

R(z) K*K* KK (w)|_4

(z—w)?

R(2) 8 J"K*(w)| _

(z—w)2

R(2) 0J"0OK"(w)| 1

G—w)?

R(2) J"9*K*(w)| _1

(z—w)?

Il
rn e e e e e e

=

Q(2) J'K K K (w
Q(2) J T K K"(
Q) JP T K (w
Qz)JJbJeg?
Q(2) J"O°K

Q(2) dJ*OK " (w

Q(z)0°J K"

( )2) |k1<—>k2,J"'<—>K“,Q‘1<—>R“,
z—w

k14+ko,JO94 K2 Q%+ R®
m) ‘ 1 2 Q ’

) |k1<—>k2,J“<—>Ka,Qa<—>Ra:

(zw

) ‘k1<—>k2,Ja<—>Ka,Qa<—>Ra7

(zw

( ) ‘lekQ,JGHKU‘,Qn’(—)Ra7
z— w

) ‘k1<—>k2,Ja<—>K“,Qa<—>Ra,
( )2> ‘lekQ,J“HK“,Q“HR“a
z—w
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R(z) ™0 J° K (w)| 1 =

(z—w)?

R(z) f*OK K" J(w)| . = (Q(Z)f“bcaJanKc(w)l 1 2) k1 erka, g0 Ko, Qa s Ra,
0

Q(Z) fabcaKaKbJC(w)| 1 ) |k1(_>k27Ja<_>Ka’Qa<_>Ra7

G-w)?

(z—w)?2 (z—w)

R(z)2*J*J*(w)| 1 =

ROPK K )] o = QWO I W, ) lnorssmornaron,
R(z)0J*0J"(w)| _1 , =0,

(—w)
R(Z) 8K“8Ka(w)|m = (Q(z) 6J06Ja(w)|ﬁ> |k1<—>k2,Ja<—>Ka,Qa<—>Ra- (BG)

Therefore, the second order pole structures are exhausted. Further simplifications are given
in appendix C.

C Details of the fully normal ordered spin-5 operator

Thus far, the results from the previous appendices are not fully ordered in the sense of [34].
Further simplifications are needed with the help of the rearrangement lemma.
The following commutators with the appendices in [34] from OPEs (2.2) and (3.3).
a 7b abc 5 1C a b 1 abc 92 7c
I @) = foaee), 0] (o) = 5ot e(e),
1
[Janb} (Z) — fabcan(Z) + 5(21{31 _’_N)dabca2<]c<2)’
1 1
[J“, aQb} (2) = SI™P Q) + 5 (2k1 + N)d™ 0T (2). (C.1)

For example, take Q(z)d®¢d°¥J*JPK¢K%(w)|_1 _ from the third equation of (B.2) in

(z—w)

appendix B by multiplying two d symbols

Q(z) d™ede J* PROK w)| s = ~3(ky + N)d*bd (Q“JbKCKd n J“QbKCKd) (w).
G—w)

(C.2)

As stated before, the field Q%(z) in (C.2) should be moved to the right. The right hand
side of (C.2) can be expressed as

—S(kl + N)dabedcde <JanKch _ [Jb, Qa]Kch + JaQchKd> (w) (03)
and using the third equation of (C.1) this (C.3) can be expressed as

1
= 3(k1 + N)d**ed* <— <fb“f862f + 52k + N)db“fOQJf) KK + 2J“QbKCKd> (w).

(C4)
Owing to the antisymmetric property of the f symbol and the symmetric property of the
d symbol, the first term of (C.4) vanishes and the remaining terms are

g(k:l + N)(2k1 + N)d®ed® qde9? JT K K4 (w) — 6(k1 + N)d®™¢d“ Q" K K% (w). (C.5)
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The first term in (C.5) can be simplified using the identity between two d symbols
3 2 abc 52 7a 17b 1c abe jede 7a b ¢ p-d
N(k‘l—l-N)@kl—l—N)(N —4)d*"0° T KK (w) — 6(k1 + N)d*°d““J*Q"K°K“(w). (C.6)
The last term of (C.6) can be simplified further as follows:

dabedcdeJaQchKd(Z) _ dabedcdedbfgJa(JfJg)Kch(Z)
= dheqeteq o (g0 KK — [, I KK — g7, JRCKT ) (2) (C)

where the definition of Q°(z) is used. The last two terms of (C.7) can be expressed as
_ dabedcdedbfgffahaJthKch(Z) _ dabedcdedbfgfgahjfathch(z) (CS)

after substituting the commutators in (C.1). Using the identity of (A.7) of [7] (the triple
product ddf is reduced to a single f), this expression (C.8) can be simplified as
N? —4 N?

—4
=[O KK (2) + = [ AT 0 KUK (2). (C.9)

The field 9J% in the first term of (C.9) should be moved to the right to yield the following:

N? -4 abe jcde bq ra prcprd b al e rod N?—4 abe jede 7a 9 7b 17C 1-d
- fd (J&JKK —[J,@J]KK)(z)JrTf dede Jo 9 P KKz,
(C.10)
Again, the commutator can be simplified, and after a small calculation, (C.10) leads to
N%—4
N fabedCdefbafa2JfKCKd(Z) +

2(N? — 4)

¥ fabedede j2g P KK (). (C.11)

The ff term in (C.11) can be simplified further and the final fully normal ordered product
becomes

dabedcdeJaQchKd(z) — dabfdfcgdgdeJanJchKe(Z) + (4 . NZ)dab082JaKbKC(Z)
2(N? -4
2N =) ~ ) pabe gede gog 10 e b ) (C.12)
where the right hand side of (C.12) appears in the fourth, 47th, and 35th terms in (3.15).

The final form for Q(z) d**¢d**J*J° K¢K¥(w)|__1 _ can be obtained from (C.6) and (C.12)

(z—w)2
as follows:

Q(Z) dabedCdeJanKch(UJ)‘ L .
(z2—w)
12
= —6(k1+N)d® d/9q9% g jb J¢ KUK (w) — ~ (k1 +N)(N2—4) fabeqede 799 1 K¢ K4 (w)
3
+ (k1 + N)(N?% — 4)(2k; + 3N)d*0* J* K  K¢(w). (C.13)

This identity (C.13) can be used continually.
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The other commutators are needed to rearrange all the normal ordered products
n (B.2), (B.4), (B.5) and (B.6), which are not fully normal ordered product. First, calcu-
late the OPE J%(z) J° K¢(w). Recall the mixed spin-2 field (B.3).

1

(z — w)

J(z) JPK¢(w) = S k6K (w) + fOLTUR (w) 4. (C.14)

(z — w)
From the OPE (C.14), the following various commutators, via (A.10) of [34], are obtained
|:Ja,Lb_ (2) _ 2]{2 dabcaQKc( )+ facddbcea(JdKe)(z)’

[J“,B(JbKC)- (Z) _ ék 5ab83K0( )+ %f“bd(?Z(Jch)(z),

7,21 59) () = ik 6P KE(2) + % FAAGB (TR (2),
[K“,Lb: (2) = ([Ja Lb} (z)) ks coka, Jo o K
[, 0" K)] (2) = ([T 0K () Inyskancrices
[K“,&Q(JbKC): (2) = ([J 82(J0Kb)] (z)) oy a5 K- (C.15)
Similarly, the OPEs J¢(z) Q*K¢(w) and K%(z) Q*K¢(w) can be derived
J(2) Q"K*(w) = —(Z_lw)Q (2k1 + N)d®JUK e (w) + (Z_lw) FRAQURE () + - - |
K2(2) QUK () = — g ko Q) + = (w)+ - (C.16)

The relevant commutators, which can be obtained from (C.16), are as follows:
1 1
T QMK (2) = 5 (2hy + N)AMO (K (2) + fHOQUK) (=),

[J“, AQK®)] (z) = é(%l + N)d™* (JK)(2) + % FOP QUK (2),
(K@K (2) = ghat™dQ(=) + F0(Q K (2),
K7, 0(Q"K)]

L]
[Ja, RbJC:

SR PPQ=) + o f Q) 2),
K QUK (2)) Ikyokano s k.o
QK] (2)) Iy st o oo
—Janch] (2)> |y kg0 Ka,Qa R
QK] (2)) Ity esbagor o gocs (C.17)
Finally, the commutators [J% T](z) and [K% T](z) to rearrange the normal ordered
product TW®) (w) in (3.14) are needed. The OPE J%(z) T(w) are calculated as follows:
1 1

JU2) T(w) = G w? Lkt V) (ko J* = k1K) (w)
(= —1 w) (k1 + 132 +N) ST w) (C.18)

AN TN N /O
T 1T T 1T

S

3 g

z

[Ka, Rb <] (2

z

(2) =
(2)
7%, 0(R %) ()
(2) =
(2)

[Kﬂ, 8(Rb<]c):
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The following commutators can be obtained from (C.18)

[J*,T](2) = —W (k202 J® — k10*°K®) (2) — M Fe(JPKC)(2),
[KavT] (z) - ([J%T](z)) ’]ﬂ(—)kz,J‘“—)K‘l' (C~19)

All the commutators in (C.15), (C.17) and (C.19) are used to simplify the normal ordered
product in appendix B.

Although this paper did not present all the fully normal ordered products leading
to the 52 terms for the spin-5 current (3.15) (due to the space limit of this paper), the
complicated calculations from appendices B and C' to the final 52 terms can be performed.

D Explicit 52 coefficient functions of spin-5 Casimir operator

The 52 relative coefficient functions appearing in the spin-5 current are given by
6kN(k + N)(2k + N)?
(N —2)(N +2)2(2k + 3N +2)’
[6(k + N)(2k + N)(30k>N* + 204k> N® + 382k* N? + 184k N — 120k® + 65k* N°
+518k2N* 4+ 1217k* N3 + 960k>N? — 188k> N — 240k> + 10kNC + 329k N> + 1114kN*
+1265kN3 + 90kN? — 452kN — 120k + 7T0N® 4 264N® 4 374N* 4+ 108 N? — 152N
— 80N)] / [(N = 2)(N +1)(N + 2)*(2k + 3N + 2)d(N, k)] ,
az = [6(k + N)(2k + N)(20k>N* + 66k> N® + 8k*N? — 14k* N + 120k® + 60k*N°®
+207k2N* 4 28k2 N — 145k*N? + 358Kk%N + 240k* + 40kN® + 186k N> + 71kN*
—240kN3 4 215kN? + 452k N + 120k + 40NS + 66 N° — 44N* + 2N3 4 152 N>
+ 80N)] / [(N = 2)(N 4+ 1)(N +2)*(2k + 3N +2)d(N, k)],
_12N(N +1)(k + N)(10k*N + 8k* + 14k N> + 14kN + 5N° + 6N?)

a; = —

a2

= (N = 2)(N + 2)2(2k + N)(2k + 3N + 2) ’
_ 24N(N +1)(k+ N)(2k + N)

T T IN=2)(N+2)(2k+3N +2)°

o _24N(N +1)(k + N)(3kN + 4k + 2N° + 3N)

6 (N —2)(N +2)2(2k + 3N +2) ’

= 12N(N +1)(k + N)(6kN? + 14kN + 8k + 5N3 4+ 14N? 4+ 10N)

T (N —2)(N + 2)2(2k + N)(2k + 3N + 2) ’
_ 24N(N +1)(k 4+ N)(3kN + 4k + 2N? + 3N)

BT TN (N+2) 2k + N)(2k + 3N +2)

4y — ANV +1)(k+ N)

(N —2)(2k +3N +2)’
aio = [—6(N + 1)(N + 2)(10k*N? + 118k N — 60k® + 25k*N® + 347k*N? + 22k* N — 120k?
+ 10kN* +299kN? + 217TkN? — 72kN — 60k + TON* 4+ 94N? + 48N? + 24N)] /
X [(N = 2)(2k + N)(2k + 3N + 2)d(N, k)],
air = [—6(N + 1)(N +2)(15k*N? — 33k* N + 60k® + 50k N® — 67k* N? + 63k>N + 120k
+ 40kN* + 6kN® — 22kN? + 72kN + 60k + 40N* + 16N* — 48N? — 24N)] /
X [(N = 2)(2k + N)(2k + 3N + 2)d(N, k)],
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a13 =

a14 =

a15 =

a16 =

a7 =

a1g =

a9 =

a20 =

a1 =

a22 =

6N(N +1)(N +2)
(N —2)(2k+ N)(2k +3N +2)’
[96k%(k + N)?(29k*N — 7T1k* + 58kN? — 113kN — 71k + 25N° — 42N? — 42N)] /
X [(N = 2)(N 4 1)(2k + 3N + 2)p(N, k)],
[—24(k 4+ N)(1160k°N® + 4724k°N* — 1996k° N? — 29228k° N* — 30028k° N
+12840k5 + 5800k° N + 26080k° N® + 1636k° N* — 150572k5 N3 — 221780k° N
+6268k° N + 38520k° + 10280k* N7 + 55241k NS + 34215k N° — 285673k N*
—585707k* N3 — 155620k* N2 + 131280k* N + 38520k* + 7640k N® + 54988k3 N7
+70558k3 N® — 237134k3 N° — 710602k> N* — 375346k3 N® + 156916k> N? + 123644k* N
+12840k3 + 2000k*N® + 25468k>N® + 53820k2 N7 — 75987k? N® — 404325k* N
—324821k*N* + 79929k> N3 + 140224k>N? + 28660k> N + 4400kN° + 13880k N8
—1340ENT — 89940kN°® — 106644k N° 4 18140kN* 4 65904k N> 4 20240k N>
+ 2052N® — 2052N7 — 8436 N + 2052N° + 10944N* + 4560N%)] / [(N — 2)N(N + 1)
x (N +2)(2k + 3N +2)d(N, k)p(N, k)],
[—24(k 4+ N)(1740k°N® + 6736k°N* — 8064k° N?® — 37672k N* — 18252k° N
—12840k° + 8700k° N 4 37020k° N® — 29016k° N* — 204048k° N® — 153420k° N2
—102828k° N — 38520k° + 15420k * N” + 78399k* N — 23815k N — 420707k N*
—422473k N3 — 292000k N? — 179560k* N — 38520k* + 11460k> N® + 78632k> N
+20162k3 N°® — 406866k N5 — 513898k N* — 368274k3 N3 — 296236k N? — 123644k3 N
—12840k3 + 3000k>N? + 37152k> N® + 34700k* N7 — 186753k> N® — 283235k2N°
—197099k2N* — 207929k2 N3 — 140224k*N? — 28660k N + 6600k N° + 11640k N®
—36060kN" — 54380kNS — 22716kN° — 55100kN* — 65904k N3 — 20240k N2
— 2052N% 4 2052N7 + 8436 N — 2052N° — 10944N* — 4560N?)] / [(N — 2)N(N + 1)
x (N +2)(2k + 3N +2)d(N, k)p(N, k)],
96k(k + N)(29k*N — 71k? + 58kN? — 113kN — 71k + 25N3 — 42N? — 42N)
(N —2)(2k + 3N + 2)p(N, k) ’

576(N 4 1)(k 4+ N)2(29k2N — 71k? + 58kN? — 113kN — 71k + 25N3 — 42N2 — 42N)

(N —2)(2k + 3N +2)p(N, k) ’
[288k(N +2)(k + N)*(29k*N — T1k* + 58kN® — 113kN — 71k 4+ 25N° — 42N?
— 42N)] /[(N = 2)(2k + N)(2k + 3N + 2)p(N, k)],
283(N 4+ 1)(k + N)(29k*N — 71k* + 58k N2 — 113k N — 71k + 25N® — 42N? — 42N)

(N —2)(2k + 3N +2)p(N, k) ’

[—96K(N +2)(k + N)(29k*N — 71k* 4+ 58kN? — 113kN — 71k + 25N® — 42N>
— 42N)] / [(N = 2)(2k + N)(2k + 3N + 2)p(N, k)] ,
[—576(N + 1)(N +2)(k + N)*(29k*N — 71k* 4+ 58kN* — 113kN — 71k + 25N°
— 42N? — 42N)] /(N — 2)(2k + N)(2k + 3N + 2)p(N, k)],
[24(N + 1)(N + 2)(1670k’ N® + 936k° N? — 9554k° N — 6420k° + 8315k* N*
+7366k* N3 — 47129k* N? — 42640k* N — 19260k* + 14720k N°® + 23946k N*
—92706k3 N3 — 106362k3 N? — 60890k> N — 19260k> + 11040k>N° + 35816k>N°
—87917k*N* — 132278k N3 — 65641k*N? — 32076k* N — 6420k 4 3000kN"
+24900kN® — 39648k N° — 85680kN* — 28068kN?> — 4608k N? — 4272kN + 6600N”
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a23 =

24 =

a5 =

a26 =

a7 =

— 6540N° — 23544N® — 4932N* + 8208N? + 2736 N?)] / [(N — 2)N(2k + N)

x (2k 4+ 3N + 2)d(N, k)p(N, k)],

[24(N + 1)(N +2)(1230k° N® + 1824k° N? — 14586k° N + 6420k° + 6185k* N'*
+12234k* N3 — 68051k N? — 5640k* N + 19260k* + 10980k> N° + 32594k N4
—117914k3* N3 — 81238k N? + 36750k N + 19260k> + 8060k>N® + 40504k> N
—88523k% N* — 135042k> N3 — 4019k*N? + 32076k N + 6420k> 4 2000k N” + 22720k N°©
—24692kN° — 79280kN* — 35932k N + 4608kN? 4 4272k N + 4400N7 — 940N

— 13416N° — 13548N* — 8208N? — 2736N?)] / [(N — 2)N(2k + N)(2k + 3N +2)

x d(N, k)p(N, k)],

[—96(N + 1)(N +2)(29k*N — 71k* 4+ 58kN? — 113kN — T1k + 25N°® — 42N?

— 42N)] /[(N —2)(2k 4+ N)(2k + 3N + 2)p(N, k)],

[—6k(k + N)(2k + N)(5k*N? + 102k*N + 177k + 10kN® + 113kN? + 168k N — 15k

+ 6N? —4AN? —10N)] / [(N + 1)(N + 2)d(N, k)],

[—6(k + N)(28k"N® + 9980k" N* — 15092k" N® — 76428k™ N* + 47656k" N + 79840k"
—84Kk° NS 4 67148k N — 38204k N* — 518708k N3 — 46512k° N2 4 493272k° N
+184112K5 — 1085k° N7 4 183099k° NS + 87751k° N — 1308927k N* — 1204222k5 N3
+301304k° N2 + 370520k° N + 15088k — 2625k* N® + 260028k* N7 + 439584k* N©
—1470698k* N — 3320543k N* — 2793274k* N3 — 1868128k N2 — 979368k* N
—202800k* — 2408k> N + 203242k N® + 654939k° N — 531605k> N© — 3877529k3 N®
—6792005k3 N* — 6991174k3 N3 — 4226988k N? — 1240000k3 N — 113616k> — 756k> N0
+83104k2N® + 463719k2N® 4 321718k N7 — 2089910k>N® — 6378852k> N>
—8686421k2N* — 6360778k> N — 2357168k N? — 335728k? N + 13896k N 10
+157824kN? + 322196k N® — 424092kN" — 2686788k N° — 4661748k N> — 4028904k N*
—1759680k N3 — 308096kN? + 20652N 10 + 73512N% — 1656 N® — 420384 N7 — 912084 N°
— 899496 N° — 439488N* — 86208N?)] / [(N — 2)(N + 1)(N +2)(k+ N + 1)

x (2k 4 3N + 2)d(N, k)p(N, k)],

[3(k + N)(1764k°NT + 9372k N® — 7844k N® — 183340k° N* — 494352k° N
—342560k°N? + 74144k N + 205440k° 4 8904k° N® + 31028k° N7 — 76772k5 N©
—809716k° N° — 2334324k° N* — 2397008k N* — 472096%° N? + 1263328k° N + 616320%°
+15071K*N® + 12703k* N® — 223001k* N7 — 1151167k* N® — 3856922k* N'°
—5914876k* Nt — 3482104k N3 + 2027248k N? + 2762784k N 4 616320k* + 9884k3 N'1°
—44374K3N® — 268638k3 N® — 428282k3 N7 — 2398410k NS — 6576776k N
—6927340k3 N* + 117120k N3 4 4306112k3 N? + 2032160k> N + 205440k> + 2492k> N1
—48100k2 N1 — 131589k2 N? + 337475k*N® — 52573k* N7 — 3524867k>N°©
—6036286k*N° — 1801944k>N* + 3166328k> N3 + 2473168k N? + 458560k> N
—13624k N — 3348k N0 + 313836k N? + 404028k N® — 937572k N — 2354008k N©
—1046816kN® + 1257632k N* + 1312320k N3 + 323840k N? + 9084N*! + 65436 N'10

+ 84780N? — 111084 N® — 314616 N" — 114528 N® + 248544 N° + 260928 N* + 72960N?)] /
X [(N = 2)N(N 4+ 1)(N +2)*(2k + 3N + 2)d(N, k)p(N, k)] ,
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ass = [—3(k+ N)(2k + N)(138k*N* — 180k*N?® — 862k*N? + 1120k* N + 1088k* + 621k>N®
—396k3 Nt — 4419k3 N3 + 2454k3N? + 8256k° N + 3264k> + 897k? N® + 52k2N°
—T441K*N* — 1182k* N3 + 14934k N? 4 12528k>N + 2720k? + 414kN7 + 307kN°®
—4715kN® — 4213kN* + 8413kN?3 4 12674kN? 4 5200k N + 544k — 30NT — 878N
— 1110N® 4 1542N* + 3244N? + 1632N? + 192N)] / [(N — 2)(N + 1)(N +2)
x (k+ N +1)(2k +3N +2)d(N, k)],

azg = [3(k+ N)(2k + N)(110k*N® + 1172k* N* — 26k* N* — 4976k* N* — 2544k* N — 960k*
+375k3NC 4 4348k3N® + 1951k3 N+ — 18462k N — 18440k3N? — 8336k N — 2880k
+355k2 N7 4 5468k? N6 + 5061k2N° — 22922k2 N* — 33494k2N? — 18032k> N2
—9136k%N — 2880k? + 90kN® + 2425kN” + 3551kN° — 10535k N° — 20129k N*
—10402kN?3 — 5048k N? — 3984kN — 960k + 198N® + 342N7 — 1554N° — 2526 N°
+ 404N* 4+ 1008N? — 864N? — 640N)] / [(N —2)N(N + 1)(N +2)(k+ N + 1)
x (2k 4+ 3N + 2)d(N, k)],

azo = [6(k + N)(40k*N* — 120k* N® — 168k* N? + 888k* N + 512k* + 160k N® — 360k* N'*
—816k3 N3 + 2840k N? + 2848k3 N + 480k> + 195k* NS — 338%k*N° — 1165k*N*
+3252k2 N3 + 4804k* N? + 1368k* N — 32k* 4 T0kN” — 161kN® — 492k N® + 2011kN*
+ 3316kN? + 932kN? — 208k N — 38N7 — 20N° + 546 N° + 808N* + 184N? — 96N?)] /
x [(N = 2)(N 4 2)(k + N 4 1)(2k + 3N + 2)d(N, k)],

azy = [—6(k + N)(280k°N® — 16056k° N* + 10008k° N* + 140488k° N? + 32240k° N
—120304k° + 1540k° N — 982525 N 4 3388k° N* + 8937965 N3 4 724848k° N2
—512776k° N — 331808k> + 3045k* N™ — 230305k* N — 120541k* N® + 2176321k* N4
+3000692k* N3 — 291612k* N? — 1552216k* N — 448224k* + 2660k> N® — 257834k N7
—275698k3 N + 25762543 N° + 5096606k N* 4+ 1182380k3 N3 — 2949896k N2
—2066968k> N — 382240k + 980k*N® — 137796k N® — 234303k> N7 + 1547899k> N6
+4172067k* N® + 1932785k> N* — 3114796k N3 — 3786148k*N? — 1403128k*N
—145520k% — 28456k N — 83612k N® + 431852kN7 + 1650396k N° + 1127164k N>
—1812528kN* — 3230608k N3 — 1797664k N? — 343360kN — 11436 N + 34044 N®
+ 262476 N7 + 278244N° — 417840N° — 1059984 N* — 781536N° — 200640N?)] /
X [(N = 2)(N 4 2)(k+ N + 1)(2k + 3N + 2)d(N, k)p(N, k)],

azz = [6(k+ N)(80k*N* — 32k* N* — 1056k N? — 928k* N + 1168k* + 300k* N® — 16k* N'*
—3980k3 N3 — 48883 N? 4 3144k3N + 2064k + 335k*N® + 78k* N® — 4681k*N*
—T7692k*> N3 + 2076k*N? 4 5072k N + 1168k? + 110kN" — 29kN® — 1952k N5
—3641EN* + 840kN3 + 3844kN? 4 1736kN + 272k — 46N7 — 220N° — 374N° + 320N*
+ 1176 N® + 1008 N? + 352N)] / [(N — 2)(N + 2)(k + N + 1)(2k + 3N + 2)d(N, k)],

azs = [—6(k + N)(1680k" N® — 18016k N° — 137568k™ N* — 158976k N* + 362000k" N2
+847840k™ N + 367936k" 4+ 10080k° N7 — 152464k° NS — 1141312k° N> — 1483104k5 N*
+3199776kS N3 + 9279728k N2 + 6833344k° N + 1526528k + 22470k° N® — 506358k° N7
—3834166k° N® — 5740530k° N° + 10503784k N* 4 38139904k° N3 + 37670784k° N
+14508128k° N 4 1673472k° + 23205k N — 848375k N® — 6738131k* N”
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a3z4 =

azs =

asze =

agr =

—11948949k* N6 + 16361850k* N° + 78904344k* N* + 97622512k* N3 + 51571600k* N2
+10408288k* N + 239104k 4+ 11340k> N0 — 761834k N — 6657412k N®
—14318048k3 N7 + 12041840k> N + 89502858k> N° + 135816408k N* 4 913291203 N3
+26271120k3 N? + 1532224k3 N — 275776k 4+ 2100k* N — 350556k> N0 — 3650887k N?
—9812615k>N® + 2602561k> N7 + 55433623k% N6 + 103916830k> N> + 86470824k N*
+33199440k* N3 4 3984928k? N? — 353440k* N — 64872kN' — 998436k N0
—3549284kN? — 1346868kN® 4 16948828k N " 4 40948040k N + 42003808k N°
+20918528kN* 4 4254336k N> + 71552k N? — 96972N ' — 520140N 10 — 595836 N7

+ 1833180N® + 6422712N" + 8244384N° + 5247552N° + 1577088 N* + 157056N?)] /

x [(N=2)(N +2)*(k+ N +1)(2k + N)(2k + 3N + 2)d(N, k)p(N, k)] ,

[6(k + N)(120k*N° + 344k* N* — 648k* N* — 1880k" N? + 1264k" N + 3424k*
+440k3N® 4+ 1420k3 N® — 2008k3N* — 8516k> N3 + 520k> N2 + 13568k> N + 5216%>
+475k2 N7 4 1840k? N6 — 1681k2N° — 11834k*N* — 5716k> N3 + 14032k> N2 + 10768k N
+1248k% + 150kN® + 731kNT — 386kN°® — 5129kN° — 5002k N* + 2152kN3 + 1776kN>
—1472kN — 544k + 42N® + 40N7 — 286N — 7T80N®° — 1616 N* — 2976 N3 — 2560 N>

— T04N)] / [(N = 2)(N +2)*(k + N + 1)(2k + 3N + 2)d(N, k)] ,

[—6(k + N)(1400k" N® + 16552k N® + 49800k” N* — 54536k" N — 355040k" N2
—281216k" N + 23040k 4+ 9660k N7 + 129604k5 N¢ + 456388k N> — 159988k° N4
—2903632k° N3 — 3759584k5 N? — 1014720k° N + 260864k° + 25550k° N® + 406618k° N”
+1707322k5 N + 472718k5 N — 9573936k5 N* — 17420336k° N — 9085568k° N
+481952k° N + 877184k° 4 32165k* N° + 650705k N® + 3312645k* N7 4 2838979k* N'©
—15910142K* N® — 39616552k N* — 30318608k* N — 3526128k* N? + 4227680k* N
+1063936k* 4 19180k N0 + 557942k3 N + 3547076k N® + 5152928k N7
—13677080k> N6 — 48638126k> N° — 50275896k> N* — 14542440k> N3 + 6419200%> N
+3974752k3 N + 424576k + 4340k> N1 + 243108k2 N1 + 2058345k2 N + 4414657k N
—5344003k2 N7 — 32154533k2 NS — 43762318k N° — 20922244k? N* + 2409472k* N3
+4756976k* N? + 962528k N + 42200k N + 579740k N'° + 1805340k N? — 335524k N®
—10393396kN " — 18936904k N6 — 13222992k N> — 1794048k N* + 1928384k N3
+646272kN? + 55860N 1! + 280212N10 + 216372N° — 1195860N® — 3176952N 7

— 3101712N°% — 1138176 N® + 83904N* + 109440N?)| / [(N — 2)(N +2)*(k + N + 1)

X (2k + N)(2k + 3N + 2)d(N, k)p(N, k)],

[—3(N +1)(60k° N* — 308k N* — 160k’ N* + 1504k° N + 240k* N° — 1428k* N*
—756k N3 4 7840k* N? + 736k* N — 3840k* + 315k3 NS — 2543k N® — 746K N*
+15900k3 N + 4048k3N? — 13856k3 N — 11520k3 + 165k2N” — 2175k N + 644k>N°®
+15416k*N* + 4516k> N3 — 13888k>N? — 23456k*N — 11520k + 30kN® — 863kN"
+1464kN° + 6911kN° — 2494k N* — 6040kN> — 5328kN? — 8832k N — 3840k — 126 N®
+ 640NT + 1290N° — 3236N° — 3344N* 4 4256 N® + 5376N? + 1536N)] / [(N — 2)N

x (k+ N +1)(2k + N)(2k 4+ 3N + 2)d(N, k)],

[3(N + 1)(784k°N* — 8912k° N + 18368k° N? + 61232k° N — 24432k° + 4494k° N°
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asg =

aszg =

aqo =

41 =

(g2 =

—56220k° N* 4 77494k° N + 439928k° N2 4 49256k° N — 91664k> + 9121k* N°©
—136172k* N® + 108325k N* + 1139978k* N3 + 654248k* N? — 165744k* N — 110032k*
+7644k3 N7 — 158302k3 N + 29770k3 N® + 1370726k N* 4 1530866k N> + 244264k3 N
—245592k3 N — 42800k + 2212k* N® — 88688k* N7 — 66315k? N® + 770768k*N°
+1563901k2N* + 789102k2N? — 138440k>N? — 91824k*N — 19208k N® — 64748kN"
+156824kNS + 758660k N> + 637384kN* + 7872k N? — 73216kN? — 17820N® — 4416N”
+ 145716 N° + 167928 N° + 10080N* — 25536 N°)] / [(N — 2)(2k + N)(2k + 3N + 2)
x d(N,k)p(N, k)],
[—3(N + 1)(116k°N?® — 476k° N? — 704k° N + 1088k° + 640k* N* — 2252k* N*
—5084k*N? + 5504k* N + 5440k* + 1305k3 N — 3797k> N* — 12518k> N3 4 7628k3 N2
+21248k3 N + 6528k3 4+ 1175k* N® — 2693k*N° — 13116k*N* + 1392k> N3 + 26700k> N2
+17600k>N + 2176k 4+ 394kN" — 725k NS — 5192k N° — 2259k N* + 11094k N>
+ 12416kN? + 3328kN — 7T4NT — 256 N° — 258 N® + 564N* + 896 N? + 256N?)] /
x [(N —=2)(k+ N+ 1)(2k + N)(2k 4+ 3N + 2)d(N, k)],
[6(IV + 1)(392k" N* + 8120k" N + 30568k™ N? — 37688k" N — 118128k + 2604k° N°
+56100k5 N* + 231620k° N3 — 162756k N2 — 986912k6 N — 492432k5 + 6545k° N'©
+156248Kk° N® + 742237k N* — 139386k5 N — 3227336k° N2 — 3091736k° N — 710320k
+7665k* N7 + 223735k* N6 + 1292109k* N® + 419449k* N* — 5413350k* N3
—7793520k* N? — 3445416k* N — 415856k* + 4088k N® 4 172238k N” + 1309507k N'©
+1111550k3 N® — 5028613k N* — 10097078k N — 6453952k3 N? — 1470320k N
—79840k3 + 756k>N? + 66812k>N® + 767677k* N7 + 1069161k> N6 — 2579087k N°
—7097909k>N* — 5792518k2 N3 — 1818252k2N? — 167416k>N + 10104kN° + 241368k N®
+468452kN7 — 689864k N°® — 2584068k N° — 2447784kN* — 876176k N> — 85408k N>
+ 32148N? + 77844N® — 83052N" — 390708 N°® — 377496 N° — 111408 N* + 4128N?)] /
X [(N = 2)(k+ N +1)(2k + N)(2k + 3N + 2)d(N, k)p(N, k)] ,
6(N + 1)(N + 2)(5k*N — 15k* + 10kN? — 9kN + 177k + 6N? + 102N)

(2k + N)d(N, k) ’
[12k(k + N)(20k*N? — 140k* N + 240k" + 80k>N? — 520k> N? + 680k> N + 480%*
+97k2N* — 663k2N3 + 660k>N? + 1160k>N + 240k? 4 34kN® — 349kN* + 297k N3
+ 920kN? + 340kN — 66N° + 54N* + 240N 4+ 120N?)] / [(N — 2)(2k + 3N + 2)p(N, k)],
[—12k(k + N)(220k°N® + 2268k° N* 4 16220k° N* — 11004k° N? — 60936k° N
+12240k% 4 1320k° N© + 12924k° N° + 82236k° N* — 32532k° N3 — 311076k° N
—27192k° N 4 36720k + 2820k* N7 4 27611k*N® + 163705k* N° — 31147k* N4
—605101k* N3 — 154156k N? + 161604k* N + 36720k* + 2480k3 N® + 27284k3 N7
+158370k> NS — 16750k N° — 562158k N4 — 121966k3 N + 366676k N? + 161040k> N
+12240k3 4 720k2N® 4 12212k2 N® 4 72264k> N7 — 23945k> N® — 248831k>N°
+91009k2N* + 459263k N3 4 249320k> N2 + 33180k*N + 1968kN® 4+ 10176kN®
—25460kN7T — 41604k N° + 140596k N° + 282372k N* + 162400k N> + 28560k N>
— 1152N? — 7956 N® — 60N 7 + 41220N° + 64476 N® + 37920N* + 7920N?)] / [(N — 2)
x (N +1)(N +2)(2k + 3N + 2)d(N, k)p(N, k)],
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ass = [=3(k + N)(2620k° N7 + 26236k° N® + 63996k° N° — 112412k N* — 543112k N?
—362960k° N2 + 177120k5 N + 130560k° + 14460k° N® + 138372k° N7 + 339876k° N'©
—533524k5 N® — 2889680k° N* — 2314752k° N3 4 1097120k° N2 + 1605760k° N
+391680%° + 27885k N + 268627k N® + 713991k* N7 — 914923k* N© — 6097016k* N'°
—5500484k* N* + 3582440k* N3 + 6954080k* N2 4 3034080k* N + 391680k* + 21860k N*°
+235542k3 N9 + 730862k N® — 731386k3 N7 — 6477154k3 N°® — 6103364k3 N°
+6939512k3 N* + 14493168k> N3 + 8536480k N2 + 1959360k> N 4 130560k> + 5940k> N1
+89116k> N1 4 351593k% N — 344817k>N® — 3702509k* N7 — 3203103k> N
+7528196k% N® + 15700872k* N+ 4 11056848k N3 + 3347120k*N? + 353920k> N
+10680kN + 60692k N0 — 154756kN° — 1177780kN® — 691044kN " + 4178704k N°®
+8510880kN® + 6657344k N* + 2347840k N3 + 304640k N? — 1260N ! — 43764 N0
—182292N? — 35868 N® + 900240N7 4 1802016 N°® 4 1502016 N + 580800N*

+ 84480N?)] / [(N = 2)(N + 1)(N +2)?(2k + 3N + 2)d(N, k)p(N, k)],

agy = [—12(N + 1)(k + N)(20k*N? — 140k* N + 240k* + 115k>N® — 765k> N? + 1100k* N
+480k3 + 195k2N* — 1435k N3 4 2182k* N2 + 1152k*N + 240k + 90kN® — 985kN*
+ 2044k N? + 631kN? — 88kN — 210N® + 720N* — 6N® — 336N?)] / [(N —2)

x (2k 4+ 3N + 2)p(N, k)],

ass = [6(k + N)(468k" N° — 2100k" N° — 82852k N* — 35468k N® + 374368k" N
+251792k" N + 75840k + 3696k N7 — 2012k° N® — 516100k° N° — 516244k° N4
+2236500k5 N3 + 2822784k° N2 4 1344592k5 N + 303360k + 11115k5 N® + 31369k° N7
—1303945k5 N® — 2141755k° N® + 5125466k° N* 4 10391038%° N3 4 7137992k5 N2
+2645816k° N + 455040k° + 15675k N + 98058k N® — 1702470k N™ — 4108438%* N©
+5521993k* N® + 18212204k* N* + 16761034k* N3 + 8306672k N2 + 2446024k* N
+303360k* + 10152k3 N0 4+ 114482k N9 — 1222297k3 N® — 4146939k3 N7
+2596823k3 N6 + 16947359k3 N° + 20080134k3 N* + 12365574k3 N3 + 4852232k> N2
+1074008k> N + 75840k> 4 2364k* N + 57944k*N'0 — 482005k* N — 2237644k N®
+153636k2N" + 8477520k> N® + 12681099k% N> + 9344316k> N* + 4479258k2 N3
+1373216k> N2 + 181000k N + 10536kN' — 101248k N0 — 604332k N — 238644k NS
+2132108k N7 + 3987884k NC + 3440456kN° + 1944024k N* + 751328k N> 4 138080k N2
—9828 N — 63840N1° — 51120N? + 208560N° + 490476 N + 494160N° + 326568 N°
+ 151296 N* + 34080N?)] / [(N — 2)(N + 1)(N +2)(k + N 4+ 1)(2k 4+ 3N + 2)

x d(N,k)p(N, k)],

ase = [6(k + N)(1256k° N7 + 22052k N© — 14744k5N® — 290984k° N* — 147760k N*
+799584k5 N2 + 850240k5 N + 195840k% + 8580k" N® + 188300k" N7 4 114524k NS
—1939436k" N® — 2426320k" N* + 4268400k" N 4 8530304k N? + 4627584k N
+783360k7 + 23026k5 N + 655646k5 N® + 1239430k N7 — 4695070k° N'©
—11912464k° N + 2898856k N* + 25688576k° N3 + 23977792k5 N? 4 8791296k° N
+1175040k° 4 30995k5 N1 + 1253145k N9 4 4004649k° N® — 4086181k° N7
—27397424k° N© — 23829864k° N° + 19724976k° N* + 44324592k° N3 + 28204416k° N2
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+7809280k5 N + 783360k> + 21999k N1t + 1413912k* N0 + 6447090k* N
+2294196k* N8 — 33065497k* N7 — 67129404k* N6 — 41813680k* N° + 13265224k* N*
+31384928Kk* N3 4 16477280k N? + 3503808k* N + 195840k* + 7640k N2
+939938k3 N + 5751067k N0 4 7728037k3 N® — 20304955k N® — 77635215k3 N
—101155164k3N® — 58732732k N° — 5633280k3 N* 4 10914208k> N3 + 5252608k> N2
+708480k> N + 1004k*N1'3 4 342128k* N2 + 2831143k* N'! + 6441570k* N1°
—4505918k2 N9 — 44856020k N® — 86247029k*N" — 81411198k> NS — 38586456k>N°
—5465256k2 N+ 4 2291152k? N® + 732672k* N? + 52808k N3 + 690048k N 12
+2383148k N 4 985116k N0 — 12130796kN® — 33522668k N® — 42209368k N7
—28755104k N6 — 9874528kN° — 1005632k N* + 170496k N> + 57804N '3 4 332760N 2
+475944N1 — 1055904 N0 — 4895412N° — 7985016 N® — 6966624 N7 — 3346848 N°
— 782016N° — 55296 N*)] / [(N — 2)(N + 1)(N +2)*(k + N + 1)(2k + N)(2k + 3N +2)
x d(N, k)p(N, k)],

agr = [12(k + N)(188k* N® + 872k* N® — 1196k* N* — 7000k N® + 960k* N? + 10400k* N
+1920k* 4+ 654k3 N7 4 2754k3 N® — 4286k N° — 23506k N* + 2440k> N3 + 45640k> N2
+25120k3 N + 3840k3 4+ 657k>N® 4 2938k> N7 — 4231k* NS — 26996k>N° — 916k>N*
+63288k?N? + 56240k N? + 17440k*N + 1920k? + 202kN? + 1137kN® — 1446kN”
—12233kN% — 2130kN® + 35970kN* + 43848k N3 + 18920kN? + 2720kN + 102N°
— 120N°® — 1830N" — 636 N°® + 7308 N° + 11376 N* + 6000N* + 960N?)] / [(N — 2)
x (N +2)%(2k + N)(2k + 3N + 2)p(N, k)] ,

ass = [6(N + 1)(N + 2)(400k" N® — 1440k N? — 4720k" N + 16320k" + 3150k° N*
—10140k5 N3 — 41490k5 N? 4 114360k° N + 48960k° + 9605k° N — 28416k5 N4
—155131k5 N3 + 347094k° N? + 315884k° N + 23280k° + 14110k* N® — 38456k* N°®
—311476k* N* + 562184k* N + 851094k* N? + 175680k* N — 60720k* + 9980k N
—22836k3N® — 359779k N® + 505816k3 N* + 1173921k3 N3 + 462242k3 N? — 132340k N
—77040k3 + 2760k N® — 1936k> N7 — 238178k NC + 255502k2 N° + 841998k* N4
+506154k> N3 — 31084k%N? — 128304k> N — 25680k? + 2160kN® — 83652kN 7
+81080kN® 4 287596k N5 + 203488k N* + 67040k N> — 18432k N? — 17088k N
— 12600N® + 18264N" + 37512N° + 7176 N® + 22416 N* + 32832N? + 10944N?)] /
x [(N —2)(2k + N)(2k + 3N + 2)d(N, k)p(N, k)],

agg = [—6(880k°N® 4 23472k°N* — 80848k° N? — 124080k°N? + 181920k* N + 48960k°
+6088k7 N6 + 162880k" N® — 599264k" N* — 1150160k" N3 + 1245208k N2 + 1143952k" N
+195840k7 + 16266k N7 + 456126k5 N® — 1941482k0 N® — 4458174k° N* 4 3679432k5 N3
+6971784kS N2 + 2776480k° N + 293760k5 + 21065k° N® + 658199k N7 — 3657717k° N©
—9599335k° N® + 6131424k° N* + 20594612k° N + 13282768k° N2 + 3110304k° N
+195840k° + 13595k N + 512546k  N® — 4423504k* N7 — 12800418k* N + 6061833k N°
+34745808k* N* + 31310524k N3 + 11379328k* N? + 1557376k N + 48960k*
+4032K3N10 4+ 201162k3 N° — 3500243k3 N® — 10995929k3 N7 + 3165031k3 N©
+35051735k3 N 4 40792120k N* 4 198830843 N3 4 4113432k3N? + 261520k N
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as50 =

as51 =

52 =

where

+444k>NY 4 29176k2 N0 — 1738853k2N? — 5977480k*N® + 353060k> N7
+20792514k2 NS 4 29840905k N° + 17942726k> N* + 4764956k> N3 + 414376k> N>
—984k N — 485480kN 10 — 1869108k N — 377396k N® + 6674980kN " + 11423548k N°®
+7942360k N> + 2417904k N* + 231328k N3 — 57828 N1 — 255024 N0 — 114288 N?

+ 906360N® + 1771428 N7 + 1322328 N° + 401904N° + 27552N )] / [(N — 2)(k + N + 1)
x (2k 4+ N)(2k + 3N + 2)d(N, k)p(N, k)],

[—12(N + 1)(150k* N* — 240k® N? — 2850k® N* + 2580k° N + 12240k® + 1249k" N°
—T718k"N* — 26483k N3 4 1600k" N? + 102676k" N 4 48960k" + 4343k° N° 4 3823k6 N®
—104259k° N* — 88667k N3 + 351244kS N? + 415372k5 N + 124800k° + 8145k° N
+23742k° N® — 219920k5 N — 421350k° N* + 562947k5 N3 4 1436832k° N? 4 892052k° N
+254400k° + 8745k N® + 51233k N" — 262388k* N® — 876902k* N° + 286289k* N*
+2581741k* N3 + 2482290k N2 + 1235264k N 4 320400k* + 50963 N® + 55166k> N®
—171993k3 N7 — 971946k3 N® — 325141k3N° 4 2578794k3 N* + 3459476k3 N3
+2191720k> N2 + 9921363 N 4 205440k + 1252k N0 + 29716k* N? — 54803k*N®
—579053k> N7 — 512091k2N® 4 1442035k> N° + 2571930k N* + 1703922k> N3
+887596k*N? + 367824k* N + 51360%% + 6328kN'0 — 6856k N? — 167380kN®
—232872kN7 + 441324k N° 4 992072kN° + 523128k N* + 83120kN? + 66240k N>
+34176kN — 924N — 17076 N° — 30156 N® + 66300N" + 163656 N® + 32904N°

— 127056 N* — 98496 N* — 21888N?)] / [(N — 2)(k + N + 1)(2k + N)(2k + 3N + 2)

x d(N,k)p(N, k)],

[—12(N + 1)(N + 2)(20k* N? — 140k* N + 240k* + 80k>N? — 520k N? + 680k* N
+480k3 4+ 97K N* — 663k N3 + 660k>N? + 1160k> N + 240k? + 34kN° — 349k N*

+ 297kN® + 920kN? + 340kN — 66N° + 54N* + 240N® + 120N?)] / [(N — 2)(2k + N)
X (2k + 3N +2)p(N, k)],

[12(N + 1)(N + 2)(150k°N® — 540k°N? — 1770k° N + 6120k° + 935k° N* — 2430k° N
—14705k5 N? 4 34620k° N 4 18360k° + 2120k* N® — 2762k* N* — 43742k* N3
+87242k* N? + 53262k* N + 18360k* + 2060k>N°® + 1608k N° — 59061k N
+129870k> N3 4 47143k3N? — 4416k3 N + 6120k + 720k* N7 + 4448k> NS — 37640k>N°
+124048k*N* 4 10136k2N? — 102168k>N? — 21288k>N + 1968kN" — 10908k N
+69624kN° 4+ 612kN* — 115392k N3 — 47904k N? — 1152N7 + 16704N°® + 1152N°

— 36000N* — 19296 N?)] / [(N — 2)(2k + N)(2k + 3N + 2)d(N, k)p(N, k)], (D.1)

d(N,k) = 5k*N + 17k* + 10kN? 4 39kN + 17k + 22N? + 22N,
p(N, k) = Tk’N + 107k* + 14kN? 4 221kN + 107k + 114N? + 114N. (D.2)

Although each coefficient function is rather complicated, as before, the exact (or large N

limit) expressions for the zero mode eigenvalue equations are rather simple. One of the

reasons why (D.1) is so complicated comes from the simplification for the independent

terms.

Originally, after collecting the results from appendices B and C, there are
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approximately one hundred fifty terms.

By rewriting the dependent terms in terms of

the above 52 terms using Mathematica, rather simple coefficient functions can combine

and become quite complicated. In particular, the coefficient functions appearing in the

derivative terms in spin-5 current are most complicated.

Furthermore, the large N 't Hooft limit (4.1) on these coefficient functions leads to

ay —

as —

ar —

aio — —

aiz —

aile — —

aig —

a0 — —

as2 —»

az4 —

az6 — —

aszg —

asy — —

ass — —

ass —r

as7 —r

asg —

ag2 —» —

aq4 —

a4s6 —r

ass —r

6(A—2)2(A—1)N

MBA+2)
12 (A\* —6A 4 10) N

A—2A(A+2)
12(A — 6)N

A—2) (A +2)’

6AN
A2
96(A — 1) (4X* —29) N
TNMA+1)(A+2)
96 (4A* — 29)
TAA+1)(A+2)’
288 (4\* —29) N
TA=2)AA+1)(A+2)’
96 (4A* — 29)
TA-2)A+1)(A+2)’
24X (TA® — 3407 — 7TA + 334)
TA=2)A-1A+1)(A+2)’
96A% (4\* — 29)
TA=2)A—1)A+1)(A+2)N’
6 (9A* — 40X +4) N?
5A2(A +2) ’
207(\ — 2)N?
5\ ’
6 (3)\% — 4\ + 8) N?
AA+2) ’
18 (A* —4X +8) N?
AA+2) ’
6 (A> — 6X% — 4\ +40) N?
A=2AA+2) ’
3(3X* 4 30\ — 112) N?
5A-2)(A+2)
6 (92> + 20\ — 56) N*
5(A-2)(A+2)
48(A—1) (2A* —11) N?
TAS(A +2) ’
60(A — 4)(2)\ + 1)N*®
TAZ(A + 2) '
6 (70A® — 113)A* + 420\ — 628) N*°

35XA2(\ +2)
6 (7TA% — 192% + 70X 4-80) N
(A —2)A(\ + 2) ’

I

0 s 6(\ —2)(5A — 6)N o C24(A-2)N
A2\ +2) N2(A+2)
. 24(\ — 2)N o 24(\ — 3)N
AN+2) AAN+2)
24(\ — 3)N 24N
BT 0 +2) YT Ar 2
o 6AN+3)N s s — %
A=2)(A+2)’ A=2)(A+2)’

192 (4A* —29) N
TNA+1)(A+2)
576 (4X° —29) N
TA—DAA+1)(A+2)’
288 (4A% — 29)

288 (4\* —29) N

= ST TRAT (AL 2)

ai

a7 —

MO I DA F DA+ 2)
576 (4X° —29) N
2T IR+ DA T 2)’

24A(A +3) (7TA* + 25X — 82)
T2 A -+ (A +2)’
6(A —2)(A —1)N?

a23

azs — —

AS
3 (T7TA% — 240X + 252) N?
e 5NN+ 2) :
oo — 3(\ — 2)(13)\ — 22) N2 . 6(\?—8)N?
A2(A+2) ’ AA+2)
6 (A +4X —16) N?
O YO W
6 (A\* +8X\ —24) N?
O YO W R
9\ —2)N?
ase —» ——V————,

A+2
3(21A% + 60X 4 116) N?
5A-2)(A+2) '
6AN 12(XA — 1) (3A% — 20) N®
A—2’ A (A +2) ’
3(25A% — 252X + 524) N°®
TA2 (A +2) ’
18 (994 — 140X — 156) N*?
35XA2(A +2) ’
12 (11X — 98\ + 188) N*
TA=2)AA+2)
6 (133A% + 50A* — 952\ + 880) N
35(A —2)A(A +2) ’

ass —

aso — — agy —

a4q3 — —

aqs —» —

aq7 — —

aq9 —

— 492 —



12 (14)% + 1002 + 491 + 150) N°
35(A —2)A(A + 2) ’
12(A — 10)(A + 3)N?
TA—2)(A+2)

12 (3% — 20) N*

aso — m’

as1 — —

N (D.3)

In this case, each coefficient function has a very simple form after taking the large N limit.
The large N behavior of these coefficient functions can be classified as follows:

1
a4 — Nv
a12, a6, 419, a20, a22, 23, — const,
ai, az, ag, a4, as, ae, ar, as, ag, aip, Ail, a13, di4, a5, A17, a18, A21, @40 _>N>
2
a5, a26, A27, A28, 429, 430, A31, 432, 33, 434, A35, A36, @37, 438, A39, A51, 452 —7 N y

3
a41, G42, 43, G44, Q45, G46, A47, 48, A49, aso — N°. (D.4)

In section 4, the eigenvalue equations and three-point functions are analyzed using (D.3)
and (D.4).

E Eigenvalue equations for the spin-5 current on the perturbative state

Appendix E presents the zero mode eigenvalue equations on the 52 terms of spin-5 current

with perturbative state |(f;0)).

At each expression, the exact N-dependent expressions

appearing in (4.10)—(4.15) are assumed. The only large N limit is presented.
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— 4iN?|(f;0)), (E-8)
1
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FUAT T T KK Yol (£0)) = — o d WS T (T T T (7;0))
— iN%|(£;0)), (E-18)
et (JO P KEKAK )0 (£30)) = %dabcédeTr(TaTchTdTe) |(£50))
— —iN%|(£;0)), (E-19)
§bdete (g JP KK )| (f;0)) = %dabcédeTr(T“TchTdTe) |(f50))
— —iN?|(£;0), (E.20)
geeqhde( o KUK o|(f:0)) = %dabcddeTr(TaTchTdTe)]( f:0))
— —iN%|(f;0)), (E.21)
dabcéde(JaKchKdK6>0’<f;0)> _ —%dabc(sdeTI‘(TaTchTdTe)|(f;0))
— iN%(£;0)), (B22)
5 dede (e KO KC KK )| (f;0)) = _%dabcédeTr(T“TchTdTe)|(f;0))
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— iN°|(f;0)),
1
dabc5de(KaKchKdKe)0|(f; 0)> _ Ndabc(sdeTl"(TaTchTdTe)|(f; 0)>

— —iN?|(f;0)),
fade gpee go. b 1o 70 |(£:0)) = %dabefcdeTr(TaTchTd)|(f; 0))
— iN?|(f;0)),
debe pede o 1b 1 ey |(£:0)) = %dabefcdeTr(TaTchTd)|(f; 0))
— iN?|(f;0)),
debe pede o, 1bg e )| £:0) = %dabefcdeTr(TaTchTd)|(f; 0))
— iN?|(f;0)),
goce pbde go.1bg e fdyo|(£:0) = %dacefbdeTr(TaTchTd)|(f; 0))
— 0,
e phee go.1bg e jedyo|(£:0) = %dabefcdeTr(TaTchTd)|(f; 0))
= iN?|(f;0)),
dobe pede o 1b e g KDY (£:0)) = %dabefcdeTr(TaTchTd)|(f; 0))
— iN?|(f;0)),
doce pbde( o 1b e g KDY 1(£:0)) = _%dabefcdeTr(TaTchTd)‘(f; 0))
— —iN?|(f;0)),
dode phee( o 1b e g KDY 1(£:0)) = %dacefbdeTr(TaTchTd)|(f; 0))
—0,
doce pbde( 7o 10 e KDY (£:0)) = _%dabefcdeTr(TaTchTd)‘(f; 0))
— —iN°|(f;0)),
fadegbee o 10 KC KDY |(£:0)) = _%dacefbdeTr(TaTchTd)‘(f;O)>
— 0,
fabeqede( 729 PP KK ) |(£10)) = _%dabefcderI\r(TaTchTd)‘(f; 0)
— —iN°|(f;0)),
dobe fede (10 gD QR [(£10)) = _%dabefcderI\r(TaTchTd)‘(f; 0)
— —iN°|(f;0)),
fade ghee (Ja DKo |(£:.0)) = %dabefcdeTr(TaTchTd”(f; 0))
— iN?|(f;0)),

facedbde(JaKchaKd)()Kf; 0)> _ _%dacefbdeTr(TaTchTd)‘(f; 0)>
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(E.23)

(E.24)

(E.25)

(E.26)

(E.27)

(E.28)

(E.29)

(E.30)

(E.31)

(E.32)

(E.33)

(E.34)

(E.35)

(E.36)

(E.37)



=0,
Frte O KKKl (£50)) = [ T TTOT ) (150))
— iN?|(f;0)),
FreA (KRR DK ol (f30)) = ™ T T T T (£50))
— —iN?|(f;0)),
e (70 202 1)l (f50)) = _%d“bCTr(T“TbTC)Kf;O))
— —2iN°|(f;0)),
e (.J99.7°DJ)o| (f30)) = —%d“bcTr(TaTch)Kf; 0))
— —iN?|(f;0)),
dabC(Jaa2JbKC)0|(f;0)> = %dabcTr(TaTch)Kf;o»
— 2iN?|(f;0)),
dabC(Jan82KC)O|(f; 0)> = %dabcTr(TaTch)Kf; 0)>
— 2iN?|(f;0)),
dabc(ajanch)OKf; 0)> = %dabcTr(TaTch)Kf; 0)>
— iN?|(f;0)),
dabC(JanbaKC)OKf; 0)> = %dabcTr(TaTch)Kf; 0)>
— iN?|(f;0)),
A (*J K K )| (f;0)) = —%d“bcTr(T“T"TC)I(f;OD
— —2iN?|(f;0)),
de( ORI K| (f:0)) = _%d“bcTr(TaTbTC)Kf;O))
— —2iN2\(f;0)>7
dabc(ajaKbaKC)0|(f;0)> — —%dabcTI'(TaTchﬂ(f;O))
— —iN?|(f;0)),
d“bC(JaaKbaKC)ol(f;0)> = —%dabcTr(TaTchﬂ(f;O))
— —iN?|(f;0)),
A (KO RO K| (f30)) = %dabcTr(TaTch)](f;O»
— 2iN?|(f;0)),
dabc(KaaKbaKC>0’<f;0)> = %dabcTr(TaTbTC)’(f;o»
— iN?|(f;0)).
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(E.38)

(E.39)

(E.40)

(E.41)

(E.42)

(E.43)

(E.44)

(E.45)

(E.46)

(E.AT7)

(E.48)

(E.49)

(E.50)

(E.51)

(E.52)



From these results, the large N behavior for these 52 eigenvalue equations can be classified
as follows:

(5th, 8th, 41st, 42nd, 43rd, 44th, 45th, 46th, 47th, 48th, 49th, 50th, 51st, 52nd) — terms — NZ,
(13th, 14th, 15th, 16th, 17th, 18th, 19th, 20th, 21st, 22nd, 23rd, 24th, 25th, 26th, 27th, 29th,
30th, 31st, 33rd, 35th, 36th, 37th, 39th, 40th) — terms — N3,
(1st, 2nd, 3rd, 4th, 6th, 7th, 9th, 10th, 11th, 12th) — terms — N*. (E.53)

In section 4, the leading N° behavior in the spin-5 current is analyzed using (D.4) and (E.53).

F Eigenvalue equations for other higher spin currents of spins s = 2,3,4

The eigenvalue equations for the zero mode of the higher spin-4 current can be analyzed
as follows:

d*H T T T TNY0(f;0)) = %d“deTr(TaTbTCTd)\(f;0)>
2(N? — 1)(N? — 4)(N? - 9)

= NN 1) |(f50)) — 2N°|(f30)), (F.1)
VAT T I K| (F0)) = e d T T T (5;0)
= =2 o) = 2800, (F2)

AT T KK o (£50)) = e d TR T T (50))
2(N? —1)(N? — 4)(N? - 9)

- MR 0) = 2N (f:0), (9
A (I K KK )| (f50)) = f%d“deTr(T“TbTCTd)Kf;0)>
- A= O =9 o)) — —an?i(ri) (F4)

A (K KKK )o|(f;0)) = %d“deTr(T“T”TCTd) I(£;0))

2(N? —1)(N? — 4)(N? - 9)

= NNV 1) (f:0)) — 2N7|(f;0)), (F.5)

dabedCdE(JanJch)()‘(f;0)> _ %dabedCdeTI‘(TaTbTCTd)|(f;O)>
1

= (V4P (N2~ 1)[(£50)) = N*|(F:0)), (F.6)
A% o0 (19 1% T Ko | (£50)) = —%d“bedCdeTr(T“TchTd)|(f;0))
= 1 (N2 = 42N = 1)[(£0)) = ~N*[(£;0)), (F.7)
arm A (I KK (0)) = d T T T (150)
= (V2= (N = DI(F;00) = NI(£;0)), (F.8)
dbeqede (1o KPR K)o | (£:0) —%d“bedCdETr(T“TchTd)K £:0))
= (V2 — (V= 1)[(£50)) = ~N°|(f50)), (F.9)
dd (KK K K)o |(f;0)) = %d“bedCdeTr(T“TchTd)K 130))
— s (V= 92V = 1)I(50)) - NI(£0), (F.10)
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BEEI I T (f50)) = OO TTT(£50)
1

= (N2~ D((750)) = NP|(5;0)), (F11)
56 (TP I Kol (£;0)) = —%Mchr(T“TbTCTd)\(f;0)>
= (N2 = 12I(£50)) = ~N?|(£:0)), (F.12)

35 (I KK (£50)) = 0O (T T T (£0)

= (N 172(£:0)) = N2|(50)), (E-13)
5§ (KKK Yol (f;0)) = —%Wb‘schr(T“TchTd)\(f%0)>
= LV D) > -N(F0)), (F14)
SR K KK ol (£:0)) = 8 8 T T T T (£:0)
= L S 1P(10) > N(£:0). (F.15)
@I Kl(:0)) = — 20" T(T°T*)|(£:0)) = (N~ 1)|(F:0))
— 2N|(f;0)), (F-16)
@K YI(J:0) = ~ o T T (:0)) = (N = DI(F:0)
= NI(f;0)), (F.17)
(PRS0 = = LS DT 0) = LV = DI(30)
= 2N|(f;0), (F.18)

6ac(5bd(JanKch)0‘(f; 0)> _ %5abé~cdr]:‘r(TaTchTd)‘(f; 0)>
1
= m

In particular, the following identity with (A.3) can be used to simplify (F.1)—(F.5):

(N? = 1)%/(£;0)) = N?|(f;0)). (F.19)

12(N? —4)

N(N2+1)
3(N% —4)(N%?—-3) 4(N? —4)(N? -3)

i (‘ N 41 N 41

2(N? —1)(N? — 4)(N? - 9)

_ F.20
N2 +1 ’ (F.20)

dabchr(TaTchTd) _ 3dabedcdeTr(TaTchTd) o 5ab50drI\r(TaTchTd)

> ST (TOT)

where the quartic product of the generators with (4.2) has the following identities
1
dabedcdeTr(TaTchTd) — W(NQ . 4)2(N2 _ 1)’

5ab5CdTr(TaTchTd) — 5ab50d (]i](sab(scd) 1

The fOHOWng eigenvalue equations for other state can be obtained:

dade(JanJCJd)()KO; f)> — %dabchr(TaTchTd”(O; f))
~ 2(N2—1)(N? —4)(N?-9)
B N(N2+1)

1(0; £)) = 2N?((0; £)), (F.22)
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1
dabedcde(JanJCJd)OKO; f)> _ 7dabedcdeTr(TaTchTd)‘(0; f)>

N
= (N 4PV - D](0: 1)) — NP(0: ), (F.23)
5ab5cd(JanJCJd)0|(0; f)> — %5abéchr(TaTchTd)|(0; f)>
= o (N2 17((0: 1)) = N?|(0: ). (F.24)

In addition, the identities in (F.20) and (F.21) can be used.

Combine the equations (F.1)—(F.19) with the coefficients in appendix A for the first
eigenvalue equation and (F.22), (F.23) and (F.24) with the coefficients for the second
eigenvalue equation. The resulting eigenvalue equations have very simple factorized forms
as follows:

2(N? — 1)(N?% — 4)(N? - 9)

150 = NV )

(c1 —ca+e3—ca+cs)

5 (N? = 4)*(N? = 1)(c6 — ¢7 + s — co + €10)

+-—5(N? = 1)*(c11 — c12 + 13 — 14 + ¢15)

+ (N 1)(2¢17 + c0 + 2¢02) + ﬁ(N2 1) 023] I(f30))

2(k+1)(N—3)(N2— )(k+2N)(k:+2N+1)(3k+4N+3)} ()
[ N2(k+N)(2k+N)d(N,k) 1(£:00),

2 —
;1) = 2N ])V((]]VVQ +41))(N I 1+ %(M —4)2(N? = 1)cg
1V = 1% | 1(0: )

2k(k + 1)(N — 3)(N? — 1)(k + 2N)(3k +2N)| .
- [ N2(k+ N +1)(2k + 3N + 2)d(N, k) ] 1(0; £)), (F.25)

where d(N, k) = 17k + 17k? + 22N + 39kN + 5k*N + 22N? + 10kN2.
The spin-3 current case can be analyzed further as follows:

B)|(£:0)) = (—A; + Ay — Ag + Ag) A KEKLKE|(f:0))

= (—A1+ A3 — A3 + Ay) []\;(z\ﬂ —4)(N? - 1)} (f;0))

_ []\?2(N2—4)(N2—1)(k+N+1)(k+2N+1)(2k+3N+2)} 1(£:0)),
105 1) = Aad* TS IS (0: £)) = Ay [A;(NQ — 4N - 1)] 1(0:.£))

— []\;k(z\ﬂ —4)(N? = 1)(k + N)(2k + N)] 1(0; £)), (F.26)

where the property (4.15) is used and the coefficients in (3.8) are substituted.
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Finally, the eigenvalue equations for the spin-2 current can be summarized as

(N+1)(Z+N+1)J8Jg_ 2(k+N)(ll<:+N+1)
v RS o)

~ (s miaw) |- v] o

- [t o,

_2(N+1)(:+N+1)

- _2(N+1)(:+N+1) [_Zif(]\ﬂ - 1)] 10:.£))

[ k(N-1)
N [2N(kz~|—N+1)

Ko Ko

T(f0) = |5

To| (05 f)) = Jo 51005 1))

} 0: 1)), (F.27)

where the property 6*Tr(T?T?) = —(N? — 1) is used.
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